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A B S T R A C T

Accurate loss correlations are crucial for reliable turbine performance
predictions with low-fidelity tools. However, conventional tip clear-
ance models disregard some important loss effects, e. g. from the rela-
tive motion between blades and endwall, and their natural spanwise
distributions, which are valuable for through-flow methods. The ob-
jective of this thesis is the development of more realistic tip clear-
ance models by means of high-fidelity CFD simulations, which cap-
ture all three-dimensional flow effects and provide highly resolved
results. Therefore, a numerical model of a single-stage, high-pressure
turbine was set up, verified and validated with experimental data.
The model was adapted to allow deliberate parameter variations at
the rotor. This model was used in a numerical parameter study, in
which all significant tip clearance parameters were varied individu-
ally. The simulations were evaluated concerning the mixed-out tip
clearance losses and outflow angle deviations to formulate partial
correlations for each parameter, which were eventually combined to a
set of CFD-based tip clearance correlations. In addition, a downstream
progression model was developed, which corrects the correlation re-
sults with respect to the local conditions at downstream blade rows.
To account for interrelations between the effects, Kriging surrogate
models were developed for the three primary parameters gap height,
blade loading and incidence. The space-filling technique was applied
to refine the models with additional CFD simulations at unprobed lo-
cations having high Krige variance. Compared to the CFD-based cor-
relations, the surrogate models show differences at large gap heights
and low blade loadings. Both developed tip clearance models were
implemented into a through-flow program. Furthermore, the initial
mathematical model, which distributes the losses and deviations in
spanwise direction for the through-flow method, was supplemented
by the more realistic distributions from the CFD simulations. For ver-
ification and validation, additional CFD simulations at different oper-
ation points were evaluated and performance calculations of a four-
stage air turbine were conducted. In comparison to the conventional
correlations, the new models yield more accurate tip clearance losses
and deviations and increase the agreement with the efficiency and
pressure ratio data of the turbine experiments. In particular the per-
formance results obtained with the Kriging surrogate model at part
load operation improved. Moreover, applying the CFD spanwise dis-
tributions enhances the local flow field prediction on the meridional
stream surface. In conclusion, the numerical approach succeeded in
developing more accurate and realistic tip clearance models.
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K U R Z FA S S U N G

Präzise Verlustkorrelationen sind notwendig, um zuverlässige Vorher-
sagen über Turbinenkennwerte mit Low-Fidelity Methoden treffen zu
können. Herkömmliche Spaltverlustkorrelationen vernachlässigen je-
doch wichtige Verlusteffekte, wie z. B. die der Relativbewegung zwi-
schen Schaufel und Endwand, und ihre natürlichen Radialverläufe,
die für Through-Flow Methoden vorteilhaft sind. Ziel dieser Disser-
tation ist die Entwicklung realitätstreuer Spaltmodelle unter Zuhilfe-
nahme von High-Fidelity CFD-Simulationen, welche sämtliche dreidi-
mensionalen Strömungseffekte abbilden können sowie hochaufgelös-
te Ergebnisse liefern. Dafür wurde ein numerisches Modell für eine
einstufige Hochdruckturbine erstellt, verifiziert und anhand experi-
menteller Daten validiert. Das Modell wurde angepasst, um gezielt
Parametervariationen am Rotor durchführen zu können. Anschlie-
ßend wurde eine numerische Parameterstudie durchgeführt, in der
alle signifikanten Spaltparameter einzeln variiert wurden. Die Simu-
lationen wurden hinsichtlich der ausgemischten Spaltverluste und
Abströmwinkeländerungen ausgewertet, so dass für jeden Parame-
ter Teilkorrelationen formuliert werden konnten, die dann zu den
CFD-basierten Spaltkorrelationen kombiniert wurden. Zudem wur-
de ein Modell entwickelt, das die Korrelationsergebnisse entspre-
chend den lokalen Bedingungen an den stromab liegenden Schau-
feln korrigiert. Um den Wechselwirkungen zwischen den Effekten
Rechnung zu tragen, wurde ein Kriging Ersatzmodell für die drei
Hauptparameter Spalthöhe, Schaufelbelastung und Inzidenz entwi-
ckelt. Mit der space-filling Methode wurde das Modell durch zusätz-
liche CFD-Simulationen an Orten hoher Krige-Varianz verfeinert. Bei
großen Spalthöhen und niedrigen Schaufelbelastungen unterscheidet
sich das Ersatzmodell von den CFD-basierten Korrelationen. Beide
Modelle wurden in ein Through-Flow Programm implementiert. Zu-
dem wurde ein mathematisches Modell zur radialen Verteilung der
Spaltergebnisse im Through-Flow Programm durch die realistische-
ren Verläufe der CFD-Simulationen ergänzt. Zur Verifizierung und
Validierung wurden zusätzliche CFD-Simulationen an verschiedenen
Betriebspunkten ausgewertet und Kennfeldberechnungen für eine
vierstufige Luftturbine durchgeführt. Verglichen mit den herkömm-
lichen Korrelationen liefern die neuen Modelle genauere Spaltver-
luste und Winkeländerungen und stimmen bezüglich Wirkungsgrad
und Druckverhältnis mehr mit den experimentellen Turbinendaten
überein. Insbesondere im Teillastbereich konnten mit dem Kriging
Ersatzmodell bessere Ergebnisse erzielt werden. Mit den radialen
Verläufen der CFD-Simulationen konnte das Strömungsfeld entlang
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kurzfassung

der meridionalen Stromfläche genauer abgebildet werden. Insgesamt
konnten mit der numerischen Herangehensweise erfolgreich präzise-
re und realistischere Spaltmodelle entwickelt werden.
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1
I N T R O D U C T I O N

1.1 background : efficiency demands on aero engines

Year after year, the International Air Transport Association (IATA)
testifies the growing air traffic around the world. The IATA industry
forecast report from 2018 states an increase of 74.2 % in passenger
numbers and 43.8 % in flight numbers over the past 10 years
(IATA [39, 40]). It can be expected from Fig. 1.1 (top) that the positive
trend will still continue in the future.

Figure 1.1: Development of passenger numbers and flights (top), fuel con-
sumption and CO2 emissions (bottom) (data: IATA [39, 40])

These numbers are consistent with the latest report of the Interna-
tional Civil Aviation Organization (ICAO) (ICAO [41]). Between 2016

and 2017, ICAO identifies an increase of passenger-kilometers (total
distance traveled by all passengers) and freight tonne-kilometers (to-
tal distance of transported cargo weight) by 7.9 % and 9.5 %, respec-
tively. With the increasing air traffic, its impact on the environment
and society is consistently growing as well. In 2018, IATA reports an
increase of fuel consumption and CO2 emissions over the past ten
years of 34.3 % and 33.8 %, respectively (Fig. 1.1 (bottom)).

1



1.1 background

As a consequence, the European Commission [27] initiated the ACARE

FlightPath 2050 campaign. It aims to reduce the CO2 emissions by
75 % and the NOX emissions by 90 % for new aircrafts until 2050 com-
pared to an aircraft of the year 2000. This requires research into fuel-
saving flight maneuvers, drag-reducing airframe designs and more
efficient propulsion technologies. First pollution-saving results have
already been achieved since the numbers of passengers and flights
have grown faster than the amount of CO2 emissions.

Aside from the environmental necessity, air carriers also demand
fuel-saving aircrafts from an economic point of view. The fuel costs
sum up to roughly one third of the Total Operating Costs (TOC) of
an airline (Fig. 1.2). Even though the TOC are closely related to the jet
kerosene price, the latest growth of the jet kerosene price since 2016

did not increase the carrier expenses at the same rate. One reason is
certainly the gradual introduction of more efficient technologies into
the aircraft market. Nonetheless, fuel-efficiency is and will be a major
economic factor for the airline industry.

Figure 1.2: Development of fuel costs and jet kerosene price (IATA [39, 40])

For jet engine manufacturers, fuel and emission-saving demands
become increasingly challenging, since the performance of modern
aero engines is already high: Modern high pressure turbines exhibit
efficiencies between 93 and 95 %, and low pressure turbines feature
even slightly higher efficiencies between 94 and 96 % (Bräunling [17]).
The efficiency is determined by the amount of entropy generated in-
side the components of the engine. Ideally, the compression in the
compressor and the expansion in the turbine resemble an isentropic
process according to the thermodynamic Joule-Brayton cycle. In real
engine applications, however, aerodynamic losses, arising from the
complex flow structure inside the engine, are inherent to these pro-
cesses. They are accountable for the entropy generation, and hence
the performance degradation. The identification, quantification and
reduction of the aerodynamic losses are therefore among the primary
engineering targets during the design of modern aero engines.
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1.2 motivation

1.2 motivation : loss correlations in preliminary

turbine design methods

There are three principal aerodynamic loss source categories in tur-
bomachinery: Profile losses, secondary flow losses and tip clearance
losses. Each of which accounts for about one third of the total loss
(Denton [22]). The tip clearance losses in turbines are the subject of
this work.

Profile losses originate from the viscous shear layer at the blade and
vane surfaces. Aside from the friction losses, effects from the laminar-
turbulent transition in the boundary layer, from flow separations that
mostly occur on the suction side surfaces and from supersonic shocks
downstream the throat are also included in the profile loss category.
Sometimes, the losses from the abrupt flow expansion at the blade’s
trailing edge are considered in the profile losses as well. Curtis et
al. [21] presented a breakdown of the profile loss for a low-pressure
turbine blade. 60 % of the profile loss is generated at the suction side,
20 % at the pressure side, 4 % at the trailing edge and the remaining
16 % result from mixing effects.

Figure 1.3: Secondary flow vortex system inside a turbine blade row passage

Secondary flow losses result from the complex interacting vortex
system inside the blade row passage (Fig. 1.3). Sieverding [66] and
Langston [48] give a comprehensive overview about the secondary
flow system, which is briefly summarized in the following. The vor-
tices are generated from the incoming boundary layers at hub and
casing endwalls and the pressure gradient inside the passage. The
inlet boundary layer separates at the saddle point of the blade’s lead-
ing edge. In downstream direction it rolls up into the suction and
pressure side legs of the so-called horseshoe vortex. The pressure
difference between suction and pressure side of the blade creates a
crossflow inside the passage. This crossflow feeds the pressure side
leg of the horseshoe vortex and pulls it towards the suction side of
the adjacent blade. The vortex grows in size and intensity and forms
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1.2 motivation

the passage vortex. The counter-rotating suction side leg of the horse-
shoe vortex remains smaller. Due to the pressure gradient inside the
passage its trajectory is more confined to the suction side surface. But
it is also drawn towards midspan by the strong passage vortex and
orbits around it. Smaller corner vortices arise between passage vortex,
blade and endwall surfaces.

Figure 1.4: Interaction between tip clearance vortex and secondary flow vor-
tex system inside a turbine blade row

The tip clearance or tip leakage losses are the third major loss
source category. The tip clearance is required to guarantee a safe op-
eration of the turbine by preventing the rotating blades from collid-
ing with the stationary endwall. These losses originate from the flow
through the radial gap between rotor blade tip and casing. In stators,
the tip clearance loss generally occurs between stationary vane and
rotating shaft. The fluid entering the radial gap cannot contribute to
the turbine work output, its energy is bypassed through the blade
tip gap. Moreover, the ejected leakage flow interacts with the main
passage flow due to the differences in pressures and flow directions
and causes additional mixing losses. A tip clearance vortex emerges
on the suction side of the blade tip (Fig. 1.4) and produces additional
pressure losses. It affects the secondary flow system by pushing the
tip-side passage vortex towards midspan. Aside from the losses, the
flow deflection, which affects the turbine work output, is altered by
the tip clearance as well. Near the tip gap the flow deflection is re-
duced due to the straightened leakage flow. And the interaction be-
tween tip clearance vortex and passage vortex causes local over- and
underturning regions.

Knowing the loss mechanisms and the amount of entropy gener-
ation qualifies to selectively reduce the losses and thus improve the
efficiency of turbines. Loss correlations are formulated to generalize
the loss production based on basic blade geometry and flow parame-
ters. Loss correlations are applied in fast-computing low-fidelity tools,
such as 1D mean-line computations or 2D through-flow methods, to

4



1.3 knowledge gaps

model three-dimensional flow effects. Low-fidelity methods are em-
ployed at an early design stage of new turbines and in optimization
routines to benchmark the performance of different blade geometries
and flow path layouts for various flight conditions. In addition to per-
formance data, other characteristics such as mass flow rate and work
output are also evaluated for multi-stage and multi-shaft turbines.
Promising designs are then examined in depth using sophisticated
3D Computational Fluid Dynamics (CFD) methods and full wheel tur-
bine test rig experiments to analyze turbulence, unsteady effects and
blade-to-blade interactions in detail.

To obtain reliable results with low-fidelity methods, the loss correla-
tions have to be accurately deduced from experiments, numerical cal-
culations or analytical considerations. Profile losses were extensively
investigated in experimental straight cascade wind tunnel tests. Varia-
tions of flow conditions and blade profile designs were analyzed with
respect to the loss development at the undisturbed midspan section.
A realistic turbine blade consists of different profile designs that are
radially stacked. By assuming that the radial transfer of flow energy
is neglectable for the profile losses, the results from straight cascade
tests can be applied to each individual profile of the blade. Secondary
flow loss correlations were also obtained from straight cascade wind
tunnel tests. In contrast to the profile losses, the entire exit plane and
not only the midspan section is studied. The secondary flow losses
are determined by the total losses, from which the known profile
losses are subtracted. In all of these investigations tip clearance gaps
and their losses were excluded.

1.3 knowledge gaps : accuracy of tip clearance loss

correlations

The separation and quantification of the tip clearance losses in an ex-
perimental test setup is a much more elaborate task. Tip clearance
losses always occur in connection with the two other loss mecha-
nisms. In principle, the tip clearance losses could be determined by
subtracting the known profile and secondary flow losses from the
total losses. Commonly used tip clearance loss correlations are either
based on theoretical formulations or straight cascade wind tunnel test
data and calibrated with comprehensive turbine performance data
(e. g. Ainley and Mathieson [2]). Yet, the tip clearance losses are particu-
larly affected by the relative motion between blades and endwall and
the boundary layer development inside the tip gap. Thus, experimen-
tal investigations in straight cascade wind tunnels cannot accurately
reflect all characteristics and effects of the leakage flow. The experi-
mental deduction of tip clearance loss correlations by variation of gap
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size, blade tip geometry and flow condition in a realistic turbine wind
tunnel has not been conducted so far due to its costly and complex
nature. Therefore, performance computations with low-fidelity tools
can lack in accuracy, particularly due to the simplified tip clearance
loss correlations.

Another issue is that the available tip clearance loss correlations
are designed for one-dimensional mean-line methods. Tip clearance
losses naturally emerge in the vicinity of the clearance gap and do
not interfere with the flow at the blade root. In general, only half
of the blade passage height is affected by the tip clearance flow. In
1D methods the integral value of the tip clearance loss is applied
at the mean-line position of the blade, representing the entire blade
span. In 2D methods, however, no method-specific tip clearance loss
correlations are available to date, despite their enhanced capabilities
in terms of spanwise resolution. Typically, the total amount of tip
clearance loss is calculated by a loss correlation. This integral value
is then artificially distributed in spanwise direction within a generic
gap penetration range, using a Gaussian or triangular distribution.
The deviation of the outflow angle due to the leakage flow is man-
aged similarly or even neglected. The realistic spanwise distribution
of the tip clearance loss and the flow angle deviation is currently not
taken into account in 2D through-flow methods. This might yield in-
correct inflow conditions for a downstream vane or blade row and
eventually to a miscalculated turbine work.

1.4 objectives and outline : realistic turbine tip clear-
ance loss models for through-flow methods

The main objective of this thesis is the development of realistic and
accurate tip clearance models, particularly for application in through-
flow methods. In this context the models refer to the tip clearance
loss as well as to the deviation of the outflow angle, which is caused
by the gap. The models are deduced from high-fidelity CFD results
under realistic aerothermal conditions.

To achieve this objective, the geometric and aerodynamic parame-
ters that affect the tip clearance flow are identified. Literature about
detailed tip clearance flow investigations and tip clearance loss cor-
relations is reviewed to recapitulate the tip clearance effects and to
summarize the relevant parameters.

The most prominent parameters are investigated in a numerical pa-
rameter study. Therefor, a representative single stage high pressure
turbine, which was extensively studied in the turbine test rig, is mod-
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eled with a CFD method. The CFD model is thoroughly verified and
validated with the experimental data to assure reliability of the pre-
dictions. The simulation results are post-processed to expose the tip
clearance effects not only as mixed-out, cross-sectional averaged val-
ues, but also resolved in spanwise and downstream direction.

The original rotor geometry was evaluated to obtain the baseline
flow and to compare the tip clearance effects of the simulations with
phenomena described in the literature. In the parameter study each
tip clearance parameter was studied individually to separate their ef-
fects from each other. The parameter variations are realized by modifi-
cations of blade geometry and inflow condition of the CFD model. The
tip clearance losses and deviations are evaluated and partial correla-
tions are formulated for each parameter. Differences and similarities
to the conventional empirical correlations are discussed. The partial
correlations are then combined to novel, CFD-based tip clearance cor-
relations.

Since each parameter is varied separately in the parameter study,
the correlations do not account for parameter interdependencies on
the tip clearance effects. Therefore, the efficient Kriging technique is
used to develop a surrogate model for the tip clearance loss and de-
viation in a multi-dimensional parameter space. Based on an initial
surrogate model from the parameter study results, the Krige variance
is used to automatically enhance the model by additional simulations.
For each simulated configuration of the surrogate model the radial
distributions are stored in a database.

The novel tip clearance correlations and the surrogate model are
implemented into a through-flow program. The mathematical model,
which artificially distributes the losses in spanwise direction, is aug-
mented for the tip clearance loss and deviation. Based on the actual
flow conditions, the appropriate spanwise distributions are selected
from the CFD database and applied directly to the simulation.

For validation, tip clearance losses and deviations of different
operation states are evaluated with conventional correlations and
the developed models. The results are compared and benchmarked
with supplementary high-fidelity CFD simulations. In addition,
performance simulations for a four-stage test turbine are carried
out with the through-flow program. Different tip clearance models
and modifications are applied and the results are compared with
available experimental performance data. Eventually, benefits and
limitations of the developed tip clearance models are evaluated.
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2
L I T E R AT U R E R E V I E W

In this chapter the scientific research results about the tip clearance
flow and its effects are presented. At first, the fundamental flow char-
acteristics inside and downstream the tip clearance are summarized.
Some effects are differentiated between turbines and compressors to
illustrate the disparate nature of the tip clearance flows in both com-
ponents. Experimental results about the tip clearance loss are cited
and an overview of the published tip clearance loss correlations for
turbines is given. The literature study results in the identification of
relevant parameters that affect the tip clearance loss and deviation.

2.1 tip clearance flow and loss investigations

A comprehensive overview of the tip clearance flow effects is pro-
vided by Sjolander [67]. In general, the tip clearance leakage flow orig-
inates from the blade loading, described by the pressure difference
between pressure and suction side over the blade tip. The flow en-
ters the gap at the pressure side, is accelerated through the gap up
to supersonic conditions by the pressure gradient and ejects at the
suction side, where it mixes with the main passage flow and rolls
up as the tip vortex (cf. Fig. 1.4). As a result, the tip clearance flow
produces losses inside and downstream the gap. The turbine’s work
output and performance is reduced because a fraction of the pas-
sage mass flow is diverted through the gap and ejects with a reduced
turning angle. Due to the gap-induced spanwise variations in stagna-
tion pressure and flow direction, the performance of the downstream
blade row is affected as well. Also, an upstream effect was observed
for a highly-loaded transonic stage with stator and rotor choked. The
tip gap increases the rotor throat area, causing the rotor to choke at
a higher pressure ratio. This lowers the pressure at the stator outlet
and increases its overexpansion, resulting in additional stage losses.
Positive features of the tip clearance flow include the reduction of sec-
ondary flow losses in downstream blade rows and the improvement
of the pressure recovery in a downstream diffuser (e. g. Farokhi [28]).

2.1.1 Flow Effects Inside the Gap

At subsonic conditions, the leakage mass flow is driven by the pres-
sure gradient over the blade tip. Thus, the tip clearance loss increases
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with the pressure ratio (Wheeler et al. [78]). The blade loading can be
obtained from the pressure distribution around the blade at the tip
section. Early investigations in cascade experiments have shown, that
the blade loading increases (Sjolander and Amrud [68]) or decreases
(Yamamoto [82], Inoue and Furukawa [42]) with the gap size. More re-
cent measurements, however, have shown that the pressure distri-
bution is mostly unaffected by the clearance gap. Thus, the blade
loading at tip and midspan section of the cascade are similar (Sjolan-
der [67], Yaras et al. [87]). Yaras et al. [89] analyzed the pressure dis-
tribution at the blade tip and at its opposing endwall separately. At
the endwall, where most of the leakage mass flow passes the gap, the
driving pressure gradient equals the midspan pressure difference. At
the pressure side blade tip edge, however, the pressure is decreased
due the flow acceleration into the gap (Bindon [14]). The acceleration
is completed when the leakage flow enters the gap (Yaras et al. [89]).

Figure 2.1: Leakage flow characteristic above thick and thin blade tips
(adapted from Denton [22])

The strong acceleration into the gap causes the leakage flow to sep-
arate from the blade tip (Fig. 2.1). Reducing or even eliminating the
flow separation by a radiused pressure side rim is beneficial for the
tip clearance loss (Morphis and Bindon [56]). A separation bubble de-
velops along the pressure side blade tip edge, whose width increases
with the gap size (Morphis and Bindon [56]). Inside of the separation
bubble a vortex progresses downstream towards the trailing edge.
The separation bubble constricts the leakage flow due to a reduced
effective cross section between blade tip and endwall, called the vena
contracta. If the blade tip profile is sufficiently thick, i. e. more than
four times the gap size, which is usually the case in high-pressure tur-
bines, the vena contracta jet mixes above the blade tip (Fig. 2.1 (left)).
Inoue and Furukawa [42] observed a vortex system downstream the
vena contracta, which fosters the mixing inside the gap. The mixing
process increases the entropy but also decelerates the leakage flow
and recovers the pressure, thereby reducing the pressure gradient.
In compressors, the blade tip profile is rather thin and the leakage
flow mixing is not completed until the gap exit (Fig. 2.1 (right)). The
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accelerated, constricted leakage flow reduces the pressure addition-
ally at the suction side, which increases the pressure gradient and,
hence, the leakage flow (Denton [22]). This effect is even amplified for
larger gap sizes (Heyes and Hodson [34]).

The flow acceleration through the vena contracta can cause super-
sonic flow conditions inside the gap, even though the passage flow is
subsonic. Wheeler et al. [78] found that a passage flow at a Mach num-
ber of Ma = 0.8 already produces a sonic flow at the vena contracta.
Additional losses are generated by supersonic oblique shocks, reflect-
ing between blade tip and endwall, and a normal shock at the gap
exit (Zhang and He [90]). On the other hand, the supersonic choking
condition limits the amount of leakage flow, which has the potential
to reduce the tip clearance loss (Sjolander [67]). Zhang and He [90] and
Wheeler et al. [78] have shown that the kinetic energy of the choked
leakage flow remains constant at higher Mach numbers, while the
kinetic energy of the passage flow increases. Thus, the relative contri-
bution of the tip clearance loss on the total loss reduces with increas-
ing Mach numbers. The choking condition at the vena contracta also
implicates that the leakage flow does not depend on the suction side
pressure anymore, such that the pressure gradient driven mechanism
of the leakage flow breaks down. At supersonic conditions the flow
through the tip clearance is solely determined by the pressure side
pressure and the throat of the vena contracta.

Since the blade loading does not reflect the supersonic effects of
the vena contracta, Morphis and Bindon [56] relate the leakage mass
flow and the tip clearance loss to the gap discharge coefficient CD,ṁτ

.
The discharge coefficient relates the actual leakage mass flow through
the vena contracta to the maximum possible leakage mass flow with-
out flow separation, given by the gap height and flow velocity. With
increasing gap size the gap discharge coefficient decreases. Yaras et
al. [89] use the gap discharge coefficient as a loss coefficient. Dishart
and Moore [23] analyzed the chordwise leakage mass flow rates. Near
the leading edge, the flow ejects with a uniform velocity profile in
streamwise direction, giving less evidence of mixing inside the gap.
At midchord position, the leakage mass flow and the losses reach
their maximum due to growing gap mixing effects. This mixing also
distorts the leakage outflow velocity profile. Between midchord and
trailing edge the leakage flow ejects in normal direction to the blade.

The above results were obtained from cascade experiments with
prismatic, stationary blades. Cascade experiments have the advan-
tage that extensive parameter studies can be conducted more easily
and detailed results can be acquired less expensive than in turbine
test rigs. However, Sjolander [67] and Morphis and Bindon [58] point
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out that the tip clearance flow in cascades is very idealized and the
models obtained from cascade experiments are too simplified to ac-
curately represent the complexity of the tip clearance flow. Therefore,
the results cannot be simply translated to real turbine flows. Mea-
surements in rotating systems are required to reflect the realistic con-
ditions, i. e. the relative motion between endwall and blade tip, the
Coriolis and centrifugal forces, the radial pressure balance between
hub and casing and the unsteady interaction between rotor and sta-
tor (Hübner [38]).

Figure 2.2: Different effects of relative motion on the leakage flow (adapted
from Yaras and Sjolander [85])

To overcome the issue of the relative motion in cascade experi-
ments, the motion of the endwall can be simulated by a moving
belt (e. g. Graham [32]). The relative motion reduces the leakage flow
through the gap (Morphis and Bindon [56]). Yaras and Sjolander [85] pro-
pose two explanations for this effect. First, the different boundary lay-
ers, being attached to the blade tip and the endwall, produce strong
viscous shear flows inside the gap (Fig. 2.2 (left)). For small gap sizes
the shear forces drag the gap fluid backwards and reduce the leakage
mass flow. Second, the relative motion reduces the pressure difference
that drives the leakage flow into the gap (Fig. 2.2 (right)). Hubert [37]
assumes that the blade rotation washes the boundary layer towards
the casing, which then blocks the gap flow. Morphis and Bindon [58]
cascade and turbine experiments have shown, that the undeflected,
accelerated leakage flow in cascades without relative motion causes
an underturning of the outflow. In turbines, the opposing boundary
layers in the gap reduce the leakage flow velocity and show an over-
turning of the outflow close to the endwall.

The tip vortex is also influenced by the relative motion. Graham [32]
found in water cascade experiments with a moving belt that the tip
vortex is drawn towards the suction side endwall. This increases the
pressure at the suction side gap exit, which reduces the leakage flow.
Morphis and Bindon [56] confirmed Graham’s results by comparing a
stationary and a rotating stator hub. The blocked leakage flow in turn
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attenuates the tip vortex and therewith the tip clearance losses. Yaras
and Sjolander [85, 87] investigated different speeds of the moving belt.
At high speeds the passage vortex is strengthened while the tip vor-
tex is weakened and its circulation decreases. Yaras and Sjolander [85]
and Morphis and Bindon [56] did not measure a significant change in
pressure distribution and separation bubble size by the relative mo-
tion. Thus, they conclude that the relative motion is more important
for the gap discharge coefficient and the loss formation than for the
basic gap flow, which is characterized by the driving pressure dis-
tribution. In conclusion, the relative motion effects in turbines can
reduce the tip clearance loss up to 50 % (Yaras et al. [87]).

Figure 2.3: Leakage flow blockage and amplification in turbines and com-
pressors (adapted from Farokhi [29])

In turbines, the relative motion between blade tip and endwall is
working in opposite direction to the leakage flow (Fig. 2.3 (left), Sjolan-
der [67]). In compressors, the effects are contrary because the leakage
flow is in direction of the relative motion, the flow turning is lesser
and the blade tip profile are generally thinner (Fig. 2.3 (right), Gra-
ham [32], Inoue and Furukawa [42]). The rotation in compressors in-
creases the vortex shedding and vorticity (Yaras and Sjolander [88]).
The tip clearance vortex is shifted towards the pressure side, where
it amplifies the driving pressure through the gap (Yaras et al. [87]).
Also, the thin compressor profiles do not support the development
of boundary layers as in turbines. Hence, blockage of the leakage
flow by the boundary layer shear flows is suppressed in compressors.
Thick turbine blade profiles promote the mixing inside the gap, result-
ing in smooth gap outflow profiles, while in compressors the leakage
outflow profile is more discontinuous (Hübner [38]). The spanwise
loss distribution in turbines exhibits a local maximum near the blade
tip. Towards the endwall the loss decreases again. In compressors
the tip clearance loss reaches its maximum directly at the endwall
(Bauermeister [10]). In summary, the relative motion effects in turbines
and compressors are very different. As a consequence, compressor tip
clearance loss models can not be applied to turbines and vice versa.
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2.1.2 Flow Physics Downstream the Gap

When the leakage flow ejects the tip clearance gap, it separates at the
suction side edge and rolls up into the tip vortex. The large flow de-
flection of turbine blades causes a strong tip vortex (Bauermeister [10]).
Compressor blades are less curved and, hence, have a lower blade
loading resulting in a weaker and smaller gap vortex and less se-
vere leakage flow (Lakshminarayana [47]). The roll-up is completed at
the trailing edge and then migrates towards the pressure side of the
neighboring blade due to the undeflected gap flow (Yaras and Sjolan-
der [88]). Because the leakage flow energy and flow direction is differ-
ent from the main passage flow, the interaction of both flows gener-
ates viscous shear losses. The shear losses are additionally fostered by
the contrary rotation direction of tip and passage vortex. With increas-
ing clearance gap size the tip vortex grows and intensifies, while the
passage vortex strength decreases (Yamamoto [82]). At large clearance
gaps, the cascade experiments of Sjolander and Amrud [68] have shown
that multiple tip vortices of same circulation direction are generated,
which merge to one strong tip vortex. Their reviewer Williamson, how-
ever, attributes the individual tip vortices to the simplification of the
cascade measurements, which will not occur when relative motion
is taken into consideration. Since the leakage flow passes mostly un-
deflected through the gap, it cannot contribute to the work output of
the turbine according to the Euler equation. The leakage flow causes a
flow underturning near the blade tip and a small overturning region
towards midspan (Fig. 2.4). Larger gap sizes increase the underturn-
ing because of the higher momentum of the leakage flow (Heyes and
Hodson [34]). The investigation of Morphis and Bindon [58] has shown
that the relative motion can reduce the underturning effects at the
endwall because of the leakage flow blockage. The distortion of the
outflow angle distribution can also lead to mismatched inflow condi-
tions for the downstream blade row, if the leakage flow effects are not
regarded appropriately (Inoue and Furukawa [42]).

Figure 2.4: Over- and underturning of the outflow near the blade tip
(adapted from Sjolander and Amrud [68])
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The leakage flow and the tip vortex not only affect the flow char-
acteristics in the blade tip region. Booth [16] assesses the changes
in efficiency down to midspan and in flow turning over the whole
blade span. According to Dishart and Moore [23] the influence region
is smaller. They found that the tip losses extend over 20 % of the
blade span and the flow turning changes from the endwall down
to midspan. Most tip clearance loss correlations were designed for
mean-line calculations. Sjolander and Amrud [68] point out that with
increasing gap size the pressure loading at the midspan profile de-
creases. Thus, loss predictions based on the midspan characteristic
can be erroneous, if the effect of the tip leakage is not included. The
mean-line tip clearance loss models are also commonly implemented
in through-flow methods. A realistic spanwise distribution model of
the tip clearance loss and the flow turning is highly requested to
take full advantage of the higher spanwise resolution. For compres-
sors Lakshminarayana [47] proposes a theoretical model to predict the
under- and overturning of the outflow. Based on compressor cascade
experiments Hübner [38] deduced an outflow angle correction model
from midspan to gap-side endwall by a piecewise linear approxima-
tion with four base points (Fig. 2.5). Yet, a corresponding tip clearance
deviation model for turbines is still missing.

Figure 2.5: Tip clearance deviation model ∆dτ(hc ) by Hübner

Hübner specifies the base points, i. e. the minimums and maximums
of the tip clearance deviation. They depend on the relative spanwise
coordinate hc starting from the tip-side endwall:

0 No tip clearance effect on the outflow angle near midspan

∆dτ
(
h
c = 0.5

)
= 0◦ (2.1)

1 Underturning due to the compensating flow of tip and passage
vortex

∆dτ
(
h
c = 0.35

)
= 2.5◦ (2.2)
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2 Tip vortex induced overturning
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with mean flow angle α and deflection δu (cf. Eq. 2.15 and
Eq. 2.18)

3 Tip vortex induced underturning
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with Ainley-Mathieson’s lift coefficient CL (cf. Eq. 2.17)

4 Underturning of the tip vortex at casing, weakened by the cross-
flow of the passage vortex
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The development of the tip leakage vortex and the leakage flow
mixing is not completed at the trailing edge but evolves further down-
stream. Over the first axial chord downstream the trailing edge the
loss increases rapidly, while the vorticity of the tip vortex decreases
to one quarter (Yaras and Sjolander [88], [87]). Dishart and Moore [23]
measured only 17 % of the total mixed-out tip clearance loss directly
at the trailing edge. 40 % axial chord downstream, the loss increases
to 90 %. The downstream progression of the tip clearance effects is
important for the following blade rows. If the axial distance between
the blade rows is small, the downstream blades might experience
an incompletely mixed loss and outflow angle distribution, which
can cause additional losses and stalling in the these blade rows (Hu-
bert [37], Sjolander and Amrud [68]).

2.1.3 Inflow Condition Effects

The development of the tip clearance flow is strongly dependent on
the inflow conditions. The incoming boundary layer thickness deter-
mines the blockage of the leakage flow (Hübner [38]). Yamamoto [82]
argues that the pressure distribution defines the leakage flow charac-
teristic only at small gap sizes. For large gaps, the momentum of the
gap inflow, which is determined by the endwall boundary layer, is

15



2.1 tip clearance flow and loss investigations

more significant for the leakage flow. The compressor cascade experi-
ments of Hübner [38] show an increase of the total losses with thicker
inflow boundary layers. He concludes that the additional losses orig-
inate from the higher losses that are inherent to the thicker boundary
layer. Thus, the initially higher losses of the inflow are transported
through the gap, but no additional losses are generated inside the
gap. Yet, thicker boundary layers push the peaks in the spanwise dis-
tributions of tip clearance loss and outflow angle towards midspan.

Matsunuma [52] studied the influence of turbulence intensity and
Reynolds number on the tip clearance loss in detail. He confirms Hu-
bert [37] results that the Reynolds number has a strong effect on the
total losses, i. e. the profile and secondary flow losses, but not on the
tip clearance loss. The effects of the turbulence intensity on the tip
clearance loss are rather less pronounced than the Reynolds number
effects. Low Reynolds numbers have an effect on the whole blade
span. The interaction of the strengthened tip-side passage vortex and
the leakage vortex creates a joint high loss region. On the opposite
side, at high Reynolds numbers only the blade tip region is affected,
showing two separated loss regions from the leakage vortex and a
weakened passage vortex. High freestream turbulence weakens the
passage vortex such that the passage and tip vortex concentrate in
the blade tip region. Also, with decreasing Reynolds number and tur-
bulence intensity the outflow underturning at the blade tip is raised.

Only few publications cover the influence of the incidence on the
tip clearance flow and vortex. In an experimental study, Yamamoto [82]
varied the incidence between 7.2◦ towards the pressure side and −53.3◦

towards the suction side of the blade by modifying the inflow angle
to the cascade. Thus, he actually investigated a superposition of inci-
dence and blade loading effects. The passage vortex is more sensitive
to incidence than the tip vortex, because the latter is generated at
the rear part of the blade, where the incidence effects are already
fairly diminished. However, the location of the region, where both
vortices interact with each other, depends on the incidence. Incidence
towards suction side tends to weaken the passage vortex while the tip
vortex remains unaltered. The outflow angles are only influenced in
the blade tip region. Incidence towards the pressure side affects the
loss and outflow angle over the whole blade span.

2.1.4 Loss Investigations

The most important implication of the tip clearance is the deterio-
ration in turbine efficiency. The tip clearance loss is accountable for
about 25 to 33 % of the stage loss (Booth [16]) and approximately 45 %
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of the rotor loss (Sjolander [67]). The leakage flow reduces the work
output of the turbine. It decreases the effective mass flow through the
passage and it is not deflected by the blade, thus the leakage flow
does not work on the rotor blade. Furthermore, the mixing process
inside the gap and downstream with the passage flow generates en-
tropy (Heyes and Hodson [34]).

Figure 2.6: Development and constitution of the tip clearance loss (adapted
from Bindon [14] (left) and Yaras and Sjolander [88] (right))

The streamwise development of the tip clearance loss and its com-
position was investigated by Bindon [14] in a cascade with different
gap sizes (Fig. 2.6 (left)). Up to 40 % of the chord length, the tip clear-
ance loss is independent of the gap size and only determined by the
secondary and endwall losses. At 40 % chord length the viscous shear
friction inside the gap increases the internal gap loss. At 80 % chord
length the gap flow begins to mix with the passage flow at the suction
side gap exit. At the trailing edge the leakage loss is composed of 13 %
of secondary endwall loss, which also occurs without a tip clearance,
39 % of internal gap shear loss and 48 % of mixing loss. Downstream
the trailing edge, the mixing with the main passage flow continues,
so the leakage loss still increases.

Yaras and Sjolander [86] contrast the tip clearance loss components to
the gap size (Fig. 2.6 (right)). Without a tip clearance only secondary
flow losses are generated. With increasing gap size the secondary
flow losses decrease while the mixing losses (labeled as tip leakage
loss) increase disproportional. The internal gap shear losses remain
constant over the gap size range. Morphis and Bindon [57] reduced the
internal gap loss by suppressing the separation of the flow entering
the gap with a radiused pressure side edge of the blade. Opposing
to Yaras and Sjolander they found that the internal gap loss dominates
over the mixing loss. In summary, the gap size is the most significant
parameter of the tip clearance loss.

17



2.2 tip clearance loss correlations

2.2 tip clearance loss correlations

To predict the tip clearance losses for arbitrary turbines, various loss
correlations were developed over the last decades. A comprehensive
summary of tip clearance loss correlations was published in 1982 by
Yamamoto et al. [83] and in 1985 by Booth [16]. The tip clearance loss
models are characterized into four different categories:

1 Empirical formulation based on geometry

∆ητ = −X 1©
τ

h
(2.6)

2 Theoretical formulation based on blade tip drag coefficient

Yτ = CD,τ
c

s

cos2 α2
cos3 α

, CD,τ = X 2© C2L
c

s

τ

h
(2.7)

3 Theoretical formulation based on flow characteristics

∆ητ = −X 3© η0
τ

h
(2.8)

4 Advanced formulation based on flow details such as stage loading
coefficient ψ and flow coefficient φ

∆ητ = −X 4© f(ψ,φ,CD,ṁτ
,α)

τ

h
(2.9)

The most prominent tip clearance loss correlations are presented
in the following sections. The angle definitions in these models can
differ from each other, because there is no standardized angle defini-
tion system. The appropriate angle definition of each model can be
looked up in appendix A.1. The basic flow and geometry parameters
of the correlations are shown in Fig. 2.7 and 2.8.

Figure 2.7: Flow and blade profile parameters
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2.2 tip clearance loss correlations

Figure 2.8: Duct and blade parameters

2.2.1 Empirical Formulations 1

Simple empirical, geometry based correlations with a constant calibra-
tion factor X 1© were proposed e. g. by Stodola in 1925 with X 1© = 3.1,
by Mehdahl in 1941 with X 1© = 3.5 and by Ainley and Mathieson in 1955

with X 1© = 2.6 (Ainley and Mathieson [2]). The constants were obtained
for a complete single-stage reaction turbine (Stodola and Mehdahl) and
a 50 % reaction turbine (Ainley and Mathieson).

In 1958, Traupel [75] developed a tip clearance loss model, in which
the scaling factor is not constant but depends on the flow deflection
through the passage

∆ητ = −X 1©
rτ

rm

τ− 0.002c
h

(2.10)

The scaling factor X 1© represents the increase of tip clearance loss with
the flow deflection, which represents the blade loading. The scaling
factor was found empirically by experiments. Traupel provides the
factor in terms of diagrams, which Petrovic [61] models as

X 1© = 20 x+ (2.8− 7.7
√
x)
∆wθ
wx

− 0.2 , x =
τ

c
− 0.002 (2.11)

Traupel also provides a general correction for the mean outflow angle
at the Euler radius:

∆d = 70.5◦
rτ

rm

τ

h
− 0.714◦

s

h
− 0.5◦ (2.12)

with angles being declared in degrees. The gap effect is described by
the τ

h -term. The s
h -term describes effects of the secondary flow and

the displacement of the endwall boundary layer is described by −0.5◦.
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2.2 tip clearance loss correlations

2.2.2 Theoretical Formulations Based on Drag Coefficient 2

The first complete set of loss correlations was proposed by Ainley and
Mathieson [2] in 1955. It was explained in more detail in 1957 Ainley
and Mathieson [3]. The semi-empirical Ainley-Mathieson correlations
are given as diagrams and formulas for the total stagnation pressure
loss coefficient:

Y =
pt1 − pt2
pt2 − ps2

(2.13)

Ainley and Mathieson reason their tip clearance loss correlation upon
a theoretical expression by Carter, who states that the loss effects in-
duced by the secondary flow and the tip clearance are similar. Thus,
the Ainley-Mathieson loss model employs a drag coefficient that ac-
counts for an additional drag by the tip clearance CD,τ and resembles
the secondary flow loss model:

Yτ = CD,τ
c

s

cos2 α2
cos3 α

(2.14)

α = arctan
(

tanα1 + tanα2
2

)
(2.15)

The tip clearance drag coefficient CD,τ depends on the blade lift CL,
gap height τ and blade deflection δu of the flow and is given as

CD,τ = X2 C
2
L

c

s

τ

h
(2.16)

CL = 2
s

c
δu cosα (2.17)

δu = tanα1 − tanα2 (2.18)

The resulting Ainley-Mathieson tip clearance loss model reads as

Yτ = X 2© δ2u
cos2 α2

cosα
τ

h
(2.19)

The constant is given as X 2© = 0.5 and X 2© = 0.25 for flat blade tips
and shrouded blades, respectively. Ainley and Mathieson also propose
that the tip clearance loss should be limited for the incidence. They ar-
gue that the ratio of actual incidence i to stalling incidence is should
be restricted to −1.5 6 i

is
6 1.0. Outside of this range, the tip clear-

ance loss does not increase further and progresses constantly. The
Ainley-Mathieson correlations were specified for a Reynolds number
of Re = 2 · 105. Down to a Reynolds number of Re > 5 · 104, the total
efficiency, and hence also the tip clearance loss, scales with Re−0.2.

(1− η) ∼

(
Re

2 · 105

)−0.2

(2.20)

For smaller Reynolds numbers the efficiency decrease is anticipated
to be even more rapid, yet it was not specified.
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2.2 tip clearance loss correlations

In addition to the stagnation pressure loss, Ainley and Mathieson
propose a tip clearance correction for the mean-line outflow angle.
In the tip region, the leakage flow fraction ṁτ

ṁ passes undeflected
through the gap. Thus, the average outflow angle is corrected by

α∗2 = arctan
((
1−

ṁτ

ṁ

τ

h

cosα1
cosα2

)
tanα2 +

ṁτ

ṁ

τ

h

cosα1
cosα2

tanα1

)
(2.21)

A revision of the Ainley-Mathieson correlation was published by
Dunham and Came [25] in 1970. The modified correlation is based on
the experimental data by Hubert [37] (1963), who experimentally stud-
ied the secondary flow and tip clearance losses for compressor and
turbine cascades. Hubert found that the clearance gap induced devia-
tion is linear dependent from the blade solidity and gap height.

∆dτ ∼
s

c
δu

sin2 α2
sinα

τ

c
(2.22)

Again, the global tip clearance loss is linear dependent on the blade
deflection δu. The gap height, however, shows only for small gap
sizes τ

c 6 0.04 a linear effect on the loss. The influence of the gap
height on the tip clearance loss reduces for larger gap sizes, as the ex-
perimentally based loss slope of Hubert implies (Fig. 2.9). His model
for the tip clearance energy loss coefficient ζτ reads as

ζτ ∼ δu sinα f
(τ
c

)
(2.23)

Figure 2.9: Tip clearance loss coefficient factor f for the model of Hubert [37]

Dunham and Came [25] used Hubert’s results to add a blade aspect
ratio dependency to the Ainley-Mathieson correlation and introduced
a power law for the gap size dependency to represent the graph given
in Fig. 2.9:

Yτ = X 2©
c

h
4 δ2u

cos2 α2
cosα

(τ
c

)0.78
(2.24)

Dunham and Came revised the constants to X 2© = 0.47 and X 2© = 0.37
for plain and shrouded blade tips, respectively. In contrast to the find-
ings of Hubert, Dunham and Came did not revise the Ainley-Mathieson
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2.2 tip clearance loss correlations

outflow angle deviation for a blade aspect ratio dependency. They re-
moved the Reynolds number dependency from the Ainley-Mathieson
tip clearance loss correlation, but kept it for the secondary flow losses.

In 1968, Balje and Binsley [8] also used Hubert’s experimental data to
deduce a tip clearance loss correlation for the energy loss coefficient:

ζτ = 0.0696
c

h
δu sinα tanh

(
13
τ

c

)
(2.25)

Instead of Dunham-Came’s power law dependency of the gap height,
they employed a hyperbolic tangent representation for Fig. 2.9. Balje
and Binsley also transcribed Hubert’s findings about the outflow angle
change in the blade tip region to a correlation:

∆dτ = 148◦
s

c
δu

sin2 α2
sinα

τ

h
(2.26)

2.2.3 Theoretical Formulations Based on Flow Characteristics 3

Craig and Cox [19] proposed a tip clearance loss model in 1970, in
which the efficiency debit due to the radial gap is dependent on the
reference efficiency without a gap. Their model accounts for the blade
tip reaction ρR and the blade velocity coefficient ϕ, combined in the
function Fτ as depicted in Fig. 2.10:

∆ητ = −X 3© Fτ(ρR,ϕ)
rτ

rm cosα2
η0
τ

h
(2.27)

The constant yields X 3© = 1 for shrouded blades and X 3© = 1.5 for
unshrouded blades.

Figure 2.10: Efficiency debit factor Fτ for the model of Craig and Cox [19]

Kacker and Okapuu [44] (1982) use the Dunham-Came formulation for
shrouded blades. For unshrouded blades they simplified the Craig-
Cox model by omitting the factor Fτ and setting X 3© = 0.93:

∆ητ = −0.93
rτ

rm cosα2
η0
τ

h
(2.28)
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2.2 tip clearance loss correlations

2.2.4 Advanced Formulations Based on Flow Details 4

In 1970, Lakshminarayana [47] developed a tip clearance loss corre-
lation on the basis of compressor cascade experiments with incom-
pressible flow. He used the experimental results from Hubert [37] and
Bauermeister [10] to validate his model. Based on the potential vortex
theory he compiled a semi-empirical loss model, which includes all
flow and blade parameters that affect the tip clearance flow:

∆ητ = −0.7
ψ

cosα

(
1+ 10

√
1

cosα
φ

ψ

τ

c

)
τ

h
(2.29)

Lakshminarayana also proposes a theoretical tip clearance vortex model
to predict the blade-to-blade interaction in the tip region. The maxi-
mum deviation of the outflow angle, which occurs directly at the
endwall, is

∆dτ,max = arctan
(
0.25 CL

c

s
coth

π(a+ τ)

s

)
(2.30)

where the lift coefficient CL and the radius of the tip vortex core
radius a is given as

CL =
ψ

φ

s

c
cosα (2.31)

a = 0.14 τ
(
l

τ

√
CL

)0.85

(2.32)

l is the longitudinal distance of the vortex from its origin, which is
simplified to the distance to the leading edge. Lakshminarayana’s flow
model even allows to predict the tip clearance deviation at any span
position. It gives respect to the outflow underturning at the casing
above the vortex core and the overturning towards midspan below
the vortex core:

∆dτ(r) =

arctan
(
0.25 cs CL

(
1− r−τ

a

))
for τ 6 r 6 a+ τ

0 for r > a+ τ
(2.33)

In the discussion section of Lakshminarayana’s publication a spanwise
distribution of the leakage loss is requested similar to his spanwise
deviation model. This request will be addressed later in this work.

Farokhi [29] (1988) also includes characteristic flow effects in his tip
clearance loss model:

∆ητ = −CD,ṁτ

rτ

rm

√
1−

ψ

φ
tanα η0

τ

h
(2.34)
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2.2 tip clearance loss correlations

CD,ṁτ
is the blade tip discharge coefficient that relates the amount of

actual gap mass flow rate to the ideal gap mass flow rate

CD,ṁτ
=

ṁτ

ṁτ,ideal
=

ṁτ

ρ v τ c
(2.35)

In contrast to the inviscid blade tip drag coefficient, the discharge
coefficient represents the change in kinetic energy due to the leak-
age flow. Farokhi determined the rotor tip discharge coefficient CD,ṁτ

by relating the pressure loading at the tip with the pressure load-
ing at midspan position for various tip geometries, e. g. winglet and
squealer tips. For flat blade tips, the discharge coefficient lies between
0.81 and 0.83 and also accounts for the blade tip Reynolds number.
Rotational effects reduce the discharge coefficient by 5 to 15 %.

The latest tip clearance loss correlation was developed by Yaras and
Sjolander [86] in 1992. Based on the leakage loss concept of Bindon [14],
the total endwall loss in the tip region consists of secondary flow loss,
internal gap shear loss and mixing loss (cf. Fig. 2.6). They divide the
leakage loss into two parts, the internal gap loss Ygap and the loss
associated with the tip leakage flow, conventionally described as Y ′τ:

Yτ = Y ′τ + Ygap (2.36)

Y ′τ = 2X 4©,τ
c

s

cos2 α2
cos3 α

CD,ṁτ
C1.5
L

τ

h
(2.37)

Ygap = 0.007X 4©,gap
c

s

1

cosα
CD,ṁτ

√
CL

c

h
(2.38)

The discharge coefficient is estimated to be in the range 0.7 6 CD,ṁτ
6

0.8. Yaras-Sjolander’s model depends on the loading characteristic. The
constants yield

X 4©,τ =

0.566
0.5

, X 4©,gap =

0.943 front- / aft-loaded

1.0 mid-loaded
(2.39)

In order to determine the lift coefficient CL, the pressure distribution
around the profile is required for the Yaras-Sjolander model.

CL =

c∫
0

(pPS − pSS)dx

ρ
2 v
2 c

(2.40)

The implementation of the Yaras-Sjolander correlation into a low-fidelity
performance prediction method is complicated, because in general,
neither the required blade loading characteristic, nor the profile pres-
sure distribution is known in advance.
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2.2 tip clearance loss correlations

2.2.5 Loss Correlation Reviews

Over the last years, the tip clearance loss correlations were constantly
reviewed, validated with experimental test data and compared against
each other. Farokhi [29] argues that the model constant from the empir-
ical formulations matches with some experimental data but disagrees
with others, because they are not physically motivated. He also crit-
icizes that the Traupel model does not account for blade tip loading
and shape geometry.

The Ainley-Mathieson tip clearance loss correlation was found to
deliver good results in the validation carried out by Booth [16], who
investigated into the comparison of most published loss correlations
until 1985 with 11 different turbine designs. The Dunham-Came cor-
relation intends to revise Ainley-Mathieson’s model for more modern
turbines. But many authors found that this model overpredicts the tip
clearance losses (e. g. Kacker and Okapuu [44], Yaras and Sjolander [86]
and Jouybari et al. [43]). Since Dunham and Came used the experimen-
tal data from Hubert for the revision, Hubert’s results as well as any
correlation that is based on his data are at least questionable.

Lakshminarayana’s correlation is also validated with data from Hu-
bert and is developed mainly for low speed compressor cascades.
Booth [16] found that this model overpredicts the tip clearance losses
in turbines. Farokhi [29] confirmed Booth’s result. He argues that the
Lakshminarayana model constant adequately reflects the increase of
leakage flow in compressors. But the prediction is contrary to the
leakage flow blockage in turbines caused by the rotation. Sjolander
and Amrud [68] also found that the tip vortex diameter prediction of
Lakshminarayana’s correlation does not agree with their results.

The latest loss model by Yaras and Sjolander was found to deliver
the best results in a comparison conducted by Jouybari et al. [43].
They compared the results of different mean line loss models with
the experimental result of NASA’s two-stage air-cooled turbine. They
coupled Kacker-Okapuu’s loss model adaption from Benner et al. [12,
13] with the tip clearance loss model from Yaras and Sjolander [86]
and found best agreement in the results at the design point, with
increasing discrepancies at off-design calculations.

Although the leakage flow and the tip vortex are significantly in-
fluenced by the relative motion between blade tip and endwall, all
these tip clearance loss models do not consider rotational effects (Den-
ton [22]). Farokhi [29], for instance, criticizes in particular that Trau-
pel’s model parameters do not consider relative motion. Gearhart, a
reviewer of Lakshminarayana’s publication [47], discusses the validity
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2.3 identification of tip clearance loss parameters

of his analytical outflow angle calculation, which is highly dependent
on the angular rotation of the tip vortex core. Lakshminarayana uses
an inviscid tip clearance flow with stationary blades to deduce the
angular rotation. Gearhart argues that blade rotation would have an
effect on the vortex core rotation and thus on the outflow angle. In-
oue and Furukawa [42] question in general, if the application of tip
clearance loss models, which are derived from cascade data without
relative motion, could deliver reliable predictions. They conclude that
the consideration of blade rotation is crucial for correct tip clearance
loss prediction methods.

Finally, Matsunuma [52] compared the loss correlations concerning
the Reynolds number effects. The Reynolds number is not a distinct
model parameter in any tip clearance loss models. Only the Ainley-
Mathieson model includes a Reynolds number dependency. Matsunuma
found, that the Ainley-Mathieson correlation delivers good results for
high Reynolds numbers, but increasingly underpredicts the stagna-
tion pressure losses for small Reynolds numbers. As a correction he
suggests that the stagnation pressure loss correlates with Re−0.35.
His experiments also show, that the tip clearance loss is not signifi-
cantly influenced by the Reynolds number, yet the outflow angle is.
His results also show that the Dunham-Came and the Lakshminarayana
tip clearance models overpredict the losses. Best agreement within a
10 % error margin is achieved with the Kacker-Okapuu and the Yaras-
Sjolander tip clearance loss model.

2.3 identification of tip clearance loss parameters

τ h
c

c
s

rτ
rm

α2 δu α i Re ρR ϕ φ
ψ CD,ṁτ

CL

Stodola, Mehdahl
⊗

Traupel
⊗ ⊗ ⊗ ⊗

Ainley-Mathieson
⊗ ⊗ ⊗ ⊗ ⊗ ⊗

Hubert
⊗ ⊗ ⊗

Dunham-Came
⊗ ⊗ ⊗ ⊗ ⊗

Baljé-Binsley
⊗ ⊗ ⊗ ⊗

Craig-Cox
⊗ ⊗ ⊗ ⊗ ⊗

Kacker-Okapuu
⊗ ⊗ ⊗

Lakshminarayana
⊗ ⊗ ⊗

Farokhi
⊗ ⊗ ⊗ ⊗ ⊗

Yaras-Sjolander
⊗ ⊗ ⊗ ⊗ ⊗ ⊗ ⊗

Table 2.1: Relevant tip clearance loss parameters
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2.3 identification of tip clearance loss parameters

Based on the the literature study about the loss correlations, the
relevant parameters that have an effect on the tip clearance loss are
determined. Tab. 2.1 is compiled to summarize the published tip
clearance loss models and their dependencies and to identify the
most prominent parameters for further investigations.

The evaluation of the publications about the tip clearance flow
physics shows, that there are additional parameters, which are impor-
tant for the tip clearance loss prediction but have not been included
in any loss correlation so far. The investigations of Hübner [38] and
Yamamoto [82] suggest to include the effect of the incoming bound-
ary layer thickness δBL. Booth [16] and Sjolander [67] also suggest to
take reaction into consideration for the tip clearance loss. The mostly
neglected, yet important effect is attributed to the relative motion be-
tween blade tip and casing. In 1990, Yaras and Sjolander [88] firmly
promote to refine the loss correlations to account for the effects of
rotation. In their following publications from 1992 (Yaras and Sjolan-
der [85] and [87]) they performed experiments on a planar cascade
with a moving belt of different speeds to study the rotation effects
on the leakage flow inside and downstream the gap. They virtually
included their findings into their new tip clearance loss model in
terms of the lift and drag coefficient (Yaras and Sjolander [86]). How-
ever, these parameters are generally not known in advance. So, the
implementation of their new loss model into a low-fidelity turbine
design tool is impracticable. In spite of the ascertained importance
of the relative motion on the tip clearance loss, there are no loss cor-
relations that account for their effects in a pragmatic and realizable
manner. In this work a new approach is presented to assess the rota-
tional effects on the tip clearance loss via known parameters, namely
the tip radius and the rotor speed.

τ c
s

rτ
rm

α1 α2 δu α ṁτ

ṁ
ψ
φ

Traupel
⊗ ⊗

Ainley-Mathieson
⊗ ⊗ ⊗ ⊗

Hubert
⊗ ⊗ ⊗ ⊗ ⊗

Baljé-Binsley
⊗ ⊗ ⊗ ⊗ ⊗

Lakshminarayana
⊗ ⊗ ⊗ ⊗ ⊗

Table 2.2: Relevant tip clearance deviation parameters

There are fewer correlations that predict the effect of the tip
clearance on the outflow angle, i. e. the tip clearance deviation ∆dτ.
The accurate prediction of the outflow angle is just as important as
the accurate prediction of the tip clearance loss. Knowing the correct
flow angle is required to capture and remedy undesired interactions
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2.3 identification of tip clearance loss parameters

with downstream blade rows, such as misaligned inflow conditions
that result in a degraded performance. Tab. 2.2 summarizes the
relevant parameters from the tip clearance correlations, which affect
the outflow angle. Furthermore, Matsunuma [52] has shown that the
Reynolds number and the turbulence intensity also have an effect on
the leakage flow and tip vortex, and therefore on the outflow angle
in the tip clearance region.

Because of the large variety of parameters, that affect the tip clear-
ance flow, not every parameter will be investigated in this work. For
the parameter study, emphasis has been laid on the most prominent
parameters. This includes foremost the gap height τ, the blade load-
ing Z, which is represented by the deflection δu and the mean flow an-
gle α, and the incidence i. In addition, the geometry parameters blade
aspect ratio h

c and blade solidity c
s , and the flow parameter Reynolds

number Re are analyzed. The numerical versatility also allows to
study the variation of additional parameters that have not been in-
cluded in any tip clearance model until today. The rotor speed n is
investigated to reflect the effects of relative motion in a novel tip clear-
ance model. And the thickness of the incoming boundary layer at the
casing endwall δBL is varied to consider its blockage effect on the
leakage flow. The next chapter describes the turbine and the numeri-
cal setup that is used for the subsequent parameter study.
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3
M O D E L T U R B I N E A N D N U M E R I C A L S E T U P

This chapter describes the model turbine and its numerical model,
which is used for the numerical tip clearance investigations. The
numerical setup is verified and validated with experimental data.
Necessary adjustments on the numerical model to obtain a clean
baseline configuration are explained. The chapter ends with the
presentation of the post-processing methods, which are applied to
expose and quantify the tip clearance effects.

3.1 the model turbine adturb

In order to find a universal tip clearance model, the investigation of
the parameters on the tip clearance loss and deviation is carried out
on a model turbine, which is representative for any high pressure
turbine. Comprehensive experimental data of this turbine is available
for validation purposes. The ADTurB turbine was thoroughly exam-
ined in several turbine rig experiments in the past. This turbine was
designed in the course of the EU Framework 4 project Aeromechan-
ical Design of Turbine Blades (ADTurB) (BRPR-CT95-0124) in 1996 to
analyze aeroelastic effects in turbines (Rehder [64]). In 2011, this tur-
bine was used for the LuFo project RobusTurb (20T0608A) to investi-
gate into the performance of degraded and damaged rotor trailing
edges. During this measurement campaign the original turbine was
extensively analyzed again. The acquired data is used in this work to
validate the CFD model.

Figure 3.1: Shape and geometry of the ADTurB rotor blade
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3.1 the model turbine adturb

The ADTurB turbine is a single stage, uncooled, high pressure tur-
bine with 43 vanes and 64 blades. Fig. 3.1 shows the three-dimensional
shape of the ADTurB rotor blades and the profiles of the tip, midspan
and hub section of the blade. The blade characteristics are listed in
Tab. 3.1.

average aspect ratio h
c 1.15

stagger angle βs 32.6◦

trailing edge blade metal angle β2 −23.2◦

blade chord c 32.1 mm

nominal tip clearance gap height τ 0.5 mm

Table 3.1: Blade characteristics of the ADTurB rotor blade at midspan

The ADTurB turbine was installed and investigated in the Wind tun-
nel for rotating cascades Göttingen (RGG). Its axial-radial cross section
and the measurement configuration is depicted in Fig. 3.2. Pressure
tappings were installed at the endwalls to acquire the static pressures.
Pressure probes were mounted at several axial positions to measure
the stagnation and static pressures, stagnation temperatures and flow
angles inside of the flow field. Area traverse measurements were car-
ried out with the probes to obtain the cross-sectionally resolved flow
field. Detailed information about the windtunnel and the installed
pressure probes is given in appendix A.2.

Figure 3.2: Sketch of the ADTurB turbine
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3.2 cfd setup

The abrasive material Rohacell is installed inside the casing to pre-
vent serious damage to the turbine in case of rub events between rotor
and casing. The Rohacell layer above the stator is required because
the stator is mounted rotatable as well. This is necessary for the area
traverse measurements, because the pressure probes are mounted at
fixed locations on the casing and can only be traversed in radial di-
rection. The circumferential resolution is then obtained by stepwise
rotation of the stator. The Rohacell is used to seal the vanes and cas-
ing. But in the course of turbine operation time, the Rohacell material
degraded and caused a radial gap inside the Rohacell material above
the stator that has to be observed. The actual stator gap size could
not be gauged due to the soft Rohacell material.

The ADTurB turbine was designed for a speed of n = 9 000 rpm, but
mechanical and structural limitations of the test rig demanded to
lower the speed. Therefore, the experiments of the RobusTurb cam-
paign were carried out at n = 6 515 rpm. At the turbine inlet the
stagnation pressure was set to pt0 = 132 kPa and the stagnation tem-
perature to Tt0 = 313 K. The freestream turbulence intensity was
measured with a hot wire probe as approximately Tu0 = 1 %. In the
vicinity of the endwalls the turbulence intensity increases to 8 %. The
stagnation pressure ratio over the turbine was πt = 2.65. At this oper-
ation point the stator is choking, i. e. sonic conditions are reached at
the stator throat and the mass flow rate through the turbine is settled.

The experimental results were produced and published by Boet-
zer [15] and Meyer et al. [55] and are presented with the numerical
model validation.

3.2 cfd setup

All features of the ADTurB turbine were modeled for the numerical
simulations. The main programs that are used for pre- and post-
processing as well as for the simulations were developed by the In-
stitute of Propulsion Technology of the Deutsches Zentrum für Luft-
und Raumfahrt e. V. (DLR).

At first, the vanes and blades were digitalized with the program
BladeGen (Voß and Nicke [77]). In BladeGen the three-dimensional shape
of a blade is parameterized. Blade profiles at different radial posi-
tions can be described independently. The profile parameters are for
instance the blade metal angles, the leading and trailing edge thick-
ness or the stagger angle. The three-dimensional geometry is defined
by the radial stacking parameters. For instance shifting the profiles in
axial or circumferential direction generates a leaned or bowed blade.
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3.2 cfd setup

BladeGen is not only used to parameterize the original ADTurB turbine
stage in the first place, but also to vary individual tip clearance loss
parameters by a controlled variation of the blade parametrization.

Next, the flow field of the turbine is discretized, i. e. the physical
domain is transformed into a numerical domain. During the simula-
tions, the discretized versions of the governing aero-thermodynamic
equations are solved in the numerical domain. An adequate discretiza-
tion is crucial to obtain accurate results. Therefore, the discretization
of the domain is analyzed in detail in the validation subsection. In
this work, the physical domain is discretized by a structured multi
block grid using the program G3DHEXA. Each turbine blade row is de-
scribed by a O-C-G-H block topology in the S1 plane. This means
that the region attached to the blade surface is described by a O-
grid to resolve the boundary layer. The transition to the passage is
described by a C-grid and the inlet, outlet and passage regions are
described by a H- or G-grid. G3DHEXA is a script-based grid genera-
tor for structured meshes, i. e. the resulting three-dimensional mesh
is defined by a parameterization file just like the blade geometry. The
blade geometry and the mesh parameterization can be coupled. This
makes G3DHEXA very useful for automatic simulation processes as the
parameter study, in which a valid structured mesh of high quality is
generated for any geometry variation.

Figure 3.3: CFD mesh setup

The initial mesh of the ADTurB turbine stage is shown in Fig. 3.3.
Only every other grid line is shown for visualization reasons. The
positions of the inlet and outlet planes agree with the first and last
pressure probe positions of the experimental setup. Also, the position
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3.2 cfd setup

of the mixing plane between stator and rotor agrees with the cor-
responding probe position. Two additional measurement positions
downstream the rotor were defined, which agree with further experi-
mental probe locations. The resolution of the rotor tip clearance gap
is shown in detail. Due to the degraded Rohacell layer, a radial gap
had to be modeled above the stator vanes as well to enhance the vali-
dation results. In total, the initial mesh consists of 7.6 · 106 elements.

The last pre-processing step is the definition of the boundary con-
ditions and the physical models with the pre-processor GMC (General
Mesh Connector). The boundary conditions at turbine inlet and exit
were acquired during the experiments. At the inlet the stagnation
pressure pt0, stagnation temperature Tt0, flow direction α0, turbu-
lence intensity Tu0 and turbulent length scale lTu,0 have to be spec-
ified. At the outlet the static pressure ps2 has to be prescribed. The
imposed circumferentially averaged radial distributions of the bound-
ary conditions are shown in Fig. 3.4, with relative span defined as

hrel =
r− rhub

rtip − rhub
(3.1)

Figure 3.4: Measured boundary conditions, imposed to the CFD model

A straight axial inflow with α0 = 0 was imposed at the inlet. Since
the turbulent length scale lTu,0 was not measured during the experi-
mental campaign, the correlation from Kozulovic [24] was used:

lTu,0 = 0.09 · 0.05 · 0.25 · h0 = 3.9555 · 10−5 m (3.2)

The computations are conducted using the in-house CFD solver for
turbomachinery flows TRACE (Turbomachinery Research Aerodynamic
Computational Environment) at version 8.2.417. TRACE solves the com-
pressible Reynolds-Averaged Navier-Stokes (RANS) equations with the
Finite Volume Method in a discretized flow domain. The space dis-
cretization is of second order accuracy. An implicit predictor-corrector
time integration method is used for the steady simulations (Yang et
al. [84], Becker et al. [11]). As for the gas model, an ideal gas is assumed
with a specific ideal gas constant R = 287.06 J

kgK and a specific heat
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3.3 verification and validation of the cfd model

ratio of κ = 1.4. Thermal conductivity is modeled with a constant
Prandtl number of Pr = 0.72. The temperature dependency of the
viscosity is modeled by the law of Sutherland [71]

µ = µref

(
T

Tref

) 3
2 Tref + S

T + S
(3.3)

with the default reference values for air

µref = 1.7198 · 10−5
kg
ms

, Tref = 273.15 K , S = 110.0 K (3.4)

No unsteady measurement equipment was applied during the exper-
iments and no dominant transient effects are anticipated. Therefore,
only time independent simulations were carried out. In steady mode,
the stator-rotor interaction is averaged over time, i. e. the rotor expe-
riences an averaged stator downwash. Numerically this is achieved
by setting a mixing plane between the stator outlet block and rotor
inlet block (cf. Fig. 3.3). At the mixing plane radial bands of the cir-
cumferentially averaged flow quantities are imposed to the adjacent
block. The boundary layers at all solid surfaces, i. e. hub and tip end-
wall and blade surfaces, are physically resolved by a grid refinement
towards the surfaces. Due to the periodicity of the blade sections, pe-
riodic boundary conditions are imposed in circumferential direction.
As for the physics, different turbulence and transition models and
additional modifications are available. They are explained in more
detail in the following validation section.

3.3 verification and validation of the cfd model

Results from CFD computations can only be trusted if the uncertain-
ties of the numerical and physical model are quantified or at least es-
timated. Numerical uncertainties arise from the differences between
the numerical results and the exact solution of the numerical model
(AIAA [1]), which is basically the discretization of the governing equa-
tions. Their determination, called verification, is commonly done by
comparing the numerical results of simulations with increasing fi-
delity. Uncertainties of the physical model arise from the difference
between the approximated physical formulation of the nature and
the real world. During validation, these uncertainties are commonly
estimated by comparing the numerical results with corresponding ex-
perimental data. In this work a thorough verification and validation
process is presented to confirm the numerical and physical correct-
ness of the CFD model.

1 Verification of iterative convergence

2 Verification of discretization convergence

3 Validation of the physical model
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3.3 verification and validation of the cfd model

3.3.1 Verification of Iterative Convergence 1

Iterative convergence describes that the solver converged to the exact
solution of the discretized governing equations. The best measure for
the iterative convergence is, according to Ferziger and Perić [30], the
convergence error, which is the discrepancy between the current iter-
ation and the exact numerical solution. A high convergence error is
therefore a sign for insufficient iterations or for a high numerical un-
certainty of the solution. Since the exact solution is not known a priori,
a practical estimate of the convergence error are the residuals of the
governing equations. The residuals are the local imbalance of the con-
servative quantities in each cell volume. The results from Ferziger and
Perić [30] show that the residuals are up to two orders of magnitude
lower than the actual convergence error. TRACE provides residuals for
the density based RANS equation, the turbulence and the transition
model equations. For each residual the L∞-norm and the L1-norm
are calculated. In general, a decrease of three to four orders of mag-
nitude in each residual is considered to be sufficient for iterative con-
vergence (ASME [6]). Furthermore, the residuals should not oscillate,
which is checked by calculating the difference between two iterations.
Aside from the residuals, monitoring the critical global properties,
such as turbine mass flow and efficiency, supports the model verifi-
cation. Iterative convergence is reached, when the residuals and the
global properties settle at a final value.

Figure 3.5: Iteration history of residuals (left) and global properties (right)
for the baseline CFD model to assess iterative convergence

Fig. 3.5 plots the convergence history for the baseline CFD model.
10 000 iterations were calculated without a convergence stopping cri-
teria to illustrate the iteration progress. The residuals were normal-
ized by their maximum value of all iterations, which occurs generally
within the first iterations. Concerning the global properties, the rela-
tive error for the mass flow balance

∆ṁ(i) =
ṁ

(i)
0 − ṁ

(i)
2

ṁ
(i)
0

(3.5)
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and for the divergence of the turbine efficiency from the final value

∆η(i) =
η(i)

η(∞)
− 1 (3.6)

are given for each iteration i.

The L∞-norm of the residual decreases by three orders of magni-
tude, and the L1-norm decreases by nearly five orders of magnitude.
On the right, the turbine mass flow and efficiency settle nicely at their
final value. Thus the iterative convergence is verified for the baseline
model. The iterative convergence was observed and verified for all
computations in this work.

3.3.2 Verification of Discretization Convergence 2

The discretization convergence, commonly known as grid convergence,
describes that the iteratively converged solution is independent of
the chosen discretization. When iterative and discretization conver-
gence is achieved, the solution converged to the exact solution of
the numerical formulation, which ideally agrees with the solution
of the physical continuum problem. Discretization is the numerical
approximation of the governing partial differential equations. There-
fore, the smooth flow continuum has to be fragmented into numer-
ically manageable small elements, the computational mesh. The dis-
cretized equations are solved for each element in this mesh. The dis-
cretization causes approximation errors to the exact flow solution,
which generally mitigate with a discretization refinement. These dis-
cretization errors are usually dominant in a flow solution and two
to three orders of magnitude larger than the iterative errors (Eca and
Hoekstra [26]). When the refinement of the flow domain discretization
does not considerably change the solution of the problem any further,
then the solution is commonly considered to be independent of the
discretization. The solution is within the asymptotic range of conver-
gence (NASA [59]).

The following procedure to estimate the discretization uncertainty
follows in general the guide from ASME [6], i. e. all equations and
statements, unless cited otherwise, originate from this guide. In order
to review the effect of the grid resolution on the numerical solution
and therefore the discretization convergence, a grid refinement study
was carried out. Four grids with increasing number of elements were
generated and computed until iterative convergence was reached. It
is anticipated that the finest resolution, i. e. the grid with the most el-
ements, provides the most accurate results. The solutions were com-
pared in their critical global quantities of this work, which are the
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3.3 verification and validation of the cfd model

turbine mass flow ṁ, the outflow angle α2 and the stagnation pres-
sure loss coefficient Y. The radial distributions of the pressures and
flow angles were also compared, because they are used later for the
derivation of a spanwise resolved tip clearance loss model.

Concerning the grid refinement study, an average element size h is
defined as

h =
3

√
flow volume

number of elements
(3.7)

Two grids are characterized by their refinement ratio r

r =
hcoarse

hfine
(3.8)

In order to differentiate the convergence error from other error sources
the refinement ratio should not be too small. NASA [59] propose a
lower limit of r > 1.1, while ASME [6] proposes a limit of r > 1.3. In
this work a value of r = 1.2 was targeted for all grids. Substituting
the average element sizes hcoarse and hfine in Eq. 3.8 by Eq. 3.7 yields
the effective grid refinement ratio reff as defined by NASA [59]

reff =
3

√
fine grid number of elements

coarse grid number of elements
(3.9)

The number of elements and the effective refinement ratio for the four
grids are presented in Tab. 3.2.

number of elements effective refinement ratio reff

1 : finer 13 247 029

1.204

2 : standard 7 593 360

1.213

3 : coarser 4 250 432

1.180

4 : coarsest 2 590 176

Table 3.2: Grid characterizations of the grid refinement study

The discretization convergence is evaluated based on multiple cri-
teria for each critical result quantity ϕ. First, the convergence ratio R
is calculated as the ratio of result differences between different grids

R =
ε21
ε32

=
ϕ2 −ϕ1
ϕ3 −ϕ2

(3.10)
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The indices denote the grid resolution according to Tab. 3.2. Eca and
Hoekstra [26] and Stern et al. [70] characterize the convergence ratio as

R < −1 : oscillatory divergent

−1 < R < 0 : oscillatory convergent

0 < R < 1 : monotonic convergent

1 < R : monotonic divergent

Only for monotonic convergent results the discretization uncertainty
can be calculated. Therefor, the convergence order p is determined
from the refinement ratios via a fixed point iteration:

p =
1

ln r21

∣∣∣∣ln ∣∣∣∣ε32ε21
∣∣∣∣+ ln

(
r
p
21 − s

r
p
32 − s

)∣∣∣∣ , s = sign
ε32
ε21

(3.11)

The convergence order should be equivalent to the formal order of
the spatial scheme, which is in TRACE of second order. In conjunction
with the approximate relative error εa21

εa21 =

∣∣∣∣ϕ1 −ϕ2ϕ1

∣∣∣∣ (3.12)

the Grid Convergence Index (GCI) of the fine grid can be calculated.

GCI21 =
1.25 εa21
r
p
21 − 1

(3.13)

The GCI is a measure of discretization uncertainty. It indicates in terms
of percentage, how much the solution would change when the grid is
further refined. Using the GCI it can be verified with the next condi-
tion, if each grid yields solutions that are within the asymptotic range
of convergence AR (NASA [59]).

AR =
GCI32
rpGCI21

' 1 (3.14)

Lastly, the asymptotic value ϕ0, which is the estimated value at zero
grid spacing, can be calculated via the Richardson extrapolation

ϕ0 =
r
p
21ϕ1 −ϕ2

r
p
21 − 1

(3.15)

The convergence criteria were calculated for the global, most impor-
tant quantities of this work. The mass flow ṁ is an excellent quantity
for validation with experimental data due to its high measurement
accuracy. The stagnation pressure loss Y and the relative outflow an-
gle α2 are critical performance parameters of the tip clearance effects.
Only the first three grids (finer, standard, coarser) are considered for
the grid refinement study, because it is not expected that the coars-
est grid can accurately reproduce the complex turbine flow. Still, the
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Figure 3.6: Grid convergence plots for the critical quantities

quantity R p GC121 AR ϕ0

ṁ 0.20 8.35 3.61 · 10−6 0.97 4.7231

α2 −0.56 3.08 3.19 · 10−4 0.95 −62.27◦

Y 0.14 10.0 1.29 · 10−4 0.96 12.38

Table 3.3: Grid convergence criteria for the critical quantities

coarsest grid results are plotted in Fig. 3.6 for visual completeness.
The calculated convergence criteria are presented in Tab. 3.3.

The mass flow ṁ and the stagnation pressure loss Y have a satisfy-
ing convergence ratio R. Their convergence order p is above second
order and the grid results are within the asymptotic range of conver-
gence AR. Only the outflow angle α2 shows oscillatory convergence
(−1 < R < 0). Although most convergence criteria are not validated
for oscillatory convergence, they are presented in Tab. 3.3 for com-
pleteness. Anyway, the graph for the outflow angle in Fig. 3.6 shows
a satisfying asymptotic behavior with increasing grid refinement.

Figure 3.7: Grid convergence study for the radials at turbine exit

The novel, CFD based tip clearance model will not only estimate
the mixed-out values, but also their spanwise distributions. Thus,
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discretization convergence should be verified for the radial resolu-
tions of the critical quantities as well. Fig. 3.7 shows the spanwise
distributions of the relative outflow angle α2 and the stagnation
pressure loss Y at the turbine exit for all grids. The distributions
of the coarsest and the coarser grid differ considerably from the
standard and the finer grid. The distributions of the two finest grids
are in very good agreement.

In conclusion, the discretization convergence was verified for the
global critical quantities as well as for their spanwise distributions.
There are only minor differences between the standard and the finer
grid. To save computational resources, the following simulations are
carried out on the standard grid, which provides trustworthy numer-
ical results with minimized discretization errors.

3.3.3 Validation of the Physical Model 3

After iterative and discretization convergence have been verified, sev-
eral physical models were tested and analyzed. At first it is verified
that the chosen grid is capable to resolve boundary layer and transi-
tion effects. The main condition is a sufficient fine grid in the vicinity
of the endwalls. The non-dimensional parameter y+, which is a mea-
sure for the distance to the adjacent wall, is analyzed (TRACE [74]).

y+ =
uf y

ν
(3.16)

uf is the friction velocity, y is the absolute distance of the to the wall
and ν is the kinematic viscosity. Because the actual friction velocity is
required, the y+ values can only be determined from the numerical
solution. Based on the y+ value of the first grid line it can be decided,
if the first grid point is inside the viscous sublayer (y+1 < 2.5) or in-
side the inner boundary layer (y+1 > 30), where the logarithmic law of
the wall is valid. For the first case, the entire boundary layer is physi-
cally resolved and computed. For the latter case the viscous sublayer
is modeled by a wallfunction and the computation begins from the
log-layer outwards. The γ-Reθ transition model of Menter et al. [53]
requires the complete physical resolution of the boundary layer and
requires an even stricter condition on the grid resolution of y+1 < 1.

The y+1 values of the standard grid are shown in Fig. 3.8. All wall
surfaces are resolved sufficiently fine by the grid to render boundary
layer and transition effects. Only at the tip-side endwall of the stator
the maximum y+1 value of 3.3 exceeds the limit for the transition, but
is still acceptable for the boundary layer calculation.
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Figure 3.8: Non-dimensional first wall distance y+1 of the standard grid

In TRACE various turbulence and transition models and additional
modifications are available to enhance the numerical accuracy. In or-
der to avoid to compute every possible combination, the list of com-
binations was narrowed down to only the most common models
and modifications. Concerning the turbulence model, only the two
most prominent two-equation turbulence models, the k-ω model by
Wilcox [79] and the SST k-ω model by Menter et al. [54], were com-
pared. These two models are state-of-the-art in industrial turboma-
chinery simulations. Two modifications for these turbulence models
were analyzed, as well. The first modification is called stagnation
point fix and reduces the unphysical overproduction of turbulence
in the highly accelerated flow at the leading edge. Two stagnation
point fix methods are implemented in TRACE: the Kato-Launder mod-
ification (Kato and Launder [45]) and the Cauchy-Schwarz constraint
(TRACE [74]). The second modification decreases the rate of dissipa-
tion in rotational flows as it was investigated by Bardina et al. [9]. As
for the laminar-turbulent transition effect, the correlation based γ-Reθ
transition model by Menter et al. [53] was analyzed. This model solves
two additional partial differential equations for the intermittency γ
and the momentum thickness Reynolds number Reθ to detect transi-
tion. Due to the low turbulence intensity of the inflow to the ADTurB

turbine the occurrence of transition is very likely and should be con-
sidered. The implementation of this transition model into TRACE
was validated by Marciniak et al. [49]. Tab. 3.4 summarizes the models
and modifications of this validation study.

Taking into account that the modifications and the transition model
can also be disabled, 24 different configurations were computed and
analyzed eventually. Only 16 configurations reached iterative conver-
gence at all. The computed mass flow of these configurations were
validated with the experimental data. With a measured mass flow of
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Turbulence Stagnation point fix Rotation Transition

Menter SST k-ω Kato-Launder Bardina Menter γ-Reθ
Wilcox k-ω Cauchy-Schwarz

Table 3.4: Physical models available in TRACE

index Turbulence Stagnation point fix Rotation Transition

1 Menter SST Bardina Menter γ-Reθ
2 Menter SST Menter γ-Reθ
3 Menter SST Cauchy-Schwarz Bardina Menter γ-Reθ
4 Wilcox Menter γ-Reθ
5 Wilcox Cauchy-Schwarz Menter γ-Reθ

Table 3.5: Simulation configurations that reached iterative convergence and
match the experimental mass flow

ṁ = 4.7345 kg
s and a measurement accuracy of 0.3 % (Tiedemann [72]),

only the five configurations listed in Tab. 3.5 lie in the range 4.7203 kg
s 6

ṁ 6 4.7487 kg
s . These configurations are as well within the accuracy

range of the relative outflow angle (−62.40◦ 6 α2 6 −62.16◦) and the
pressure stagnation loss (11.95 6 Y 6 13.15).

All cases without the inclusion of the transition model failed ei-
ther in reaching iterative convergence or in reproducing the correct
experimental mass flow. Unfortunately no experimental data on tran-
sition occurrence is available. But some indications of transition can
be drawn from the simulation results. Transition is characterized by
the intermittency factor γ, which is defined as the fraction of time the
flow is turbulent (Schlichting and Gersten [65]). Thus, the intermittency
factor ranges from zero for a persistent laminar flow to one for a fully
turbulent flow. Fig. 3.9 shows the intermittency factor that was calcu-
lated for the model turbine at rig conditions.

Due to the low incoming turbulence intensity at rig conditions the
flow on the stator surface remains laminar. The rotor through-flow,
however, is mostly turbulent. To represent both flow conditions simul-
taneously, the transition model has to be enabled when the complete
turbine is simulated. Later, when only the rotor is simulated in the
parameter study, the transition model can be deactivated and a fully
turbulent flow can be assumed for the rotor.
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Figure 3.9: Intermittency factor γ of the model turbine at test rig conditions

To narrow down the remaining five model setups of Tab. 3.5, the
radial distributions of stagnation pressure and flow angle are com-
pared with the experimental data at rotor inlet and turbine exit. At
rotor inlet (Fig. 3.10), the leakage flow through the stator gap causes
a pressure drop and minor deflection at the tip-side endwall. All con-
figurations agree in principal with the experimental results. Only con-
figuration 2 shows deficits near the tip-side endwall. The small drop
at 70 % span in the experimental flow angle distribution, cannot be
reproduced by any flow simulation. The reason for this perturbation
is unclear since the cylindric stator vanes have a straight trailing edge.
Therefore the numerical results seem more reasonable.

Figure 3.10: Radial distribution of stagnation pressure (left) and flow angle
(right) at rotor inlet

At turbine exit (Fig. 3.11), the simulations reproduce the pressure
distribution of the experiments again quite adequately. In detail, how-
ever, the Wilcox model results (configuration 4 and 5) show more
pressure fluctuations near the endwalls. The results from the Menter
model (configurations 1 and 3) agree best with the experimental pres-
sure distribution. The most severe differences between simulation
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Figure 3.11: Radial distribution of stagnation pressure (left) and flow angle
(right) at turbine exit

and measurement emerge from the outflow angle. Although the cross-
sectional averaged outflow angle of the simulation is within the accu-
racy range of the experiments, the radial resolution shows a consid-
erable lower deflection in the casing region and a higher deflection
in the hub region. The best results, with still an angle difference of
∆α2 = 4.7◦ at the tip, were obtained with configuration 1 and 3.

Figure 3.12: Experimental area traverse data of the outflow angle at turbine
exit (left) and comparison of different approaches to validate
the outflow angle at turbine exit (right)

The strong divergence in the tip region can be attributed to the
stator gap flow. Firstly, when the stator gap is removed in the sim-
ulations, the quality of the results degrades even further. Secondly,
the mixing plane between stator and rotor introduces an artificial cir-
cumferential homogenization at the rotor inlet. On the contrary, the
area traverse measurements at the turbine exit show inhomogeneous
flow effects in circumferential direction that occur with a periodicity
of the stator pitch (Fig. 3.12 (left)). Apparently, the stator outflow is
not completely mixed by the rotor. These time-dependent effects were
analyzed in a supplementary unsteady simulation without a mixing
plane. The outflow angle prediction in the tip region was consider-
ably improved by the time-accurate computation (Fig. 3.12 (right)).
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Although unsteady simulations are more accurate than steady sim-
ulations, they demand for rather high computational resources. In
view of the fact that many simulations have to be carried out in the
tip clearance study, steady simulations are more efficient and are pre-
ferred despite their current flaws. Therefore, in the next section about
the specific setup for the numerical parameter study, the issue of the
stator gap is addressed again with regard to steady simulations.

The cause for the outflow angle differences in the hub region is not
entirely understood. The experimental results follow approximately
the blade metal angle, which is very reasonable. The numerical re-
sults show a strong crossflow underneath the hub side passage vor-
tex emerging towards the trailing edge. Downstream the rotor, this
crossflow detaches from the hub-side endwall and remains nearly
undamped. Even though the outflow angle below 35 % span cannot
be validated, the conditions in the hub region are insignificant for the
following tip clearance investigation. Most of the tip clearance effects
are anticipated in the upper half of the passage, where the numerical
results were validated. Indeed, the post processing of the simulations
will unveil that the conditions in the hub region have no effect on the
radial tip clearance loss and deviation.

In summary, the results from physical model configurations 1 (SST,
Bardina) and 3 (SST, CS, Bardina) are in best agreement with the ex-
perimental data. Eventually, configuration 3 was chosen for all fol-
lowing simulations, because the consideration of a stagnation point
fix method is generally beneficial for the numerical solution.

3.4 model adjustments for the tip clearance study

Some features and conditions of the validated model hamper the in-
vestigation into the tip clearance effects. The stator tip clearance is a
consequence of the experimental conditions, but it is rather uncom-
mon in real engines. A general tip clearance model should not be bi-
ased by a feature like this. Also, the safety requirements of the test rig
did not allow to operate the turbine at its design speed of 9 000 rpm.
Therefore, part-load effects are inherent in the experimental results.
And the stator-rotor interaction complicates the independent adjust-
ment of some parameters without interfering with the others. For this
reason, some adjustments on the numerical model were realized.

First, the stator gap was removed in the numerical model to nor-
malize the inflow conditions to the rotor. The gap-free stator solution
is the foundation for the following model adjustments.
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Figure 3.13: Slope of the stagnation pressure loss versus rotor speed (left)
and streamtraces at 9 000 rpm design speed in tip region (right)

Next, the rotation speed was varied to determine the incidence-free
baseline configuration of the rotor. Given the fact that no experimen-
tal data was acquired for different speeds, an alternative approach is
pursued for the boundary condition specification. The experiments
have shown that the stator flow was already choked at 6 515 rpm.
Therefore, an increase in mass flow is not expected at higher speeds
and a constant mass flow boundary condition can be specified at out-
let. Also, the stator outflow conditions should not vary much with
higher speeds. Hence, the flow conditions at the mixing plane can
be directly imposed as rotor inlet boundary conditions in absolute
frame of reference. With these constant conditions for the rotor, the
stator block was removed from the numerical model and the rotor
speed was varied between 6 515 and 12 000 rpm. Fig. 3.13 (left) shows
the stagnation pressure loss of the rotor plotted versus the rotation
speed. As expected, the loss slope has a minimum at the original de-
sign speed of 9 000 rpm. Fig. 3.13 (right) shows the streamlines on a
S1 plane in the tip region at 9 000 rpm. The inflow is aligned to the
blade’s leading edge, so an incidence-free solution is confirmed. This
solution is used as baseline configuration for the parameter study.
The removal of the stator block is also convenient for the parameter
study, because the explicitly imposed rotor inflow boundary condi-
tions can be directly manipulated. This allows to vary and adjust
a specific flow parameter without affecting other relevant parame-
ters. For the parameter study the outflow boundary condition was
reverted to the radial pressure distribution of the baseline solution.

The final numerical setup that is used for the tip clearance param-
eter study is summarized in Tab. 3.6. The transition modelling was
deactivated, because transition effects were only observed inside the
stator during the validation. The imposed boundary conditions of
the baseline configuration at rotor inlet and turbine exit are shown in
Fig. 3.14.

46



3.4 model adjustments for the tip clearance study

Geometry (rotor and downstream ducts)

• Structured multi-block grid with O-C-G-H topology
• Totaling 6 017 840 elements with 233 radial grid lines
• Baseline gap size (τ = 0.5 mm) resolved by 57 radial points

Numerical methods

• 2
nd order spatial accuracy

• Physical resolution of all wall boundary layers with y+1 < 1
• Turbulence model: SST k-ω by Menter et al. [54]
• Stagnation point fix: Cauchy-Schwarz constraint
• Rotational effects: Bardina et al. [9]
• Ideal gas model for air (R = 287.06 J

kgK , κ = 1.4)
• Sutherland [71] viscosity model for air

(S = 110 K, Tref = 273 K, µref = 1.7198 · 10−5 Ns
m2 )

• Constant Prandtl number of Pr = 0.72

Boundary conditions

• Baseline rotor speed of 9 000 rpm
• Inlet radial distribution of stagnation pressure pt1 and tem-

perature Tt1, inflow angle α1, turbulence kinetic energy k,
specific dissipation rate ω from gap-free stator solution
(Fig. 3.14)

• Outlet radial distribution of static pressure ps2 from base-
line solution without stator block (Fig. 3.14)

Table 3.6: Summary of the numerical setup

Figure 3.14: Boundary conditions of the baseline configuration
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3.5 cfd post processing to expose tip clearance effects

In general, the tip clearance loss coefficient Yτ is calculated as the
difference between the stagnation pressure loss with a tip clearance
gap YwithGap and without YnoGap:

Yτ = YwithGap − YnoGap (3.17)

Accordingly, the gap induced tip clearance deviation ∆dτ is the
difference between the outflow angle with a tip clearance α2,withGap

and without α2,noGap:

∆dτ = α2,withGap −α2,noGap (3.18)

Thus, two CFD simulations have to be carried out for each config-
uration to calculate the tip clearance loss coefficient and deviation.
The stagnation pressure losses and the outflow angles have to be de-
termined for both cases. Appropriate averaging methods have to be
applied to obtain accurate radial and axial distributions of the losses
and angles.

3.5.1 Cross-Sectional Averaged Quantities

Normally, the stagnation pressure loss and outflow angle are deter-
mined at a fixed blade row outlet position. For a general loss and
angle specification, this position has a sufficient distance to the trail-
ing edge, where all intermediate mixing process are completed. This
mixed-out state of flow is appropriate to characterize and evaluate
a blade row in general and enhance comparability between different
designs. The published tip clearance loss correlations of Sec. 2.2 are
formulated to yield this mixed-out value.

In this work, the identification of the entire downstream develop-
ment of the tip clearance loss and deviation is intended. Therefore,
not only the mixed-out loss and angle values are determined but also
the intermediate values at any position downstream the trailing edge.
Knowing the actual values at a downstream position is of particular
interest when the adjacent downstream blade row is very close to
the trailing edge. Then the next blade row interrupts the mixing pro-
cess and experiences an inhomogeneous wake flow of the preceding
blade row. This can yield undesirable incidences and generate addi-
tional performance losses in the next blade row, if the leading edge is
designed with respect to the mixed-out conditions and not the inter-
mediate actual values. Sieverding [66] therefore advises to apply the
loss data at the corresponding distance.
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3.5 cfd post processing to expose tip clearance effects

At first, the downstream progressions of the cross-sectional aver-
aged tip clearance quantities are determined. For the tip clearance
loss, the pressure stagnation losses at a downstream position x are
calculated from the respective stagnation pressures at this position:

Y(x) =
pt1 − pt(x)

pt(x) − ps(x)
(3.19)

The inlet stagnation pressure pt1 is kept constant. The downstream-
dependent tip clearance loss coefficient is calculated from the config-
uration with and without a tip clearance

Yτ(x) = YwithGap(x) − YnoGap(x) (3.20)

Analogously, the tip clearance deviation is determined by

∆dτ(x) = α2,withGap(x) −α2,noGap(x) (3.21)

Figure 3.15: Downstream progression of loss coefficients (left) and outflow
angles (right)

Fig. 3.15 shows the development of the total stagnation pressure
losses and outflow angles of both configurations and the resulting tip
clearance loss and deviation for the baseline setup. The onset of the
tip clearance loss is visible at about midchord position of the blade.
Downstream the trailing edge the stagnation pressure losses increase
further, as already found by others (e. g. Dishart and Moore [23]). This
growth is more pronounced for the tip clearance case due to the gen-
eration of the tip vortex. When the mixing of the leakage and pas-
sage flow is completed, both stagnation pressure losses increase at
the same rate due to downstream wall shear stress (Sieverding [66]).
For conventional tip gap sizes of τh = 0.5 %, the mixed-out tip clear-
ance value is reached at about one axial chord downstream the trail-
ing edge.

Two different averaging methods are available in TRACE. The mass
averaging and the flux averaging. The first is used to determine the ac-
tual tip clearance quantity at a given downstream position. It is used
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3.5 cfd post processing to expose tip clearance effects

therefore used to determine the downstream progression of the tip
clearance loss and deviation. The second averaging method, the flux
averaging, returns the homogenized equivalent values of the current
flow condition. Based on the current flow conditions at a probed loca-
tion it also takes into account all downstream homogenizing mixing
effects. Therefore, if all loss sources can be confined to upstream con-
ditions, a mixed-out value is obtained by the flux averaging method.
Fig. 3.16 contrasts the axial progressions of both averaging methods.

Figure 3.16: Downstream progression of tip clearance loss coefficient Yτ
(left) and deviation ∆dτ (right) for different averaging methods

Apart from some fluctuations near the trailing edge at x/cx = 0,
the flux averaged values of the tip clearance loss and deviation are
constant from x/cx > 0.5 and can thus be considered mixed-out.
The mass averaged values approach the flux averaged values fur-
ther downstream, when all mixing processes are completed. In gen-
eral, the flux averaging eliminates the axial dependency of the tip
clearance quantities. They are therefore an appropriate measure for
the parameter analysis study, where the mixed-out values are also
compared to the results from published loss correlations. As seen in
Fig. 3.16 it is sufficient to calculate the flux averaged values at the
outlet plane only. To distinguish the flux averages from the mass av-
erages, latter are labeled from now on by an apostrophe, e. g. Y ′τ for
the mass averaged tip clearance loss.

3.5.2 Spanwise Resolved Quantities

The cross-sectional averaged tip clearance quantities can be applied
directly to meanline methods. Through-flow methods, on the other
hand, provide solutions on the S2m plane, i. e. not only in axial, but
also in radial direction. The integration of spanwise resolved losses
and angles instead of cross-sectional averaged values is therefore
promising to yield more accurate results. However, a realistic
spanwise distribution model for tip clearance losses and deviations
in turbines is still missing. Hence, it is common in through-flow
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3.5 cfd post processing to expose tip clearance effects

programs, to mathematically distribute the cross-sectional averaged
correlation results in radial direction. By post processing the numeri-
cal simulations, the losses and angles can also be rendered in radial
direction.

The tip clearance deviation at any given position on the S2m stream
surface can be calculated by

∆dτ(x2, r2) = α2,withGap(x2, r2) −α2,noGap(x2, r2) (3.22)

Figure 3.17: Axial-radial resolution of the tip clearance deviation ∆dτ (left)
and spanwise distribution of outflow angles and tip clearance
deviation at x/cx = 1 (right)

Fig. 3.17 (right) shows the two outflow angles for the simulation
with and without gap as well as its difference, the tip clearance de-
viation ∆dτ, at x/cx = 1. On the left, the spanwise distributions of
each downstream position is combined to obtain a fully axial-radial
resolution of the deviation.

Concerning the spanwise distribution of the stagnation pressure
loss, the appropriate inlet pressures have to be selected. Generally,
a fluid particle experiences changes along its streamline. Therefore,
for an arbitrary radial outlet position the pressure at the inlet on the
same streamline is relevant for the loss calculation. The streamline cal-
culation from circumferentially averaged results is an elaborate task
itself. In this work, the line of constant mass flow fraction is used to
detect the streamlines. TRACE provides the relative mass flow fraction
in radial direction as a result. Its value increases from zero to one
from hub to tip, respectively. For any outlet pressure p(x2, r2) the ac-
cording inlet pressure pt1(r1) with same relative mass flow fraction
is determined (Fig. 3.18). The stagnation pressure and tip clearance
loss coefficients can then be calculated in place:

Yτ(x2, r2) =
pt1(r1) − pt(x2, r2)
pt(x2, r2) − ps(x2, r2)

∣∣∣∣∣
mrel=const.

(3.23)
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3.5 cfd post processing to expose tip clearance effects

Figure 3.18: Interpolation of the rotor inlet pressures on outlet positions of
same streamline and relative mass flow

Fig. 3.19 (right) shows the spanwise distribution of the loss coeffi-
cient with and without gap and the tip clearance loss coefficient at
x/cx = 1. As with the tip clearance deviation, the radials were com-
bined in axial direction to get a two-dimensional picture of the tip
clearance loss distribution and progression.

Figure 3.19: Axial-radial resolution of the tip clearance loss coefficient Yτ
(left) and spanwise distribution of loss coefficients at x/cx = 1

(right)

In this chapter, the model turbine that is used for the following
numerical investigation was presented. Its geometry was discretized
and the CFD simulations were verified and validated with experimen-
tal data. Parts of the turbine had to be adjusted to allow the specific
variation of the parameters. At the end, the post-processing of the
simulations is explained, to extract the highly resolved tip clearance
loss and deviation in axial and radial direction.
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4
C F D PA R A M E T E R S T U D Y R E S U LT S A N D
C O R R E L AT I O N

In this chapter, the tip clearance effects of the rotor baseline config-
uration are exposed, analyzed and compared to findings of earlier
publications. Based on the parameter identification of the literature
study, tip clearance parameters are categorized into primary param-
eters, i. e. parameters with a mayor effect on the tip clearance results,
and secondary parameters (Tab. 4.1).

primary secondary

tip gap height τ rotational frequency n

blade loading Z boundary layer thickness δBL

incidence i Reynolds number Re

blade solidity c
s

blade aspect ratio h
c

Table 4.1: Primary and secondary tip clearance parameters

Each parameter was individually varied to analyze its isolated ef-
fects. For the primary parameters, which are used for the develop-
ment of the Kriging model in the next chapter, detailed downstream
and radial distributions of the tip clearance losses and deviations are
presented in this chapter. The corresponding figures of the secondary
parameters are moved to appendix A.3 to improve the structure and
readability of this chapter. The flux averaged, mixed-out results are
presented for all parameters. They are used to draw parameter-specific
generalizations and to draft a novel tip clearance loss correlation,
which is presented at the end of this chapter.

4.1 characteristics of the baseline design conditions

At first, the flow characteristic of the baseline rotor is analyzed. The
rotor without a tip clearance is contrasted with the rotor with the
standard gap size of τ = 0.5 mm to analyze the local effects of a tip
clearance and validate them with earlier publications.

Without a tip clearance the effects of the secondary flows are ex-
posed (Fig. 4.1 (top)). The passage vortices begin to evolve at around
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4.1 characteristics of the baseline design conditions

Figure 4.1: Surface streamlines, streamwise vorticity and vector field with
tip clearance (bottom) and without (top)

one third of the chord and increase towards trailing edge. The pas-
sage vortex growth can be deduced from the condensed streamlines
that are pushed towards midspan over the course of the passage
through flow. Benner et al. [12] define the collapsing streamlines as
passage vortex separation lines, which divide the passage flow from
the secondary flow regions. The influence region of the secondary
flow losses is characterized by the spanwise penetration depth ∆hPD,
which is the distance of the endwall to the separation line at the trail-
ing edge. In the cascade experiments of Benner et al. hub and tip pen-
etration depths are equal. The rotor blade shows a different character-
istic of the hub (S1) and tip (S2) separation lines. The tip-side penetra-
tion depth is smaller than the hub-side. The vector field tangential to
the passage flow and the corresponding vorticity field reveal that the
tip-side passage vortex 2©, although of equivalent strength as the hub-
side passage vortex 1©, is more confined to the endwall. The hub-side
passage vortex extents further into the passage in spanwise direction.

From Fig. 4.1 (bottom) it is apparent that the tip clearance leak-
age flow does not influence the hub region. Flow vectors, vorticities,
streamline patterns and S1-separation line are very similar to the gap-
free configuration. In the tip region additional separation lines occur
that can be assigned to the tip vortex and its effects on the secondary
flow. The tangential flow vector field shows a strong tip vortex 3© that
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4.1 characteristics of the baseline design conditions

is counter-rotating to the passage vortex. A small separation vortex 4©
is enclosed between the leakage flow and the tip vortex (separation
line S5). The tip vortex drags the passage vortex 2© towards midspan.
A vortex 5© with same spin as the passage vortex appears below the
tip vortex. The current analysis supports the assumption of Dishart
and Moore [23] that the leakage flow divides the tip-side passage
vortex into two separate vortices. The amplification of the tip-side
passage vortex was also found by Matsunuma [52] at low Reynolds
numbers due to the strong interaction between passage and leakage
vortex. Separation line S4 marks the border of the tip vortex and the
lower part of the passage vortex. Below the passage vortex occurs an-
other small vortex 6© with same spin as the tip vortex (separation line
S3). It pulls the flow from the passage vortex back towards the blade.
Separation line S2 marks the border to the passage flow.

Figure 4.2: Pressure coefficients at midspan (left), one gap height away from
blade tip (center) and at blade tip (right)

The pressure distributions and coefficients were also calculated for
three span positions to assess the effect of the tip clearance on the
blade loading (Fig. 4.2). With a tip clearance the pressure decreases
towards blade tip at the pressure side (PS) surface. At midspan (left)
and near the tip clearance (center) the pressure distribution at the
pressure side is still equivalent to the distribution without tip clear-
ance. At the blade tip (right) a strong pressure drop over the entire
chord is caused by the strong acceleration of the leakage flow into
the gap (cf. Bindon [14]). On the suction side (SS), the tip vortex gener-
ates an expected suction peak around x

cx
= −0.35 over the entire tip

clearance region. The suction side pressure distribution at the blade
tip (right) and one gap height away from the blade tip (center) is very
similar. The suction side experiences a change in pressure even at
midspan (left). From midchord ( xcx = −0.5) towards trailing edge the
tip clearance slightly elevates the pressure level. The results are com-
parable with the results of Sjolander and Amrud [68], who also found
the pressure decrease towards the blade tip at the pressure side, and
the suction peaks induced by the tip vortex on the suction side.
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Looking at the blade loading, which can be gauged by the pressure
differences between pressure and suction side, the blade is unloaded
more at blade tip than at midchord. Thus, using the blade loading
at midspan instead at blade tip for the tip clearance loss calculations,
as it is usual practice for mean-line methods, can yield very different
results. One gap height away from the blade tip the blade loading is
slightly increased when a tip clearance is present.

Figure 4.3: Downstream progression of the tip clearance loss

Fig. 4.3 shows the chordwise downstream progression of the mass
averaged tip clearance loss Y ′τ and its radial resolution. The cross-
sectional averages in the upper part show that the tip clearance loss
production starts only at around midchord. Bindon [14] also found
that until midchord only secondary and endwall losses occur but no
significant tip clearance losses. At midchord the internal gap shear
loss arises and the onset of the mixing loss is at around 70 % ax-
ial chord. Up to that point, Bindon found no differences in the inte-
grated tip clearance loss for different gap heights. The slope of the
loss curve increases until the trailing edge and decreases afterwards.
Hence, the loss production reaches its maximum at the trailing edge,
even though only one third of the final amount of loss is attained
there. Most of the tip clearance loss is actually generated between the
trailing edge and the first downstream axial chord. This result agrees
with the measurements of Yaras and Sjolander [86], who observed an
increase of the losses over the first axial chord downstream the trail-
ing edge. They also found that the vorticity of the tip vortex has de-
clined to one quarter of the trailing edge value. Thus, they conclude
that mixed-out conditions are approached at about one axial chord
length or even further downstream, depending on the gap height.
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The current baseline configuration does not show any substantial in-
crease in tip clearance loss further downstream, but this is not the
case when the gap height is varied in the parameter study.

The spanwise resolution (contour plot in Fig. 4.3) exposes two
loss regions. The first emerges at the blade tip leading edge and is
pushed towards midspan by secondary flows. This loss is assigned
to the vortices 5© and 6© in Fig. 4.1 and are a consequence of the tip
clearance on the passage vortex. The second loss region originates
from the main tip vortex (cf. 3© in Fig. 4.1). A negative loss region
occurs at the endwall resulting from the relative motion of the
endwall and the relocation of the passage vortex by the tip gap. The
loss peak is detected at around 0.5 cx downstream the trailing edge.

The radial loss distribution at three downstream locations support
the conclusions from the upper mass average plot: The tip clearance
loss continues to develop downstream the trailing edge. At the trail-
ing edge the tip vortex is confined to the endwall. Over the first axial
chord the relative motion of the endwall pushes the tip vortex away
from the endwall to its final spanwise position. Further downstream
( xcx > 1), the mixing of the vortices with the passage flow diffuses the
loss regions while retaining its integral value. In total, the entire flow
field until midspan is affected by the tip clearance.

Figure 4.4: Downstream progression of the tip clearance deviation

The downstream development of the tip clearance deviation ∆d ′τ
is pictured in Fig. 4.4. The cross-sectional average in the upper part
shows an upstream effect of the tip clearance. At the blade row in-
let the flow angle is increased, i. e. turned towards the pressure side,
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by 1.2◦ over the entire blade span. The deviation increases towards
the trailing edge. According to Eq. 3.18 is a positive tip clearance de-
viation related to minor deflection. This is because the leakage flow
through the gap is not deflected by the blade and its axial momen-
tum is retained. The maximum integral deviation is ∆d ′τ,max = 2.5◦.
According to Euler’s turbine equation is a minor deflection equivalent
to a deficiency of the turbine work. Downstream the trailing edge the
leakage flow mixes with the passage flow and the deviation decreases
due to homogenization. At around one axial chord downstream the
trailing edge ( xcx ≈ 1) the mixed-out value of ∆dτ = 1.2◦ is reached.

The spanwise resolution of the tip clearance deviation (contour plot
in Fig. 4.4) exposes two regions of flow underturning. These regions
occur at positions similar to the two loss regions observed in Fig. 4.3.
The first underturning region emerges at the blade tip leading edge
and follows the trail of the first loss region, i. e. the passage vortex.
The second originates at midchord and increases to its maximum of
10◦ at the blade tip trailing edge, where the undeflected leakage flow
is dominant. This is in contrast to the high loss region, which was
observed one half chord downstream the trailing edge. Downstream
the trailing edge the two underturning regions enclose a region of no
flow angle change. This region can be assigned to the jet towards the
blade between the tip vortex 3© and the relocated passage vortex 5©
in Fig. 4.1. If the two vortices gain in strength, the increased jet can
even lead to an overturning. At the turbine exit, 60 % of the blade
span is affected in its outflow angle by the tip clearance. Thus, the
tip clearance influences a considerably larger section of the outflow
angle than of the tip clearance loss.

In addition to the CFD results, the outflow angle correction model
by Hübner [38] (Fig. 2.5, Eq. 2.1-2.5) was applied to the baseline con-
figuration. The results are added to the radial distributions on the
right of Fig. 4.4. The values for chord, pitch and flow angles were
taken at 95 % blade span and the inlet boundary layer thickness was
computed by TRACE as δBL = 1.3 mm. The spanwise locations h

c of
the five base points, where the tip clearance deviation exhibits local
extrema, are in good agreement with the numerical results. Hübner’s
model does not reflect the strong local underturning directly at the
trailing edge ( xcx = 0). It is successful, though, in predicting the local
deviation values ∆d ′τ for most of the base points at xcx = 2, where the
flow is mostly mixed out. However, the model fails in predicting the
correct amount of overturning at the central base point 2© (hc = 0.23).
The main reason for the overprediction of the overturning angle is the
deflection δu in Eq. 2.3. Hübner developed a model for compressors,
in which the blade deflection is relatively small. The higher deflec-
tions in turbines are apparently too dominant to predict decent tip
clearance deviations with this model.
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4.2 effects of tip clearance gap height τ

Figure 4.5: Gap height variations compared to actual blade height

The most prominent tip clearance parameter is the tip clearance
gap height τ. To study its effect, the gap height is varied within the
limits τ = 0.1 mm 6 τ 6 5.0 mm while keeping all other geometric
and flow parameters constant. The gap size is usually normalized by
the annulus height h, which is also pursued in this work, or the chord
c. With the channel height at midchord position the gap height was
varied within 0.3 % 6 τ

h 6 13.5 %. Fig. 4.5 shows the extent of the
gap height variation in contrast to the actual blade dimension.

Figure 4.6: Downstream progression (left) and mixed-out tip clearance loss
(right) for different gap heights

In Fig. 4.6 the influence of the different gap heights on the tip clear-
ance loss is plotted. On the left the mass averaging reflects the actual
loss at every downstream position to study the loss progression rate.
On the right the flux averaged value representing the mixed-out loss
is shown, which will be used to deduct a correlation later. For com-
parison, the flux averaged stagnation pressure losses are added for
the cases with and without a tip clearance, from which the tip clear-
ance loss coefficient is calculated according to Eq. 3.20.

For small gap sizes τ
h 6 2.7 % the mixed-out tip clearance loss is

reached within one axial chord downstream the blade’s trailing edge.
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This observation is in good agreement with previously published re-
sults, for instance of Dishart and Moore [23]. They measured for a cas-
cade with a relative gap height of τh = 2.1 % that the fraction of the
mixed-out tip clearance loss increases from only 17 % at the trailing
edge to about 90 % at 40 % downstream axial chord. In a multi-stage
turbine the distance to the next blade row is typically within one axial
chord. So for small gap sizes the downstream blade row experiences
the mixed-out amount of the tip clearance loss. For larger gap sizes
the numerical results show that the tip clearance loss increases ini-
tially slower from the trailing edge. Therefore, a close adjacent blade
row is not subjected to the mixed-out tip clearance loss. In general,
the downstream range, where mixing between leakage and passage
flow occurs, is extended with larger gap sizes.

Figure 4.7: Spanwise tip clearance loss distribution for different gap sizes

Spanwise loss distributions of three gap sizes, namely the small-
est ( τh = 0.3 %), the baseline ( τh = 1.3 %) and the double-baseline
( τh = 2.7 %), are shown at three downstream positions in Fig. 4.7. In
each case the tip clearance loss is not completely developed directly
at the trailing edge. At each downstream position the tip clearance
losses are confined to the upper blade span half. For the baseline case
the expected two separated loss regions can be identified from x

cx
> 1

downstream. For the two other gap sizes only one loss region is vis-
ible. The smallest gap shows only losses that originate from the pas-
sage vortex relocation towards midspan but none that arise from the
tip vortex. Actually, the tip clearance losses become negative in the
tip vortex region. Negative tip clearance losses imply a reduction of
the profile and secondary flow losses due to the gap. In contrast, the
double-baseline gap size shows only losses from the tip vortex but
none from the interaction with the secondary flow system. Appar-
ently, the two loss regions of the baseline case merge to one coherent
loss region when the gap size increases.

The effect of the gap size on the outflow angle is shown in Fig. 4.8,
with the mass averaged local values on the left and the mixed-out
values on the right. All gap sizes have in common that the maximum
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Figure 4.8: Downstream progression (left) and mixed-out tip clearance devi-
ation (right) for different gap heights

tip clearance deviation occurs between 0 6 x
cx

6 0.5 and then reduces.
Mixing processes with the main passage flow slightly realign the leak-
age flow towards the general blade outflow direction. With larger gap
sizes an increased leakage mass flow passes undeflected through the
gap at a higher momentum. Hence, the deviation to the gap-free out-
flow angle increases, and the flow in the tip region is more and more
underturned. The resulting leakage flow direction has to be consid-
ered when a downstream blade row is designed to prevent incidence
effects.

Figure 4.9: Spanwise tip clearance deviation distribution for different gap
sizes

The spanwise resolution of the tip clearance deviation in Fig. 4.9
shows negative deviations, i. e. an overturned outflow, at the tip-side
endwall of the smallest gap case. The other gap sizes show the ex-
pected underturning resulting from the undeflected leakage flow. The
underturning that results from the shifted passage vortex is only seen
in the smallest and the baseline case but not in the double-baseline
case. In this case the tip clearance deviation is dominated by the leak-
age flow and the relocation of the passage vortex is not seen. In con-
trast to the loss results, the maximum deviations are observed at the
trailing edge ( xcx = 0). Further downstream the mixing reduces and
homogenizes the spanwise angle distribution. The influence region
of the tip clearance on the deviation increases from 40 % of the blade
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span for the smallest gap size to nearly 80 % for the double-baseline
case. These results are in agreement with Booth [16], who mentioned
that the tip gap hampers the efficiency down to midspan, but may
affect the outflow angle over the whole span.

The flux averaged tip clearance losses and deviations in Fig. 4.6 and
Fig. 4.8 are used to formulate general correlations for the mixed-out
conditions. Since the gap height is the most fundamental parameter
for the tip clearance effects, a base tip clearance loss Yτ,0 and a base
tip clearance deviation ∆dτ,0 are defined to reflect the gap height
effect. The flux averaged tip clearance loss and deviation suggest a
linear dependency from the gap height.

Yτ ∼ Yτ,0 = Bτ
τ

h
(4.1)

∆dτ ∼ ∆dτ,0 = Cτ
τ

h
(4.2)

A linear approximation yields Bτ = 5.552 and Cτ = 89.7◦.

Figure 4.10: Comparison of CFD results with gap height correlations

In Fig. 4.10 the correlations are compared to the numerical results.
The linearity of the gap height is in agreement with all published loss
correlations as the characterizations in Eq. 2.6 to Eq. 2.9 show. Com-
pared to the empirical formulations in Sec. 2.2.1, in which the gap
height is the only parameter, the proportionality constant is three to
four times lower than in this work. However, in this work the pro-
portionality to the stagnation pressure loss is described whereas the
empirical correlations are related to the efficiency debit.

All other parameters ϕ are modifications of the base values and
will be described by correction factors δyϕ and δαϕ with reference to
the base values

δyϕ =
Yτ(ϕ)

Yτ,0
, δαϕ =

∆dτ(ϕ)

∆dτ,0
(4.3)
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4.3 effects of blade loading Z

The blade loading describes the pressure difference between pressure
and suction side. At the blade tip this pressure difference drives the
leakage flow through the gap. Since the pressure distribution is gen-
erally not known a priori in low fidelity design programs, the blade
loading is defined by the flow characteristic through the blade row.
Every loss correlation, except the simple empirical formulations, re-
quires in some kind the inflow and outflow direction. The theoretical
formulations based on the drag coefficient, for instance, include the
flow deflection δu to describe the blade loading. The advanced for-
mulations refer to more global quantities, e. g. the flow coefficient φ,
the blade loading coefficient ψ or the lift coefficient CL . Thus, the
blade loading is not defined consistently by all authors. The most
prominent formulation is given by Ainley and Mathieson [2] and was
also used later by Dunham and Came [25]

Z = 4 δ2u
cos2 α2

cosα
(4.4)

This definition includes the flow deflection δu and for normalization
purposes the average flow angle α. The outflow angle α2 serves as a
correction factor between 0 at a tangential outflow, and 1 at a straight
axial outflow. Because of its popularity and practicability, this defini-
tion will be used in this work as well.

In order to study the effect of the blade loading solely, the relative
inflow angle αrel is varied. Changing the outflow angle would affect
the throat area of the blade passage and thus modify the capacity.
The other relative quantities (Tt,rel,pt,rel = const.) should also be unal-
tered to retain the flow characteristic through the rotor. Since TRACE

requires the absolute quantities as inflow boundary conditions, some
adaptions had to be applied.

pt,abs = pt,rel

(
Tt,abs

Tt,rel

) κ
κ−1

(4.5)

Tt,abs = T +
v2

2cp
with Tt,rel = T +

w2

2cp

= Tt,rel +
1

2cp

(
v2 −w2

)
with v2 −w2 = 2uwθ + u2

= Tt,rel +
u

2cp

(
2wθ + u

)
with tanαrel =

wθ
wx

Tt,abs = Tt,rel +
u

2cp

(
2wx tanαrel + u

)
(4.6)
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αabs = arctan
vθ
vx

with vx = wx and vθ = wθ + u

= arctan
(
wθ + u

wx

)
with wθ = wx tanαrel

αabs = arctan
(

tanαrel +
u
wx

)
(4.7)

Eq. 4.5 to 4.7 were applied to obtain adapted inflow boundary con-
ditions for different inflow angles α1,rel. The rotational speed u was
maintained at design speed. It is assumed that the mass flow, and by
this the axial velocity, does not significantly change with the inflow
angle variations.

Figure 4.11: Leading edge adaptions to suppress incidences

Changing the inflow angle does not only affect the blade loading,
but also imposes an incidence, i. e. inflow impinges on the blade’s suc-
tion or pressure side. To remove the emerging incidence, the leading
edge of the blade had to be morphed, such that each inflow direc-
tion is realigned with the blade metal inlet angle. Fig. 4.11 shows im-
plications of the leading edge morphing for three inflow directions.
In the current study, the inflow angle was varied within the range
−56.0◦ 6 α1,rel 6 60.6◦, which corresponds to a blade loading be-
tween 1.1 6 Z 6 11.5. The baseline design is described by Z = 6.5.

Figure 4.12: Downstream progression (left) and mixed-out tip clearance loss
(right) for different blade loadings
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Fig. 4.12 shows the tip clearance loss progression for different blade
loadings. The progression curves are not as smooth and systematic as
for the gap height variations. As anticipated, the tip clearance loss in-
creases with the blade loading. The flux averaged losses on the right
flatten towards higher blade loadings. Therefore, the tip clearance
loss is more sensitive to lower than to higher blade loadings.

Figure 4.13: Spanwise tip clearance loss distribution for different blade
loadings

The spanwise resolutions of the tip clearance loss in Fig. 4.13 show
how differently the loss is spanwise distributed and provide indica-
tors for the loss sources. At low blade loadings (Z = 1.7) the entire tip
clearance loss is generated near the tip-side endwall, i. e. from the tip
vortex. No other loss region towards midspan is observed, therefore
interaction with the passage vortex is suppressed. The tip clearance
loss covers only 30 % of the blade span at this low blade loading.
High blade loadings (Z = 11.5), on the other hand, slightly attenuate
the tip vortex loss, but eminently increase the interaction with the
passage vortex. The negative tip clearance loss region between the
two distinct positive loss regions indicates that the passage vortex is
pushed to midspan. At this high blade loading, over 80 % of the blade
span is affected by the tip clearance loss.

Figure 4.14: Downstream progression (left) and mixed-out tip clearance
deviation (right) for different blade loadings
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The tip clearance deviation is shown in Fig. 4.14. A parabolic char-
acteristic with a distinct maximum around Z = 5.0 is observed. The
blade loading effect is one significant order of magnitude lower than
the gap height effect.

Figure 4.15: Spanwise tip clearance deviation distribution for different blade
loadings

The spanwise distributions of the tip clearance deviation in Fig. 4.15

show similarities to the loss distributions. The spanwise influence re-
gions of the tip clearance deviation cover the same blade span range
as the tip clearance loss. Interactions between tip vortex and passage
vortex become elevated at higher blade loadings, but are completely
suppressed at low blade loadings. At low blade loadings (Z = 1.7)
the outflow angle is underturned by the leakage flow solely. At high
blade loadings (Z = 11.5), both the leakage flow and the interac-
tion with the passage vortex yield underturning regions at tip and
midspan. The pushing of the passage vortex towards midspan pro-
duces an overturning region between 70 % and 90 % blade span.
Therefore, the spanwise averaged tip clearance deviation in Fig. 4.14

decreases again towards higher blade loadings.

For result verification, the publication of Yamamoto et al. [83] is used.
Yamamoto et al. claims to study the incidence effect experimentally.
Since he only changed the inflow angle but did not adapt the blade
geometry, he actually studied the superposition of the incidence and
the blade loading effect. Indeed, his findings agree very well with the
current results from the blade loading study. When he imposes an in-
cidence towards the suction side, the reduced blade loading weakens
the interaction between tip and passage vortex. The outflow angle is
only affected near the tip-side endwall. Incidence towards pressure
side, i. e. increased blade loading, affects the losses and outflow an-
gles over the entire span. These findings were also observed in the
current study.

In order to formulate a blade loading correlation for the tip clear-
ance loss and deviation, the mixed-out, flux averaged values on the
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right of Fig. 4.12 and Fig. 4.14 are examined. For the correction factor
of the tip clearance loss a general power law is applied

δyZ =
Yτ(Z)

Yτ,0
= BZ,1 Z

BZ,2 +BZ,3 (4.8)

The offset value BZ,3 is omitted here, because no tip clearance loss
is expected at zero blade loading. The remaining model parameters
BZ,1 and BZ,2 are determined by applying the curve fitting algorithm
of Python [63] to the numerical data.

BZ,1 = 0.461 , BZ,2 = 0.387 , BZ,3 = 0 (4.9)

For the correction factor of the tip clearance deviation a quadratic
function with a local maximum at Z = 5.0 is assumed.

δαZ =
∆dτ(Z)

∆dτ,0
= CZ,1 (Z− 5.0)2 +CZ,2 (4.10)

Python’s curve fitting algorithm yield the model parameters

CZ,1 = −0.011 and CZ,2 = 1.022 (4.11)

Figure 4.16: Comparison of CFD results with blade loading correlations

In Fig. 4.16, the numerical results of the blade loading parameter
study are compared to the empirical models. A good agreement is
achieved for the tip clearance loss and deviation. For low blade load-
ings (Z < 1.5) and high blade loadings (Z > 10.0) the loss is a little
bit overpredicted. Also, the underturning is slightly overpredicted for
low blade loadings. In future works the deviation model should be
validated with special respect to the deviation maximum at Z = 5.0.

The theoretical correlations of Ainley and Mathieson [2] and Dunham
and Came [25] propose a linear trend with the blade loading, which
is according to Eq. 4.4 proportional to the squared flow deflection.
Hubert [37] and Balje and Binsley [8] propose a linear trend with
the flow deflection, i. e. the square root of the blade loading. Their
relation is very similar to the power law formulation in Eq. 4.8.
They also postulate a linear relationship between flow deflection and
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tip clearance deviation, but the current results do not support this.
Most other authors neglect an effect of the blade loading on the tip
clearance deviation.

4.4 effects of incidence i

Incidence is the misalignment of the inflow with the blade metal in-
let angle. Incidence often occurs at part- or overload operation of a
turbine. In the last section, the blade loading effects were exposed
by changing the inflow conditions. Incidences were suppressed by
adapting the leading edge to the inflow directions. In this section, the
incidence effects shall be separated from the other effects. Therefore,
the blade loading, and with this the inflow conditions, must be kept
constant. Incidence was imposed by applying the same leading edge
morphing as presented in the last section. In other words, incidence is
studied by variations of the blade metal inlet angle, not by variations
of the inflow direction.

Figure 4.17: Leading edge adaptions to study incidence effects (left) and
incidence definition of the baseline blade (right)

The angle orientation and the actual leading edge morphing is de-
picted in Fig. 4.17. On the left the constant inflow direction and the
modified leading edge is shown as it was used in the simulations. On
the right the translation of the incidence into the baseline blade sys-
tem is shown. Incidence i is defined as the difference between inflow
angle α1 and blade metal inlet angle β1

i = α1 − β1 (4.12)

An inflow towards the suction side is considered negative incident
and an inflow towards the pressure side is considered positive inci-
dent. In this parameter study the incidence was varied within the
range −26◦ 6 i 6 +48◦.
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Figure 4.18: Downstream progression (left) and mixed-out tip clearance loss
(right) for different incidences

Fig. 4.18 shows that the tip clearance loss increases with the inci-
dence, i. e. with the inflow turned towards the pressure side. As ex-
pected, the stagnation pressure loss of the blade without a tip clear-
ance (YnoGap) has a minimum at zero incidence. With positive or neg-
ative incidence this loss increases as described, for instance, by Ainley
and Mathieson [2] in their profile loss correlation. However, when a
tip gap is introduced, there is nearly no increase of the stagnation
pressure loss (YwithGap) towards negative incidences. Consequently,
the tip clearance loss decreases with negative incidences. At positive
incidences, both stagnation pressure losses increase at the same rate.
So, the growth of the tip clearance loss towards positive incidences
reduces. Compared to the blade loading results, the tip clearance loss
is less sensitive to incidence changes.

Figure 4.19: Spanwise tip clearance loss distribution for different incidences

Fig. 4.19 shows the spanwise distribution of the incidence effect
on the tip clearance loss. With negative incidences, i. e. flow towards
the suction side, the loss production is transfered from the tip vortex
region to the passage vortex interaction region at 60 % blade span.
Positive incidences show the opposite effect with a more equalized
loss production over the whole upper blade span half. The negative
tip clearance losses at 40 % blade span indicate a weakening of the
passage vortex.
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Figure 4.20: Downstream progression (left) and mixed-out tip clearance
deviation (right) for different incidences

A linear relationship between incidence and tip clearance devia-
tion is identified in Fig. 4.20. Linearity was also observed in the gap
height study, but in comparison, the incidence effect is one order of
magnitude lower than the gap height effect. Therefore, it can be con-
sidered of minor significance for the outflow angle. This is in agree-
ment with the prerequisites of the Ainley-Mathieson correlations [3].
They state that disregarding the effect of the incidence on the outflow
angle would not degrade the solution considerably.

Figure 4.21: Spanwise tip clearance deviation distribution for different
incidences

The spanwise distributions of the tip clearance deviations in Fig. 4.21

show only minor variations. The passage vortex interaction region is
not affected by incidence. The only differences occur in the tip vortex
region directly at the tip-side endwall. With higher incidences the un-
derturning is increased.

There is no published data that is appropriate to verify the current
results. Only the study of Yamamoto et al. [83] discusses the incidence
effect on the losses. But as already mentioned in the previous section,
his results are more in agreement with the blade loading results than
with the incidence results.
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The flux averaged tip clearance losses and deviations in Fig. 4.18

and Fig. 4.20 are used to formulate incidence correlations. At zero in-
cidence neither the loss, nor the deviation should differ from the base
values. Thus, the conditions δyi(i = 0) = 1 and δαi(i = 0) = 1 are
imposed to the correlations. For the loss correction factor an ordinary
exponential function was tested

δyi =
Yτ(i)

Yτ,0
= Bi,1 +Bi,2 e

Bi,3 i (4.13)

Python’s curve fitting algorithm gives the following coefficients

Bi,1 = 1.150 , Bi,2 = −0.150 , Bi,3 = − 1
−47.4◦ (4.14)

The linearity between tip clearance deviation and incidence is de-
scribed by the corresponding correction factor as

δαi =
∆dτ(i)

∆dτ,0
= Ci i+ 1 , Ci =

1
174.3◦ (4.15)

The results from the correlation and the simulations are compared
in Fig. 4.22. The correlation reflects the numerical results adequately.
Only Ainley and Mathieson [3] made suggestions about the incidence
effect on the tip clearance loss. They include the incidence in their
blade loading and propose to limit the loss production for excessive
incidences. The current results support such a limitation for positive
incidences, but not for negative incidences. The incidence effect on
the outflow angle is mainly neglected in all published correlations.

Figure 4.22: Comparison of CFD results with incidence correlations

4.5 effects of rotational frequency n

In the course of the literature study it was found that the rotation
effects, although significant for the tip clearance loss, are mostly not
included in loss correlation, yet. When studying the rotation effects
realistically, the Coriolis and centrifugal forces should be included.
Experimental studies on this subject generally model the effects by

71



4.5 effects of rotational frequency n

a moving belt above the blades of a cascade. Hence, they only take
account for the relative movement between blade and casing. In this
numerical study the entire rotor domain is moving, so all rotational
effects are regarded.

The rotational effects are studied by variation of the rotor speed,
which implicates a change of the relative quantities. In order to isolate
the rotation effects, the relative conditions have to be kept constant.
This is achieved by applying the same transformation equations as
during the blade loading study (Eq. 4.5-4.7). But now the relative
circumferential angle αrel is kept constant and the rotational speed u
is modified via the rotational frequency n.

u = 2πn r (4.16)

Figure 4.23: Comparison of relative inflow conditions for different speeds
before (dashed line) and after adaption (solid line)

Fig. 4.23 compares the relative inflow conditions for three different
speeds before and after the transformations have been applied. With
reference to the stagnation pressure and temperature, the adaption of
the 5 000 rpm case was more effective than for the 13 000 rpm case.
The inflow angle, which is more important for the tip clearance ef-
fects, was successfully adjusted over the whole span. Only in the tip
region the inflow angle shows variations of not more than ∆αrel 6 8◦,
which could cause additional incidence and blade loading effects.

The rotational frequency was varied in the range 0 rpm 6 n 6
15 000 rpm. The rotational effects are best characterized by the non-
dimensional flow coefficient φτ =

vx,1
uτ

, i. e. the ratio of inflow velocity
to rotational speed of the blade tip. It was observed that the aver-
aged axial inflow velocity vx,1 was nearly constant at 90 m

s over the
entire frequency range. Therefore, the flow coefficient is inverse pro-
portional to the rotational frequency n. To simplify the correlations,
the inverse flow coefficient φ−1

τ will be used.

φ−1
τ =

uτ

vx,1
(4.17)
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The rotational frequency is one of the secondary tip clearance param-
eters. As mentioned in the beginning of this chapter, the downstream
and spanwise distributions of the secondary parameters can be found
in appendix A.3. Only the correction factors δy and δα and the devel-
oped correlations are shown here.

Figure 4.24: Comparison of CFD results with rotor speed correlations

Fig. 4.24 (right) shows a humble linearity between the rotational
frequency and the tip clearance deviation up to 7 000 rpm (φ−1

τ < 2).
For higher frequencies the rotational effect is insignificant. A piece-
wise defined formulation is recommended by

δαφ =

Cφ (φ−1
τ − 2) + 1 if φ−1

τ < 2

1 if φ−1
τ > 2

(4.18)

Python’s curve fitting algorithm yields

Cφ = 0.084 (4.19)

The piecewise characteristic is contrary for the tip clearance loss
(Fig. 4.24 (left)). Up to 7 000 rpm (φ−1

τ < 2) the tip clearance loss is
independent from the rotor speed, and begins to decrease for higher
frequencies. This is consistent with the findings of Yaras et al. [87].
With relative motion of the endwall they observed a weakening of
the tip vortex and a reduction in leakage flow and blade loading. The
loss is also approximated by a piecewise defined correlation

δyφ =


Bφ,3 if φ−1

τ < 2

Bφ,1 · (φ−1
τ − 2)Bφ,2 +Bφ,3 if 2 6 φ−1

τ 6 7.677

0 if φ−1
τ > 7.677

(4.20)

A general power law formulation is applied in the decreasing loss
range φ−1

τ > 2. The model constants are determined as

Bφ,1 = −0.084 , Bφ,2 = 1.464 , Bφ,3 = 1.060 (4.21)
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The power law becomes negative for high rotor speeds (φ−1
τ > 7.677).

To prevent negative tip clearance losses the loss correction factor
is limited to zero. With reference to Fig. 4.24, both correlations
reproduce the numerical results very accurately.

To qualify the developed loss correlation it is compared to pub-
lished results of Farokhi [29] and Yaras and Sjolander [86]. Both publi-
cations correlate the tip clearance loss with the discharge coefficient
CD,ṁτ

, which is determined by the pressure differences at the blade
surface. According to Farokhi the discharge coefficient relates to the
rotational speed as

CD,ṁτ
∼ CD,ṁτ

(n = 0)

(
∆pPS-SS

∆pPS-SS(n = 0)

)
(4.22)

He estimates the effect of blade rotation on the discharge coefficient
between 5 and 15 %. Yaras and Sjolander also observed a reduction
of the discharge coefficient, and hence of the tip clearance loss, with
rotation [87]. So both publications are consistent in their results.

Figure 4.25: Pressure profiles (left) and spanwise loss distributions (right)
for three different rotor speeds without gap

In this study the tip clearance losses also decreased at higher speeds.
But the pressure differences are not the main cause. Fig. 4.25 (left)
shows the pressure distributions at three different rotational frequen-
cies. With increasing speed the pressure level increases, but the pres-
sure difference remains the same. The main reason for the loss re-
duction can be attributed to the weakened tip vortex as shown in the
radial distributions in Fig. 4.25 (right).

In summary, the correlation in Eq. 4.20 reflects the effects of the
rotor speed on the tip clearance loss as described by Farokhi and Yaras
and Sjolander. The advantage of the new formulation is that the dis-
charge coefficient, which is actually not the main driver of the rota-
tion effect and typically not known a priori in low fidelity programs,
is substituted by the more convenient flow coefficient.
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4.6 effects of upstream boundary layer thickness δBL

The incoming boundary layer effect is not observed in any published
tip clearance loss correlation. It is well documented that the bound-
ary layer blocks the inflow into the gap and reduces the leakage mass
flow (cf. Sec. 2.1.3). It is therefore anticipated that a thicker boundary
layer at the tip-side endwall will reduce the tip clearance loss.

In order to modify the inflow boundary layer, auxiliary CFD simu-
lations were carried out with additional inlet ducts of different lengths
prepended to the rotor. The original inlet boundary conditions were
imposed at the ducts’ inlet plane. The boundary layer evolves and
thickens in streamwise direction due to the turbulence model. At
rotor inlet the radial distribution was analyzed to determine its ac-
tual thickness. Boundary layer thicknesses in the range 0.3 mm 6
δBL 6 5.5 mm were obtained, with δBL = 0.4 mm being the base-
line size. To generalize the effect, the ratio of gap height-to-boundary
layer thickness τ

δBL
is defined. Due to the small baseline gap height

of τ = 0.5 mm, only the range 0.1 6 τ
δBL

6 1.7 would be covered.
To extend the scope of the investigation, the modified inlet boundary
conditions were also applied to a second gap size of τ = 2 mm, yield-
ing a total range of 0.1 6 τ

δBL
6 6.7.

Figure 4.26: Comparison of inlet boundary conditions for three different
upstream boundary layer thicknesses

During the study, the prepended ducts were again removed and
the modified radial distributions were directly imposed at the rotor
inlet. Fig. 4.26 shows the inlet boundary conditions for three differ-
ent boundary layer thicknesses. Because the boundary layer evolution
also interferes with the inflow angle, the baseline inflow angles were
copied to the modified boundary conditions to retain the blade load-
ing and incidence.

Fig. 4.27 shows the correction factors for the tip clearance loss and
deviation for both gap sizes. The outflow angle on the right is not
affected by the boundary layer, therefore no correlation is developed.
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Figure 4.27: Comparison of CFD results with boundary layer correlation

As anticipated, the tip clearance loss on the left decreases with in-
creasing boundary layer thickness (decreasing τ

δBL
). Its minimum is

reached when the boundary layer’s capacity to block the leakage
flow is reached. If the boundary layer is very thin ( τδBL

> 2), the leak-
age blocking effect vanishes. A piecewise defined formulation is pro-
posed to distinguish between the two ranges. A power law approach
is used for the effective range of the boundary layer effect

δyBL = BBL,1

(
τ

δBL

)BBL,2

(4.23)

Python’s curve fitting algorithm determines the model parameters to

BBL,1 = 0.987 , BBL,2 = 0.031 (4.24)

The correction factor is limited to δyBL = 1, which is reached at
δBL = 1.525. The final correlation is then described as

δyBL =

BBL,1

(
τ
δBL

)BBL,2
if τ
δBL

6 1.525

1 if τ
δBL

> 1.525
(4.25)

The final model, plotted as solid line in Fig. 4.27, adequately reflects
the numerical data.

In comparison with the earlier publications, Traupel applies a con-
stant value of ∆dτ = 0.5◦ on the outflow angle, that respects for the
displacement thickness of the endwall boundary layer (cf. Eq. 2.12).
This value, however, is very likely empirical and could not be con-
firmed by the current results. No tip clearance loss correlation in-
cludes the boundary layer effect explicitly despite of its known signif-
icance. Only Yaras and Sjolander [86] include a correction factor for the
secondary flow loss, which becomes effective at the tip-side endwall
where the tip vortex occurs. They expect this factor to be dependent
from the inlet boundary layer and the rotation but they do not spec-
ify it. The novel correlation in Eq. 4.25 quantifies the boundary layer
effect on the tip clearance loss for the first time.
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4.7 effects of reynolds number Re

The Reynolds number Re characterizes the laminar-turbulent behav-
ior of the flow. It is defined as the ratio of inertial to viscous forces.
The common definition for tip clearance effects considers the true
blade chord of the tip profile cτ as characteristic length and the mean
values of the relative gas conditions at the blade’s trailing edge

Re2 =
cτ v2
ν2

=
cτ v2 ρ2
µ2

(4.26)

In TRACE the viscosity is modeled by the law of Sutherland (Eq. 3.3).
In order to retain all boundary conditions and geometries while
analyzing the effect of the Reynolds number, only the viscosity by
means of Sutherland’s reference viscosity µref was varied during this
investigation. The true Reynolds number was determined in a post-
processing step, in which the true trailing edge flow conditions (v2,
ρ2 and µ2) were probed from the CFD solution without tip clearance.
Changing the viscosity also affects the development of the boundary
layer, particularly at the tip-side endwall. It was monitored, though,
that because the inlet boundary conditions were kept constant and
the rotor inlet length is rather short, the effects on the inlet boundary
layer can be neglected in this study.

The baseline configuration has a Reynolds number of Re2 = 4.0 · 105.
The Reynolds number was varied in the range of 9.1 · 104 6 Re2 6
3.4 · 106. For Reynolds numbers below Re2 < 2.3 · 105 the blade wall
conditions had to be modeled with wall functions, because TRACE be-
came instable. In the following figures and correlations the Reynolds
number is normalized according to the notation of Ainley-Mathieson

Re∗ =
Re2
2 · 105

(4.27)

Figure 4.28: Comparison of CFD results with Reynolds number correlations

Fig. 4.28 shows, that both correction factors for the tip clearance
loss deviation reduce with decreasing Reynolds number. Also, both
correction factors are more sensitive for lower Reynolds numbers.
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Only the tip clearance loss correlations of Ainley and Mathieson [3]
and Matsunuma [52] include the Reynolds number as an exclusive pa-
rameter. Both models share a power law formulation for the Reynolds
number, which is also suggested by the numerical results

δyRe = BRe,1 (Re
∗)BRe,2 (4.28)

However, if Python’s curve fitting algorithm is applied, the resulting
model parameters yield a correlation that underpredicts the tip clear-
ance losses between 1 6 Re∗ 6 5.5 and overpredicts them otherwise.
More appropriate results were obtained, if two power law formula-
tion are used in a piecewise definition of the loss correction factor

BRe,1 = 0.939 , BRe,2 = 0.137 if Re∗ 6 1.5 (4.29)

BRe,1 = 0.977 , BRe,2 = 0.032 if Re∗ > 1.5 (4.30)

Analogously, piecewise defined power laws are proposed for the de-
viation correction factor

δαRe = CRe,1 (Re
∗)CRe,2 (4.31)

CRe,1 = 0.952 , CRe,2 = 0.101 if Re∗ 6 1.5 (4.32)

CRe,1 = 0.981 , CRe,2 = 0.027 if Re∗ > 1.5 (4.33)

The comparison of numerical results and correlation in Fig. 4.28 em-
phasizes the benefit of the piecewise formulations.

The results have to be discussed because they are contrary to what
was found by Ainley and Mathieson [2] and Matsunuma [52]. Therefore,
Fig. 4.29 depicts the actual stagnation pressure losses and outflow an-
gles that were acquired for different Reynolds numbers.

Figure 4.29: Stagnation pressure losses (left) and outflow angles (right) for
variation of Reynolds numbers

Matsunuma found that the stagnation pressure loss increases with
decreasing Reynolds number (Y ∼ Re−0.35). He found no differences
in the loss increase, whether a tip clearance is present or absent.
Only the loss level of the gap configuration was raised compared to
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the no-gap configuration. Therefore, he found no dependency of the
Reynolds number on the tip clearance loss. Ainley and Mathieson also
found that the total loss increases with decreasing Reynolds num-
ber. However, they concentrated on the profile and secondary flow
loss and deduct a general efficiency relation to the Reynolds number
(1− η ∼ Re−0.2), which also impacts the tip clearance losses. With ref-
erence to Fig. 4.29 (left), the current results of the stagnation pressure
losses qualitatively agree with the earlier results. But the loss rates
differ between YwithGap ∼ Re−0.04 and YnoGap ∼ Re−0.11 for the cases
with and without a tip clearance, respectively. Thus, the tip clearance
loss decreases with decreasing Reynolds number in this study.

Concerning the tip clearance deviations ∆dτ in Fig. 4.29 (right),
both Matsunuma and Ainley and Mathieson found that the underturn-
ing is fostered, i. e. the outflow turns progressively towards axial di-
rection, with decreasing Reynolds numbers. Matsunuma also found
that the effect is more pronounced for the tip clearance case, which is
why his model proposes a an linear increase of the tip clearance devi-
ation towards lower Reynolds numbers. The current results show the
opposite effect for the outflow angle with a tip clearance (α2,withGap),
i. e. the underturning is attenuated at low Reynolds numbers. With-
out a tip clearance (α2,noGap) no Reynolds number effect is noticed.
So, in agreement with Matsunuma, the Reynolds number effect is also
more pronounced when a tip clearance is present, but in the opposite
direction. As a consequence the tip clearance deviation reduces with
decreasing Reynolds number.

One explanation for the discrepancies is, that Matsunuma varied
the Reynolds number within the incompressible Mach number range
(Ma < 0.2) via the axial velocity and not via the viscosity as in the
numerical study. This could lead to unintentional blade loading and
incidence effects in his study. Also, he investigated a straight cascade,
which does not account for rotational effects, in particular the impor-
tant relative movement between blade tip and endwall. The Reynolds
number effects observed by Ainley and Mathieson are valid for the pro-
file and secondary flow loss, but they did not explicitly analyze the
effect on the tip clearance loss. Also, they state that the Reynolds num-
ber effect is more severe for high deflecting low reaction blades and
less for reaction blades as used in the current study. In conclusion,
further investigations on the Reynolds number effect are required in
the future to validate either of the results on the tip clearance loss
and deviation.
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The blade solidity c
s is considered in many tip clearance deviation

correlations, but only Yaras and Sjolander [86] include this parameter
explicitly in their loss correlation. To vary the blade solidity, either the
blade chord c or the blade pitch s has to be modified. Changing the
pitch is more convenient, because changing the chord would require
scaling the blade span to retain the aspect ratio. The blade pitch is
varied by changing the number of rotor blades N according to

s =
2 π r

N
(4.34)

Between 50 and 85 blades were modeled, which corresponds to blade
solidities 0.97 6 c

s 6 1.64. The baseline design with 64 blades has a
blade solidity of 1.24. Fig. 4.30 illustrates the different blade solidities
analyzed in this work. As a reference, Bräunling [17] states that the
blade solidities of jet turbines are typically between 1.1 and 2.0.

Figure 4.30: Scaling of the solidity by variation of number of blades

Changing the pitch affects the throat area of the blade passage. The
results have shown that this leads to unintended incidences. Hence,
the inflow boundary conditions were adapted according to Eq. 4.5-4.7
to realign the inflow with the inlet blade metal angle.

In Fig. 4.31 the correction factors are plotted versus the reciprocal
blade solidity s

c to enhance the visualization. Both the tip clearance
loss and deviation grow with the blade pitch at increasing rates. A
higher pitch enlarges the throat area and decreases the momentum of
the passage flow. The passage flow cannot realize the complete blade
deflection anymore and fails to compensate the leakage flow under-
turning. The tip clearance deviation increases. Simultaneously, the tip
vortex and its interaction with the passage vortex cover a broader loss
region, leading to increased tip clearance losses.
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Figure 4.31: Comparison of CFD results with blade solidity correlations

The correction factors are described by an exponential increase
with the pitch-to-chord ratio.

δy s
c
= B s

c ,1 e

(
B s
c ,2
s
c+B sc ,3

)
(4.35)

δα s
c
= C s

c ,1 e

(
C s
c ,2
s
c+C sc ,3

)
(4.36)

The model parameters were determined by Python’s curve fitting al-
gorithm to

B s
c ,1 = 0.143 , B s

c ,2 = 1.363 , B s
c ,3 = 0.855 (4.37)

C s
c ,1 = 0.226 , C s

c ,2 = 1.930 , C s
c ,3 = −0.047 (4.38)

Many tip clearance loss correlations use the blade solidity to de-
scribe the lift and drag coefficient CL and CD. When the two coeffi-
cients are combined to assess the tip clearance loss, the blade solid-
ity is eliminated (cf. Eq. 2.14-2.19). Only the latest loss correlation
of Yaras and Sjolander [86] includes a linear relation between blade
solidity and tip clearance loss, because the lift and drag coefficient
are not modeled but have to be explicitly provided (cf. Eq. 2.36-2.38).
In contrast to Yaras and Sjolander, the current model correlates the
loss increase with the reciprocal of the blade solidity. It is unclear
to which extent the unspecified lift and drag coefficient of Yaras and
Sjolander can redeem this inconsistency. The current model, however,
provides a possibility to consider the blade solidity into the loss as-
sessment without detailed knowledge of the lift and drag coefficient
which eases its use in low-fidelity tools.

Concerning the tip clearance deviation, the novel model agrees
qualitatively with the correlations of Balje and Binsley [8] and Hu-
bert [37]. In their tip clearance deviation models the deviation in-
creases linearly with the pitch-to-chord ratio, whereas the current re-
sults suggest an exponential growth.
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c

4.9 effects of blade aspect ratio
h
c

To control the blade aspect ratio the blade chord length c was modi-
fied while keeping the blade height h constant. Since the variation of
the chord interferes with the blade solidity c

s , the blade pitch had to
be adapted via the blade number N to retain the solidity. For a new
aspect ratio, i. e. chord length c∗, the resulting blade number N∗ at
constant solidity is

c

s
=
c∗

s∗
!
= const.

Eq. 4.34

−−−−→ N∗ = 2πr
c

s

1

c∗
(4.39)

The appropriate values of the blade tip profile were applied. Except
from the blade chord and the blade number, all other geometrical
parameters, in particular the trailing edge thickness and the blade
metal angles, were not modified. Typical aspect ratios are in the range
0.6 6 h

c 6 2.3 for high pressure turbines (Bräunling [17]). In this
work the aspect ratio was studied within the range 0.79 6 h

c 6 1.85
(107 > N > 46), with the baseline aspect ratio of 1.11 at the blade tip.
In the following the reciprocal aspect ratio c

h is used for visualization
reasons, which corresponds to a range of 1.27 > c

h > 0.54.

Figure 4.32: Effect of the aspect ratio scaling on the rotor geometry

Fig. 4.32 visualizes the variation range of the studied aspect ratios
and its effect on the rotor geometry. One issue of the chord scaling
is its effect on the chord based Reynolds number (Eq. 4.26). The eval-
uation of the computations has shown, that the Reynolds number
slightly varies between 2.4 · 105 6 Re2 6 5.2 · 105. Referencing to
Fig. 4.28 the cross-effect of the Reynolds number on the aspect ra-
tio must be observed. The evaluation has also shown that the chord
scaling affects the inflow angle. Compared to the baseline design, the
inflow angle decreased by 7.5◦ and increased by 2.0◦ for the small-
est and largest chord-to-span ratio, respectively. Thus, a cross-effect
of the blade loading and incidence effect according to Fig. 4.16 and
Fig. 4.22 has to be regarded as well.
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4.10 combined cfd based tip clearance loss correlation

Figure 4.33: Comparison of the correction factors for the aspect ratio before
and after the Reynolds number, blade loading and incidence
effect rectification

Fig. 4.33 shows the correction factors for the tip clearance loss and
deviation of the aspect ratio variation. The original numerical results
are contrasted to the rectified results, in which the Reynolds number,
blade loading and incidence effects were considered. No significant
blade aspect ratio effect is found, therefore this parameter can be
omitted in the tip clearance models.

The aspect ratio is not included in any published tip clearance de-
viation model. Thus the current results are in agreement with the lit-
erature. Concerning the tip clearance loss, the aspect ratio is included
in those correlations, that relate the base loss value to the chord nor-
malized tip gap height Yτ,0 ∼ τ

c . Dunham and Came [25], for instance
propose a power law dependency from the reciprocal aspect ratio
(cf. Eq. 2.24 Yτ ∼ c

h · (
τ
c )
0.78). With a linear aspect ratio dependency

the aspect ratio would be eliminated and the base loss would again
relate to the span normalized gap height solely. A non-linear depen-
dency was neither observed in the current results nor in many other
tip clearance loss models. Therefore it is justified that the aspect ratio
is not observed in the novel tip clearance correlations.

4.10 combined cfd based tip clearance loss correlation

In this section the aforementioned parameter study results are sum-
marized to a new formulation for the mixed-out, cross-sectional av-
eraged tip clearance loss and deviation. The novel, CFD based cor-
relations can be applied in mean-line low fidelity tools that do not
regard radial distributions. In contrast to the earlier published cor-
relations, the novel tip clearance model is developed from realistic
turbine simulations, in which all relevant three-dimensional effects
from the rotating flow are considered.
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4.10 combined cfd based tip clearance loss correlation

The tip clearance loss coefficient is constituted by a gap height de-
pendent base loss and several correction factors:

Yτ = Yτ,0 δyZ δyi δyφ δyBL δyRe δy s
c

(4.40)

The parameter specific correlations are

Yτ,0 = 5.552
τ

h
(4.41)

δyZ = 0.461Z0.387 (4.42)

δyi = 1.150− 0.150 e−
i

47.4◦ (4.43)

δyφ =


1.060 if φ−1

τ < 2

−0.084 (φ−1
τ − 2)1.464 + 1.060 if 2 6 φ−1

τ 6 7.677

0 if φ−1
τ > 7.677

(4.44)

δyBL =

0.987
(
τ
δBL

)0.031
if τ
δBL

6 1.525

1 if τ
δBL

> 1.525
(4.45)

yRe =

0.939 (Re∗)0.137 if Re∗ 6 1.5

0.977 (Re∗)0.032 if Re∗ > 1.5
(4.46)

δy s
c
= 0.143 e(1.363 sc+0.855) (4.47)

The tip clearance deviation is modeled by

∆dτ = ∆dτ,0 δαZ δαi δαφ δαRe δα s
c

(4.48)

with the parameter specific correlations

∆dτ,0 = 89.7◦
τ

h
(4.49)

δαZ = −0.011 (Z− 5.0)2 + 1.022 (4.50)

δαi =
1

174.3◦
i+ 1 (4.51)

δαφ =

0.084 (φ−1
τ − 2) + 1 if φ−1

τ < 2

1 if φ−1
τ > 2

(4.52)

δαRe =

0.952 (Re∗)0.101 if Re∗ 6 1.5

0.981 (Re∗)0.027 if Re∗ > 1.5
(4.53)

δα s
c
= 0.226 e(1.930 sc−0.047) (4.54)
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4.11 downstream progression models

The novel correlations are deduced from the flux averaged tip clear-
ance losses and deviations. They are valid for downstream positions,
where the tip clearance effects are mixed-out. If a downstream posi-
tion before the mixed-out state is evaluated, the mass averaged val-
ues at this location have to be applied. A possible use case would be
the design of an adjacent downstream blade row being close to the
current blade row. The loss mixing process in the interblade duct is
interfered by the loss production of the next blade row, which affects
the overall loss production of the turbine. And the leading edge of the
adjacent blade row has to be designed with regards to the actual flow
direction at this position to prevent incidences. Therefore, a down-
stream progression model of the tip clearance loss and deviation is
developed to provide the mass averaged values at any downstream
position.

The parameter study results have shown that the tip clearance
deviation reaches its maximum at the trailing edge and then de-
creases downstream towards its flux averaged value. The tip clear-
ance loss still increases behind the trailing edge until it reaches its
mixed-out value. The gap height shows the most severe effect on the
downstream progression characteristic. Thus, considering only the
gap height and neglecting all other parameters should be sufficient
for the development of an accurate and modest downstream progres-
sion model. Similar to the parameter study correction factors δyx and
δαx for the base values are determined that regard the downstream
progression. For the tip clearance loss a general arctangent character-
istic is found (cf. Fig. 4.6)

δyx =
Y ′τ,0(

x
cx
)

Yτ,0
(4.55)

= 1
π arctan

(
Bx,1

(
x
cx

+Bx,2

))
+ 0.5 (4.56)

The parameters Bx,1 and Bx,2 describe the climb rate of the loss. A
linear dependency from the gap height was determined by applying
Python’s curve fitting algorithm on Eq. 4.56 for each gap height. The
specific model parameters are

Bx,1 = −9.999 τh + 3.734 (4.57)

Bx,2 = −9.585 τh − 0.051 (4.58)

Concerning the tip clearance deviation, an exponential downstream
characteristic is observed (cf. Fig. 4.8).

δαx =
∆d ′τ,0(

x
cx
)

∆dτ,0
(4.59)

= 1+ e(Cx,1 (Cx,2−
x
cx

)) (4.60)

85
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With increasing gap size, the deviation decrease is delayed from the
trailing edge position to a further downstream position Cx,3. Thus,
the deviation correction has to be applied also at this delayed posi-
tion. Between trailing edge and onset of the decrease, the deviation is
considered to be constant

δαx = δαx

(
x
cx

= Cx,3

)
if x

cx
< Cx,3 (4.61)

The parameters Cx,1 to Cx,3 were again determined with Python’s
curve fitting algorithm. Only Cx,2 shows a linear dependency from
the gap height. Cx,2 shows a reciprocal logarithmic, and Cx,3 a quadratic
characteristic from the gap height

Cx,1 =
1.151

ln
(
59.432 τh + 1

) (4.62)

Cx,2 = −8.746
τ

h
− 0.017 (4.63)

Cx,3 = 62.429
( τ
h

)2
(4.64)

Fig. 4.34 compares the downstream correction factors from the simu-
lations with the developed downstream progression model. The good
agreement between the results qualifies the downstream model to de-
termine the local, mass averaged quantities from the mixed-out, flux
averaged quantities.

Figure 4.34: Comparison of mass averaged CFD results with downstream
progression model

Due to the dominance of the gap height, it is assumed that the
downstream correction factors can also be applied to the combined
loss and deviation values of Eq. 4.40 and Eq. 4.48 without imposing
too much inaccuracy

Y ′τ = δyx Yτ (4.65)

∆d ′τ = δαx ∆dτ (4.66)
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To summarize this chapter, the baseline design conditions of the
rotor were analyzed with regards to the tip clearance effects. The
effects are compared to results from earlier publications to identify
and evaluate the similarities and differences. In the parameter study,
each parameter was modified individually and partial correlations
were formulated. The general trends are mostly in agreement with
the conventional correlations. The tip clearance loss and deviation
are linear dependent on the gap height. The loss is more sensitive to
low blade loadings than to higher ones. The deviation shows a maxi-
mum at Z = 5. The effect of the incidence is less pronounced than the
aforementioned effects. With increasing incidence, i. e. inflow turned
towards the pressure side, the loss and deviation increases. For the
first time a correlation that considers the relative motion of the end-
wall is proposed. At a sufficiently high rotor speed the tip clearance
loss begins to decrease. The tip clearance deviation increases up to
this speed and remains on that level at higher speeds. The effect of
the incoming boundary layer is also quantified and qualified for a tip
clearance loss correlation for the first time. The thicker the incoming
boundary layer, the more the loss is reduced. The effect is observed
until the boundary layer only covers half of the gap size. No effect on
the tip clearance deviation is observed. An increase of tip clearance
loss and deviation is also observed for higher Reynolds numbers and
lower blade solidities. The blade aspect ratio has no significant effect
on the tip clearance loss and deviation. The partial correlations were
combined to a new tip clearance loss and deviation correlation that
can be included in any low-fidelity tool. As with the conventional
correlations, this correlation provides the mixed-out, cross-sectional
averaged tip clearance loss and deviation. To account for the actual
losses and deviations at the leading edge of the adjacent downstream
blade row, a downstream progression model is proposed to scale the
mixed-out values appropriately.
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5
K R I G E E S T I M AT O R R E S U LT S

The objective of the parameter study in the previous chapter was to
vary each parameter individually without affecting the others to ex-
pose the parameter specific effects. This was not always possible as
the variation of the blade aspect ratio has shown. Also, the formula-
tion of the novel tip clearance correlations assumes a linearity of the
effects, i. e. the final tip clearance loss and deviation is a linear com-
bination of the correction factors. It is, however, not unlikely that the
effects interact nonlinearly. To investigate these interrelations, each
combination within the parameter space ought to be simulated. If
only the three most significant parameters, i. e. the gap height, blade
loading and incidence, would be investigated for nonlinearity, a total
of 990 parameter permutations have to be evaluated to maintain the
resolution of the parameter study.

To reduce the number of parameter combinations, the efficient Krig-
ing method is applied. Kriging generates a multi-dimensional surro-
gate model for the tip clearance correlations that inheres these non-
linear relations. This chapter describes the basic theory of the Kriging
and how such a surrogate model is generated. A Kriging estimator is
integrated into a process chain, which automatically selects new pa-
rameter combinations and determines their tip clearance losses and
deviations to refine the model. The results of the Kriging surrogate
model are visualized and an approach to integrate the model into low
fidelity tools is presented.

5.1 kriging theory

The Kriging technique was developed by Danie Krige in 1951. He
sought for an optimal method to predict undetected gold reserves in
South Africa based on sparsely distributed discovered gold sources.
The theoretical foundation for Kriging was developed in 1963 by
Matheron [51]. This theory section summarizes the most basic equa-
tions and principles of Kriging with reference to Cressie [20] and Arm-
strong [5]. Derivations of the equations are presented in appendix A.4.

Kriging is a statistical method for randomly distributed objectives
that inhere a spatial correlation. Kriging was developed for geologi-
cal objectives such as the distribution of ore, but the objective can be
any physical quantity. In this work the objectives are the tip clearance
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5.1 kriging theory

loss and the tip clearance deviation. The statistical approach allows
to not only determine an estimate of the objective at any unprobed,
interpolated location but also to assess its prediction quality in terms
of variance. To improve the overall model quality, locations of high
uncertainty can be probed and their resulting objectives can be added
to the known samples. Only a few samples of the multi-dimensional
parameter space are normally required to build a sufficiently confi-
dent surrogate model.

Kriging is mathematically characterized as a Best Linear Unbiased
Estimator (BLUE). A linear estimator calculates an estimate of the ob-
jective ϕ̂ at an unprobed location x0 based on a linear combination of
N known objectives ϕ at probed locations xi with weights λi

ϕ̂(x0) =

N∑
i=1

λiϕ(xi) (5.1)

Unbiased means that the expected estimation error, i. e. the average
difference between estimate and its true value, is zero:

E
[
ϕ̂(x0) −ϕ(x0)

]
= 0 (5.2)

Then the sum of the weights equals one (A.4.1)

N∑
i=1

λi = 1 (5.3)

Finally, best means that the weights are determined such that the vari-
ance of the estimation error is minimized.

σ2ε = Var
[
ϕ̂(x0) −ϕ(x0)

]
→ min (5.4)

The variance can be transformed to (A.4.2)

σ2ε = −

N∑
i=1

N∑
j=1

λiλjγ(xi − xj) + 2

N∑
i=1

λiγ(xi − x0) (5.5)

in which the variogram γ represents the spatial correlation between
the statistical objectives and is determined from the probed data. An
empirical variogram is built by calculating for each pair of the probed
objectives

γ(h) =
1

2

(
ϕ(xi) −ϕ(xj)

)2, for i, j ∈ {1, . . . ,N} (5.6)

with h = |xi − xj| being the distance of the probed locations. Since
each pair has probably a unique distance, similar distances are parti-
tioned into bins with average distance h.

γ
(
h
)
=

1

2Nh

Nh∑
i=1

(
ϕ(xi) −ϕ(xj)

)2, for i, j ∈ {1, . . . ,N} (5.7)
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The resulting empirical variogram is a point cloud of the mean vari-
ances versus distance h. In order to use the statistical data in Eq. 5.5, a
continuous, theoretical variogram is deducted, which represents the
empirical variogram. This process is called training. Generally, three
different function types are used for the theoretical variogram, the
spherical, the exponential and the Gaussian function. Fig. 5.1 shows
a generic empirical variogram and its corresponding theoretical vari-
ogram with a Gaussian distribution

γ(h) ∼ 1− e−θh
2

(5.8)

Figure 5.1: Generic of an empirical and theoretical variogram

The minimization of the variance in Eq. 5.5 under the constraint of
Eq. 5.3 results in a linear equation system for the optimal weights λ
(A.4.3)

N∑
j=1

λjγ(xi − xj) + µ = γ(xi − x0), for i ∈ {1, . . . ,N} (5.9)

n∑
i=1

λi = 1 (5.10)

The estimate at the unprobed location x0 is then obtained by inserting
the optimal weights in Eq. 5.1. The variance of this estimate, also
known as the Krige variance, is given by (A.4.4)

σ2ε =

N∑
i=1

λiγ(xi − x0) + µ (5.11)

The Krige variance is determined solely by the variogram and the
weights. Therefore it only depends on the distances between the probed
locations but not on the known objectives. However, the Krige vari-
ance only echoes the uncertainties based on the theoretical variogram.
If the experimental variogram is not well represented by the theoret-
ical variogram, then the Krige variance is only weakly correlated to
the uncertainty of the unprobed objective.

In summary, the general process to determine an estimate of an
objective ϕ̂ at an unprobed location x0 with Kriging is as follows:
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5.2 kriging process and tip clearance surrogate model

1 Determine the experimental variogram based on the known ob-
jectives ϕ at the probed locations xi

2 Train parameters θ of the theoretical variogram representation
to represent the experimental variogram

3 Determine the optimal weights λi according to the Kriging equa-
tion system Eq. 5.9-5.10

4 Determine the Krige estimate according to Eq. 5.1 and its vari-
ance according to Eq. 5.11

To obtain an interpolated surrogate model of the objective, i. e. a
spatial distribution of the objectives, Kriging is not only executed for
one unprobed location but for various locations, such that the entire
domain of the parameter space is covered. The related Krige vari-
ance of the surrogate model is used to assess the interpolation error
between the samples. To improve the surrogate model, locations of
high Krige variance can be probed and their true objectives can be
added to the known samples for the Kriging model generation. This
technique is called space-filling.

5.2 kriging process and tip clearance surrogate model

In this work, Kriging is used to generate a surrogate model of the
tip clearance loss and deviation. The Kriging algorithm of DLR’s opti-
mization suite AutoOpti was used (Voß et al. [76]). Its implementation
was customized to particularly generate surrogate models in a multi-
dimensional parameter space for optimization purposes. In contrast
to the aforementioned variogram γ, the spatial correlations between
N probed samples are summarized in a correlation matrix Corr[~xi,~xj]
(Backhaus et al. [7]). The dimension of the samples ~xi equals the num-
ber of parameters D. Similar to the construction of the theoretical
variogram, the correlation matrix is represented by a Gaussian corre-
lation function

Corr
[
~xi,~xj

]
= e−

∑D
k=1 θk(xi,k−xj,k)

2

, for i, j ∈ {1, . . . ,N} (5.12)

The hyperparameters θk are trained with the maximum likelihood
approach.

To reduce the complexity of the surrogate model, the three most
significant tip clearance parameters (D = 3), tip gap height τ, blade
loading Z and incidence i, are considered in the Kriging model. Addi-
tional parameters can be included in the future, if a higher versatility
of the surrogate model is favored. The initial surrogate model was
built from the results of the parameter study in Sec. 4.2-4.4.
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5.2 kriging process and tip clearance surrogate model

Figure 5.2: Distribution of predicted tip clearance loss (left) and deviation
(right) of the initial Kriging model

Figure 5.3: Distribution of the Krige variance of the predicted tip clearance
loss (left) and deviation (right) of the initial Kriging model

Fig. 5.2 and 5.3 show the surrogate models for the tip clearance loss
and deviation and the variances of the models. The parameter space
spans the region τ

h × Z × i with τ
h = [0.3%, 13.5%], Z = [1.1, 11.5],

i = [−26◦, 48◦] and a grid resolution of 25× 25× 25 nodes in each
direction. The computed samples from the parameter study are plot-
ted as dots. Because each parameter was uniquely varied in the pa-
rameter study, the samples are lined up along the parameter axes.
High variances are observed towards the boundaries of the parame-
ter space, where no samples were computed.

The prediction of the initial surrogate model was improved by
space-filling with an automatic Kriging process chain. The parameter
tuple with the maximum Krige variance of the tip clearance loss was
determined and selected for an additional CFD simulation. Thereto,
the tip clearance parameters were converted to modifications of geom-
etry and inflow conditions. For instance, the gap height parameter is
determined by the gap height, while the incidence and blade loading
parameter are affected by the leading edge geometry and the inflow
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5.2 kriging process and tip clearance surrogate model

Figure 5.4: Distribution of predicted tip clearance loss (left) and deviation
(right) of the final Kriging model

Figure 5.5: Distribution of the Krige variance of the predicted tip clearance
loss (left) and deviation (right) of the final Kriging model

conditions. The conversion is an approximate reversion to the param-
eter study process, in which the variations of geometry and inflow
conditions yield the interesting tip clearance parameters. The mod-
ified configuration was passed through the CFD process chain pre-
sented in Sec. 3.2. The true tip clearance parameters were determined
from the converged numerical simulation and the tip clearance loss
and deviation were evaluated. The new data sample was added to the
database of probed samples to generate an enhanced Kriging model.
The iterative refinement was repeated until the maximum Krige vari-
ance of the tip clearance loss did not improve.

The final surrogate models are presented in Fig. 5.4 and 5.5. 18 ad-
ditional simulations were carried out to improve the Kriging models.
The maximum Krige variance of the tip clearance loss and deviation
is σ2Yτ,max = 0.04 and σ2∆dτ,max = 0.49◦, respectively. The most differ-
ences between the final and the initial surrogate model are noticeable
at large tip clearances. The tip clearance loss and deviation is pre-
dicted higher at positive incidences and lower at negative incidences.
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5.2 kriging process and tip clearance surrogate model

Figure 5.6: Tip clearance loss (left) and deviation (right) results of the CFD

correlations in Sec. 4.10

To assess the level of non-linearity of the tip clearance parameters,
the surrogate model is compared to the loss correlations from the pre-
vious chapter. Therefore, the correlations Eq. 4.40 and Eq. 4.48 were
evaluated for each point of the Kriging parameter space. The results,
depicted in Fig. 5.6, show that the correlation of the tip clearance
deviation agrees generally very well with the final surrogate model
in Fig. 5.4 over the entire domain. Concerning the tip clearance loss,
however, the correlation predictions are different at large gap heights
and low blade loadings. At positive incidences the loss is predicted
lower, and at negative incidences higher than with the final Kriging
surrogate model. The implications on the turbine performance and
the advantages and disadvantages of both models will be evaluated
in the validation chapter.

One-dimensional mean-line programs require only the cross-
sectional averages that are provided by the Kriging program or the
correlations. Two-dimensional through- flow programs can also ex-
ploit the spanwise distribution of the tip clearance loss and deviation
and thereby possibly enhance the prediction quality. The spanwise
distributions were not modeled, but the results of each simulated
sample of the final surrogate model is stored in a database. In order
to approximate the spanwise distributions for an arbitrary parameter
tuple, the nearest simulated neighbor in the surrogate model is
determined. The neighbor’s spanwise distributions are selected
from the database and scaled to retain the integral amount of tip
clearance loss and deviation of the actual parameter tuple. The scaled
distributions can then be applied directly to the blade row in the
through-flow program. Further implementation details are explained
in conjunction with the fundamental theory of through-flow models
in the following chapter.
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6
T H R O U G H - F L O W L O S S M O D E L I M P L E M E N TAT I O N

This chapter outlines the origins and basic concepts of through-flow
methods to simulate turbine flow on the two-dimensional meridio-
nal plane. The basic equations of the particular through-flow method,
which was used in the subsequent validation chapter, are summa-
rized and the loss treatment is described. The novel tip clearance cor-
relations of Sec. 4.10 and the surrogate model of Sec. 5.2 have been
included into the program and some implementation details are pro-
vided. Furthermore, an approach to include the realistic spanwise
distribution of the tip clearance loss and deviation is presented and
differences to the original spanwise distribution model are illustrated.

6.1 through-flow method

Today, high-fidelity CFD methods are common engineering tools to
predict the complex three-dimensional flow field of turbomachinery.
In the beginning of the computer age in the 1950s, however, the
available computational resources were insufficient for such highly
resolved flow simulations. Instead, Wu [81] proposed a quasi three-
dimensional approach to approximate the flow distribution. Based
on his S1/S2 theory, the flow calculation on the circumferential blade-
to-blade S1 stream surface is coupled with the calculation on the me-
ridional hub-to-shroud S2 stream surface in an iterative procedure.
The S2 simulations calculate the passage averaged flow properties
to determine the characteristics of the machine. The S1 simulations
deliver the corresponding circumferential flow conditions as bound-
ary conditions to the S2 simulations. Nowadays, CFD methods have
substituted the quasi three-dimensional approach to compute and an-
alyze particular operation points. Yet, through-flow methods are still
widely applied as preliminary design and optimization tools to pre-
dict entire turbine operation maps within a reasonable time frame.

Two different through-flow method approaches were developed to
compute the two-dimensional meridional flow distribution on the S2

stream surface. Firstly, the streamline curvature method by Smith [69]
and Novak [60] determines the streamline positions by calculating
the slope and curvature of the streamlines. Secondly, the stream
function or matrix method by Wu [80] and Marsh [50] calculates
the stream function distribution and therewith the axisymmetric
velocities vx and vr. While streamline curvature simulations tend
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6.1 through-flow method

to become instable, stream function methods have less robustness
issues (Tiwari et al. [73]). On the other hand, stream function methods
are restricted to subsonic meridional Mach numbers Mam 6 1, while
streamline curvature methods are also able to compute transonic and
supersonic flows.

In this work the through-flow method by Petrovic [61] is used to val-
idate the developed tip clearance models. Petrovic realizes a stream
function method that is capable to calculate the turbine characteris-
tics over an extended operating range. His method is adapted for
very low part-load operating points, when spanwise fractions in the
diffuser downstream the turbine suffer from reversed flows.

The through-flow method is based on the theoretical formulations
from Hirsch [36] for adiabatic, compressible, nonviscous and steady-
state flows. The local flow state inside the turbine is defined by six
aero-thermodynamic properties: density ρ, enthalpy h, entropy s and
the velocities in each direction, i. e. vr, vx and vθ. They are determined
by solving the axisymmetric conservation equations written in cylin-
drical coordinate system. The continuity equation

∂

∂r
(ρrb vr) +

∂

∂x
(ρrb vx) = 0 (6.1)

is satisfied by the definition of the stream function Ψ.

∂Ψ

∂r
=
2π

ṁ
ρrb vx ,

∂Ψ

∂x
= −

2π

ṁ
ρrb vr (6.2)

b is the tangential blockage factor that regards the reduction of the
passage width due to the blade thickness.

b = 1−
tθ
s

(6.3)

When the momentum equations are projected on the meridional stream
surface and the stream function is inserted, a second order partial dif-
ferential equation in form of a Poisson equation is obtained for the
stream function Ψ

∂2Ψ

∂r2
+
∂2Ψ

∂x2
=

[
2π

ṁ
q−

∂Ψ

∂r

∂

∂r

(
1

ρrb

)
−
∂Ψ

∂x

∂

∂x

(
1

ρrb

)]
(ρrb) (6.4)

The term q includes the body forces from the blades and depends
on the turbine geometry, velocities and fluid property distribution
(Petrovic and Riess [62]). The solution of Eq. 6.4 is the distribution of
the stream function along the meridional S2 stream surface. The ra-
dial and axial velocities are then determined by Eq. 6.2. The tangential
velocity vθ is determined from the flow angle α

vθ =
vx

tanα
(6.5)
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6.1 through-flow method

The flow angle inside a blade row is interpolated from the inflow
and outflow angles α1 and α2. The outflow angle results from the
sine-rule correlation, which reads for subsonic conditions

sinα2 =
o

s
(6.6)

For supersonic conditions, the outflow direction is diverted by the
Prandtl-Meyer expansion. According to Petrovic [61] the corrected out-
flow angle α∗2 can be calculated by applying the continuity equation
between choking throat, where the flow condition is critical, and out-
flow cross section:

sinα∗2 =

√
2

κ− 1

(
κ+ 1

2

)κ+1
κ−1 (

ε
2
κ − ε

κ+1
κ

)
· sinα2 (6.7)

where ε = ps2
pt1

. Inside the interblade ducts between the blades the
angular momentum r · vθ is considered constant along a streamline.

According to the energy equation, the stagnation enthalpy ht is
constant along a streamline inside stator and duct, and the rothalpy I
is constant along a streamline inside the rotor. Inside duct and stator
the static enthalpy is then calculated by

h = ht −
v2

2
(6.8)

and inside a rotor via the rothalpy I by

h = I−
w2

2
+
u2

2
(6.9)

A nonviscous flow is considered for the momentum equations, there-
fore viscous shear stresses have to be modeled. The viscous stresses
originate from three-dimensional secondary flow effects. Because the
tangential component was removed in the course of the axisymmetric
approximation, empirical loss correlations are applied to estimate the
aerodynamic losses. It is assumed that all viscous shear stresses dissi-
pate and increase the entropy. The relation between entropy increase
∆s and aerodynamic loss ζ is deduced in appendix A.5 and reads

∆s = ζ
v22
2

1

Ts2
(6.10)

The enthalpy loss coefficient ζ can be transformed to other loss coef-
ficients according to the conversions given in appendix A.5.

Finally, the density ρ is iteratively calculated from the enthalpy-
entropy state equation for an ideal gas

ρ(h, s) = ρref

(
h

href

) 1
κ−1

e−
s−sref
R (6.11)
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6.2 loss model implementations

Other flow properties, such as temperature and pressure, are also cal-
culated by ideal gas correlations.

The Poisson equation for the stream function Eq. 6.4 is solved by a
finite element method based on the theory of Hirsch and Warzee [35].
The numerical domain is discretized by eight nodes serendipity
elements with biquadratic interpolation functions. The Galerkin
method of weighted residuals is used to formulate the finite element
equations of Eq. 6.4. Further details of the numerical procedure are
described by Petrovic [61].

6.2 loss model implementations

The entropy increase in Eq. 6.10 is determined by the aggregated
loss coefficient, which includes all three major loss categories,
i. e. profile loss, secondary flow loss and tip clearance loss. Hence,
the loss models are crucial for the accurate performance prediction
with low-fidelity tools. The original through-flow program from
Petrovic [61] estimates all losses with the Traupel [75] loss correlations.
The program was thoroughly analyzed and revised by the author of
this work (Buske [18]) and additional conventional loss correlations
were implemented, which are listed in Tab. 6.1. The profile loss
correlation from Ainley and Mathieson [2, 3] was added with the
adaptions from Kacker and Okapuu [44]. For the secondary flow
losses, the correlations from Dunham and Came [25] with adaptions
from Kacker and Okapuu [44] were implemented as well as the latest
correlation from Benner et al. [12, 13]. Furthermore, the tip clearance
loss models from Ainley and Mathieson (Eq. 2.19) and from Dunham
and Came (Eq. 2.24) were added. The loss models are implemented as
separate modules such that each model of one loss category can be
combined with any loss model of the other categories.

profile loss secondary flow loss tip clearance loss

〈
Traupel

Petrovic

〉
〈

Ainley-Mathieson

Kacker-Okapuu

〉

〈
Traupel

Petrovic

〉
〈

Benner et al.

〉
〈

Dunham-Came

Kacker-Okapuu

〉

〈
Traupel

Petrovic

〉
〈

Ainley-Mathieson

〉
〈

Dunham-Came

〉

Table 6.1: Implemented conventional loss correlations

98



6.2 loss model implementations

The novel, CFD based tip clearance loss and deviation correlations
(Eq. 4.40 and 4.48) were implemented into the through-flow program
as well. The implementation of the surrogate model (Fig. 5.4) is cur-
rently tailored to the specific Kriging program of the optimization
suite AutoOpti. A transcription of the Kriging algorithm into the
Fortran95 programming language of the through-flow program is
a very tedious task. Hence, it was decided that for the validation,
AutoOpti’s Kriging program is called by the through-flow program
at the cost of runtime efficiency. The through-flow program sends
a tuple of gap height, blade loading and incidence to the external
Kriging program, which executes the Kriging interpolation on the
surrogate model at the tuple location. The through-flow program
then receives the interpolated tip clearance loss and deviation val-
ues from the Kriging program. The received values are corrected for
rotational frequency, upstream boundary layer thickness, Reynolds
number, blade solidity and aspect ratio according to the correction
correlations of the parameter study in Sec. 4.10. Optionally, the down-
stream progression model (Sec. 4.11) can be enabled individually for
the tip clearance loss or deviation to scale the results according to
the distance to the adjacent downstream blade row. The developed
tip clearance models are only valid for flat blade tips. For shrouded
blades one of the conventional correlations is applied.

The results from the correlations and the surrogate model repre-
sent the integral, cross-sectional averaged values. In through-flow
programs they have to be distributed across the blade span, so the
entropy increase can be calculated for each streamline separately. Pro-
file losses are locally calculated by applying the profile geometry and
flow conditions of the referencing streamline to the profile loss cor-
relation. Secondary flow and tip clearance losses, however, are span-
wise confined to their originating endwall source region. Generally,
secondary flow losses are neglectable in the midspan region and tip
clearance losses only occur in the blade span half of the gap.

The through-flow program from Petrovic [61] uses a mathematical
spanwise distribution model, which was developed by Groschup [33].
Secondary flow and tip clearance losses are spanwise distributed by
a Gaussian function, while the integral loss values are retained. The
spanwise range, between which the losses are distributed, is called
loss penetration depth ∆hPD. Petrovic implemented the empirical cor-
relation from Traupel [75], which relates the non-dimensional loss pen-
etration depth to the kinetic energy profile loss ξprofile

∆hPD

h
= XPD

s

h

√
ξprofile (6.12)

According to Traupel the correlation factor is within the range 7 6
XPD 6 10. Petrovic reduces the correlation factor range to 3 6 XPD 6 5.
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6.2 loss model implementations

Additionally, a second penetration depth model from Benner et al. [12,
13] was implemented into the through-flow program by the author
of this thesis. Benner et al. correlate the normalized loss penetration
depth to the incoming boundary layer δBL and the flow angles.

∆hPD

h
=

0.10X0.79
PD√

cosα1
cosα2

(
h
c

)0.55 + 32.70
(
δBL

h

)2
(6.13)

XPD = 2
s

cx
cos2 α (tanα1 − tanα2) (6.14)

Benner et al. deduced this model from an extensive evaluation of dif-
ferent turbine cascades without a tip clearance. Thus, their model is
actually only valid for the secondary flow loss penetration depth, but
it’s common to apply this model even when a tip clearance is present.

Figure 6.1: Spanwise loss distribution at trailing edge (left) and radial en-
tropy mixing inside interblade duct (right) with mathematical
models by Petrovic [61]

The spanwise loss distribution is converted to an entropy increase
at the trailing edge according to Eq. 6.10. The assumption of a non-
viscous flow disregards the turbulent mixing and diffusion in the
interblade duct that follows the blade row. Hence, the radial energy
transport is neglected. To overcome this issue, Petrovic developed a
mathematical radial mixing model. His model takes the spanwise dis-
tributions of entropy and angular momentum at the interblade duct
inlet and redistributes them by a cubic spline with reduced radial gra-
dients but same integral value at the duct exit. It is assumed that one
chord downstream of the blade row, the loss peaks are reduced by
50 %. Between duct inlet and exit the values are linearly interpolated
along each streamline. Fig. 6.1 (left) illustrates the spanwise loss dis-
tribution at the trailing edge using Traupel’s penetration depth model
(Eq. 6.12). Fig. 6.1 (right) shows the effects of the radial mixing model
one chord downstream of a turbine stage.
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6.2 loss model implementations

The spanwise distribution model and the radial mixing model can
be substituted by applying the distributions of the high-fidelity CFD

simulations. The spanwise distributions from all simulated samples
of the Kriging model are stored in a database. The process to select
and apply the appropriate loss distribution is as follows:

1 Determine the cross-sectional averaged amount of tip clearance
loss Yτ for a given parameter tuple ( τh ,Z, i) either by a loss cor-
relation or by the surrogate model

2 Locate the nearest simulated neighbor (NN) to the parameter
tuple in the Kriging database

3 Recover the spanwise loss distribution of the nearest neighbor

Y ′(NN)
τ (hrel) at the axial chord position, which corresponds to

the length of the interblade duct

4 Calculate the integral loss value of the nearest neighbor

Y
(NN)
τ =

∫1
0

Y ′
(NN)
τ (hrel)dhrel (6.15)

5 Scale the spanwise loss distribution according to Eq. 6.16 to re-
tain the original tip clearance loss of the current blade row

Y ′τ(hrel) = Y
′(NN)
τ (hrel)

Yτ

Y
(NN)
τ

(6.16)

When the loss distribution is recovered from the nearest neighbor
at step 3©, the distribution actually corresponds to the interblade duct
exit, i. e. the leading edge of the downstream blade row. But it is also
applied to the trailing edge of the current blade row. This approach
is justified, because the CFD results show that the tip clearance loss
is still underdeveloped at the trailing edge. The mixing processes
with the main passage flow yield the characteristic spanwise distri-
bution only further downstream. These mixing processes, however,
are not accurately represented by Petrovic’s radial mixing model. His
radial mixing model flattens the spanwise entropy distribution and
has therefore the opposite effect to the observed downstream loss
development. Therefore, the tip clearance loss is excluded from the
radial mixing model, if the realistic distribution is applied. Only the
entropy distribution of profile and secondary flow loss is convention-
ally redistributed by the radial mixing model between interblade duct
inlet and exit. The entropy distribution of the tip clearance loss is sep-
arately calculated and superimposed in equal measure to the mixed
and unmixed entropy distributions at duct inlet and exit.
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6.2 loss model implementations

Figure 6.2: Spanwise loss distribution with CFD tip clearance loss distribu-
tion at trailing edge (left) and entropy distribution at interblade
duct inlet and exit (right), when tip clearance loss is excluded
from radial mixing model and separately superimposed

Fig. 6.2 (left) shows the spanwise loss distributions at the trailing
edge, when the CFD distribution of the tip clearance loss is applied.
On the right hand side of the figure, the spanwise entropy distribu-
tion at the interblade duct inlet and exit is shown, when the tip clear-
ance loss entropy is excluded from the radial mixing model and sep-
arately superimposed to the entropy distributions at duct inlet and
exit. In comparison to the radial mixing model in Fig. 6.1, the entropy
peak from the tip clearance loss is still distinct at the duct exit, which
is also observed in the CFD results. The differences between the span-
wise distributions at duct inlet result from Petrovic’s assumption, that
the loss peak at the gap side endwall occurs directly at the endwall,
i. e. in this case at hrel = 1. In the CFD simulations, the tip clearance
loss peak is generally detached from the endwall.

The same approach is also applied to the tip clearance deviation
∆dτ(hrel). In this case, the outflow angle is converted to a tangential
velocity and then to the angular momentum. Between interblade duct
inlet and exit the angular momentum is redistributed by the radial
mixing model. If the realistic spanwise distribution of the tip clear-
ance deviation is used, its fraction of angular momentum is excluded
from the radial mixing model but separately superimposed in equal
measure at duct inlet and exit. Fig. 6.3 shows the differences between
the radial mixing model (left) and the realistic spanwise distribution
(right) one chord downstream of a turbine stage. Again, the differ-
ences in the duct inlet distributions arise from Petrovic’s assumption
of the peak position directly at the gap-side endwall.
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6.2 loss model implementations

Figure 6.3: Spanwise outflow angle distribution at interblade duct inlet and
exit, with mathematical radial mixing model (left) and with CFD

distribution of tip clearance deviation (right)

In summary, the original through-flow program of Petrovic has
been augmented by additional conventional loss correlations and by
the developed tip clearance models of this work. The mathematical
models to distribute the losses in spanwise direction at the trailing
edge and to simulate the radial mixing inside the interblade ducts
have been supplemented by the more realistic tip clearance loss and
deviation distributions from the CFD simulations. In the following
chapter, the through-flow program is used for performance calcula-
tions of a multi-stage turbine. The results from the conventional and
from the developed tip clearance loss models are compared and vali-
dated with experimental data.
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7
VA L I D AT I O N

The novel, CFD based tip clearance correlations from Sec. 4.10 and the
Kriging surrogate model from Sec. 5.2 are evaluated and validated.
First, the two new models were applied to the baseline ADTurB ro-
tor at different operation states than used during the development.
The results are compared with corresponding high-fidelity CFD simu-
lations and benchmarked with results from the conventional correla-
tions. In the second part, a four-stage air turbine was simulated with
the through-flow program described in Sec. 6.1 and 6.2. Two speed-
lines were calculated with conventional tip clearance correlations, the
CFD correlations and the surrogate model. The results are compared
with experimental data to evaluate the benefits and limitations of the
developed models.

7.1 comparison of the developed tip clearance models

with conventional correlations

To asses the general accuracy of the new tip clearance loss and de-
viation prediction models, different operating conditions than those
used in the course of the development of the new models were simu-
lated with CFD. This time, the baseline rotor was modeled with a tip
clearance gap height of τ = 1 mm ( τh = 2.71 %), which is the double
gap height of the parameter study. Blade loading and incidence were
varied simultaneously by modifying the inflow angle according to
Eq. 4.5-4.7 but without adapting the rotor’s leading edge to the inflow.
The inflow angle was varied in the range −49.5◦ 6 α1 6 67.7◦, which
relates to blade loadings between 1.26 6 Z 6 14.6 and incidences
between −80◦ 6 i 6 36.6◦. The CFD results were post-processed to
evaluate the tip clearance losses and deviations and to provide addi-
tional required parameters for the correlations.

Concerning the conventional tip clearance loss correlations, only
those correlations that return a loss coefficient were evaluated and
compared. Those are essentially the theoretical formulations based
on the drag coefficient (Sec. 2.2.2). Most other loss correlations
calculate a total efficiency drop, which cannot be explicitly com-
pared to the CFD rotor losses. For comparison, the loss correlations
from Ainley-Mathieson (Eq. 2.19), Dunham-Came (Eq. 2.24) and Baljé-
Binsley (Eq. 2.25) are evaluated. The Baljé-Binsley correlation provides
the energy loss coefficient ζτ, which was converted to the stagnation

104



7.1 comparison of the developed tip clearance models with

conventional correlations

pressure loss coefficient Yτ according to Sec. A.5. In addition, the
advanced tip clearance loss model from Yaras-Sjolander (Eq. 2.36-2.38)
was evaluated. Their model requires the knowledge of the pressure
distribution around the blade to calculate the lift coefficient CL. Since
the pressure distribution is not known a priori in low-fidelity tools,
the simplified lift coefficient formulation from Ainley-Mathieson in
Eq. 2.17 was applied. Based on suggestions from Yaras-Sjolander the
discharge coefficient was approximated as CD,ṁτ

= 0.8.

Furthermore, the tip clearance deviation correlations from Trau-
pel (Eq. 2.12), Ainley-Mathieson (Eq. 2.21), Baljé-Binsley (Eq. 2.26) and
Lakshminarayana (Eq. 2.33) were evaluated. The secondary flow effect
in the Traupel model was disregarded. The leakage mass flow ratio
of the Ainley-Mathieson model was liberally estimated as ṁτ

ṁ = 10 %.
The longitudinal distance d of the Lakshminarayana model was set to
the distance between rotor leading edge and exit plane of the nu-
merical domain, and the lift coefficient was approximated by Ainley-
Mathieson’s formulation in Eq. 2.17. The spanwise deviation distribu-
tion was averaged for comparison.

Figure 7.1: Comparison of the new tip clearance models with the conven-
tional correlations and high-fidelity CFD simulations

Fig. 7.1 contrasts the results from the conventional correlations with
the developed CFD correlation, the Kriging surrogate model and the
high-fidelity CFD results. The tip clearance loss (left) and deviation
(right) are plotted against the blade loading. A second abscissa is
added to the figures to illustrate the corresponding incidences. The
incidence is irrelevant for the conventional loss correlations since it’s
not a unique parameter in any of them. The Dunham-Came correlation
overpredicts the tip clearance losses for high blade loadings Z > 5,
which was criticized, among others, by Yaras and Sjolander [86]. For
low blade loadings, however, the results are in acceptable agreement
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conventional correlations

with the CFD results. All other correlations underpredict the tip clear-
ance losses. The results of the Yaras-Sjolander correlation might im-
prove, if the lift coefficient is determined by the true pressure distri-
bution around the blade. The CFD tip clearance loss correlation agrees
very well with the high-fidelity results within an intermediate range
4 6 Z 6 11. Towards lower and higher blade loadings the loss predic-
tion degrades, but is still more accurate than with the conventional
correlations. The best loss prediction on average is obtained with the
Kriging surrogate model, in which the over- and underestimation of
the tip clearance losses is very moderate.

The right-hand side of Fig. 7.1 compares the tip clearance devi-
ations. From the conventional correlations the Baljé-Binsley and the
Traupel models are able to approximate sufficiently the deviation. The
Traupel model would be even more accurate if the boundary layer dis-
placement term of −0.5◦ would be disregarded. The Ainley-Mathieson
model underestimates the underturning from the tip clearance flow
despite a relatively large leakage mass flow rate was applied. The
deviation model of Lakshminarayana extremely overestimates the un-
derturning, such that a second axis of ordinate had to be added to
fit the data into the figure. As with the tip clearance loss, the CFD

correlation predicts accurate deviations within an intermediate blade
loading range 4 6 Z 6 10. Towards lower and higher blade load-
ings the underturning is also underestimated. The best agreement
with the CFD results is achieved again with the Kriging surrogate
model, in particular at low and moderate blade loadings Z 6 8. For
higher blade loadings the underturning is slightly overestimated. The
tip clearance deviation obtained by the CFD simulation is right in be-
tween the CFD correlation and the surrogate model. This feature could
be investigated in the future to further enhance the prediction of the
deviation.

The accurate results of the Kriging surrogate model are astonishing
in that the loss and deviation values are actually extrapolated outside
of the model’s scope. In Sec. 5.2 the surrogate model was build for
incidences −26◦ 6 i 6 48◦. The Krige variance, which is a unique
measure of the prediction quality, is added to the figures to quantify
the uncertainty of the surrogate model results. The Krige variance
is lowest in the intermediate blade loading range and rises towards
lower and higher blade loadings. The CFD results are either within
the uncertainty range of the surrogate model or at least in their very
vicinity. The good agreement with the high-fidelity results even in ex-
trapolated regions qualifies the developed surrogate model as a stable
and accurate prediction method. The results from the CFD based corre-
lations are not as accurate as the results from the surrogate model, but
their implementation into any low-fidelity design program is much
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more convenient and straightforward. In conclusion, the prediction
accuracies of the CFD correlation and the surrogate model are supe-
rior to the conventional correlations.

7.2 validation of the developed tip clearance models

with a 4-stage air turbine

For the second validation case, a four-stage experimental air turbine
is simulated with the through-flow program, in which the new tip
clearance models have been implemented (cf. Sec. 6.2). Fig. 7.2 shows
a sketch of the turbine’s cross section and the design operation con-
ditions are listed in Tab. 7.1. Five hole probes were inserted at the
circled locations. The nominal tip clearance gap size for all blades is
τ = 0.35mm, which corresponds to τ

h = 0.35 . . . 0.54%. Further geom-
etry details and the experimental results are presented by Fottner [31].

Figure 7.2: Cross section of the four-stage air turbine (Petrovic [61])

rotational frequency n 7 500 rpm

mass flow rate ṁ 7.8 kg
s

inlet stagnation pressure pt0 2.6 · 105 Pa

inlet stagnation temperature Tt0 413K

static outlet pressure ps4 1.022 · 105 Pa

Table 7.1: Design conditions of the four-stage air turbine (Fottner [31])
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Figure 7.3: Discretization of the numerical domain of the four-stage air
turbine for the through-flow program

Fig. 7.3 shows the numerical domain of the turbine that is also
highlighted in Fig. 7.2. The depicted discretization was used for all
simulations that are carried out with the through-flow program.

Different operation points were investigated to generate a simple
performance map of the turbine. Therefore, experimental data was
acquired for two speedlines, at design speed (n = 7 500 rpm) and re-
duced speed (n = 5 625 rpm). For each speed, the mass flow rate was
varied between 2.0 kg

s 6 ṁ 6 7.86 kg
s . The corresponding experimen-

tal inlet conditions are visualized in Fig. 7.4.

Figure 7.4: Variation of inlet conditions with relative mass flow rate

The performance map was generated for the stagnation pressure ra-
tio πt and the efficiency η between turbine inlet station 0© and outlet
station 4© defined as

πt =
pt0
pt4

, η =
∆ht +

v20−v
2
4

2

∆hs +
v20
2

(7.1)

The measurement accuracy for the tangential flow angle is stated as
∆α < ±0.5◦, and the efficiency accuracy is estimated as 0.8% (Fot-
tner [31]). The pressure uncertainty is not declared.
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The two speedlines were simulated with the through-flow program
to generate numerical performance maps. The simulations were car-
ried out with the Ainley-Mathieson / Kacker-Okapuu profile loss correla-
tion and the secondary flow loss correlation from Benner et al. As for
the tip clearance losses, the three implemented conventional correla-
tions from, Traupel / Petrovic, Ainley-Mathieson and Dunham-Came are
contrasted to the novel developed CFD correlations and the Kriging
surrogate models. The developed tip clearance models were applied
only to the rotors having flat blade tips. The shrouded stator vanes
had to be calculated with conventional tip clearance correlations.

At first, the novel developed tip clearance models are compared
with the conventional loss correlations and validated with the experi-
mental results. Therefore, performance maps are generated and eval-
uated with all models. To allow a consistent comparison, the mixed-
out tip clearance losses are applied, which result directly from the
loss correlations. The losses are spanwise distributed with Traupel’s
penetration depth model and the radial mixing model of Petrovic is
applied inside the interblade ducts. The effects of the downstream
progression models and the CFD spanwise distribution models on the
performance map are analyzed afterwards.

Figure 7.5: Performance maps at design speed (top) and reduced speed
(bottom) with different tip clearance models
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Fig. 7.5 shows the performance maps of the two speedlines. The
conventional tip clearance loss correlations and the CFD correlation
show a very similar efficiency characteristic. At design mass flow
(ṁ = 7.8 kg

s ), the efficiency from the Dunham-Came correlation agrees
best with the experimental data since it predicts relatively high tip
clearance losses. At part load mass flow, the Kriging surrogate model
approximates the efficiencies best. Concerning the pressure ratio on
the right hand side, the Dunham-Came correlation notably overpre-
dicts the measured pressure ratio for both speeds, particularly at
design mass flow. The Traupel and the Ainley-Mathieson correlations
yield improved pressure ratio predictions, but the best agreement to
the experimental data is achieved with the CFD correlation and the
Kriging surrogate model. At part load mass flow, the differences be-
tween the tip clearance models diminish. The comparison shows that
the novel, developed models enhance the efficiency and pressure ra-
tio prediction of multi-stage turbines. The Kriging surrogate model
shows a distinct improvement in predicting turbine efficiencies at part
load mass flow.

Next, the Kriging surrogate model is augmented with the down-
stream progression models of Sec. 4.11. In addition to the aforemen-
tioned unscaled, mixed-out predictions (Fig. 7.5), the scaling is ap-
plied solely to the tip clearance loss Yτ (Eq. 4.56), solely to the tip
clearance deviation ∆dτ (Eq. 4.60) and to both quantities concurrently.

Figure 7.6: Performance maps at design speed with different downstream
progression models

Fig. 7.6 shows the predictions at design speed of n = 7 500 rpm.
Although the interblade distances downstream the rotors are smaller
than one axial chord (cf. Fig. 7.2), and therefore the downstream pro-
gression model should become effective in reducing the mixed-out
values, the differences to the unscaled results are rather small. The
tip clearance deviation scaling shows no effect on the efficiency. Only
the slightly reduced tip clearance losses from the loss scaling show
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a small efficiency increase (∆η ≈ 0.2 pp). However, in comparison
to the experimental data this trend is counterproductive. In contrast
to the efficiency predictions, the downstream progression scaling is
slightly advantageous for the pressure ratio prediction. Again, the ef-
fect of the loss scaling is dominant over the tip clearance deviation
scaling. Still, applying both scalings simultaneously further enhances
the agreement with the experimental pressure ratio. Similar trends
are observed at reduced speed and with the CFD correlation, hence
these figures are omitted here. In summary, the effect of the down-
stream progression model on the turbine efficiency and pressure ra-
tio is rather small. It can be used to adjust the through-flow results in
detail, but it should be applied carefully.

Finally, the spanwise distribution models are evaluated and com-
pared to the experimental data. All previous calculations were car-
ried out with the mathematical spanwise distribution model and the
radial mixing model of Traupel and Petrovic (Fig. 6.1). Now, the span-
wise distributions from the CFD simulations (cf. Fig. 6.2 and 6.3) are
applied to the the Kriging surrogate models.

Figure 7.7: Performance maps at design speed (red) and reduced speed
(blue) with different spanwise distribution models

Fig. 7.7 shows the efficiency and pressure ratio predictions for the
two speedlines at design and reduced speed. At design mass flow,
the observed efficiency differences between mathematical and CFD

spanwise distributions are neglectable. At part load mass flow, the
spanwise distributions from the CFD simulations yield slightly higher
efficiencies. On the other hand, the pressure ratio predictions gener-
ally improve with the CFD spanwise distributions. Similar trends are
observed, yet less pronounced, with other tip clearance models.

In order to analyze the effects of spanwise distribution models in
more detail, the entropy increase and flow angle contours are plotted
on the two-dimensional meridional stream surface. Fig. 7.8 shows the
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Figure 7.8: Contours of entropy increase (top) and flow angle (bottom) with
different spanwise distribution models at design conditions

contours at design conditions (n = 7 500 rpm, ṁ = 7.8 kg
s ). The math-

ematical distribution model assumes that most of the tip clearance
losses and deviations are attached to the tip-side endwall. Therefore,
the maximum entropy increase and minor deflection is located di-
rectly at the tip-side endwall. The CFD simulations have shown, that
the blade rotation and the relative motion of the endwall push the
tip clearance loss and deviation peaks away from the endwall. Thus,
when the CFD spanwise distributions are applied, the maximum en-
tropy increase and minor deflection are displaced from the tip-side
endwall to the upper blade tip region. Aside from the peak locations,
the peak values are also altered. This can be particularly observed
downstream the last rotor, where apparently less entropy is gener-
ated than with the mathematical model.

Figure 7.9: Rotor tip clearance losses (left) and secondary flow losses (right)
at design conditions
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In general, the reduced entropy production results from reduced
losses. Fig. 7.9 summarizes the mixed-out tip clearance losses (left)
and secondary flow losses (right) for each rotor blade row of the tur-
bine. The first blade row shows no differences between the models,
because the spanwise distribution is applied for the first time at the
trailing edge of the first rotor. For all downstream blade rows the fig-
ure shows that the CFD spanwise distributions reduce not only the
tip clearance losses, but also the secondary flow losses. The latter are
reduced because the inflow conditions to the downstream blade rows
change with the CFD spanwise distributions. These altered inflow pa-
rameters are applied to the secondary flow loss correlations resulting
in reduced secondary flow losses.

Figure 7.10: Contours of entropy increase (top) and flow angle (bottom) with
different spanwise distribution models at part load conditions

These effects are even more pronounced at part load mass flow.
Fig. 7.10 shows the contours of entropy increase and flow angle at
ṁ = 4.2 kg

s . When the spanwise distributions from the CFD simula-
tions are applied, the entropy generation is considerably attenuated
in the rotor blade tip region. This results in the observed efficiency
overprediction in Fig. 7.7. Moreover, the spanwise flow angle distri-
bution downstream the last rotor is less homogeneous. The flow near
the tip-side endwall is straightened by the gap flow, which is not
modeled by the mathematical spanwise distribution.

Fig. 7.11 shows the development of the mixed-out loss constituents
for each blade row at part load mass flow. The reduction of entropy
production, which is observed with the CFD spanwise distributions,
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4-stage air turbine

Figure 7.11: Rotor tip clearance losses (left) and secondary flow losses (right)
at part load conditions

is actually a result of reduced secondary flow losses, while the tip
clearance losses are much less affected. Thus, the alteration of the
inflow conditions of the downstream blade rows, caused by the CFD

spanwise distributions, is apparently much more severe at part load
than at design operation. The results reaffirm that appropriate span-
wise loss and flow angle distributions are crucial for the performance
predictions of multi-stage turbines.

Figure 7.12: Radials of aerodynamic quantities at turbine exit at design con-
ditions (red) and part load conditions (green) with different
spanwise distribution models

Lastly, spanwise distributions of flow angle, stagnation pressure
and stagnation temperature at turbine exit (station 4© in Fig. 7.2) are
presented in Fig. 7.12. The results show that in multi-stage turbines
the spanwise distribution model for the tip clearance has an effect
on the entire span range. The application of the CFD spanwise dis-
tribution models shows improvements on the prediction quality for
all three aerodynamic quantities. However, since the published exper-
imental data is unfortunately very coarse in the tip region, the two
models cannot be validated for hrel > 0.9 with this turbine.

The validation cases show that the novel developed tip clearance
models, i. e. the CFD correlations and the Kriging surrogate model,
enhance the performance prediction and flow field calculation of
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4-stage air turbine

through-flow programs. Compared to high-fidelity CFD simulations
at different operation points, the tip clearance losses and deviations
that are calculated with the new models are more accurate than those
calculated with conventional tip clearance correlations. The best
agreement is achieved with the developed Kriging surrogate model,
yet the results from the CFD correlations are also very satisfying,
especially for moderate blade loadings. Concerning the through-flow
simulations of a four-stage air turbine, the developed tip clearance
models increase the performance prediction over a broad operation
range when compared with conventional tip clearance models. The
Kriging surrogate models yield the best efficiency results with
significant improvements particularly at part load operation points.
Still, the CFD correlations improve the prediction of the pressure ratio
for different speeds and mass flows. The downstream progression
model shows only small effects and should only be applied with care.
The scaling of tip clearance loss and deviation yields better pressure
ratios while the efficiencies become slightly overpredicted. The appli-
cation of the spanwise distributions of the CFD simulations also yield
higher efficiencies, particularly at part load mass flows. This results
rather from reduced secondary flow losses in the tip region than
from the tip clearance losses. However, the pressure ratio predictions
are again improved, as well as the spanwise distributions of the
aerodynamic quantities at turbine exit. Also, the two-dimensional
contours of the entropy increase and the flow angle are more realistic
with the CFD spanwise distributions. The displacement of the tip
clearance loss and deviation peaks from the tip-side endwall towards
the upper blade region is in agreement with many experimental
publications that regard the blade rotation and the relative motion of
the endwall. In summary, the developed models are validated and
are capable to increase the accuracy of performance predictions with
through-flow methods.
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8
S U M M A RY, C O N C L U S I O N A N D O U T L O O K

8.1 summary and conclusion

Fast low-fidelity prediction tools are used during the design and op-
timization of new turbines, to assess the performance over a wide
operation range before manufacturing. These tools use empirical cor-
relations to model the aero-thermodynamic losses that are generated
from 3D flow effects inside the turbine. For the tip clearance losses,
however, experimental investigations that study the effects of all pa-
rameter variations are very time- and cost-intensive or even impossi-
ble to realize. To overcome the experimental limitations, a numerical
approach based on high-fidelity CFD simulations is pursued in this
work. A novel set of tip clearance models is developed that predict
the losses and effects on the outflow angle. The developed models
are ready to be implemented in any low-fidelity tool, but they were
developed with particular respect to through-flow methods, which
calculate the flow on the meridional stream surface. Until today, the
benefits of the two-dimensional calculation are not regarded by con-
ventional mean-line tip clearance loss correlations, which is overcome
by including the spanwise distributions from the simulations.

At first, a comprehensive literature study was conducted to charac-
terize the tip clearance flow inside and downstream the gap and to
specify the effects on the turbine flow and losses. The main findings
are that the relative motion of the endwall can significantly block the
leakage flow and thus reduce the tip clearance loss. Also, the interac-
tion between leakage and main flow results in over- and underturn-
ing effects of the outflow, which has to be regarded for the design of
the downstream blade rows. Furthermore, the loss generation is not
completed at the trailing edge, but continues for standard gap sizes
until one axial chord downstream the trailing edge. An evaluation of
the published, conventional loss correlations reveals, that these effects
are currently disregarded. Based on the literature study a list about
all relevant tip clearance parameters is compiled. The most promi-
nent and significant parameters are identified and investigated in a
numerical parameter study to formulate the novel correlations.

The CFD simulations were carried out on a numerical model of the
single-stage, high-pressure ADTurB turbine, which was extensively an-
alyzed in turbine rig tests. The high quality of the model was verified
by its iterative and discretization convergence. The experimental data
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8.1 summary and conclusion

was used to compare different physical models and to validate the
numerical model. The model was then adjusted to allow the varia-
tion of individual tip clearance parameters at the rotor. Therefor, the
stator was removed and the design speed was determined to obtain
the undisturbed baseline flow conditions. To resolve the tip clearance
effects, the discretization of the CFD rotor model was refined in the
tip clearance region. The steady simulations were evaluated in a so-
phisticated post-processing method to extract the tip clearance losses
and deviations not only as mixed-out, cross-sectional averaged val-
ues, but also as local values in spanwise and downstream direction.

Prior to the parameter study, the baseline rotor model was simu-
lated and analyzed at design conditions. In agreement with publica-
tions from the literature study, the relative motion of the endwall dis-
places the maximum tip clearance loss away from the endwall. Also,
the tip clearance vortex pushes the passage vortex towards midspan,
which creates a second loss region near 60 % relative blade span. The
interaction and mixing of leakage and passage flow results in a steady
loss increase downstream the rotor, such that the mixed-out loss is
reached at x

cx
≈ 1. Furthermore, the tip clearance flow and the vortex

interactions produce over- and underturned outflow regions, which
attenuate downstream due to mixing processes until 1.2◦.

Each parameter was varied independently during the parameter
study. The mixed-out losses and deviations were evaluated to formu-
late parameter-specific partial correlations. The main results are:

• Increasing the gap height τ results in a linear increase of the tip
clearance loss and deviation. The distance to the mixed-out state
increases with the gap size. Small tip clearances increase the
losses only in the passage vortex interaction region and have no
significant effect on the outflow direction. Large tip clearances
generate losses only from the tip vortex and raise the underturn-
ing at the tip-side endwall.

• The blade loading Z was varied by modifying the inflow bound-
ary conditions and morphing the leading edge to prevent in-
cidences. The tip clearance loss increases with the blade load-
ing, but the effect is weakened at higher blade loadings. The
tip clearance deviation shows a parabolic behavior with a maxi-
mum deviation a Z = 5.0. High blade loadings affect the losses
and deviations over nearly the entire blade span.

• The incidence i was varied by morphing the leading edge geom-
etry while retaining the inflow boundary conditions and thus
the blade loading. Incidence effects are one order of magnitude
lower than gap height and blade loading effects. Tip clearance
losses and deviations increase with incidences towards pressure
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side, and decrease with incidences towards suction side. The in-
cidence effects on the spanwise distributions are neglectable.

• The variation of the rotational frequency n requires adaptions to
the boundary conditions to retain the relative inflow characteris-
tic. The tip clearance loss remains constant until 7 000 rpm and
then begins to decrease. The deviation increases linearly up to
7 000 rpm and then becomes independent from the rotor speed.

• The boundary layer thickness δBL was varied by modifying the tur-
bulent inflow quantities. A thicker boundary layer blocks the
flow into the gap and reduces the tip clearance loss. The effect
vanishes when the gap size is more than twice the size of bound-
ary layer. No effect on the tip clearance deviation is observed.

• The Reynolds number Re was varied via the viscosity. The tip
clearance loss and deviation show a rapid increase at low
Reynolds numbers but only a moderate increase for Reynolds
numbers Re > 3 · 105. The tip clearance loss effect is opposite to
the total losses, which decrease with higher Reynolds numbers.

• The blade solidity c
s was altered by changing the number of

blades and thus the blade spacing. Both the tip clearance loss
and deviation show an exponential increase with the inverse
blade solidity, i. e. when the blade passage is widened.

• The blade aspect ratio h
c shows no effects on tip clearance loss

and deviation, when cross-effects from other parameters have
been eliminated.

The partial correlations are then combined to the novel, CFD-based
correlations for the tip clearance loss and deviation. In addition, a
downstream progression model is proposed, that accounts for the in-
crease of tip clearance loss and decrease of tip clearance deviation
downstream the trailing edge. This model can be used to correct the
results, such that the actual flow conditions are applied at the adja-
cent downstream blade row.

The CFD correlations do not regard interrelations between the in-
dividual effects. Therefore, a Kriging surrogate model is developed
for the three primary tip clearance parameters, i. e. gap height, blade
loading and incidence. An initial surrogate model is created based
on the parameter study results. This model is refined and improved
over the entire parameter space by simulating additional parameter
tuples with high Krige variance. In comparison with the CFD correla-
tions, the final Kriging surrogate model shows significant differences
for large gap heights and low blade loadings, where the surrogate
model predicts higher losses for positive incidences and lower losses
for negative incidences.
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The CFD-based correlations and the Kriging surrogate model were
implemented into a through-flow program. They supplement three
conventional tip clearance loss models, i. e. the models from Traupel,
Ainley-Mathieson and Dunham-Came. Originally, the through-flow pro-
gram applies mathematical models to distribute the losses in span-
wise direction and to regard the turbulent mixing inside the interblade
ducts. An additional option is implemented, which selects the appro-
priate spanwise distributions from all CFD simulations of the Kriging
model. The distribution is scaled to retain the actual amount of tip
clearance loss and deviation and applied directly at the trailing edge.
The radial mixing is disabled for the tip clearance quantities.

In comparison with additional high-fidelity CFD simulations at dif-
ferent operation states, the two developed tip clearance models pre-
dict more accurate tip clearance losses and deviations than the con-
ventional correlations. In particular the results of the Kriging surro-
gate model correspond in all operation points to the CFD results, even
though the model is applied outside of its parameter scope.

For validation, performance simulations of a four-stage air turbine
are conducted for two speedlines with the conventional correlations
and the developed tip clearance models. Again, the Kriging surrogate
model shows the highest agreement with the experimental data for
both speeds, particular at part load operation. Yet, also the CFD cor-
relations improve significantly the pressure ratio prediction, particu-
larly at design operation. The downstream progression model slightly
overpredicts the efficiency but enhances the pressure ratio prediction.
However, this model should be applied with care since supplemen-
tary validation investigations are advised. The application of the CFD

spanwise distributions instead of the mathematical distribution mod-
els further improves the pressure ratio prediction but results in ef-
ficiency overpredictions at part load. This is caused by reduced sec-
ondary flow losses, which are predicted from the altered, spanwise
flow conditions. The contours of entropy increase and flow angle be-
come more realistic since they reflect the observed displacement of
the loss peak and the underturning of the flow at the endwall. And
the CFD distributions improve the local prediction quality. At turbine
exit, the radial distributions of pressure, temperature and flow angle
approach the experimental results over the entire span range.

In conclusion, the developed tip clearance models consider the ef-
fects of the most significant parameters, including relative motion and
boundary layer effects. The novel models are successfully validated
and capable to predict more accurate tip clearance losses and devia-
tions than the conventional correlations. Therefore, they enhance the
performance prediction over a wide operation range. The spanwise
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distributions of the CFD simulations account for the two-dimensional
capabilities of through-flow methods. The Kriging surrogate models
show the best agreement with the experimental results, admittedly
the relatively high computational resources. Yet, the CFD-based cor-
relations, which require less computational resources and are more
straightforward to implement in low-fidelity methods, also show im-
provements compared to the conventional correlations.

8.2 outlook

Based on the results of this work, further investigations into tip clear-
ance losses and loss models are suggested. To consolidate the de-
veloped tip clearance loss models, additional validation studies with
multi-stage turbines are proposed. In particular the prediction quality
for low-pressure turbines is not ensured since the current models are
derived from a high-pressure turbine. Moreover, the results from the
downstream progression model and the CFD spanwise distributions
should be compared to more detailed experimental results. Concern-
ing the surrogate model, the exploitation of the Krige variance can be
used to quantify the prediction uncertainty.

The numerical models can be augmented by additional parame-
ters, such as degree of reaction and gap discharge coefficient. Since
the developed models are only valid for flat blade tips, it is suggested
to develop numerical models for different blade tip geometries, like
shrouds, squealers or winglets. Also, cooling configurations with dust
holes at the blade tip are not covered by the current models.

This work shows the benefits of numerical simulations for the de-
velopment of loss correlations, e. g. the individual variation of param-
eters and the high result resolution compared to experiments. The
current approach can be applied to derive numerical models for the
other loss types as well. In particular secondary flow loss models
could benefit from high-fidelity CFD simulations because all three-
dimensional effects are considered. A numerical spanwise distribu-
tion model would also supplement the experimental correlation from
Benner et al. Furthermore, the interference between tip clearance and
secondary flow losses should be investigated in more depth.

This work demonstrates, that numerical investigations promote the
development of accurate, detailed and realistic loss and deviation
models. This approach is not restricted to a single loss component,
but is beneficial for investigations into holistic prediction models of
turbine losses as well.
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A
A P P E N D I X

a.1 angle definitions

Figure A.1: Angle definitions used by

1 Ainley-Mathieson, Dunham-Came, Lakshminarayana, Yaras-
Sjolander and this work

2 Kacker-Okapuu

3 Hübner, Hubert, Balyé-Binsley

4 Traupel, Petrovic, Craig-Cox
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A.2 wind tunnel for rotating cascades göttingen (rgg)

a.2 wind tunnel for rotating cascades göttingen (rgg)

Figure A.2: Sketch of the RGG (top, adapted from Amecke [4]) and photo of
the RGG with highlighted turbine test section (bottom)

Fig. A.2 shows a sketch of the test facility RGG and a photo of the
open test section. The RGG, built in 1972, is a closed circuit wind
tunnel that can be operated continuously. The four stage radial com-
pressor, powered by a 1 MW DC-motor, is capable to produce tran-
sonic conditions in the test section. The compressor can reach a max-
imum pressure ratio of πt = 6 and a volume flow rate of up to
V̇ = 15.5 m3

s . The Mach number and the Reynolds number can be
adjusted independently with the cooler to reproduce realistic flow
conditions of jet engine turbines. The settling chamber homogenizes
the inflow to the turbine and reduces the turbulence. The pressure
and the temperature inside the settling chamber can be adjusted be-
tween pt0 = 10 . . . 150 kPa and Tt0 = 295 . . . 450 K with an accuracy
of ±200 Pa and ±1 K, respectively. The turbine speed is controlled by
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A.2 wind tunnel for rotating cascades göttingen (rgg)

a 1.2 MW DC-motor / generator, which can accelerate or decelerate
the turbine to maintain the desired speed at an accuracy of ±1 rpm.
The maximum safe operation speed is nmax = 14 500 rpm (Kost and
Giess [46]). The mass flow rate through the turbine is determined by a
calibrated Venturi nozzle downstream the test section with an uncer-
tainty of ∆ṁ = 0.3 % (Tiedemann [72]). All components are monitored
and controlled by a Simatic S7 PLC.

Figure A.3: 4-hole pressure probe of the RGG with attached thermocouple

Fig. A.3 shows one of the five pressure probe that ware installed
during the experimental investigations. All pressure probes were in-
house calibrated in a specialized wind tunnel, the Wind tunnel for
probe calibration Göttingen (SEG). During the measurement campaign
the probes were used in nulling mode, i. e. the probe heads are ro-
tated until they are aligned with the flow direction. Two probes were
installed at the turbine exit position with an angular distance of 55◦.
The absolute angle accuracy is estimated as ±0.12◦, which was ob-
tained from the data difference of the two probes.
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a.3 downstream and spanwise distributions of secondary

tip clearance parameters

a.3.1 Rotational Frequency n

Figure A.4: Downstream progression and mixed-out tip clearance loss (top)
and spanwise distributions (bottom) for different speeds

Figure A.5: Downstream progression and mixed-out tip clearance deviation
(top) and spanwise distributions (bottom) for different speeds

124



A.3 downstream and spanwise distributions of secondary

tip clearance parameters

a.3.2 Upstream Boundary Layer Thickness δBL

Figure A.6: Downstream progression and mixed-out tip clearance loss (top)
and spanwise distributions (bottom) for different boundary
layer thicknesses

Figure A.7: Downstream progression and mixed-out tip clearance devia-
tion (top) and spanwise distributions (bottom) for different
boundary layer thicknesses
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tip clearance parameters

a.3.3 Reynolds Number Re

Figure A.8: Downstream progression and mixed-out tip clearance loss (top)
and spanwise distributions (bottom) for different Reynolds
numbers

Figure A.9: Downstream progression and mixed-out tip clearance deviation
(top) and spanwise distributions (bottom) for different Reynolds
numbers
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tip clearance parameters

a.3.4 Blade Solidity cs

Figure A.10: Downstream progression and mixed-out tip clearance loss
(top) and spanwise distributions (bottom) for different blade
solidities

Figure A.11: Downstream progression and mixed-out tip clearance devia-
tion (top) and spanwise distributions (bottom) for different
blade solidities
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tip clearance parameters

a.3.5 Blade Aspect Ratio hc

Figure A.12: Downstream progression and mixed-out tip clearance loss (top)
and spanwise distributions (bottom) for different blade aspect
ratios

Figure A.13: Downstream progression and mixed-out tip clearance devia-
tion (top) and spanwise distributions (bottom) for different
blade aspect ratios
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a.4 fundamental equations of kriging

The following abbreviations are used throughout this chapter

ϕi = ϕ(xi) (A.1)

ϕ̂i = ϕ̂(xi) (A.2)

The basic equations in this appendix chapter are referenced to
Cressie [20] and Armstrong [5].

a.4.1 Unbiasedness

Unbiasedness demands the expected estimation error to vanish

0 = E
[
ϕ̂0 −ϕ0

]
= E

[
N∑
i=1

λiϕi −ϕ0

]
(A.3)

=

N∑
i=1

λiE
[
ϕi

]
− E
[
ϕ0

]
(A.4)

Requiring stationarity of the expected value, known as second order
stationarity

E
[
ϕ(x)

]
= m = const. ∀ x ∈Rn (A.5)

yields for the expected estimation error

0 =

N∑
i=1

λim−m (A.6)

= m

(
N∑
i=1

λi − 1

)
(A.7)

Thus, the sum of the weights must equal unity to ensure unbiased-
ness

N∑
i=1

λi = 1 (A.8)

a.4.2 Variance

Starting from the definition of the variance σ2ϕ and with regards to
Eq. A.5

σ2ϕ = Var
[
ϕ(x)

]
= E

[
ϕ2(x)

]
− E2

[
ϕ(x)

]
︸ ︷︷ ︸

=m2

(A.9)

= E
[
ϕ2(x)

]
−m2 (A.10)
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the variance of the estimation error is

σ2ε = Var
[
ϕ̂0 −ϕ0

]
(A.11)

= E
[(
ϕ̂0 −ϕ0

)2]
− E2

[
ϕ̂0 −ϕ0

]
(A.12)

= E
[(
ϕ̂0 −ϕ0

)2]
− E2

[
ϕ̂0

]
︸ ︷︷ ︸

=m2

+E2
[
ϕ0

]
︸ ︷︷ ︸

=m2

(A.13)

= E
[(
ϕ̂0 −ϕ0

)2] (A.14)

= E

( N∑
i=1

λiϕi −ϕ0

)2 (A.15)

= E

 N∑
i=1

λiϕi ·
N∑
j=1

λjϕj − 2ϕ0 ·
N∑
i=1

λiϕi +ϕ
2
0

 (A.16)

=

N∑
i=1

N∑
j=1

λiλjE
[
ϕi ·ϕj

]
− 2

N∑
i=1

λiE
[
ϕi ·ϕ0

]
+ E
[
ϕ20

]
(A.17)

Using the relationship between covariance and expected value and
regarding Eq. A.5

Cov
[
ϕi,ϕj

]
= E

[
ϕi ·ϕj

]
− E
[
ϕi

]
︸ ︷︷ ︸
=m

·E
[
ϕj

]
︸ ︷︷ ︸
=m

(A.18)

= E
[
ϕi ·ϕj

]
−m2 (A.19)

yields for the variance of the estimation error

σ2ε =

N∑
i=1

N∑
j=1

λiλj

(
Cov

[
ϕi,ϕj

]
−m2

)

− 2

N∑
i=1

λi

(
Cov

[
ϕi,ϕ0

]
−m2

)
+Cov

[
ϕ0,ϕ0

]
−m2

(A.20)

Considering Eq. A.8 gives

−

N∑
i=1

N∑
j=1

λiλj︸ ︷︷ ︸
=1

m2 + 2

N∑
i=1

λi︸ ︷︷ ︸
=1

m2 −m2 = 0 (A.21)

such that the variance of the estimation error is

σ2ε =

N∑
i=1

N∑
j=1

λiλjCov
[
ϕi,ϕj

]
− 2

N∑
i=1

λiCov
[
ϕi,ϕ0

]
+Cov

[
ϕ0,ϕ0

]
(A.22)
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The covariance is the spatial correlation between two statistic objec-
tives ϕi and ϕj with distance h = xi − xj. Therefore, the covariance
can also be described by

Cov
[
ϕi,ϕj

]
def
= C(xi, xj) = C(h) (A.23)

Cov
[
ϕi,ϕi

]
= C(0) (A.24)

According to Eq. A.10 and Eq. A.19, the covariance of an objective
equals its variance

C(0) = Cov
[
ϕi,ϕi

]
= E

[
ϕ2i

]
−m2 = Var

[
ϕi

]
= σ2ϕ (A.25)

To further simplify the variance of the estimation error, the semi-
variance of distance h is defined on the assumption of intrinsic sta-
tionarity as

γ(h)
def
=
1

2
Var

[
ϕi −ϕj

]
(A.26)

The collection of semi-variances for all distances h is called variogram.
Using Eq. A.14, Eq. A.19 and the covariance definitions in Eq. A.23-
A.24 yields the relation

2γ(h) = E
[(
ϕi −ϕj

)2] (A.27)

= E
[
ϕ2i

]
+ E
[
ϕ2j

]
− 2E

[
ϕi ·ϕj

]
(A.28)

= Cov
[
ϕi,ϕi

]
+m2 +Cov

[
ϕj,ϕj

]
+m2

− 2
(
Cov

[
ϕi,ϕj

]
+m2

)
(A.29)

= 2
(
C(0) −C(h)

)
(A.30)

So the covariance can be substituted by

C(xi, xj) = C(0) − γ(xi − xj) (A.31)

The variance of the estimation error in Eq. A.22 becomes

σ2ε =

N∑
i=1

N∑
j=1

λiλj
(
C(0) − γ(xi − xj)

)
− 2

N∑
i=1

λi
(
C(0) − γ(xi − x0)

)
+C(0) (A.32)

= C(0)

 N∑
i=1

N∑
j=1

λiλj − 2

N∑
i=1

λi + 1


︸ ︷︷ ︸

=0

−

N∑
i=1

N∑
j=1

λiλj γ(xi − xj) + 2

N∑
i=1

λi γ(xi − x0) (A.33)
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Thus, the resulting variance of the estimation error reads as

σ2ε = −

N∑
i=1

N∑
j=1

λiλj γ(xi − xj) + 2

N∑
i=1

λi γ(xi − x0) (A.34)

a.4.3 Variance Minimization

To minimize he variance of the estimation error under the constraint
Eq. A.8, the method of Lagrangian multipliers is used. Being L the
Lagrangian expression composed of the variance, constraint and La-
grangian multiplier µ.

L = −

N∑
i=1

N∑
j=1

λiλj γ(xi − xj)

+ 2

n∑
i=1

λi γ(xi − x0) − 2µ

(
N∑
i=1

λi − 1

)
(A.35)

The optimal weights are obtained by setting the partial derivatives of
the Lagrangian function to zero.

∂L

∂λi
= −2

n∑
j=1

λj γ(xi − xj) + 2 γ(xi − x0) − 2µ = 0 (A.36)

∂L

∂µ
= −2

(
n∑
i=1

λi − 1

)
= 0 (A.37)

The resulting linear equation system of N + 1 equations has to be
solved to determine the weights and the Lagrangian multiplier.

N∑
j=1

λj γ(xi − xj) + µ = γ(xi − x0) (A.38)

n∑
i=1

λi = 1 (A.39)


γ(x1 − x1) · · · γ(x1 − xN) 1

...
. . .

...
...

γ(xN − x1) · · · γ(xN − xN) 1

1 · · · 1 0

 ·

λ1
...

λN

µ

 =


γ(x1 − x0)

...

γ(xN − x0)

1

 (A.40)

132



A.4 fundamental equations of kriging

a.4.4 Krige Variance

The Krige variance represents the uncertainty of the estimate at the
unprobed location x0. Starting from the variance of the estimation
error in Eq. A.34

σ2ε = −

N∑
i=1

N∑
j=1

λiλj γ(xi − xj) + 2

N∑
i=1

λi γ(xi − x0) (A.41)

and substituting the second positive term with Eq. A.36 gives

σ2ε = −

N∑
i=1

N∑
j=1

λiλj γ(xi − xj) + 2

N∑
i=1

λi

 N∑
j=1

λj γ(xi − xj) + µ


(A.42)

=

N∑
i=1

λi

 N∑
j=1

λj γ(xi − xj)

+ 2µ

N∑
i=1

λi

N∑
j=1

λj︸ ︷︷ ︸
=1

(A.43)

=

N∑
i=1

λi
(
γ(ui − u0) − µ

)
+ 2µ (A.44)

=

N∑
i=1

λi γ(xi − x0) + µ (A.45)

The Krige variance at unprobed location x0 is described only by the
weights λi, the Lagrangian multiplier µ and the spatial correlations
between the objectives in terms of the variogram γ(h).
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a.5 loss coefficients , conversions and relationship to

entropy increase

Stagnation Pressure Loss Coefficient Y:

Y =
pt1 − pt2
pt2 − ps2

(A.46)

Kinetic Energy Loss Coefficient ξ:

ξ =
hs2 − h

is
s2

ht2 − h
is
s2

(A.47)

Enthalpy Loss Coefficient ζ:

ζ =
hs2 − h

is
s2

ht2 − hs2
=
hs2 − h

is
s2

v22
2

, with ht = hs +
v2

2
(A.48)

Conversion between Enthalpy and Kinetic Energy Loss Coefficient:

ξ =
hs2 − h

is
s2

ht2 − h
is
s2

=
hs2 − h

is
s2

hs2 +
v22
2 − his

s2

=
hs2 − h

is
s2

v22
2

· 1

1+
hs2−h

is
s2

v2
2
2

=
ζ

1+ ζ
(A.49)

The reverse conversion is then

ζ =
ξ

1− ξ
(A.50)

Conversion between Kinetic Energy and Stagnation Pressure Loss
Coefficient:

Kacker and Okapuu [44] describe the conversion from kinetic energy
loss coefficient ξ to stagnation pressure loss coefficient Y as

Y =

[
1− κ−1

2 Ma22

(
1
1−ξ − 1

)]− κ
κ−1

− 1

1−
(
1+ κ−1

2 Ma22
)− κ

κ−1
(A.51)

The reverse conversion is obtained by resolving this equation for the
kinetic energy loss coefficient. For simplification it is defined

A = −
κ

κ− 1

B =
κ− 1

2
Ma22

C = 1− (1+B)A
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The aforementioned equation can then be written as

Y =

[
1−B

(
1
1−ξ − 1

)]A
− 1

C

Resolving for the kinetic energy loss coefficient yields[
1−B

(
1

1− ξ
− 1

)]A
= C · Y + 1

B

(
1

1− ξ
− 1

)
= 1− (C · Y + 1)

1
A

1

1− ξ
=
1

B

[
1− (C · Y + 1)

1
A

]
+ 1

ξ = 1−
1

1
B

[
1− (C · Y + 1)

1
A

]
+ 1

(A.52)

Relationship between Enthalpy Loss Coefficient and Entropy Increase:

The 1st fundamental law of thermodynamics for a quasi-static, re-
versible process reads

du = q̇dt− pdv (A.53)

where u is the internal energy, q̇ is the heat energy flux into the sys-
tem and pdv denotes the work done by the system. Using the defini-
tion of the enthalpy, the 1st fundamental law can also be written as

dh = d(u+ pv) = du+ pdv+ vdp = q̇dt+ vdp (A.54)

The 2nd fundamental law of thermodynamics reads

Tds = q̇dt (A.55)

Combing the two laws yields

Tds = dh− vdp (A.56)

Considering that the isentropic and entropic process inside the tur-
bine is aimed towards the same pressure, the entropy increase caused
by the aerodynamic losses is isobaric (dp = 0)

ds =
1

T
dhloss (A.57)

For small entropy changes, the equation is linearly approximated by

hs2 − h
is
s2 '

(
s2 − s

is
2

)
Ts2 (A.58)
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where Ts2 is the average temperature of the s2 isobaric process. In
analogy to the enthalpy loss coefficient ζ in Eq. A.48, the entropy loss
coefficient ζs was defined by Denton [22] as

ζs =

(
s2 − s

is
2

)
Ts2

ht2 − hs2
= ∆s

Ts2
v22
2

(A.59)

With approximation Eq. A.58, the entropy loss coefficient is similar
to the enthalpy loss coefficient. Indeed, Denton has shown that the
error between the two loss coefficients is negligible. Thus, the entropy
increase can be calculated by the loss coefficients as

∆s = ζs
v22
2

1

Ts2
' ζ

v22
2

1

Ts2
=

ξ

1− ξ

v22
2

1

Ts2
= f(Y)

v22
2

1

Ts2
(A.60)

where Eq. A.50 and A.52 are applied to convert the loss coefficients.
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