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Abstract

Since humans have begun to explore nature, they came up with new ways and tools, which

have been permanently improved. At some point, those tools allowed to look into the

microworld and to study the quantum nature of matter. One of such tools to explore the

quantum world is the light ampli�cation by stimulated emission of radiation (laser). Since

the �rst lasers were built almost 60 years ago, their capabilities improved permanently,

allowing the study of hitherto-unknown physical phenomena. Two of such phenomena,

the dynamic interference and the multiphoton photoelectron circular dichroism (PECD),

are the subjects of the present theoretical work.

The dynamic interference appears when matter is exposed to intense coherent laser

pulses. It is an analogy of the double-slit experiment in time, when two photoelectron

wave packets of the same kinetic energy emitted at di�erent moments in time along the

pulse superimpose. The resulting interference patterns in the electron spectra are well un-

derstood theoretically, but an experimental veri�cation of this e�ect is still absent. In this

work, two open tasks relevant for the theoretical description of the dynamic interference

are studied. The �rst task is to investigate the dynamic interference for systems, which

are amenable to experiments at modern laser facilities. The second task is to reinvestigate

available theoretical results, which were obtained with simple models, by numerically ex-

act methods. For this purpose, a new method, the time-dependent single center method

(TDSC), was developed and tested as a part of this work.

The TDSC method solves the time-dependent Schrödinger equation in spherical coor-

dinates for single-active-electron or two-electron wave packets driven in an ionic poten-

tial by a laser pulse. It is also used in this work to study the multiphoton PECD in

the electron spectra of chiral molecules in the single-active-electron approximation. The

PECD is the di�erence of the angular emission distributions of electrons emitted by chiral

molecules ionized by right- and left-handed circularly polarized light, and it consists in the

forward/backward asymmetry in the photoelectron emission. The PECD is extensively

studied in the one-photon ionization regime, both, experimentally and theoretically. For

the multiphoton ionization, many new experiments are available, but a reliable quantita-
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tive theoretical interpretation of those observations is still missing. In order to explain

available experimental results, in this work, the TDSC method is �rst tested on the model

methane-like chiral system and then applied to study the three- and four-photon PECD

in real chiral molecules Camphor and Fenchone.
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1 Introduction

Since the invention of lasers nearly 60 years ago, many fundamental milestones have been

reached in the �eld of experimental atomic and molecular physics with the help of laser

pulses. Due to the continuous progress in the development of laser light sources with

regard to the frequency range, �eld intensity, and pulse duration, new experiments, which

open a door to new physical phenomena, can be conducted nowadays. An overview of

such experiments performed with strong laser pulses can be found, for example, in Ref. [1]

(see also references within). Many new phenomena observable in those experiments need

to be described theoretically.

This chapter is organized as follows. In the beginning, the properties of short, intense

laser pulses will be introduced. After di�erent setups for the laser beam production are

presented, the properties of the generated pulses will be discussed. Then, introductions to

the new phenomena of the dynamic interference and of the photoelectron circular dichro-

ism will be given, and relevant theoretical and experimental methods will be outlined.

1.1 Generation of Laser Pulses

Lasers are a standard equipment of a contemporary lab, and are o�ered in a large variety

of di�erent setups, depending on their requirements and applications. This sections deals

with di�erent realizations of lasers and the description of laser pulses they can produce.

More details on these topics can be found, for example, in Refs. [2] and [3].

1.1.1 Low Frequency Pulses

Typically, light is generated by electronic transitions in quantum systems. For simplicity,

an atomic system can be represented as a two level system containing one electron, as

sketched in Fig. 1.1. Here, the lower state (1) is the ground state and the upper state

(2) is the excited state of an atom. If the electron is initially in the excited state, it has

a certain probability for the transition to the ground state. During such a transition, it

spontaneously emits a photon of the respective energy.

1



1 Introduction

Figure 1.1: a) Spontaneous emission of photon by relaxation from the excited state (2)

to the ground state (1). b) Stimulated emission of a photon by relaxation

from the excited state (2) to the ground state (1) induced by an incoming

photon. c) Absorption of a photon by excitation from the ground state (1) to

the excited state (2). The photon energy hν is equal to the energy di�erence

of the ground and excited states.

Alternatively, the transition of the electron can be induced by another photon, which

carries the same energy as the energy di�erence between the two states. During this

stimulated emission process, an additional photon is emitted (see Fig. 1.1 b) with a prob-

ability, which is proportional to the intensity of the stimulating electro-magnetic �eld.

Unlike the spontaneous emission, the emitted photon has the same direction, phase and

polarization as the stimulating photons. Due to this natural coherence and monochro-

maticity, this process is important for the production of laser light. In Fig. 1.1 c), the

electron is initially in the ground state. By absorbing a photon with the proper energy,

the electron undergoes a transition into the excited state.

In order to produce self amplifying stimulated emission, a high photon density is re-

quired. This can be achieved by creating an inversion of the population of the ground

and excited states in the active medium of a laser. In a two level system, this is not

possible. Here, the spontaneous emission dominates over the stimulated emission in or-

der to maintain the thermodynamic equilibrium [2]. In three or even four level systems,

however, a population inversion is possible. In a three level system, the population can

be �rst pumped to a higher level (3) using, for example, another light source. This level

decays fast to an intermediate level (2), usually without any radiation emission. Now

the intermediate level decays via the stimulated emission to the ground state (1) (see

Fig. 1.2 a). In a four level system, the decay via the stimulated emission does not happen

to the ground state (0), but to an additional state (1), which then in turn decays quickly,

usually without radiation emission (see Fig. 1.2 b). Generally, it is easier to achieve the

population inversion in a four level system than in a three level system [2].
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1.1 Generation of Laser Pulses

Figure 1.2: Scheme of a laser with three levels a) and four levels b). In a three level system,

the electrons are pumped from the ground state (1) to an excited state (3).

This state decays quickly to an intermediate state (2), creating a population

inversion between states (1) and (2). In the four level system, the electrons are

pumped from the ground state (0) to an excited state (3), which also decays

quickly to the intermediate state (2). The population inversion between the

intermediate states (2) and (1) is kept, since state (1) decays further quickly

to the ground state (0). In both cases, the transition from state (2) to state

(1) is stimulated, whereas all other decay transitions are spontaneous.

To achieve a higher rate of photons, which can stimulate other emitters to generate light,

the emitted photons can be trapped by mirrors at two opposing sides of the active medium.

In this way, photons with a speci�c propagation direction and speci�c wavelengths, also

known as modes, can be selected. The resulting laser beam can then be decoupled from

the laser system via a semitransparent mirror. These lasers can be divided into di�erent

classes depending on the active medium, which can be in a solid, gas or liquid phase.

At present, the most powerful lasers, which realize these schemes, can achieve an output

power of more than 10 kW and a photon energy of up to 10 eV [2].

In order to generate laser pulses, di�erent methods like the high-order harmonic gener-

ation or mode locking can be used [1,4]. In the mode locking method, the active medium

has to support di�erent modes via multiple pathways during lasing. If the phases of the

di�erent modes are linearly dependent on each other, they superimpose coherently cre-

ating a pulse. The mode locking can be active, by using for example an acoustooptic

modulator, or passive, by using for example the optical Kerr e�ect [4]. Because the out-

put energy is compressed into a small period of time of typically down to femtoseconds,

a peak power of the pulse in the PW regime [2] can be reached.

3



1 Introduction

1.1.2 High-Frequency Pulses

Unfortunately, the mode locking method generates laser pulses with low photon ener-

gies up to the UV regime. This is because with the increase of the photon energy, the

probability of the spontaneous emission starts to be comparable to that of the stimulated

emission [4]. The high-order harmonic generation technique allows to generate pulses with

photon energies (carrier frequencies) of over 1 keV. Here, the laser beam paths through

a gas. The electric �eld of the laser light bends the potential of an atom, such that an

electron can tunnel out of it. The free electron is driven further by the oscillating electric

�eld, until it recombines with an ion. During the recombination, it generates a photon of

energy equal to the odd-integer multiples of the energy of the stimulating photons. This

mechanism is also known as the three-step model [5]. With this method, frequencies in

the soft x-ray regime can be achieved and the resulting pulses can be compressed down

to the attoseconds regime [4]. Nevertheless, due to the unlikelihood of the recombination

process, the intensities of the generated pulses are rather low [1] compared to conventional

laser systems.

An alternative way to generate laser pulses of up to 100 keV is to use the so-called free

electron laser (FEL) [6]. These lasers have no active medium and utilize storage rings

for charged particles. In the 1960s and 1970s, the light emitted by the electrons trapped

in storage rings was proposed to be used for photoabsorption experiments in the high

photon energy regime. These �rst generation synchrotron radiation facilities forced the

stored electrons onto a circle path. Because of the constant strong acceleration to the

center of their path, the electrons emit light with a high photon energy. Soon, the second

generation synchrotrons were available. They were build on the purpose to generate light

for absorption experiments, which made it possible to optimize the magnets for this task.

In the third generation of synchrotrons, straight radiating sections within the electron

trap were realized. In this way, the light could be focused on very small spots, which

resulted in a rather high spectral brightness of light [6].

Even though synchrotrons can provide monochromatic light, it is produced by spon-

taneous emission of photons. Nevertheless, the fourth generation of synchrotrons, also

called FELs, can be considered as lasers, because here the light is optically ampli�ed.

This ampli�cation is not quantum-mechanical, like in the conventional lasers described

in Sec. 1.1.1, but rather classical and relativistic. Here, the electrons propagate in a

straight section called undulators. In this sections, the magnets are organized such that

the electrons wiggle in the transverse direction, producing a long pulse which is almost

4



1.1 Generation of Laser Pulses

Figure 1.3: From Ref. [8] 1. Typical photon energy and brilliance of di�erent laser systems.

While laboratory lasers can achieve a high brilliance, they generate photons

with small energies. Synchrotrons achieve a comparatively small peak bril-

liance, but produce photons with large energies. Free electron lasers (FELs)

achieve a high brilliance and large photon energies.

monochromatic. The light emitted at each period of the wiggle trajectory of the electrons

superimposes with those from the other periods. This leads to an ampli�cation of the

wavelengths, which interfere constructively. Because the electron (macro)bunch interacts

with the magnetic �eld of the emitted light, electrons accumulate at the nodes of the

wave. This e�ect is called microbunching. Now, the electrons are located in phase to the

period of the wave, such that they emit with a constant phase with respect to each other.

The electro-magnetic �elds produced by di�erent electrons superimpose, stimulating an

1Republished with permission of Annual Review of Physical Chemistry, from Free-Electron Lasers:

New Avenues in Molecular Physics and Photochemistry : J. Ullrich, A. Rudenko, and R. Moshammer,

Annu. Rev. Phys. Chem. 63, 635 (2012); permission is conveyed through Copyright Clearance Center,

Inc.
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even stronger microbunching, which leads to a very high brightness of laser pulses.

The above described principle is called self-ampli�ed spontaneous emission (SASE)

FELs. With SASE FELs, much higher intensities than with typical synchrotrons can be

achieved (see Fig. 1.3). Furthermore, femtosecond pulses with photon energies in the 100

keV regime and peak power outputs on the order of GW can be produced [1]. Nevertheless,

each SASE pulse has a di�erent temporal structure, due to the underlying spontaneous

emission principle. This can be avoided, when an additional light source is used to trigger

the ampli�cation. Such FELs are called seeded FELs. Pulses produced with these lasers

are coherent and can reach photon energies of up to 0.3 keV [7].

In summary, each setup to produce laser pulses has advantages and disadvantages. An

overview over the photon energy and peak brilliance of existing systems [8] is given in

Fig. 1.3. The conventional optical lasers can reach a high brilliance, but only small photon

energies. Synchrotrons can reach fairly high photon energies, but the brilliance is rather

low. A good compromise is a free electron laser with its wide range of photon energies

and high peak brilliances. Solid state lasers operating with mode locking (like titanium

sapphire lasers) as well as seeded free electron lasers are of particular interest for this

theoretical work due to their carrier frequencies, pulse durations, and high brilliances.

1.2 Dynamic Interference

In the last decade, the development of x-ray sources producing intense high-frequency laser

pulses has made a considerable progress [7, 9�12]. Such pulses allow to study many new

phenomena of the interaction of light with matter, which are not accessible by conventional

low-frequency lasers. With high-frequency pulses, one is able to access highly-excited

electronic states already by one-photon absorption. In addition, pulse durations can

be made short enough to be comparable with the lifetimes of those transient states.

One of the new phenomena, emerging in the high-frequency regime, is called dynamic

interference [13]. This section gives an introduction to the state of the art of the dynamic

interference.

1.2.1 The Phenomenon of Dynamic Interference

In order to introduce the mechanisms leading to dynamic interference, the model of a

resonant Auger decay in an atom is considered below. This process can be described by

the three-level model [13]. For simplicity, laser pulses with a carrier frequency, which

6



1.2 Dynamic Interference

Figure 1.4: From Ref. [13] 2. Schematic representation of the resonant Auger e�ect of

an atom. In the weak �eld, the �nal ionic state can be accessed either via

the Auger decay of the resonance, which is populated by exciting photons, or

via the direct ionization. In a strong �eld, these processes are enriched by a

strong coupling of the ground and resonant state, introducing damped Rabi

oscillations. The time-dependent leakages of the ground, resonant and ionic

states are due to the direct photoionization.

�ts to the energy di�erence between the ground state and resonance are considered. As

shown in Fig. 1.4, in a weak �eld, the pulse promotes the system from its ground state to

the resonance, which then decays into the �nal ionic state. Another possible ionization

channel resulting in the same �nal ionic state is the direct ionization of the ground state.

In a strong �eld, these processes are augmented by new mechanisms (see Fig. 1.4).

The strong pulse couples the ground and resonant states, resulting in Rabi oscillations of

the electronic population between them. As a consequence, the ionization channels open

and close accordingly. Due to the high intensities, additional direct ionization channels

open up. The loss of electrons in the system due to direct ionizations can be represented

as the leakage of the population from all considered levels. Furthermore, those leakages

introduce an additional coupling [14] of the ground state and the resonance (leakage-

induced coupling in Fig. 1.4), damping the amplitude of the Rabi oscillations.

Being dressed by the absorbed photon, the ground state and the resonance become

degenerate. These states split in energy due to the �eld-induced coupling, which is known

as Autler-Towns e�ect [15]. For su�ciently long pulses, which support many optical

2Reprinted with permission from http://dx.doi.org/10.1103/PhysRevA.83.023422, Ph.V. Demekhin

and L.S. Cederbaum, Phys. Rev. A 83, 023422 (2011). Copyright (2011) by the American Physical

Society.
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cycles, this energy-splitting follows the time-envelope of the pulse in opposite directions

(see Fig. 1.5).

Due to the conservation of energy, a time-dependence of the energy of the decaying

states results in a change of the kinetic energy of the emitted electrons. In addition, the

electrons emitted by the upper state have a higher kinetic energy than those emitted by

the lower state (see Fig.1.5). For one of the decaying states, the electrons with equal

kinetic energy are emitted once at the rising and once at the falling parts of the pulse

envelope. The electron wave packets, which are emitted with the same kinetic energy at

di�erent times, superimpose resulting in a multiple-peak structure in the spectrum. An

example of such a spectrum is shown on the vertical axis of Fig. 1.5.

1.2.2 State of the Art

Interference patterns in the emission spectra due to the time-dependent Autler-Towns

splitting have already been investigated theoretically for short pulses in the optical regime

for the autoionization [16], the resonant �uorescence emission [17], and the resonant mul-

tiphoton ionization [18, 19] processes. It is understood that the interference patterns are

caused by the Rabi oscillations induced by the pulses. However, as it is stated in Ref. [20],

a simple physical explanation of the phenomenon was still missing.

Although theoretical studies [16�20] were published several decades ago, the dynamic

interference has not been yet veri�ed experimentally. This is due to the di�culty to �nd

well-separated resonances in the optical regime. Usually, there is a very dense spectrum of

overlapping Rydberg and doubly-excited states. All these states participate in the electron

dynamics, which leads to additional time-dependent ac Stark shifts [21]. Furthermore,

in this regime, the ionization thresholds are very close, making the ionization especially

e�cient. All of these e�ects contribute to the complexity of the patterns in the spectra,

which makes the observation of the dynamic interference e�ect very di�cult [22].

These di�culties are absent in the high-frequency regime. Here, the well-separated

electronic states can couple resonantly by short coherent pulses. The resonant dynamics

are not in�uenced by weak ac Stark shifts caused by non-essential states, and the direct

ionization does not dominate the process because its probability drops with the photon

energy.

In the high-frequency regime, the dynamic interference has already been investigated

theoretically for several systems. For example, in Refs. [22�24], the dynamic interference

has been studied for the direct photoionization and the resonance-enhanced multiphoton

8



1.2 Dynamic Interference

Figure 1.5: After Ref. [22] 3. E�ects caused by an intense resonant laser pulse interacting

with an atom. Due to the strong �eld of the pulse, the dressed ground and the

resonant states couple and experience the Autler-Towns splitting. Because of

this, their energies follow the time-envelop of the pulse in opposite directions.

The states decay by the resonant Auger process, emitting electrons which have

di�erent kinetic energies due to the energy conservation. Because of the time

envelope of the pulse (shown by dashed curves), emitted electrons with the

same energy occur twice during the pulse, once on its rising and once on its

falling edges. The superposition of those electrons leads to an interference

pattern in the spectrum.

photoionization of Hydrogen atoms. In these works, minimal models, which include only

those states which are essential to the process, have been applied. The theoretical studies

conducted in these works predict, that the dynamic interference in the spectra becomes

more complex with increasing pulse intensity. A minimal model has also been applied to

calculate the resonant Auger decay spectra of Neon [13,22,25]. Here, the calculated decay

spectra exhibit strong dynamic interference patterns as well.

In Refs. [26, 27], the spectra for the photoionization (PI) and the above-threshold ion-

ization (ATI) of model anions were calculated using the Kramers-Henneberger frame.

3Reprinted with permission from http://dx.doi.org/10.1103/PhysRevA.86.063412, Ph.V. Demekhin

and L.S. Cederbaum, Phys. Rev. A 86, 063412 (2012). Copyright (2012) by the American Physical

Society.
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During the ATI, the photoelectron in the continuum acquires the energy of an additional

photon. This results in an additional peak in the electron spectrum, which is separated by

the energy of one photon from the original PI peak. The calculated spectra predict sim-

ilar dynamic interference patterns in the PI and ATI spectra. The dynamic interference

in the direct ionization of Hydrogen was reinvestigated in Ref. [28]. There, calculations

were performed by numerical exact methods, and dynamic interference was found in the

photoionization of an excited state.

1.2.3 Motivation

As follows from the short overview, the dynamic interference in the emission spectra is well

studied theoretically, but no experimental veri�cation of this e�ect has been published

so far. Here, the high-frequency regime makes the situation very promising. The �rst

theoretical works on the resonant Auger decay in Neon [13, 22, 25] suggested to utilize a

photon energy of around 800 eV. Such pulses are currently available at the LCLS at SLAC

[29]. Unfortunately, LCLS operates in the SASE regime, which makes the observation of

the dynamic interference almost impossible. In the present work, it is suggested to study

the resonant Auger decay of the Xe 4d → 6p excitation [30]. This excitation �ts to the

operational regime of the seeded free electron laser FERMI at Elettra (with a photon

energy range of 12�300 eV, a �ux of about 1014 photons per pulse and a pulse duration

of 30�100 fs [7]), and it is already very well studied in the weak-�eld limit theoretically

and experimentally [31].

In strong �elds, atoms with many electrons can undergo several ionization steps. This

leads to multiple ionization channels and di�erent �nal ionic states, which in turn in-

�uences the dynamic interference. To investigate the e�ect of a second electron on the

dynamic interference, the direct ionization of Helium [32] is studied in the present work.

Here, the e�ect emerges in the frequency regime accessible to the operation range of the

seeded FEL FERMI at Elettra [33].

Furthermore, the minimal models used in Refs. [13, 22�25, 28] neglect the manifold of

non-essential states due to their restriction to the low-order photon absorption processes.

Those approximations need to be veri�ed. In the present work, the dynamic interference

in the resonance-enhanced multiphoton ionization of Hydrogen, which was studied in

Ref. [22] by a minimal few-level model, is reinvestigated by a numerical solution of the

time-dependent Schrödinger equation (TDSE) [34].
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1.3 Photoelectron Circular Dichroism

1.3 Photoelectron Circular Dichroism

Another relatively young phenomenon, occurring during the interaction of an intense laser

pulse with matter in a somewhat lower photon energy regime, is the so-called multiphoton

photoelectron circular dichroism (PECD). Here, many published experimental results are

waiting to be interpreted quantitatively and even qualitatively by theory. In this section,

the most important aspects of the circular dichroism phenomenon are listed within a

historical context.

1.3.1 The Phenomenon of CD

In the 19th century, J.B. Biot discovered that solutions of tartaric acid rotate the polariza-

tion plane of the linearly polarized light [35]. It took over three decades until L. Pasteur

found that the sodium ammonium salts of these acids contain two di�erent crystals with

what he called di�erent asymmetries [36]. He sorted the di�erent kinds of crystals and

found that depending on their asymmetry, the crystals rotated the polarization plane in

di�erent directions. Due to this rotation, one also calls these types of crystals left- or

right-handed. Some molecules show these properties as well (see below).

The de�nition of this property which is used today was given by Lord Kelvin in a

footnote of Ref. [37] in 1904:

"I call any geometrical �gure, or group of points, chiral, and say that it has

chirality if its image in a plane mirror, ideally realized, cannot be brought to

coincide with itself. [...] Equal and similar right and left hands are [...] also

called `enantiomorphs,' after a usage introduced, I believe, by German writers.

[...]"

Nevertheless, today one speaks about enantiomers instead of enantiomorphs.

As described in Ref. [35] and references therein, chirality has a big impact on life and

biochemistry, because many molecules, like sugars, proteins and amino acids are indeed

chiral. Moreover, chemical reactions between chiral molecules are enantio-selective [38].

This means, that di�erent enantiomers of chiral molecules react in di�erent ways. For ex-

ample, enantiomers smell and taste di�erently, and drugs containing di�erent enantiomers

have di�erent e�ects on our organism.

Due to the enantioselectivity, it is important to be able to distinguish enantiomers from

each other. Several chemical and physical methods exist for this purpose (see Ref. [35]

and references therein). The chiroptical spectroscopy method, established by L. Pasteur
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takes advantage of the circularly polarized electromagnetic �eld reacting di�erently with

the asymmetric potentials of the respective enantiomer [39,40]. As a consequence, chiral

molecules absorb left- and right-handed circularly polarized light with di�erent e�ciency,

which is known as circular dichroism (CD).

The phenomenon of the CD for electronic and vibrational transitions is well docu-

mented, even when the CD e�ect is very small within the range of 10−3 to 10−1% of the

total absorption. This is because the e�ect emerges through the interference of the electric-

dipole and the magnetic-dipole transitions. With the photoelectron circular dichroism

(PECD), considerably larger asymmetries can be achieved [35]. Furthermore, PECD is

very sensitive to stereochemical factors [35], which can be used to study a chiral recogni-

tion in molecular pairs. A more detailed discussion on the phenomenon of PECD is given

in the next sections.

1.3.2 One-Photon PECD

The PECD was �rst predicted theoretically by Ritchie in 1976 [41]. He obtained that the

angle-resolved photoionization spectra of freely rotating chiral molecules exhibit a CD,

which emerges already in the electric-dipole approximation and, therefore, may reach up

to 10%. Ritchie considered a one-photon ionization of randomly oriented molecules in

the gas phase, and treated this process in the perturbative regime. This process can be

represented as follows:

Mol(Ψ0) + ~ω(q = ±1)→ Mol+(Ψion) + e−(εlm). (1.1)

Here, Mol(Ψ0) is the molecule in its initial electronic state. The circular polarized photon

~ω(q = ±1) ionizes the molecule into the Mol+(Ψion) state. The resulting photoelectron

e−(εlm) has the energy ε. In the asymptotical region, the photoelectron wave packet can

be expanded in terms of partial waves [42, 43] with the given projection m of the orbital

angular momentum l on a chosen quantization axis.

In order to calculate the di�erential cross section for the photoionization of randomly

oriented molecules, �rst the polarization of the incoming photon has to be transformed

from the laboratory frame into the molecular frame by using Wigner's rotating matrices.

Thereafter, the photoionization amplitudes are computed in the molecular frame, and the

emitted partial electron waves are transformed back into the laboratory frame. Finally,

the photoionization probability should be averaged over all molecular orientations. The
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1.3 Photoelectron Circular Dichroism

resulting di�erential cross section can be simpli�ed into the following compact form:

dσ±

dΩ
=

2∑
L=0

ALPL(θ) =
σ

4π

(
1± β1P1(θ)− 1

2
β2P2(θ)

)
, (1.2)

where `±' stands for the right- or left-handed circularly polarized light (positive and

negative helicity), PL are the Legendre polynomials, and θ is the angle between the

direction of the propagation of the laser pulse (laboratory z-axis) and the direction of the

propagation of the emitted electron. The expansion coe�cient AL are given by:

AL =
4π2αa2

0ω

g0

∑
l1m′1q

′
1

∑
l2m′2q

′
2

∑
ML′

i(l1+l2)e
i(δl1m′1

−δl2m′2
)
(−1)m

′
1+q′1−q−ML′+l2+L×

l1 l2 L

0 0 0

1 1 L

q −q 0

 l1 l2 L

−m′1 m′2 −ML′

 1 1 L

q′1 −q′2 −ML′

×
2L+ 1

π

√
(2l1 + 1)(2l1 + 1)〈Ψionεl1m

′
1|dq′1|Ψ0〉〈Ψionεl2m

′
2|dq′2|Ψ0〉∗.

(1.3)

Here, δlm′ is the phase shift of the partial wave and g0 is the statistical weight of the

initial electronic state, dq′ is the electric dipol transition operator in the length gauge,

α ' 1/137.036 is the �ne structure constant, and the square of the Bohr radius is a2
0 '

28.0028 Mb. The latter converts the atomic units for the cross section into megabarn.

An analysis of the coe�cients AL, performed in Ref. [41], shows that coe�cient A1 does

not vanish only for chiral molecules. There, it leads to an asymmetry in the emission of

photoelectrons in the forward/backward direction with respect to the light propagation.

This asymmetry depends on the circular polarization of the laser pulse as indicated ex-

plicitly by ±β1 in Eq. 1.1, resulting in an angle dependent CD of 2β1P1(θ). Later on, this

phenomenon was termed as photoelectron circular dichroism (PECD) [44].

It took about 25 years before Ritchie's predictions had been veri�ed experimentally [45,

46]. In these experiments, circularly polarized synchrotron radiation and Bromocamphor

[45] and Camphor [46] molecules were used, and a PECD of about 3 to 4% was observed.

Several subsequent studies were performed theoretically and experimentally for outer-shell

photoionization of Methyloxirane [47�49], chiral derivates of Oxirane [50], and Camphor

and Fenchone [44, 51, 52]. It has been shown, that the PECD changes with the binding

energy due to the ionization of di�erent molecular orbitals of a molecule [45], as well as

with the photoelectron kinetic energy [44,47�52].

In recent years, the PECD in the one-photon ionization has also been studied on molec-

ular dimers [53], clusters [54], metal-organic complexes [55] and small biological molecules

[56�59]. In those experiments, a tunable circularly polarized synchrotron radiation was
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used in combination with di�erent methods to acquire the angle-resolved photoelectron

spectra. In the theoretical studies, the continuum multiple scattering method with the

local Xα exchange correlation (CMS-Xα) [60], the time-dependent density-functional the-

ory (TDDFT) B -spline linear combination of atomic orbital (LCAO) formalism [61], and

the single center (SC) method [62,63] have been used.

The above mentioned studies investigated photoionization of outer valence electrons

(HOMO-n). Those electrons are typically delocalized over a large part of the molecule and

hence strongly asymmetric. This is naturally imprinted in the observed PECD through

the initial state in the photoionization transition amplitudes. An additional contribution

to the PECD is provided by an asymmetry of the �nal state of the photoionization process

[50]. This theoretical study of the derivates of Oxirane concluded that the PECD depends

on the ability of the outgoing photoelectron to probe the asymmetry of molecular ion

potential.

The e�ect of the �nal state was studied in the inner-shell O=C(1s) ionization of Cam-

phor [64], where the photoelectron kinetic energy was scanned up to 65 eV above the

1s-ionization threshold. The inner-shell electrons are almost symmetric. Nevertheless,

a signi�cant PECD was found experimentally and theoretically [64], suggesting that the

PECD is caused here by the scattering of a photoelectron wave on the chiral potential

of the molecular ion. Since the core-electrons are localized on particular atoms in the

molecule, the inner-shell PECD is also emitter- and site-selective [65]. Finally, it was

demonstrated that chiral asymmetries of the O(1s) photoionization of Methyloxirane can

be substantially enhanced by �xing the molecular orientation in space [66].

The most complete reviews of these studies can be found in Ref. [35,67,68] and references

therein.

1.3.3 Multiphoton PECD

Ritchie's predictions [41] are general and also apply to photoionization processes, where

several photons Nph are involved. Here, Eq. 1.2 can be expanded to [69�73]

dσ±

dΩ
=

2Nph∑
L=0

bLPL(θ) = b0± β1P1(θ) + β2P2(θ)± β3P3(θ) + β4P4(θ)± β5P5(θ) + . . . , (1.4)

which results in the angle-dependent multiphoton PECD of:

PECD(θ) = 2
∑
k

b2k+1P2k+1(θ). (1.5)
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In Refs. [74, 75] it was suggested to convert the angle-dependent PECD into a single

number. Here, the relative di�erences between the integrated yields in the forward and

backward hemispheres, obtained for the right- and left-handed circular polarized light,

are subtracted from each other, resulting in a PECD of:

PECD = 2b1 −
1

2
b3 +

1

4
b5 −

5

32
b7 +

7

64
b9 . . . . (1.6)

Recently, a considerable multiphoton PECD of about 10% was observed in the 2+1

resonance-enhanced multiphoton ionization (REMPI) of Camphor and Fenchone in the

gas phase using velocity map imaging technique [76]. For Camphor, these results were

con�rmed with the coinicidence detection techniques in Refs. [77, 78]. Comprehensive

studies of the experimental data for Camphor, Fenchone, and Norcamphor are given in

Refs. [75, 79]. Detailed discussions of the multiphoton PECD can be found in Refs. [74,

75,79].

The PECD of bicyclic ketones after the four-photon ATI has been investigated exper-

imentally in Refs. [80, 81]. Here, the photoelectrons ionized by the 2+1 REMPI process

absorb an additional photon, acquiring a larger kinetic energy. In addition, Ref. [81] iden-

ti�ed contributions from HOMO(-1) and studied PECD in the tunnel ionization regime.

Reference [82] demonstrated that multiphoton PECD can be used to determine the enan-

tiomeric excess within a sub-percent accuracy. The wavelength dependence of the multi-

photon PECD observed in Refs. [83,84] was attributed to the in�uence of di�erent inter-

mediate resonances. Recently, time resolved studies of PECD conducted in Refs. [85�87]

uncovered the important role of femtosecond nuclear dynamics [85,86] and the attosecond

electron dynamic [87]. Finally, the possibility of tailoring the multiphoton PECD by chi-

ral excitation dynamics below the ionization threshold was illustrated in the very recent

work [88].

The theoretical description of the multiphoton PECD is a very di�cult task. The �rst

attempt was made in Ref. [77]. Here, the 2+1 REMPI process was treated in the pertur-

bative limit. First, the initially randomly oriented molecules become prealigned by the

selective two-photon excitation at preferred orientations, which was assumed to be gov-

erned by the molecular polarization tensor. The subsequent ionization of the prealigned

resonance was described by the CMS-Xα method [60]. The obtained theoretical results

provide a qualitative interpretation of the experimental multiphoton PECD of Camphor.

The theoretical interpretation of a photoexcitation circular dichroism in Fenchone was

made by a di�erent perturbative two-step model [88].

Later, Ref. [89] used a strong-�eld approximation to simulate the multiphoton ionization
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process of Camphor and Fenchone. In order to account for the chiral potential of the

molecule, a Born correction to the scattered electron continuum wave was introduced

to the strong �eld approximation. However, this method neglected the in�uence of the

intermediate resonant states. In Ref. [89], it was obtained that even though the PECD

for oriented molecules can reach up to 20%, it cancels out almost completely when the

integration over all molecular orientations is performed. For Camphor, the computed

PECD showed a clear nodal structure, but the e�ect was 10 times weaker and had an

opposite sign compared to the experiment. For Fenchone, a qualitative agreement between

the computed and measured PECD was found.

One of the most recent theoretical works on the multiphoton PECD is Ref. [90]. It uses

the two-step model, in which the excitation step is governed by a two-photon absorption

tensor. In the subsequent ionization step, the electron continuum is represented by hy-

drogenic continuum functions, which do not take multiple scattering e�ects into account.

Reference [90] arrived at a semi-quantitative agreement with the experimental results for

Fenchone and Camphor and was able to classify the intermediate resonances and quantify

their contribution to the multiphoton PECD.

1.3.4 Motivation

Many experimental results on the multiphoton PECD have already been published by

several groups [73, 75, 75�79]. Due to the complexity of the multiphoton ionization pro-

cesses, only a few theoretical works [77,89,90] managed to describe the e�ect qualitatively

and semi-quantitatively. Therefore, the existing theoretical methods to study this phe-

nomenon are not su�cient and the development of new reliable theoretical methods is

highly desirable. Such a method should: (i) incorporate important physical mechanism

governing the PECD e�ects, (ii) deliver a quantitative description of the existing ex-

periments, and (iii) enable the solution of the problem within reasonable computational

costs.

One of the main tasks of this work was to develop such a method for the theoretical

description of multiphoton ionization processes of chiral molecules. The method was

�rst tested on the PI and ATI processes of a model methane-like chiral system [91] and

then applied to the three-photon and four-photon ionization of Camphor and Fenchone

[92]. The multiphoton PECD was studied in dependence of the emission angle of the

photoelectron, of the orientation of the molecules, and of the wavelength of the laser pulses,

and then compared to experimental results available in the literature [75,76,80,82,84].
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1.4 Summary

Nowadays, lasers can be found in almost every laboratory, and even in every o�ce and

household. With modern lasers, new phenomena of the light-matter interaction, especially

in the regime of high intensities and high carrier frequencies, were found in the last years.

Some of these e�ects are not yet interpreted theoretically or veri�ed experimentally. This

work will shed light on two of such phenomena.

One phenomenon is the dynamic interference of electron wave packets of the same

kinetic energy emitted at di�erent times along the laser pulse [23]. Several theoretical

predictions of this e�ect exist, but cannot be veri�ed by the existing experimental setups.

As discussed in this chapter, the high-frequency regime is very promising for further in-

vestigations. One aim of this work is to propose systems and ionization regimes amenable

for current experiments. Another aim is to verify the existing theoretical predictions of

minimal models by numerical exact methods.

In the low-frequency regime, the new phenomenon of the multiphoton photoelectron cir-

cular dichroism (PECD) is studied experimentally in many works. Nevertheless, methods

for the theoretical description of this e�ect are still in their infancy. Here, a few exist-

ing works provide only a qualitative and semi-quantitative insight in the phenomenon.

Another main aim of this work is to develop a reliable theoretical and computational

method and to apply it to the description of the experiments on the three-photon PI and

four-photon ATI of Camphor and Fenchone.
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The dynamic interference and the photoelectron circular dichroism can be investigated

by di�erent theoretical approaches (see chapter 1). In the �rst part of this chapter,

the equations to describe the dynamic interference within di�erent minimal models are

derived. In the second part, the presently used method for the numerical solution of the

time-dependent Schrödinger equation is introduced. This method is applied in the present

work to study the dynamic interference in atoms and the angle-resolved multiphoton

ionization of chiral molecules.

2.1 Few Level Minimal Models

In this section, di�erent minimal models and underlying basic equations are derived and

described. First, the minimal model to study the resonant Auger decay in Xenon and

an analytic interpretation of the resonant Auger electron spectra is presented. Then,

the model which describes the resonance-enhanced two photon ionization of Hydrogen is

discussed. Finally, a short insight in the description of the direct ionization of Helium is

given.

2.1.1 Resonant Auger Decay: Numerical Solution

The basis set of the states, which are essential for the description of the resonant Auger

decay in atoms, can be restricted to their ground state |I〉, resonance |R〉 and �nal ionic

state plus the Auger electron |Fjε〉. The two main ionization channels are the direct

ionization from the ground state to the �nal ionic state and the Auger decay of the

resonance. This process is schematically represented by the three-level scheme in Fig. 1.4.

In this minimal model, the electron wave packet is described via the time-dependent

amplitudes of the population of the ground state aI(t), the resonance ãR(t) and the �nal

ionic state plus Auger electron ãFj(t, ε):

Ψ(t) = aI(t)|I〉+ ãR(t)|R〉+

∫
ãFj(t, ε)|Fjε〉dε, (2.1)
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and propagated according to the time-dependent Schrödinger equation (atomic units with

e = me = ~ = 1 are used throughout):

iΨ̇(t) = Ĥ(t)Ψ(t) = (Ĥ0 + ẑE(t))Ψ(t). (2.2)

In this equation, E(t) is the laser pulse which excites and ionizes the atom, and the

light-matter interaction is incorporated within the dipole length gauge.

The presently considered pulse has a Gaussian shape and is linearly polarized along the

z-axis:

E(t) = E0(t) cos(ωt) = E0g(t) cos(ωt). (2.3)

Here, E0(t) is the peak amplitude of the �eld, and ω is the carrier frequency of the pulse.

The pulse envelope g(t) varies slowly on the time scale of the optical cycle 2π/ω. The

intensity of the �eld, averaged over one optical cycle, is given by:

I(t) =
1

8πα
(E0g(t))2. (2.4)

By substituting Ψ(t) in the time-dependent Schrödinger equation 2.2 and projecting

the resulting equation onto all basis states, one obtains the following system of coupled

di�erential equations for the population amplitudes:

iȧI(t) = aI(t)EI + ãR(t)〈I|ẑE(t)|R〉+

∫
ãFj(t, ε)〈I|ẑE(t)|Fjε〉dε

i ˙̃aR(t) = aI(t)〈R|ẑE(t)|I〉+ ãR(t)ER +

∫
ãFj(t, ε)〈R|Ĥ0|Fjε〉dε

i ˙̃aFj(t, ε) = aI(t)〈Fjε|ẑE(t)|I〉+ ãR(t)〈Fjε|(Ĥ0|R〉+ ãFj(t, ε)(EFj + ε),

(2.5)

where EI , ER and EFj are the energies of the ground, intermediate and �nal states,

respectively.

Because the carrier frequency ω is chosen to be resonant to the transition from the

ground state to the resonance and the pulse supports many optical cycles, the rotating

wave approximation (RWA, [93]) can be utilized to describe the transition matrix elements.

Within this approximation, all respective matrix elements read:

〈R|Ĥ(t)|I〉 = 〈R|ẑ|I〉E0g(t)

2
e−iωt = D(t)e−iωt

〈Fjε|Ĥ(t)|I〉 = 〈Fjε|ẑ|I〉
E0g(t)

2
e−iωt = dj(t)e

−iωt

〈Fjε|Ĥ0|R〉 = Vj,

(2.6)
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and the system 2.5 reduces to:

iȧI(t) = aI(t)EI + ãR(t)D†(t)eiωt +

∫
ãFj(t, ε)d

†
j(t)e

iωtdε

i ˙̃aR(t) = aI(t)D(t)e−iωt + ãR(t)ER +

∫
ãFj(t, ε)V

†
j dε

i ˙̃aFj(t, ε) = aI(t)dj(t)e
−iωt + ãR(t)Vj + ãFj(t, ε)(EFj + ε).

(2.7)

In order to simplify Eqs. 2.7 and to eliminate the rapidly oscillating factors e±iωt,

the time-dependent amplitudes can be rede�ned as aR(t) = ãRe
iωt and aFj(t) = ãFje

iωt.

Thereby, the system of equations 2.7 modi�es to:

iȧI(t) = aI(t)EI + aR(t)D†(t) +

∫
aFj(t, ε)d

†
j(t)dε (2.8a)

iȧR(t) = aI(t)D(t) + aR(t)(ER − ω) +

∫
aFj(t, ε)V

†
j dε (2.8b)

iȧFj(t, ε) = aI(t)dj(t) + aR(t)Vj + aFj(t, ε)(EFj + ε− ω). (2.8c)

Equation 2.8c can be solved analytically:

aFj(t, ε) = −i
∫ t

−∞
(aI(t

′)dj(t
′) + aR(t′)Vj)e

−i(EFj+ε−ω)(t−t′)dt′. (2.9)

Substituting this solution in Eqs. 2.8a and 2.8b, one arrives at the following 2×2 system,

which is decoupled from Eq. 2.8c:

iȧI(t) =aI(t)EI + aR(t)D†(t)−

i

∫ ∫ t

−∞
(aI(t

′)dj(t
′) + aR(t′)Vj)e

−i(EFj+ε−ω)(t−t′)dt′d†j(t)dε

iȧR(t) =aI(t)D(t) + aR(t)(ER − ω)−

i

∫ ∫ t

−∞
(aI(t

′)dj(t
′) + aR(t′)Vj)e

−i(EFj+ε−ω)(t−t′)dt′V †j dε.

(2.10)

Let us introduce the two non-local kernels:

K1(t− t′) =

∫
(aI(t

′)dj(t
′)d†j(t) + aR(t′)Vjd

†
j(t))e

−i(EFj+ε−ω)(t−t′)dε

K2(t− t′) =

∫
(aI(t

′)dj(t
′)V †j + aR(t′)VjV

†
j )e−i(EFj+ε−ω)(t−t′)dε.

(2.11)

These kernels account for the e�ect of the coupling of the respective states with the

continuum of the �nal states and simplify the system of equations 2.10 as follows:

iȧI(t) = aI(t)EI + aR(t)D†(t)− i
∫ t

−∞
K1(t− t′)dt′

iȧR(t) = aI(t)D(t) + aR(t)(ER − ω)− i
∫ t

−∞
K2(t− t′)dt′.

(2.12)
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In order to �nd a solution for the kernels, they can be extended with the term e−i(ε0−ε0)(t−t′),

where ε0 = ω − (EFj − EI) is the center of the electron line in the spectrum:

K1(t− t′) =

∫
(aI(t

′)dj(t
′)d†j(t) + aR(t′)Vjd

†
j(t))e

−i(EFj+ε0−ω)(t−t′)e−i(ε−ε0)(t−t′)dε

K2(t− t′) =

∫
(aI(t

′)dj(t
′)V †j + aR(t′)VjV

†
j )e−i(EFj+ε0−ω)(t−t′)e−i(ε−ε0)(t−t′)dε.

(2.13)

In the process, which is concerned here, the emitted electron has a large kinetic energy ε

and the electron line in the spectrum emerges far from the ionization threshold. Therefore,

as a good approximation, dj(t′) and Vj can be considered as constant within an energy

interval [ε0 − ε, ε0 + ε], which encompasses the respective line in the spectrum:

K1(t− t′) = (aI(t
′)dj(t

′)d†j(t) + aR(t′)Vjd
†
j(t))e

−i(EFj+ε0−ω)(t−t′)
∫ ε

−ε
e−ix(t−t′)dx

K2(t− t′) = (aI(t
′)dj(t

′)V †j + aR(t′)VjV
†
j )e−i(EFj+ε0−ω)(t−t′)

∫ ε

−ε
e−ix(t−t′)dx.

(2.14)

These integrals can now be solved analytically:

K1(t− t′) = (aI(t
′)dj(t

′)d†j(t) + aR(t′)Vjd
†
d(t))e

−i(EFj+ε0−ω)(t−t′) 2

t− t′
sin(ε(t− t′))

K2(t− t′) = (aI(t
′)dj(t

′)V †j + aR(t′)VjV
†
j )e−i(EFj+ε0−ω)(t−t′) 2

t− t′
sin(ε(t− t′)).

(2.15)

With this solution and the new variable τ = t − t′, the integrals of the system of

equations 2.12 can be rewritten as:

− i
∫ t

−∞
K1(t− t′)dt =

− i
∫ ∞

0

(aI(t− τ)dj(t− τ)d†j(t) + aR(t− τ)Vjd
†
j(t))e

−i(EFj+ε0−ω)(τ) 2

τ
sin(ετ)dτ

− i
∫ t

−∞
K2(t− t′)dt =

− i
∫ ∞

0

(aI(t− τ)dj(t− τ)V †j + aR(t− τ)VjV
†
j )e−i(EFj+ε0−ω)(τ) 2

τ
sin(ετ)dτ.

(2.16)

In order to proceed, we assume that the time evolution of the population amplitudes

can be factorized into a phase, which describes the time dependence due to the energy of

the state and varies fast in time, and a term, which describes the in�uence of the laser

pulse and changes on a slower timescale of the pulse envelop g(t):

aI(t) = e−iEI ta
(0)
I (t), aR(t) = e−i(ER−ω)ta

(0)
R (t). (2.17)
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2.1 Few Level Minimal Models

When this factorization is introduced, Eqs. 2.16 become:

− i
∫ t

−∞
K1(τ)dt =

− i
∫ ∞

0

(e−iEI(t−τ)a
(0)
I (t− τ)dj(t− τ)d†j(t) + e−i(ER−ω)(t−τ)a

(0)
R (t− τ)Vjd

†
j(t))×

e−i(EFj+ε0−ω)(τ) 2

τ
sin(ετ)dτ

− i
∫ t

−∞
K2(τ)dt =

− i
∫ ∞

0

(e−iEI(t−τ)a
(0)
I (t− τ)dj(t− τ)V †j + e−i(ER−ω)(t−τ)a

(0)
R (t− τ)VjV

†
j )×

e−i(EFj+ε0−ω)(τ) 2

τ
sin(ετ)dτ.

(2.18)

Now, one can make use of the de�nition of the center of the electron spectral line

EFj + ε0 − ω − EI = 0:

− i
∫ t

−∞
K1(τ)dt =

− i
∫ ∞

0

(e−iEI ta
(0)
I (t− τ)dj(t− τ)d†j(t) + e−i(ER−ω)ta

(0)
R (t− τ)Vjd

†
j(t))

2

τ
sin(ετ)dτ

− i
∫ t

−∞
K2(τ)dt =

− i
∫ ∞

0

(e−iEI ta
(0)
I (t− τ)dj(t− τ)V †j + e−i(ER−ω)ta

(0)
R (t− τ)VjV

†
j )

2

τ
sin(ετ)dτ.

(2.19)

To be able to solve these integrals, it is necessary to have a closer look at the time

dependencies of dj(t−τ), a(0)
I (t−τ) and a(0)

R (t−τ), and 2
τ

sin(ετ). While dj(t−τ), a(0)
I (t−τ)

and a(0)
R (t − τ) change on the time scale of the pulse envelope, 2

τ
sin(ετ) changes on the

time scale of 2π
ε
. If the latter time scale is much shorter than the pulse duration, the �rst

terms can be assumed to be constant and taken out of the integral. This approximation is

well justi�ed for large electron energies ε0, as it is always the case for the resonant Auger

decay. Here, the parameter ε can be chosen large to have a `�at' continuum in a broad

energy interval [ε0 − ε, ε0 + ε]. As a result, the two kernels simplify to:

−i
∫ t

−∞
K1(τ)dt =− i(e−iEI ta(0)

I (t)dj(t)d
†
j(t) + e−i(ER−ω)ta

(0)
R (t)Vjd

†
j(t))

∫ ∞
0

2

τ
sin(ετ)dτ

−i
∫ t

−∞
K2(τ)dt =− i(e−iEI ta(0)

I (t)dj(t)V
†
j + e−i(ER−ω)ta

(0)
R (t)VjV

†
j )

∫ ∞
0

2

τ
sin(ετ)dτ.

(2.20)
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The remaining integrals can be solved analytically:

−i
∫ t

−∞
K1(τ)dt =− iπ(aI(t)|dj(t)|2 + aR(t)Vjd

†
j(t))

−i
∫ t

−∞
K2(τ)dt =− iπ(aI(t)dj(t)V

†
j + aR(t)|Vj|2).

(2.21)

The approximation made in the above derivation is usually referred to as local approxima-

tion [94, 95]. Thereby, the time-memory deposited in the non-local kernels is eliminated,

and K1(t− t′) and K2(t− t′) become local in time. With the �nal result 2.21, Eqs. 2.12

can be rewritten as:

iȧI(t) = aI(t)(EI − iπ|dj(t)|2) + aR(t)(D†(t)− iπVjd†j(t))

iȧR(t) = aI(t)(D(t)− iπdj(t)V †j ) + aR(t)(ER − ω − iπ|Vj|2).
(2.22)

In many electron atoms, several channels for the Auger decay and for the direct ioniza-

tion resulting in di�erent �nal ionic states are usually open. To a good approximation, one

can assume that those open channels do not couple to each other. To take the di�erent

open channels into account, one needs to perform summations over all possible �nal ionic

states j:

iȧI(t) = aI(t)

(
EI − iπ

∑
j

|dj(t)|2
)

+ aR(t)

(
D†(t)− iπ

∑
j

Vjd
†
j(t)

)

iȧR(t) = aI(t)

(
D(t)− iπ

∑
j

dj(t)V
†
j

)
+ aR(t)

(
ER − ω − iπ

∑
j

|Vj|2
)
.

(2.23)

Let us analyze the �nal system of equations 2.23. First, it can be noticed that the

energy of the ground state is augmented by the imaginary term −iπ
∑

j |dj(t)|2. This

term describes the losses of the population of the ground state by its direct ionization in

all open continuum channels. It can be rewritten as − i
2
ΓI(t), where ΓI(t) is the time-

dependent photoionization rate [13,96]:

ΓI(t) = 2π
∑
j

|dj|2 = σtotI (ω) · I(t)/ω. (2.24)

Here, σtotI (ω) is the total photoionization cross section of the ground state and I(t)/ω the

photon �ux.

The loss of the population in the resonance due to the Auger decay, −iπ
∑

j |Vj|2 =

− i
2
ΓA, is described by the time-independent decay rate:

ΓA = 2π
∑
j

|Vj|2. (2.25)
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2.1 Few Level Minimal Models

The total �eld-induced coupling between the ground state and the resonance, D(t) −
iπ
∑

j dj(t)V
†
j , is especially interesting. The �rst term is the direct time-dependent cou-

pling D(t), which describes the excitation and simulated emission processes. The second

term is an indirect time-dependent coupling, − i
2
W (t), which is non-Hermitian. It is

de�ned as:

W (t) = 2π
∑
j

dj(t)V
†
j . (2.26)

This term emerges only when the direct photoionization and the resonant Auger decay

access the same �nal state simultaneously. The indirect coupling can be interpreted as the

recapture of the electron emitted due to the Auger decay to produce the neutral ground

state, or vice versa, photoelectrons emitted by the direct ionization of the ground state

are recaptured by the ion to produce the resonance.

With those notations, the �nal system of di�erential equations reads:

iȧI(t) = aI(t)(EI −
i

2
ΓI(t)) + aR(t)(D†(t)− i

2
W †(t))

iȧR(t) = aI(t)(D(t)− i

2
W (t)) + aR(t)(ER − ω −

i

2
ΓA)

iȧFj(t, ε) = aI(t)dj(t) + aR(t)Vj + aFj(t, ε)(EFj + ε− ω).

(2.27)

This system of coupled di�erential equations can be rewritten in the following compact

form:

i ˙̄A(t) = Ĥ(t)Ā(t). (2.28)

Here Ā(t) is the vector of the population amplitudes of the involved states:

Ā(t) =


aI(t)

aR(t)

aFj(t, ε)

 , (2.29)

and Ĥ(t) is the e�ective Hamiltonian:

Ĥ(t) =


EI − i

2
ΓI(t) D†(t)− i

2
W †(t) 0

D(t)− i
2
W (t) ER − i

2
(ΓA + ΓR(t))− ω 0

dj(t) Vj EFj + ε− ω

 . (2.30)

In this matrix, − i
2
ΓR(t) is additionally included to account for the time-dependent losses

of the population of the resonance due its direct ionization. This term is approximately

equal to − i
2
ΓI(t) [13, 96].

After the pulse has expired and the resonance has decayed completely at t = ∞, the

total ion yield can be calculated using the population amplitude of the ground state:∑
j

∫
dε|aFj(∞, ε)|2 = 1− |aI(∞)|2. (2.31)
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The �nal electron spectrum σj(ε) can be calculated with the help of the amplitude for

the population of the continuum states |Fjε〉 as:

σj(ε) = |aFj(∞, ε)|2. (2.32)

2.1.2 Resonant Auger Decay: Analytic interpretation

The electron spectrum 2.32 can be estimated analytically. For this purpose, let us consider

the upper left 2×2 matrix ĤI,R of the Hamiltonian 2.30, which is decoupled from the rest:

ĤI,R(t) =

 EI − i
2
ΓI(t) D†(t)− i

2
W †(t)

D(t)− i
2
W (t) ER − i

2
(ΓA + ΓR(t))− ω

 . (2.33)

For simplicity, below it is assumed that the carrier frequency is resonant (ω = ER −EI),
and the non-Hermitian coupling and ionization rate of the resonance are set to zero

(W (t) = ΓR = 0). In this approximation, the matrix 2.33 reads:

ĤI,R(t) =

 EI − i
2
ΓI(t) D†(t)

D(t) EI − i
2
ΓA

 . (2.34)

The Eigenenergies of this matrix can be calculated at each time via:

E± = EI −
i

4
(ΓA + ΓI(t))±

√
−1

4
(Γ2

A + Γ2
I(t) + ΓI(t)ΓA) + |D(t)|2. (2.35)

Furthermore, it can be assumed that the losses ΓI(t) and ΓA are small compared to

the matrix element for the transition between the ground state and the resonance D(t),

which is justi�ed as long as the pulse is not too strong and the ionization is far from its

saturation. This simpli�es the solutions 2.35 to:

E± ∼= EI −
i

4
(ΓA + ΓI(t))±D(t). (2.36)

One can see that the diagonalization of the Hamiltonian 2.34 yields two decoupled reso-

nances as long as the pulse is on. The respective energies E±(t) follow the pulse envelope

in opposite directions as determined by the ±D(t) term.

The respective Eigenstates |±〉 are given by the superposition of the ground and reso-

nant states:

|±〉 =
|I〉√

2
± |R〉√

2
. (2.37)

It is straightforward to show, that the amplitudes a±(t) for the population of the Eigen-

states |±〉,
a±(t) =

aI(t)√
2
± aR(t)√

2
, (2.38)
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2.1 Few Level Minimal Models

evolve according to the following decoupled di�erential equations:

iȧ±(t) = E±(t)a±(t). (2.39)

Equations 2.39 can be solved analytically:

a±(t) = e−i
∫ t
−∞ E±(t)dt′ , (2.40)

and, according to Eq. 2.38, the amplitudes aI(t) and aR(t) evolve in time as:

aI(t) =
1√
2

(
e−i

∫ t
−∞ E+(t)dt′ + e−i

∫ t
−∞ E−(t)dt′

)
aR(t) =

1√
2

(
e−i

∫ t
−∞ E+(t)dt′ − e−i

∫ t
−∞ E−(t)dt′

)
.

(2.41)

Substituting E±(t), aI(t) and aR(t) in the formal solution for aFj(t, ε) 2.9, one obtains:

aFj(t, ε) =− i

2

∫ t

−∞

(
e−i

∫ t′
−∞D(t′′)dt′′(dj(t

′) + Vj) + e−i
∫ t′
−∞−D(t′′)dt′′(dj(t

′)− Vj)
)
×

e−i(EFj+ε−ω+EI)t′− 1
4

ΓAt
′−

∫ t′
−∞

1
4

ΓI(t′′)dt′′dt′.

(2.42)

To further simplify this solution, the ground state energy is set to be the origin of the

energy scale (EI = 0), and the de�nition of the center of the line in the spectrum of the

emitted electrons (ε0 = ω − EFj) is used:

aFj(t, ε) =− i

2

∫ t

−∞

(
e−i

∫ t′
−∞D(t′′)dt′′(dj(t

′) + Vj) + e−i
∫ t′
−∞−D(t′′)dt′′(dj(t

′)− Vj)
)
×

e−i(ε−ε0)t′− 1
4

ΓAt
′−

∫ t′
−∞

1
4

ΓI(t′′)dt′′dt′.

(2.43)

With this equation, the electron spectrum 2.32 can be calculated via:

σj(ε) =

∣∣∣∣− i2
∫ ∞
−∞

(
e−i

∫ t′
−∞D(t′′)dt′′(dj(t

′) + Vj) + e−i
∫ t′
−∞−D(t′′)dt′′(dj(t

′)− Vj)
)
×

e−i(ε−ε0)t′− 1
4

ΓAt
′−

∫ t′
−∞

1
4

ΓI(t′′)dt′′dt′
∣∣∣2 . (2.44)

By introducing the integrated photoionization rate GI(t) =
∫ t
−∞ ΓI(t

′)d(t′) and the

total accumulative phase Φ±(t) = (ε− ε0)t±
∫ t
−∞D(t′)dt′, Eq. 2.44 can be rewritten in a

compact form:

σj(ε) =

∣∣∣∣12
∫ ∞
−∞

(
eiΦ−(t′)(dj(t

′) + Vj) + eiΦ+(t′)(dj(t
′)− Vj)

)
e−

1
4

(ΓAt
′+GI(t′))dt′

∣∣∣∣2 . (2.45)

As demonstrated in Refs. [22, 23], the main contribution to the integral over time t′

comes from the so-called stationary times, which are de�ned as Φ̇±(t0 ± ts(ε)) = 0. This
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approximation is called stationary phase approximation [97]. According to the de�nition

of the phases Φ±(t), the stationary times ts(ε) are given by:

0 = (ε− ε0)±D(t0 ± ts). (2.46)

For a Gaussian-shaped pulse, there are exactly two times t0 ± ts(ε) symmetric with

respect to the pulse maximum centered at t0, at which emitted electrons have equal

kinetic energies ε. These electrons, one emitted at the rising edge and one at the falling

edge of the pulse, superimpose and interfere.

In order to estimate the spectrum 2.45, the total accumulative phase can be approxi-

mated with the Taylor expansion around the stationary times up the second non-vanishing

term (note that Φ̇±(t0 ± ts(ε)) = 0):

Φ±(t) = Φ±(t0 ± ts(ε))±
1

2
Ḋ(t)(t− (t0 ± ts(ε)))2. (2.47)

As a consequence, one arrives at the �nal analytic expression for the electron spectrum:

σj(ε) =

∣∣∣∣∣∣
∑

t=t0±ts(ε)

√
π

|2Ḋ(t)|

(
eiΦ−(t)± iπ

4 (dj(t) + Vj) + eiΦ+(t)∓ iπ
4 (dj(t)− Vj)

)
×

e−
1
4

(ΓAt+GI(t))
∣∣∣2 ,

(2.48)

where the following analytic solution for the time-integral was used [24]:∫ ∞
−∞

eiΦ±(t)dt =

√
2π

|Ḋ(t0 ± t(ε))|
eiΦ±(t0±ts(ε))± iπ4 . (2.49)

In Eq. 2.48, the individual terms leading to di�erent interference e�ects become trans-

parent. First, one can divide the sum into times on the rising t0 − ts and on the falling

t0 + ts edges of the pulse for each electron energy ε. Each of these individual contributions

does not exhibit any interference patterns, while their coherent superposition creates the

dynamic interference. Furthermore, one can identify the in�uence of the interference of

the direct and the resonant ionization pathways. Here, dj(t) + Vj is responsible for the

constructive interference for low electron energies ε < ε0, and dj(t) − Vj for the destruc-
tive interference for high electron energies ε > ε0, which results in an asymmetry in the

electron spectrum.

2.1.3 Resonance-Enhanced Two Photon Ionization

The minimal model, which has been established for the Auger decay process of atoms,

can be modi�ed to describe the resonance-enhanced two photon ionization [22]. Here,
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the �rst photon excites the ground state |I〉 to the resonance |R〉, and the second photon

ionizes the resonance to produce the �nal ionic state |Fε〉. This process can be described

by the following ansatz:

Ψ(t) = aI(t)|I〉+ aR(t)e−iωt|R〉+

∫
aF (t, ε)e−2iωt|Fε〉dε. (2.50)

In this wave function, the population amplitudes of the resonance aR(t) and the �nal ionic

state aF (t, ε) are already dressed by one and, respectively, two photons (i.e., multiplied

with e−iωt and e−2iωt factors). The derivation of the electron spectrum is analog to the

case of the resonant Auger decay process (see Sec. 2.1.1 and 2.1.2). Therefore, only the

key points are discussed below.

In the rotating wave [93] and local [94,95] approximations, the amplitudes aI(t), aR(t)

and aF (t, ε) satisfy the following system of coupled di�erential equations:

iȧI(t) = aR(t)
D†E0

2
g(t)

iȧR(t) = aI(t)
DE0

2
g(t) + aR(t)(ER −

i

2
Γg2(t)− ω)

iȧF (t, ε) = aR(t)
dE0

2
g(t) + aF (t, ε)(EF + ε− 2ω).

(2.51)

Here, the energy of the ground state is set to zero (EI = 0), the transition matrix element

from the ground state to the resonance is D = 〈R|ẑ|I〉, and that from the resonance

to the �nal ionic state is d = 〈Fε|ẑ|R〉. The time-dependent ionization rate − i
2
Γg2(t),

which is responsible for the leakage of the population from the resonance, is de�ned via

Γ = 2π|dE0/2|2.

Similar to the resonant Auger e�ect, the resonance-enhanced multiphoton ionization

spectrum can be calculated analytically. The Eigenenergies E±(t) and Eigenstates |±〉 of
the upper left 2×2 matrix of the Hamiltonian resulting from the di�erential equations 2.51

ĤI,R(t) =

 0 ∆†g(t)

∆g(t) − i
2
Γg2(t)

 , (2.52)

with ∆ = DE0
2
, are equal to:

E±(t) = ±∆g(t)− i

4
Γg2(t), |±〉 =

|I〉√
2
± |R〉√

2
. (2.53)

The amplitudes a±(t) for the population of the decoupled resonances |±〉 have the follow-
ing analytic solution:

a±(t) =
1√
2
e∓i∆F (t)−Γ/4J(t). (2.54)
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Figure 2.1: From Ref. [22] 4. Electron spectrum for the resonance-enhanced multiphoton

ionization of Hydrogen by a Gaussian pulse with a duration of τ = 30 fs, a

resonant carrier frequency of ω = ER = 3/8 a.u. = 10.20 eV and a pulse peak

intensity of 1.3×1013 W/cm2. The numerical result is shown with open circles

and the analytic results with a solid red line. In addition, the spectra for the

arriving and expiring parts of the pulse are depicted by broken curves.

Here, F (t) =
∫ t
−∞ g(t′)dt′ is the time integral of the pulse envelope, and J(t) =

∫ t
−∞ g

2(t′)dt′

the integral of its square.

The electron spectrum can now be calculated via:

σ(ε) =

∣∣∣∣dE0

4

∫ ∞
−∞

g(t)e−Γ/4J(t)
(
−ei(δt+∆F (t)) + ei(δt−∆F (t))

)
dt

∣∣∣∣2 , (2.55)

with the detuning δ = EF + ε − 2ω = ε − ε0 from the center of the electron line ε0. As

it was shown in Sec. 2.1.2 for the resonant Auger decay process, this equation can be

simpli�ed using the stationary phase approximation [97]. The �nal results reads [22]:

σ(ε) =

∣∣∣∣∣∣dE0

4

∑
t=t0±ts(ε)

g(t)e−Γ/4J(t)
(
−ei(Φ+(t)∓π

4
) + ei(Φ−(t)±π

4
)
)∣∣∣∣∣∣

2

. (2.56)

In this equation, Φ± = δt±∆F (t) is the accumulative phase, and the times of the emission

of the electrons with equal kinetic energy ε are given by t0±ts(ε) = t0±τ
√

ln(∆/(ε− ε0)).

4Reprinted with permission from http://dx.doi.org/10.1103/PhysRevA.86.063412, Ph.V. Demekhin

and L.S. Cederbaum, Phys. Rev. A 86, 063412 (2012). Copyright (2012) by the American Physical

Society.
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In Ref. [22], the system of di�erential equations was solved for the multiphoton ion-

ization of Hydrogen. Here, the ground state H(1s) was resonantly excited by the ab-

sorption of one photon of the energy ω = ER = 3/8 a.u. = 10.20 eV to the H(2p) state,

which was further ionized by the absorption of a second photon. The dipole transi-

tion matrix elements were computed to be D = 0.744 a.u. and d = 0.377 a.u. The

Gaussian pulse g(t) = e−(t−t0)2/τ2 had a duration of τ = 30 fs and a peak intensity of

I = 1.3× 1013 W/cm2.

In Fig. 2.1, the electron spectrum calculated numerically (open circles) and analytically

using the stationary phase approximation (solid red line) are compared. One can see, that

the stationary phase approximation reproduces the interference pattern in the numerical

spectrum. In order to understand the dynamic interference, the two individual contribu-

tions to the analytic solution of the electron spectrum are also shown in Fig. 2.1. The

blue dashed line depicts the electron spectrum resulting from the rising part of the pulse,

and the black dash-dotted line depicts the spectrum emerging from its falling edge. Both

curves are smooth with no patterns. The coherent superposition of two contributions

gives rise to the dynamic interference (see red solid curve).

2.1.4 Direct Ionization of a Many-Electron Atom

Atoms with many electrons can undergo several ionization steps. The dynamic interfer-

ence in such systems was investigated in Refs. [23,32]. Here, the minimal model includes

the ground state |N〉 of energy EN and of two continua: of di�erent singly-ionized electron

continuum states |Fαεα〉 of energy EFα and of di�erent doubly-ionized electron continuum

states |Gβεαε
′
β〉 of energy EGβ . The considered processes are restricted to the direct single-

ionization of the neutral atom and the subsequent ionization of the ion, resulting in the

following wave function:

Ψ(t) = aN(t)|N〉+
∑
α

∫
aεα(t)|Fαεα〉e−iωtdεα +

∑
α,β

∫ ∫
bεαε′β(t)|Gβεαε

′
β〉e−2iωtdεαdε

′
β.

(2.57)

Here, aN(t), aεα(t) and bεαε′β(t) are the respective amplitudes for the population of the

considered states. The amplitudes aεα(t) has already been dressed by one, and bεαε′β(t)

by two photons. The energies of the states are chosen as follows: EN = 0, IPα + εα =

EFα −EN + εα and DIPβ + εα + ε′β = EGβ −EN + εα + ε′β, with IPα and DIPβ being the

respective singly- and doubly-ionization potentials, and εα and ε′β the respective kinetic

energies of the emitted electrons. The di�erent open ionization thresholds are indicated

by the indices α for the singly-ionized states and by β for the doubly-ionized states.
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Inserting this wave function into the Schrödinger equation 2.2 and applying the rotat-

ing wave and local approximations leads to the following system of coupled di�erential

equations:

iȧN(t) = aN(t)
∑
α

(
∆α
N −

i

2
ΓαN

)
g2(t) (2.58a)

iȧεα(t) = aN(t)

(
1

2
dεαE0

)
g(t) + aεα(t)

(
IPα +

∑
β

(
∆α,β
I −

i

2
Γα,βI

)
g2(t) + εα − ω

)
(2.58b)

iḃεαε′β(t) = aεα(t)

(
1

2
d̃ε′βE0

)
g(t) + bεαε′β(t)(DIPβ + εα + ε′β − 2ω). (2.58c)

Here, dεα = 〈Fαεα|ẑ|N〉 and d̃ε′β = 〈Gβε
′
β|ẑ|Fα〉 are the dipole transition matrix elements

for the ionization of the neutral and ionic states of the atom. Since the ground |N〉
and singly-ionized states |Fα〉 are subject to the ionization, the respective energies are

augmented by the time-dependent leakages − i
2

∑
α ΓαNg

2(t) and − i
2

∑
α,β Γα,βI g2(t). The

total leakage ΓN of the ground state |N〉 to all of the singly-ionized states |Fα〉, and the

total leakage ΓαI of the singly-ionized states |Fα〉 to all doubly-ionized states |Gβ〉 can be

calculated as follows:

ΓN =
∑
α

ΓαN

ΓαI =
∑
β

ΓαβI .
(2.59)

The time dependent ac Stark shift for the ground state is described through
∑

α ∆α
Ng

2(t),

and those for the singly-ionized states via
∑

β ∆α,β
I g2(t). Each of the singly-ionized states

|Fαεα〉 contributes to the total ac Stark shift of the ground state ∆N , and each doubly-

ionized state |Gβεαε
′
β〉 to the total ac Stark shift of the singly-ionized states:

∆N =
∑
α

∆α
N

∆α
I =

∑
β

∆αβ
I .

(2.60)

Di�erent ionic states usually have di�erent ac Stark shifts ∆α
I , each resulting in a di�erent

dynamic interference pattern in the partial spectra of the electrons with the kinetic energy

εα. These spectra are determined by the total ac Stark shift:

∆α
Tot = ∆N −∆α

I . (2.61)
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2.2 Numerical Solution of the Time Dependent Schödinger Equation

The ac Stark shift of the singly-ionized state exists even when the energy of the photon

is not enough to further ionize the ion. In the latter case, all leakages of the population

of the singly-ionized states vanish, such that ΓαI = 0. Here, Eq. 2.58c can be decoupled

from the rest. By neglecting the shift of the ground state ∆N = 0 and considering one

�nal ionic state, the system of equations 2.58 simpli�es to:

iȧN(t) = aN(t)

(
− i

2
ΓNg

2(t)

)
iȧε(t) = aN(t)

(
1

2
dεE0g(t)

)
+ aε(t)

(
IPα + ∆α

I g
2(t) + ε− ω

)
.

(2.62)

One can see that due to the ac Stark shift ∆α
I g

2(t), the energy of the singly-ionized state

follows the pulse intensity envelope g2(t). As a consequence, the ionization potential of

the system changes in time along the pulse, resulting the dynamic interference of the

emitted electrons.

2.2 Numerical Solution of the Time Dependent

Schödinger Equation

In order to verify the minimal models used to study the ionization of atoms by strong high-

frequency laser pulses and to investigate angle-resolved multiphoton ionization spectra of

molecules induced by short and strong laser pulses, it is necessary to accurately describe

the dynamics of a photoelectron in the continuum and to treat the light-matter interaction

in a non-perturbative regime. For atoms, many computational approaches to propagate

electron wave packets in real time and space already exist [28,98�114]. With this methods,

di�erent systems under di�erent conditions have been successfully investigated. These

are studies of the direct one-photon ionization of Hydrogen-like atoms by intense high-

frequency pulses [28,98�102] and of the strong-�eld tunnel-ionization and high harmonic

generation by infrared pulses [103�106]. Larger atoms have been studied by using a single-

active-electron approximation [107,108], as well as by direct propagation of the correlated

multi-electron wave packets [109�114]. Some of these techniques have been extended

and successfully applied to study the photoionization of neutral and ionized H2 and H3

molecules [115�119].

The theoretical approach used in the present work to describe the electron continuum

spectrum is based on the single center (SC) method [62, 63]. The stationary SC method

was �rst developed to study excitation [120�123] and angle-resolved [123�130] ionization

of diatomic molecules. Later on, it was generalized and extended to study polyatomic
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2 Theoretical Methods

molecules [63, 131�134]. In the present work, the time-dependent single center (TDSC)

method [91] is utilized. Below, the working equations of the method are presented and

discussed. After that, the utilized spatial grid and the resulting matrix elements of a

Hamiltonian are described, and computational details are given.

2.2.1 Formulation of Basic Equations

In order to study the photoionization of atoms and molecules by short and strong laser

pulses, in the present work, electron wave packets are propagated in real time and space

according to the time-dependent Schrödinger equation 2.2. First, let us consider the

following general Hamiltonian describing the time evolution of the one active electron

driven by the electronic �eld ~E(t):

Ĥ(t) =
~p 2

2
+ V eff (~r) + ~r · ~E(t). (2.63)

Here, V eff (~r) is an e�ective one-particle potential, and the light-matter interaction is

described in the dipole length gauge.

The e�ective potential V eff (~r) depends on the studied system. In case of the ionization

of Hydrogen atoms, the potential is described by the electrostatic Coulomb potential:

V eff (~r) = −1

r
, (2.64)

which is exact. In atoms with more than one electron and in molecules, the e�ective

potential V eff (~r) can be split into the nuclear-electron attraction V ne
i (~r) and the electron-

electron interaction V ee
j (~r):

V eff (~r) =
∑
i

V ne
i (~r) +

∑
j

V ee
j (~r). (2.65)

In the TDSC method [91], the one-particle wave function Ψ(~r, t) is represented with

respect to a chosen atomic/molecular center via the partial wave expansion Plm(r, t) over

spherical harmonics Ylm(θ, ϕ):

Ψ(~r, t) =
∑
lm

Plm(r, t)

r
Ylm(θ, ϕ). (2.66)

The Hamiltonian 2.63 can also be represented with respect to a chosen center. In partic-

ular, the respective expansions for the e�ective potential V eff (~r) and for the light-matter

interaction term ~r · ~E(t) read:

V eff (~r) =
∑
LM

V eff
LM (r)YLM(θ, ϕ), (2.67)
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2.2 Numerical Solution of the Time Dependent Schödinger Equation

and

~r · ~E(t) =r

√
2π

3

(
(Ex(t) + iEy(t))Y1,−1(θ, ϕ)−

(Ex(t)− iEy(t))Y1,1(θ, ϕ) +
√

2Ez(t)Y1,0(θ, ϕ)
)
.

(2.68)

By introducing the partial wave expansions 2.66�2.68 in the TDSE and projecting

the results on spherical harmonics Ylm(θ, ϕ), one arrives at the following system of one-

dimensional coupled di�erential equations for the radial parts Plm(r, t):

i
∂Plm(r, t)

∂t
=

(
−1

2

∂2

∂r2
+
l(l + 1)

2r2

)
Plm(r, t)+∑

l′m′LM

V eff
LM (r)〈lm|LM |l′m′〉Pl′m′(r, t)+

r

√
2π

3

∑
l′m′

(
(Ex(t) + iEy(t))〈lm|1,−1|l′m′〉−

(Ex(t)− iEy(t))〈lm|1, 1|l′m′〉+
√

2Ez(t)〈lm|1, 0|l′m′〉
)
Pl′m′(r, t),

(2.69)

with 〈lm|LM |l′m′〉 being the integral of the three spherical functions, known also as Gaunt
coe�cients [135].

In the case of the Helium atom, the total wave function contains two electrons, and it

should be propagated according to the two-electron Hamiltonian:

Ĥ(t) = −1

2
~∇2

1 −
1

2
~∇2

2 + V eff (~r1, ~r2)− i(∇z1 +∇z2)A0g(t) sin(ωt). (2.70)

This Hamiltonian describes the interaction of Helium with a linearly polarized pulse in the

dipole velocity gauge, and A0 is the peak amplitude of the vector potential (related to the

electric �eld vector via ~E = −∂t ~A and to the peak intensity of the pulse via I0 = ω2

8πα
A2

0).

Here, the potential V eff (~r1, ~r2) is given exactly as:

V eff (~r1, ~r2) = − 2

r1

− 2

r2

+
1

|~r1 − ~r2|
. (2.71)

Theoretical and computational approaches to propagate multi-electron wave packets in

real time and space already exist [109�114, 136�143]. The most accurate multicon�gura-

tion time-dependent Hartree-Fock (MCTDHF) method [109, 113, 136�139] requires sub-

stantial computational resources. The time-dependent restricted-active-space con�guration-

interaction (TD-RASCI) method [110, 142, 143] can be considered as a restricted form of

the MCTDHF. The TD-RASCI method allows a considerable simpli�cation of the prob-

lem by a clever selection of an active con�gurational space.

As will be justi�ed in Sec. 3.3, the pulse parameters used to study the direct ionization

of Helium allow to neglect weak doubly-ionization processes. In this case, one of the
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2 Theoretical Methods

electrons remains always bound to the nucleus. As a result, one can use two di�erent

one-particle spatial basis sets for two electrons in Helium. Here, the dynamics of the

bound electron is described by a few selected time-independent orbitals φnlm(~r) ≡ φα(~r),

which are normalized as:

〈φα|φα′〉 = δα,α′ = δn,n′δlm,l′m′ . (2.72)

The photoelectron in the continuum is described by the time-dependent wave packets

ψαlm(~r, t) ≡ ψβ(~r, t), which are constrained by the following orthogonality condition:

〈φα|ψβ(t)〉 = 0, ∀α, β, t. (2.73)

A uni�cation of two basis sets {φα(~r)
⋃
ψβ(~r, t)} describes the full dynamics of the photo-

electrons.

Furthermore, the Hamiltonian 2.70 preserves the total spin of the 1s2 1S singlet ground

state of Helium. Therefore, the spatial part of the total wave function should be symmetric

with respect to the permutation of ~r1 and ~r2. As a result, the two-electron wave function

Ψ(~r1, ~r2, t) can be written as:

Ψ(~r1, ~r2, t) =
∑
α

aα(t)φα(~r1)φα(~r2)+

∑
α>α′

bαα′(t)
1√
2

(φα(~r1)φα′(~r2) + φα′(~r1)φα(~r2))+

∑
αβ

1√
2

(φα(~r1)ψβ(~r2, t) + ψβ(~r1, t)φα(~r2)).

(2.74)

The �rst term of this wave function describes both electrons in the same bound orbitals,

the second term both electrons in di�erent bound orbitals, and the third term represents

a situation when one of the electrons is either ionized or excited beyond the basis set {φα}
and another is bound in {φα}.

2.2.2 Finite-Element Discrete-Variable Representation

In order to be able to solve the system of di�erential equations 2.69, the �nite-element

discrete-variable representation (FEDVR) [144, 145] is used. In this FEDVR, the ra-

dial coordinate is divided into �nite elements [ri, ri+1], which support the basis functions

χik(r), k = 1, ..., Ki. As the basis functions, the normalized Lagrange interpolating poly-

nomials

χik(r) =
1
√
wik

∏
µ6=k

r − riµ
rik − riµ

(2.75)
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2.2 Numerical Solution of the Time Dependent Schödinger Equation

are chosen. The functions χik(r) are constructed over a Gauss-Lobatto grid {rik} with
weights {wik}. The main advantage of this FEDVR is that the Hamiltonian becomes

banded [144], which makes the numerical solution of the TDSE faster.

Within this representation, the radial partial harmonics Plm(r, t) read:

Plm(r, t) =
∑
ik

Cik,lm(t)χik(r). (2.76)

Let us introduce the basis elements in the three-dimensional space {ξλ(~r)} by extending

the radial basis functions with spherical harmonics:

ξλ(~r) =
χik(r)

r
Ylm(θ, ϕ), λ ≡ {ik, lm}. (2.77)

In terms of these basis elements, the wave functions 2.66 can be rewritten as follows:

Ψ(~r, t) =
∑
λ

Cλ(t)ξλ(~r), (2.78)

and the two contributions to the two-particle wave function 2.74 as:

φα(~r) =
∑
λ

dαλξλ(~r), ψβ(~r, t) =
∑
λ

cβλ(t)ξλ(~r). (2.79)

In the basis set of the three-dimensional elements {ξλ(~r)}, the matrix elements of the

Hamiltonians 2.63 and 2.70 can be evaluated analytically. In the following, all one- and

two-particle matrix elements are listed. The matrix element of the kinetic energy operator

is given in Ref. [145] as follows:

〈ξλ|~p2/2|ξλ′〉 = δlm,l′m′

(
l(l + 1)

2r2
ik

δik,i′k′ +
1

2
(δi,i′ + δi,i′±1)

∫ ∞
0

dr
d

dr
χik(r)

d

dr
χi′k′(r)

)
.

(2.80)

The �rst derivatives of the basis functions χik in this equation can be computed analyti-

cally at the Gauss-Lobatto grid points via:

χ′ik(rik′) =
(rik − rik′)−1

√
wik

∏
µ6=k,k′

rik′ − riµ
rik − riµ

, k 6= k′

=
1
√
wik

∑
µ6=k

(rik − riµ)−1, k = k′.

(2.81)

The matrix of the local potential energy operator is diagonal and reads:

〈ξλ|V eff (~r)|ξλ′〉 = δik,i′k′
∑
LM

V eff
LM (rik)〈lm|LM |l′m′〉. (2.82)

For Hydrogen, V eff simpli�es to:

〈ξλ| −
Z

r
|ξλ′〉 = − Z

rik
δlm,l′m′δik,i′k′ , (2.83)
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with the charge Z = 1. For Helium, the potential energy operator V eff (~r) contains two

types of terms. The matrix elements of the one-electron potential energy operators are

given by Eq. 2.83, but with Z = 2. The matrix element of the two-electron Coulomb

operator can be evaluated using its standard expansion over spherical harmonics:

〈ξλξλ′ |
1

|~r1 − ~r2|
|ξλ′′ξλ′′′〉 =

∑
KQ

4π

2K + 1
〈χikχi′k′|

rK<
rK+1
>

|χi′′k′′χi′′′k′′′〉×

〈lm|KQ|l′′m′′〉〈l′′′m′′′|KQ|l′m′〉∗,
(2.84)

where r< is the smallest and r> the largest value of r1 and r2. Here, the radial matrix

element can be computed analytically via [146]:

〈χikχi′k′|
rK<
rK+1
>

|χi′′k′′χi′′′k′′′〉 = δik,i′′k′′δi′k′,i′′′k′′′

(
2K + 1

ri′k′
√
wi′k′rik

√
wik

[2T ]−1
i′k′,ik +

rKi′k′r
K
ik

R2K+1
max

)
.

(2.85)

In this equation, Ti′k′,ik is the one-electron kinetic energy operator 2.83 with l = K and

Rmax is the last point of the radial grid.

Finally, the dipole transition matrix element for the light-matter interaction depends

on the used gauge. In the length gauge, it reads:

〈ξλ|~r · ~E(t)|ξλ′〉 =δik,i′k′rik

√
2π

3

(
(Ex(t) + iEy(t))〈lm|1,−1|l′m′〉−

(Ex(t)− iEy(t))〈lm|1, 1|l′m′〉+
√

2Ez(t)〈lm|1, 0|l′m′〉
)
.

(2.86)

In the velocity gauge, the matrix element for the interaction with, e.g., a linearly polarized

pulse reads:

−iAz(t)〈ξλ|∇z|ξλ′〉 =− iAz(t)
〈
χik
r
Ylm

∣∣∣∣cos θ
∂

∂r
− sin θ

r

∂

∂θ

∣∣∣∣ χi′k′r Yl′m′

〉
=− iAz(t)

[√
(2l + 3)(l −m+ 1)(l +m+ 1)

2l + 1
δl′,l+1

δi,i′δk,k′

rik
+(√

(l −m+ 1)(l +m+ 1)

(2l + 3)(2l + 1)
δl′,l+1 +

√
(l −m)(l +m)

(2l + 1)(2l − 1)
δl′,l−1

)
×(∫ ∞

0

χik
d

dr
χi′k′dr − (l′ + 1)

δi,i′δk,k′

rik

)]
δm,m′ ,

(2.87)

where the derivative of the basis functions χik is given by Eq. 2.81. Similar analytic

expressions can also be derived for circularly polarized pulses (not listed here for brevity).

2.2.3 Computational Details

The time-dependent coe�cients Cλ(t) of the one-particle wave function 2.78 or aα(t),

bαα′(t) and c
β
λ(t) coe�cients of the two-particle wave function 2.79 can be collected in a
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2.2 Numerical Solution of the Time Dependent Schödinger Equation

single vector ~A(t), which is then propagated in time as:

~A(t+ ∆t) = exp[−iP Ĥ(t)P∆t] ~A(t). (2.88)

Here, P = 1−
∑

α |φα〉〈φα| is the one-particle projector, which acts on {Cλ(t)} or on the

subspace {cβλ(t)}. It ensures orthogonality of the photoelectron wave packet {ψβ(~r, t)} to
the set of orbitals {φα} at any time, since these orbitals cannot be populated by the time-

evolution 2.88. In the case of one active electron, the set {φα} must include all bound

orbitals, which are occupied in a molecular ion. For two active electrons, the projector P

ensures the mutual orthogonality of the two di�erent basis sets {ψβ(~r, t)} and {φα}, i.e.,
the constrain 2.73.

The initial ground state ~A(t = 0) can be found by the diagonalisation of the stationary

Hamiltonian in a restricted spatial interval. The propagation 2.88 of the time-dependent

vector A(t) is conducted using the iterative Lanczos method [147]. This method consists

of: i) the Taylor expansion of the time evolution operator 2.88, ii) reduction of the full

Hamiltonian to a less-dimensional subspace, iii) and the unitary time evolution in this

subspace.

In order to reduce the time required for the propagation, the smallest possible box of

the size Rmax in which the numerical result still converges was chosen. To avoid re�ection

of fast electrons on the edge of the box, the wave packet is multiplied with the following

mask function g(r) in each time step at the end of the grid in the interval [R0, Rmax] [148]:

g(r) =

1, r < R0,(
cos
(
π
2

r−R0

Rmax−R0

))1/8

, R0 < r < Rmax.
(2.89)

After the pulse has expired, the three-dimensional momentum distribution of the pho-

toelectron can be calculated using the Fourier transformation of the �nal wave packet

Ψ(~r) = Ψ(~r, tfinal). The total photoemission probability W (~k) is thus given by:

W (~k) =
1

(2π)3/2

∣∣∣∣∫ Ψ(~r)e−i
~k·~rd3~r

∣∣∣∣2 . (2.90)

It can further be represented in a compact form via the expansion over spherical harmon-

ics:

W (~k) = |Ψ(~k)|2 =
∑
LM

WLM(k)YLM(θ, ϕ). (2.91)

Finally, the energy spectrum of the photoelectrons can be calculated using the photoe-

mission probability 2.91 via (ε = k2/2):

σ(ε) = k

∫
|Ψ(k)|2dΩk =

√
4πkW00(k). (2.92)

39



2 Theoretical Methods

2.3 Conclusion

In the beginning of this chapter, the minimal models used to describe the dynamic inter-

ference in the resonant Auger decay of Xenon, the resonance-enhanced multiphoton ion-

ization of Hydrogen, and direct ionization of Helium have been introduced. The resulting

di�erential equations were derived within the rotating wave and local approximations. For

a quick estimate of the e�ect, the analytic result for the electron spectrum was obtained

within the stationary phase approximation. In the present work, those equations were

implemented in computer codes and then used to study dynamic interference in atoms by

strong high-frequency laser pulses (see chapter 3).

The minimal models take only essential states into account, such that the resulting

di�erential equations can be solved rather quickly. Those approximations made in the

minimal models need to be veri�ed by numerical exact methods. For this purpose and

to be able to study the multiphoton ionization of chiral molecules, the time-dependent

single center (TDSC) method is presented in the second part of this chapter.

In the TDSC method, the one-particle wave function is given by the partial wave

expansion in terms of spherical harmonics with respect to a chosen atomic/molecular

center. The radial parts of the partial waves are described by the �nite-element discrete-

variable representation using the normalized Lagrange polynomials basis set constructed

over the Gauss-Lobatto grid. This method does not neglect dynamics of the non-essential

states and accounts for the light-matter interaction in a non-perturbative way. The TDSC

method was developed, tested and optimized in the course of the present work. Thereafter,

it was used to cross check minimal models introduced to study the dynamic interference

in atoms and to investigate the multiphoton photoelectron circular dichroism in chiral

molecules (see chapters 3 and 4).
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In this chapter, the dynamic interference in the electron spectra of atoms induced by

strong high-frequency laser pulses is investigated. At �rst, the resonant Auger decay in

Xenon is studied within a minimal model. Here, the e�ect of the pulse intensity and

the in�uence of di�erent individual photoionization mechanisms are investigated, and the

impact of the non-Hermitian coupling on the computed spectra is estimated.

The second considered process is the resonance-enhanced multiphoton ionization of

Hydrogen. The main aim of this study is to verify the theoretical predictions of the min-

imal model of Ref. [22] by the time-dependent single center (TDSC) method. Particular

attention is paid to the above-threshold ionization (ATI) processes and to the angular

distribution of the emitted electrons.

Finally, the direct photoionization of Helium is investigated by the TDSC method. This

system allows one to study the impact of the second electron on the dynamic interference.

The present results verify the minimal model of Ref. [23] and demonstrate the e�ects of

the pulse intensity and carrier frequency on the studied phenomenon.

3.1 Resonant Auger Decay of the 4d → 6p Excitation

in Xenon

Below, the spectator resonant Auger decay of the 4d9
5/26p3/2(J = 1) resonant state of

Xenon into the 5p4(3P )6p 2P3/2 �nal ionic state is investigated within the minimal model,

which was presented in Secs. 2.1.1 and 2.1.2.

3.1.1 Computational Parameters

The resonant Auger decay process in Xenon is a good candidate for the experimental

veri�cation of the dynamic interference in the electron spectrum because of the following

reasons. From all 4d3/2,5/2 → npj Rydberg states, the excited state 4d9
5/26p3/2(J = 1)

has the largest oscillator strength, and it is well separated from other series [149]. The

photon energy necessary to excite Xenon to this state, ER − EI = 65.11 eV, is accessible
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with FERMI [7]. Below, only the 5p4(3P )6p 2P3/2 �nal state with the binding energy of

EFj −EI = 26.61 eV [150] is considered. On the one hand, the spectator resonant Auger

decay to this state creates the most prominent line in the electron spectrum. On the other

hand, it is very well separated from the next noticeable Auger lines, which are about +0.4

and −0.6 eV apart from it [150]. This allows one to avoid an overlap of the spectra of

the chosen line, broadened by the dynamic interference, with those from the neighboring

lines.

It is expected, that the driving pulse has the largest e�ect on the resonant Auger decay

process when its duration is comparable with the lifetime of the decaying resonance [13,25].

This lifetime τA is given by the inverse decay rate ΓA = 0.111 eV [151]:

τA =
1

ΓA
≈ 5.9 fs. (3.1)

The free electron laser FERMI is not yet able to produce such short pulses. Neverthe-

less, the pulse properties continuously improve, and it can be expected that short pulse

duration of about 10 fs can be achieved soon. Therefore, the present calculations were

performed for Gaussian-shaped pulses g(t) = e−(t−t0)2/τ2 with duration of τ = 9 fs, which

corresponds to about τ
√

2 ln 2 ' 10.6 fs of the full width at half maximum (FWHM) of

the pulse intensity envelope.

Furthermore, longer pulses require a somewhat smaller intensity to cause similar e�ects

as shorter pulses [13, 25]. As it will be demonstrated below, the dynamic interference in

the resonant Auger decay process of Xenon is observable for a τ = 9 fs pulse at peak

intensities larger than 1014 W/cm2. FERMI provides a �ux of 1014 photons per pulse [7].

With this, the largest considered here peak intensity of about 2 × 1015 W/cm2 is still

accessible at FERMI (peak irradiance levels of up to 1016 W/cm2 can be reached when

appropriate focusing optics are used [152]).

All relevant parameters of the process, which have been utilized in the present calcula-

tions, are summarized in Tab. 3.1. The partial Auger decay Vj matrix element, the matrix

elements for the direct ionization 〈Fjε|ẑ|I〉, and the matrix elements for the resonant exci-

tation 〈R|ẑ|I〉, listed in this table, were computed using an ab initio theoretical approach

of Ref. [153]. As it was stated in Sec. 2.1, it is assumed that all electron transition matrix

elements vary slowly with the energy across the resonance and can be replaced by their

mean values.

On the one hand, the �nal ionic state 5p4(3P )6p 2P3/2 can be populated via the strong

resonant channel by the emission of the εs1/2, εd3/2, and εd5/2 electron waves. From these

three partial decay channels, the third one is the strongest. Altogether, they produce
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State/Quantity/Source Value

Ground state |I〉 = 4d105s25p6 (J = 0)

Total direct PI cross section [150,155] σtotI = 1.1 Mb

Resonant state |R〉 = 4d9
5/26p3/2 (J = 1)

Excitation energy [149] ER − EI = 65.11 eV

Excitation matrix element [153] 〈R|ẑ|I〉 = 0.1086 a.u.

Total RA decay rate [151] ΓA = 111 meV

Spectator state |Fjε〉 = 5p4(3P )6p 2P3/2 ε`j (J = 1)

Ionization energy [150] EFj − EI = 26.61 eV

RA decay matrix elements [153]

εs1/2 channel Vj = −0.000277 a.u.

εd3/2 channel Vj = 0.002288 a.u.

εd5/2 channel Vj = 0.005498 a.u.

Direct PI matrix elements [153]

εs1/2 channel 〈Fjε|ẑ|I〉 = −0.0205 a.u.

εd3/2 channel 〈Fjε|ẑ|I〉 = 0.0028 a.u.

εd5/2 channel 〈Fjε|ẑ|I〉 = 0.0085 a.u.

Table 3.1: From Ref. [30] 5. Parameters used in the present work for the calculation of the

photoionization (PI) and resonant Auger (RA) decay of Xenon by laser pulses

with a carrier frequency of ω = 65.11 eV.

about 5.5% of the total intensity of the weak-�eld resonant Auger electron spectrum. On

the other hand, this satellite ionic state can be populated via the direct PI of the ground

state. This channel is rather moderate, because the 5p2 → 6pεl two-electron process

involves an ionization and simultaneous excitation. The total PI cross section of the

ground state for this photon energy, σtotI = 1.1 Mb [154], is large. The largest contribution

comes from the ionization of the Xe 5p shell. The rest is provided approximately equally

5Republished with permission of ©IOP Publishing, from http://dx.doi.org/10.1088/0953-

4075/48/7/075602, A.D. Müller and Ph.V. Demekhin, J. Phys. B 48, 075602 (2015). All rights

reserved. Permission conveyed through Copyright Clearance Center, Inc.
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3 Dynamic Interference

by the Xe 5s main line and by all possible satellite states [155].

3.1.2 Total Ion Yield

In order to investigate individual e�ects of di�erent ionization mechanisms on the resonant

Auger decay process, the present calculations were performed using di�erent approxima-

tions. These approximations are referred to as follows:

� `Resonant ': only the resonant Auger decay is accounted for → the direct PIs are

neglected;

� `Direct ': only the direct PI of the ground state is accounted for → the resonant

Auger decay and the direct PI of the resonance are neglected;

� `Interference': the direct PI of the ground state, the resonant Auger decay and their

interference are accounted for → the direct PI of the resonance is neglected;

� `Total ': all mechanisms are accounted for as described by the Hamiltonian 2.30.

One should note, that it is not feasible to straightforwardly calculate the non-Hermitian

coupling W (t) 2.26, since one needs to include all contributions from di�erent �nal ionic

states. Nevertheless, the in�uence of this interesting quantity can be estimated and will

be discussed later. Until then, the non-Hermitian coupling is set to zero, W (t) = 0, for

all calculations.

In Fig. 3.1, the total ion yields computed in the di�erent approximations are shown as

functions of the peak intensity of the pulse. In the Resonance approximation, the intense

driving pulse induces a strong competition between the resonant Auger decay and the

Rabi oscillation. After its �rst saturation at a peak intensity of about 1.3× 1014 W/cm2,

the total yield undergoes pronounced oscillations, which are well understood [13, 25].

These oscillations provide information on the number of completed Rabi cycles between

the ground and resonant states. The minima in the ion yield correspond to the peak

intensities required to complete full Rabi cycles before the pulse expires. In fact, when a

Rabi cycle is completed, the population is promoted into the ground state, preventing a

further ionization via the Auger decay. The maxima represent half-completed Rabi cycles.

Here, when the pulse is over, the entire population is in the resonance, and it will sooner

or later be promoted in the �nal ionic state by the Auger decay.

In the Direct approximation, the neutral ground state and the �nal ionic state are not

coupled through the Hamiltonian 2.30. As a result, the computed ion yield is a smoothly
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Figure 3.1: From Ref. [30] 6. Total ion yield of Xenon as a function of the peak intensity

of a coherent Gaussian-shaped pulse with a duration of τ = 9 fs and a carrier

frequency of ω = 65.11 eV. The Total result is shown by the solid curve. The

results obtained in di�erent approximations are depicted by broken curves

as follows: Resonant by a dash-dot-dotted curve, Direct by a dotted curve,

and Interference by a dashed curve. Note that the non-Hermitian coupling is

neglected (W (t) = 0) in the Total and Interference calculation. The vertical

lines indicate the peak intensities, for which the electron spectra (shown in

Fig. 3.2) are computed.

increasing function of the pulse intensity. Here, the saturation of the ion yield takes place

at a much larger peak intensity of about 5 × 1015 W/cm2 (compared to the Resonance

approximation). This is because the total PI cross section for this photon energy is much

smaller than the probability to ionize Xenon via the resonant Auger decay channel.

In the Interference approximation, the direct ionization of the ground state and the

resonant Auger decay compete with each other. Including both mechanisms results, on

the one hand, in an oscillatory structure in the ion yield, which is caused by the Resonant

channel. On the other hand, the total ion yield is suppressed from below and saturated

now faster, which is due to the additional Direct ionization of the ground state. Finally,

6Republished with permission of ©IOP Publishing, from http://dx.doi.org/10.1088/0953-

4075/48/7/075602, A.D. Müller and Ph.V. Demekhin, J. Phys. B 48, 075602 (2015). All rights

reserved. Permission conveyed through Copyright Clearance Center, Inc.
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3 Dynamic Interference

the ionization is additionally enhanced in the Total approximation due to the inclusion of

the direct ionization of the resonance. Nevertheless, the oscillatory structure is still well

pronounced with a drop of the ion yield of almost 15% in the �rst minimum and about

5% in the second minimum.

3.1.3 Electron Spectra

Figure 3.2 depicts the spectra of the spectator Auger decay of the Xe∗4d9
5/26p3/2 resonance

into the 5p4(3P )6p 2P3/2 �nal ionic state. These spectra were computed within di�erent

approximations for �ve peak intensities, which correspond to the �rst extrema of the ion

yield, as indicated in Fig. 3.1 by vertical lines. It was shown in Refs. [13, 25], that when

the coherent driving pulse is intense enough to induce Rabi �opping, the single peak,

observed in the weak-�eld electron spectrum limit, splits into a multiple-peak pattern.

Reference [22] interpreted this phenomenon as a result of the dynamic interference [23,

24,26,27] of electrons emitted by the non-stationary Rabi-doublet (or the time-dependent

Autler-Towns [15] splitting).

These �ndings are supported by the electron spectra shown in Fig. 3.2. For higher

intensities, the spectra computed in the approximations, which include the Resonant

channel, show a multiple-peak structure, while the Direct approximation always yields

a single peak. As the pulse intensity increases, the dynamic interference pattern in the

spectra become more and more enriched.

The e�ects induced by the Direct and Resonant ionization channels do not simply add

up in the Interference and Total approximations, but superimpose through the interfer-

ence of these partial amplitudes [13]. Even when the Direct ionization channel is relatively

weak, this interference causes a signi�cant asymmetry in the computed spectra (see, e.g.,

dashed curve for I = 7.2 × 1014 W/cm2). For the present parameters, the interference

between the Resonant and Direct channels is destructive on the low-energy side, and

constructive on the high-energy side. This asymmetry in the spectrum becomes more

prominent with the increase of the peak intensity.

Finally, as can be seen from the spectra obtained at the highest considered peak in-

tensity, the electron signal of the Total calculation is signi�cantly suppressed compared

to the Resonant approximation. This suppression is caused by the depopulation of the

7Republished with permission of ©IOP Publishing, from http://dx.doi.org/10.1088/0953-

4075/48/7/075602, A.D. Müller and Ph.V. Demekhin, J. Phys. B 48, 075602 (2015). All rights

reserved. Permission conveyed through Copyright Clearance Center, Inc.
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Figure 3.2: From Ref. [30] 7. Electron spectra of the spectator Auger decay of the

Xe∗4d9
5/26p3/2(J = 1) resonance into the Xe+ 5p4(3P )6p 2P3/2 state. The pulse

parameters are indicated in the caption of Fig. 3.1. In the calculations, the

non-Hermitian coupling was neglected (W (t) = 0). As in Fig. 3.1, the solid

curve represents the Total e�ect, and the broken curves depict di�erent ap-

proximations as indicated in the legend. Note, that the scale of the dotted

curves is enhanced by a factor ×K as indicated on the right-hand side.
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Figure 3.3: From Ref. [30] 8. Numerical results of Fig. 3.2 for the peak intensity of

I0 = 1.9× 1015 W/cm2 (open circles) and respective analytic results obtained

in the stationary phase approximation (solid curves). Calculations were per-

formed in the Resonant approximation (upper pannel) and the Interference

approximations (lower pannel). The non-Hermitian coupling W (t) is set to

zero. The individual contribution to the analytic results from the times when

the pulse arrives and expires are shown by broken curves. Note that the

analytic spectra are shown only for those electron energies, for which the sta-

tionary phase approximation is valid.

ground and resonant states into the complete manifold of �nal ionic states via their direct

photoionizations.

8Republished with permission of ©IOP Publishing, from http://dx.doi.org/10.1088/0953-

4075/48/7/075602, A.D. Müller and Ph.V. Demekhin, J. Phys. B 48, 075602 (2015). All rights

reserved. Permission conveyed through Copyright Clearance Center, Inc.
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3.1 Resonant Auger Decay of the 4d → 6p Excitation in Xenon

3.1.4 Stationary Phase Approximation

In order to get more insight in the dynamic interference phenomenon, it is useful to

analyze the electron spectra of Fig. 3.2 within simple analytic considerations [22]. This

can be done via the stationary phase approximation discussed in Sec. 2.1.2. In Fig. 3.3,

the analytic results of Eq. 2.48 are compared with numerical results from Fig. 3.2. For a

better illustration, the highest considered peak intensity has been chosen, and two sets of

calculation have been performed in the Resonant and Interference approximations. For

the analytic spectra, the Resonant approximation in Eq. 2.48 implies setting ΓI(t) = 0

and dj(t) = 0.

One can see from Fig. 3.3, that the analytic spectra reproduce the dynamic interference

pattern observed in the respective numerical spectra in both approximations. The number

of dynamic interference patterns and their energy positions are very similar. Therefore,

these quick analytic solutions can be used to analyze experimental data, e.g., to estimate

the strength of the coupling between the ground and resonant states via the positions of

the outermost peaks in the electron spectrum.

The dynamic interference of electrons emitted at di�erent times can be understood by

looking at the individual parts of the spectrum computed for the arrival t0 − ts(ε) and

expiration t0 + ts(ε) times (broken curves in Fig. 3.3). These analytic curves exhibit no

multiple-peak structure. Only the superposition of these two contributions creates the

dynamic interference pattern.

The analytic result of the Interference approximation reproduces also the interference

between the Direct and Resonant ionization channels. This interference is described by

the terms (dj(t)− Vj) and (dj(t) + Vj) in Eq. 2.48. For the set of parameters used in the

present calculations (see Tab. 3.1), the �rst term induces the destructive interference for

the low electron energies ε < ε0, and the second term the constructive interference for the

high electron energies ε > ε0. The lower panel of Fig. 3.3 illustrates similar asymmetries

in the analytic and numerical spectra. Because this e�ect is not due to the dynamic

interference, this asymmetry is also seen in the individual spectra obtained separately for

the arriving and expiring parts of the pulse.

3.1.5 Non-Hermitian Coupling

As was discussed above, calculation of the non-Hermitian coupling W (t) 2.26 is a di�cult

task. Nevertheless, this quantity can substantially in�uence the entire process. In order

to understand this in�uence, its maximal value can be estimated. For this purpose, the
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Figure 3.4: From Ref. [30] 9. In�uence of the non-Hermitian coupling on the resonant

Auger electron spectra computed in two approximation (Total and Interfer-

ence) for two di�erent pulse intensities, as indicated in the legend. Each

spectrum was computed with (W = 1
2
Wmax) and without (W = 0) the non-

Hermitian coupling.

partial amplitudes of the population of di�erent �nal ionic states via the Direct and

Resonant channels are approximated as follows. It can be assumed, that the amplitudes

for all Direct and, separately, Resonant channels have the same absolute values and

same signs. For a total number of channels N , this results in the values for the partial

amplitudes as: dj = dtot/
√
N and Vj = Vtot/

√
N . The values of dtot and Vtot can easily

be calculated from the values of the total photoionization cross section σtotI and the total

decay rate ΓA, listed in Tab. 3.1, by using Eqs. 2.24 and 2.25. Within this approximation,

9Republished with permission of ©IOP Publishing, from http://dx.doi.org/10.1088/0953-

4075/48/7/075602, A.D. Müller and Ph.V. Demekhin, J. Phys. B 48, 075602 (2015). All rights

reserved. Permission conveyed through Copyright Clearance Center, Inc.
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3.1 Resonant Auger Decay of the 4d → 6p Excitation in Xenon

the upper bound for the non-Hermitian coupling can be estimated as Wmax = 2πNdjVj =

2πdtotVtot.

Using this value of Wmax in the calculation results in a quite dramatic e�ect in the

total ion yield and the Auger electron spectra, which supports the importance of the

non-Hermitian coupling. Indeed, this coupling suppresses signi�cantly oscillations in the

total ion yield from below and above, and the asymmetry of the resonant Auger electron

spectra becomes essentially prominent.

It is, however, clear that the e�ect of the non-Hermitian coupling caused by Wmax is

somewhat overestimated. In fact, the di�erent contributions to W (t) can substantially

di�er from each other and can even have di�erent sign, which is especially true for the

contributions from the spectator and participator �nal states. In order to demonstrate

an e�ect of the non-Hermitian coupling, the somewhat weaker strength of W = 1
2
Wmax

seems to be more realistic. For a better illustration, calculations with W = 1
2
Wmax were

performed within two di�erent approximations and two peak intensities.

Figure 3.4 illustrates that the e�ect of 1
2
Wmax on the computed spectra is still quite

substantial. One can see, that including the non-Hermitian coupling enhances the in-

terference between the Direct and Resonant photoionization pathways. Moreover, the

non-Hermitian coupling �ips the destructive interference into a constructive one, and vice

versa. The true value of W and the e�ect of the non-Hermitian coupling in Xenon can be

extracted from the experimental spectra with the help of the present theory.

3.1.6 Summary

The resonant Auger decay of the 4d→ 6p excitation of Xenon, driven by a short intense

coherent laser pulse, is investigated using a minimal model [13]. In order to get more

insight into this e�ect, the total ion yield and the spectator resonant Auger electron

spectrum have been calculated using di�erent approximations and peak intensities of the

pulse. The chosen �nal ionic state Xe5p4(3P )6p 2P3/2 represents the most intense line

in the electron spectrum and is well separated from neighboring lines, which makes this

state the best candidate for the experimental veri�cation of the e�ects predicted here.

The e�ect of the dynamic interference is demonstrated using the simple analytic for-

mula [22] derived in Sec. 2.1.2. Here, the total spectrum is split into two contributions

for the emission of the electrons during the times when the pulse arrives and expires.

Furthermore, the non-Hermitian coupling of the ground and resonant states, which is

induced by the interference of the Resonant and Direct ionization channels, is discussed.
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It is shown that, depending on its value, this quantity can have a dramatic e�ect on the

interference between di�erent ionization channels.

The carrier frequency, �eld intensities and temporal coherence of the exciting pulses,

required to observe the presently studied e�ects, are already available at the FEL facility

FERMI [7]. The pulse duration, which allows to compete with the ultrafast resonant

Auger decay in Xenon, is not yet accessible. Nevertheless, one can expect that it will be

soon turned down to the required 10 fs FWHM of the pulse intensity envelope.

An additional experimental di�culty is caused by the fact, that the target usually

experiences di�erent intensities across a focus volume. Even when this reduces the size of

the predicted dynamic interference e�ect, it should still be observable. The results of any

realistic experiment can easily be evaluated using the present theoretical data. Moreover,

these di�culties can also be avoided by using unfocussed laser beams. This has been

done, for instance, during the experimental investigation of the dynamic interference in

Ref. [156].

3.2 Resonance-Enhanced Multiphoton Ionization of

Hydrogen Atoms

In this section, the resonance-enhanced two-photon ionization of Hydrogen is studied

numerically exact. The carrier frequency of the laser pulse is chosen in such a way, that

it resonantly couples the 1s ground and 2p excited states of Hydrogen. The latter is

then ionized by the absorption of a second photon from the same pulse. This process has

already been studied within a minimal model [22] (see also Sec. 2.1.3), which is restricted

to low-order photon absorption processes and neglects the manifold of highly-excited

states. Here, in order to verify the results of Ref. [22], the TDSC method (see Sec. 2.2)

is used to solve the time-dependent Schrödinger equation for Hydrogen. This method

allows also to study the spectra resulting from three-photon ATI processes, as well as to

investigate the in�uence of the dynamic interference on the radial density and the angular

distributions of the emitted electrons.

3.2.1 Parameters of the System and Radial Electron Densities

Since the main aim of Sec. 3.2 is the veri�cation of the previous model predictions, the

pulse parameters used in the present calculations are chosen in accordance with Ref. [22].

Hence, the pulse is linearly polarized and has a Gaussian shape with a duration of τ =
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30 fs. In order to resonantly excite the Hydrogen atom from the 1s to the 2p state,

the carrier frequency is chosen to be ω = 0.375 a.u., unless stated otherwise. The peak

intensities of the pulse, used in the present calculations, are chosen to enable an integer

number of completed Rabi cycles between the ground and excited states before the pulse

expires.

In order to be able to see the dynamic interference in the photoelectron spectra, it is

necessary to propagate the full electron wave packet during the entire pulse duration. For

a Gaussian-shaped pulse, a propagation time-interval of ±3τ around the pulse maximum

is su�cient for this purpose. In order to set the radial grid, one needs to know how

far an emitted electron can travel during this propagation time. The fastest electrons,

which are studied here, are those released by the three-photon ATI process (it is assumed

that the probability of the occurrence of faster electrons, e.g., those emitted by four-

photon ionization processes, is negligible). These ATI electrons with a momentum of

about k ∼ 1.2 a.u. can travel about 10000 a.u. during the full propagation time. This

distance is set here as the size of the radial grid. For the present calculations, the grid

of [0, 10000] a.u. is divided into 5000 equidistant �nite elements, each having the length

of 2 a.u. and supporting 10 Gauss-Lobatto points. The partial wave expansion of the

photoelectron wave packet, which ensures the convergence of the numerical solution over

the angular momenta, requires to include l ≤ 5.

Figure 3.5 depicts the �nal radial densities of the photoelectron wave packets computed

for di�erent peak intensities. The radial wave packet, obtained for the lowest considered

peak intensity, exhibits two major features. The most prominent one is a hump around

2500 a.u. It describes slow PI electrons with a kinetic energy of about ε0
PI = 2ω − IP =

6.8 eV (where IP = 13.6057 eV is the ionization potential of a Hydrogen atom). The

second feature is a weak shoulder on this hump at a distance of around 4500 a.u. This

feature represents the somewhat faster ATI electrons with a kinetic energy of about ε0
ATI =

3ω − IP = 17.0 eV.

The in�uence of the dynamic interference becomes visible with the increase of the

intensity of the pulse. This results in additional multiple-peak sub-structures of both

main features. This can be understood in the diabatic picture. Here, each sub-peak

within a main feature represents electrons, which are released during di�erent Rabi cycles.

In fact, the photoionization takes place mainly when the population is promoted into

the 2p excited state. This happens at each half-completed Rabi cycle, which creates

photoelectron bunches separated in time and space. The photoelectrons emitted at earlier

Rabi cycles appear in the radial density at larger distances, and those emitted at later
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Figure 3.5: From Ref. [34] 10. The �nal radial density of photoelectron wave packets

computed for the multiphoton ionization of Hydrogen. The considered linearly

polarized Gaussian-shaped pulse has a carrier frequency of ω = 0.375 a.u., a

duration of τ = 30 fs and di�erent peak intensities, as indicated on the left-

hand-side of each curve. For a better illustration, the individual wave packets

are successively shifted on the ordinate by multiplying them with 108. For the

lowest considered intensity, two main features can be identi�ed in the radial

density. The �rst feature is a hump with a maximum at about 2500 a.u.,

which describes the electrons emitted due to the resonance-enhanced two-

photon ionization (PI). The second feature is a shoulder around 4500 a.u.,

which is formed by electrons emitted by the resonance-enhanced three-photon

above-threshold ionization (ATI). With the increase of the peak intensity, the

dynamic interference creates structures within each of those features (see text

for details).
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cycles at smaller distances. Obviously, the number of peaks within each feature in the

photoelectron radial density is equal to the number of Rabi cycles which were completed

during the pulse. A similar multiple-peak sub-structures can also be seen in the radial

density of the ATI electrons. However, some of those sub-peaks partly overlap with the

dominant PI electron hump and are di�cult to observe.

3.2.2 Photoionization and Above-Threshold Ionization Spectra

The Fourier transformation of the spatial wave packets (Eq. 2.90) gives the respective

electron spectrum. The total electron spectra obtained from the wave packet of Fig. 3.5

are shown in Fig. 3.6 on a logarithmic scale. The spectrum computed for the lowest

considered peak intensity shows two sharp peaks, one for the PI electrons with the kinetic

energy of about ε0
PI = 2ω−IP = 6.8 eV and another for the ATI electrons with the kinetic

energy of about ε0
ATI = 3ω− IP = 17.0 eV, as is expected in the weak-�eld regime. Both,

the PI and the ATI spectra, split and become multiple-peak structured with the increase

of the peak intensity of the pulse.

The angular momentum space used for the present calculations enables a proper de-

scription of three and even more photon absorption processes. Furthermore, it was con-

�rmed that the theoretical three-photon ATI spectra have converged. As can be seen from

Fig. 3.6, the three-photon ATI peaks are three orders of magnitude smaller than the two-

photon PI peaks. It can be expected, that the four-photon ATI peaks are another three

orders of magnitude smaller than the three-photon ATI peaks, which makes this process

not particularly relevant. To be able to describe four-photon ionization processes, a much

longer spatial grid, which supports photoelectrons with higher kinetic energy during the

whole propagation time, is required.

In order to verify the results of the minimal model of Ref. [22], a better overview of the

PI and ATI spectra is given in Figs. 3.7 and 3.8 on linear scales. These plots provide also a

very good perspective on the entire dynamic interference patterns. One can see that each

of the PI and ATI spectra computed for larger peak intensities exhibit additional maxima,

such that the number of peaks in each spectrum is equal to the number of completed Rabi

cycles [22].

By comparing Fig. 3.7 with Fig. 3.8, one can see that the PI and ATI spectra computed

for a given pulse intensity exhibit a similar number of peaks, but the area under each

10Republished with permission from A.D. Müller, E. Kutscher, A.N. Artemyev, L.S. Cederbaum,

Ph.V. Demekhin, Chem. Phys. 509, 145 (2018).
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Figure 3.6: From Ref. [34] 11. The �nal electron spectra corresponding to the radial densi-

ties shown in Fig. 3.5. The curves are shifted by successively multiplying them

with 106. Two main features are noticeable in the spectrum computed for the

lowermost intensity. The peak at around 6.8 eV describes the PI electrons

and the peak at around 17.0 eV the ATI electrons. The weak features be-

tween 8− 10 eV are formed by contributions from the np-Rydberg states with

n ≥ 3. Similar to the radial density in Fig. 3.5, the PI and ATI peaks in the

momentum density, computed for higher pulse intensities, become structured

by the dynamic interference (see Fig. 3.7 and Fig. 3.8 for more details).
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Figure 3.7: From Ref. [34] 12. The �nal electron spectra of PI electrons from Fig. 3.6 on

an enlarged linear scale (see caption of Fig. 3.5 for the pulse parameters). The

spectrum computed for the lowest considered intensity has a single peak with a

maximum at the central electron energy of ε0 = 2ω−IP = 0.25 a.u. = 6.81 eV,

which is expected in the weak-�eld regime. Increasing the peak intensity leads

to an increase of the number of maxima in the PI spectra. The dotted vertical

lines show those kinetic energies, which are selected to calculate the electron

angular emission distributions collected in Fig. 3.10a.

spectrum scales di�erently. This can be understood with the general expectation of the

total probability of the multiphoton ionization, which depends on the number of absorbed

photons n and is proportional to In. This means that for two-photon ionization, the

spectrum area increases as I2 and for three-photon ionization as I3. However, in Figs. 3.7

and 3.8 the increase of the PI spectra is rather linear and that of the ATI spectra is rather

quadratic. The reason for this can be rationalized as follows. In the considered process,

a Hydrogen atom undergoes Rabi oscillations. Thus, the �rst excitation step already

11Republished with permission from A.D. Müller, E. Kutscher, A.N. Artemyev, L.S. Cederbaum,

Ph.V. Demekhin, Chem. Phys. 509, 145 (2018).
12Republished with permission from A.D. Müller, E. Kutscher, A.N. Artemyev, L.S. Cederbaum,

Ph.V. Demekhin, Chem. Phys. 509, 145 (2018).
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Figure 3.8: From Ref. [34] 13. The �nal electron spectra of ATI electrons from Fig. 3.6

on an enlarged linear scale (see caption of Fig. 3.5 for the pulse parameters).

For the two lowest intensities, the scales of the spectra are further enhanced

by the factor of ×K, as indicated on the right-hand side of those curves. The

spectrum computed for the lowest considered intensity has a single peak with

a maximum at the central electron energy of ε0 = 3ω − IP = 0.62 a.u. =

17.01 eV, as expected in the weak-�eld regime. Increasing the peak intensity

leads to an increase of the number of maxima in the ATI spectra. The dotted

vertical lines show those kinetic energies, which are selected to calculate the

electron angular emission distributions collected in Fig. 3.10b.

reaches its saturation limit. This reduces e�ectively the expected intensity dependence In

to In−1
0 . Therefore, the total ionization probability of the resonance-enhanced two-photon

ionization and the three-photon above-threshold ionization scale, respectively, linearly

and quadratically with the pulse intensity. This fact is also re�ected in the intensity

dependence of the di�erent dynamic interference patterns in the PI and ATI spectra.

Comparing Figs. 3.7 and 3.8, the very di�erent relations between the intensities of the

13Republished with permission from A.D. Müller, E. Kutscher, A.N. Artemyev, L.S. Cederbaum,

Ph.V. Demekhin, Chem. Phys. 509, 145 (2018).
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Figure 3.9: From Ref. [22] 14. Spectra of the two-photon resonance-enhanced ionization

of Hydrogen computed via the minimal model of Ref. [22]. The Gaussian-

shaped pulse has a duration of τ = 30 fs and a resonant carrier frequency of

ω = ER = 3/8 a.u. = 10.20 eV. Calculations were performed for di�erent

peak intensities of the pulse as indicated on the left-hand-side of each curve.

(To be compared with the spectra from Fig. 3.7 obtained here by the TDSC

method.)

inner and outer dynamic interference peaks in the PI and respective ATI spectra can be

observed. Furthermore, the ATI spectra computed for the two lowermost intensities are

shown in Fig. 3.8 on an enhanced scale (as indicated by the factor ×K on the right-hand

side of those curves), which is owing to their quadratic dependence on the intensity.

The PI spectra from Fig. 3.7, which were computed here using the TDSC method,

can directly be compared with the PI spectra, computed in Ref. [22] within a minimal

model (see Fig. 3.9). The respective spectra in Figs. 3.7 and 3.9 are in a very good

agreement with each other: They exhibit the same number of dynamic interference peaks

at similar energy positions. Thus, the present numerical results con�rm the results of

14Reprinted with permission from http://dx.doi.org/10.1103/PhysRevA.86.063412, Ph.V. Demekhin

and L.S. Cederbaum, Phys. Rev. A 86, 063412 (2012). Copyright (2012) by the American Physical

Society.
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the minimal model suggested in Ref. [22] to treat this process. However, one can notice

small di�erences in the heights of the dynamic interference peaks in the PI spectra of

Figs. 3.7 and 3.9. The spectra computed within the minimal model are symmetric, while

the spectra computed with the TDSC method are asymmetric. This di�erence will be

discussed below in Sec. 3.2.3.

3.2.3 Angular Distributions of the Photoelectrons and Carrier

Frequency Dependence of the Spectrum

In order to get a deeper insight into the dynamic interference, in this section the angular

distribution of the PI and ATI electrons are analyzed in details. The calculations were

performed for the highest considered peak intensity of 1.3× 1013 W/cm2 and for di�erent

electron kinetic energies ε, as indicated in Figs. 3.7 and 3.8 by the vertical dotted lines.

The angular emission distributions are presented as polar plots in Fig. 3.10. The upper

panel of Fig. 3.10 shows the relative angular emission distributions of the PI electrons of

di�erent kinetic energies. These normalized distributions are very similar, with negligibly

small variations around 90◦ and 270◦, such that one can hardly distinguish the individual

curves. The lower panel of Fig. 3.10 depicts the angular distributions for electrons emitted

by the ATI process. This �gure shows substantial di�erences between the normalized

distributions computed for di�erent electron kinetic energies. These di�erences can be

quanti�ed by the respective angular distribution parameters βL in the expansion over

Legendre polynomials. In the electron energy interval of 16.84−17.17 eV, these parameters

decrease almost linearly. In particular, β2 changes slightly from 1.12 to 1.11, β4 changes

its sign from 0.28 to −0.38, and β6 decreases from 1.75 to 0.96.

Within the weak-�eld limit, these interesting �ndings can be understood as follows.

While the resonance-enhanced two-photon ionization can schematically be represented as

a two-step process:

PI : 1s → 2p
↗
↘

εs

εd

,

15Republished with permission from A.D. Müller, E. Kutscher, A.N. Artemyev, L.S. Cederbaum,

Ph.V. Demekhin, Chem. Phys. 509, 145 (2018).
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a) PI spectrum
 6.65 eV
 6.75 eV
 6.81 eV
 6.87 eV
 6.96 eV

 

 

b) ATI spectrum
 16.84 eV
 16.95 eV
 17.00 eV
 17.06 eV
 17.17 eV

Figure 3.10: From Ref. [34] 15. Relative photoelectron angular distributions for PI (panel

a) and ATI (panel b) processes, computed for the highest considered peak in-

tensity of I0 = 1.3×1013 W/cm2 and di�erent electron energies, as indicated

in Figs. 3.7 and 3.8 (see also legends). The pulse parameters are given in the

caption of Fig. 3.5. Each curve is normalized to its maximal value. While the

di�erence between the emission distributions computed for di�erent energies

of the PI electron is negligibly small, the angular emission distributions of

the ATI electrons are substantially di�erent.
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Figure 3.11: From Ref. [34] 16. The PI electron spectra computed for Gaussian-shaped

pulses with τ = 30 fs, I0 = 1.3 × 1013 W/cm2 and two di�erent carrier fre-

quencies. For ω = 0.37500 a.u., the spectrum is the same as the upper most

spectrum in Fig. 3.7. The carrier frequency of ω = 0.37545 a.u. was chosen to

make the PI spectrum symmetric with respect to the central electron energy

ε0. The very small di�erence of the two frequencies is caused by the ac Stark

shift, which slightly changes the �eld-free 1s→ 2p excitation energy.

the three-photon above-threshold ionization includes an additional step:

ATI : 1s → 2p
↗
↘

εs

εd

→
↗
→

εp

εf

.

By comparing these schemes, the existence of an additional multi-pathway interference

in the ATI process is evident. While the �rst two steps are identical for the PI and

ATI processes, in the last step of the ATI scheme, the third photon can promote the

populations of the εs and εd continuum states into the �nal εp state, causing the additional

interference. These e�ects are rather substantial, because both pathways have comparable

contributions according to the propensity rules. This multi-pathway interference and the

dynamic interference compete with each other, resulting in di�erent angular emission

distributions of the ATI electrons observed for di�erent peaks in the dynamic interference

pattern.

Finally, the di�erence between the PI spectra shown in Figs. 3.7 and 3.9 need to be

clari�ed. It should be remembered, that only the essential 1s, 2p and εs/d states are
16Republished with permission from A.D. Müller, E. Kutscher, A.N. Artemyev, L.S. Cederbaum,

Ph.V. Demekhin, Chem. Phys. 509, 145 (2018).
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3.2 Resonance-Enhanced Multiphoton Ionization of Hydrogen Atoms

taken into account in the minimal model of Ref. [22]. Therefore, the carrier frequency

which is resonant for the 1s → 2p excitation coincides with the �eld-free frequency of

ω = 0.375 a.u. As a consequence, the PI spectra obtained within the minimal model

are always symmetric. On the contrary, the spatial grid used in the TDSC method

supports many additional non-essential states nl. These states participate indirectly in the

dynamics, introducing additional ac Stark shifts to the essential states. As a consequence,

the carrier frequency, which is resonant to the 1s→ 2p excitation, di�ers slightly from the

�eld-free resonant frequency, and the computed spectra are not symmetric with respect

to ε0
PI = 2ω − IP = 6.8 eV. However, this symmetry can be restored when the small

ac Stark shift is incorporated into the carrier frequency of the pulse. In Fig. 3.11, the

spectrum computed for the highest considered peak intensity of 1.3×1013 W/cm2 and the

�eld-free resonant carrier frequency of ω = 0.37500 a.u. is compared with the spectrum

produced by the laser pulse of a similar intensity but a slightly larger carrier frequency

of ω = 0.37545 a.u. As one can see, the latter spectrum is indeed symmetric. This allows

one to conclude, that the pulse-induced dynamics of the non-essential states introduce a

total ac Stark shift of about ∆ = 0.00045 a.u. = 0.012 eV to the dynamics of the essential

states.

3.2.4 Summary

In this section, the time-dependent Schrödinger equation for Hydrogen atoms exposed

to intense short coherent and resonant laser pulses was solved numerically by using the

TDSC method described in Sec. 2.2. In order to verify the theoretical predictions of a

minimal model of Ref. [22], the respective electron spectra were computed for Gaussian-

shaped pulses with duration of 30 fs, carrier frequencies close to the 1s → 2p resonant

excitation, and di�erent peak intensities.

The spectra computed for the resonance-enhanced two-photon ionization exhibit pro-

nounced multiple-peak structures, which are caused by the dynamic interference and

which are very similar to those predicted within the minimal model [22]. The di�erence

between the PI spectra of Ref. [22] and the presently computed PI spectra can be ex-

plained by the small ac Stark e�ect caused by the dynamics of the non-essential states,

which are neglected in the minimal model. The ac Stark e�ect makes the resonant carrier

frequency slightly di�erent from the �eld-free 1s → 2p resonant excitation energy. In

order to produce symmetric spectra, which are similar to those obtained in Ref. [22], the

carrier frequency need to be slightly increased to accommodate the total ac Stark shift.
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Nevertheless, the physical interpretation of the process proposed in Ref. [22] is correct.

Furthermore, the minimal model of Ref. [22] provides a particular transparent picture of

the phenomenon of the dynamic interference.

The TDSC method provides further information on the pulse induced dynamics, like

the radial density of the photoelectron wave packets, ionization processes with more than

two involved photons, and the electron angular emission distributions. In this section, it

is found that the three-photon ATI spectra exhibit strong dynamic interference patterns

as well. The �ngerprints of the dynamic interference can also directly be observed in the

radial density of the photoelectrons. In the last part of this section, the electron angular

distribution is studied. It is found that for the considered transitions in Hydrogen, the

dynamic interference does not signi�cantly in�uence the angular emission distributions

of PI electrons. Contrary to that, the interplay between the dynamic interference and

the multi-pathway interference in�uences the angular emission distribution of the ATI

electrons noticeably. This interplay can be exploited in future experiments on ATI.

3.3 Direct Photoionization of Helium Atoms

In the previous sections, the impact of the dynamic interference on photoelectron spectra

was investigated, but only one-active electron was explicitly taken into account. In this

section, the dynamic interference in Helium, a prototypical two-electron system, is studied.

The process considered here is the direct ionization of Helium with the possibility of the

subsequent 1s → 2p excitation of the Helium ion. The photoelectron spectra computed

numerically by the TDSC method will be compared to those estimated by the minimal

model of Sec. 2.1.4.

3.3.1 The Process and Computational Details

At �rst, let us have a closer look at the process and the parameters, which need to be used

in the calculations. The energy scheme in Fig. 3.12 summarizes the most relevant pro-

cesses for this study. The Helium atom is directly ionized by the absorption of one photon

from the coherent intense laser pulse, which has a carrier frequency close to the 1s→ 2p

excitation energy in the Helium ion. This resonant frequency, ω = 1.50 a.u. = 40.817 eV,

is larger than the ionization potential of a neutral Helium atom (24.587eV [157]), but

smaller than the ionization potential of a Helium ion (54.418 eV [157]). After the ion-

ization, the intense resonant laser pulse couples the created ionic state He+(1s1) with
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Figure 3.12: From Ref. [32] 17. Sketch of the studied process. One of the two electrons in

Helium is promoted into the photoionization (PI) continuum of energy εPI by

absorbing a photon of energy ω from a high-frequency pulse. The subsequent

absorption of another nearly resonant photon from the same pulse can have

two di�erent e�ects. It can either couple the 1s and 2p states of the electron,

which remains in the He+ ion, or it can promote the photoelectron into a

continuum state with a higher energy εATI via the above-threshold ionization

(ATI) process. The two coupled ionization thresholds He+(1s) and He+(2p)

repel each other and experience thereby time-dependent energy shifts ±∆(t)

provided by the coupling. This pulse-induced coupling of states results in

the dynamic interference in the photoelectron spectrum.

the He+(2p1) state, inducing a Rabi doublet by the ac Stark [21] or Autler-Townes ef-

fect [15]. When the pulse arrives, the energy splitting ±∆(t) between those ionic states

increases adiabatically, and when the pulse expires, it decreases adiabatically [22]. The

emitted photoelectrons see those ionic states as their photoionization thresholds and ex-

perience their dynamical shifts as well. This results in dynamic interference patterns in

the respective photoelectron spectra [23].

In order to describe the two-electron dynamics in Helium atoms exposed to a coher-

ent linearly polarized laser pulse, the time-dependent Schrödinger equation for the two-

electron wave function 2.74 and the two electron Hamiltonian 2.70 needs to be solved.

Here, the method of choice is the time-dependent restricted-active-space con�guration-

interaction (TD-RASCI) method, as described in Sec. 2.2. In order to be able to tackle

this demanding computational problem, one needs to restrict the theoretical consideration

to a few essential physical processes. One of the processes neglected here is the very weak

two-photon non-sequential double ionization of Helium, even when it can occur already at

17Reprinted with permission from http://dx.doi.org/10.1103/PhysRevA.93.043418, A.N. Artemyev,

A.D. Müller, D. Hochstuhl, L.S. Cederbaum, and Ph.V. Demekhin, Phys. Rev. A 93, 043418 (2016).

Copyright (2016) by the American Physical Society.
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the photon energies above ω = 39.508 eV [109]. Another neglected process is the sequen-

tial ionization of the second electron. This ionization requires that at least three photons

are absorbed, i.e., by the He+(1s → 2p) excitation and a subsequent ionization. With

these two restrictions, one assumes that one of the electrons in Helium is always bound

to the nucleus.

Now, the basis set of the discrete functions {φα} of the two-electron wave packet 2.74

can be de�ned and justi�ed. The �rst state, which needs to be included, is the 1sHF

Hartree-Fock orbital. This orbital enables the best possible one-con�guration description

of the neutral ground state of Helium. Thereby, the �rst two elements of the two-electron

basis set are �xed: |1s2
HF 〉 describes the ground states of Helium, and |1sHFψ1s

lm〉 the one-
photon � one-electron ionization in the ψ1s

lm continuum. The 2pion orbital of the Helium

ion needs also to be included in the basis set {φα}. Thereby, the two-electron active space

is extended by the |2pionψ2p
lm〉, |1sHF2pion〉 and |2p2

ion〉 con�gurations. Those con�guration
have di�erent purposes. The �rst one enables the 1sHF → 2pion excitation in the ion.

This excitation causes the dynamic interference in the photoelectron spectra. The latter

two con�gurations are included to ensure the completeness of the present con�gurational

space.

Actually, this active space is su�cient to describe the dynamic interference. However,

the 1sHF → 2pion excitation energy in the ion is too low and the required resonant carrier

frequency is underestimated. This inaccuracy can be corrected by allowing the relaxation

of the 1sHF orbital in the ion to the 1sion orbital. The radial parts of both orbitals are

shown in the upper panel of Fig. 3.13. The 1sHF → 1sion relaxation can be described, if

the basis set {φα} includes a complete set of nsion functions. Alternatively, this task can

be solved by another procedure, which describes the 1sHF → 1sion relaxation in the ion

by a single correlation function.

For this purpose, the following normalized di�erence between the 1sHF and the 1sion

orbitals is included in the basis set {φα}

|2̃s〉 = N2s(|1sion〉 − |1sHF 〉〈1sHF |1sion〉), (3.2)

with the normalization coe�cient N2s. The radial part of the 2̃s function is depicted

in the upper panel of Fig. 3.13 by a solid line. This function is localized in the same

region as the 1sHF and 1sion functions and satis�es the orthonormalization condition 2.72.

Therefore, the required 1sion orbital can be described by a proper mixture of the 1sHF

and 2̃s functions. Including the corresponding |2̃sψ2s
lm〉 con�guration in the active space

allows for the desired relaxation in the ion and provides the correct value of 1.50 a.u.
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Figure 3.13: From Ref. [32] 18. Radial parts of the one-electron functions, r ·φα(r), which

are used in the present basis set for the bound electron in the two-electron

TD-RASCI ansatz 2.74. The 1sHF Hartree-Fock orbital of the Helium atom,

the 1sion and 2pion orbitals of the Helium ion, and the correlation functions

2̃s and 3̃p are shown. The latter are de�ned via Eqs. 3.2 and 3.4.

for the 1sion → 2pion excitation energy. In addition, the |1sHF 2̃s〉, |2̃s2pion〉 and |2̃s
2〉

con�gurations need to be included as well in order to ensure the completeness of the

active space.

After taking care of the most probable 1sion → 2pion resonant excitation in the ion, one

also needs to include the quantum motion of the higher npion states, which is driven by the

strong pulse and can in�uence the dynamics of the process. In fact, if the photon energy is

slightly above the resonant excitation energy of 1.50 a.u., the intense laser pulse can trigger

the next 3pion state. This state introduces additional ac Stark shifts to the essential states,

which makes the inclusion of the npion states into the basis set {φα} especially important.

Instead of including all states npion, here, the technique of Refs. [130, 158, 159] is used.

18Reprinted with permission from http://dx.doi.org/10.1103/PhysRevA.93.043418, A.N. Artemyev,

A.D. Müller, D. Hochstuhl, L.S. Cederbaum, and Ph.V. Demekhin, Phys. Rev. A 93, 043418 (2016).

Copyright (2016) by the American Physical Society.
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It describes the 1sion → npion excitations by a single correlation function 3̃p. For this

purpose, the following matrix needs to be constructed and diagonalized:

E(1sion) + ω 〈1sion|ẑ|2pion〉 . . . 〈1sion|ẑ|npion〉 . . .

〈1pion|ẑ|1sion〉 E(2pion) 0 0 0

. . . 0 . . . 0 0

〈npion|ẑ|1sion〉 0 0 E(npion) 0

. . . 0 0 0 . . .


. (3.3)

Here, 〈n′l′ion|ẑ|nlion〉 are the corresponding dipole transition matrix elements in the ion.

Using the Eigenvector {v1s
n } of this matrix, which genealogically corresponds to the

1sion basis state, the correlation function 3̃p is given by:

|3̃p〉 = N3p

∑
n>2

v1s
n |npion〉. (3.4)

where N2p is the normalization coe�cient. By construction, this function is orthogonal to

2pion, ful�lling condition 2.72. The radial parts of the 2pion and 3̃p functions are compared

in the lower panel of Fig. 3.13. One can notice, that the 3̃p function is localized around the

2pion function and has a knot, since the 3pion function provides the major contribution to

the sum in Eq. 3.4. Besides the explicitly included 2pion state, the correlation function 3.4

e�ectively includes contributions from the full npion spectrum, such that all 1sion → npion

excitations are taken into account by including the single 1sion → 3̃p excitation. For this

purpose, the |3̃pψ3p
lm〉 con�guration and, for completeness, the |1sHF 3̃p〉, |2̃s3̃p〉, |2pion3̃p〉,

and |3̃p2〉 con�gurations are included in the present active space.

In order to obtain the ground state of the Helium atom, the two-electron wave packet

constructed over the chosen active space is propagated in the imaginary time in the

radial interval of r ≤ 50 a.u. The presently obtained ground state energy is equal to

E(1s2) = −2.89384 a.u. Since the chosen active space provides the exact description of the

He+(1sion) and He+(2pion) states, the theoretical ionization potential of Helium is equal

to IP = E(1s1) − E(1s2) = −2.0 a.u. + 2.89384 a.u. = 0.89284 a.u. = 24.323 eV. This

value is +0.873 eV larger than the Hartree-Fock value of 23.450 eV, and only −0.264 eV

smaller than the respective experimental value of 24.587 eV [157]. In order to facilitate

the comparison of the present theoretical results with the results of future experiments,

the photoelectron energy in all computed spectra is corrected by the di�erence between

the theoretical and experimental ionization potential values, i.e., the computed energy

positions of the photoelectron peaks in Figs. 3.14�3.17 are shifted by −0.264 eV.

68



3.3 Direct Photoionization of Helium Atoms

The present calculations were performed for a Gaussian-shaped pulse with a time en-

velop g(t) = e−(t−t0)2/τ2 and a duration of τ = 30 fs, as it was suggested in the sup-

plemental materials of Ref. [23]. The two-electron wave packets were propagated in the

time interval of [0, 150] fs, which is centered at the pulse maximum. Thereby, the �eld

drops by about three order of magnitude at the interval boundaries. As indicated in

Fig. 3.12, the fastest considered electrons are the ATI electrons. With the used photon

energy, these electrons have momenta of k ∼ 2.0 a.u., which results in a maximal travel

distance of Rmax ∼ 12000 a.u. away from the nucleus during the full propagation time of

150 fs ≈ 6200 a.u. This distance Rmax = 12000 a.u. is chosen here to be the radial grid

size. Even if an ATI electron is emitted at the beginning of the propagation, it will not

reach (and thus will not be re�ected by) the grid boundary within the full propagation

time. The radial grid [0, Rmax] was covered by 4800 equidistant �nite elements, each hav-

ing a size of 2.5 a.u. The individual �nite elements were represented by 10 Gauss-Lobatto

points. The wave packets ψβ with l = 0, 1, and 2 were included in the present active

space, such that the ATI electrons can still be described. The convergence of the solution

with respect to the chosen computational parameters was ensured by additional tests.

Using these parameters and the chosen active space, a typical calculations requires

approximately 20 GB memory and about 300 days for a single contemporary computer

core. To achieve a reasonable computation time, the propagation was performed using

the OpenMP parallelization.

3.3.2 Electron Spectra via Two-Electron Wave Packet

Propagation

In Fig. 3.14, the results of calculations for a laser pulse with the duration of τ = 30 fs, the

peak intensity of I0 = 1014 W/cm2 and the resonant carrier frequency of ω = 1.50 a.u.

are depicted. The upper panel shows the �nal radial wave packet density, computed after

the laser pulse has expired. Here, two major features can be observed. The hump around

4000 a.u. describes slower PI electrons, and the shoulder at around 8000 a.u. represents

the somewhat faster ATI electrons. The lower panel depicts the respective �nal electron

energy spectrum. Here, several contributions can be seen. Their assignments, according

to the main contribution to the spectrum, are given close to each peak.

The peaks in the lower panel of Fig. 3.14 appear in two energy regions of the electron

spectrum. The group of peaks located at lower energies corresponds to the photoioniza-

tion process. Here, the double peak structure in the energy interval of 16.0 − 16.5 eV
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Figure 3.14: From Ref. [32] 19. The �nal photoelectron radial density (upper panel) and

the �nal photoelectron spectrum (lower panel) on logarithmic scales after

the linearly polarized Gaussian-shaped pulse has expired. The used pulse

parameters, such as the pulse duration τ , the carrier frequency ω and the peak

intensity I0 are indicated in the �gure. Here and below, the electron energy

was corrected by −0.264 eV, which is the di�erence between the theoretical

and experimental ionization potentials (see text for details).

corresponds to the Autler-Townes doublet of the 1s and 2p states of the Helium ion. This

structure is produced by the interference of the one-photon ionization of the ground state

of Helium and of the two-photon ionization, which includes a subsequent 1s→ 2p excita-

tion of the Helium ion. The two more distinct peaks are located at the low-energy side at

about ε = 9.6 and ε = 5.2 eV. These peaks emerge due to the population of the e�ective

19Reprinted with permission from http://dx.doi.org/10.1103/PhysRevA.93.043418, A.N. Artemyev,

A.D. Müller, D. Hochstuhl, L.S. Cederbaum, and Ph.V. Demekhin, Phys. Rev. A 93, 043418 (2016).

Copyright (2016) by the American Physical Society.
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states of the Helium ion, included in the basis. In particular, the peak at ε = 9.6 eV cor-

responds to the population of the 2̃s
1
state via the one-photon absorption, and the peak

at ε = 5.2 eV represents the population of the 3̃p
1
state via the two-photon absorption.

These two peaks are characteristic for the choice of the present active space, and are arti-

�cial structures in the spectrum. They e�ectively represent all shake-up photoionization

processes, which populate higher ns1 and np1 states of the Helium ion. The peaks in the

second group, located at somewhat higher electron energies, represent ATI electrons and

correspond one-by-one to the peaks in the �rst group. Owing to the absorption of an

additional photon, the corresponding peaks are shifted in energy by 40.817 eV. Because

of the limitations of the present active space, these ATI structures will not be analyzed

for the dynamic interference.

In order to investigate the dynamic interference patterns in the photoelectron spectra,

only the main double peak structure in the spectrum is studied below. In Fig. 3.15,

the results of calculation for a pulse with a duration of τ = 30 fs, a peak intensity of

I0 = 2.5×1014 W/cm2, and di�erent carrier frequencies around the resonant frequency of

ω = 1.50 a.u. are collected. Each of these spectra consists of two parts. The largest part

corresponds to the population of the He+(1s1) �nal state, and the smallest one to that of

the He+(2p1) state. In the spectrum computed for the resonant carrier frequency, both

states mix completely and a typical spectrum for a dynamical Autler-Townes doublet [22]

with the approximately equal intensities emerges. All spectra depicted in Fig. 3.15 exhibit

multiple-peak structures produced by the dynamic interference [22�24, 30]. One can see,

that the number of interference peaks in the spectrum decreases with the increase of the

photon energy detuning. This is caused by the maximal energy shift of the ionization

threshold, induced by the pulse, which is smaller for larger energy detunings.

The two uppermost spectra in Fig. 3.15 are calculated for the photon energies below the

resonant excitation energy of 1.50 a.u. In this case, the relation E(1sion) + ω < E(2pion)

is valid and the dressed He+(1s1) ionic state is just below the He+(2p1) ionic state. This

results in a negative shift of the former and a positive for the latter thresholds. Therefore,

the major part of the spectrum, which corresponds to the He+(1s1) threshold, shifts to

higher energies from the central photoelectron energy of ε0 = ω−IP (i.e., the electrons ac-

quire a positive shift). On the contrary, the photoelectrons corresponding to the He+(2p1)

threshold acquire an opposite energy shift (minor part of the spectrum). The two low-

ermost spectra of Fig. 3.15 are computed for photon energies, which are larger than the

resonant excitation energy. As the relation E(1sion) + ω > E(2pion) suggests, the dressed

He+(1s1) ionic state is now located above the He+(2p1) ionic state. Therefore, the former
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Figure 3.15: From Ref. [32] 20. Photoionization spectra of Helium computed for a

Gaussian-shaped pulse of a duration of 30 fs, peak intensity of 2.5 ×
1014 W/cm2 and di�erent carrier frequencies around the 1s → 2p resonant

excitation in the Helium ion, as indicated in the �gure. The vertical down ar-

rows indicate the photoelectron energies, which are expected in the weak-�eld

regime. For carrier frequencies below 1.5 a.u., the electron spectra experi-

ence a positive energy shift in the corresponding major part and negative

in the minor part. For carrier frequencies larger than 1.50 a.u. an opposite

behavior of the two parts of the spectrum is evident. A nearly symmetric

dynamic interference pattern is produced by the resonant carrier frequency

of 1.50 a.u. The complexity of the dynamic interference patterns increases

with the decrease of the carrier frequency detuning.
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Figure 3.16: From Ref. [32] 21. Photoionization spectra of Helium computed for a

Gaussian-shaped pulse of a duration of 30 fs, two di�erent carrier frequencies

(1.500 a.u. and 1.528 a.u.), and di�erent peak intensities, as indicated in the

�gure. With the increase of the peak intensity, the complexity of the patterns

induced by the dynamic interference increases.

experiences a positive energy shift and the latter a negative one. These argumentation

explains the alternation of the shifts seen in the respective electron spectra.

The in�uence of the dynamic interference on the photoelectron spectra caused by pulses

with di�erent peak intensities is demonstrated in Fig. 3.16 for two carrier frequencies. The

left panel of this �gure shows the spectra computed for the resonant carrier frequency.

Here, one can observe a typical Autler-Townes doublet [22,30] modulated by interference

patterns. As expected, the number of interference peaks increases with the pulse intensity.

The right panel of the �gure demonstrates a similar e�ect for the o�-resonant carrier

frequency of ω = 1.528 a.u. In fact, the energy shift in the spectrum from the central

electron energy ε0 (indicated by vertical down arrows) grows with the pulse intensity. For

20Reprinted with permission from http://dx.doi.org/10.1103/PhysRevA.93.043418, A.N. Artemyev,

A.D. Müller, D. Hochstuhl, L.S. Cederbaum, and Ph.V. Demekhin, Phys. Rev. A 93, 043418 (2016).

Copyright (2016) by the American Physical Society.
21Reprinted with permission from http://dx.doi.org/10.1103/PhysRevA.93.043418, A.N. Artemyev,

A.D. Müller, D. Hochstuhl, L.S. Cederbaum, and Ph.V. Demekhin, Phys. Rev. A 93, 043418 (2016).

Copyright (2016) by the American Physical Society.
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3 Dynamic Interference

the largest considered pulse intensity of 4.5 × 1014 W/cm2, the interference structure is

truncated on the low-energy side, indicating, that for this relatively large peak intensity,

the photoionization process is nearly saturated.

3.3.3 Estimation of the Electron Spectra with a Minimal Model

The numerical propagation of the two-electron wave packet is very time consuming. As

demonstrated in the previous sections, the minimal model can provide a prompt and reli-

able estimate of the dynamic interference patterns in the electron spectra. In this section,

the results obtained with the TD-RASCI method are compared with those estimated with

the minimal model introduced in Sec. 2.1.4. In this model, only two subsequent ionization

steps are possible for Helium and each of these steps has only one �nal ionic state. This

situation is described by the system of di�erential equations 2.62. For brevity, below only

the major part of the photoionization spectrum, corresponding to the He+(1s1) ionization

threshold, will be discussed.

In the present work, the parameters ∆I and ΓN used for solving Eqs. 2.62 are calculated

from �rst principles. The direct ionization rate ΓN is computed via Eq. 2.24 using the

total photoionization cross section of the neutral ground state of Helium. Here, the

corresponding dipole transition amplitude dε and the total cross section σε are estimated

at the Hartree-Fock level. The shift ∆I in the Helium ion is computed via diagonalization

of matrix 3.3. This matrix describes the quantum motion of the dressed 1sion state,

which is coupled by the �eld to the entire npion electron spectrum. However, it neglects

the quantum motion of states with di�erent angular momentum, e.g., nsion and ndion

states. Nevertheless, matrix 3.3 provides a reliable shift ∆I , since only photon energies

ω, which are very close to the dominant 1sion → 2pion transition, are considered.

In Fig. 3.17, the numerical spectra obtained by the TD-RASCI method and the spectra

estimated with the minimal model are compared for two di�erent carrier frequencies of

the pulse. The parameters used in the calculations are indicated in each panel. One can

see that the estimated major part of the electron spectrum is in a good overall agree-

ment with the numerical one. The two spectra in each panel show the equal number of

oscillations caused by the dynamic interference. However, the energy positions and the

relative strength of the peaks within the pattern are slightly di�erent. As it is demon-

strated in Refs. [22�24, 30], the e�ect of the dynamic interference is very sensitive to

the time-dependence and absolute values of the energy shift ∆I and ionization rate ΓI .

Typically, for the ac Stark e�ect, the energy shift ∆I in Eqs. 2.62 explicitly follows the
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Figure 3.17: From Ref. [32] 22. Major part of the photoelectron spectrum representing the

He+(1s1) �nal state, computed numerically via the two-electron wave packet

propagation (solid curve) and by the minimal model from Sec. 2.1.4 (dashed

curves). The parameters of the Gaussian-shaped pulse and those used in

the minimal model are indicated in the �gure. The estimated spectra are

normalized to the maxima of the respective numerical spectra.

pulse intensity envelope I0g
2(t) [21]. For the resonant excitation, the energy splitting of

the dynamic Autler-Townes doublet follows the time envelop of the �eld E0g(t) [22, 30].

The presently considered case is somewhere in between these two extremes, which might

explain the slight di�erence between the two results in Fig. 3.17. In addition, the model

spectra can probably be improved by a better estimate or �tting of the parameters ∆I

and ΓI . The comparison of the spectra shown in Fig. 3.17 demonstrates, that it is possible

22Reprinted with permission from http://dx.doi.org/10.1103/PhysRevA.93.043418, A.N. Artemyev,

A.D. Müller, D. Hochstuhl, L.S. Cederbaum, and Ph.V. Demekhin, Phys. Rev. A 93, 043418 (2016).

Copyright (2016) by the American Physical Society.
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to simplify and explicitly describe the considered process with Eqs. 2.62, which provide a

quick estimate of the dynamic interference.

3.3.4 Summary

In this section, the time-dependent Schrödinger equation for the photoionization of He-

lium by a coherent intense high-frequency short linearly polarized laser pulse is solved

numerically. For this purpose, the two-active-electron wave packet is propagated on a

large spatial grid over long times using the e�cient time-dependent restricted-active-space

con�guration method as described in Sec. 2.2.

In order to be able to observe a dynamic interference pattern in the electron spectra, the

pulse carrier frequency was chosen to be close to the He+(1s → 2p) resonant transition.

The resulting photon energy is su�cient to ionize the neutral Helium atom by a single

photon, but is too low to subsequently ionize the ion by absorbing one additional photon

from the same pulse. In the calculations presented here, only one electron is allowed

to be ionized. The second electron of the Helium atom thus always remains bound to

the nucleus, but is able to feel the �eld and be active. This is re�ected in the choice

of the present active space, which was restricted to the following electron con�gurations:

i) those, representing the one-electron photoionization and above-threshold ionization of

Helium; ii) those, required to allow the relaxation of the bound 1s electron due to the

photoionization; and iii) those, describing the excitation of the latter electron into the 2p

state explicitly and into the entire np electron spectrum e�ectively. The excitation into

all ns and np states are represented by single correlation functions 2̃s and 3̃p. This choice

of the active space allows a numerical description of the sequential two-photon absorption

process, as well as relevant three-photon absorption processes.

The photoionization spectra computed by the TD-RASCI method exhibit two struc-

tures. One is due to the population of the He+(1s1) �nal ionic state, and another due to the

He+(2p1) �nal ionic state. In the weak-�eld limit, the former is caused by the one-photon

absorption, while the latter by the two-photon absorption. In the present calculations,

the respective above-threshold ionization peaks (due to two- and three-photon absorption

processes) can be observed as well, but are not discussed here due to the limitations of

the present active space. A closer inspection of the photoionization spectrum uncovers

the full extent of the patterns caused by the dynamic interference. These e�ect is solely

produced by the dynamics of the second electron, which remains bound in the Helium ion.

Its dynamics is governed by the same intense coherent resonant laser pulse and is coupled

76



3.4 Conclusion

to the dynamics of the photoelectron. The whole process can be thought as if the photo-

electron sees the 1s and 2p thresholds, which experience time-dependent energy shifts in

opposite directions. During the pulse, photoelectrons with di�erent kinetic energies are

emitted at di�erent times, giving rise to the dynamic interference phenomenon.

The dynamic interference patterns in the electron spectra can directly be controlled by

choosing di�erent values for the pulse intensities and carrier frequencies, still close to the

He+(1s→ 2p) resonant transition. The relative intensities of the He+(1s1) and He+(2p1)

peaks depends on the chosen carrier frequency. The resonant carrier frequency of 1.50 a.u.

produces an almost symmetric Autler-Townes doublet.

The pulse parameters, such as the carrier frequencies, pulse durations, �eld intensities

and temporal coherence, necessary to observe the e�ect are already available at the FEL

facility FERMI at Elettra [7]. The presented results provide the theoretical background

for the veri�cation of the dynamic interfere e�ect in this high-frequency regime by planned

experiments [33].

3.4 Conclusion

In this chapter, the dynamic interference phenomenon was studied in three di�erent sys-

tems with di�erent methods. In the �rst section, the dynamic interference in the resonant

Auger decay spectra for the 4d → 6p excitation of Xenon was investigated. For the

computation of the total ion yield and electron spectra, a minimal model was utilized.

Here, the numerical solution was compared with the analytic solution obtained within the

stationary phase approximation. The importance of the non-Hermitian coupling and its

impact on the resonant Auger decay spectra was also investigated.

In the second section, the dynamic interference was reinvestigated for the case of the

resonance-enhanced multiphoton ionization of Hydrogen. Here, calculations were per-

formed using the time-dependent single center method, which delivers numerical pho-

toionization and above-threshold ionization spectra. The present numerical photoioniza-

tion spectra con�rm the results obtained within a minimal model [22]. The e�ect of the

dynamic interference on the radial electron density and photoelectron angular emission

distribution was demonstrated.

Finally, the direct photoionization of Helium atoms was investigated in the third sec-

tion. Here, the dynamic interference patterns in the electron spectra are induced by a

second active electron. Calculations were performed by propagating the two-electron wave

packet using the time-dependent restricted-active-space con�guration method. Especially
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interesting are the results obtained for carrier frequencies close to the He+(1s→ 2p) res-

onant transition. The present numerical results were compared to those obtained with a

minimal model.
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4 Multiphoton Photoelectron Circular

Dichroism

The photoelectron circular dichroism after the multiphoton ionization of chiral molecules

by short laser pulses is discussed in this chapter. In the �rst section, the developed

time-dependent single center method is tested on the photoionization and above-threshold

ionization of a model chiral system. Here, special attention is paid to the chiral asymmetry

in the emission of photoelectrons in dependence of the orientation of the molecule in space.

In the second section, the time-dependent single center method is applied to study

the three-photon ionization and four-photon above-threshold ionization of Fenchone and

Camphor. This theoretical study focuses on the interpretation of available experiments

on multiphoton PECD. Furthermore, the role of the intermediate two-photon resonant

state and the e�ects of the molecular orientation are discussed.

4.1 Propagation of Single-Active-Electron Wave

Packets in Chiral Potentials

In chapter 3, applications of the time-dependent single center (TDSC) method to atoms,

which electronic states experience ac Stark shifts, were discussed. In this section, this

method is applied to a model potential, which mimics a chiral molecule. The method

allows one to propagate photoelectron wave packets in chiral potentials and to access

the photoelectron circular dichroism (PECD) arising from the photoionization (PI) and

above-threshold ionization (ATI) by circularly polarized high-frequency pulses. At �rst,

properties of the potential and pulse are discussed. Thereafter, the PECD is studied for

a �xed-in-space system. Finally, the results for a randomly oriented system are shown.

4.1.1 Model System and Pulse Properties

The model chiral system, which is used in this section to test the capability of the TDSC

method, is depicted in Fig. 4.1. This system represents the ion of a methane-like chiral
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Figure 4.1: From Ref. [91] 23. The presently used system, which models a methane-like

chiral molecule. This system is constructed over �ve point charges Q at the po-

sitions (r, θ, ϕ), which are surrounded by spherically-symmetric electron den-

sities. The electron densities have total charges q and distributions e−r. The

positions and charges are indicated in the �gure in atomic units. The sum of

all charges of the ion is +1. Note that positions and sizes of point charges and

electron densities are depicted without keeping proportions.

molecule, which has �ve atoms. Each of these atoms is represented as a positive point

charge, which is surrounded by a spherically-symmetric negative electron density. In

Fig. 4.1, all parameters, which are required to describe the entire potential, are listed

in atomic units. These parameters were chosen to provide a strongly-asymmetric chiral

potential for the initial electronic state and for the photoelectron in the continuum (i.e., an

asymmetric particle-hole density). The two parts of this potential, the nuclear electron

attraction V ne
i and the electron-electron repulsion V ee

j from Eq. 2.65, can be represented

by the SC expansion via Eq. 2.67. There are di�erent approximations to calculate the

electronic potential V ee
j . It may include the exchange interaction of the active electron

23Reprinted from A.N. Artemyev, A.D. Müller, D. Hochstuhl, and Ph.V. Demekhin, J. Chem. Phys.

142, 244105 (2015), with the permission of AIP Publishing.
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with the ionic core electrons on the Hartree-Fock level. This can be accomplished, for

example, with the help of the non-iterative procedure of Refs. [62, 63]. An alternative

is to approximate the exchange interaction at the Hartree-Fock-Slater level [160]. The

TDSC method also allows to include electron correlations via the Perdew-Zunger [161]

parametrization of the correlation potential and the e�ects of the polarization of the core

electrons. The latter can be achieved by using local polarization potentials [162]. In this

model study, only the direct Coulomb interaction of the photoelectron with core electrons

is included.

Furthermore, the laser pulse is propagating along the laboratory z-axis and the sense

of its circular polarization is de�ned from the point of view of the emitter. The present

�eld is set as:

Ex(t) = ∓ E0√
2
g(t) cos(ωt), (4.1a)

Ey(t) = − E0√
2
g(t) sin(ωt), (4.1b)

Ez(t) = 0. (4.1c)

Here, g(t) is the pulse envelope, E0 is the peak amplitude, and ω is the carrier frequency.

Note that the sense of circular polarization is solely de�ned by Eq. 4.1a. In this equation,

the sign `−' corresponds to the right-handed circular polarization (CPR), and `+' to the

left-handed circular polarization (CPL), i.e., |±〉 = ∓ 1√
2
(|x〉 ± i|y〉). The pulse intensity

averaged over an optical cycle is given by:

I(t) = I2
0g

2(t) =
1

4πα
(E0g(t))2. (4.2)

In this study, the Gaussian-shaped, g(t) = exp(−(t − t0)2/τ 2), laser pulse ionizes the

third bound electronic state of the model system. The corresponding ionization potential

is equal to IP = 18.3 eV. This initial electronic state of the model methane-like chiral

system represents its highest occupied molecular orbital. In order to be able to ionize

the system via a one-photon absorption, the pulse carrier frequency is chosen to be ω =

22.1 eV. The pulse duration is set to τ = 1 fs, the pulse maximum to t0 = 3 fs, and the

pulse intensity to I0 = 5 × 1013 W/cm2. This relatively high peak intensity allows the

generation of a notable amount of ATI electrons. In order to ensure the convergence of

the numerical results for the one- and two-photon ionization processes, the SC expansion

included partial harmonics with l,m ≤ 10. The wave packet is propagated on the radial

grid of size Rmax = 400 a.u. for 6 fs in total. It was ensured, that the solution converges

for the chosen spatial grid parameters, integration time step, and SC expansion.
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The propagation needs to be performed for di�erent orientations of the molecular frame,

which is indicated in Fig. 4.1, with respect to the laboratory frame, as de�ned by the laser

pulse. The rotation of the molecular frame is given by the three Euler angles (α, β, γ).

The molecular and laboratory frames coincide for the set of angles (α = β = γ = 0). The

propagation was performed for the angles α and γ in the interval [0, 2π) and for the angle

β in the interval [0, π] on the equidistant grid of ∆α = ∆β = ∆γ = 0.05π. The rotation

of the initial electronic state and the e�ective potential, computed at α = β = γ = 0,

to an arbitrary orientation (α, β, γ) was performed with the Wigner's rotation matrices

Dlmm′(α, β, γ) [163].

The �nal radial density of the photoelectron wave packet, computed for the initial

orientation, is depicted in the upper panel of Fig. 4.2. The calculations were performed

for CPR and CPL pulses, which yield almost equal results. The density can be divided

into three contributions. The main contribution to the wave packet in the radial interval of

[0, 15] a.u. stems from those electrons, which still remained bound after the pulse is over,

mainly in the initial electronic state of the system. The second contribution is provided by

the slow photoelectrons, which are released by the one-photon PI process. These electrons

build a hump in the radial density at around r = 70 a.u. The third contribution comes

from the faster electrons, which are emitted via the two-photon ATI process, and forms

the shoulder centered around r = 190 a.u.

The corresponding energy distributions of the emitted electrons can be found in the

lower panel of Fig. 4.2. Here, three major peaks can be clearly seen. The one-photon

ionization process forms the strongest peak, which is located at the electron kinetic energy

of about ε = ω− IP = 3.8 eV. The two-photon ATI process is less probable compared to

the PI process, and the resulting weaker peak is located at about ε = 2ω− IP = 25.9 eV.

The third very weak peak at about ε = 3ω − IP = 48.0 eV is due to the three-photon

ATI process. In order to give an accurate interpretation of the latter peak, somewhat

larger lm expansion and radial grid size are required. For this reason, the three-photon

ATI process is excluded from further theoretical analysis.

4.1.2 Fixed-in-Space Model Chiral System

In this section, the photoelectron momentum distributions for the PI and ATI peaks (see

lower panel in Fig. 4.2) are analyzed for di�erent orientations of the model chiral system in

24Reprinted from A.N. Artemyev, A.D. Müller, D. Hochstuhl, and Ph.V. Demekhin, J. Chem. Phys.

142, 244105 (2015), with the permission of AIP Publishing.
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Figure 4.2: From Ref. [91] 24. The �nal radial electron densities (upper panel) and the

�nal electron spectra (lower panel) after the respective Gaussian-shaped right-

handed (dashed curve) and left-handed (solid curve) circularly polarized pulses

have expired (shown on logarithmic scales). The pulse parameters, such as

the duration τ , peak intensity I0, and carrier frequency ω, are indicated in the

�gure. These pulses ionize the initial state of the model chiral system shown

in Fig. 4.1 with the ionization potential of IP = 18.2 eV. The calculations

were performed for the α = β = γ = 0 orientation.
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Figure 4.3: After Ref. [91] 25. Legendre polynomial expansion coe�cients bL from Eq. 4.3

for the one-photon ionization process as functions of the molecular orientation

angles (α, β). Calculations were performed for the right-handed circularly

polarized pulse. The data were additionally integrated over the orientation

angle γ. All values are given in percent relative to the corresponding average

ionization yield 〈b0〉. Note that individual plots have di�erent color scales.
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Figure 4.4: After Ref. [91] 26. Legendre polynomial expansion coe�cients bL from Eq. 4.3

for the two-photon above-threshold ionization process. Details can be found

in the caption of Fig. 4.3.

space. The angle γ describes the rotation of the molecular frame around the laboratory z-

axis. This axis coincides with the direction of the propagation of the circularly polarized

pulse, which is axially-symmetric. After the integration over this rotational angle, as

suggested in the theoretical work [89], the resulting momentum distribution becomes

25Reprinted from A.N. Artemyev, A.D. Müller, D. Hochstuhl, and Ph.V. Demekhin, J. Chem. Phys.

142, 244105 (2015), with the permission of AIP Publishing.
26Reprinted from A.N. Artemyev, A.D. Müller, D. Hochstuhl, and Ph.V. Demekhin, J. Chem. Phys.

142, 244105 (2015), with the permission of AIP Publishing.
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independent of the azimuthal angle ϕ. This simpli�es expansion 2.91 to:

W (~k) =
∑
L

bL(k)PL(θ). (4.3)

Here, the emission angle θ is measured with respect to the laboratory z-axis, and bL =

WL0

√
(2L+ 1)/4π. The Legendre expansion coe�cients bL=0−4, obtained for the PI and

ATI processes for a CPR pulse are shown in Figs. 4.3 and 4.4 as functions of the orientation

Euler angles (α, β). All values in these �gures are normalized to the respective average

ionization yields 〈b0〉.
As it can be seen from Figs. 4.3 and 4.4, the expansion coe�cients bL depend strongly

on the molecular orientations. Because of this, the respective angular distributions of

the electrons described by Eq. 4.3 also depend strongly on the orientation of the model

system, which is in agreement with the results of Ref. [89]. Legendre polynomials have

the following properties: even polynomials are symmetric with respect to the emission

angle θ = π
2
, and odd antisymmetric. Therefore, only odd polynomials contribute to the

forward/backward asymmetry in the emission of the photoelectrons. Figure 4.3 shows,

that b1 and b3 coe�cients computed for the PI peak vary dramatically, respectively, in

the ranges of (−90%, 50%) and (−100%, 140%) of the average ionization yield. A similar

e�ect can be seen for the ATI peak in Fig. 4.4. Here, the range for b1 is (−70%, 80%),

and that for b3 is (−150%, 130%). The corresponding maxima in the forward/backward

asymmetry and the expected PECD for the present model system are considerably larger

than those obtained in Ref. [89] for the multiphoton ionization of oriented Camphor and

Fenchone molecules.

In order to quantify the PECD for a given molecular orientation, the de�nition from

Eq. 1.6 is used below. Since the integration over the α and β angles is not yet performed,

the following more general expression for the PECD is introduced [91]:

PECD = bCPR1 − b
CPR
3

4
+
bCPR5

8
− 5bCPR7

64
+ · · · −

(
bCPL1 − bCPL3

4
+
bCPL5

8
− 5bCPL7

64
+ · · ·

)
.

(4.4)

The resulting values of PECD are collected in the upper and lower panels of Fig. 4.5 for

PI and ATI peaks, respectively. For some molecular orientations, a PECD of about 60%

can be seen for the one- and two-photon ionizations of this model chiral system. A similar

magnitude of asymmetry is typically encountered in photoelectron angular distribution

experiments with spatially-oriented achiral molecular targets [164]. In Ref. [89], the mul-

tiphoton PECD for oriented Camphor and Fenchone was computed to be less than 20%,

which is much smaller than obtained here.

86



4.1 Propagation of Single-Active-Electron Wave Packets in Chiral Potentials

0.0

0.2

0.4

0.6

0.8

1.0
 -61   

 
 -8  

 
  45 

Euler angle  (in  units)

E
ul

er
 a

ng
le

 
 (i

n 
 u

ni
ts

)

-61.50

-6.500

45.00

0.0 0.3 0.6 0.9 1.2 1.5 1.8
0.0

0.2

0.4

0.6

0.8
 -61   

 
 -7  

 
  47 

-61.50

-6.500

47.50

 P
E

C
D

PI
 (%

)
P

E
C

D
AT

I (
%

)

Figure 4.5: After Ref. [91] 27. PECD from Eq. 4.4 as a function of the molecular orien-

tation angles (α, β) and integrated over the third angle γ. The upper panel

represents the values obtained for the one-photon ionization process and the

lower panel for the two-photon above-threshold ionization process. All values

are given in percent relative to the respective average ionization yield 〈b0〉.

4.1.3 Randomly Oriented Model Chiral System

The integration of the results shown in Figs. 4.3�4.5 over the orientation angles (α, β)

results in the angular emission distributions and PECD for a freely rotating model chiral

system. As a consequence, the expansion 4.3 becomes restricted to L ≤ 2Nph with Nph

being the number of absorbed photons. Using this expansion, the angular distribution of

the PI and ATI electrons, which are computed for a randomly oriented system ionized by

a CPR pulse, can be written as:

W̃CPR
PI (θ) = b̃0(1− 0.078P1(θ)− 0.446P2(θ)),

W̃CPR
ATI (θ) = b̃0(1− 0.021P1(θ)− 0.993P2(θ) + 0.028P3(θ) + 0.139P4(θ)).

(4.5)

Here, a tilde is used for all quantities describing freely rotating molecules. Note also that

b̃0 di�ers for the PI and ATI peaks. In the case of freely rotating molecules, the odd

coe�cients b̃2k+1 have the following asymmetry property:

b̃CPL2k+1 = −b̃CPR2k+1, (4.6)

27Reprinted from A.N. Artemyev, A.D. Müller, D. Hochstuhl, and Ph.V. Demekhin, J. Chem. Phys.

142, 244105 (2015), with the permission of AIP Publishing.
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such that the P̃ECD from Eq. 4.4 reduces now to its original de�nition via Eq. 1.6.

With this, the total PECD is equal to P̃ECDPI = 2b̃CPR1 = −15.6% for the one-photon

ionization and P̃ECDATI = 2b̃CPR1 − 1
2
b̃CPR3 = −5.6% for the two-photon ionization of the

randomly oriented system. The change of sign of the odd expansion coe�cients b̃CPR1 =

−0.021 and b̃CPR3 = +0.028, computed for the ATI peak, makes the total asymmetry in

Eq. 1.6 stronger. Such a behavior of the odd expansion coe�cients was also observed in

REMPI experiments on bicyclic ketones [75�78].

4.1.4 Summary

In this section, the TDSC method was applied to study the one-photon ionization and

two-photon above-threshold ionization of a model methane-like chiral system by circularly

polarized high-frequency laser pulses. Here, the PECD in the momentum distribution of

emitted electrons represents the forward/backward asymmetry in the photoemission. For

individual orientations of the model system, this e�ect can be considerably larger than

50%. After averaging over all orientations, the total PECD e�ect reduces to about 10%.

The results of this section illustrate the capability of the TDSC method to study multi-

photon ionization of molecules by intense short laser pulses. The TDSC method can now

be applied to multiphoton ionization of real chiral molecules. In the subsequent section, it

is used to study PECD in the multiphoton ionization of bicyclic ketones and to interpret

recent experimental results of Refs. [75�78].

4.2 Three- and Four-Photon Ionization of Fenchone

and Camphor

In the previous section, it was shown that the TDSC method is capable to describe the

multiphoton ionization of molecules by intense short laser pulses. In this section, this

method is applied to study the multiphoton PECD in Fenchone and Camphor. At �rst,

relevant computational details are discussed. Then, the three-photon and four-photon

PECDs in R(�) Fenchone are presented for two di�erent wavelengths of the laser pulse.

Subsequently, the three-photon and four-photon PECDs in R(+) Camphor are reported.

The presented theoretical results for Fenchone and Camphor are further quanti�ed and

compared with the experimental results of Refs. [75�78]. Finally, PECDs for uniaxially

oriented Fenchone and Camphor molecules are reported.
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4.2.1 Computational Details

For Fenchone and Camphor, calculations were performed using a sine-squared laser pulse

with the time-envelope g(t) = sin2(πt/T ) and di�erent carrier-wavelengths from 360 nm

to 410 nm. The peak intensity of the pulse was chosen to be 1012 W/cm2. Experi-

ments [75,76,79,80,84] were performed for pulse durations of about 25 fs FWHM. Due to

computational reason, somewhat shorter pulses of 10 fs FWHM were used in the present

calculations. This pulse duration requires a full propagation time T = 20 fs. Because

such pulses support about 15 optical cycles, the asymmetry due to the carrier-envelope

phase can be neglected. In order to enforce the convergence of the numerical solution over

the partial waves, the light-matter interaction was described in the dipole velocity gauge

(see Sec. 2.2).

The potential describing the interaction of the photoelectron with the molecular ion

was constructed at nuclear positions �xed at the equilibrium internuclear geometry of the

ground state of the neutral molecules [90]. This potential does include the nuclei-electron

interaction and the electrostatic Coulomb interaction of the photoelectron with all elec-

trons in the occupied shells of the ionized molecule. These orbitals were generated within

the Hartree-Fock approximation in a triple zeta valence (TZV) basis set [165] with two

additional polarization functions of the p-type and one function of the d-type. For this

purpose, the free software program PC GAMESS (General Atomic and Molecular Elec-

tron Structure System) version of Alex A. Granovsky (http://classic.chem.msu.su/gran/

gamess/index.html) of the GAMESS (US) QC package [166] has been used.

The HOMO-ionized Fenchone and Camphor molecules have 83 bound electrons, which

are distributed over 42 shells. The Coulomb interaction of the photoelectron with these

electrons consists of the local direct and non-local exchange potentials. For the present

calculations, the exact non-local exchange interaction was replaced by a local potential,

which was described within the Xα-approximation [167]. In this way, the calculations

by the TDSC method can be carried out at reasonable computational costs. In order to

further enforce the convergence of the numerical solution over the partial harmonics l and

m, the center of the molecule was set to be at the center of the total charge distribution of

the molecular ion, including contributions of all nuclei and bound electrons. For the chosen

molecular center, the permanent dipole moment of the ion vanishes. The molecular frame

was chosen in such a way, that the C=O bonds of the Fenchone and Camphor molecules

coincide with the z′-axis.

The single center expansions of the photoelectron wave packets were restricted to the
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partial waves with l, |m| ≤ 25. In order to support the photoelectron wave packets

resulting from the three-photon ionization and four-photon ATI processes during the

entire propagation time T , a radial grid of the size r ≤ 425 a.u. was chosen. This radial

grid was divided into two areas with �nite elements of di�erent sizes. In the inner part of

the molecules, the sizes of the �nite elements were set according to the positions of the

Carbon and Oxygen atoms. In the outer part, they were chosen to be equidistant with a

size of 2.5 a.u. All �nite elements were covered by 10 Gauss-Lobatto points.

In order to obtain the initial electronic state, the stationary Hamiltonian matrix (with-

out the laser pulse) was diagonalized in the reduced space interval of r ≤ 25 a.u. Here, the

HOMO of the Camphor and Fenchone molecules is represented by the Eigenstate orbital

no. 42 obtained in the above described one-particle electron potential. The α parameter

of the local exchange potential Xα was set to 0.85 for Fenchone and to 0.87 for Camphor.

Thereby, the theoretical absolute value of the binding energy of the HOMO was equated

with the experimental ionization potential (IP) of the respective HOMO (8.6 eV for Fen-

chone [51] and 8.7 eV for Camphor [168]). The molecular orbital no. 42 calculated using

the present Xα-potential and the respective HOMOs calculated using the Hartree-Fock

approximation have an overlap of about 93% for both molecules.

In order to simulate a gas of randomly oriented molecules, calculations were performed

for di�erent molecular orientations, which are de�ned by the two rotational Euler angles

α and β. Here, the z′-axis of the molecular frame is de�ned by the C=O bond and the

z-axis of the laboratory frame is de�ned by the direction of the propagation of the laser

pulse. As explicitly explained in the previous Sec. 4.1, integration over the third rotational

Euler angle γ can be performed analytically for the considered axially-symmetric circular

polarized pulse. For the remaining two angles, calculations were performed in the intervals

α ∈ [0, 2π) and β ∈ [0, π] with a step size of ∆α = ∆β = 0.1π. For each molecular

orientation, the initial electronic state as well as the molecular potential were transformed

before the propagation from the molecular to the laboratory frame.

During the calculation, the orbitals nos. 1�41, which are occupied in the molecular ion,

as well as all one-particle orbitals with an energy larger than 1000 a.u. were excluded from

the propagation via the one particle projector in Eq. 2.88. Excluding the latter high-energy

orbitals increases the accuracy of the integration over time. After the averaging over all

molecular orientations, the computed momentum distribution was represented via Eq. 4.3.

Parts of the calculations for Camphor and Fenchone were performed on the Lichtenberg

high performance computer [169] of the TU Darmstadt.
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Figure 4.6: From Ref. [92] 28. Multiphoton PECD computed for randomly oriented R(�)

Fenchone molecules ionized by a sine-squared laser pulse with a wavelength

of 400 nm. The pulse propagates horizontally from the left to the right along

the laboratory z-axis, which coincides with k||. The photoelectrons emitted

due to the three-photon ionization form the inner ring, while the photoelec-

trons emitted due to the four-photon ATI process the outer ring. The PECD

signal is obtained as the di�erence between the two spectra computed for the

right-handed and left-handed circularly polarized pulses. Each signal is shown

in percent relatively to the maximum in the respective PI and ATI spectra,

computed for one of the polarizations. The resulting forward/backward asym-

metry can directly be compared with the experimental results from Ref. [79]

(depicted here in the left panel of Fig.4.7).

4.2.2 R(�) Fenchone at 400 nm

First, the multiphoton ionization of randomly oriented R(�) Fenchone molecules by a

400 nm laser pulse is considered. The resulting theoretical PECD is shown in Fig. 4.6

in the momentum space (k||, k⊥). The emission angle θ is measured with respect to the

k||-axis, such that the positive values of k|| correspond to a forward emission direction

28Reprinted from A.D. Müller, A.N. Artemyev, and Ph.V. Demekhin, J. Chem. Phys. 148, 214307

(2018), with the permission of AIP Publishing.
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Figure 4.7: Abel-inverted antisymmetric part of the PECD for R(�) Fenchone and R(+)

Camphor ionized by 398 nm laser pulses 29. Values over 1 eV are shown on

an increased scale. The arrow indicates the propagation direction of the laser

pulse. For Fenchone, the �rst maxima at about 0.56 eV represent electrons

from the three-photon REMPI process and the second maxima at about 3.8 eV

the electrons from the four-photon ATI process. For Camphor, these kinetic

energies are equal to 0.52 eV and 3.7 eV, respectively.

and negative to a backward. The PECD shown in Fig. 4.6 is obtained as the di�erence

between the normalized emission distributions 4.3 computed for the right-handed (CPR)

and left-handed (CPL) circularly polarized pulses: WCPR(~k)−WCPL(~k).

In Fig. 4.6, two electron signals with maxima at di�erent values of the momentum |~k| are
present. The �rst signal (an inner ring at k ≈ 0.23 a.u.) represents PI electrons emitted

due to the absorption of three photons. Each photon has an energy of ω = 3.10 eV,

resulting in photoelectrons with a kinetic energy of ε = k2/2 = 3ω − IP = 0.70 eV. The

second signal forms an outer ring at k ≈ 0.53 a.u. It represents the ATI electrons, which

were released by the four-photon absorption. These electrons have a kinetic energy of

ε = 4ω − IP = 3.80 eV. The presently computed PI spectra are about 10 times stronger

than the ATI spectra, since, at the chosen pulse intensity, the latter process is less probable

than the former. Therefore, in order to enable the comparison of both signals, the present

PECDs are shown in Fig. 4.6 in percent of the maximal intensity of the respective PI and

ATI spectra obtained for one circular polarization.

29Abel-inverted images kindly provided by C. Lux.

92



4.2 Three- and Four-Photon Ionization of Fenchone and Camphor

Both signals in Fig. 4.6 exhibit a positive PECD for positive k||. This means, that

the PI and ATI electrons released from the R(�) Fenchone molecule ionized by a 400 nm

CPR pulse are preferably emitted in the forward direction with respect to the propagation

direction of the laser pulse. The presently obtained PECD for the three-photon ionization

is about 13% of the maximal PI signal, while that for the four-photon ionization is about

9% of the maximal ATI signal. These theoretical results are in good agreement with the

experimental results in Refs. [75, 76, 79, 80]. This can be recognized when the theoretical

results from Fig. 4.6 are compared with the experimental results of Ref. [79], which are

depicted here in Fig. 4.7. The experiments [79] were carried out using a laser pulse with

a wavelength of 398 nm. In Fig. 4.7, the antisymmetric component of the Abel-inverted

signal is shown for both, R(�) Fenchone and R(+) Camphor (which will be discussed

later), as indicated in the title of the panels. Similar to the theory, two ring-shaped

maxima can be identi�ed in the results of the experiment on Fenchone. While the inner

ring at ε ≈ 0.56 eV corresponds to the 2 + 1 REMPI process, the outer ring at ε ≈ 3.8 eV

represents the ATI process. Very similar results for the wavelength of 398 nm are also

reported by a di�erent group in Ref. [85].

Table 4.1 enables a quantitative comparison of the present theoretical results with the

respective experimental results from Refs. [80, 84, 85]. The results for randomly oriented

R(�) Fenchone molecules ionized by 400 nm pulses are collected in the upper panel of

this table (the other panels will be discussed later). The table collects the computed and

measured relative odd coe�cients b̃CPR2n+1 from the expansion 4.3. In the last column, the

respective total P̃ECD from Eq. 1.6 is given.

Table 4.1 demonstrates a very good agreement between the computed and measured

odd expansion coe�cients and the total P̃ECD for the PI electrons of R(�) Fenchone.

The respective agreement for the ATI electrons is satisfactory. One can notice, that the

absolute value of the measured coe�cient b̃CPR3 is larger than the value of b̃CPR1 and they

have di�erent signs. Because of this, the experimental PECD signal of the ATI electrons

exhibits an angular structure [80,85]. In the theory, b̃CPR1 is larger than b̃CPR3 and they have

similar signs. In order to understand why the computed and measured total P̃ECD for

ATI electrons are still very similar, one needs to have a closer look at Eq. 1.6. Here, the b̃1

and b̃3 coe�cients contribute to the total P̃ECD with di�erent signs, which compensates

the disagreements between the individual coe�cients.
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Source/case b̃CPR1 b̃CPR3 b̃CPR5 b̃CPR7 P̃ECD(%)

R(�) Fenchone at 400 nm

Theor. PI +0.049 �0.006 +0.006 +0.002 +10.2%

Expt.a PI +0.048 �0.005 �0.003 +0.001 +9.7%

Expt.b PI +0.055 �0.010 +0.004 +11.6%

Theor. ATI +0.026 +0.019 �0.010 +0.002 +4.0%

Expt.a ATI +0.016 �0.018 +0.003 +0.005 +4.1%

Expt.b ATI +0.027 �0.033 +0.006 +7.2%

R(�) Fenchone at 380 nm

Theor. PI �0.040 +0.021 �0.023 +0.004 �9.7%

Expt.c PI �0.014 �0.004 �2.6%

Theor. ATI +0.043 �0.040 +0.001 �0.001 +10.6%

R(+) Camphor at 360 nm

Theor. PI +0.022 �0.026 �0.003 �0.005 +5.7%

Expt.d PI +0.019 �0.039 �0.001 +0.004 +5.7%

Theor. ATI +0.009 �0.092 +0.034 �0.010 +7.4%

Expt.d ATI +0.018 �0.049 +0.029 �0.004 +6.8%

a Data from Ref. [80] acquired at 398 nm (Table SI2 in the Supporting Information);

b Data from Ref. [85] acquired at 398 nm (extracted form Fig. 5 at the maxima of respective

photoelectron spectra and converted from S(+) to R(�) Fenchone);

c Data from Ref. [84] (extracted from Fig. 7 for the 3p2 state at the photoelectron energy of 1.21 eV

and converted from S(+) to R(�) Fenchone);

d Data from Ref. [80] acquired at 398 nm (Table SI1 in the Supporting Information).

Table 4.1: From Ref. [92] 30. Odd b̃CPR2n+1 Legendre expansion coe�cients relative to b̃CPR0

and the total P̃ECD of Eq. 1.6. All data were computed or measured for

randomly oriented Camphor and Fenchone molecules.
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Figure 4.8: From Ref. [92] 31. Same as in Fig. 4.6, but for a pulse with the wavelength of

380 nm. Note the change of sign of the inner ring compared to that obtained

for 400 nm pulses (see Fig. 4.6).

4.2.3 R(�) Fenchone at 380 nm

The previous section demonstrates, that the TDSC method is able to provide a qualitative

and also quantitative interpretation of the experimental results for PI and ATI spectra

of Fenchone exposed to 400 nm pulses. In this section, the wavelength dependence of

the multiphoton PECD is studied (the respective experimental results can be found in

Ref. [84]). For this purpose, calculations for longer and shorter wavelengths in the range

of 360 − 410 nm were performed. This interval of wavelengths was covered in steps of

∆λ = 10 nm. During the present study, it was found that for wavelength shorter than

388 nm, the sign of the multiphoton PECD computed for the three-photon ionization

of Fenchone changes. This fact is demonstrated in Fig. 4.8. Here, calculations were

performed for a pulse with the wavelength of 380 nm. The theoretical results in Fig. 4.8

are shown in the same way as in Fig. 4.6. By comparing Figs. 4.6 and 4.8, one notices

30Reprinted from A.D. Müller, A.N. Artemyev, and Ph.V. Demekhin, J. Chem. Phys. 148, 214307

(2018), with the permission of AIP Publishing.
31Reprinted from A.D. Müller, A.N. Artemyev, and Ph.V. Demekhin, J. Chem. Phys. 148, 214307

(2018), with the permission of AIP Publishing.
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4 Multiphoton Photoelectron Circular Dichroism

Figure 4.9: From Ref. [84] 32. Antisymmetric part of the PECD images obtained exper-

imentally for S(+) Fenchone with 412 nm, 376 nm and 359 nm laser pulses.

The raw PECD signals are shown in the top-half of each image, and their

Abel-inverse transformations in the bottom half.

that both spectra exhibit similar structures. The inner rings represent three-photon PI

electrons and the outer rings four-photon ATI electrons. However, due to the smaller

wavelength, the inner ring in Fig. 4.8 has its maximum at k ≈ 0.30 a.u., which is given

by the energy conservation law: ε = 3ω − IP = 1.21 eV. The outer ring has now its

maximum at k ≈ 0.57 a.u., since here ε = 4ω − IP = 4.48 eV.

For comparison, the corresponding experimental PECD measured for the 2 + 1 REMPI

process of S(+) Fenchone at di�erent wavelengths is illustrated in Fig. 4.9, which is

taken from Ref. [84]. Here, the PECD measured at 412 nm can be compared with that

computed for 400 nm pulses. One can see, that the theoretical (Fig. 4.6) and experimental

(left panel of Fig. 4.9) PECD signals are very similar (note that the data from Ref. [84]

were measured for S(+) Fenchone, while the present calculations were performed for R(�)

Fenchone). In Ref. [84], it is suggested that the photoionization of Fenchone at 400 nm

proceeds through the two-photon excitation of the lower vibrational levels of the B-band

of Fenchone via the 3s← n transition.

For a shorter wavelength of 376 nm, the middle panel of Fig. 4.9 demonstrates two

signals. Both are associated with the three-photon ionization of Fenchone: The inner ring

is due to the excitation of higher vibrational levels of the B-band and the outer ring is due

to the excitation of the lower vibrational levels of the intermediate C-band by a 3p ← n

transition. In this �gure, the PECD signal associated with the C-band (outer ring) in the

middle panel has an opposite sign compared to that observed for the B-band (the inner

ring in the middle panel or the ring in the left panel). A similar situation applies to the

32Reprinted from A. Kastner, T. Ring, B.C. Krüger, G.B. Park, T. Schäfer, A. Senftleben, and T.

Baumert, J. Chem. Phys. 147, 013926 (2017), with the permission of AIP Publishing.
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PI signals computed here for 400 and 380 nm pulses (compare the inner rings in Figs. 4.6

and 4.8). One should note that only one atomic-like electronic state can be addressed

in the two-photon excitation step in the present theoretical model, owing to the frozen

internuclear geometry. Interestingly, the four-photon PECDs of Fenchone computed for

400 and 380 nm pulses (the outer rings in Figs. 4.6 and 4.8) have similar signs. This

di�erence between the three-photon and four-photon PECDs indicates that the PI and

ATI electrons experience distinctly di�erent multiple scattering e�ects.

The quantitative results on the three- and four-photon PECD computed for the 380 nm

pulse are collected in the middle panel of Tab. 4.1. For comparison, the only available ex-

perimental coe�cients b̃CPR1 and b̃CPR3 and the respective three-photon P̃ECD for the 3p2

state of the C-band from Ref. [84] are also shown. These data represent the photoelectron

energy of ε = 1.21 eV, which is equal to the kinetic energy of PI electrons computed at

380 nm. One can see from the middle panel of Tab. 4.1, that the theory reproduces the

sign of the experimental three-photon PECD, but it overestimates the e�ect by a factor

of three.

In the literature [77,83,84,90], it is suggested that the wavelength dependence of PECD

in the 2 + 1 REMPI of Fenchone is caused by the population of di�erent intermediate

states in the two-photon excitation step. The associated two-photon absorption ma-

trix element makes the probability for the population of the intermediate state to be

orientation-dependent [90]. It favors speci�c orientations of the initially randomly ori-

ented molecules by preferred excitation in this step. The present calculations show, that

the total photoelectron yield computed at selected molecular orientations is considerably

enhanced, which indirectly indicates the in�uence of the intermediate electronic state.

In order to identify those intermediate states, the stationary Hamiltonian matrix of

Fenchone was diagonalized in a larger spatial interval of r ≤ 50. From the resulting energy

spectrum, it appears that the absorption of two 400 nm photons excites the system from

its ground electronic state to a very close proximity of the electronic Eigenstate with the

one-electron energy of ε = −2.38 eV. This is comparable with ε = 2ω − IP = −2.40 eV.

For the absorption of two 380 nm photons, the energy ε = 2ω − IP = −2.06 eV is very

close to the energy of the electronic Eigenstate ε = −2.03 eV. Figure 4.10 compares the

radial densities |r ·Ψ(r)|2 of these two intermediate electronic states of Fenchone with the

radial density of the HOMO electron. The mean radii of the intermediate states (8.03 a.u.

for a 400 nm pulse and 8.68 a.u. for a 380 nm pulse) suggest, that these excited states

have a characteristic structure of the 3s/3p Rydberg orbitals.
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Figure 4.10: From Ref. [92] 33. Radial densities of the two-photon absorption interme-

diate electronic states of R(�) Fenchone excited by laser pulses with the

wavelengths of 400 nm and 380 nm. For a better comparison, the radial den-

sity of the HOMO electron is also shown on a suppressed scale (see legend).

The vertical bars indicate the positions of the Carbon and Oxygen atoms

of the C=O bond. The mean radii of these molecular orbitals suggest their

Rydberg-type character with the principal quantum number n = 3.

4.2.4 R(+) Camphor at 360 nm

Similar to Fenchone, the multiphoton ionization of Camphor by short intense laser pulses

was studied in the wavelength interval of 360 − 410 nm. The three- and four-photon

PECDs of Camphor computed in the present work for 400 nm pulses do not reproduce the

experimental results of Refs. [75,76,79,80]. Nevertheless, those experimental results could

be reproduced at a wavelength of 360 nm. The multiphoton PECD of Camphor resulting

from these calculations is depicted in Fig. 4.11. Again, two ring-shaped signals are present

in the spectrum. The inner ring located at k ≈ 0.35 a.u. represents photoelectrons emitted

due to the absorption of three photons with the energy ω = 3.45 eV. These electons have

a kinetic energy of ε = 2ω − IP = 1.65 eV. The outer ring at k ≈ 0.61 eV represents

photoelectrons with the kinetic energy of ε = 4ω− IP = 5.10 eV, which were emitted due

33Reprinted from A.D. Müller, A.N. Artemyev, and Ph.V. Demekhin, J. Chem. Phys. 148, 214307

(2018), with the permission of AIP Publishing.
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Figure 4.11: From Ref. [92] 34. Same as Fig. 4.6, but for randomly oriented R(+) Cam-

phor molecules and laser pulses with a wavelength of 360 nm. The computed

forward/backward asymmetry of the photoemission from this molecule can

be compared with the experimental PECD spectra measured in Ref. [79] (re-

ported here in the right panel of Fig. 4.7). The calculations clearly reproduce

the nodal structures in the forward and backward hemispheres including the

overall sign and size of the e�ect.

to four-photon ATI process.

From Fig. 4.11 one can see, that the three- and the four-photon PECDs, computed

for randomly oriented Camphor molecules ionized by a 360 nm laser pulse, demonstrate

similar nodal structures. For instance, in the forward hemisphere, the sign of the computed

PECDs changes from negative for small emission angles to positive for large angles. For the

three-photon PECD, the computed e�ect is on the order of 5% of the maximal PI signal,

and for the four-photon PECD, it is about 9% of the maximal ATI signal. This �ndings

agree well with the experimental results of Refs. [75, 76, 79, 80]. This becomes especially

evident, if one compares the theoretical PECD from Fig. 4.11 with the experimental

results from the right panel of Fig. 4.7. The latter shows similar nodal structures in the

34Reprinted from A.D. Müller, A.N. Artemyev, and Ph.V. Demekhin, J. Chem. Phys. 148, 214307

(2018), with the permission of AIP Publishing.
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4 Multiphoton Photoelectron Circular Dichroism

chiral asymmetry observed for the PI and ATI electrons of R(+) Camphor at the kinetic

energies of ε ≈ 0.52 eV and ε ≈ 3.7 eV, respectively.

The lower panel of Tab. 4.1 collects the odd Legendre expansion coe�cients 4.3 and

the total P̃ECDs 1.6, computed for PI and ATI electrons of randomly oriented Camphor

molecules exposed to 360 nm CPR pulses. These theoretical values are compared in this

table with the experimental results of Ref. [80]. Table 4.1 demonstrates a good agreement

between the results computed here for a 360 nm pulse and those measured in Ref. [80]. In

both cases, the largest contribution to the total asymmetries 1.6 in the PI and ATI signals

comes from the b̃CPR3 coe�cient, creating the observed nodal structure. In the calculations,

by the absorption of two photons with a wavelength of 360 nm, the Camphor molecule

is excited to a close proximity of the electronic Eigenstate of energy ε = −1.78 eV (to be

compared with ε = 2ω − IP = −1.80 eV).

For the 360 nm laser pulse considered in the calculations, the electron continuum spec-

trum of Camphor is populated at somewhat higher kinetic energies than for the 398 nm

laser pulse used in the experiments [75, 76, 79, 80]. In particular, the PI and ATI signals

appear in the calculations at electron energies of ε = 1.65 eV and ε = 5.10 eV, while in

the experiment these energies are ε = 0.52 eV and ε = 3.7 eV respectively. The good

agreement between the theoretical and experimental results suggests, that the electron

continuum spectrum of Camphor generated close to the ionization threshold by the present

molecular potential, is slightly shifted to larger kinetic energies. This potential neglects

the electron correlation and uses a local exchange interaction being thereby slightly weak-

ened. In the case of Fenchone, these shortcomings seem to compensate each other, which

results in an adequate attraction strength for the photoelectron in the continuum close

to the ionization threshold.

4.2.5 Uniaxially Oriented Molecules

In Sec. 4.1, it was demonstrated that for speci�c orientations of a model methane-like

chiral system, the computed PECD can become larger than 50%. Being averaged over

all molecular orientations, the resulting asymmetry becomes considerably smaller. Re-

cently [66], this e�ect was observed experimentally for the inner-shell photoionization

of uniaxially oriented Methyloxirane. In this section, the multiphoton PECD of Fen-

chone and Camphor is studied for di�erent molecular orientations. Here, only one axis of

these molecules can be introduced uniquely. This axis is given by the C=O bond of the

molecule, which is used here to de�ne the molecular z′-axis. Therefore, below only the
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Figure 4.12: From Ref. [92] 35. Multiphoton PECDs as functions of the molecular orien-

tation angle β between the C=O bond and the propagation direction of the

laser pulse. Calculations were performed for PI and ATI spectra of Fenchone

and Camphor, which were exposed to laser pulses with a wavelength of 400

and 360 nm, respectively. Performing the averaging over the orientation an-

gle β results in the total P̃ECD listed in Tab. 4.1 (see also data shown in

the parenthesis in the legend).

orientation angle β between the z- and z′-axes is considered explicitly and the computed

angle-resolved multiphoton-ionization spectra are averaged over the remaining two angles

α and γ.

In order to calculate multiphoton PECD, Eq. 4.4 is used below. Note that the PECD

as well as the expansion coe�cients b2n+1 depend on the angle β. Since the odd Legendre

coe�cients have the asymmetry property of bCPL2n+1(β) = −bCPR2n+1(π − β) [89], Eq. 4.4 can

be brought into a form, which is totally symmetric with respect to the angle β = π
2
:

PECD(β) =(bCPR1 (β) + bCPR1 (π − β))− 1

4
(bCPR3 (β) + bCPR3 (π − β))+

1

8
(bCPR5 (β) + bCPR5 (π − β))− 5

64
(bCPR7 (β) + bCPR7 (π − β)).

(4.7)

35Reprinted from A.D. Müller, A.N. Artemyev, and Ph.V. Demekhin, J. Chem. Phys. 148, 214307

(2018), with the permission of AIP Publishing.
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4 Multiphoton Photoelectron Circular Dichroism

Being further averaged over the orientation angle β, the PECD(β) 4.7 reduces to its

standard form of Eq. 1.6 [74, 75, 77, 89]. The presently computed multiphoton PECDs

for uniaxially oriented Fenchone and Camphor exposed to 400 and 360 nm pulses are

depicted in Fig. 4.12.

Figure 4.12 shows, that the three-photon PECD of Fenchone computed for the orien-

tation of the C=O bond parallel or antiparallel to the direction of the propagation of

the laser pulse amounts to 19.1%, which is almost two times larger than that for the

randomly oriented molecules (+10.2%). For the four-photon ATI signal of Fenchone, the

computed PECD changes its sign for di�erent angles β, such that for an angle of β ≈ 90◦

it is negative −14.9%, and for angles of β ≈ 55◦ and 125◦ it is large and positive +14.9%.

Because of this change of sign, the total four-photon P̃ECD of the ATI signal drops to

about +4.0%. When the C=O bond of Camphor is oriented at β = 90◦, the computed

PECD e�ect is largest for both, the PI and the ATI signals. For the PI signal, this ef-

fect is about +8%, and for the ATI signal it is even +33%. When the C=O bond of

the molecule is oriented parallel or antiparallel to the propagation direction of the laser

pulse, the three-photon PECD almost vanishes resulting in a slightly smaller asymmetry

of about +5.7% on average. For the ATI signal, an averaging over all orientations yields

an asymmetry of +7.4%. This is due to the large negative contribution of about −33%

provided by the orientation of the C=O bond along the light propagation.

4.2.6 Summary

In this section, the multiphoton PECD of bicyclic ketons by short intense laser pulses was

studied with the time-dependent single center (TDSC) method, which was tested in the

previous section. The theoretical results are compared with the experimental data from

Refs. [75, 76, 79, 80, 84] obtained for the three-photon resonance-enhance ionization (PI)

and four-photon above-threshold ionization (ATI) spectra of randomly oriented Fenchone

and Camphor molecules. The present theory reproduces well the chiral asymmetry e�ect

observed in those experiments. This agreement is especially good for the PI and ATI

spectra of Fenchone exposed to 400 nm pulses. Furthermore, the change of sign of the

three-photon PECD observed for short wavelengths in experiments [84] is reproduced by

the present theory. However, the presented results obtained for a 380 nm pulse provide

a somewhat stronger e�ect than in the experiment. For Camphor, the present theory

reproduces the overall size and sign of the e�ect, as well as the nodal structures of PECD

observed in the experimental PI and ATI spectra at 398 nm. However, this agreement
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could be achieved by utilizing laser pulses with a somewhat shorter wavelength of 360 nm

in the calculation.

Results of this section demonstrate that the TDSC method is capable to describe multi-

photon PECD in real chiral molecules. In spite of the used single-active-electron approx-

imation and local Xα-potential for the exchange interaction, this method describes the

multiple scattering of the emitted photoelectron wave packet on the chiral potential of the

molecular ion. This is particularly important, since these scattering e�ects are at the heart

of the PECD [50,64,66,170]. Furthermore, the present results provide evidence, that the

intermediate electronic state, favoring selected molecular orientations in the two-photon

resonant excitation step, has an essential e�ect on the observed PECD [77, 83, 84, 90].

Finally, it is shown that the orientation of the molecule can signi�cantly enhance the

multiphoton PECD, and the conclusion drawn in Ref. [90] for the one-photon ionization

of the uniaxially oriented molecules persists also in the multiphoton ionization regime.

4.3 Conclusion

In this chapter, the multiphoton photoelectron circular dichroism (PECD) in chiral sys-

tems is investigated theoretically. At �rst, the capabilities to study the multiphoton

ionization of molecules by the time-dependent single center (TDSC) method were tested.

For this purpose, the multiphoton PECD in the photoionization (PI) and above-threshold

ionization (ATI) spectra of a �xed-in-space model chiral system was considered. Here,

the computed PECD varied in a wide range of nearly ±50% of the average ionization

yield. After integration over all molecular orientations, the computed PECD drops down

to −15.6% for PI and to −5.6% for ATI electrons. These values are of the same order as

in the existing experiments on bicyclic ketones [75�78].

After the TDSC method has been developed and tested, the three-photon and four-

photon PECD of Fenchone and Camphor were investigated theoretically with the aim

of interpreting the available experiments [75, 76, 79, 80, 84]. The theoretical results on

the multiphoton PECD of Fenchone excited by 400 and 380 nm laser pulses agree well

with the respective experimental results from Refs. [79, 84], providing a strong evidence

that the e�ect depends on the intermediate excited state. The experimental results on

Camphor obtained at 398 nm [75, 76, 79, 80] could be reproduced in the calculations by

using 360 nm pulses. This disagreement is caused by the slight inaccuracy of the present

potential for Camphor, which neglects electron correlations and utilizes a local exchange

potential. It is also predicted, that for particular molecular orientations, the multiphoton
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PECD of Camphor and Fenchone can reach up to about 33%.

One of the aims of this work was to establish the TDSC method and to apply it to

the multiphoton ionization of real molecules. In this chapter, it is demonstrated that the

method has a great potential to study multiphoton PECD. At present, the TDSC method

is used to describe further available experiments on the passage from the multiphoton ion-

ization by intense UV/visible laser pulses to the strong-�eld tunnel ionization of randomly

oriented Fenchone molecules by infrared pulses [81]. Moreover, it is extensively used to

propose new experiments on the multiphoton PECD by coherent broad-band excitation

and by bichromatic laser pulses, altogether beyond the scope of the present work.
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In this work, the electron dynamics driven by intense laser pulses were investigated the-

oretically. For this purpose, two phenomena which arise during the interaction of atoms

and chiral molecules with coherent femtosecond laser pulses were selected. The �rst phe-

nomenon, which emerges in the electron spectra after the ionization of atoms by coherent

laser pulses, is known as dynamic interference. The second phenomenon studied here is

the multiphoton photoelectron circular dichroism (PECD) in the angle-resolved electron

spectra of chiral molecules. In both cases, the selected pulse intensities were high enough

to induce multiphoton processes in a non-linear regime.

To study such processes, a new theoretical method was developed and tested in the

course of this work. This method is based on the time-dependent formulation of the single

center method (TDSC). It solves the time-dependent Schrödinger equation for a photoelec-

tron in spherical coordinates using an e�cient numerical approach. Thereby, single-active-

electron or two-electron wave packets are propagated in the molecular/atomic potentials

in the presence of arbitrary laser pulses. The TDSC method allows one to describe the

multiphoton ionization of atoms and molecules in the non-pertubative regime.

In this work, the dynamic interference was investigated in three di�erent systems and

ionization mechanisms. The �rst system is a Xenon atom and the ionization mechanism is

the resonant Auger decay. This combination was chosen in order to propose new experi-

ments on the veri�cation of the dynamic interference, since the required pulse parameters

are available at present free electron laser (FEL) facilities. The electron spectra were

computed using a minimal model, which includes the dynamics of the essential electron

states involved in the process. The main features of the numerical electron spectra were

interpreted by analytic calculations based on the stationary phase approximation. The

second system and process are a Hydrogen atom and the resonance-enhanced multipho-

ton ionization. Here, predictions of the electron spectra based on the minimal model are

already available [22]. In the present work, those predictions are veri�ed using the numeri-

cal solution of the time-dependent Schrödinger equation by the TDSC method. The third

system is a Helium atom ionized directly by one high-frequency photon, which energy
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is close to the 1s → 2p excitation transition in the ion. The calculations of the spectra

were performed within a minimal model and numerically by propagating two-electron

wave packets using the TDSC method, both yielding similar results. This combination of

system and process allowed to understand, how the correlated two-electron dynamics in

Helium in�uence the dynamic interference.

The dynamic interference always appears whenever two or more electron wave packets

of the same kinetic energy are emitted at di�erent times along the pulse. For all considered

systems and processes, the dynamic interference manifests itself in the computed electron

spectra by rich multiple-peak structures. It can be manipulated by pulse parameters,

such as carrier frequency, pulse intensity and pulse duration. So far, the e�ect of the

dynamic interference on the electron spectra could not be veri�ed experimentally. The

present study provides a solid theoretical basis for future veri�cation experiments in the

high-frequency regime. One of such experiments, proposed here for the direct ionization

of Helium, is planned for the nearest future [33].

In order to study the multiphoton PECD, a model chiral system was considered in

this work at �rst. Here, the angular distributions of the electrons, emitted by the one-

photon ionization (PI) and two-photon above-threshold ionization (ATI) processes, exhibit

a strong forward/backward asymmetry for �xed-in-space and randomly oriented model

chiral systems. This study con�rmed, that the TDSC method is able to describe the

multiphoton ionization of molecules and can straightforwardly be applied to real chiral

molecules Fenchone and Camphor with the aim to interpret available experiments on the

multiphoton PECD [75, 76, 79, 80, 84]. For this purpose, pulse parameters were chosen

accordingly to those experiments. The theoretical results on the three-photon PECD in

the PI spectra as well as on the four-photon PECD in the ATI spectra of randomly oriented

Fenchone and Camphor molecules, obtained in the present work by the TDSC method,

are in a good agreement with the respective experimental results from Refs. [79,84].

The TDSC method is not limited to the cases considered in this work. At present, it

is applied to study the multiphoton PECD in other systems and processes, for instance:

(i) to the interpretation of available experiments with Fenchone on the passage from the

multiphoton ionization by intense UV/visible laser pulses to the strong-�eld ionization by

infrared pulses [81], and (ii) to propose new experiments on the multiphoton PECD by

coherent broad-band excitation and bichromatic `butter�y' laser pulses.
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