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Abstract

The static and dynamic magnetic properties of two-dimensional ensembles of dipole-coupled
magnetic nanoparticles (NPs) are investigated from a theoretical perspective. Particular emphasis is put on the correlations between the geometrical arrangements of the NPs, their inherent
structural disorder, and the cooperative magnetic dynamics of the nanostructures as a whole.
To this aim a significant number of representative two-dimensional NP ensembles with different structural geometries and degrees of disorder are considered. The interaction-energy
landscapes (ELs) of the ensembles are characterized and analyzed systematically by calculating
the local minima and connecting first-order saddle points and by deriving the corresponding
disconnectivity graphs and kinetic networks. In this way, a microscopic understanding of the
dominant relaxation processes, their interrelations and the resulting dynamics is achieved.
The study shows that the topology of the ELs changes as a function of disorder in a most
profound way. Weakly disordered square and triangular ensembles are found to be good
structure seekers with a relaxation dynamics that is funnelled towards the ground state. In
contrast, the ELs of strongly disordered ensembles are very rough, with a much larger number
of low-energy local minima, which are separated by large energy barriers that tend to increase as
the energy of the metastable states decreases. Furthermore, the study shows that the transition
from weak to strong disorder has a drastic impact on the stochastic Markovian dynamics.
While the relaxation dynamics in weakly disordered square and triangular ensembles follows a
stretched exponential law with a single characteristic time scale, strongly disordered ensembles
show a much more intricate dynamics that includes nontrivial phenomena such as multiple time
scales, trapping and possibly ergodicity breaking.
The consequences of applying external magnetic fields on the cooperative magnetic behavior
of NP ensembles and the role of the structural arrangement and disorder on the magnetic-field
response of the nanostructures are determined. The anisotropy of the field-induced changes in
the dominant magnetic configurations and in the interaction-energy landscapes are quantified.
One observes that weakly disordered square and triangular ensembles remain good structure
seekers as the external magnetic field is increased, whereas strongly disordered ensembles
show a transition from bad to good structure-seeking behavior. Furthermore, it is shown how
the different ensemble geometries can be distinguished on the basis of the experimentally

vi
accessible hysteresis loops. For example, square ensembles have wasp-waisted hysteresis loops
with a small remanence and a small coercivity, triangular ensembles have pot-belly-shaped
loops with a large remanence and a small coercivity, and random ensembles have step-like
loops with a large remanence and a large coercivity.
The correlation between nanostructure geometry and collective behavior is understood in
further detail by showing how different NP arrangements have very different EL topologies,
even if the degree of structural disorder remains small. NP ensembles arranged on lattices
with a high rotational symmetry, such as square, triangular, and honeycomb lattices, are found
to be very good structure seekers with fast and unhindered relaxation dynamics. In contrast,
ensembles with more complex or less symmetric underlying geometries, such as kagome,
rectangular, and orthorhombic lattices, show significantly rougher energy landscapes with
larger energy barriers and slower dynamics. Especially the results on the kagome lattice
demonstrate that geometric frustrations have a major impact on the ELs of nanostructures,
which is as important as the frustrations resulting from strong structural disorder.
The goals and limitations of harmonic transition-state theory (HTST) in the context of
magnetic systems are investigated by considering a small magnetic NP with cubic magnetocrystalline anisotropy. The transition rates obtained from HTST are compared with the ones
obtained from propagating the Landau-Lifshitz-Gilbert equation. The calculations indicate
that HTST provides a good approximation of the transition rates at low temperatures and for
large values of the Gilbert damping parameter. In addition, it is demonstrated that HTST breaks
down in the small damping regime as a result of dissipative effects, recrossing trajectories, and
multi-barrier transitions.
The dissertation is concluded by pointing out some of the possible extensions of this work
and its implications for current open problems.
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Chapter 1
Introduction∗
Magnetic nanostructures are complex materials made of objects in the range of 1–100 nm. On
the one hand, this range corresponds to the size of large molecules and viruses, which makes
magnetic nanostructures interesting for chemical and biological research, while on the other
hand, it corresponds to the characteristic length scales of various microscopic physical processes,
which makes them extremely exciting research objects for physicists. In addition, they play
an important role in a wide range of applications from spintronics, memory devices, and
high-density data storage to magnetic hyperthermia, magnetic particle imaging and controlled
drug delivery [1–5]. They also occur naturally in various stones, animals and bacteria [6, 7].
In this work, the focus resides on two-dimensional ensembles of magnetic nanoparticles,
which are particularly interesting for magnetic recording. They constitute a most challenging
fundamental research subject, in which reduced dimensionality, competing interactions and
disorder merge, leading to novel collective behaviors. As a consequence, two-dimensional
ensembles of magnetic nanoparticles have been the focus of remarkable experimental and
theoretical research activity in past years [8–26].
A common feature of magnetic nanostructures is the increasing relevance of uncertainties
and potential defects in the manufacturing process. Different fabrication processes can yield
very different structural arrangements of the NPs in the nanostructures ranging from welldefined long range order, as in many lithographic samples and auto-organized materials, to
highly-disordered samples, as in nanostructures obtained from cluster-beam deposition. The
magnetic properties of nanostructured materials are known to depend not only on the size and
composition of the NPs, but also on the surface coverage and geometrical arrangements of the
particles. The originality of these systems resides on the one hand in the specific behavior of
individual magnetic clusters, including the effects of reduced size, low dimensionality and type
of environment (e.g., ultrahigh vacuum, metallic support, ligand shell, etc.). Moreover, on the
* The

contents of this chapter have been recently published in Ref. 26 in a very similar form.
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other hand, one would like to understand and control the organization and global properties of
NP ensembles regarded as a whole. From the latter perspective, diluted and densely packed
samples are fundamentally different. In weakly interacting ensembles (low coverage), the
magnetic properties of the nanostructures are dominated by local and short-range effects,
such as cluster-substrate hybridizations and magnetic anisotropy energies. The long-time
dynamics is governed by single-particle local-moment fluctuations, which can be described
by Arrhenius-type models [27–29]. In this case, it is generally expected that a perturbative
or mean-field treatment of the interparticle interactions could be an appropriate starting point
and that the structural organization of the particles in the sample should not be important
qualitatively. In contrast, for strongly interacting ensembles (high coverage), the single-particle
viewpoint is not longer meaningful. In this case, the change of the magnetization direction of
any given particle inevitably induces changes in the orientation of the magnetic moments of
neighboring particles. Therefore, a cooperative response is expected whenever the interparticle
couplings are comparable to or stronger than local anisotropies. As a result, even the most
elementary transitions, for example, the fluctuations between two adjacent metastable states or
local minima (LM) in the energy landscape, involve collective changes of the magnetization
directions of many NPs at the same time [26, 30–32]. Consequently, the many-body behavior
of the nanostructure needs to be taken into account from the start.
Previous experimental and numerical studies of two-dimensional ensembles of interacting
magnetic nanoparticles have revealed a variety of remarkable physical phenomena, including
long-range-order phase transitions, continuous ground-state degeneracies, and order-by-disorder
effects [24, 25, 33–37]. In this context, it is particularly interesting to investigate the magnetic
response of NP ensembles to external perturbations, which may reveal unusual nonequilibrium
phenomena, such as dynamical slowing down, ergodicity breaking, memory effects, and aging.
Indeed, there is experimental and theoretical evidence that dense magnetic NP ensembles
may show such remarkable properties [38–43], in which case one denotes them as superspin
glasses because of the analogy to atomic-spin glasses [44, 45]. At the origin of these effects,
one usually finds competing frustrating interactions and disorder, which lead to rough energy
landscapes showing intricate networks of local minima separated by large, broadly distributed
energy barriers [44–46]. Under these circumstances, the structural arrangement of the NPs
plays a central role since it conditions the shape of the underlying interaction-energy landscape
and all the resulting observable properties, including magnetic order, thermodynamics, and
nonequilibrium dynamics.
The lack of symmetry resulting from disorder and the anisotropic long-ranged nature of
dipolar interactions pose a serious challenge to theoretical investigations of magnetic nanostructures. Analytical approaches are, in general, very difficult or simply unfeasible. Hence,

3
microscopic insight is usually obtained by means of numerical simulations [47]. So far, there
have been a number of theoretical studies of the macroscopic response of NP ensembles, such
as field-cooled and zero-field-cooled magnetization curves, linear and nonlinear susceptibilities,
and magnetic relaxation rates [48–51]. Moreover, elementary transitions between local minima
have been studied by solving the Langevin dynamics and by using path-integral methods [52–
54]. Nevertheless, many aspects of the most challenging collective behavior of magnetic
nanostructures remain unexplored, particularly concerning the role of disorder [13, 37, 55–60].
One of the main goals of this thesis to investigate and shed light into the topic of twodimensional magnetic nanoparticle ensembles by characterizing their corresponding energy
landscapes as a function of different important parameters such as structural disorder, geometry,
and external magnetic fields. In chapters 2 and 3 a general background is given on the theory
of magnetism and the algorithms employed in our studies. In chapter 4, the role of structural
disorder on the static and dynamic behavior of the magnetic NP ensembles is investigated in
detail, taking three different geometrical arrangements as particularly relevant representative
examples: square lattices, triangular lattices, and randomly distributed particles. The energy
landscapes of these complex systems are analyzed by determining their disconnectivity graphs
and kinetic networks. In addition, the relaxation dynamics are quantified for different temperatures and preparation protocols. In chapter 5, the changes in the energy landscapes and the
possibilities of manipulating them by means of external magnetic fields are investigated. To
this aim, as in the previous chapter, the disconnectivity graphs are calculated as a function of
the applied field. Hysteresis loops are obtained and compared in order to identify differences
and similarities between the various underlying structures and degrees of disorder. In chapter 6,
more complex and lower-symmetry geometrical arrangements of magnetic NPs are considered.
Their collective behaviors are compared with those of the square, triangular, and random
arrangements studied in the previous chapters. In chapter 7, a complementary approach known
as Markov state modelling is developed in order to investigate magnetic nanostructures. It is
then used to quantify the quality of transition rates obtained from transition-state theory in a
small magnetic cluster. Finally, chapter 8 presents a summary of our main conclusions on the
basis of which multiple challenging future research directions are pointed out.

Chapter 2
Background on magnetism and magnetic
nanoparticles
The purpose of this chapter is to present a brief introduction into the theory of magnetism and
magnetic nanoparticles. The concepts of localized and itinerant magnetism are introduced
together with some of the most important models of magnetism. In addition, experimental
techniques for fabricating and measuring magnetic nanostructures are discussed, which will
allow us to physically motivate the intriguing topic of superspin glasses.
The central property of a magnetic material is the magnetization M, which is defined as
the magnetic moment per unit volume. It can be calculated from the free energy F of a system
through the relation
∂F
M=−
,
(2.1)
∂B
where B denotes the applied external magnetic field. Since most solids exhibit no finite
magnetization in the absence of magnetic fields, it is most interesting to investigate the relation
between M and B, which is usually given in terms of the magnetic susceptibility
χ=

∂M
∂B

.

(2.2)

B→0

In most magnetic materials the relationship between M and B is complicated and non-linear. In
the limit of small values of B, however, it is possible to linearize their relation as
M = χ B.

(2.3)

The susceptibility allows one to classify non-magnetic materials (those having M = 0 for
B = 0) into diamagnetic (χ < 0) and paramagnetic (χ > 0) materials. If a solid shows a
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Susceptibility

Langevin paramagnetism
Van-Vleck paramagnetism

0

Pauli paramagnetism

Temperature

Diamagnetism

Fig. 2.1 The different contributions to the small-field magnetic susceptibility χ of a material
are shown qualitatively as a function of temperature: diamagnetism, Langevin paramagnetism,
Pauli paramagnetism, and Van-Vleck paramagnetism. This figure is adapted from Ref. 61.
uniform spontaneous magnetization in the absence of an external magnetic field, it is denoted
as ferromagnetic. Among the systems showing a non-uniform magnetization density one
distinguishes the antiferromagnets, where the magnetization in different sublattices compensates
exactly, and ferrimagnets, where different opposing local magnetic moments result in a nonvanishing magnetization. In most materials, the susceptibility is a superposition of different
diamagnetic and paramagnetic effects. In Fig. 2.1, the temperature dependence of some
of these contributions is illustrated. From a fundamental perspective, magnetism emerges
almost exclusively from the intrinsic spin and orbital moment of the electrons of the system.
One typically distinguishes between localized or atomic magnetism, which derives from the
unpaired spins of electrons occupying localized valence orbitals of the atoms, and itinerant or
band magnetism, which derives from conduction electrons delocalized throughout the solid.
Although in some cases (e.g., 3d transition-metals) both models may share some similar
macroscopic magnetic properties, the underlying physics is very different. This is discussed in
more detail in the following Secs. 2.1 and 2.2.

2.1

Localized magnetism

Localized magnetic moments are the main source of magnetism in rare-earth metals, where the
electrons having unpaired spins reside in 4f orbitals, which are localized close to the atomic
core and are therefore screened from the environment by the outlying 5s and 5d electrons.
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2.1.1

Langevin paramagnetism

The Hamiltonian of the interaction between the magnetic moment m̂ of an atom and an applied
external magnetic field reads
Ĥ = −m̂ · B,
(2.4)
where the magnetic moment operator
m̂ = −

e
(l̂i + 2ŝi )
2me ∑
i

(2.5)

is the vector sum of the orbital momentum l̂i and the spin momentum operator ŝi of the different
electrons i, me is the electron mass, and e is the electron charge. Taking advantage of the atomic
symmetry, Eq. (2.5) can be simplified within a single multiplet by introducing the total angular
momentum operator ĵ = l̂ + ŝ (Wigner-Eckart theorem [62]) as
µB
g ĵ,
ℏ

(2.6)

j( j + 1) + 21 s(s + 1) − 12 l(l + 1)
j( j + 1)

(2.7)

m̂ = −
where µB =

eℏ
2me

is the Bohr magneton and
g=

3
2

is the Landé g-factor. The energy levels of each atom or ion in a magnetic field B = (0, 0, B)
along the z-axis then read
E j = µB g B m j ,
(2.8)
where m j takes the (2 j + 1) values j, j − 1, . . . , − j. The thermal average of the magnetic
moment ⟨m̂z ⟩ can then be easily computed as


∑m j exp −m j gµB B/kB T (m j gµB )


,
⟨m̂z ⟩ =
∑m j exp −m j gµB B/kB T

(2.9)

where kB is the Boltzmann constant and T the temperature. This can be written in the more
compact form
⟨m̂z ⟩ = gµB j B j (x),
(2.10)
by introducing the Brillouin function B j (x) and the dimensionless variable x = gµB B j/kB T .
For x ≪ 1, one obtains
g2 µB2 B j( j + 1)
⟨m̂z ⟩ =
(2.11)
3kB T
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from which the paramagnetic susceptibility of atoms and ions with localized electrons follows:
N j( j + 1)g2 µB2 C
χCurie =
= .
3kB T
T

(2.12)

This is known as the Curie law, where N stands for the number of atoms and C is the Curie
constant. A plot of χCurie as a function of T can be found in Fig. 2.1.
From Eq. (2.12), it follows that the paramagnetic susceptibility χCurie of localized electrons
vanishes only if j = 0. This is found in materials with closed valence shells, in which case
diamagnetism dominates. In general, diamagnetism is a very weak effect. It originates from
the interaction between the orbital momentum of the electrons and the applied magnetic
field. Diamagnetic contributions to ⟨m̂z ⟩ are present in all materials. However, they depend
quadratically on the external field B (⟨m̂z ⟩dia ∝ B2 ). Therefore they are overshadowed by the
much stronger paramagnetic contributions, which are linear with B (⟨m̂z ⟩para ∝ B) as soon as
j ̸= 0. Hence, with very few exceptions, diamagnetism can only be observed in materials that
lack paramagnetic contributions. Typical diamagnetic materials are noble gases and organic
materials. In addition, j = 0 also holds for electronic shells which are less than half-filled by
exactly one electron, in which case the spin and orbital contributions cancel each other. In
these systems, however, higher order terms from excited states with j ̸= 0 result in a finite
paramagnetic susceptibility. This effect is known as the Van-Vleck paramagnetism, which can
be observed, for example, in Europium [63].

2.1.2

Heisenberg model

In contrast to Langevin paramagnetism, which can be understood at the independent-moment
level, ferromagnetism is an intrinsically cooperative many-body phenomenon resulting from the
interactions between the local magnetic moments of the material (e.g., nanoparticle or solid). It
arises as a consequence of the exchange interaction, which is a subtle effect originating from
the interplay between the Pauli principle, the spin of electrons, and the Coulomb repulsion.
In order to illustrate the origin of the coupling between spin degrees of freedom at different
atoms, we consider the Hamiltonian of a H2 molecule. Assuming that the nuclei of the two
atoms are fixed in space at Ra and Rb and occupy their ground state, the Hamiltonian of the
system can then be written as
Ĥ = Ĥ1 + Ĥ2 + Ŵ
(2.13)
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r1

r12
r1b

r1a

r2
r2a

Ra

r2b

Rb

Rab

Fig. 2.2 The figure shows a sketch of a H2 molecule. The vectors Ra and Rb correspond to the
positions of the two protons, while r1 and r2 correspond to the positions of the two electrons of
the molecule.
where Ĥ1 and Ĥ2 correspond to the Hamiltonians of two hydrogen atoms
p̂21
e2
−
2m 4πε0
p̂2
e2
Ĥ2 = 2 −
2m 4πε0
Ĥ1 =

and

e2
Ŵ =
4πε0



1
,
r1a
1
,
r2b

1
1
1
1
+
−
−
Rab r12 r1b r2a

(2.14)


(2.15)

to their associated interaction, where r12 corresponds to the distance between the electrons,
and r1a , r1b , r2a , and r2b to the distances between the electrons and the respective nuclei (see
Fig. 2.2). The term corresponding to the distance between the nuclei Rab is neglected in the
following discussion, since it is constant. The one-electron Hamiltonians Ĥ1 and Ĥ2 can be
solved for the single-electron wave functions ωa (r1 ) and ωb (r2 ). However, the two-electron
operator Ŵ can only be treated approximately. In the Heitler-London approach, the orbital
two-electron wave function φ (r1 , r2 ) is written in terms of single-electron wave functions. The
symmetric (+) and antisymmetric (-) two-electron wave functions are then given by

and

1
φ+ (r1 , r2 ) = √ [ωa (r1 )ωb (r2 ) + ωa (r2 )ωb (r1 )]
2

(2.16)

1
φ− (r1 , r2 ) = √ [ωa (r1 )ωb (r2 ) − ωa (r2 )ωb (r1 )] .
2

(2.17)

The full wave function ψ(r1 , r2 , s1 , s2 ), which has to be antisymmetric with respect to the
interchange of both the coordinates and the spin variables of the two electrons, is a product of
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the orbital wave function φ (r1 , r2 ) and the spin wave function ξ (s1 , s2 ). Hence, if φ (r1 , r2 ) is
antisymmetric, ξ (s1 , s2 ) has to be symmetric and vice versa. This is discussed in more detail
at the end of this section. In terms of the orbital wave functions, the expectation value of the
interaction energy W associated with the two-electron operator Ŵ reads
W± =

⟨φ± |Ŵ|φ± ⟩ C ± X
=
,
⟨φ± |φ± ⟩
1 ± S2

(2.18)

where
Z

dr1 dr2 ωa∗ (r1 )ωb∗ (r2 ) Ŵ ωa (r1 )ωb (r2 )

Z

dr1 dr2 Ŵ |ωa (r1 )|2 |ωb (r2 )|2

C=
=

(2.19)

>0
is the direct Coulomb integral and
Z

S=

dr ωa (r)ωb (r)

(2.20)

is the overlap integral between ωa and ωb , which are not orthogonal in general. For the third
term X, we can write
Z

X=

dr1 dr2 ωa∗ (r1 )ωb∗ (r2 ) Ŵ ωa (r2 )ωb (r1 )

ω ∗ (r2 )ωa (r2 )
e2
e2
ω ∗ (r1 )ωb (r1 )
−
S dr1 a
S dr2 b
4πε0
r1b
4πε0
r2a
Z
∗
∗
2
ω (r1 )ωb (r1 )ωb (r2 )ωa (r2 )
e
+
dr1 dr2 a
4πε0
r12
Z

=−

Z

(2.21)

= J −T
with
e2
T=
S
4πε0

Z

ω ∗ (r1 )ωb (r1 )
e2
dr1 a
+
S
r1b
4πε0

Z

dr2

ωb∗ (r2 )ωa (r2 )
r2a

(2.22)

and
J=

e2
4πε0

Z

dr1 dr2

ωa∗ (r1 )ωb (r1 )ωb∗ (r2 )ωa (r2 )
.
r12

(2.23)
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Here, J denotes the so-called exchange Coulomb integral and T is usually denoted as the
hopping integral.
Since the Hamiltonian in Eq. (2.13) does not depend on the electron spin, the total wave
function ψ(r1 , r2 , s1 , s2 ) of the system, which has to be antisymmetric, can be written as a
product of an orbital wave function φ (r1 , r2 ) and a spin wave function ξ (s1 , s2 ). Hence, if
the orbital wave function is symmetric, the spin function has to be antisymmetric, which
corresponds to a singlet state s = 0 in the case of two electrons. On the other hand, if the orbital
wave function is asymmetric, the spin wave function has to be symmetric, which corresponds
to a triplet state s = 1 in the case of two electrons. This has important consequences: Although
the Hamiltonian does not depend on the electron spin, singlet and triplet states have different
Coulomb repulsion energies due to the spin dependence of the orbital part of the wave function
and the resulting differences in the probability pair distribution |φ (r1 , r2 )|2 . Antisymmetric
orbital wave functions φ− (r1 , r2 ), corresponding to s = 1, result in a lower Coulomb repulsion
between the two electrons since the antisymmetry pulls the electrons apart [in particular,
φ− (r, r) = 0 ∀r]. This effect is known as exchange interaction, since it results from the
behavior of the electronic wave function with respect to exchange of its coordinates.
The expectation value W of the Coulomb energy can be written in terms of the spin operators
ŝ1 and ŝ2 of the two electrons. For this purpose, we calculate the expectation value of ŝ1 · ŝ2 for
the singlet and triplet states

1 2

2
ℏ
4 ℏ (s = 1)
ŝ1 · ŝ2 = [s(s + 1) − s1 (s1 + 1) − s2 (s2 + 1)] =
,
(2.24)
− 3 ℏ2 (s = 0)
2
4

which can be used to rewrite Eq. (2.18) as
H
W = J0H − J12
ŝ1 · ŝ2 ,

(2.25)

where

1
(W+ −W− ).
(2.26)
ℏ2
Assuming that the overlap integral S is small and taking into account Eq. (2.21), we obtain
H
J12
=

H
J12
=

1
2
[(C
+
X)
−
(C
−
X)]
=
[J − T ] .
ℏ2
ℏ2

(2.27)

The exchange integral J is always positive, which among other things leads to Hund’s first
rule in the case of isolated individual atoms [64]. The hopping integral T , on the other hand,
favors the singlet spin state. Hence, the relative orientation between the spins s1 and s2 depends

12

Background on magnetism and magnetic nanoparticles

primarily on the relationship between exchange J and hopping T , as clearly demonstrated, for
example, in the Hubbard model [65].
The Heisenberg model is obtained by generalizing the expression (2.25) to an arbitrary
number of spins and ignoring the constant J0H , which is irrelevant from a magnetic perspective.
If s is large, the operators are often replaced for simplicity by classical vectors. In the case of a
lattice, the classical Heisenberg-Hamiltonian is given by
H = − ∑ JiHj si · s j ,

(2.28)

i> j

where i and j denote the lattice sites and si and s j the corresponding classical spin moments. If
only interactions between nearest-neighbors (NNs) are taken into account, J H > 0 results in a
ferromagnetic and J H < 0 in an antiferromagnetic ground state. If interactions beyond NNs are
taken into account, frustration effects may appear and the ground state configurations can be
more complicated, such as spin spirals [66, 67].
The Heisenberg model does not aim to be a tool for quantitative calculations of specific
properties of magnetic materials, which are sensitive to electronic effects. Still, it is always
possible to describe a magnetic system in terms of a generalized Heisenberg model, if the
energy depends on the spin orientation of neighbors, as in the case of superexchange or other
magnetic interactions, which will be discussed in Sec. 2.4. The same holds for itinerant electron
systems such as Fe, Ni, and Co, where the Heisenberg model can be used as a phenomenological
finite-temperature model, as long as the local moments at each atom remain very stable in
the considered temperature range. The effective exchange constants JiHj are then obtained
from first-principles calculations by mapping the itinerant electron system onto a Heisenberg
Hamiltonian.

2.2

Itinerant magnetism

In the magnetic transition metals, such as iron, cobalt, and nickel, the magnetic moment per
atom is not an integer multiple of µB , which clearly demonstrates that a description within the
framework of localized magnetism is not appropriate. In these systems, the electrons responsible
of the magnetic behavior are conduction electrons, which are delocalized throughout the solid
forming energy bands. In the following, the emergence of paramagnetism and ferromagnetism
for itinerant electron systems is briefly discussed.
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2.2.1

Pauli paramagnetism

We consider a system lacking spontaneous magnetization, in which each electronic state in an
energy band can be occupied by 2 electrons with opposing spin orientations. Upon applying
an external magnetic field, the energy levels εkσ with σ = ±1 corresponding to opposite spins
shift with respect to each other due to the Zeeman interaction between the electron spin and the
external magnetic field:
εkσ = εk + σ µB B.
(2.29)
This results in a net magnetization M of the system which can be calculated as
M = µB (n↑ − n↓ ),
Z ∞

= µB

−∞

[ρ(ε + µB B) − ρ(ε − µB B)] f (ε)dε,

(2.30)

where n↑ (n↓ ) are the number of electrons with up (down) spin, ρ(ε) = ∑k δ (ε − εk ) is the
electron density of states per spin, and f (ε) is the fermi function (see Fig. 2.3). The magnetic
susceptibility χ per spin of the system can then be obtained from
χ=

∂M
∂
= µB
∂B
∂B

Z ∞
−∞

[ρ(ε + µB B) − ρ(ε − µB B)] f (ε)dε,

(2.31)

which in the limit of B → 0 can be rewritten as
χ

= 2µB2

Z ∞
∂ ρ(ε)
−∞

∂ε

f (ε)dε.

(2.32)

Partial integration allows us to directly evaluate the integral in the limit of small temperatures
where ∂ f /∂ ε ≈ −δ (ε − εF ), yielding the following expression for the magnetic susceptibility
of conduction electrons
χ = 2µB2 ρ(εF ),
(2.33)
where εF is the Fermi energy of the system. Notice, that the magnetic susceptibility of
conduction electrons does not depend on T according to Eq. (2.33).

2.2.2

Stoner ferromagnetism

At this point, we would like to address the question whether a spontaneous splitting of the
energy bands with respect to the spin orientation is possible in the absence of magnetic fields.
To this aim, we consider an electron gas, whose interaction energy can be approximated by the
two main direct and exchange contributions of the Coulomb repulsion. The average Coulomb
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ε
Fermi level εF

n↑

n↓

μBB (2Δ)
ρ

Fig. 2.3 The figure shows the spin polarized density of states ρ(ε) of a paramagnetic metal
subject to a uniform magnetic field.
repulsion between two electrons having opposite spins is denoted by U, while the average
Coulomb repulsion between two electrons having the same spin is lowered by exchange and is
thus given by U − J, where J ≥ 0 is the exchange integral. Hence, the total interaction energy
EC at each atom reads
1
EC = (U − J)(n2↑ + n2↓ ) +U n↑ n↓
2

1
J
J
=
U−
(n↑ + n↓ )2 − (n↑ − n↓ )2 .
2
2
4

(2.34)

One observes that the exchange contribution to the Coulomb interaction EC favours a ferromagnetic solution, i.e., maximum spin polarization (n↑ − n↓ ̸= 0, Hund’s first rule). However, this
tendency is counterbalanced by the kinetic energy EK , which favours equal band filling and a
stronger electron delocalization throughout the solid.
In order to quantify the interplay between EC and EK , we assume that the bands are split by
the value 2∆ (see Fig. 2.3). The kinetic or band energy per atom then reads
Z εF −∆

EK =

−∞

Z εF +∆

ερ(ε)dε +

−∞

ερ(ε)dε.

(2.35)
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Fig. 2.4 The product of the Stoner exchange parameter J and the density of electronic states
ρ(εF ) at the Fermi level is shown as a function of the atomic number Z. According to those
calculations, the Stoner criterion is only fulfilled for the elements Fe, Co, and Ni. Adapted
from Ref. 68.
The calculation can be simplified by shifting the energy scale such that εF = 0. Thus, Eq. (2.35)
can be written as
Z −∆

EK =

−∞
Z 0

Z ∆

ερ(ε)dε +

=2
−∞

= EK0 +

−∞
Z ∆

ερ(ε)dε +

ερ(ε)dε
ερ(ε)dε −

0

−∆

ερ(ε)dε

(2.36)

Z −∆

Z ∆

ερ(ε)dε +
0

Z 0

ερ(ε)dε,
0

where EK0 is the kinetic energy for equal band filling. Assuming that ρ(ε) is nearly constant in
the interval [ε − ∆, ε + ∆] around the Fermi level, one can write
n↑ − n↓ = 2∆ ρ(εF )

(2.37)

and the kinetic energy EK as
EK = EK0 + ρ(εF )∆2 = EK0 +

(n↑ − n↓ )2
.
4ρ(εF )

(2.38)
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Stoner

Heisenberg

T=0
T<TC
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Fig. 2.5 The figure provides sketch of the finite temperature excitations in the Stoner and
Heisenberg model for different temperatures T below and above the Curie temperature TC .
Adapted from Ref. [70].
One observes that if the density of states ρ at the Fermi energy εF is large (i.e., the conduction
band is narrow) the kinetic energy increase resulting from spin polarization is small. Combining
Eqs. (2.35) and (2.37) into E = EC + EK yields the following criterion for a spontaneous spin
polarization
J ρ(εF ) > 1.
(2.39)
This is known as the Stoner criterion for itinerant ferromagnetism [69].
According to this criterion, ferromagnetism emerges if the density of states at the Fermi
level is large such that spin polarization will only lead to a minor increase in kinetic energy
or if the exchange integral J is large resulting in an important reduction of the Coulomb
repulsion upon spin polarization. The major success of the Stoner model lies in the prediction
of ferromagnetism in the elements Fe, Ni, and Co (see Fig. 2.4) and in the explanation of
non-integer values of the local moments at T = 0. However, an extension of the Stoner
model to finite temperatures fails completely. For instance, the calculated Curie temperatures
TC are at least an order of magnitude larger than the ones observed in experiment, and the
entropy around TC is too small, indicating that mechanisms not considered in the Stoner
model are responsible for the disappearance of the long-range correlations of local moments in
ferromagnetic materials [71].
These drawbacks are a consequence of the mean-field treatment of Coulomb interactions,
which completely neglects any local moment fluctuations such as spin-wave excitations. In the
Stoner model, the decrease of magnetization is a consequence of decreasing local moments,
i.e., a consequence of electron-hole spin-flip excitations, which involve the large exchange
energy J ≈ 1 eV. Experiments, however, show that the local moments are relatively stable even
for T > TC , which means that the primary reason for the disappearance of long range order are
fluctuations of the direction of the local moments as described, for example, in the Heisenberg
model. Therefore, far less thermal energy is required in order to break the long range order,
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resulting in significantly lower values of TC . A simple sketch of the influence of temperature in
the Heisenberg and Stoner model is shown in Fig. 2.5.

2.3

Magnetic anisotropy

While the models of localized and itinerant magnetism presented in the previous sections are
isotropic with respect to the direction of magnetization, experiments show that the magnetization in most magnetic solids aligns preferentially along certain crystallographic directions
or symmetry axes of the system (e.g., solid, thin film or NP). This phenomenon is known as
magnetic anisotropy and can be traced back to two relativistic corrections to the Schrödinger
equation.
The first one concerns the electron-electron interaction. Each electron is a moving charge
and interacts with the magnetic field generated by the motion and spin of the other electrons.
In addition, electromagnetic interactions are mediated by photons and are therefore affected by
retardation effects. This results in the so-called magnetic dipole-dipole interaction, which after
some simplifications [72, 73] can be written as
#
"
(mi · ri j )(m j · ri j )
µ0
1
EDD =
mi · m j − 3
3
8π i̸∑
ri2j
= j ri j

(2.40)

where mi is the magnetic moment of atom i, ri j is the vector connecting atoms i and j and
µ0 is the magnetic constant. The dipole-dipole interaction between pairs of local moments is
relatively weak even at short distances (2.7 µeV at a typical NN distance of 0.25 nm), but since
it decays slowly as a function of distance ri j , it depends strongly on the shape of a magnetic
object. For this reason, it is often denoted as magnetic shape anisotropy and can become
important in systems with reduced dimensionality such as thin films and elongated or flat
two-dimensional arrangements of nearly spherical magnetic nanoparticles.
The second relativistic correction is a consequence of spin-orbit coupling (SOC). It arises
from the interaction of the local moment of an electron with the magnetic field resulting from
the motion of the electron with respect to the underlying lattice potential V . Assuming that V is
spherical, which is reasonable in the neighborhood of the nucleus where the electric field is
strong, the spin-orbit coupling can be written as
ĤSOC =

2µB 1 ∂V
l̂ · ŝ = ξ (r)l̂ · ŝ
ℏme e c2 r ∂ r

(2.41)
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where me is the electron mass, e the electron charge, and c the speed of light. In general, ξ (r)
is larger for heavier elements, which have a larger Z, and for orbitals that are localized closer to
the nucleus due to the 1/r dependence of the Coulomb potential.
In the following, we will provide a simple physical picture on how SOC leads to the
emergence of the magnetocrystalline anisotropy [74, 75]. Assuming that the considered
electrons occupy d-orbitals (transition metals) and choosing the same quantization axis for spin
and orbital momentum, the SOC can be expressed as
ĤSOC = ξ ∑
i

!
−
− +
ŝ
+
l̂
ŝ
l̂+
i i
i i
+ l̂iz ŝiz ,
2

(2.42)

±
where l̂±
i and ŝi are the ladder operators of the orbital and spin moments of electron i. If the
exchange splitting of the bands is large, comparable to the band width, the first two terms
mixing spin-up and spin-down states can be neglected. This simplifies the previous equation to

ĤSOC ≈


ξ
l̂iz↑ − l̂iz↓ .
∑
2 i

(2.43)

Hence, the effect of SOC is similar to that of an effective magnetic field acting on the orbital
moments mi = µB li . The SOC energy per atom can then be written as
⟨ĤSOC ⟩ ξ 1
=
Na
2 Na

"

∑
i

#


ξ
⟨l̂iz↑ ⟩ − ⟨l̂iz↓ ⟩ =
⟨L̂z↑ ⟩ − ⟨L̂z↓ ⟩ ,
2

(2.44)

where ⟨L̂zσ ⟩ (σ =↑, ↓) is the average orbital moment of each atom. Assuming for simplicity that
the up-spins are the majority and that the magnetic moments are saturated, we have ⟨L̂z↓ ⟩ = 0
(⟨L̂z↑ ⟩ = 0) for less (more) than half-band filling nd < 5 (nd > 5). This implies an antiparallel
(parallel) alignment of the spin moment ⟨Ŝz ⟩ and the orbital moment ⟨L̂z ⟩
⟨ĤSOC ⟩
ξ
= ± ⟨L̂z ⟩.
Na
2

(2.45)

Hence, the spin-orbit coupling results in an alignment of the spin moment of electrons with
respect to the direction yielding the largest orbital moment.
In the case of large systems, fully electronic calculations of the magnetic anisotropy are only
feasible if symmetries such as the translational symmetry can be exploited in the calculations.
In the extreme case of large ensembles of magnetic nanoparticles, electronic calculations of
the magnetic anisotropy are practically impossible. Hence, the common approach is to use
phenomenological expressions for the magnetic anisotropy, which mimic the actual quantum
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Fig. 2.6 Different magnetic anisotropy energy landscapes are shown as a function of the
direction of magnetization in terms of the spherical angles θ and ϕ. The figures correspond to
a system with uniaxial (a-b), tetragonal (c-d), and cubic (e-f) anisotropy.
behavior. Since the magnitude of the spontaneous magnetization M = |M| of a magnetic
material is nearly independent of the orientation of M as a consequence of exchange, the
magnetic anisotropy is often expressed in terms of the direction of the magnetization eM =
M/|M| (see Stoner-Wohlfarth Model, Sec. 2.5.1). A simple expression of the anisotropy energy
is
EMAE (eM )/V = K1 (eM · eK )2 + K2 (eM · eK )4 + K3 (eM · eK )6 + . . . ,
(2.46)
where V is the volume of the system, the Ki are material-dependent anisotropy constants, and
eK defines the easy or hard axis of the system depending on the sign of Ki . This type of
anisotropy is denoted as uniaxial. In practice, however, one usually only takes the first term
into account since the higher order terms are for most materials much smaller. If K1 < 0, this
corresponds in an easy axis with a hard perpendicular plane, while K1 > 0 describes an easy
plane with a perpendicular hard magnetization axis [see Fig. 2.6 (a) and (b)]. In some cases,
uniaxial anisotropy is a good approximation, but many exceptions exist. For example, solids
with multiaxial crystal symmetries, such as cubic or orthorhombic, show a more complicated
behavior that cannot be depicted in the single-axis form of Eq. (2.46). In the case of cubic
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crystals, the leading terms of the anisotropy energy can be written as


EMAE (eM )/V = K1 (eM · e1 )2 (eM · e2 )2 + (eM · e1 )2 (eM · e3 )2 + (eM · e2 )2 (eM · e3 )2
+ K2 (eM · e1 )2 (eM · e2 )2 (eM · e3 )2 + . . . ,

(2.47)

where the different ei (i = 1, 2, 3) point along the symmetry axes of the underlying cubic lattice.
The corresponding energy landscapes are shown in Fig. 2.6 (e) and (f). In the case of K1 > 0,
the easy axes lie along the (001) edges of the cubic lattice. This is referred to as iron-type
anisotropy, since bulk-iron shows this kind of behavior. In the case of K1 < 0, the easy axes are
along the (111) diagonals of the cubic lattice. This is known as nickel-type anisotropy. Other
types of lattices have analogous expressions as Eqs. (2.46) and (2.47) adapted to the respective
underlying symmetries.

2.4

Further magnetic interactions of electronic origin

Besides the isotropic (non-relativistic) exchange between local moments (Sec. 2.1.2) and the
anisotropies resulting from dipolar and spin-orbit interactions (Sec. 2.3), a number of other
important magnetic interactions of electronic origin deserve to be mentioned. In this section,
two particularly interesting ones will be outlined: anisotropic exchange and the RutherfordKittel-Kasuya-Yosida (RKKY) interaction.
Spin-orbit coupling not only leads to the emergence of local magnetocrystalline anisotropies
but it is also at the origin of complex anisotropic contributions to the Heisenberg-like exchange
interactions between the local moments. In its most general form, the exchange interaction can
be written in a tensor form as
1
Eexc = ∑ si Ji j s j ,
(2.48)
2 ij
where the couplings Ji j are 3 × 3 matrix. They can be decomposed as
Ji j = Ji j I + JSij + JAij ,

(2.49)

where I is the unit matrix and
1
Ji j = tr(Ji j ),
3

1
JSij = (Ji j + J⊺i j ) − Ji j I, and
2

1
JAij = (Ji j − J⊺i j ).
2

(2.50)

Hence, Eq. (2.48) can be written as a sum of the following three terms
Eexc =


1 
S
J
s
·
s
+
s
J
s
+
D
(s
×
s
)
.
ij i j
i ij j
ij i
j
2∑
ij

(2.51)
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The first term corresponds to the known isotropic exchange, the second term to the symmetric
anisotropic exchange, and the third term to the Dzyaloshinskii-Moriya (DM) interaction [76–
78]. The entries of the DM vector D are defined by
1
Dxij = (Jiyzj − Jizyj ),
2

1
Dyij = (Jixzj − Jizxj ),
2

1
Dzij = (Jixyj − Jiyxj ).
2

(2.52)

Anisotropic exchange and in particular the DM interaction play an important role in systems
with reduced symmetry such as thin film layers. They can favor non collinear orientations of
the local magnetic moments and thereby lead to the formation of magnetic skyrmions, which
constitute an important topic in the current research on magnetic texture [79].
In systems where magnetic impurities (e.g., Fe, Mn, etc.) are embedded into a non-magnetic
metal host (e.g., Au, Ag, Pt, etc.) the localized magnetic moments of the magnetic atoms
couple by indirect exchange with the conduction electrons of the metallic host. This interaction
is usually denoted as RKKY interaction [80–82]. For two local moments si and s j at a distance
ri j , the energy due to the RKKY interaction reads
ERKKY (si , s j ) = J0

2kF ri j cos(2kF ri j ) − sin(2kF ri j )
si · s j
(2kF ri j )4

(2.53)

where J0 is a system-dependent constant and kF the Fermi wave vector of the hosting metal.
One can see that the coupling oscillates and changes sign corresponding to ferromagnetic and
antiferromagnetic coupling as a function of ri j . In systems such as spin glasses this results
in very frustrated configurations with complex energy landscapes and multifaceted kinetics.
RKKY-like interactions can also be observed between thin magnetic layers separated by non
magnetic spacers and in nanoparticles embedded in non magnetic metals [83, 84]. Notice,
however, that relativistic corrections would introduce anisotropy in the coupling between the
local moments.

2.5

Magnetic nanoparticles

Magnetic nanoparticles are clusters of atoms with typical diameters between 1–100 nm. They
are not only interesting for many new applications, but also from a purely scientific perspective,
since they form a bridge between bulk materials and structures at an atomic or molecular level.
As a consequence of reduced translational symmetry and dimensions in the regime of various
characteristic length scales (e.g., domain walls) many unique properties arise in magnetic
nanoparticles. From a computational perspective, nanoparticles are a challenging subject. Fully
electronic calculations such as density functional theory or tight binding theory can only be
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performed for relatively small nanoparticles consisting of a few hundreds or thousands of atoms.
In the case of large nanoparticles or ensembles of nanoparticles, fully electronic calculations
are not feasible. Nevertheless, a number of known features of magnetic nanoparticles can be
exploited in their modelization. In the following discussion and in the later parts of the thesis,
the concept of magnetic nanoparticles is defined more narrowly as either ferromagnetic or
ferrimagnetic nanoparticles, i.e., as particles that exhibit a finite net magnetization with a nearly
collinear arrangement of the local moments of its atoms. Notice, however, that there are many
exceptions. For example, nanoparticles such as Cr3 or Mn3 are certainly magnetic, but they do
not exhibit a collinear ground state configuration. Hence, the following theoretical concepts
might not be applicable to them.
Beneath a material-specific size rsd , the ground state of ferromagnetic and ferrimagnetic
nanoparticles, from now on simply denoted as magnetic nanoparticles (MNPs), is a single
domain, i.e., the local moments of all atoms in the MNP are aligned parallel to each other. If
the radius r of a MNP is small, dipolar interactions are negligible in comparison to exchange
interactions resulting in a monodomain state, which minimizes the corresponding exchange
energy. However, as r grows, the relative importance of dipolar interactions increases due
to its long-range nature, whereas exchange interactions remain short-ranged. At r = rsd , it
becomes energetically favorable to develop another magnetic domain, as the energy gain from
the magnetostatic (dipolar) energy overcompensates the energy loss from the exchange energy
at the interfaces between the FM domains. For a spherical MNP, a meaningful approximation
of rsd is given by
r
K
rsd = 36
(2.54)
A
where K is the anisotropy constant and A the exchange stiffness of the considered MNP, which
can be approximated from the exchange interaction J as
A=

zJd02
,
12V0

(2.55)

where z is the number of nearest neighbors, d0 the corresponding distance, and V0 the volume
of the unit cell [85, 86]. For example, in a simple-cubic lattice with lattice parameter a, we
have z = 6, d0 = a, and V0 = a3 resulting in the expression A = J/2a.
A second important length scale is associated with the coherent rotation of local moments
within a MNP. It can be estimated from the two-hemisphere model for spherical MNPs as
s
rcoh =

24

A
,
µ0 MS2

(2.56)
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Table 2.1 Critical radii for monodomain rsd and coherent rotation rcoh in small magnetic
nanoparticles of different materials. The table is adapted from Ref. 86 and reprinted with
permission.
Material
rsd (nm)
rcoh (nm)

Fe
10
12

Co
17
56

Ni
24
25

CoPt
310
17

Fe3 O4
38
24

where MS is the saturation magnetization of the material [86]. A derivation of Eqs. (2.54) and
(2.56) can be found in App. B. Values of rsd and rcoh for different magnetic materials are shown
in Tab. 2.1.
If the radius r of a MNP is smaller than rsd and rcoh , the corresponding magnetic properties
can be modelled by a single superspin m. Accordingly, this approximation is denoted as
superspin approximation and is widely used in the theoretical investigation of ensembles and
large magnetic nanoparticles. Assuming that the leading term of the MAE is uniaxial, which is
usually the case due to asymmetries of the MNPs, and neglecting interactions between MNPs
and the environment, the energy of an ensemble of MNPs can be written as
"
#
m
·
m
(m
·
r
)(m
·
r
)
µ
i
j
i
i
j
j
i
j
0
E = ∑ KiVi (eK,i · em,i )2 − ∑ B · mi + ∑
−3
,
ri3j
ri5j
i=1
i=1
i̸= j 8π
N

N

N

(2.57)

where eK,i is the easy axis direction of the i-th particle and em,i = mi /mi is the unit vector
pointing along the corresponding magnetic moment mi of NP i. In this equation, the first term
represents the uniaxial anisotropy, the second term the coupling to an external magnetic field,
and the third term the dipole-dipole couplings between the MNPs.

2.5.1

Superparamagnetism

In small magnetic nanoparticles, the magnetization will usually lie parallel or antiparallel to
the anisotropy easy axes of the particle. In the case of particles with uniaxial anisotropy, the
anisotropy energy can be written as E = KV sin2 θ , where K is the anisotropy constant, V is
the volume of the NP, and θ is the angle between magnetization and easy axis. Hence, in
the absence of magnetic interactions, each particle has two local energy minima at θ = 0 and
θ = π, which are separated by the energy barrier ∆E = KV . The characteristic reversal time τ
between the two states can be approximated by the Néel-Brown law [87, 88]
τ = τ0 exp (KV /kB T ) ,

(2.58)
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Fig. 2.7 The hysteresis loops predicted by the Stoner-Wohlfarth model are shown for a single
magnetic nanoparticle subject to a magnetic field with different angles (φ = 0, π/3, π/2)
between the easy axis and the magnetic field (dotted curves) as well as for an ensemble of
magnetic nanoparticles with randomly orientated easy axes (full curve).
where τ0 is the inverse attempt frequency, which usually lies in the range of 10−9 –10−11 s
(see Sec. 3.6.1). If τ is significantly smaller than the experimental measuring time τexp , many
magnetic reversals can occur during a measurement resulting in a zero net magnetization
in the absence of magnetic fields [87]. When a magnetic field is present, the behavior of
these magnetic nanoparticles is very similar to atomic paramagnets with the exception that
the susceptibilities are significantly larger due to the huge magnetic moments of magnetic
nanoparticles [89]. This behavior, usually denoted as superparamagnetism, plays an important
role in magnetic storage devices as it provides a stability criterion for magnetic nanoparticles
and domains. If the characteristic relaxation time τ is larger than the experimental measuring
time τexp , the magnetic nanoparticles are said to be blocked. The blocking temperature TB of a
particle can be obtained by inverting Eq. (2.58), which approximately yields


τexp
KV
ln
.
TB ≈
kB
τ0

(2.59)

A widely used model for investigating the magnetization reversal and hysteresis in blocked
isolated (non-interacting) FM magnetic nanoparticles is the Stoner-Wohlfarth (SW) model [90].
In this model, the energy of the NP in an external field is given by
E = KV sin2 θ − B m cos(φ − θ ),

(2.60)
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where θ is the angle between the magnetic moment m and the easy axis eK and φ is the angle
between the applied external magnetic field B and the easy axis eK [see also Eq. (2.57)].
In Fig. 2.7, the hysteresis loops obtained with the Stoner-Wohlfarth model are shown for
representative magnetic field directions. The two main properties of a hysteresis loop are the
coercivity or coercive field BC and the remanence mr . The coercivity is defined as the magnetic
field required to reduce the magnetization of a material to zero after the magnetization has been
driven to saturation, and the remanence is defined as the remanent magnetization of a saturated
system after removal of the magnetic field (see Fig. 2.7). The coercivity BC and the remanence
mR are largest, if the field is applied along the easy axis, in which case we have according to
the SW model, mr = m and BC = 2 b with b = KV /m. In contrast, both BC and mr are zero,
if the field is applied along the hard axis. The remanence and coercivity of an ensemble of
non-interacting MNPs with randomly orientated easy axes can be calculated as a superposition
of their respective values in the individual MNPs and amount to mr = 0.5 m and BC = 0.96 b.
Since the dependence of mr and BC on φ is complicated, these values can only be obtained
numerically as, for example, in Ref. 90.
If the particles interact, deviations from the simplest SW behavior appear [91], from which
it is possible to draw conclusions on the type and strength of the interactions. Hence, the
Stoner-Wohlfarth model is not only useful in the limit of non-interacting magnetic particles,
but can also be used to as a means of quantifying the influence of interactions in weakly and
moderately interacting NP ensembles.

2.5.2

Superspin glasses

Spin glasses (SGs) are a very intriguing and diverse research topic in magnetism and solid
state physics. They often emerge in interacting spin systems, when disorder and frustration
are present. One typical example of spin glasses are magnetic alloys obtained by doping
noble metals with 3d transition-metal ions [45, 92]. In these systems, sometimes referred to as
canonical spin glasses, the local magnetic moments of the transition metal ions interact with
each other through the RKKY interactions mediated by the metallic host. Given the oscillatory
nature of the RKKY coupling, and the fact that the ions are randomly distributed within the
host, one has to deal with competing ferromagnetic and antiferromagnetic couplings among
the 3d moments. As a consequence, spin glasses are magnetically frustrated, which results in
rugged and hierarchical interaction-energy landscapes. In this context, the notion of hierarchy
refers to the fact that, by lowering the temperature T , a given free-energy local minimum and
its associated basin of attraction split successively into new free-energy local minima having
smaller basins of attractions. In other words, a given state can be divided into substates, which
can be divided into further substates and so on as the temperature is progressively lowered
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(see Fig. 2.8). In this context, a state is defined as a local minimum and its associated basin of
attraction. The latter being the set of points in configurational space that end in this minimum
by following the gradient and move downhill. Among the most popular theoretical models for
describing spin glasses one should mention the Edwards-Anderson and Sherrington-Kirkpatrick
models [93, 94].
In general, SGs have a broad distribution of relaxation times encompassing atomic time
scales (10−12 s) and extending to time scales of the order of seconds at low temperatures. As
the temperature is lowered towards the spin glass transition temperature Tg , the distribution
of relaxation times becomes broader, finally diverging at T = Tg where the time scales of the
slowest relaxation processes become much larger than the accessible measuring times. In other
words, a spin glass becomes non-ergodic below Tg .
A further signature of a SG transition is given by the correlation length between the local
moments. At high temperatures, the local moments rotate nearly independently from each
other due to thermal fluctuations. As the temperature is lowered, the fluctuations decrease and
the correlations between the local moments develop, i.e., their range increases. Finally, below
Tg , the correlation length diverges, since the system freezes in one of its metastable states.
SGs undergo a second order phase transition from a paramagnetic state to a spin glass state.
This behavior is in some sense similar to other phase transitions in magnetic systems, such
as in ferromagnets and antiferromagnets. However, in contrast to the usual magnetic phase
transitions where the low temperature phase is ordered, the low T spin glass state is inherently
disordered [45].
As a consequence of their complex and frustrated energy landscapes, spin glasses exhibit
a number of unique non-equilibrium properties below Tg such as aging, memory effects and
rejuvenation [95–97]. Aging manifests in experiments as a waiting-time dependence of the
relaxation of different physical quantities. In the example presented in Fig. 2.9(a) a SG is
cooled down below the transition temperature Tg under the action of a small external magnetic
field. Then, after a certain waiting-time tw is elapsed, the external magnetic field is turned off
and the relaxation of the magnetization is recorded. One observes that different values of tw
result in different relaxation curves, where larger values of tw correspond to a higher initial
magnetization and a slower overall relaxation. Rejuvenation denotes the phenomenon, in which
after a rapid cooling of a SG from a temperature T to T − ∆T , a spike in the imaginary part χ ′′
of the ac susceptibility is observed [see red circle in Fig. 2.9(b)]. This indicates that irreversible
processes such as local thermalization take place. In fact, the value of χ ′′ is generally smaller,
if the system is in equilibrium and increases if it is out of equilibrium. Finally, memory effects
correspond to the situation in which a SG retains or memorizes the value of some physical
quantity, let’s say A, which it took at given temperature T . For example, if the system is
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T+ΔT

T

T-ΔT

Fig. 2.8 Illustration of the hierarchical nature of the free-energy landscape of a spin glass at
different temperatures. As the temperature decreases, free-energy basins split into smaller
distinct basins resulting in a more refined trapping of the system at lower temperatures. The
figure is adapted from Ref. 98.
cooled down to a new temperature T ′ < T , the physical quantity may take a different value A′ .
However, if the system is then reheated back to the initial temperature T , it recovers the same
previous value A, as if the cooling and subsequent reheating processes had not occurred. An
example of a system showing memory of the imaginary part of the susceptibility χ ′′ is shown
in Fig. 2.9(b), where the blue circles indicate the memory behavior.
From a theoretical perspective, aging, rejuvenation, and memory can be understood in terms
of the hierarchy of the underlying free-energy landscape (FEL) (see Fig. 2.8). In this context,
aging corresponds to a slow exploration of the FEL. Depending on the duration of the aging
process, i.e., the value of tw , the system can explore a smaller or larger part of the whole FEL
during tw . This results in different magnetic configurations (different mixed states or ages)
which affect the subsequent relaxation dynamics, since the initial conditions are different. In
the example presented in Fig. 2.9(a), longer tw result in a stronger alignment with the magnetic
field and thus in a higher initial magnetization.
If the temperature T is decreased by ∆T , the free-energy basins or valleys subdivide into
smaller valleys separated by barriers from each other (see Fig. 2.8). Rejuvenation emerges
then as a consequence of the thermalization of the systems within and between these new
free-energy basins. Consequently, one observes a spike in the signal of the imaginary part of
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Fig. 2.9 In (a), the measured magnetization M normalized by the field-cooled value MFC is
shown for the spin glass AgMn2.6 at T = 9 K, which corresponds to T = 0.87 Tg , where Tg
denotes the spin glass transition temperature [99]. The sample has been cooled in a small
external magnetic field from above Tg to below Tg . After the waiting time tw , the field is
turned off at t = 0 and the magnetization is recorded. In (b), the measured relaxation of
the imaginary (out-of-phase) part χ ′′ of the magnetic susceptibility is plotted for a sample
of the spin glass CdCr1.7 In0.3 S4 . The frequency of the probing ac field is 0.01 Hz. During
the presented temperature cycle (12 K-10 K-12 K), the sample shows aging at T = 12 K,
rejuvenation at T = 10 K, and memory at 12 K. Both figures are reprinted from Ref. 99 with
permission from Springer Nature.
the ac susceptibility as the system is brought out of local equilibrium by the lowering of T .
This peak then decreases as the system becomes more and more locally thermalized.
Consider a SG system in a certain state at temperature T . If the system is cooled down
by a temperature change ∆T which occurs such that only transitions between the free-energy
substates of the initial state are possible but not between other states (see Fig. 2.8), the
occupation probability of the initial state does not change as the temperature is lowered. It is
still given by the sum of its substates. Consequently, the memory of the initial state is kept.
Should the system be reheated back to its initial temperature T , the system would recover
the same state, in which it was before the cooling process. This explains the above discussed
memory effect [100, 101].
Disordered ensembles of interacting magnetic nanoparticles may also show spin-glass-like
behavior. In this case, they are usually denoted as superspin glasses (SSGs) since the magnetic
state of each MNP can be described by a single large superspin consisting of thousands of
Bohr magnetons. In these systems, magnetic frustration arises from disorder and competing
interactions between different superspins. These can be dipolar couplings, for instance in the
case of passivated particles, but also RKKY-like interactions in the case of MNPs embedded
in metallic matrices, multilayer structures, or deposited on metallic surfaces [83, 84]. SSGlike states have been observed, among other systems, in frozen ferrofluids, artificially made
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lithographic 2D samples, and discontinuous metal-insulator multilayers [38, 102–104]. Most of
the intriguing non-equilibrium effects previously found in SGs such as aging, rejuvenation, and
memory, can also be observed in MNP ensembles [38, 104]. It is one of the goals of this thesis
to elucidate this behavior and in particular to establish the correlation between SSG-behavior
and degree of disorder, magnetic field strength and underlying nanostructure geometry.

2.6

Landau-Lifshitz-Gilbert equation

In the following section, we want to derive a microscopic equation of motion for magnetic
moments. For this purpose, we consider a single spin s of a free electron, which is subject to an
external magnetic field B. The time dependence of the expectation value of the spin operator ŝ
can then be written as
d⟨ŝ(t)⟩
2µB
=−
⟨ŝ(t)⟩ × B.
(2.61)
dt
ℏ
Replacing the expectation value ⟨ŝ⟩ by its associated magnetic moment m = −γ⟨ŝ⟩ with
γ = 2µB /ℏ, yields
dm
= −γm × B.
(2.62)
dt
In terms of more complicated magnetic interactions, the magnetic field can be expressed as an
effective magnetic Beff given by
∂ E(m)
Beff = −
,
(2.63)
∂m
where E is the energy of the system [105]. Hence, we obtain as equation of motion for m
dm
= −γm × Beff .
dt

(2.64)

One can easily verify, that m · m and m · Beff are time-independent constants. Hence,
the magnitude of m and the total energy E of the system are preserved by equation (2.62).
However, it is known from experiment that the magnetic moment m eventually aligns with
the external magnetic field. This alignment is a consequence of spin-orbit interactions and the
resulting angular momentum transfer between the electronic spin and translational degrees of
freedom [106]. This effect was taken into account by T. L. Gilbert, who added an additional
phenomenological damping torque to the equation of motion of m [107]:
dm
α
dm
= −γm × Beff − m ×
,
dt
m
dt

(2.65)
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where α is the so-called Gilbert damping parameter and m is the modulus of m. By vector
multiplying equation (2.65) with m, one obtains
m×

dm
α
dm
= −γm × (m × Beff ) − m × (m ×
),
dt
m
dt

(2.66)

which can be put back into equation (2.65). After some algebra one obtains
γ
αγ
dm
=−
m × Beff −
m × (m × Beff ),
2
dt
1+α
(1 + α 2 )m

(2.67)

which is often referred to as the Landau-Lifshitz-Gilbert (LLG) equation [107, 108].
A more practical representation of equation (2.67), which naturally preserves the modulus
of m, can be obtained by transforming it into spherical coordinates as
dθ
γ
γα
=−
Beff,ϕ −
Beff,θ ,
2
dt
m(1 + α )
m(1 + α 2 )

(2.68)

dϕ
γ
γα
=
Beff,θ −
Beff,ϕ ,
2
dt m(1 + α )
m(1 + α 2 )

(2.69)

and
sin θ

where θ and ϕ are the polar and azimuthal angles describing the direction of the magnetic
moment m, and Beff,θ = − ∂∂ Eθ , and Beff,ϕ = − sin1 θ ∂∂ ϕE are the corresponding components of the
effective magnetic field Beff .
In order to take into account the fluctuations of the magnetic moments m at finite temperatures due to the coupling to the environment or other degrees of freedom, an additional white
noise field Bth is added to equation (2.68) resulting in the stochastic Landau-Lifshitz-Gilbert
(sLLG) equation
dθ
γ
γα
=−
[Beff,ϕ + Bth,ϕ ] −
[Beff,θ + Bth,θ ],
2
dt
m(1 + α )
m(1 + α 2 )

(2.70)

dϕ
γ
γα
=
[Beff,θ + Bth,θ ] −
[Beff,ϕ + Bth,ϕ ],
2
dt m(1 + α )
m(1 + α 2 )

(2.71)

and
sin θ
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where the components Bth,θ and Bth,ϕ are given by
Bth,θ = Bth,1 cos θ cos ϕ + Bth,2 cos θ sin ϕ + Bth,3 sin θ ,

(2.72)

Bth,ϕ = −Bth,1 sin ϕ + Bth,2 cos ϕ,

(2.73)

and the components Bth,i with i = 1, 2, 3 are subject to the conditions
⟨Bth,i (t) = 0⟩,

⟨Bth,i (t), Bth, j (t ′ )⟩ = 2Dδi j δ (t − t ′ ).

(2.74)

The parameter D can be obtained from the fluctuation-dissipation theorem [88, 109] and takes
the form [110, 111]
D=

αkB T
.
(1 + α 2 )γm

(2.75)

It is a measure of the strength of the thermal fluctuations. In this work, Heun’s method has been
used to numerically integrate the stochastic Landau-Lifshitz-Gilbert [110–112]. The method is
outlined in App. C.

2.7

Fabricating and measuring magnetic nanoparticles

The fabrication and measuring methods developed in the field of magnetic nanostructures spans
an extremely broad and continuously evolving field which cannot be covered seriously in this
brief introduction into this field. The main purpose of this section is to raise the curiosity
of the reader and point to some methods which are relevant for our theoretical work. The
interested reader should refer to the large number of reviews and research papers, for example,
to Refs. [10, 15, 113–116].
A large number of different experimental techniques have been developed for the fabrication
of magnetic nanoparticle ensembles. They can be divided in two main categories. In top-down
methods, nanostructures are usually created from uniform bulk or film samples by means of
lithography or edging. One of the most established lithographical methods for the fabrication
of magnetic nanoparticle ensembles such as artificial spin ices is electron-beam lithography
(EBL) [113, 116, 117]. In this method, the underlying substrate is coated with a fine layer
of resist, for example, polymethyl methacrylate (PMMA) [113], which is chemically altered
under exposure to an electron beam, such that the exposed areas of the resist can be removed
by a solvent without affecting the unexposed areas. In the next step, the magnetic material is
deposited on the surface, for example, by molecular beam epitaxy (MBE). On areas that were
exposed to an electron beam, the magnetic material sticks directly to the substrate, while on
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unexposed areas, the magnetic material sticks to the resist. The remaining resist can then be
removed by another solvent leaving only the magnetic material, which sticks directly to the
surface. At the end, the resulting nanostructure is usually coated by a protective layer to prevent
the system from oxidation and corrosion.
In contrast, in bottom-up approaches, the magnetic nanoparticles are synthesized starting
from their atomic constituents by controlling the nucleation mechanisms, for example, in
vacuum by using a cluster-beam source, on clean surfaces by diffusion-controlled aggregation,
or in solution by organometallic chemical reactions. These particles, which can be protected
by ligand shells or coated with a non-magnetic material, are then deposited on a substrate or
integrated in a three-dimensional matrix [8–10, 12, 15, 16, 118–122]. In gas-phase condensation (GPC) techniques, the magnetic nanoparticles are formed by gas aggregation or laser
vaporization and then deposited on the substrate by soft-landing through a noble gas buffer
layer that absorbs the kinetic energy of the landing clusters. This aims to avoid substrate
defects and prevents the clusters from fragmentation [119]. In buffer-layer-assisted growth
(BLAG), the substrate is covered by a noble gas buffer layer, which is then exposed to a flux
of atoms from a thermal source like molecular beam epitaxy. The deposited adatoms have
sufficiently high mobilities to form clusters and by changing the thickness of the buffer layer, it
is possible to control the size and density of the nanoparticles on the substrate [118]. In the
case of self-assembly on periodic-strained-relief patterned crystalline surfaces, well-ordered
two-dimensional superlattices magnetic nanoparticles with narrow size distributions can be
obtained [10, 120, 121]. Such samples are particularly interesting for high-density magnetic
recording applications, because of the narrow size-distribution of the magnetic anisotropy
energies of the particles and the nearly negligible magnetic interactions between them [122].
From a microscopic perspective, it is important to emphasize that different fabrication
processes yield very different structural arrangements of the NPs and different degrees of
disorder in the resulting nanostructures. These can range from well-defined long range order,
as in most lithographic samples or auto-organized materials, to highly-disordered samples
with nearly random position of NPs, as in surface nanostructures obtained from cluster-beam
deposition. In chapter 4 of this thesis, it will be shown how the degree of disorder in the NP
arrangement conditions the equilibrium and dynamical magnetic properties of the ensembles in
a most significant way.
In addition to the fabrication methods, a multitude of different experimental techniques exist
for measuring the properties of magnetic systems. In the following, some of the more popular
experimental setups and devices are briefly presented. Two of the most widespread methods for
measuring the global macroscopic properties of magnetic nanoparticle ensembles are vibratingsample magnetometers (VSM) and Magneto-optic Kerr effect (MOKE) magnetometry. The
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operating principle of the VSM is based on Faraday’s law of induction and relies on the
detection of electromagnetic fields induced into a detection coil [123]. In this technique, a
magnetic sample is placed on a long rod, which is driven by an external mechanical vibrator
creating a periodic oscillatory motion of the sample. The sample is placed into a homogenous
magnetic field created by an electromagnet to which detection coils are mounted. Due to the
oscillatory motion of the magnetic sample, a voltage is induced into the detection coils, which
is proportional to the magnetization of the sample, but does not depend on the magnitude of
the magnetic field generated by the electromagnet. In this way, it is possible to measure the
magnetization of a sample as a function of the applied magnetic field.
The magneto-optic Kerr effect (MOKE) arises from optical anisotropies of a material due
to different magnetization directions [124–126]. If linear polarized light is reflected from a
magnetized surface, the plane of polarization and the reflected intensity change as a function
of the magnetization of the surface. This effect can be exploited to obtain information on the
sample magnetization from the reflected intensity. The three most important MOKE geometries
are i) the polar MOKE, in which the sample magnetization is perpendicular to the sample
surface and parallel to the plane of incidence, ii) the longitudinal MOKE, in which the sample
magnetization is parallel to the sample surface and parallel to the plane of incidence, and iii)
the transversal MOKE, in which the sample magnetization is parallel to the sample surface and
perpendicular to the plane of incidence. The longitudinal and transversal geometries can be
used to investigate samples with in-plane magnetization, whereas the polar geometry is used
for samples in which the magnetization lies perpendicular to the surface. In case of the polar
and longitudinal MOKE, the polarization of the incident light is altered from linear to elliptical
polarization, while the transversal MOKE does not affect the polarization but the reflected
intensity.
Smaller magnetic structures or in some cases single magnetic nanoparticles, can be investigated by means of magnetic force microscopy (MFM), superconducting quantum interference
device (SQUID) and micro-SQUID techniques [114, 128]. The working principle of magnetic
force microscopes is similar to atomic force microscopes. A magnetic tip sitting on top of a
vibrating cantilever is scanned over the surface of the magnetic sample. Due to magnetic forces
between the tip and the stray fields generated by the magnetic sample, the oscillatory motion of
the cantilever is changed. From this change, the underlying magnetization can be obtained. In
this way, spatial resolutions of 20 nm or better can be achieved [128].
Superconducting quantum interference devices (SQUIDs) are very precise devices for
measuring very small magnetic fields. They are based on the magnetic flux quantization in
superconducting loops and the Josephson effect [115]. A sketch of the layout of a SQUID is
shown in Fig. 2.10. In a superconducting loop, the magnetic flux is quantized having an integral
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Fig. 2.10 The figure shows a sketch of a SQUID. The current I enters and splits into the two
paths with the respective currents I1 and I2 . The grey parts correspond to a superconducting
loop, whereas the the thin barriers on each path are Josephson junctions separating the superconducting region in two regions. The figure is adapted from Ref. [127] under the CC BY-SA
3.0 license.
number of flux quanta Φ0 . If no external field is applied to the loop, the input current I splits
into both branches of the SQUID equally. If an external field is applied to the loop, a current IS
is induced. In one branch the induced current will increase, whereas in the other branch it will
decrease the total current. The induced current increases or decreases the magnetic flux inside
the superconducting loop to the nearest integral number of flux quanta. As a consequence, the
current will switch direction, if the magnetic flux is increased by Φ0 /2. If the input current
I exceeds the critical current for the Josephson junctions, a voltage can be measured. This
voltage is a function of the applied magnetic field and will change periodically with Φ0 due to
the switching of the induced current. The change of the external field can then measured by
counting the number of oscillations of the induced current and voltage. Micro-SQUIDs are
similar to normal SQUIDs but are fabricated by electron-beam lithography and can have loop
sizes of as little as 100 x 200 nm2 , which makes them extremely sensitive and allows for the
measurement of nanometer-sized magnetic nanoparticles [129].

Chapter 3
Methods and algorithms∗
3.1

Energy landscapes

The properties that characterize a classical many-body system are at a fundamental level
controlled by its potential energy E(x) and the associated gradient g(x) as a function of the
degrees of freedom x of the system. In this thesis, the degrees of freedom of a magnetic NP
ensemble are usually the set of spherical angles {θi , ϕi } describing the magnetic moment mi
of each magnetic nanoparticle i. The (N + 1)-dimensional object consisting of the energy
E and the corresponding N coordinates is usually called potential energy surface (PES) or
simply energy landscape (EL) of a system. Each energy landscape can be characterized by its
remarkable configurations or stationary points, namely, the local minima and the first-order
saddle points connecting them. A simple example for a model energy landscape is given in
Fig. 3.1, in which the different stationary points are indicated.
The canonical partition function Z(T ) of a system characterized by the degrees of freedom
x is given by
Z
Z(T ) =
S

exp (−E(x)/kB T ) dx,

(3.1)

where T stands for the temperature and S spans the entire configurational space. Let xi be a
local minimum of E(x). The basin of attraction Si of minimum i is defined as the set of points x
in configurational space S that end in xi if one follows the gradient starting from x and moving
LM
downhill. Clearly, S = ∪N
/ where NLM is the total number of local minima.
i=1 Si and Si ∩ S j = 0,
The partition function Z(T ) can then be written as a superposition of local partition functions
Zi (T ) as
Z(T ) =

NLM

NLM Z

∑ Zi(T ) =

∑

i=1
* Secs.

i=1 Si

exp [−E(x)/kB T ] dx,

3.4, 3.5, and 3.6.1 have been recently published in Ref. 26 in a very similar form.

(3.2)
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where each Zi (T ) corresponds to a distinct local minimum and its basin of attraction. Starting
from Eq. (3.2), all thermodynamic properties of a system can be derived as the superposition
or average of contributions corresponding to the different basins of attraction [130, 131]. For
example, the equilibrium occupation probability of the metastable state i (x ∈ Si ) is given by
eq

pi (T ) =

Zi (T )
.
Z(T )

(3.3)

Equation (3.2) cannot be evaluated analytically for the PES of current interest. Instead, numerical methods such as Monte Carlo sampling are often employed. They have the disadvantage
of becoming inefficient and not practically scalable when the number of degrees of freedom
increases. Hence, the only practical approach is usually to simplify the potential energy surface
by approximations. At low temperatures, a system will for most of the time occupy configurations close to the bottom of the basins of attraction. Hence, it is meaningful to expand the
energy close to each local minimum xi to second order as
E(q) = E(xi ) +

1 N
∑ εk q2k
2 k=1

(3.4)

where εk are the eigenvalues of the Hessian of E(x) calculated at the local minimum xi and qk
are the generalized coordinates describing the fluctuations along the associated eigenvectors ek
of the Hessian matrix. Due to the quadratic nature of the approximation, it is usually referred
to as harmonic approximation. Substituting into equation (3.2) one obtains
N

Zi (T ) = ∏

k=1

s

2πkB T
exp [−E(xi )/kB T ] ,
εk

(3.5)

which can be easily evaluated for most potentials. Notice that only local properties at xi are
needed in order to evaluate Zi . Moreover, taking into account the transition states connecting
the LM, one also gets access to the kinetic properties of any complex system. For example,
the kinetic rates for transitions between two adjacent metastable states i and j can be obtained
through transition-state theory (see Sec. 3.6.1). This can be used to directly calculate the
Markovian dynamics of a system by solving the corresponding master equation (see Sec. 3.6).
Although the focus on the stationary points and associated basins of attraction is a meaningful simplification, locating and mapping all of them remains a serious numerical challenge for
complex systems having high-dimensional configurational spaces. This is a consequence of the
strong increase of the total number of stationary states xi in the EL as a function of the number
of degrees of freedom or dimensionality N. In fact, assuming statistical independence which is

37

3.1 Energy landscapes

Fig. 3.1 The figure shows a contour plot of the energy landscape modelled by the MüllerBrown potential, which is often used as benchmark for optimization algorithms [134]. The
local minima are indicated by circles, the transition states by crosses, and the corresponding
minimum energy path (MEP) by a dashed red line. In a simple physical picture, the MEP
between two local minima is given by the path, which is at all points parallel to the gradient of
g of E involving the smallest energy barrier.
in most cases a reasonable assumption in the limit of large N, the increase of the total number
of local minima NLM is expected to be exponential
NLM ≈ exp (ηN) ,

(3.6)

where η is a system-dependent constant [132, 133]. Therefore, one usually aims to construct a
representative sample of local minima and transition states relevant for the thermodynamic and
kinetic properties of the system under study.
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Locating stationary points

A local minimum (LM) of a function E(x) is a point with vanishing gradient and only positive
eigenvalues in the Hessian matrix H(x). A first-order saddle point or transition state of E(x) is
a point with vanishing gradient and exactly one negative eigenvalue of H(x). In other words, a
local minimum is a point of the EL from where a small displacement in any direction increases
the energy, whereas a transition state is a point from where a small displacement in just one
direction decreases the energy and in all other directions increases the energy. A transition
state (TS) connects two local minima by following the steepest descent paths, which start
parallel and antiparallel to the eigenvector corresponding to the single negative eigenvalue of
the Hessian at the transition state. The resulting LM-TS-LM path is known as minimum energy
path (MEP). Note that any fluctuation qk perpendicular to the MEP implies a quadratic energy
increase. Thus, MEPs funnel the relaxation pathways and can be regarded as the dominant
relaxation path between two metastable states of the system. A simple example of a MEP is
shown in Fig. 3.1. Once a transition state is known, the two adjacent local minima can be
located by slightly stepping off the eigenvector and performing a minimization. The calculated
LM-TS-LM triplets form the backbone of any topological description of the EL, since they
correspond to the elementary transitions, which condition the approach to equilibrium and the
dynamics in general.
A large number of numerical algorithms has been developed for locating local minima. In
this thesis, the L-BFGS algorithm is predominantly used for minimization, since it is robust
and probably the most efficient algorithm for large-scale minimization. The main details of the
method are outlined in Sec. 3.2.1.
The numerical algorithms for locating transition states can be classified in two categories:
single-ended methods, which start from a given initial point and try to find the nearest first-order
saddle point, and double-ended methods, which start from two different local minima and try
to connect them by looking for the corresponding minimum energy path or an approximation
thereof in configurational space. Both kinds of algorithms are employed in this thesis. The
single-ended eigenvector-following (EF) method is described in Sec. 3.2.2, whereas the doubleended nudged elastic band (NEB) method is presented in Sec. 3.2.3.

3.2.1

L-BFGS minimization

The limited-memory Broyden-Fletcher-Goldfarb-Shanno (L-BFGS) algorithm belongs to the
class of quasi-Newton methods and is a modification of the Broyden-Fletcher-Goldfarb-Shanno
(BFGS) algorithm, requiring less memory making it particularly useful for large-scale optimization problems [135–139]. The fundamental idea behind quasi-Newton methods is to use
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the powerful Newton-Raphson method for optimization. However, instead of performing a
numerically inefficient inversion of the Hessian matrix H−1 at each optimization step, the
inverse of the Hessian matrix is iteratively build up by numerical inexpensive approximations
Ai , which converge towards the true inverse as a local minimum is approached [140, 141].
Consider the function E(x0 ), which is from now on referred to as energy, at the initial
position x0 . The energy E at a new position x = x0 + y can then be approximated to second
order by the expansion
1
E(x) ≈ E(x0 ) + g⊤ y + y⊤ Hy + O(y3 )
2

(3.7)

where y is the displacement vector, g is the gradient and H is the Hessian matrix at x0 . Since
any stationary point satisfies the relation
0 = g+Hy

(3.8)

the following expression for the search direction can be obtained
y = −H−1 g

(3.9)

which is usually referred to as a Newton-Raphson step.
In general, quasi-Newton methods start with a positive-definite symmetric approximation
A0 of the inverse Hessian and construct further updates Ai such that the approximated matrices
stay positive-definite and symmetric. The Newton-Raphson step at the optimization step i thus
reads
y = −Ai g.
(3.10)
Far away from the local minimum this guarantees a downhill step, while close to the minimum
Ai is usually closely converged towards the true inverse of the Hessian H−1
lim Ai = H−1 .

i→∞

(3.11)

In the L-BFGS algorithm, instead of storing the whole N × N approximation of the inverse
Hessian approximation, only 2 m vectors of length N are stored at each step. This reduces the
amount of memory significantly [139].
Consider the k-th step of the optimization. The m most recent correction pairs (si , vi ) with
si = xi+1 − xi ,
vi = gi+1 − gi ,

(3.12)
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and i = k − m, k − m + 1, . . . , k − 1 are then stored. The approximation Ak of the inverse Hessian
is then constructed at the k-th step by selecting an initial approximation A0k and updating it by
iteratively using the stored pairs (si , vi )
A1k = update A0k , sk−m , vk−m
..
.


(3.13)

m−1
Am
, sk−1 , vk−1 ⇒ Ak .
k = update Ak



where the initial approximation A0k is usually taken as
A0k =

s⊤
k−1 vk−1
v⊤
k−1 vk−1

I,

(3.14)

with the identiy matrix I and the update routine is given by the BFGS formula [140, 141]
update (A, s, v) = V⊤ AV + ρ s s⊤ ,
with
ρ=

1
v⊤ s

and V = I − ρ vs⊤ .

(3.15)

(3.16)

In practice, m is chosen to be in the range 3 ≤ m ≤ 10. Larger values of m do not significantly
improve the precision of the algorithm, but rather deteriorate the efficiency [139].

3.2.2

Eigenvector-following method

One of the most popular single-ended algorithms for locating first-order saddle points is the
eigenvector-following (EF) method [142–148]. It is based on the Newton-Raphson technique,
which has been introduced in the previous section [see Eq. (3.9)]. It is simple and flexible
and can be used to locate stationary points of any order, i.e., with any number of negative
eigenvalues. However, it has the disadvantage of requiring many diagonalizations of the
Hessian matrix H. The main idea behind the Eigenvector-following method is to exploit
the fact that by applying successive Newton-Raphson steps to a given initial state, a system
converges to a stationary state having the same number of positive and negative eigenvalues as
the initial state of the system. Starting from a local minimum, a first-order saddle point can
then be located by following a chosen direction uphill until one of the positive eigenvalue turns
negative. A first-order saddle point can then be obtained by maximizing along the eigenvector
corresponding to the negative eigenvalue and minimizing within the (N − 1)-dimensional
subspace perpendicular to it. Different first-order saddle points can be located from the same
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local minimum by choosing different starting directions. Usually, the directions are chosen
from the set of eigenvectors of the Hessian matrix at the local minimum [149].
Let εk and ek be the eigenvalues and associated eigenvectors of the Hessian H
H ek = εk ek .

(3.17)

Since the eigenvectors ek form an orthonormal basis set, the gradient vector g can be expressed
in terms of the eigenvectors ek
N

g=

∑ fk ek ,

(3.18)

k=1

where fk is the projection of g onto ek . Substituting in Eq. (3.9), one derives for the NewtonRaphson step y
N
fk
(3.19)
y = − ∑ ek .
k=1 εk
The associated change of energy is given by
1
∆E = E(x) − E(x0 ) = g⊤ y + y⊤ H y
2

(3.20)

and after substituting in Eqs. (3.17) - (3.19), one obtains
fk2
∆E = − ∑
.
k=1 2εk
N

(3.21)

It is interesting to note that, according to Eq. (3.21), contributions from positive eigenvalues
raise the energy, whereas contributions from negative eigenvalues lower it. Therefore, the
Newton-Raphson method is expected to converge to a stationary point having the same number
of positive and negative eigenvalues as the starting configuration as was mentioned at the
beginning of this section.
It is possible to search for stationary states having a specific number of positive and negative
eigenvalues by introducing a Lagrange multiplier λk for each degree of freedom [147]. The
corresponding Lagrange function is given by
1 N
L = −E(x) + ∑ λk (y2k − c2i ),
2 k=1

(3.22)
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where each ck imposes a separate restriction on the step size along the eigenvector ek and λk .
Substituting in Eq. (3.17) and taking the derivative with respect to yk yields the condition
N

0 = −g − H y + ∑ λk yk ,

(3.23)

k=1

which can be substituted in Eq. (3.18) in order to obtain the optimal step
N

y=

f

∑ λk −k εk ek

(3.24)

k=1

and the energy change
N

∆E =

N

∑ ∆Ek =

∑

k=1

k=1

fk2 (λk − εk /2)
.
(λk − εk )2

(3.25)

A first-order saddle point can now be located by maximizing the energy along one chosen
eigenvector ek and minimizing the energy along all other directions e j with j ̸= k. According
to Eq. (3.25), the criteria for the choosing the Lagrange multipliers λk are λk < εk /2 for energy
minimization, λk > εk /2 for energy maximization, and that λk → 0 for fk → 0, in order that
the Newton-Raphson step is recovered close to stationary points. The precise choice of the
Lagrangian multipliers λk is somewhat arbitrary as long as these conditions are fulfilled. In this
thesis, the multipliers λk are chosen following Wales [147]:


q
1
λk = εk ± |εk | 1 + 1 + 4 fk2 /εk2
2

(3.26)

where the +(-) corresponds to maximization (minimization). This choice results in the following
optimization step
±2 f
q k
yk =
.
(3.27)
|εk |(1 + 1 + 4 fk2 /εk2 )

3.2.3

Nudged elastic band method

In many physical situations, it is of great interest to know the minimum energy path between a
particular pair of local minima which correspond, for example, to two different and competing
morphologies of the same physical system. Depending on the situation, the connecting MEP
between the initial and final minimum can consist of a single or multiple elementary LMTS-LM triplets. This often renders it very difficult to locate relevant intermediate TS by
means of single-ended methods. In this context, double-ended approaches are usually far more
appropriate. A particularly useful algorithm for this purpose is the nudged elastic band (NEB)
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method [150–152]. The main idea behind this method is to approximate the minimum energy
path between the initial and final state by a series of intermediate points in configurational
space, usually referred to as images. The method has been epitomized as „throwing ropes over
rough mountain passes” [153], where the band of images is associated with the rope and the
intermediate transition states with the mountain passes.
The images are usually created by performing a linear interpolation between the initial
and final configuration, or in the case of spherical coordinates, by interpolating along the
geodesics [154]. In almost all nontrivial cases such interpolations are far away from the true
MEP. The challenge is therefore to optimize the location of the images by moving them towards
the MEP. If the images were only subject to the true potential, they would all inevitable relaxe
towards the closest local minimum, rendering a straightforward optimization pointless. In the
NEB method, this is avoided by placing artificial springs between neighboring images, which
introduce attractive forces which prevent the images from falling into the local minima. The
locations of the images are then optimized subject to the forces due to the true potential and the
constraining spring interactions.
In early chain-of-states methods, the forces for optimizing the images were obtained directly
from the true potential and the spring potentials. However, the convergence of the band towards
the MEP was often not satisfactory in these methods [151, 155]. In the NEB method the
problem is solved by using a projection scheme for the forces [150, 151]. Thus, the force acting
on image i is given by
S∥
fi = f⊥
(3.28)
i + fi ,
where f⊥
i is the component of the force due to the true potential within the hyperplane perpendicular to the line connecting neighboring images along the band. Denoting by t̂i the tangent
vector of the band at image i, we have
f⊥
i = −∇E(xi ) + [∇E(xi ) · t̂i ] t̂i .

(3.29)

S∥

(3.30)

The other contribution
fi = k (|xi+1 − xi | − |xi − xi−1 |) t̂i

is the force due to the springs, which acts parallel to the line connecting the band of images. In
these expressions, xi represents the configuration of the i-th image, E the true potential energy
and k the spring constant. For completeness, it should be noted that a number of other projection
schemes have been proposed. For example, in the doubly nudged elastic band (DNEB) method,
a small portion of the perpendicular spring force is included in order to increase the stability of
the band [156].
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The tangent vectors t̂i play a critical role in the force projections and the corresponding
convergence of the band of images towards the true MEP. Over time, a number of different
ways of estimating t̂i have been proposed [151, 156, 157]. In this thesis, we use the improved
tangent estimate proposed by Henkelman et al. [157], which is given by

t+ = x − x if E > E > E
i
i
i+1
i+1
i−1 (increasing E),
ti = i
(3.31)
t− = xi − xi−1 if Ei+1 < Ei < Ei−1 (decreasing E).
i

If image i happens to be a local minimum or maximum along the band, the weighted average

t+ ∆E max + t− ∆E min if E > E
i+1
i−1
i
i
i
ti = i
(3.32)
t+ ∆E min + t− ∆E max if Ei+1 < Ei−1
i

i

i

i

is taken instead, where
∆Eimax = max (|Ei+1 − Ei | , |Ei−1 − Ei |) ,

(3.33)

∆Eimin = min (|Ei+1 − Ei | , |Ei−1 − Ei |) .

(3.34)

and

At first glance, the approach described above might seem superfluous, since one could calculate
the tangent vector t̂i simply from the line segment
t̂i =

xi+1 − xi−1
,
|xi+1 − xi−1 |

(3.35)

for example. However, it turns out that this and other similar approaches often lead to the
development of instabilities in the band of images, while the above-described method is
relatively stable in most systems [157]. In fact, the basic idea behind this method is that the
MEP can always be found by following the gradient from a first-order saddle point, while it
is nearly impossible to find the MEP starting from a local minimum [157]. Therefore, if one
follows the gradient starting from a local minimum, it is very unlikely that one will locate or
come close to a first-order saddle point. The choice of Eqs. (3.31) and (3.33) for the tangent
vector allows us to determine t̂i according to the neighboring image with the higher energy,
since it should be closer to the saddle point and thus give a better estimate of the direction of
the MEP [157].

3.3 Connecting the networks of local minima
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In order to obtain the MEP and the associated transition states, the band of images is relaxed
by performing an L-BFGS optimizations of all images simultaneously with respect to the forces
derived in Eq. (3.28) [156, 158]. In most cases, no image converges precisely to intermediate
first-order saddle points. Hence, in order to accurately locate the transition states along the
the path, a number of Eigenvector-following searches are carried out starting from the images
corresponding to the local maxima along the estimated MEP [156, 158]. Details on L-BFGS
and EF methods are given in Secs. 3.2.1 and 3.2.2, respectively.

3.3

Connecting the networks of local minima

The connected network of local minima and transition states of a given energy landscape forms
the backbone for most kinetic calculations. For this reason they are usually denoted as kinetic
networks. A network of LM is connected or ergodic, if each local minimum can be reached
starting from any other local minimum in the network. It is easy to see, that in the absence
of infinitely high energy barriers in E(x) and for a finite number of degrees of freedom, it is
always possible to connect any two local minima in the EL. However, as has been discussed
in Sec. 3.1, it is in general hardly possible to find all local minima and transition states in
large complex systems. Thus, the goal of practical calculations is to construct a representative
database of LM-TS-LM triplets, which includes the most relevant local minima at least for
the problem under study. The algorithm that we use in this work for determining a reliable
approximation to the ergodic network of stationary states is an adaption of the one proposed by
Miller et al. [149]. It is based on performing a series of single-ended transition state searches
and can be summarized as follows:
i) Choose a local minimum in the database, which has not yet been used for exploring the
energy landscape. Usually, one starts with the local minima having the lowest energies
and works its way up in the energy spectrum.
ii) Perform an eigenvector-following search along a specific eigenvector of the Hessian H at
this minimum. Starting with the eigenvectors with the smallest eigenvalues favors the
directions along which the initial energy increase is smallest.
iii) Once a first-order transition state is found, the two adjacent local minima are located by
slightly stepping off from the transition state parallel and antiparallel to the eigenvector
corresponding to the single negative eigenvalue of the Hessian H at the transition state
and performing the corresponding L-BFGS minimizations. Alternatively, one could
follow the gradient. However, the L-BFGS approach is orders of magnitude faster.
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Fig. 3.2 The figure shows a flowchart of the algorithm used for creating the connected networks
of local minima. The procedure outlined in Sec. 3.3 is adapted from Refs. 149 and 159.
iv) If one of the two local minima found in step 3 corresponds to the initial one, the other
local minimum of the triplet and the transition state are added to the database of stationary
states, unless they were both already known. Otherwise, the LM-TS-LM configurations
are disregarded.
v) The algorithm proceeds by choosing a new eigenvector and repeating steps 2–4. Once
a predefined number of eigenvectors of H at the given local minimum have been tried
(typically, 15–20 searches are enough to find most of the adjacent transition states), the
algorithm goes back to step 1 and a new local minimum is considered. The procedure is
terminated, after all local minima in the database have been explored or after a specified
number of local minima have been located.
The flowchart describing the algorithm is shown in Fig. 3.2.

3.4

Kinetic networks

Networks are ubiquitous in everyday life ranging from transport networks and the world wide
web over social networks to neural and metabolic networks [160, 161]. In their basic structure,
all networks are similar in the sense that their properties are solely defined by the number of
nodes (airports, websites, persons, neurons, compounds) and their connections among each
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other (flights, links, friendships, synapses, chemical reactions). As an example of a large real
network, the air traffic network around the world is shown in Fig. 3.3.
The calculated local minima and first-order saddle points of an energy landscape form an
ergodic (connected) network, which is usually known as the kinetic network of the EL. In the
same way as in the examples mentioned above, it can be represented naturally by an undirected
graph, in which the nodes represent the local minima and the connecting edges represent the
minimum energy pathways defined by the corresponding intermediate TS.
Since networks of complex systems can consist of thousands of nodes and edges it is important to identify the properties which characterize them in order to be able to compare different
networks and their topology. In the following, the most important topological parameters of
kinetic networks and networks in general are outlined. The degree or the number of connections
Nc (i) of a node i is defined as the number of links between this node and any other node of the
network. To compare networks of different sizes, the local connectivity density
ρc (i) =

Nc (i)
,
NLM − 1

(3.36)

is introduced, which is defined as the ratio between Nc (i) and its maximum possible value,
where NLM stands for the total number of local minima or nodes in the kinetic network.
Consequently, ρc (i) measures the relative importance of the local minimum i in the network.
The local minima with large values of ρc are usually denoted as hubs, since they are connected
to a significant fraction of all other local minima. Hubs play a central role in the dynamics of
complex systems, because they are involved in most dynamically relevant pathways across the
network.
The distance di j between two local minima i and j in a network is defined as the smallest
number of elementary LM-TS-LM transitions or edges required to connect them. The average
path distance d¯ over all pairs of local minima measures the extension of the network. If the
kinetic network has a small value of d,¯ the corresponding system has to undergo few elementary
transitions in order to relax from any excited state towards its ground state configuration or,
more generally, to reach equilibrium. As the value of d¯ increases, the number of elementary
transitions involved in most relaxation processes increases. This usually leads to more complex
and often slower dynamics, since a larger number of energy barriers has to be overcome. In this
context, it is meaningful to introduce the eccentricity εi of the node i as the largest di j between
this node and any other node j. This is a local property giving information of the location of
minimum i within the network. The radius R of a network is then defined as the minimum
value of εi among all LM, while the diameter D is defined as the maximum value of εi . While
R and D are global characteristics, they are often less representative of the extent or size of a
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network than the average path distance d,¯ because they are more prone to local fluctuations.
Indeed, R and D are defined by the local environment of two specific nodes in the network,
namely, the ones yielding the smallest and largest value of εi .
For many purposes, in particular in order to understand the short-time dynamics within a
kinetic network, it is interesting to know how often two neighbors of a given node are directly
connected with each other. This information is known as clustering of the network and can
be used to anticipate the formation of subgroups within a network. A global measure of the
clustering in a network is given by the transitivity
C = 3×

number of triangles
,
number of triads

(3.37)

which represents the probability that in a triad of nodes, in which i is connected to j and j is
connected to k, also i and k are connected [163]. The factor 3 in Eq. (3.37) takes into account
that each triangle contains 3 triads.
The above presented topological parameters of a network are a very useful tool to assess
the properties of complex systems. They also allow for quantitative comparisons between the
kinetic networks of complex systems corresponding to very different physical situations (e.g.,
structural glasses, proteins, atomic clusters). In this context, two idealized model networks
are often used as important references, since they are representative of completely opposite
behaviors. One of them are random networks, in which the nodes are connected randomly with
each other with a given average degree [164]. Random networks exhibit relative short average
path distances d¯ and very small transitivities C. The other contrasting reference networks are
lattice structures with short range regular connections, for instance, nearest neighbor links.
They have particularly large values of both d¯ and C [160, 161].
A recurring question in network science when analyzing the properties of a network is to
identify if it exhibits small-world properties [165]. In a small-world network, the probability
that the neighbors of a node are also neighbors of each other is large and the distance between
any two nodes of the network is small. A number of metrics have been proposed to quantify,
if a network shows small-world behavior [165–168]. Following Watts and Strogatz [165], we
consider in this thesis that a networks shows small-world behavior, if it combines a small value
of d,¯ which is comparable or smaller than the one of a random network having the same number
of nodes and edges, with a significant value of C, which is typically of lattice networks. These
properties are usually associated with the presence of hubs as found in many real-life situations
such as airport and social networks [160, 165].
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Fig. 3.3 The figure shows the transportation network of flights around the world encompassing
3.200 airports and 60.000 different flights. The size of the nodes indicates the number of
incoming and outgoing flights and the color indicates the geographical allocation. Reprinted
with permission [162].
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Disconnectivity graphs

While kinetic networks offer a clear visualisation of the connectivity among the local minima
and their corresponding basins of attraction of an EL, they do not provide any information
about the energy barriers, which separate the local minima from each other and which are
extremely important for all kinetic properties. A complementary approach, which removes
this limitation, is to determine the disconnectivity graphs (DGs) [169]. Schematic examples of
disconnectivity graphs for three different archetypal types of energy landscapes are shown in
Fig. 3.4.
The following procedure is applied in order to determine the disconnectivity graph of a
system: For any given energy E, the local minima of the considered connected network are
grouped into disjoint sets called superbasins. Two local minima belong to the same superbasin,
if the MEP connecting them never exceeds the energy E. In other words, reaching a local
minimum outside a given superbasin always requires energies that are larger than E. In the
absence of ground state degeneracy, only one superbasin exists at very low energies, which
contains the global minimum. If the ground state is N-fold degenerate, one finds N disjoint
superbasins, which are separated by finite energy barriers. As the energy E is gradually
increased, energy barriers can be overcome and more local minima become energetically
accessible. These local minima are not necessarily connected to the ground state or with each
other for energies below a given E. Consequently, new superbasins are in general identified as
E increases. However, if E is further increased, one necessarily observes that at some point
superbasins start to merge, since the separating energy barriers can be overcome along the
MEPs without exceeding E. No barrier is infinitely large. Finally, for very high values of E,
only one superbasin is left, which contains all local minima of the system.
In practice, the disconnectivity graph is constructed by performing the above described
superbasin analysis at a discrete set of equidistant energies, which are indicated on the y-axis
of the disconnectivity graph. At each of these energies, a superbasin is represented by a node.
Two nodes are connected, if the corresponding superbasins share at least one common local
minimum. The horizontal positions of the nodes in the disconnectivity graph are arbitrary. For
the sake of clarity, one usually locates the nodes of superbasins that are separated by small
barriers closer to each other and those separated by large energy barriers further away. The
result is a tree-like graph, where the end of each branch corresponds to single local minimum
and its corresponding basin of attraction (see Fig. 3.4). All the local minima that are connected
to a common node are mutually accessible at the corresponding energy thus belonging to the
same superbasin.
A particularly transparent classification of archetypal energy landscapes has been formulated
by D. Wales by exploiting the analogies between disconnectivity graphs and palm, weeping-
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Fig. 3.4 From top to bottom: palm-tree-like, willow-tree-like, and banyan-tree-like disconnectivity graphs are illustrated. The right figures are the DGs corresponding to the 1D energy
landscape on the left. The dotted lines correspond to the energy levels E at which the superbasin
analysis is performed. The figure is reprinted with permission from Ref. 170.
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willow, and banyan trees [170]. A schematic illustration of these graphs is shown in Fig. 3.4.
Disconnectivity graphs that are similar to palm trees have relatively small energy barriers
and a clear global minimum. Usually good structure-seeking systems such as good-folding
proteins and magic number clusters are associated with such ELs, as they relax quickly towards
their ground state [171–174]. Disconnectivity graphs resembling weeping-willow trees have
higher energy barriers, which results in a slower overall relaxation. However, relaxation to
a well-defined global minimum is still possible provided that the available thermal energy
is sufficient for overcoming the larger energy barriers. These characteristics can be found
in the ELs of fullerenes and ensembles of soft anisotropic particles [175, 176]. In case of
banyan-tree-like disconnectivity graphs, the separating energy barriers are much larger than
the small energy differences between the low-lying local minima. The different barrier heights
lead to a hierarchical structure, where the removal of a single edge can cut off a significant
amount of local minima from the rest of the disconnectivity graph. Under these circumstances
the relaxation towards the global minimum is significantly slowed-down and the relaxation
dynamics usually involves complex non-equilibrium effects such as trapping and aging. Such
disconnectivity graphs have been found for structural glasses. As we shall see, stronglydisordered magnetic nanoparticle ensembles also show this behavior [26, 177–180]. Although
this classification is oversimplified and does not cover all situations encountered in real complex
systems, it proves very useful as a starting point for the analysis and interpretation of the DGs.

3.6

Master equation dynamics

The dynamical behavior of many physical, chemical, and biological systems can be understood
by investigating their metastable states and the corresponding transitions between them. Once
the configurational space of a system is decomposed in its multiple basins of attraction, the
challenge is to describe and understand how the system evolves as a function of time in
configurational space from one basin to another. Rather than pursuing a microscopic approach,
which would consist of determining the time evolution of precise configurations and the
averaging of multiple trajectories, we adopt a statistical perspective and focus on the time
dependence of the probability distribution {pi }, which describes the occupation probabilities of
the various basins of attraction i. After all, the knowledge of pi (t) for all i is sufficient in order
to determine the time dependence of any global property. Since we are mainly interested in
the long-time dynamics, we assume that the transitions between different states are Markovian.
This means that the transition probability p ji for a system to make a transition from state i to
state j only depends on the current state i of the system and not on any of its previous states.
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The time-evolution is then governed by the master equation
dp
= Qp,
dt

(3.38)

where the i-th component pi of p is the occupation probability of the metastable state i and Q
is the transition rate matrix. The latter is given by
NLM

Qi j = ki j − δi j

∑ kli,

(3.39)

l=1

where ki j is the transition probability per unit time or transition rate for going from state j to
state i and NLM is the total number of LM or basins of attraction of the system [46, 181, 182].
Hence, the changes of the occupation probability d pi /dt of a state i are obtained in the master
equation by keeping track of the incoming (∑ j ki j ) and outgoing (∑ j k ji ) probability flux at each
point of time. Notice, that the underlying physics resides completely within the transition rates
k ji . Two different methods for calculating transition rates on the basis of the EL of a system are
outlined in Secs. 3.6.1 and 3.6.2.
As long as the connected network of stationary states is ergodic, i.e., if the transition
matrix Q is irreducible, the system has a unique equilibrium state given by the eigenvector peq
associated with the single transient eigenvalue of Q, while all other eigenvalues are negative.
The detailed balance condition
eq
eq
ki j p j = k ji pi
(3.40)
can be used to symmetrize the transition rate matrix as
s
Q̃i j =

eq

pj

eq Qi j ,

(3.41)

pi

which has the same eigenvalues as Q. The eigenvectors ẽi of Q̃ are linkedq
to the eigenvectors
ei of Q by the relation ei = Uẽi , where the matrix U is given by Ui j = δi j
solution of the master equation can then be expressed as
pi (t) =

q

eq
pi

NLM

∑

j=1

"
j
ẽi eε j t

#
p
(0)
m
∑ ẽmj p peq ,
m
m=1

eq

pi . The analytic

NLM

(3.42)

where ε j is the j-th eigenvalue of the matrix Q̃ (or Q) and ẽ j the corresponding eigenvector [46].
The solution of the master equation shows that the dynamics is given by a superposition of
exponentially decaying relaxation processes with different relaxation time scales τ j = −1/ε j .
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While all relaxation processes are important for the short time dynamics of a system, the long
time dynamics is mainly determined by the relaxation processes with the largest values of τ j .
Notice, that large gaps in the eigenvalue spectrum of ε j result in a separation of time scales.
For example, if there is a large gap between the two largest nonzero eigenvalues, the long
time dynamics can be described by a single exponential function resulting in Arrhenius-like
dynamics [182].
In some cases it is either not possible or not meaningful to numerically diagonalize the
transition rate matrix Q as required by the exact solution of the master equation. This is usually
the case, when the temperature T is very small and the kinetic rates of elementary transitions
involving different energy barriers differ by orders of magnitude. If this is the case, the kinetic
Monte Carlo method (KMC) for solving the master equation can be employed as an alternative.
Although less efficient, it is numerically more stable at small temperatures [183, 184]. A brief
description of the KMC method may be found in App. A.

3.6.1

Transition-state theory

One of the most difficult problems in the investigation of the dynamics of many physical,
chemical, and biological systems is the large separation of time scales involved in the dominant
dynamic processes. Very often, the most interesting and crucial transitions are rare events,
meaning that they are much slower than the processes for conventional thermalization, for
example, lattice vibrations or the precessional motion in magnetic systems. Consequently,
in a classical simulation, a prohibitively large number of simulation steps is needed in order
to obtain a good picture of these subtle transition mechanism and the associated time scale.
Luckily, the very existence of a clear separation of time scales allows us to apply the concepts
of statistical mechanics since a magnetic system undergoes a large number of precessions
for each attempt to reach the transition state. In other words, after each transition into a new
metastable state, it is safe to assume that the system will thermalize within this state, reaching
local equilibrium, bevor any other transition takes place.
The basic idea behind transition-state theory (TST) is, that the transition rate kTST
ji for going
from state i to state j is given by the probability of being at or near the transition state separating
state i from state j times the flux out of the transition state towards the basin of attraction of
state j. Based on this physical picture, the following four assumptions are made [185]:
i) The potential energy surface does not change in time, i.e., there are no time-depending
effects such as an oscillating magnetic field.
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ii) The microscopic dynamics can be described by a deterministic equation of motion, for
example, in the case of magnetic systems, the Landau-Lifshitz-Gilbert equation (see
Sec. 2.6).
iii) The initial state of the system is in thermal equilibrium before a transition process occurs,
i.e., the occupation probability of the microscopic states inside its basin of attraction are
given by the Boltzmann distribution.
iv) If a trajectory crosses the separating transition hyperplane between the initial state i and
the final state j, any possible dynamically conditioned direct recrossings back to the
initial state of the system are neglected.
On the basis of these hypotheses, the general expression for the transition rate kTST
ji in canonical
TST is given by
kTST
(3.43)
ji = ⟨δ [s(x)] υ⊥ (x)H[υ⊥ (x)]⟩T ,
where ⟨. . .⟩T denotes the thermal average with respect to the Boltzmann distribution, x stands
for the dynamical variables of the system, which are in our case the set of N pairs of angles
{θk , ϕk } defining the magnetic moment orientations, s(x) = 0 defines the surface dividing the
initial basin i in the EL from the final basin j, υ⊥ (x) is the projection of the configurational
velocity ẋ onto the normal of the dividing surface, and H[υ⊥ (x)] is a Heaviside function, which
takes the value 1 if υ⊥ (x) points towards the final state and zero otherwise [186–189].
This expression can be simplified by performing a quadratic expansion of the energy at the
initial local minimum xLM and at the separating first-order saddle point xTS [190]. In terms of
the Hessian eigenvectors eκ , the system configuration and energy at the minimum are given by
2N

x = xLM +

∑ qκ eLM
κ

(3.44)

κ=1

and

2N

E(q) = ELM +

∑ εκLMq2κ ,

(3.45)

κ=1

where the normal coordinates qκ describe the fluctuations of the configuration x along the
Hessian eigenvectors. Similar expressions hold at the saddle point. The dividing surface can
then be approximated by the hyperplane spanned by the 2N −1 stable modes eTS
κ (κ = 2, . . . , 2N)
TS
having positive Hessian eigenvalues εκ at the saddle point. The normal to the dividing surface
TS
is then given by the single unstable mode eTS
1 (ε1 < 0), which can be regarded as a reaction
coordinate from which υ⊥ = dq1 /dt follows.

56

Methods and algorithms

In order to determine the configurational velocity ẋ and the normal projection v⊥ (x), the
explicit dynamics of the coupled magnetic moments needs to be taken into account [191, 192].
The dynamics can be described by the Landau-Lifshitz-Gilbert equation (see Sec. 2.6) [107].
In spherical coordinates this is given by
dθk
γ
γα
∂E
∂E
=−
−
,
2
2
dt
mκ sin θk (1 + α ) ∂ ϕk mk (1 + α ) ∂ θk
γ
dϕk
∂E
γα
∂E
=
−
,
2
2
dt
mk sin θk (1 + α ) ∂ θk mk sin θk (1 + α 2 ) ∂ ϕk

(3.46)

where {θk , ϕk } refers to the polar and azimuthal angles defining the direction of the magnetic
moment mk of NP k, γ to the gyromagnetic ratio, mk to the total magnetic moment of NP k,
and α to the damping parameter. By linearizing these equations for small qk , one obtains
υ⊥ =

dq1
= ∑ aκ qκ
dt
κ

(3.47)

as a linear combination of the fluctuations qk within the dividing surface at the saddle point [191,
192]. The resulting rate in harmonic transition state theory (HTST) is given by

kHTST
=
ji

1
2π

p

v
u

LM u 2N a2
JTS ∏2N
λ −(ETS −ELM )/kB T
ν=1 pεν t
e
,
TS
TS
JLM ∏2N
ε
εκ
λ =2 λ
κ=2

∑

(3.48)

where T refers to the temperature and JLM and JTS are the Jacobians of the transformation
to spherical coordinates at the initial LM and the TS [191, 192]. Equation (3.48) has been
first derived in Ref. 191. The mathematical details can be found in App. D. In the harmonic
approximation, the transition rates take the form of an Arrhenius ansatz k ji = f ji e−∆E ji /kB T
for each pair of metastable states i and j, where the prefactor f ji represents a temperatureindependent attempt frequency, and all the temperature dependence is carried by the Boltzmann
LM
factor corresponding to the activation energy ∆E ji = E TS
ji − Ei . Eq. (3.48) takes into account
the entropy associated with the fluctuations of the magnetic configurations at the basin of
attraction of the initial state i and at the TS leading to state j as well as the probability flux
υ⊥ at the dividing surface. Consequently, the obtained k ji are consistent with the underlying
energy landscape and the local curvatures at the stationary points. In other words, f ji depends
on the local environment of the EL at both the LM i and the TS leading to LM j. A rigorous
quantification of the time scales of the relaxation processes is provided avoiding any of the
otherwise usual ad hoc assumptions. The values obtained for f ji for the nanostructures
considered in the following chapters are in the range f ji = 108 − 1011 Hz, depending on the
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specific elementary transition. These values are consistent with the figures inferred from
experiment [193].

3.6.2

Markov state modelling

An alternative approach to the theoretical description of rare events is Markov state modelling.
In this method, the transition probabilities of a system are obtained by analyzing a posteriori
a large number of simulated stochastic microscopic trajectories. Thus, the calculations are
numerically far more involved but also more flexible than the direct calculation of transition rates
provided by TST. In the case of magnetic systems, for example, the microscopic trajectories
can be obtained from integrating the LLG equation. In the following, a brief introduction to
Markov state models (MSM) is given, which we will apply in chapter 7 in order to compare the
dynamics resulting from the transition rates obtained from HTST with the LLG equation. A
more detailed discussion of the topic may be found, for example, in Ref. 194.
Developing a Markov state model from a large set of numerical simulations of the kinetics of
a system consists of two main steps. First, the configurational space of the system is partitioned
into distinct segments, which are usually referred to as microstates. Second, the associated
transition matrix T is calculated, whose entries are of the transition probabilities between these
microstates. The goal of the partitioning is to identify the regions in configurational space
within which the kinetics is relatively straightforward without being hindered by significant
free-energy barriers. In some systems, the partitioning can be achieved by dividing the
configurational space directly into its free-energy basins. This is certainly meaningful and
desirable from a physical standpoint. In fact, disordered ensembles of MNP will be investigated
from this perspective in this thesis. Unfortunately, such an exhaustive approach is often not
possible, since the free-energy basins of complex systems cannot always be determined in
advance. In this case, the most common approach for partitioning is the following [195–198].
First, the configurational space is partitioned very finely into small microstates based on
geometric criteria, for example, using the k-centers or k-medoids algorithms [199, 200]. The
kinetics within these microstates should be fast without any free-energy barriers, which is
normally guaranteed by their small size. Then, in a second step, a further coarse-graining of
the partitioning is performed by merging kinetically-relevant sets of microstates (i.e., sets of
microstates that have high transition probabilities between each other) to larger aggregates
which thus define the actual macrostates [201–204]. In this way one combines the advantages
of the initial a-priori-free fine graining with the efficiency of avoiding physically irrelevant
changes in configuration between too small microstates.
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Let X denote a trajectory obtained by integrating the equations of motion of a system. It
consists of n configurations sampled at fixed time intervals ∆t:
X = {x1 = x (0) , x2 = x (∆t) , . . . , xn = x ((n − 1)∆t)}.

(3.49)

Let {S1 , . . . , SNP } denote the N p partitions of the configurational space that were chosen based on
one of the previously presented methods. It is then straightforward to assign each configuration
xk univocally to the partition Si to which it belongs by setting the variable
sk = i if

xk ∈ Si .

(3.50)

In this way the originally continuous trajectory X(t) can be mapped to the sequence of integers
s = {s1 , s2 , . . . , sn }. The number of transitions between partitions can then be stored in a simple
transition-count matrix N whose entries Ni j are the number of transitions from the partition S j
to the partition Si . The actual transition matrix T can then be estimated by
Ti j (∆t) =

Ni j
,
Np
∑k=1 Nk j

(3.51)

where ∆t is the lag time of the Markov state model.
The simplest way of counting transitions is to sample the trajectory X only at times t = m ∆t
with m ∈ N. This method has the advantage of generating statistically independent counts of
transitions. However, only a very small part of the full continuous trajectory X(t) is actually
used for creating the MSM, since the configurations at all intermediate times between t = m∆t
and t = (m + 1)∆t are ignored. A slightly more sophisticated method for counting transitions
is the window count method, in which a counting window of size ∆t is moved along the time
axis. By employing this method, the whole trajectory X is used for creating the MSM, yet
the counted transitions are not independent from each other anymore. Still, the window count
method should be preferred, since the accuracy of the derived transition probabilities is usually
higher [198].
One general problem in Markov state models is the possible loss of Markovianity as a
consequence of the partitioning of the EL. By this one means that some initial or memory
effects are present in the sequence s because the physical conditions for s to be a Markov chain
have not been reached. If the lag time ∆t is too small or if the partitioning of the EL is too crude,
the microscopic trajectories might not reach local thermalization within a macrostate within a
single lag time ∆t. In this case, successive transitions do not necessarily happen independently
from each other, but can depend on previous states along the chain s. In order to verify the
Markovianity condition of the created the Markov state model for the chosen lag time ∆t and
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partitioning Si , one can employ the Chapman-Kolmogorov equation [194], which relates the
transition probabilities at different time intervals with each other. If s is a Markov chain, the
general relation
T(m ∆t) = T(∆t)m
(3.52)
should hold for any integer m. This means that taking m consecutive steps, each with a lag time
∆t, should produce the same result as taking one single step with the lag time m ∆t. A simple
way of testing this is by examining the calculated relaxation times τi as a function of ∆t. The
relaxation times τi of a MSM are related to the eigenvalues εi of T through
τi = −

∆t
.
ln εi

(3.53)

The Chapman-Kolmogorov relation (3.52) is equivalent to requiring that τi is independent of
the lag time. In fact, replacing Eq. (3.52) in Eq. (3.53) we have
τi (m∆t) = −

m∆t
m∆t
∆t
=−
=
−
= τi (∆t).
ln εi [T(m∆t)]
ln εim [T(∆t)]
ln εi [T(∆t)]

(3.54)

Therefore, by comparing the calculated τi for different values of ∆t, one gets a pretty good idea
of how large the lag time ∆t has to be chosen so that the sequence s and thus the MSM is truly
Markovian. Usually ∆t is chosen as small as possible, while still ensuring Markovianity in
order to retain as much details as possible on the dynamics of a system [194]. In chapter 7, we
will use MSMs to compare the dynamics obtained directly from the LLG equation with the one
obtained from transition-state theory.

Chapter 4
Energy landscapes and relaxation
dynamics of disordered dipole-coupled
magnetic nanoparticle ensembles∗
4.1

Introduction

As already mentioned in the introductory part of this work, structural disorder plays a most
relevant role in magnetic nanostructures. Depending on the respective fabrication process, very
different structural arrangements are obtained, which range from weakly disordered arrangements with a well-defined long order as in many lithographic samples, to strongly disordered
nanostructures as obtained from cluster-beam deposition [8–25]. Of particular interest for
us in this work are dense two-dimensional NP ensembles, in which the interactions between
individual MNPs are much stronger than the local magnetic anisotropies. The geometrical
arrangements of the NPs and their inherent structural disorder are then expected to play a
most important role in conditioning the shape of the underlying interaction-energy landscape
and all the resulting observable properties, including magnetic order, thermodynamics and
non-equilibrium dynamics. [30–32, 37].
Experimental and numerical studies of two-dimensional ensembles of strongly interacting
magnetic nanoparticle ensembles have revealed many remarkable physical phenomena. These
range from long-range-order phase transitions, continuous ground-state degeneracies, and orderby-disorder effects in ordered and weakly disordered two-dimensional nanostructures [24, 25,
33–37], to nonequilibrium phenomena such as ergodicity breaking, aging and memory effects
in superspin glasses [38–43]. However, the role of structural disorder in these phenomena is
* Most

of the contents of this chapter have been recently published in Ref. 26.
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not well understood and many open questions remain. Previous investigations have shown that
structural disorder significantly changes the energy landscape of dipole-coupled magnetic NP
ensembles by increasing the number of its local minima and reducing the correlation length or
spatial extension of the elementary relaxation processes [30–32]. Although these results are
exciting, they are also far from conclusive. Detailed investigations on how the local minima of
the EL are connected with each other in order to form a network of metastable states are lacking.
Little or no information is available on the topology of these important kinetic networks and on
the timescales governing the dynamics within them. Furthermore, from an energy viewpoint, it
remains unclear how the local basins of attraction and the accessible regions in configurational
space merge as the available energy increases and barriers can be progressively overcome. This
lack of knowledge is hampering since having a detailed picture of the organization of the energy
landscapes of these complex systems is crucial in order to understand their equilibrium and
dynamic properties from a microscopic perspective.
The main goals of this chapter are to characterize the energy landscapes of dipole-coupled
ensembles of magnetic NPs as a function of the orientation of the local magnetic moments and
to quantify the corresponding magnetic relaxation dynamics. Particular attention is payed to
establishing the correlations between the degree of disorder, the properties of the landscape and
the observed dynamics. In Sec. 4.2 a short summary of the employed model is given. In Sec. 4.3
the properties of representative ensembles having different degrees of disorder are presented
and discussed in some detail. The topography of the ELs and in particular the organization of
the networks of their stationary points (local minima and transition states) are analyzed from
both local and energy perspectives. The properties of magnetic NP ensembles are contrasted
with those of other relevant complex systems including ferromagnetic periodic models, dipolarbonded clusters and structural glasses. The field-free time evolutions of the magnetic order of
the ensembles are determined starting from saturation or thermal quenching. The correlations
between the observed dynamics and the underlying ELs are established. A remarkable transition
from rapid, good structure-seeker relaxation to trapped glass-like behavior is revealed as the
degree of disorder increases. Finally, in Sec. 4.4, a summary of our conclusions is given and
some possible extensions and implications are pointed out.

4.2

Nanostructure model

In order to describe the 2D ensembles of interacting NPs, we consider non-overlapping particles
that are contained in a square unit cell with periodic boundary conditions. Due to the strong
interatomic exchange couplings within the NPs, and taking into account their small size with
diameters of the order of 5–10 nm, it is safe to regard each particle k as a superspin, and to

4.2 Nanostructure model

63

characterize its magnetic state by a classical moment mk with fixed module (see Sec. 2.5). The
present model extends the one proposed in Refs. 30–32 by allowing for a fully unconstrained
three dimensional (3D) orientation of all mk . In this way, any possible artifacts resulting from
the previously imposed in-plane constraint of mk (e.g., overestimation of the energy barriers,
distorted minimum energy paths, etc.) are removed. Moreover, having access to the complete
magnetic configurational space of the ensemble is crucial in order to determine the entropy
associated with the statistical fluctuations at the local minima and at the transition states. They
are important for calculating the transition rates between the metastable states which define the
dynamics of the system (see Sec. 3.6).
Different geometrical arrangements of the NPs are considered in order to investigate the
role of auto-organization and disorder on the magnetic behavior of the ensembles: (i) weakly to
moderately disordered square-lattice structures, (ii) weakly to moderately disordered triangularlattice structures, and (iii) strongly disordered structures corresponding to completely random
distributions of nonoverlapping particles. In the case of the square and triangular structures,
disorder is introduced by displacing the particles from their regular periodic positions according
to a Gaussian distribution with standard deviation σr . More than 200 different disordered
nanostructures have been investigated in detail. Representative examples are illustrated in
Fig. 4.1.
In this chapter we focus on dipole-coupled ensembles of magnetic NPs, which corresponds
to nearly spherical particles having weak local anisotropy [28]. This strongly interacting limit
is particularly challenging, since the system adopts mostly noncollinear metastable magnetic
configurations showing collective transitions, in which the orientations of the moments of many
different NPs change at the same time [32, 55–58, 60]. Given the locations rk and magnetic
moments mk , the dipolar energy of the system is given by
"
#
µ0
mk · ml 3 (mk · rkl ) (ml · rkl )
E=
−
,
3
5
8π k̸∑
rkl
rkl
=l

(4.1)

where rkl = rk − rl is the vector connecting the centers of particles k and l, rkl = |rkl | the
corresponding distance, and µ0 the vacuum permeability (see Sec. 2.5). The orientation of
mk is defined by the polar and azimuthal angles θk and φk . Hence, each magnetic configuration is characterized by a set of N pairs of angles {θk , φk } in the unit cell (k = 1, . . . , N).
Extending the model by including other types of magnetic interactions (quadrupolar, direct
or indirect exchange, etc.), local magnetic anisotropy energies or external magnetic fields is
straightforward.
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Results and discussion

The first goal of this section is to investigate the interaction-energy landscapes of ensembles of
magnetic NPs and in particular to quantify the effects of structural disorder. To this aim a large
number of model realizations of the nanostructures, more than 600 in all, have been explored.
Three representative examples are illustrated in Fig. 4.1, which correspond to a weaklydisordered square lattice, a weakly-disordered triangular lattice, and a random distribution
of nonoverlapping particles. Rather than performing statistical averages over a large number
of NP arrangements, our aim here is primarily to analyze in detail the energy landscapes of
representative nanostructures, in order to shed light on the role of disorder on the topology of
the landscapes and on the dominant microscopic magnetic relaxation mechanisms. To quantify
the effects of structural disorder, which is inherent to any experimental sample, we start from
periodic square and triangular lattices and introduce random displacements of the NP positions
according to a Gaussian distribution with mean-square deviation σr . The weakly-disordered
ensembles shown in Fig. 4.1 correspond to σr = 0.05 r0 , where r0 is the nearest-neighbor
distance of the periodic arrangement. Increasing σr allows us to control the importance of
disorder systematically. The limit of strongly-disordered ensembles is reached when σr is
comparable or larger than r0 , which corresponds to a random distribution of nanoparticles.
For the calculations we consider Fe particles having a diameter φ = 3 nm and the structural
arrangements shown in Fig. 4.1. In this size range, the 3d FM NPs are known to behave
like ferromagnetic monodomains, provided that the temperature is not too high, since φ is
orders of magnitude smaller than the width of any domain wall. Assuming for simplicity that
the atomic magnetic moments and the density within the particles are bulklike (µb = 2.2 µB
and bcc lattice with a = 0.29 nm) one obtains that the total magnetic moment of the NPs is
|m| ≃ 2.55 × 103 µB . The extended nanostructures are modelled with finite unit cells containing
N = 36 particles and imposing periodic boundary conditions. Moderate surface coverages
c = 0.28 for the square and random ensembles, and c = 0.33 for the triangular ensemble
√
are assumed (cmax = π/2 3 = 0.91). As it will be discussed below, reasonable changes in
the sample parameters do not affect our conclusions. Results on the dependence of average
properties on N and c may be found in Refs. 30–32.

4.3.1

Ground-state magnetic order

In Fig. 4.1 the ground state magnetic configuration of three representative ensembles are shown.
In all cases the directions of the NP moments are within the xy-plane as indicated by the arrows.
The most stable configuration of weakly-disordered square-lattice structures is similar to the
so-called microvortex (MV) state, in which the direction of mk alternates from site to site,
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(a)

(b)

(c)

Fig. 4.1 Ground-state magnetic configurations of representative two-dimensional ensembles of
nanoparticles: (a) weakly disordered square structure (σr /r0 = 0.05), (b) weakly disordered
triangular structure (σr /r0 = 0.05), and (c) nonoverlapping randomly distributed particles. The
unit cells are shown, on which periodic boundary conditions apply.
forming an angle ±α with the x-axis as we move along a column or row of the square lattice
[see Fig.4.1(a)][33, 205]. The presence of disorder becomes apparent through minor deviations
from the perfect alternation. The optimal configuration is doubly degenerate, as any other, since
the dipole interaction is invariant with respect to the inversion of all mk [see Eq. (4.1)]. It is
interesting to note that the MV state also yields the lowest energy when the lattice is perfectly
periodic. However, in this case the energy is independent of the tilting angle α The continuous
degeneracy is a consequence of the C4 rotational symmetry of the periodic square lattice, as
can be demonstrated by group-theory arguments [206, 207].† Remarkably, the weakest degree
of disorder breaks this symmetry and lifts the continuous degeneracy completely, by singling
out one or a few specific values of α and by keeping essentially the same type of long-range
correlations between the mk as in the periodic case. This behavior is usually referred to as an
order-by-disorder effect [33, 208–210]. Notice that time-inversion symmetry implies that the
ground state is degenerate with the one obtained by reversing all spin directions. Furthermore,
it is important to remark that the actual orientation of mk in the ground state (i.e., the precise
value of the MV angle α according to which mk alternates from site to site) depends strongly
on the particular realization of the nanostructure, bearing no correlation for different disordered
arrangements.
† The

energy E of any microvortex (MV) state can be regarded as a quadratic form E = m P m of the orientation
m = (x, y) of one of the NP moments. Any MV state can be obtained by rotating m by an arbitrary angle ϕ,
which physically implies rotating mi by ϕ on one sublattice and by −ϕ on the other. C4 symmetry implies
that P commutes with all rotation matrices of the C4 group. The two-dimensional representation (x, y), being
irreducible under the C4 group, implies that that P = λ I, where I is the identity (Schur’s Lemma). See Ref. 206.
A similar argument applies to the continuous degeneracy of the FM ground state of the triangular lattice, in this
case concerning the C6 group.
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The most stable magnetic configuration of the weakly-disordered triangular ensembles is
ferromagnetic, with only minor local deviations of the direction of mk at different nanoparticles
k [211, 212]. An example is shown in Fig. 4.1(b). As in the square lattice, the long-range
magnetic correlations of the periodic case, where mk = m for all k, are preserved. In the
perfect triangular lattice the energy E is independent of the direction of m within the xy-plane
since E is a quadratic form of mx and my , and the (x, y) representation of the C6 symmetry
group is irreducible. Disorder removes the point-group symmetry and with that the continuous
degeneracy by stabilizing a particular average main direction of the magnetic moments. The
actual orientation of m depends of course on the specific locations of the NPs [33, 208–210].
Finally, turning our attention to strongly-disordered ensembles, we find that all signs of
long-range magnetic order have disappeared. Instead, the ground state shows short-range
head-to-tail orientations of the moments, which reflect the characteristic tendency to magnetic
flux closure in dipole coupled systems. An example of a random NP arrangement is shown in
Fig. 4.7. A large number of different locations of the NPs in the unit cell have been sampled,
whichs confirm that the orientation of the average magnetization per particle M is uniformly
distributed within the xy-plane. The calculated average absolute value for N = 36 particles in
the unit cell of Fig. 4.1(c) is M = 0.13 m and the standard deviation is σ = 0.11 m, where m
√
stands for the NP magnetic moment. These values are somewhat smaller than the average M 2
√
of N randomly oriented moments (M ≃ m/ N = 0.17 m) which can be qualitatively understood
to be the consequence of flux closure. Similar results are obtained for the average of M over all
LM: M = 0.1 m and σ = 0.1 m. This contrasts with the behavior of weakly-disordered structures
where long-range correlations, either of MV or FM type, are clearly preserved (see Fig. 4.1).
Further details on the low-lying magnetic configurations in weakly- and strongly-disordered
systems are discussed in Sec. 4.3.3.

4.3.2

Kinetic networks

The ensembles of dipole-coupled magnetic NPs have a large number of metastable states or
basins, which are connected by diverse transition states. A pair of minima connected by a
single intermediate saddle point constitutes an elementary transition or relaxation process. By
extension, this term also applies to the minimum energy path (MEP) which links two minima
along the gradient-following curve passing through a single first-order saddle point. From the
point of view of the magnetic order, one observes that for strictly planar dipole-coupled NP
arrangements, the magnetic moments lie within the xy-plane all along the MEP including the
TS.
Figure 4.2 shows the kinetic networks, i.e., the network of LM and TS, for the weaklydisordered square ensemble of Fig. 4.1(a). In this case the number of local minima and transition
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Fig. 4.2 Undirected kinetic network of the energy landscape of the weakly-disordered squarelattice ensemble illustrated in Fig. 4.1(a). Each grey segment represents an elementary transition
between two local minima through a first-order saddle point. The barrier heights and the lengths
of the minimum energy paths connecting the minima are disregarded at this stage. The two
degenerate ground states are indicated by red circles. Additional hubs (ρc = 0.33) of the kinetic
network are indicated by orange circles. The thick black segments highlight the transitions
which, starting from a given minimum, lead to a minimum having a lower or equal energy
involving the smallest energy barrier.‡
states are NLM = 170 and NTS = 680. For each LM the elementary transitions that connect it to
any other LM through a single first-order saddle point are indicated by a grey segment. This
representation of the landscape is probably somewhat confusing, since the number of direct
connections is quite important. Not much physical understanding of the EL can be inferred in
this way. The situation changes profoundly when one highlights in black, for each minimum,
the transition which leads to a lower or equal energy and involves the lowest energy barrier.
These are the dynamically dominant relaxation processes, at least in the low-temperature limit
where they yield the largest transition rates [190–192]. A much simpler and intelligible picture
emerges. One observes that all the statistically relevant transitions are channelled towards the
hubs, which act as veritable funnels of the magnetic configuration of the system. From this
perspective, the ELs of weakly disordered ensembles share their main characteristics with other
good structure-seeking systems such as magic number clusters, crystals, and good-folding
proteins [171–174, 213–216].
‡ Note that the details of the kinetic networks and disconnectivity graphs (e.g., the precise number of connections

per node or energy barriers) are different for different positions of the NPs within the unit cell. However, systematic
calculations on a large number of disordered nanostructures show that the main features of the graphs on which
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Table 4.1 Topological parameters of the kinetic networks of stationary points. Results are given
for the the weakly disordered (WD) and strongly disordered (SD) nanostructures illustrated
in Fig. 4.1, for the average over more than 200 different arrangements of the magnetic NPs,
and for a random network having the same number of nodes and edges: diameter D, radius
R, average path distance between all nodes d,¯ and transitivity C. Distances are measured in
numbers of elementary transitions. See also Figs. 4.2–4.4.
Lattice
WD square ensemble
Average
Random network
WD triangular ensemble
Average
Random network
SD ensemble
Average
Random network

D
6
5.4 ± 0.6
5.7 ± 0.5
4
5.0 ± 0.7
6.5 ± 0.5
14
15.6 ± 3.4
10.0 ± 0.6

R
3
3.1 ± 0.4
4.0 ± 0.0
2
2.9 ± 0.5
4.0 ± 0.2
10
10.0 ± 1.9
6.9 ± 0.3

d¯
2.7
2.7 ± 0.2
3.0 ± 0.0
2.3
2.5 ± 0.2
3.3 ± 0.0
7.0
7.4 ± 1.4
5.0 ± 0.1

C
0.11
0.11 ± 0.03
0.04 ± 0.01
0.06
0.09 ± 0.03
0.03 ± 0.01
0.11
0.10 ± 0.02
0.00 ± 0.00

The network of LM in weakly-disordered square-lattice ensembles is centered around the
two-fold degenerate ground states and additional hubs. These magnetic configurations have
huge basins of attraction and can be regarded as distortions of the continuously degenerate MV
ground state of the periodic lattice. They are therefore a direct consequence of the symmetry
breaking caused by disorder. For a given degree of disorder, the number of hubs depends to
some extent on the specific location of the NPs. Values between two and eight have been
found for σr = 0.05 r0 . Due to this hub-like structure, the network of LM has a very small
average path distance d¯ = 2.7, diameter D = 6, and radius R = 3 (see Table 4.1). The number
of elementary transitions required to reach one of the ground states from any other state is thus
very small. In addition, the transitions leading towards the ground states and hubs are mostly the
ones with the smallest energy barrier. One concludes that in weakly-disordered square-lattice
ensembles of magnetic NPs there are no obstacles to a thermally-activated relaxation dynamics,
which should be therefore simple and relatively fast. Quantitative results on the relaxation
dynamics can be found in Sec. 4.3.5.
Figure 4.3 shows the kinetic network of the weakly-disordered triangular ensemble illustrated in Fig. 4.1(b). The number of local minima NLM = 200 and transition states NTS = 822
is larger than in the disordered square-lattice ensemble. However, the average path distance
d¯ = 2.3, diameter D = 4 and radius R = 2 are similar or even somewhat smaller than in the
square systems. These trends hold in general, irrespectively of the precise geometrical realizathe analysis and discussion are based and which condition the relaxation dynamics, are independent of the specific
realization.
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Fig. 4.3 Undirected kinetic network of the energy landscape of the weakly-disordered triangular
NP ensemble illustrated in Fig. 4.1(b). The two degenerate ground states are indicated by
the red circles. Additional hubs (ρc = 0.3) are indicated by orange circles. The thick black
segments highlight the transitions which, starting from a given minimum, lead to a lower or
equal energy involving the smallest energy barrier.‡
tion or of the number of particles in the unit cell. Indeed, the average over a large number of
realizations of square (triangular) lattices with the same degree of disorder yields N̄LM = 180
¯ = 2.7,
and N̄T S = 600 (N̄LM = 230 and N̄T S = 940) and average topological parameters ⟨d⟩
¯ = 2.5, ⟨R⟩ = 2.9 and ⟨D⟩ = 5.0). In the triangular case, the
⟨R⟩ = 3.1, and ⟨D⟩ = 5.4 (⟨d⟩
network of stationary points is also centered around the two-fold degenerate ground states
and additional hubs which stem from the continuously-degenerate ground state of the periodic
lattice. They preserve strong FM correlations, somewhat distorted as a result of the disorderinduced symmetry breaking. As already mentioned for the disordered square arrangements, the
full network of LM and first-order SP is rather cumbersome. A much clearer picture emerges,
however, when the most probable relaxation pathways are highlighted (black segments in
Fig. 4.3). One observes again that the dominant transitions are systematically funnelled towards
the hubs. Weakly-disordered triangular ensembles also have good structure-seeking ELs and
should therefore show unhindered relaxation behavior.
A completely different physical picture emerges from the kinetic networks of stronglydisordered ensembles. In Fig. 4.4 the kinetic network corresponding to the ensemble illustrated
in Fig. 4.1(c) is shown. In this case one finds a remarkably large number of local minima
NLM = 2810 and transition states NTS = 8958. Furthermore, the topography of the EL is far
more complex, even if one focuses on the dominant transitions. The kinetic network is no
longer centered around the two degenerate ground states anymore. Instead, the network is
quite diverting, tending to decompose into a number of subgraphs. As a consequence, the
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Fig. 4.4 Undirected kinetic network of the energy landscape of the strongly-disordered ensemble illustrated in Fig. 4.1(c). The two degenerate ground states are indicated by the red circles.
The thick black segments highlight the transitions which, starting from a given minimum, lead
to a lower or equal energy involving the smallest energy barrier. Note that even the ground
states do not qualify as hubs (ρc = 10−3 ).‡
random system has much larger average path distance d¯ = 7.0, diameter D = 14, and radius
R = 10. Hence, the distances between the different local minima, as measured by the number
of elementary transitions needed to connect them, are much longer in general.
The remarkable increase in the number of LM in the strongly-disordered system is consistent
with the changes in the correlation length between the magnetic moments in the LM-TS-LM
transitions [32]. In weakly-disordered ensembles the spatial extension of the change in magnetic
configuration along the MEPs is quite large. This means that changes in the direction of a single
magnetic moment induce changes in the direction of a large number of other magnetic moments,
even if the latter are located at relatively large distances. Consequently, there are relatively
few different metastable magnetic configurations, since smaller parts of the ensemble cannot
rearrange independently from each other. Due to the long correlation length the metastable
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configurations need to match the symmetry of the underlying lattice. Thus, the average
volume in configurational space of the attraction basins is comparatively large. In contrast, in
strongly-disordered systems, the correlation length between the magnetic moments is much
shorter [32]. As a result, smaller domains of magnetic moments are able to rearrange fairly
freely with respect to each other. This allows a wide variety of slightly different metastable
configurations. Consequently, the volume per minimum and the average distance between
them in configurational space are much smaller. A comparison of the basic properties of the
networks of stationary points for different lattice structures and degrees of disorder is given in
Table 4.1.
It is interesting to take a closer look at the hubs of the various NP ensembles by analyzing
how the local connectivity density ρc of the most relevant and highly coordinated LM (i.e., the
ground states and potential hubs) depends on the NP arrangement and degree of disorder. In the
case of the weakly-disordered ensembles, the values of ρc for the ground states and hubs are
substantial. For example, for the square lattice illustrated in Fig. 4.1(a) we have ρc = 0.35 for
the ground states and ρc = 0.22 for the hubs (NLM = 170). Similarly, for the weakly-disordered
triangular lattice of Fig. 4.1(b) we find ρc = 0.47 for the ground state and ρc = 0.3 for the
hubs (NLM = 230). Thus, the ground states and hubs are directly connected to an important
fraction of all other LM of the network. This is consistent with the picture inferred from the
kinetic networks (Figs. 4.2 and 4.3) and with the fact that the basins of attraction of the hubs
are extremely large. Random ensembles [e.g., Fig. 4.1(c)] behave profoundly different in this
respect. The local connectivity density of the ground state is negligible: ρc = 0.001 and no
other LM qualifies as a hub (NLM = 2810). The most coordinated one has only ρc = 0.002.
According to our criterion for hub formation (ρc ≥ 0.1) there are no hubs in the disordered
systems, while there are 4 hubs in the considered weakly-disordered systems.
The small-world behavior of the kinetic networks of good structure-seeking Morse clusters
and of structural-glass formers have been investigated in Ref. 217 by comparing their average
path distance d¯ and transitivity C with those of random networks having the same average
degree and number of LM. In this way, the authors were able to show that the networks of
good structure-seeking clusters are small-world-like, whereas networks of the structural-glass
formers are not [217]. Remarkably, magnetic NP ensembles show both contrasting behaviors
depending on the degree of disorder. Indeed, the kinetic networks of the weakly-disordered
square (triangular) ensembles have a smaller average path distance d¯ = 2.7 (d¯ = 2.3) and a
larger transitivity C = 0.11 (C = 0.06) than the corresponding random networks, for which
d¯ = 3.0 and C = 0.04 (d¯ = 3.3 and C = 0.03). Thus, the weakly-disordered arrangements show
small-world properties. In contrast, for the strongly-disordered NP ensemble of Fig. 4.1 we
obtain d¯ = 7.0, which is significantly larger than the corresponding random-network value
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d¯ = 5.1. One therefore concludes that the strongly-disordered NP ensembles do not have
small-world kinetic networks. These results confirm that the former are good structure seekers
while the latter show glassy behavior.
The changes in the topography of the landscape caused by structural disorder are crucial
for the dynamical properties. In the weakly-disordered ensembles, we have seen that the
ground states and closely connected hubs can be regarded as the center of the energy landscape.
Moreover, the dominant elementary transitions out of the excited states are all funnelled towards
them (see Fig. 4.2). This corresponds to a good structure-seeking behavior, in which very
few intermediate relaxation steps are involved. In contrast, the relaxation mechanisms in
strongly-disordered ensembles are far more complex. If one looks at the dynamically relevant
processes with the lowest energy barrier (highest rate) one sees that the graph breaks down
into a set of poorly connected subgraphs. This implies that the relaxation pathways become
longer and, more important, that they are not systematically directed towards the ground
state anymore. In contrast to the nearly periodic cases, the dynamics of strongly-disordered
ensembles can easily lead to very different magnetic configurations depending on the initial state.
Consequently, the approach to equilibrium is likely to involve more than one characteristic time
scale. At first, the system is expected to evolve rather rapidly within the subgraph or superbasin
corresponding to its initial state, as conditioned by the dominant elementary transitions (i.e.,
the thick black segments in Fig. 4.4). Depending on temperature, this can lead to a nearly
thermalized distribution throughout the LM of the given subgraph. Subsequently, only on much
slower further stages, the relaxation between the different superbasins sets in. The evolution
towards thermal equilibrium, as implied by the ergodicity of our finite network of LM, involves
processes that become more and more rare. The relaxation is therefore expected to be hindered
by trapping. This behavior, which is reminiscent of spin glasses, may lead to a breakdown of
ergodicity in the thermodynamic limit [44]. One concludes that disorder profoundly reshapes
the energy landscape of magnetic nanostructures by transforming good structure-seeking NP
ensembles into bad structure-seeking glassy systems.

4.3.3

Disconnectivity graphs

A very interesting complementary perspective in order to understand the energy landscapes of
nanoparticle ensembles is provided by the disconnectivity graphs shown in Figs. 4.5–4.7. The
focus here no longer resides in the kinetic network of LM but in the energies of the metastable
states, taking into account the energy barriers to be surmounted along the connecting MEPs.
In Fig. 4.5 the disconnectivity graph of a weakly-disordered square-lattice ensemble is shown.
One easily recognizes the degenerate ground states as well as the additional hubs, which lie
at a close by energy and are separated by a very small energy barrier. The strong asymmetry
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of the energy profiles along the MEPs is also worth noting. Indeed, energy barriers from the
excitations to the ground states and hubs are far smaller than those involved in the reversed
transitions. Therefore, starting from any given initial state, the system is expected to relax
quite rapidly to one of the two ground-state configurations or hubs, even at relatively low
temperatures.
The insets of Fig. 4.5 illustrate the magnetic order in one of the ground states and in the
first excited LM connected to it, which is also an important hub of the kinetic network (see also
Fig. 4.2). Although the details of the moment orientations depend on the precise location of the
NPs, a number of important features are common to the large majority of weakly disordered
square systems. One observes that the ground state is a strongly noncollinear MV state showing
flux closure within the NN square plackets. In fact, according to the order parameters introduced
in Ref. 37, the ground state shown in Fig. 4.5 corresponds to 98% of the perfect periodic MV
state. This is consistent with Prakash et al., who predicted that disorder stabilizes a noncollinear
MV configuration [33]. The first metastable states and major hubs are issued from the same
continuously degenerate MV ground-state manifold of the periodic case. However, they are
qualitatively different from the ground state in the sense that they are close to the collinear
staggered-striped state (see Fig. 4.5). According to the order parameters introduced in Ref. 37,
the hubs in Fig. 4.5 correspond to 93% of the perfectly alternating striped state. A further
point of considerable interest is to compare the volume in spin-configurational space of these
two remarkable low-lying states, since the associated entropy should give us insight on their
relative stability at finite T . Indeed, one obtains that the local curvatures of the EL at the first
metastable hubs are significantly smaller than at the ground state, which implies a higher local
density of states and a larger entropy in the harmonic approximation. This is consistent with the
temperature-induced MV to AF transition predicted in Ref. 37 as a function of increasing T .
The disconnectivity graph corresponding to the weakly-disordered triangular ensemble
shown in Fig. 4.6 is qualitatively very similar to the square-lattice one. As in Fig. 4.5, one finds
that the ground states and additional hubs have similar energies and are much more stable than
any other excited configuration. Moreover, the energy barriers around the metastable states
leading to the ground states or hubs are all very small. This type of DGs (Figs. 4.5 and 4.6)
corresponds to good structure-seekers and is usually referred to as palm-tree-like [46, 170].
Quantitatively, the ground-state energy per particle E0 and the barrier ∆E separating the
ground states are similar to the values obtained for the weakly-disordered square lattice:
E0 = −7.84 meV and ∆E = 0.14 meV in the triangular case, while E0 = −7.44 meV and
∆E = 0.20 meV in the square case. Furthermore, the dynamically relevant energy barriers at
the metastable states have similar heights. This shows that in these weakly-disordered structures,
the symmetry of the underlying periodic structure (square or triangular) and the corresponding
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Fig. 4.5 Disconnectivity graph of the weakly-disordered square-lattice ensemble illustrated in
Fig. 4.1(a). Notice that the degenerate global minima (red circles) and hubs (orange circles) are
distinctly more stable than all other local minima. The insets illustrate the magnetic configuration at one of the global minima (E0 ) and the closest hub (E1 ). The two-fold degeneracy is a
consequence of time-inversion symmetry. See also Fig. 4.2.‡
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Fig. 4.6 Disconnectivity graph of the weakly-disordered triangular-lattice ensemble illustrated
in Fig. 4.1(b). As in the square lattice (Fig. 4.5) the doubly degenerate global minima (red
circles) and hubs (orange circles) can be clearly distinguished from the remaining higher-lying
local minima, which show particularly small energy barriers towards the ground states. The
insets illustrate the magnetic configuration at a global minimum (E0 ) and its closest hub (E1 ).
See also Fig. 4.3.‡

76

Energy landscapes and relaxation dynamics of disordered MNP ensembles

(a)

(b)
-11.1

-12.0

-11.3
-12.2
-11.5
E/N [meV]

-12.4
-11.7
-12.6
-11.9
-12.1
-12.3
-12.5
-12.7

E0

E2

E3

Fig. 4.7 Disconnectivity graph of the strongly disordered random ensemble of non-overlapping
NPs illustrated in Fig. 4.1(c). In (a) all calculated LM are taken into account whereas (b) focuses
on the lowest 400 LM. Notice the numerous low-lying local minima, which are separated by
important energy barriers, which are often much larger than the energy differences between the
LM. The energy barriers from the metastable minima towards the low-lying superbasins tend
to increase as the excitation energy decreases. The insets illustrate the magnetic configuration
of the ground state (E0 ) as well as of the second (E2 ) and third (E3 ) excited configurations. The
first excited configuration (not shown) is very similar to the ground state.‡
ground-state magnetic order (microvortex or ferromagnetic) do not affect qualitatively the
topography of the magnetic energy landscape and the resulting relaxation dynamics. These
similarities are probably a consequence of the continuous degeneracy of ground-state magnetic
order in the corresponding perfectly periodic cases, which not only can be easily lifted by
disorder, but which also implies that the ground-state basins of attraction are particularly large.
Further studies for other periodic lattice symmetries are necessary before the range of validity
of these conclusions can be established. Among other options, investigating weakly-disordered
honeycomb and kagome lattices seems particularly worthwhile, since the former shows a
continuous ground-state degeneracy in the periodic case while the latter does not [33, 218–
220]. Preliminary results indicate (see chapter 6) that there is an actual correlation between
continuous ground state degeneracy and good structure seeking behavior of dipole-coupled
MNP ensembles.
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Concerning the low-lying magnetic configurations illustrated in the insets of Fig. 4.6 one
observes that both the ground state and the first metastable hub preserve the FM long-range
order of the continuously-degenerate periodic ground state from which they are issued. The
same holds for the transition state connecting them. In general, disorder singles out a few
magnetization directions in the low-lying metastable states, with only minor though clearly
appreciable local deviations in the direction of mk at different NPs [33, 208–210]. As in the
weakly-disordered square lattice, the long-range magnetic correlations of the periodic case are
preserved to a large extent. In the present case we obtain that the ground state (first metastable
hub) matches to 98% (94%) the order parameter of a perfectly aligned FM state [see Eq. (4.2)].
Although the orientation of the NP moments depend on the precise location of the NPs, the
above mentioned trends have been found to be valid in general, as verified in a large number of
different arrangements (about 200) including different numbers of particles and unit cells.
As disorder increases a completely different physical behavior emerges. Figure 4.7 shows
the disconnectivity graph of the strongly-disordered ensemble illustrated in Fig. 4.1(c). The
contrast to the weakly-disordered case can hardly be more forceful. If disorder is strong
one finds a large diversity of low-lying metastable states whose energies are close to the
ground state. Some of these low-lying configurations are illustrated in the insets. As already
observed in previous studies [30–32], they show a strong non-collinearity and a clear tendency
to head-to-tail flux closure (see Fig. 4.7). Moreover, the changes in spin configuration between
different low-lying states involves highly correlated cooperative rearrangements of a limited
number of NP moments. The localized character of the spin rearrangements in the stronglydisordered ensembles contrasts with the delocalized nature of the elementary LM-TS-LM
transitions found in the case of weakly-disordered square and triangular lattices (cf. the insets
of Figs. 4.5, 4.6, and 4.7). This is in agreement with the previously observed localization of
the elementary transitions with increasing degree of disorder [30–32] and is consistent with
the strong increase in the number of local minima and disaggregation of the kinetic networks
discussed in Sec. 4.3.2.
Although the energy barriers at the high-energy minima remain quite small, those separating
the low-lying configurations are quite large, much larger than the energy differences between
them. Consequently, the relaxation from high-energy states towards the low-lying states should
still be rather fast. However, the thermalization among the low-lying states and the approach to
equilibrium should happen on much longer time scales. Qualitatively, the DG in Fig. 4.7 has
many features in common with the banyan-tree-like graphs [170], particularly at low energies.
It resembles rather closely those found for structural glasses [177–180, 221], which suggests
that in the limit of strong disorder the ensembles of NPs having weak local anisotropy should

78

Energy landscapes and relaxation dynamics of disordered MNP ensembles

behave like superspin glasses. A more detailed comparison with other complex systems is
presented in Sec. 4.3.4.
it is interesting to compare the results obtained so far in order to identify similarities and
differences in the physical behavior of those nanostructures. Consider a magnetic NP ensemble
in some initial high-energy configuration and follow its relaxation towards equilibrium at a given
finite temperature. In the case of weakly disordered ensembles, we know from the connectivity
analysis that the dynamically relevant transitions —those with the lowest energy barriers—
lead directly or almost directly to one of the ground-state configurations (see Figs. 4.2 and 4.3).
Moreover, the disconnectivity graphs shown in Figs. 4.5 and 4.6 tell us that the energy barriers
to overcome in these transitions are much smaller than the energy barriers in the reversed
direction. This implies a very high net transition rate from the excited states towards the ground
states. Consequently, weakly-disordered ensembles should behave like good structure-seekers
with a fast relaxation dynamics even at pretty low temperatures. In contrast, in the case of
strongly disordered NP ensembles, there are no such unhindered relaxation pathways anymore.
In fact, the actual relaxation path depends on the initial excited state, which can lead to a
number of different magnetic configurations. The disconnectivity graph of Fig. 4.7 shows
quite clearly that the energy barriers around a given metastable state strongly increase as
the energy of this state decreases. In particular at the bottom of the spectrum, where many
low-lying magnetic configurations are present, the energy barriers are much larger than the
energy differences between them. This suggests the appearance of multiple time scales along
the dynamics, with relatively large transition rates at the early stages of the relaxation (high
energies) and a progressive slowing down as equilibrium is approached (low energies). These
trends are in agreement with the previous analysis of the kinetic networks (Sec. 4.3.2). One may
therefore conclude, quite generally, that the ensembles of magnetic NPs undergo a transition
from good-structure-seeking to glassy behavior as the degree of structural disorder increases.
In order to verify a number of conclusions and assess the dependence of the results on
the size of the unit cells we have performed the energy landscape analysis for systems having
unit cells of N = 64 particles with varying degrees of disorder. The major consequence of
considering larger unit cells is a strong increase in the number of LM and TS irrespectively
of the degree of disorder. This increase is in fact expected to be exponential, at least in the
thermodynamic limit where statistical independence can be assumed [132, 222]. However,
the overall topography of the energy landscapes is not qualitatively altered. For example, in
the case of weakly-disordered ensembles, and despite the much larger total number of local
minima, there are still only very few local minima around the lowest energy, which define a
single clear funnel and which act as network hubs. In contrast, for strongly-disordered systems
the number of low-lying local minima separated by large energy barriers increases significantly.
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We therefore conclude that the characteristic properties of the energy landscapes of magnetic
NP ensembles, and in particular the transition from good to bad structure-seeking behavior as a
consequence of increasing disorder, are not qualitatively affected by the size of the unit cell.
Before closing this section, let us observe that the energies of the most stable local minima
are significantly lower in strongly-disordered ensembles than in weakly-disordered systems.
This trend is consistent with the previously reported decrease of the average dipole energy of the
ensembles with increasing degree of positional disorder [31]. It can be qualitatively explained in
terms of the distance dependence of the dipole interaction and its statistical distribution. When
the distance ri j between two particles i and j is randomly varied around a given average value
r0 defined by the surface coverage, one finds that ⟨−1/ri3j ⟩ ≤ −1/r03 . Moreover, the difference
between ⟨−1/ri3j ⟩ and −1/r03 increases with increasing interparticle-distance variance σr2 . For
the same reason the landscapes are stretched along the energy axis as the ensembles become
increasingly disordered (cf. Figs. 4.5–4.7).

4.3.4

Comparison with related energy landscapes

The results discussed in previous subsections have revealed most remarkable qualitative changes
in the properties of the energy landscapes of magnetic nanostructures as a function of the degree
of disorder in the NP arrangements. This concerns both the way in which the metastable
magnetic configurations and basins are connected with each other and with the ground state, as
reflected by the kinetic networks discussed in Sec. 4.3.2, as well as the energy distribution of
the local minima and transition states, as shown in the disconnectivity graphs of Sec. 4.3.3. It is
therefore interesting to compare the internal organization of the ELs of magnetic nanoparticle
ensembles with those of other archetypal complex systems and in order to identify analogies
and specificities.
The XY model
The ELs of spin systems have been previously investigated in the framework of the classical
XY model with nearest-neighbor interactions [215]. Despite their common emphasis on the
magnetic degrees of freedom, the basic physical characteristics of disordered ensembles of
magnetic NP are quite different from those described by the lattice XY model. The latter
concerns spins interacting through nearest-neighbor ferromagnetic couplings on a periodic
lattice and therefore lacks of any competing interactions or disorder. The intrinsic continuous
2D spin-rotational symmetry is artificially removed for the calculations by keeping one spin
fixed [215]. In contrast, the present NP ensembles involve dipolar magnetic interactions, which
are anisotropic, long ranged and frustrating. Moreover, the spin-rotational degeneracy often
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found in the periodic NP arrangements, is naturally removed by the structural disorder which
is inherent to the nanostructure preparation. Nevertheless, it is interesting to observe that the
EL of the XY model corresponds to an efficient relaxation towards the global minimum, i.e.,
to a good structure seeker. This is qualitatively similar to our results for weakly-disordered
NP ensembles, particularly in the case of triangular ensembles which show a ferromagnetic
ground state. Furthermore, the downhill energy barriers separating the metastable minima
from the lower-lying spin arrangements are in both cases very small, somewhat smaller in the
XY model. This is probably a consequence of the long-range and partly frustrating nature of
the dipolar couplings among the magnetic NPs, which leads to more complicated cooperative
rearrangements of the local moments along the MEPs.
The ferromagnetic nearest-neighbor XY model is, as expected, incapable of describing the
glass-like behavior found in strongly disordered NP ensembles. However, simple classical Ising
models with random interactions, such as the Edward-Anderson and Sherrington-Kirkpatrick
models, have attracted a great deal of attention in the context of spin glasses [93, 94, 45].
Although the discrete Ising models are difficult to compare with the present continuous vector
model of NP ensembles, some indications of glass-like disconnectivity graphs have been
reported [223–225]. It would be therefore most interesting to determine the kinetic networks and
disconnectivity graphs of XY-like and Heisenberg-like spin-glass models, for different degrees
of disorder and parameter regimes, and to compare the results with the present calculations.
Molecular clusters
Molecular clusters bonded by electric dipolar and quadrupolar interactions are governed by
anisotropic, potentially frustrating couplings as the magnetic nanoparticle ensembles considered
in the previous sections. It is therefore interesting to compare our results with their structural
properties and underlying potential energy landscapes, which have been determined in Refs. 216
and 226. Several similarities as well as some qualitative differences may be observed. Small
dipolar-bonded clusters are found to be good structure-seekers, mainly single-funnelled or
double-funnelled, which is qualitatively similar to the results found in weakly-disordered square
or triangular magnetic NP ensembles. Moreover, it has been shown that the number of minima
in the energy landscape of the clusters increases when the dipolar interactions are switched on,
provided that they remain weak so that the optimal structures are not significantly modified with
respect to the purely Lennard-Jones case. This has been explained in Ref. 226 as the appearance
of multiple arrangements of the electric dipoles within the clusters, which are separated from
the low-lying minima by small energy barriers. An analogous behavior is observed in weakly
disordered ensembles, as already discussed in Sec. 4.3.3.

4.3 Results and discussion

81

As the strength of the dipole couplings in the clusters is increased, more complex energy
landscapes and larger energy barriers between the local minima are found along the relaxation
paths leading to the global minimum [226]. Still, no evidence is found for the kind of glasslike
behavior observed in strongly-disordered NP arrangements. This reveals some noteworthy
differences in the underlying physics. In the case of magnetic NP ensembles it is experimentally
relevant to investigate the energy landscape and the dynamics as a function of the orientation of
the magnetic moments, keeping the geometrical arrangement of the NPs fixed. In contrast, in
dipolar-bonded clusters, it is important to allow for structural repositioning of the molecules
carrying the dipoles, until the total interatomic forces vanish. Consequently, dipolar clusters
tend to modify the local molecular environment by changing their geometry in order to avoid
major frustrations of the dipolar couplings. For example, the clusters adopt nearly unfrustrated
head-to-tail ring structures when the dipolar interactions are strong enough [226]. As a result
the energy landscapes of the dipolar-bonded clusters are much less intricate than those of
strongly-disorder magnetic NP ensembles or structural glasses.
Structural glasses
Previous theoretical studies of glass formers have shown that the energy landscapes of glasses
are highly frustrated, showing many LM which are separated by large energy barriers [177–
180, 221]. Moreover, no signs of an organization of the landscape in a few dominating funnels
can be recognized. As a result, a rapid cooling of the system from a high-temperature disordered
state leads almost inevitably to trapping in a more or less limited region of its configurational
space corresponding to an amorphous state. Even though a global minimum representing
the crystal structure of the solid exists, the supercooled liquid is not able to reach it on the
experimental or simulation time scale [179, 180]. Our results for strongly-disordered magnetic
NP ensembles (Figs. 4.4 and 4.7) display quite clearly all the above described glassy features.
There is neither a clear global minimum nor any identifiable funnel organization. The barrier
heights around the low-lying LM are very large, particularly in comparison with the LM-energy
differences. However, it is also interesting to note that the strongly-disordered NP ensembles do
not show any crystal-like distinctive global minimum at all. This contrast with most structural
glass formers, for which a crystalline state does exist somewhere in the landscape [221]. Only
if the NP positions were allowed to relax in 2D and the magnetic NP ensemble would adopt a
periodic or weakly disordered arrangement, the emergence of a crystal-like dominant global
minimum can be expected (see Figs. 4.5 and 4.6).
A further interesting characteristic of structural glasses is the possibility that the particles
in the supercooled liquid get trapped within the cage defined by its nearest neighbors. This
has been shown to be important since caging restricts the mobility and the diffusion dynamics,
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particularly at low temperatures. A recent analysis of the energy landscape of a molecular
glass former has shown that cage-breaking transitions play a central role in the connectivity of
the network of metastable states, thus confirming their importance for diffusion [180]. In the
case of magnetic NP ensembles no clear separation in diffusive and nondiffusive transitions
involving different barrier heights could be observed. The distribution of energy barriers is
not only broad and rather continuous but, in addition, there is no simple correlation between
the change in spin configuration and the height of the barrier separating the metastable states.
Overcoming small barriers can lead to both small and very important spin rearrangements.
Examples of the latter are the transitions from high-energy to low-energy local minima (see
Figs. 4.5–4.7). These differences with structural glasses are most probably a consequence of the
fact that in spin systems there are no inaccessible regions in the configurational space, where
the energy essentially diverges (excluded volumes). In contrast, in molecular systems, shortdistance repulsions result in a relatively clear separation of the energies involved in diffusive
and non-diffusive transitions. Although not significant for the dynamics, it is interesting to
observe that magnetic NP ensembles also show some transitions where the barrier energy and
MEP length are substantial but the configurational change between the local minima is very
small or even strictly zero (loop MEP). Finally, one may note that in NP ensembles a good
correlation generally exists between the cumulative LM-TS-LM distance, which gives a rough
measure of the length of the MEP, and the average of the uphill and downhill barriers.

4.3.5

Markovian relaxation dynamics

In order to quantify the relation between the properties of the ELs for the different degrees
of disorder and the actual relaxation dynamics of the nanostructures, we have performed
numerical simulations of the Markovian dynamics of the ensembles illustrated in Fig. 4.1. Two
complementary physical situations or protocols have been followed in order to prepare the initial
probability distribution pi (0). In the first one, which we refer to as relaxation after quenching
(RAQ), the system is first thermalized at a temperature T ∗ = 750 K, which is clearly larger than
the energy of all metastable states (kB T ∗ = 2.15 meV, see Figs. 4.5–4.7). At time t = 0 the
system is rapidly quenched to a low temperature T , which is in the range of the interesting
energy differences and energy barriers of the system, and which is kept constant throughout the
simulation. In the present case, typical values of T are in the range of 5 K ≤ T ≤ 30 K. This
simulation protocol corresponds to a symmetric starting configuration, in which the occupation
probabilities of each state are defined by the Maxwell-Boltzmann distribution at T ∗ . In the
second protocol, we simulate an isothermal relaxation after saturation (RAS). Starting from
a fully polarized configuration along an arbitrary direction, the external field is removed at
time t = 0, so that the system falls into the nearest LM j of the field-free EL. Note that the
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initial magnetic configuration of the LM j is not fully polarized in general, since it involves
a barrierless relaxation starting from the nearest fully polarized state. This corresponds to an
asymmetric configuration, in which the initial occupation probability pi (0) = δi j of the LM i is
zero, except for one magnetic state j which is defined by the saturating magnetic field direction.
The time-dependence of the long-range magnetic order is quantified by introducing the
ferromagnetic (FM) order parameter
ηFM = Mx2 + My2 ,
where
M=

1
mk
Nm ∑
k

(4.2)

(4.3)

is the average magnetization of the system measured in units of the NP moment m. The FM
order parameter is useful for analyzing the behavior of the triangular and random ensembles. In
the case of the square-lattice ensembles, it is more meaningful to follow the time dependence
of the microvortex (MV) order parameter
ηMV = M̃x2 + M̃y2 ,
where

(4.4)

M̃x =

1
(−1)l mxkl
Nm ∑
kl

(4.5)

M̃y =

1
(−1)k mykl ,
Nm ∑
kl

(4.6)

and

are the components of a staggered magnetization adapted to the MV state [34]. In Eqs. (4.5)
and (4.6), mxkl (mykl ) is the x (y) component of the magnetic moment of the NP located at the
k-th row and l-th column of the square arrangement. Notice that ηMV = 1 for any MV state,
irrespectively of the MV angle α, and that ηMV = 0 in a fully-polarized FM state or in a
fully-disordered infinite sample.
A further interesting property in this context is the configurational entropy of the system
given by
NLM

S = −kB

∑ pi ln pi,

(4.7)

i=1

where pi is the occupation probability of the metastable state i. Notice that S represents the
entropy of the probability distribution {pi } which in general depends on time according to the
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master equation. The entropy associated with the fluctuations of the NP moments mk within
each attraction basin is thereby ignored.
In Fig. 4.8 the time dependences of the MV order parameter ηMV and entropy S of the
weakly-disordered square ensemble of Fig. 4.1(a) are displayed for both RAQ and RAS
simulations. The dynamics after quenching shows that ηMV increases monotonically with t,
while S decreases. This means that the occupation probabilities of a relatively small number of
states with strong MV correlations increase at the expense of most others. One also observes that
the equilibrium values of ηMV decrease with increasing T , since the magnetic configurations
with larger ηMV are in general more stable. At low temperatures (T ≤ 10 K) the relaxation
dynamics does not depend strongly on T , although a clear trend to faster relaxation is found as
T increases (T ≥ 20 K).
In the RAS the time dependence of ηMV is very similar to the RAQ case, even though from
a microscopic perspective the starting configurations are completely different. However, the
entropy S shows a number of nonequilibrium features which are not present in the RAQ [see
Fig. 4.8(d)]. Since saturation implies that the system is prepared in a well-defined state, we
have pi (0) = δi j and S(0) = 0. When the system relaxes, S increases at first as the probability
distribution pi diffuses out of its initial state and a variety of magnetic configurations are
adopted. In this nonequilibrium process and for low temperatures (T ≤ 10 K) S reaches values
which are larger than the equilibrium one [see Fig. 4.8(d)]. Since the initial saturated state
is strongly asymmetric and the dominant transitions from it lead preferentially to one of the
ground states (see Figs. 4.2 and 4.3) the initial dynamics favors the occupation of one of the
ground states rather than the other. This tends to reduce the configurational entropy at low
temperatures. For this reason, S can adopt values which are smaller than the equilibrium one at
intermediate times [see Fig. 4.8(d) for T = 10 K]. Subsequently, on a longer time scale, the
entropy rises again as the system equilibrates between the two degenerate ground states. At
very low temperatures, the separation of time scales between the relaxation towards one of the
ground states and the overall thermalization is such that S can display a minimum as a function
of t.
In Fig. 4.9 results are presented for the relaxation dynamics of the weakly-disordered
triangular NP arrangement shown in Fig. 4.1(b). The time dependences of ηFM and S are
qualitatively similar to the square-lattice ensemble, with the notable exception that ηFM is
nearly independent of time in the RAS. The reason for this is that ηFM is already very close
to its large equilibrium value in the initial saturated state. Moreover, all the dominant states
involved in the equilibration process show very strong FM correlations, although the total
sample magnetization M may point in somewhat different directions. As in the RAS of squarelattice ensembles, the relaxation among the ground states and low-lying configurations with
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Fig. 4.8 Time dependence of the microvortex (MV) order parameter ηMV and configurational
entropy S in the weakly-disordered square-lattice ensemble illustrated in Fig. 4.1(a). The
simulations describe the relaxation after quenching (RAQ) or the relaxation after saturation
(RAS) at different temperatures T as indicated.
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Fig. 4.9 Time dependence of the ferromagnetic (FM) order parameter ηFM and configurational
entropy S in the weakly-disordered triangular-lattice ensemble illustrated in Fig. 4.1(b). The
simulations correspond to the relaxation after quenching (RAQ) or to the relaxation after
saturation (RAS) at different temperatures T as indicated.
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inverted NP moments involves a much longer time than the relaxation towards the ground state
that is closest to the initial saturated state. This results in a nonmonotonous time dependence of
the entropy S at low T [see Fig. 4.9(d)]. Notice, moreover, that the time scales for the relaxation
in the triangular and square ensembles are comparable although the precise values depend on
the precise energy-barrier heights.
The time dependence of the order parameters ηMV and ηFM of the weakly-disordered
ensembles can be approximated by the following stretched exponential law:
h
i
η(t) = η eq − (η eq − η 0 ) exp −(t/τ)β ,

(4.8)

where τ is the relaxation time, β the stretching parameter, η 0 the order parameter at t = 0,
and η eq the order parameter in thermal equilibrium. The fitted values of τ and β for the RAQ
and RAS simulations are shown in Table 4.2. One observes, as expected, that τ decreases
as a function of increasing temperature, since all transition rates increase. A more detailed
analysis shows that at low temperatures (T ≤ 10 K) τ follows approximately an Arrhenius law,
i.e., ln(τ) ∝ 1/T . For higher temperatures ln(τ) decreases faster than proportional to 1/T with
increasing T , which is sometimes referred to as pre-Arrhenius behavior [227].
The deviations from the purely exponential time dependence, as quantified by the stretching
coefficient β , are interesting since they provide us with a valuable insight on the nature of the
relaxation mechanisms. In the large majority of cases we obtain that β is smaller than one and
that it depends weakly on T (see Table 4.2). Stretched exponential relaxation (β < 1) means
that the dynamics is faster than exponential for short times and slower for long times. This has
been shown to be the consequence of the presence of a distribution of energy barriers [228].
Physically, it can be qualitatively explained as follows: Starting from a high-energy metastable
state where the surrounding energy barriers are typically small, the system is at first rapidly
funnelled towards the low-energy spin configurations. Subsequently, once in the low-energy part
of the landscape the energy barriers are larger and the relaxation is slowed down. One concludes
that despite the apparent simplicity of the kinetic network of dominant transitions (Figs. 4.2
and 4.3) and the palm-tree-like structure of the disconnectivity graphs of weakly-disordered
ensembles (Figs. 4.5 and 4.6) there is still a significant slowing down of the low-temperature
dynamics as compared to the straightforward exponential decay (β = 1).
For a small number of weakly disordered NP arrangements more complicated time dependences of the order parameters are observed in the RAS, for example, compressed exponential
(β > 1) or even nonmonotonous behaviors. However, these situations are not representative.
In fact, the averages of ηMV and ηFM over more than 200 different NP arrangements with the
same degree of disorder follow Eq. (4.8) with β ≤ 1. The reasons for such anomalies to be
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Table 4.2 Relaxation time τ and stretching parameter β as obtained by fitting the calculated
time dependence of the order parameters ηMV (t) of the weakly-disordered square ensemble and
ηFM (t) of the weakly-disordered triangular ensemble at different temperatures T [see Eq. (4.8)].
The first index s (t) refers to the square (triangular) lattice, while the second index Q (S) denotes
the relaxation after quenching (saturation). The standard deviations of the fits are very small, in
the range 10−5 –10−3 .
T [K]
τs,Q (ns)
βs,Q
τs,S (ns)
βs,S
τt,Q (ns)
βt,Q
τt,S (ns)
βt,S

5.0
3.31
0.88
3.14
0.96
1.99
0.88
1.52
1.00

10.0
2.09
0.83
2.83
0.93
1.07
0.91
0.81
1.00

20.0
0.83
0.82
1.59
0.94
0.67
0.87
0.45
1.00

30.0
0.34
0.84
0.97
0.93
0.37
0.86
0.38
0.80

noticeable in some particular NP arrangements are twofold. First, the size of the considered
simulation cells allowing an exhaustive characterization of the energy landscape are not large
enough to guarantee self-averaging. And second, the initial magnetic state in the RAS is very
narrowly defined, which precludes any averaging over different initial basins in the landscape.
This contrasts with the RAQ of a high-temperature configuration.
Figure 4.10 shows the relaxation dynamics of a strongly-disordered NP arrangement [see
Fig. 4.1(c)]. In the RAQ one observes that ηFM is small at all times, since the FM order
parameter in the initial RAQ state is very close to its nearly vanishing equilibrium value.
Furthermore, there is no sign of FM order in the LM involved throughout the relaxation,
regardless of their energy. This is consistent with the tendency to flux closure observed in the
ground states as well as in the metastable excited configurations [see Fig. 4.1(c)]. Notice that
the relaxation of the entropy after quenching, i.e., starting from a fully-disordered state, is much
slower than in weakly-disordered systems [cf. Figs. 4.8(b), 4.9(b), and 4.10(b)]. The approach
to equilibrium takes place on a completely different time scale, which is orders of magnitude
larger than in the weakly disordered situations. Furthermore, it is important to note that at low
temperatures the relaxation is qualitatively different and much slower than any exponential law.
In fact, for T = 5 K, S decreases almost linearly as a function of ln(t) over several orders of
magnitude, which means that the relaxation time scale grows at the same pace as the simulation
time. Such an extremely slowed-down behavior can be regarded as the manifestation of a
superspin-glass state.
In the RAS shown in Fig. 4.10(c) ηFM decreases with increasing t, which confirms the
absence of FM correlations in the low-energy configurations and is consistent with the already
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Fig. 4.10 Time dependence of the ferromagnetic (FM) order parameter ηFM and configurational
entropy S in the random ensemble of non-overlapping NPs illustrated in Fig. 4.1(c). Results are
given for the relaxation after quenching (RAQ) and for the relaxation after saturation (RAS) at
different temperatures T .
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mentioned trend to flux closures. Notice, moreover, that the time dependence of ηFM is nonmonotonous at all considered temperatures. This is a further quantitative demonstration that
the equilibration within smaller regions of the configurational space and the wider equilibration
between these regions take place at completely different time scales. The remarkably nonmonotonous time dependences of the entropy after saturation are a clear indication of trapping
[see Fig. 4.10(d)]. Although not completely absent, these subtle dynamical effects tend to
soften at the highest considered temperature (T = 30 K) when the energy barriers responsible
for trapping can be more effectively overcome within the simulation time.

4.4

Conclusion

In this chapter, the energy landscapes of two-dimensional ensembles of dipole-coupled magnetic nanoparticles have been systematically explored for three different lattice configurations.
The ergodic connected networks of local minima and transition states have been determined
for various representative NP arrangements. The corresponding kinetic networks and disconnectivity graphs have been derived. A remarkable transformation of the EL has been revealed
as a function of increasing degree of structural disorder. By comparing periodic and weaklydisordered square-lattice and triangular-lattice structures, we have shown that even a very weak
disorder removes the continuous degeneracy of the ground state by singling out a particular
magnetic configuration which preserves the long-range magnetic correlations found in the
periodic case (e.g., microvortex-like in the square lattice or ferromagnetic in the triangular lattice). The actual orientations of the NP magnetic moments mk in the broken-symmetry ground
state depend strongly on the particular realization of the nanostructure, bearing no correlation
for different disordered arrangements. This consequence of breaking the local point-group
symmetry of the lattice can be regarded as an order-by-disorder effect [209, 210, 229].
A detailed analysis of the topography of the ELs and numerical simulations of the relaxation
dynamics show that the characteristics of weakly and strongly disordered magnetic nanostructures are profoundly different. For weak disorder the relaxation processes are funnelled
towards the ground state configurations. This involves very few elementary minimum-saddle
point-minimum transitions with small energy barriers. The Markovian dynamics is therefore
simple, thermally activated, and relatively fast, as in good structure-seeking systems. In contrast,
for strong disorder, the relaxation processes comprise a large number of elementary transitions,
which are not necessarily directed towards a dominant ground state. The approach to thermal
equilibrium requires overcoming increasingly large energy barriers as the energy of the magnetic configuration decreases. The associated rare processes are hindered by trapping, thus
leading to multiple characteristic time scales. This behavior is reminiscent of spin glasses and
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might lead to a breakdown of ergodicity in the thermodynamic limit [44]. Our simulations of
the relaxation dynamics for different degrees of disorder and initial configurations demonstrate
quantitatively that structural disorder profoundly reshapes the collective behavior of magnetic
nanostructures by transforming good structure-seeking systems into trapped glassy systems.
An interesting perspective in this context is to follow systematically the evolution of the
ELs as characterized by their kinetic networks, small-world properties, disconnectivity graphs,
and magnetic relaxation dynamics as a function of the degree of disorder. On the one hand,
this would allow us to understand in more detail the breaking of translational and point-group
symmetry and the lifting of the continuous ground-state degeneracy in the limit of very weak
disorder. On the other, one is eager to characterize the crossover from good-structure-seeker to
glassy behavior from a microscopic perspective. Is the transition sharp or smooth as the degree
of disorder increases? Should we expect a coexistence between good-structure-seeker behavior
at short length scales and glassy behavior at longer length scales for intermediate degrees of
disorder? How does this manifest itself in the relaxation dynamics accessible to experiment?
Exploring these questions by using the in this thesis intropduced methodology, would boost
the experimental and theoretical progress in the field of magnetic nanostructures and motivate
further developments.
A large number of different realizations of the nanostructures have been investigated for
different sets of sample parameters. The precise magnetic configurations of the LM and TS,
as well as their number, certainly depend on the actual positions of the NPs. However, the
general topography of the landscapes is not qualitatively affected by such structural details,
provided that the degree of disorder remains the same. Increasing the size of the unit cell (for a
fixed coverage) improves the flexibility of the model by allowing a more accurate description
of long range correlations and by reducing the effects of the periodic boundary conditions.
Unfortunately, it also implies an exponential increase of the number of LM and TS. For a
moderate number of particles N in the cell (e.g., N = 36) it is possible to find essentially
all stationary points. This is an advantage with respect to large system sizes, for which one
must content oneself with a representative sampling of the landscape. Our results for larger
systems (e.g., N = 64) show that increasing the system size does not affect the conclusions
on the physical behavior. Despite a remarkable increase of the number of stationary points,
the distinctness of the ground state, the connectivity of the kinetic networks, the distribution
of energy barriers, etc. remain qualitatively unchanged. This also suggests that a restricted
sampling of a subset of the most relevant LM and TS should accurately reflect the global
properties of larger ensembles, and should therefore be a valid statistical approach, at least in
the present physical context.
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The focus of this chapter, and of the thesis in general, has been on the interparticle interactions and on the cooperative many-body effects resulting from the interplay between
interactions and disorder. Still, in view of a comprehensive comparison with experiment, it
would be important to take into account other, a priori simpler single-particle contributions
to the energy and to quantify how they affect the EL and the dynamics. In this context, one
should mention the coupling to external magnetic fields, since it is of particular experimental
and theoretical relevance [56]. This problem deserves special attention since magnetic fields
are easily accessible experimentally and are usually applied to trigger the dynamics. For example, it would be interesting to quantify the magnetization dynamics of the NP ensembles by
considering other time-dependent experimental protocols such as frequency-dependent periodic
hysteresis loops. Moreover, external fields are expected to modify the nature of the landscape in
a significant way, even if they are static or low frequency, since they tend to remove metastable
LM surrounded by small energy barriers. Thus applying them leads to catastrophes. Such
strong qualitative changes of the ELs have already been observed in dipolar clusters under the
action of external electric fields [230, 231]. A systematic analysis of the changes in the ELs of
disordered NP ensembles as a function of applied magnetic fields is presented in Ch. 5.
From a more general perspective, the universality of the above discussed trends concerning
the role of disorder remains an open question, particularly in correlation to different types
of interparticle couplings and NP arrangements. Let us mention, for instance, the substratemediated interactions between NPs deposited on metal surfaces, the exchange interactions
between particles having direct metal-metal contacts, and the exchange-bias couplings at
interfaces with antiferromagnets. In all these cases, the essential ingredients for spin-glass
behavior, namely, frustration and disorder, happen to be present. Furthermore, as already
shown by our own results, the geometrical arrangement of the particles conditions not only the
magnetic response but also the way in which it is affected by disorder. Therefore, it is most
promising to extend our investigations to other situations of experimental and theoretical interest.
In this context the study of magnetic NP ensembles in disordered kagome and honeycomb
lattices deserves special attention, since the nature of their ground states is qualitatively different,
even in the absence of disorder [33, 218–220]. A detailed study of these lattice structures may
be found in Ch. 6.

Chapter 5
Field-induced transformation of the
energy landscapes of magnetic
nanoparticle ensembles
5.1

Introduction

One of the most remarkable and appealing features of MNP ensembles is the possibility to
manipulate their properties directly by experimentally accessible external magnetic fields. In
contrast to electric fields, magnetic fields can be easily generated with electric currents and
are not harmful for living beings. They can therefore be used in their direct vicinity without
major risks. This is, for example, exploited in many experimental medical applications that use
magnetic nanoparticles like magnetic particle imaging, magnetic hyperthermia and targeted
drug delivery, where magnetic nanoparticles are incorporated in the human body in order to be
subsequently manipulated by magnetic fields [3, 4, 7]. Other technologically most important
applications, in which magnetic nanostructures are used in combination with magnetic fields,
are magnetic data storage and spin-electronic devices [1, 2].
Regardless of the specific application, it is extremely important to precisely know how
magnetic fields affect the properties of magnetic nanostructures in order to be able to control
their behavior. For this purpose, a large number of studies, mostly based on Monte Carlo
and micromagnetic simulations, have been carried out in past years [47–51]. They are very
helpful for the investigation of equilibrium properties such as heat capacities and magnetic
susceptibilities, as well as time-dependent processes, such as hysteresis loops and relaxation
experiments [47]. However, these methods also have their limitations. From the simulations, it
is in general very difficult to draw conclusions on the individual microscopic processes taking

94

Field-induced transformation of the energy landscapes of MNP ensembles

place in the system and on how these relaxation processes are affected by the applied magnetic
fields. Such a precise knowledge is, however, important in order to obtain a comprehensive
understanding of consequences and practical possibilities of magnetic field manipulations.
Previous studies on water clusters under the action of external electric fields have shown
the applicability of the EL methodology for answering these kinds of questions [230, 231]. It
is therefore quite remarkable that, so far, systematic studies of the magnetic field dependence
of the ELs have not yet been performed in the context of magnetic nanostructures or magnetic materials in general. Hence, the main objective of this section is to develop and apply
this methodology to quantify and understand the changes of the energy landscapes of MNP
ensembles as a function of external magnetic fields.
In the following sections, representative examples of MNP ensembles are examined in a
variety of ways. The magnetic susceptibilities presented and discussed in Sec. 5.2.1 provide
us with a first understanding of the magnetic behavior of different structural arrangements
and degrees of disorder. In Secs. 5.2.2 and 5.2.3, the topology of the ELs is investigated by
analyzing their disconnectivity graphs for magnetic fields that are parallel and perpendicular to
the nanostructure surface. In 5.2.4, the nonlinear magnetic response of the MNP ensembles is
characterized by calculating their corresponding zero-temperature hysteresis loops. Finally, the
chapter is closed in Sec. 5.3 by summarizing the obtained results and showing some possible
perspectives.

5.2

Results and discussion

The main objective of this section is to evaluate the dependence of the energy landscapes of
ensembles of dipolar-coupled MNPs on external magnetic fields. To simplify the comparison
with the results from the previous chapter, NP ensembles with the same underlying lattices and
degrees of strutural disorder are considered. The precise realizations may be slightly different,
but this is not a problem, since the main characteristics of the energy landscapes do not change
significantly for different realizations [26].
Let us recall the essential characteristics of the considered ensembles. The calculations
have been carried out for ensembles consisting of MNPs located on weakly disordered square
and triangular lattices having a standard deviation of σr = 0.05 and for randomly distributed
particles. The unit cells of the ensembles consist of N = 36 iron-like MNPs each having a
radius of r = 1.5 nm and a particle coverage of c = 0.28. In this size regime, the particles can
be described by a single superspin m. Assuming a homogeneous iron-like magnetization, the
magnitude of each superspin is |m| ≃ 2.55 × 103 µB . The total energy of the ensembles is given
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by
E=

µ0
1
∑
8π i̸= j ri3j

"

#
N
(mi · ri j )(m j · ri j )
mi · m j − 3
− ∑ B · mi ,
ri2j
i=1

(5.1)

where the first term corresponds to the dipole-dipole interaction and the second term to the
Zeeman interaction with the magnetic field B.

5.2.1

Anisotropy of the magnetic susceptibility

The average magnetization M = M · B/|B| of a NP ensemble along the magnetic field direction
B/|B| can be obtained in the canonical ensemble as a function of T and B by averaging over the
individual contributions of each local minimum i and its associated basin of attraction. Thus,
N

∑ LM Mi (B) e−β Ei (B)
M = i=1 N
,
LM −β Ei (B)
e
∑i=1

(5.2)

where Ei (B) stands for the energy of the i-th local minimum and
Mi (B) =

1 N
∑ mik (B)
N k=1

(5.3)

for the corresponding magnetization per particle. In this context, mik (B) = mik · B/|B| is the
projection of the magnetic moment of MNP k in state i onto the magnetic field direction. Notice
that in order to calculate M we neglect the thermal fluctuations of the magnetic moments inside
the basins of attraction, i.e., we assume that the local magnetization of each metastable state
does not depend on T . This is certainly a simplification of the true behavior of magnetic
systems, which motivates including fluctuations into the calculations in future works.
The magnetic susceptibility
∂ M(B)
χ=
(5.4)
∂ B B→0
can then be obtained as the derivative of M with respect to the applied external magnetic field
B. After some algebra and assuming that Ei (B) = Ei (0) − NBMi for B → 0, one obtains that

χ=



∂ M(0)
1 
+
⟨M(0)2 ⟩ − ⟨M(0)⟩2 ,
∂B
kB T

(5.5)

where ⟨. . .⟩ indicates the thermal average with respect to the Boltzmann distribution.
In Fig. 5.1, the magnetic susceptibility of weakly and strongly disordered MNP ensembles
is shown as a function of the temperature T and the magnetic field direction. The results were
obtained by averaging over 50 different realizations for each type of ensemble. In (a), the
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Fig. 5.1 Zero field magnetic susceptibility χ as a function of the magnetic field direction.
In (a) B is within the xz-plane (ϕ = 0) while in (b) B is within the nanostructure xy-plane
(θ = π/2). In both cases the temperature is T = 5 K. In (c) the temperature dependence is
shown for B along the x-axis (ϕ = 0 and θ = π/2). Results are given for weakly-disordered
square (WDS) lattices, weakly-disordered triangular (WDT) lattices, and strongly disordered
(SD) 2D ensembles, which were obtained by averaging over 50 different realizations for each
lattice type.
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magnetic field lies within the xz-plane forming an angle θ with the z-axis. Thus, θ = π/2
means that the field is parallel to the surface of the nanostructure, while θ = 0 means that
it is perpendicular. In all three types of ensembles the magnetic susceptibility χ increases
monotonously with increasing θ , being largest when the field is parallel to the ensemble plane.
For θ = 0 we have χ = 0.02 meV/mT2 , which increases significantly as B is rotated towards
the x-axis, where χ = 0.12–32.37 meV/mT2 at T = 5 K depending on the MNP arrangement.
This behavior is expected and in accordance with numerous thin-film studies showing that
dipolar interactions lead to a strong shape anisotropy favoring the in-plane orientation of the
magnetic moments [232, 233]. In fact, the z-axis is a magnetic hard axis while the xy-plane is a
non-homogeneous magnetic easy plane with a very weak in-plane anisotropy, which can bee
seen in Fig. 5.1(b), where results for the magnetic susceptibility for the different directions of
B within the xy-plane are shown.
It is interesting to note that for perpendicular fields (θ = 0), the values of χ are nearly independent from the underlying lattice type [see Fig 5.1(a)]. However, as the field is rotated towards
the in-plane direction, significant differences between the ensembles become visible. In case of
an in-plane field (θ = π/2), the magnetic susceptibility χ is largest for the weakly-disordered
triangular ensembles (χ = 32.37 meV/mT2 at T = 5 K), while weakly disordered square ensembles (χ = 0.12 meV/mT2 ) and strongly disordered ensembles (χ = 3.98 meV/mT2 ) have
smaller magnetic susceptibilities. This can be understood as the consequence of the nature of
the different low-energy configurations of the ensembles. As discussed in the previous chapter,
the low-energy states in the triangular ensembles are ferromagnetic-like and nearly degenerate
as a function of the angle ϕ. Hence, whenever B is applied within the plane containing the NPs,
any small loss of energy stemming from the dipole-dipole interaction is easily compensated by
the energy gained from the Zeeman interaction. This renders the rotation of the already large
total magnetization within the xy plane quite easy resulting in large values of χ [see Fig. 5.1
and also Fig. 5.2(b)].
In contrast, the low-energy states in the weakly disordered square ensembles have a
microvortex-like magnetic order [see Fig. 5.2(a)] and the most stable configurations in strongly
disordered ensembles are dominated by local flux-closures [see Fig. 5.2(c)]. Both types of
magnetic orders only yield a small net magnetization. Consequently, the NP arrangements
are less susceptible to develop a net magnetization induced by a magnetic field, since this
involves a stronger increase of the dipolar energy. It is well known, that the magnetic susceptibility of antiferromagnets is in general weaker than the one of paramagnets and of course
ferromagnets. Moreover, notice that the magnetic susceptibility is significantly larger in the
strongly disordered ensembles than in the weakly disordered square ensembles. This behavior is a consequence of the fact that the low-energy metastable states in strongly disordered
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(a)

B = 0 mT

B = 4 mT

B = 8 mT

(b)

B = 0 mT

B = 2 mT

B = 4 mT

(c)

B = 0 mT

B = 8 mT

B = 15 mT

Fig. 5.2 Illustration of the magnetic ground state configurations of (a) a weakly disordered
square ensemble, (b) a weakly disordered triangular ensemble, and (c) a strongly disordered
ensemble, for representative values of the applied external magnetic field B. The colors indicate
the alignment of the moments with the x-axis, where green corresponds to a parallel and red to
an antiparallel alignment.
ensembles usually have a small but still significantly larger net magnetization than weakly
disordered square ensembles (M/MS = 0.32 in SD ensembles whereas M/MS = 0.02 in WD
square ensembles). The magnetic ground state configuration of the different types of ensembles
is illustrated in Fig. 5.2 for representative values of the applied magnetic field.
In Fig. 5.1(b), the magnetic susceptibilities of the different ensembles are shown for
magnetic fields lying within the xy-plane. The different NP arrangements and degrees of
disorder show very different values of χ ranging from χ = 0.12 meV/mT2 in weakly disordered square ensembles, over χ = 3.98 meV/mT2 in strongly disordered ensembles, to
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χ = 32.37 meV/mT2 in weakly disordered triangular ensembles for T = 5 K. In addition, one
observes a weak dependence of χ on the azimuthal angle ϕ giving the direction of B within
the nanostructure plane. This is particularly clear in the case of weakly disordered triangular
ensembles and strongly disordered ensembles. The difference between the maximum and
minimum value of χ as a function of ϕ reads ∆χ = 14.43 meV/mT2 for the weakly disordered
triangular ensembles and ∆χ = 1.29 meV/mT2 for the strongly disordered ensembles. In
contrast, in the weakly-disordered square ensembles the difference in χ for different ϕ amounts
to ∆χ = 0.01 meV/mT2 , which is almost negligible. While a weak dependence of χ on ϕ
is expected in the case of triangular ensembles due to the C6 symmetry of the lattice and
the existence of preferential magnetization directions (see chapter 4), there should not be a
significant dependence of χ on ϕ in strongly disordered ensembles, where the NP positions
bare no correlations to any external reference axes. We believe that the observed anisotropy
of χ for SD ensembles is a finite size effect that should become weaker as we average over a
larger number of different realizations or use unit cells having a large number of MNPs.
Finally, in Fig. 5.1(c) the temperature dependence of the magnetic susceptibilities χ is
shown for an in-plane external magnetic field pointing along the x-axis. In the case of the
weakly disordered triangular ensembles and strongly disordered ensembles, one can observe
a 1/T -dependence of χ, which is typical of paramagnetic and ferromagnetic materials above
the Curie temperature. In the weakly disordered square ensembles, χ is not only much weaker
but it also shows no temperature dependence at all in the considered temperature range [see
Fig. 5.1(c)]. This could be a consequence of the fact that thermal fluctuations of the magnetic
moments within the basins of the metastable states have been neglected [see Eq. (5.4)]. Taking
those into account would probably yield an increase of χ for small T followed by a 1/T
decrease at larger temperatures, as is typical for antiferromagnetic materials.

5.2.2

Energy landscape topology for in-plane magnetic fields

In this section, we investigate the topology of the energy landscapes of the ensembles shown
in Fig. 5.2 as a function of B. We assume that B lies within the nanostructure plane, which
corresponds to the easy magnetization plane. Since the in-plane anisotropy is relatively weak
[see Fig. 5.1(b)], we fix the magnetic field direction to the x-axis of the nanostructures.
An in-depth analysis of the field-induced changes in the topology of the energy landscapes
can be made in terms of their disconnectivity graphs, which we have investigated for different
values of the external magnetic field B. Let us begin with the weakly disordered square
ensemble illustrated in Fig. 5.2(a). The results are shown in Fig. 5.3. For B = 0 mT, the EL
consists of NLM = 316 local minima. The corresponding DG shown in Fig. 5.3(a) presents the
same features as the DG discussed in chapter 4 for a different realization of a weakly disordered
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Fig. 5.3 Disconnectivity graphs of the weakly disordered square ensemble shown in Fig. 5.2(a)
for different magnitudes of the in-plane external magnetic field B: (a) B = 0 mT, (b) B = 4 mT,
and (c) B = 8 mT.
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square ensemble. The low-energy states are clearly distinguished and well separated in energy,
while the excited states have very small downhill energy barriers. This results in a funnelled
palm-tree-like disconnectivity graph, which corresponds to a fast relaxation dynamics [26].
The EL thus belongs to a so-called good structure-seeking system.
Fig. 5.3(b) shows the disconnectivity graph of the same ensemble in the presence of a
small magnetic field with B = 4 mT. The lifting of the two-fold degeneracy of the field free
system is clearly visible as the time-reversal symmetry is removed. The Zeeman splitting is
particularly evident for the ground states, where one of them is lowering its energy stronger
than the other one. For this value of B, there is no strong reduction of the number of local
minima NLM (4 mT) = 210 [NLM (0 mT) = 316] and in most aspects the disconnectivity graph
for B = 4 mT is qualitatively similar to the field free one [see Fig. 5.3(a) and (b)]. Hence, one
can safely assume that most features and in particular the good structure-seeking behavior of
the investigated nanostructure are preserved. One important difference is that one of the two
low-lying configurations corresponding to the field-induced distortion of the B = 0 mT ground
states is now more likely to be occupied than the other one.
If the magnitude of the magnetic field is further raised to B = 8 mT, stronger changes in
the topology of the energy landscape are observed [see Fig. 5.3(c)]. First, one of the two
initial ground states and any distortion thereof are no longer a local minimum. The associated
superbasin has completely disappeared. Thus, there is only one superbasin remaining at the
bottom of the disconnectivity graph, which consists of the single ground state. In addition, the
number of local minima [NLM (8 mT)) = 40] has been reduced drastically. In contrast to the
DGs presented in Figs. 5.3(a) and (b), this DG is even more funnelled. Hence, one expects that
with increasing magnetic fields weakly disordered square ensembles of MNPs will become
even better structure seekers with faster and more funnelled dynamics than at lower values of B.
In general, the reduction of local minima is a consequence of the disappearance of individual
local minima in the EL. In the context of energy landscapes, one generally speaks of catastrophes
when individual local minima disappear or appear in the EL as a function of some external
parameters—in the present case as a function of the magnetic field B. The two most basic
forms of catastrophes are the fold and cusp catastrophes. A fold catastrophe is an asymmetric
process, in which one local minimum with a higher energy and its associated basin of attraction
are absorbed by another local minimum with a lower energy. In contrast, a cusp catastrophe is
usually symmetric. In this case two most often symmetrically equivalent local minima merge
with each other, approaching the point of the catastrophe with the same energy [234]. The vast
majority of catastrophes observed in this work are fold catastrophes, since the magnetic field is
per se symmetry breaking. Some exceptions are found for perpendicular magnetic fields, since
they do not destroy the time-reversal symmetry of the nanostructures (see Sec. 5.2.3).

102

Field-induced transformation of the energy landscapes of MNP ensembles
(a) -200
-205

E [meV]

-210
-215
-220
-225

B = 0 mT
NLM = 256

(b) -200
-205

E [meV]

-210
-215
-220
-225
-230
-235

B = 2 mT
NLM = 156

(c) -200

E [meV]

-210
-220
-230
-240

B = 4 mT
NLM = 47

Fig. 5.4 Disconnectivity graphs of the weakly disordered triangular ensemble shown in
Fig. 5.2(b) for different magnitudes of the in-plane external magnetic field B: (a) B = 0 mT, (b)
B = 2 mT, and (c) B = 4 mT.
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In Fig. 5.4, the disconnectivity graphs of the weakly disordered triangular ensemble shown
in Fig. 5.2(b) are presented for different values of B. In the absence of any external magnetic
fields, one clearly observes that the system is a good structure seeker as already discussed in
detail in chapter 4 [see Fig. 5.4(a)]. Already major changes in the energy landscape topology
take place as the magnetic field is slightly raised to B = 2 mT. On the one hand, the timereversal symmetry is removed and the associated two-fold degeneracy of the energy spectrum
is lifted [see Fig. 5.2(b)]. This is accompanied by a small reduction of the number of local
minima from NLM (0 mT) = 256 to NLM (2 mT) = 156. But, most importantly, only one lowenergy configuration is left, which corresponds to an alignment of all magnetic moments
along the external magnetic field B [see Fig. 5.2(b)]. This central qualitative change happens
more abruptly and at much smaller fields than in the weakly disordered square ensembles,
thus confirming the conclusions drawn in the previous section, namely, that local minima in
triangular ensembles are much more sensitive to in-plane magnetic fields. As the magnetic field
is further raised to B = 4 mT, there are no more significant changes in the EL besides a further
reduction in the number of local minima [NLM (4 mT) = 46] through fold catastrophes. These
further changes in the EL have, however, little impact on the kinetic properties of the ensemble,
since they primarily occur in the high-energy spectrum of the system. In sum, the present
analysis of the disconnectivity graphs as a function of the B confirms most of the qualitative
conclusions reached in section 5.2.1 on the basis of the magnetic susceptibility.
We now discuss the energy landscape topology of the strongly disordered ensemble illustrated in Fig. 5.2(c) for different values of B. For B = 0 mT, we find NLM (0 mT) = 5208 local
minima. The corresponding DG is shown in Fig 5.5(a). One observes the typical glasslike
features of strongly disordered ensembles, which have been discussed in detail in chapter 4:
i) a very rough energy landscape with many competing low-energy local minima, which are
separated by energy barriers that are much larger than the energy differences between the local
minima, ii) the absence of any hubs or funnels leading to a distinct lowest-energy configuration,
and iii) an important increase in the energy barrier height as the energy of the LM decreases [26].
In addition, the graph is symmetric with respect to reflection, since reversing all NP moments
does not change the energy due to time-reversal symmetry.
This two-fold degeneracy is lifted by the external magnetic field, as shown, for example,
in Fig. 5.5(b) for B = 8 mT. Most local minima of the field free energy landscape have a
non-vanishing net magnetization along the magnetic field. Since all LM appear twice with
opposite magnetic moments, the energy of one of them is lowered while the energy of the other
one is enhanced. In addition, the number of local minima is reduced to NLM (8 mT) = 3832.
However, despite this reduction, the EL still remains very rough, exhibiting most of the glasslike
features of the field-free case. Therefore, it corresponds to a system showing a slow relaxation
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Fig. 5.5 Disconnectivity graphs of the strongly disordered ensemble shown in Fig. 5.2(c) for
different magnitudes of the in-plane external magnetic field B: (a) B = 0 mT, (b) B = 8 mT,
and (c) B = 15 mT.
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dynamics with trapping and multiple time scales. This is mainly a consequence of the large
number of low-lying metastable states, which are separated by relatively large energy barriers
[see Fig. 5.5(b)].
In Fig. 5.5(c), the magnetic field has been further raised to B = 15 mT. As a result significant
changes to the EL take place. All of the reminiscences of the time-inversion symmetry are
gone and only one clearly distinguishable local minimum is left at the bottom of the DG.
With very few exceptions, which depend on the field direction and which might be prone to
numerical inaccuracies, the energy barriers separating the high-energy states from the lowenergy ones are small. Qualitatively, this disconnectivity graph shares many features with DGs
of good structure-seeking systems such as those found for the weakly disordered ensembles.
An important difference, however, is that the number of local minima NLM (15 mT) = 2002 is
still very large. Hence a transition from glasslike behavior to good structure-seeking behavior
with fast mostly unhindered dynamics is expected in strongly disordered ensembles as the
magnetic field increases. In this context, it is important to note that the magnetic fields required
for this transition are much larger than the fields required to remove nearly all metastable
states in the weakly disordered ensembles (compare Figs. 5.3-5.5). Still, little is known about
the connectivity between the metastable states and the corresponding kinetic networks in this
case. Hence, this should be investigated in a follow-up investigation to confirm or refute the
observations made in this paragraph.
Field-dependence of the number of local minima
In the following, we want to take a closer look at the dependence of the number of local minima
NLM (B) on the applied external magnetic field B. This is shown in Fig. 5.6 in terms of the ratios
NLM (B)/NLM (0), which were obtained by averaging over 50 different realizations of the NP
ensembles. The dependence of NLM as a function of B deserves special attention, particularly at
small fields, where the interplay between the Zeeman energy and the often small energy barrier
energies are comparable. It gives an indirect information on the magnetic stability of the EL
for different structural arrangements and degrees of disorder.
First, one observes that ∂ NLM /∂ B depends critically on the type of ensemble. For weakly
disordered triangular ensembles NLM decreases rapidly and apparently linearly with increasing
values of B such that NLM is reduced by nearly 50% already for a small field B ≃ 2.5 mT. This
is a consequence of the known tendency to FM order in dipole-coupled triangular arrangements
and the fact that many local minima with higher energies are separated from the low-energy
local minima by very small energy barriers [see Fig 5.4(a) and (b)]. As the NP moments align
stronger with the external magnetic field, the local minima disappear in fold catastrophes with
low-energy local minima.
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Fig. 5.6 Magnetic field dependence of the number of local minima NLM (B) in the ELs of
weakly disordered square (WDS), weakly disordered triangular (WDT), and strongly disordered
(SD) MNP arrangements. Results are given for NLM (B)/NLM (0) as a function of the external
magnetic field B, which is applied along the x-axis. The results were obtained by averaging
over 50 realizations for each type of NP arrangement. The error bars indicate the first and third
quartiles of the distribution of NLM (B)/NLM (0).
In contrast to the triangular case, weakly disordered square ensembles show a modest
increase up to 10% of NLM (0) for small B, which is approximately linear for B ≤ 2 mT. The
development of new metastable states and the accompanied reduction of the average size of
the basins of attraction as a result of a non frustrating interaction is unsuspected and more
difficult to explain a priori. It certainly reflects the large flexibility of complex ELs involving a
significant number of degrees of freedom. On the one hand, we have metastable states of the
dipole-dipole interaction, which in the case of weakly disordered square ensembles favor flux
closing microvortex-like or antiferromagnetic-like NP moment arrangements. These metastable
states have a very small or vanishing net magnetization and therefore their energy is essentially
unaffected by the homogenous B. In the limit of small B one expects that these magnetic
configurations are stable and that their number should not change strongly when a small field B
is applied. On the other hand, one certainly finds regions in their basins of attraction, where the
net magnetization along the field is significant. These regions are less stable concerning the
dipole coupling but are stabilized when a magnetic field is applied leading to the emergence of
new local minima. We believe that the stabilization of these configurations together with the
initial stability of the microvortex-like configurations are responsible for the increase of NLM
for small B. Only at larger fields, when the Zeeman energy overcomes the magnetic dipole

5.2 Results and discussion

107

energy, the microvortex-like states disappear, while ferromagnetic-like states start to dominate
the landscape leading to an important number of fold catastrophes by incorporating the weaker
microvortex-like states into their basins of attraction.
Finally, the strongly disordered ensembles show their own specific behavior, which is
qualitatively different from the weakly disordered ensembles. In this case, NLM depends weakly
on B for small B. About 10 mT are needed in order to reduce NLM by approximately 20%.
This can be explained by the tendency to head-to-tail couplings of small groups of NPs, which
are tied to the relative positions ri − r j of the NPs and are therefore randomly oriented and
favor flux closure. These magnetic configurations are relatively stable locally. Only when the
Zeeman energy is able to overcome the stable local dipole couplings a significant reduction of
NLM is observed (see Fig. 5.1). The energy of these local dipole couplings is broadly distributed.
Therefore, even for fields als strong as 20 mT the number of local minima in strongly disordered
ensembles remains macroscopically important [NLM (B)/NLM (0) ≃ 0.35 for B ≃ 20 mT]. For
comparison, in this range of values of B the number of LM in the weakly disordered ensembles
is either less than 5% (square ensembles) or macroscopically irrelevant (triangular ensembles).

5.2.3

Energy landscape topology for out-of-plane magnetic fields

The purpose of this section is to investigate how out-of-plane (perpendicular) magnetic fields
modify the topology of the energy landscapes of the various investigated MNP ensembles. In
Figs. 5.7-5.9, the disconnectivity graphs of the different NP ensembles illustrated in Fig. 5.2
are shown for different strengths of the perpendicular magnetic fields B. The first obvious
difference in relation to the case of in-plane fields is that the two-fold degeneracy of each
local minimum is not lifted by perpendicular fields. This is a consequence of the fact that
the z-component of the magnetic moments mi of all particles i are decoupled from the x and
y-components if the MNPs are restricted to the xy-plane, since the vectors ri j connecting the
positions of the MNPs i and j have a zero z-component. Thus, reversing the x and y components
of all mi does not alter the energy of the magnetic configurations [see Eq. (5.1)]. Altogether,
one can see that the topology of the energy landscapes remains largely unaffected by the
perpendicular field, since the magnetic structures are not significantly altered by small magnetic
fields (B ≤ 100 mT). This is due to the fact that not too large perpendicular magnetic fields
induce an alignment of the magnetic moments along the z-axis leaving in first approximation
the projection of the moments on the xy-plane unaltered. Thus, the effect of perpendicular
fields can be approximated by a reduction of the modulus of the in-plane magnetic moments,
which amounts to an energy rescaling and does not affect the magnetic configurations. This
effect can be clearly recognized in Figs. 5.7-5.9 as a compression of the energy scale, i.e., the
energy range of the local minima and transition states decreases for increasing values of B.
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This trend contrasts with the case of in-plane fields, where an expansion of the energy range is
found (compare Figs. 5.3-5.5 with 5.7-5.9).
Only for relatively large magnetic fields (B ≥ 200 mT) major changes in the topology of the
energy landscapes are observed, which are mostly related to a strong reduction of the number
of local minima. For example, in the weakly disordered square (triangular) ensembles, changes
from NLM = 318 (NLM = 256) for B = 0 mT to NLM = 186 (NLM = 60) for B = 150 mT
(B = 100 mT) are observed, while for strongly disordered ensembles one observes values from
NLM = 5208 for B = 0 mT to NLM = 536 for B = 200 mT. Despite the important changes in
NLM , the weakly disordered square and triangular ensembles remain good structure seekers
for all investigated values of B (see Figs. 5.7 and 5.8). Furthermore, the energy landscapes of
the strongly disordered ensemble remains quite rough and glasslike with no clear relaxation
funnels and many competing low-energy minima even for the largest investigated magnetic
field of B = 200 mT. In the limit of very large fields B > 0.5 T, all local minima progressively
disappear, except for the two ground states which finally merge in a cusp catastrophe. A similar
behavior is observed in the Stoner-Wohlfarth model for an increasing magnetic field, which
points along the magnetic hard axis of a MNP [90].
Field-dependence of the number of local minima
Finally, we want to take a closer look at the dependence of the number of local minima NLM
on the magnitude of the perpendicular magnetic field. The results are shown in Fig. 5.10 in
terms of the ratio NLM (B)/NLM (0). The number of local minima decreases monotonously
as a function of B as in the case of an in-plane magnetic field applied to weakly disordered
triangular ensembles and strongly disordered ensembles. In the present case, also the weakly
disordered square ensembles show a decreasing NLM (B) for all values of B. Notice, however,
that the magnetic fields needed are at least one order of magnitude larger in comparison to
in-plane fields to achieve a significant reduction of NLM . In other words, the local minima
are quite stable towards perpendicular magnetic fields. One also observes that the differences
between the various ensembles are smaller than in the case of in-plane fields. Still, there are
important differences between the ensembles. The local minima of the weakly disordered
triangular ensembles tend to be more sensitive to perpendicular fields than the ones of the
weakly disordered square and strongly disordered ensembles. In particular, the local minima in
the square ensembles remain remarkably stable. The field required to reduce the number of local
minima by 50% reads roughly 160 mT in the case of weakly disordered square ensembles, while
it reads 70 mT in weakly disordered triangular and 90 mT in strongly disordered ensembles.
This means that even the excited states in square ensembles remain largely unaffected by
perpendicular magnetic fields.
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Fig. 5.7 Disconnectivity graphs of the weakly disordered square ensemble shown in Fig. 5.2(a)
for different perpendicular magnetic fields: (a) B = 0 mT, (b) B = 50 mT, and (c) B = 150 mT.
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Fig. 5.8 Disconnectivity graphs of the weakly disordered triangular ensemble shown in
Fig. 5.2(b) for different perpendicular magnetic fields: (a) B = 0 mT, (b) B = 50 mT, and (c)
B = 100 mT.
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Fig. 5.9 Disconnectivity graphs of the strongly disordered ensemble shown in Fig. 5.2(c) for
different perpendicular magnetic fields: (a) B = 0 mT, (b) B = 100 mT, and (c) B = 200 mT.
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Fig. 5.10 Number of local minima NLM (B) for the different investigated ensembles as a
function of the magnitude of an external magnetic field applied along the z-axis of the systems.
The values were obtained by averaging over 50 realizations for each lattice type. The error bars
indicate the first and third quartiles of the distribution.

5.2.4

Zero-temperature hysteresis loops

The most basic experimental method of characterizing magnetic materials is probably to determine their hysteresis loops from which the underlying magnetic structures and interactions can
be inferred. For this purpose, the magnetic material is first thermalized at a given temperature T .
Then a magnetic field B is applied and progressively increased until the system is magnetically
saturated in the direction of the field. The resulting magnetization curve is usually denoted as
virgin curve of the material. The actual hysteresis loop M(B) is then recorded by reducing and
reversing B until the system is saturated in the opposite direction and then saturating it again in
the initial direction. From the resulting curve M(B), many conclusions can be drawn about the
magnetic structure and the underlying magnetic interactions [85, 86]. The two most important
characteristics of hysteresis loops are the remanent magnetization MR , which is defined as the
magnetization of the system at B = 0 in the loop, and the coercive field BC , which is defined as
the magnetic field required to demagnetize the considered sample. Another interesting property,
which can vary significantly between different materials, is the saturating field BS , which is
defined in this work as the field required to reach a sample magnetization of M/MS = 0.98,
where MS is the maximum magnetization of the considered material. It might be important to
note that in this work B always corresponds to the applied external magnetic field and does not
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include any contributions from the magnetic material itself. In literature, the magnetic field
strength H is often used instead of B in this context (see, for example, Ref. [235]).
The theoretical hysteresis loops discussed in this section are determined analogously by
the following numeric procedure: First, the system is prepared in its magnetic ground state
configuration. Then, the external magnetic field is gradually increased with a finite step size
δ B until the saturation field BS is reached. At each field step, the magnetic configuration of
the system is optimized according to the Landau-Lifshitz-Gilbert equation until the gradient
vanishes in the absence of any thermal excitations (zero-temperature limit). The full hysteresis
loop is then obtained by progressively reducing and reversing B until the system is saturated in
the opposite direction. The procedure is then repeated along the initial direction. The hysteresis
loops are calculated using the following parameters: step size of the external magnetic field
δ B = 0.25 mT, time step in the LLG equation δt = 1 ns, and Gilbert damping parameter
α = 0.1.
In Fig. 5.11(a), the calculated hysteresis loops for the three different considered ensembles
illustrated in Fig. 5.2 are shown for an external magnetic field pointing along the x-axis of
the ensembles. The hysteresis loop of the square ensemble (green) has a very small remanent
magnetization MR = 0.04 MS and coercive field BC = 1 mT. It narrows as the magnetic field
goes to zero and then opens up again as the absolute value of the magnetic field increases. This
behavior is usually denoted in literature as wasp-waisted hysteresis loops and is an indication
of vortex and antiferromagnetic-like arrangements of magnetic moments [86, 236]. We know
that in square ensembles, the energetically low-lying states have a microvortex-like magnetic
configuration, in which the zero field ground state magnetization is very small [see Fig. 5.3(a)].
Still, if a magnetic field is present, the two-fold degeneracy of the ground states (and all the
other states) is lifted with one of the initial ground states aligning stronger with the applied
magnetic field. If the magnetic field is increasing (decreasing) for B > 0 (B < 0), the system is
usually found in the initial ground state that is less aligned with the magnetic field. In contrast,
if the magnetic field is decreasing (increasing) for B > 0 (B < 0), the system is usually found
in the initial ground state that is more aligned with the external magnetic field [see Fig. 5.3(b)],
which results in the opening of the hysteresis loop. Only for much larger magnetic fields,
the hysteresis loop narrows again as the energetically higher lying states disappear in fold
catastrophes and the system is forced to occupy the same fully saturated state irrespectively of
the history [see Fig. 5.3(c)]. Wasp-waisted hysteresis loops have also been observed in studies
of dipoles located on the nodes of perfectly periodic square lattices [237–239]. Finally, one
observes that the resistance of the microvortex (AF-like) arrangements in weakly disordered
square ensembles to saturation manifests itself in relatively large saturation fields BS = 34 mT.
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Fig. 5.11 Hysteresis loops for the weakly disordered square (WDS), weakly disordered
triangular (WDT) and strongly disordered (SD) ensembles illustrated in Fig. 5.2. In (a), the
the magnetic magnetic field points along the in-plane x-axis of the ensembles, while in (b), the
magnetic field points along the perpendicular z-axis.
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The hysteresis loop of the weakly-disordered triangular ensemble (orange) shows a very
large remanence MR = 0.89 MS and a very small coercive field BC = 1.5 mT which is almost
identical to the saturation field BS . Hysteresis loops like this are usually referred to as potbelly-shaped and are characteristic for ferromagnetic materials [236]. The large remanence
is a consequence of the large stability of the ferromagnetic arrangement and the associated
alignment of the magnetic moments along the external magnetic field, even at small values
of B [see Fig. 5.2(b)]. Since the ground state in weakly disordered triangular ensembles is
ferromagnetic and nearly continuously degenerated with respect to its in-plane orientation, only
very small fields in the opposing direction are required to reverse the magnetization resulting
in a very small coercivity BC and a very small saturation field BS . This is clearly reflected in
the DG of Fig. 5.4(b) which shows that already a small field of B = 2 mT is enough to funnel
the system into a single magnetically saturated ground state. Weakly disordered triangular
ensembles of MNPs are therefore remarkably soft 2D ferromagnetic materials, which respond
to very small magnetic fields with a full magnetization without significant energy dissipation as
the enclosed area within the hysteresis loops is relatively small. Since there is a finite in-plane
anisotropy in weakly disordered triangular ensembles [see Fig. 5.1(b)], the magnetic response
and hysteresis loops depend weakly on the field direction within the xy-plane.
In contrast to the two previously considered weakly disordered NP arrangements, the
hysteresis loop of the strongly disordered ensemble shows both a large remanent magnetization
MR = 0.70 MS and a large coercive field BC = 30 mT. Consequently, the area enclosed within the
hysteresis loop is much larger. Furthermore, these strongly disordered systems are much harder
to polarize and full saturation is very hard to reach. The saturation field at which M/MS = 0.98
reads BS = 200 mT and is thus indeed relatively large. Concerning the dependence on B, one
observes that the hysteresis loop consists of multiple steps at different values of B. These
magnetization steps reflect the localized strongly correlated behavior of the NP moments of
strongly disordered ensembles. In these systems, the magnetic configurations can usually
be divided into a number of different groups of islands of MNPs, which change direction
collectively within each group—for example, as a result of thermal excitations or under the
action of an external magnetic field—but which are pretty much independent from each other.
This behavior is analogous to individual magnetic domains in a bulk ferromagnet. If a group
of MNPs is smaller and weakly coupled to others, it is more sensitive to external magnetic
fields and will align itself along B already at a small field magnitude B. If, on the other hand,
these islands are larger and more strongly bound, they are less sensitive to magnetic fields and
larger fields have to be applied in order to align them. The steps in the hysteresis loop reflect
the realignment processes of the different islands at different values of B. In this respect, the
hysteresis loop shares many properties with those obtained from magnetic systems consisting
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of polydisperse ensembles of independent magnetic nanoparticles, in which different MNPs
with different sizes and different local magnetic anisotropies have different reversal fields and
therefore yield similar step-like hysteresis loops [90, 240, 241].
In Fig. 5.11(b), the hysteresis loops for the three different ensembles presented in Fig. 5.2
are shown for an external magnetic field pointing along the z-axis, i.e., along the normal to the
plane containing the MNPs. One observes in all three cases, that the magnetic field needed in
order to induce a finite magnetization is much larger than in the case of an in-plane magnetic
field orientation. This is consistent with our results on the magnetic susceptibilities of the
ensembles, which were discussed in Sec. 5.2.1. Notice, that the hysteresis loops correspond
to the typical hard-axis behavior with zero remanence and coercivity and no hysteresis and
enclosed area at all. A similar behavior is also found in the Stoner-Wohlfarth model for
independent magnetic nanoparticles, if the magnetic field points along their magnetic hard
axis (see Sec. 2.5). Therefore, the M(B) curves shown in Fig. 5.11 (b) confirm our previous
conclusion that dipolar interactions in 2D ensembles of magnetic NPs lead to the emergence
of a magnetic hard axis along the normal to the nanostructure plane and an easy plane, which
coincides with the nanostructure plane, independently from the underlying ensemble geometry.
Finally, it is worth noting that the M(B) curves for perpendicular fields are not only very similar for weakly disordered square and triangular ensembles, but also remarkably close to linear.
The latter implies that the perpendicular magnetic susceptibility is almost independent of the
field magnitude. Furthermore, in the considered weakly disordered ensembles, full saturation is
reached at a large but finite field BS ≃ 280 mT. In contrast, the strongly disordered ensembles
show a magnetic susceptibility that decreases progressively as perpendicular saturation is
approached. In this case, full saturation is reached at a much larger field BS ≃ 570 mT.

5.3

Conclusion

In this chapter, we have investigated the influence of external magnetic fields on the properties
of disordered two-dimensional magnetic nanoparticle ensembles from the perspective of the
underlying energy landscapes and by computing the corresponding magnetic susceptibilities
and zero-temperature hysteresis loops for different magnetic field directions. We have shown
that weakly disordered square and triangular ensembles as well as strongly disordered twodimensional ensembles generally have a very strong tendency to align the NP moments within
the plane containing the NPs. The associated off-plane anisotropies are strong whereas the inplane anisotropies are in general relatively weak. In addition, it was demonstrated that different
types of geometrical arrangements of the NPs and degrees of disorder have different sensitivities
to external magnetic fields. While weakly disordered triangular ensembles have relatively
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large magnetic susceptibilities due to their ferromagnetic ground states, weakly disordered
square ensembles and strongly disordered ensembles are significantly less susceptible to
magnetic fields. The latter has been shown to be the consequence of a tendency to favor
magnetic configurations with very small net magnetizations showing either microvortex and
antiferromagnetic order, or closed-loop and randomly oriented head-to-tail magnetic moment
arrangements.
It has been shown that applying an external magnetic field leads to less complex energy
landscape topologies by lifting the degeneracies and reducing the number of local minima,
particularly when the Zeeman energy Mi B is larger than typical energy barriers. In case of the
weakly-disordered ensembles, applying a magnetic field does not change the general character
of the of ELs significantly since these systems are good-structure seekers with relatively simple
and clear energy landscapes already in the absence of magnetic fields. In fact, applying an
external magnetic field tends to enhance the good structure seeker behavior by favoring one
branch of local minima in ELs at the expense of the other. In case of the random ensembles,
applying a magnetic field causes more profound changes in the energy landscape, namely, a
transition from glasslike to good structure seeker behavior. Typical magnetic field magnitudes
required for the transition to take place are in the range of 15 − 20 mT.
Finally, we have shown that it is possible to infer and correlate the magnetic characterization of the different ensembles based on their zero-temperature hysteresis loops. Weakly
disordered square ensembles have a wasp-waisted hysteresis loop with small coercivity and
small remanence, whereas weakly disordered triangular ensembles have a pot-belly-shaped
hysteresis loop with a small coercivity and a large remanence [236–239]. In contrast, strongly
disordered ensembles were shown to have broad hysteresis loops with a large coercivity and a
large remanence.
Among the future research directions, it would be most interesting to incorporate magnetocrystalline and shape anisotropies of the MNPs into the existing model, since they are
always present in experiments to some extent. Local anisotropies become important in order
to establish a quantitative link between the theoretical and experimental hysteresis loops as
soon as they are comparable with the dipole interaction energy. In this case, they introduce an
additional source of disorder into the problem and can have a strong influence on the shape
of the hysteresis loops. In addition, the influence of structural disorder on dipole-coupled
magnetic nanoparticles is still an on-going research field with many open questions. In this
context, it would be exciting to see if it is possible to characterize the degree of disorder of
an ensemble in terms of its hysteresis loop. This would require to take a deeper and more
detailed look into the influence of structural disorder on the general shape of hysteresis loops,
for example, by calculating the first-order reversal curves (FORC), which reveal much more
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detailed information on the magnetic response than the simply hysteresis loops considered
here [242, 243]
From a more theoretical perspective, it would be fascinating to analyze how the different
catastrophes occurring in the ELs take place as a function of the applied magnetic fields.
Although a number of studies have been performed on the catastrophes induced in water
clusters by applying electric fields, no studies have been done so far concerning magnetic
nanostructures and magnetic fields [216, 230].

Chapter 6
Energy landscapes of other complex
two-dimensional ensembles of magnetic
nanoparticles
6.1

Introduction

Dipole-dipole interactions, which play an important role in the physical behavior of dense
two-dimensional ensembles of magnetic nanoparticles, are known to be very sensitive to the
details of the structural arrangement of the nanostructures [25, 26, 32, 33, 35, 37, 219, 220]. In
the previous chapters, several representative 2D lattice structures have been considered, namely,
the weakly disordered square and triangular lattices as well as randomly distributed particles.
We have shown that slightly disordered square and triangular ensembles of magnetic NPs are
good structure seekers, with unhindered fast relaxation dynamics, whereas strongly disordered
ensembles have very rugged energy landscapes and glasslike dynamics [26]. Although this
disorder induced transformation of the collective nanostructure behavior has many important
theoretical and experimental implications, it is still unclear to what extent these trends apply
or need to be refined in connection with other types of weakly disordered arrangements.
Consequently, it is important to generalize the considerations of the previous chapters in terms
of other lattice structures with different specific characteristics. It is the purpose of this chapter
to extend our investigations to the rectangular, orthorhombic, honeycomb and kagome lattices,
which, for the reasons given below, get particular theoretical and experimental attention.
The rectangular and orthorhombic lattices are translational invariant Bravais lattices as the
afore-discussed square and triangular cases. However, they are very different in an essential
point as they have a reduced C2 rotational symmetry. Therefore, unlike the periodic square
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and triangular arrangements, their ground state is not continuously degenerate [207]. Studying
them will allow us to clarify the role of the order-by-disorder effect on the ELs of weakly
disordered NP arrangements. The remaining honeycomb and kagome lattices have a different
translational symmetry. They are not Bravais lattices with a single atom in the unit cell. The
honeycomb lattice has two atoms in the unit cell and the kagome lattice three. Thus, we
should be able to explore the underlying translational symmetry on the EL and dynamics.
Moreover, these structures are very interesting from an experimental perspective because they
appear in two-dimensional structures and play an important role in applications like spin
ices [116, 117, 244, 245].
In general, this chapter has two main objectives. First, the formalism presented in the
previous chapters is extended to a broader set of lattices in order to characterize their energy
landscapes. Second, we investigate to what extent the good structure-seeking properties of the
square and triangular lattices are a consequence of the continuous degeneracy of the periodic
ground states and identify if other periodic lattices can show a similar behavior in the absence
of any continuous degeneracies.

6.2

Results and discussion

The results presented in this section concern weakly disordered ensembles of magnetic nanoparticles arranged according to different lattice structures and coupled by dipole-dipole interactions
in the limit of no local magnetic anisotropy. As in chapter 4, the considered ensembles are
modelled by considering N = 36 magnetic nanoparticles in a unit cell. Periodic boundary conditions are imposed within the plane in order to minimize finite-size open boundary effects. Each
particle has a radius r = 1.5 nm and an associated magnetic moment m ≃ 2.55 × 103 µB , which
corresponds to spherical Fe particles. For each studied lattice, the nearest-neighbor distance
d between the NPs is chosen in order that the surface coverage is always c = 0.3. Structural
disorder is introduced by randomly displacing the particles from their perfect-lattice positions
according to a Gaussian distribution with zero mean and standard deviation σd = 0.05 d. A
more detailed description of the nanostructure model and the used algorithms can be found in
chapters 3 and 4.

6.2.1

Rectangular lattice

A rectangular lattice is characterized by the two lattice constants: a shorter one a along the x and
a longer one b along the y-axis of the unit cell. In the ensemble investigated in this section, we
use a = 4.63 nm and b = 5.09 nm, which corresponds to an aspect ratio b/a = 1.1. Ensembles
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(a)

(b)

(c)

Fig. 6.1 Illustration of an elementary transition between the ground state (a) and an excited
state (c) through a transition state (b) of a weakly disordered rectangular ensemble having
N = 36 NPs in the unit cell. The ratio between the longer NN distance b along vertical lines
and the shorter NN distance a along horizontal lines is b/a = 1.1. In the metastable states
(a) and (c), the magnetic moments align in a head-to-tail configuration along the horizontal
axis x (shorter NN distance) with alternating directions along the vertical axis y (longer NN
distance). The transition corresponds to reversing the magnetic moments of a whole chain,
which is highlighted in yellow in (b).
with other aspect ratios (b/a = 1.05 − 1.5) have also been considered. Our calculations show
that larger aspect ratios do not lead to qualitative differences in the physical behavior but only
to a quantitative enhancement of the consequences of breaking the symmetry of the square
lattice.
Magnetic order and elementary transitions
Fig. 6.1 shows an example of an elementary transition between the ground state and a firstexcited state in a rectangular ensemble with b/a = 1.1. One observes that in the local minima
the magnetic moments form chains along the horizontal axis x having the shorter lattice
constant a < b. Fig. 6.1(a) shows that the ground state configuration consists of an antiparallel
arrangement of the chains whose orientation alternates as we move along the y direction.
The alternating magnetic moment directions are highlighted by the red and green colors in
Fig. 6.1. This magnetic configuration belongs to the continuous manifold of microvortex (MV)
configurations defining the ground state of perfectly periodic square lattices (see chapter 4 and
Ref. 33). The continuous degeneracy is broken in the rectangular lattice (b/a ̸= 1) and out of
the continuous MV manifold, only the antiferromagnetic configuration presented in Fig. 6.1(a),
and of course the one obtained by reversing all moments, remain stable.
In Fig. 6.1(c), the magnetic configuration of the first excited state is shown. It can be
obtained from the ground state by reversing the directions of all the magnetic moments of
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Fig. 6.2 Kinetic network of the weakly disordered rectangular ensemble illustrated in Fig. 6.1
having b/a = 1.1. The EL contains NLM = 68 local minima and NTS = 586 transition states.
The red circles indicate the two ground states and the orange circles indicate two excited states
which are at the center of smaller subgraphs. The thick black segments highlight the folding
funnels of the ensemble, i.e., the transitions which, starting from a given minimum, lead to a
minimum having a lower energy involving the smallest energy barrier
a single horizontal chain [compare Figs. 6.1(a) and (c)]. The physically relevant transition
state through which the reversal along the MEP takes place is shown in Fig. 6.1(b). With very
few exceptions, all higher excited states can be obtained in a similar fashion by reversing the
magnetic moments of additional chains. In fact, it is most interesting to note that the overall
number of local minima in all investigated rectangular ensembles is very close to 2L , which is
the number of distinct configurations one is able to obtain in a unit cell of linear dimensions
L by assuming that each chain along the shorter NN distance is replaced by an Ising-like
spin pointing either along the (1, 0, 0) or (−1, 0, 0) directions. In the present calculations, we
have L = 6. The number of local minima NLM is therefore very close to 26 = 64. We only
observe a very small number of metastable states with extremely high energies, which cannot be
constructed in this way (see, for example Fig. 6.3). The origin of these states is not understood
at present. It could be an artifact of the specific structural disorder of some particular ensembles.
In any case, they are irrelevant for the equilibrium and non-equilibrium properties since their
energy is much higher than the one of all the other LM.
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Kinetic networks
A detailed picture of the properties of weakly disordered rectangular ensembles is provided by
kinetic networks and disconnectivity graphs. In Fig. 6.3, the kinetic network is shown which
was obtained by taking into account the NLM = 68 local minima and NTS = 586 transition
states of the structural arrangement illustrated in Fig. 6.1. One observes that the transitions
of most excited states are directed either towards the two ground states, which are indicated
by red circles, or towards two additional excited states, which are indicated by orange circles.
This is demonstrated by the thick black segments in the network, which correspond to the
dynamically most relevant elementary transitions. As discussed in chapter 4, these are the
transitions which, for each local minimum, involve the smallest barrier and at the same time
lead to a local minimum with a lower energy.
Comparing with the kinetic networks of weakly disordered square and triangular ensembles
reveals a number of significant differences. For instance, the number of edges is very evenly
distributed among the nodes of the network. In fact, if we disregard the local minima with
very high energies, which do not correspond to Ising-like configurations, each local minimum
is connected to precisely L = 6 other local minima, which can be obtained from the initial
local minimum by reversing each of the L = 6 chains in the unit cell (see Fig. 6.1). In this
context, it is important to note that the actual number of transition states NTS = 586 is much
larger than what one would expect from these simple considerations alone. The large value of
NTS is a consequence of the fact that there are in general several mechanisms for reversing the
magnetization of a chain. Thus, whenever two metastable states are directly connected, they
usually do so through more than one transition state.
Summarizing so far, the kinetic networks of WD rectangular lattices resemble simple lattice
networks as the degree of each node in the network is nearly the same. In general, this type
of network does not correspond to fast dynamics because many elementary transitions are
required to relaxe from any given excited state towards the ground state [160, 161]. This
trend is confirmed by the fact that the average path distance d¯ = 3.0 of the kinetic network is
larger than the one of random graphs having the same number of nodes and edges (d¯ = 2.5).
Furthermore, there is a complete lack of hubs in the network. Consequently, one concludes that
WD rectangular ensembles do not exhibit small-world behavior, which is often observed in
good structure-seeking systems [26, 217].
Disconnectivity graphs
Further information on the properties of weakly disordered rectangular ensembles is provided
by the disconnectivity graph shown in Fig. 6.3. One observes that all low-lying configurations
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Fig. 6.3 Disconnectivity graph of the dipolar energy landscape of the weakly disordered
rectangular ensemble illustrated in Fig. 6.1. Notice the willow-tree-like form showing clearly
identifiable steps in the energy spectrum of metastable configurations, with a distinctive twofold degenerate ground state and groups of excited states with very similar energies. The
disconnectivity graph involves NLM = 68 local minima and NTS = 586 transition states.
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are remarkably stable. With the exception of a very small number of high-energy metastable
states, all LM are separated by energy barriers which are significantly larger than the energy
differences between the connected states. Moreover, there is a clear distinction between the
energies of the ground state and those of the various groups of excited configurations. Thus,
the disconnectivity graph shares many features with the willow-tree-like graph discussed in
Sec. 3.5 and Ref. 170.
Complex systems with similar energy landscape topologies are expected to exhibit a
funnelled relaxation towards their ground states as in good structure-seeking systems, although
only on potentially much longer time scales and at higher temperatures. This behavior has been
observed, for example, in C60 fullerenes [246–248]. Numerical experiments show that these
systems relax towards their ground states at a significant rate provided that the temperature is
large enough to allow overcoming the energy barriers [248, 249]. Nevertheless, the situation is
probably not as clearcut in weakly disordered rectangular ensembles of dipole-coupled MNPs.
In fact, the corresponding kinetic network indicates that the dynamics is not funnelled towards
a single state but towards four different states, which are separated from each other by a large
number of elementary transitions. Hence, while the dynamics within these subgraphs should
be comparable to the one observed in C60 fullerenes, the dynamics between the subgraphs
is expected to be slowed-down and not directed at all. This suggests that WD rectangular
ensembles are not simple good structure seekers. Further investigations including explicit
simulations of the relaxation dynamics as in chapter 4 are necessary for clarifying their
behavior.
In order to refine our general understanding of the properties of weakly disordered rectangular ensembles, we have developed the idea of associating an Ising spin i to each chain of
magnetic moments along the x direction corresponding to the shorter NN distance a. Thus, we
describe the EL of the nanostructure by means of the spin Hamiltonian
E = J ∑ Si Si+1 ,

(6.1)

i

where J > 0 is the coupling between adjacent chains and Si is the Ising spin describing the i-th
chain of the ensemble along the x direction, which can take the values Si = ±1. Considering
that in the present case i = 1, . . . , 6, the model predicts two degenerated ground states with the
energy E0 = −6J, 30 first-excited states with the energy E1 = −2J, 30 second-excited states
with the energy E2 = 2J, and 2 third-excited states with the energy E3 = 6J. Comparing with
the disconnectivity graph in Fig. 6.3 shows that the model reproduces the energy differences
between the different groups of local minima remarkably well. One concludes that the energy
spectrum of the metastable states of weakly disordered rectangular-lattice ensembles is indeed
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Table 6.1 Ising exchange constant J for weakly disordered rectangular ensembles having
different aspect ratios a/b as obtained by fitting the calculated energies of the local minima in
the ELs [see Eq. (6.1)].
Aspect ratio
Ising exchange

b/a
J

1.05
1.94

1.10
1.50

1.20
0.96

1.50
0.20

very well captured qualitatively by a simple Ising model. In this context, it is important to keep
in mind that the degeneracies predicted by Eq. (6.1) are naturally lifted by the dipolar stray
fields and the structural disorder. Nevertheless, these energy differences remain much smaller
than J in weakly disordered rectangular ensembles (see Fig. 6.3).
The model allows us to understand qualitatively how the behavior of rectangular ensembles
changes as the ratio b/a increases. In Tab. 6.1, the fitted values of J are shown for weakly
disordered rectangular ensembles having aspect ratios between b/a = 1.05 and b/a = 1.5.
The results show that the coupling between neighboring chains weakens as the aspect ratio
increases, which reflects the decrease of dipole-dipole interactions between the chains as the
distance between them increases. Furthermore, the reduction of J causes the energy differences
between the local minima to decrease since they primarily depend on this coupling. In the limit
of very large b/a ≫ 1, the individual chains along the x axis behave nearly independently from
each other with all local minima having similar energies.

6.2.2

Orthorhombic lattice

In contrast to a rectangular lattice, all NN distances a are the same in an orthorhombic lattice.
However, the angle ψ between adjacent NN bonds is no longer equal to π/2. In this section,
we investigate the consequences of orthorhombic distortions on the magnetic behavior of NP
ensembles. To this aim, we consider a system consisting of N = 36 magnetic nanoparticles
located on the nodes of a slightly disordered orthorhombic lattice having the angle ψ = 5π/12,
which lies between the value corresponding to the square lattice (ψ = π/2) and the value in
the triangular lattice (ψ = π/3). The lattice constant is a = 4.94 nm, which ensures that the
particle coverage is c = 0.3 as in the other considered structures.
Magnetic order and elementary transitions
In Fig. 6.4, an elementary transition between the ground state and first excited state of the
considered weakly disordered orthorhombic ensemble is illustrated. The ground state (a) has
a ferromagnetic order similar to the ground state found in triangular lattices. This contrasts
sharply with the square and rectangular lattices, where the lowest-energy configuration is
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Fig. 6.4 Illustration of an elementary transition between the ground state (a) and an excited state
(c) through a transition state (b) in a weakly disordered orthorhombic ensemble (ψ = 5π/12)
having N = 36 MNPs in the unit cell. In the ground state (a), the magnetic moments align
parallel to each other along the long diagonal of the orthorhombic lattice. The first excited
state (c) is obtained from the ground state by rotating the moments of a single NN chain such
that they align along the short diagonal instead. The elementary transition corresponds to the
coherent reversal of the magnetic moments of the whole NN chain as can be seen in (b) and (c).
either a microvortex state or an alternating arrangement of head-to-tail-aligned chains (see
Figs. 4.1 and 6.1). However, the ground state of orthorhombic lattices is not continuously
degenerate with respect to the orientation of the magnetization, as in the perfectly periodic
triangular lattices. The degeneracy is lifted as soon as ψ ̸= π/3 (ψ ̸= π/2), since this removes
the C6 (C4 ) rotational symmetry of the periodic triangular (square) lattice [26, 211, 212]. In
our calculations, the magnetic moments align preferentially along the long diagonal of the
orthorhombic lattice (see Fig. 6.4). The low-energy excited states (c) can be obtained from the
ground state by rotating coherently all the magnetic moments of one column or row by an angle
∆ψ such that they align approximately with the direction of the short diagonal of the lattice.
This behavior is similar to what we observe in rectangular lattices, since the magnetic moments
of all NPs, which do not belong to the rotating chain, remain essentially unchanged throughout
the MEP connecting the two local minima. This contrasts with the behavior observed in
the highly symmetric square and triangular lattices, where the elementary transitions usually
involve a collective rearrangement of all magnetic moments in the unit cell [26, 32].
The orthorhombic distortion allows us to continuously connect the triangular C6 -symmetric
with the square C4 -symmetric NP arrangements. Indeed, as we increase the value of the angle
ψ gradually from ψ = π/3 to ψ = π/2, i.e., if we gradually move from a triangular ensemble
towards a square ensemble, we observe that the ground-state magnetic order changes from
ferromagnetic-like to microvortex-like approximately at ψ ≈ 1.4.
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Fig. 6.5 Kinetic network of the weakly disordered orthorhombic ensemble, which is illustrated
in Fig. 6.4. Each grey segment represents one or multiple elementary transitions between two
local minima connected through one or multiple first-order saddle points. The two degenerate
ground states are indicated by red circles. The thick black segments highlight the folding
funnels of the ensemble, i.e., the transitions which, starting from a given minimum, lead to a
minimum having a lower energy and involving the smallest energy barrier.
Kinetic networks
As in the previous section, it is necessary to investigate the kinetic networks and disconnectivity
graphs of weakly disordered orthorhombic ensembles in order to refine our understanding of
the energy landscape topology of these nanostructures. Fig. 6.5 shows the kinetic network
corresponding to the nanostructure illustrated in Fig. 6.4, which consists of NLM = 310 local
minima and NTS = 1338 transition states. One observes that the ground states are at the center
of the networks, with the excited states all being funnelled towards them. This is clearly
demonstrated by the black segments of the graph, which correspond to the thermodynamically
most relevant transitions. Notice, moreover, that the network is divided in two subnetworks,
which are defined by the ground state that dominates them. This is usually an indication of a
clear separation of the relaxation time scales characterizing the dynamics of the system since
the relaxation within each subnetwork is expected to be much faster than the relaxation between
the subnetworks.
As a further step in our analysis we would like to investigate whether the networks of
orthorhombic ensembles show small-world properties. For this purpose, we compare the
average path distance d¯ and transitivity C of the kinetic network of Fig. 6.5 with those obtained
for a random graph having the same number of nodes and edges. For the orthorhombic ensemble,
we obtain d¯ = 3.0 and C = 0.1, while in the case of the random graph we obtain d¯ = 2.9 and
C = 0.0. We see that the average path distance is slightly larger and that the transitivity is
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much larger in the kinetic network of the weakly disordered orthorhombic ensemble. This
complicates the assessment of small-world behavior as one would usually expect a smaller value
of d¯ for a small-world network in comparison with a random graph. In addition, the hub-like
structure of the network is not as pronounced as in weakly disordered square and triangular
ensembles. The calculated connectivity density ρc = 0.15 of the ground state is significantly
smaller than in the square (ρc = 0.35) and triangular ensembles (ρc = 0.42) [26]. Therefore,
we conclude that the network of the considered orthorhombic ensemble is a borderline case.
Further studies are required including multiple realizations and larger systems before we can
safely conclude whether the networks of stationary points exhibit small-world properties.
Disconnectivity graphs
A complementary perspective to the ELs is provided by the disconnectivity graph shown in
Fig. 6.6. One observes two large and distinct funnels, which reflect the time inversion symmetry
of the system, i.e., the invariance of the energy upon reversal of all NP moments. The two-fold
degenerate ground state lies at the bottom of each funnel. It is surrounded by relatively large
energy barriers of about 8 meV and is significantly more stable than any excited configuration.
For the most part, the two funnels correspond to the two large subnetworks of the kinetic
network shown in Fig. 6.5. The downhill energy barriers, i.e., the barriers for transitions from
the excited states towards the ground state belonging to the same funnel, are relatively small
and in the range ∆E = 1 − 5 meV. In contrast, the energy barrier between the two degenerate
ground states is much larger, approximately ∆E ≈ 18 meV. This indicates that the relaxation
dynamics within each subnetwork or funnel is significantly faster than the relaxation dynamics
between the two subnetworks, as already mentioned in the analysis of the corresponding kinetic
network. This should result in a clear separation of the two relaxation time scales.
The DG of the orthorhombic ensemble (Fig. 6.6) is an example of what is usually known as
double-funnel energy landscape [250]. The large energy barrier between the two symmetric
funnels might seem surprising, since it is not observed in any of the limiting high symmetry
situations, namely, the WD square and triangular ensembles. Let us recall that orthorhombic
ensembles interpolate between these two cases in terms of the lattice structure. To clarify the
origin of this behavior, we consider the perfectly periodic triangular lattice in more detail. We
know that each ferromagnetic-like arrangement of the NP moments in the triangular lattice has
the same energy. They all belong to the continuously degenerate ground-state manifold [211].
However, even though all FM configurations have the same energy, the local topography of the
energy landscape can be different in the vicinity of different configurations, i.e., for different
orientations of the sample magnetization within the nanostructure plane. Configurations
with comparatively small local curvatures are usually stabilized, if the initial symmetry of
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Fig. 6.6 Disconnectivity graph of the slightly disordered orthorhombic ensemble illustrated in
Fig. 6.1. This disconnectivity graph consists of NLM = 310 local minima and NrmT S = 1338
transition states. It is an example of a double-funnel energy landscape.
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the lattice is broken, whereas configurations with comparatively large local curvatures are
destabilized [33, 37]. In the case of triangular ensembles, we found that the local curvatures
are minimal when the magnetization M points along the second-nearest neighbor bonds (long
diagonal), while it is maximal, when M points along the first-nearest neighbor bonds (short
diagonal). Therefore, breaking the symmetry of the triangular arrangement generally leads to a
stabilization of the FM configurations having M along a long diagonal of the lattice and to a
destabilization of the configurations, where M points along a short diagonal.
The C6 symmetry of the triangular lattice is broken by an orthorhombic lattice. If the
deviation ∆ψ = |ψ − π/3| of the angle between the bonds with respect to the triangular
lattice is small, the ground state is still ferromagnetic. However, it is no longer continuously
degenerate. In fact, one observes a continuous energy distribution of the collinear FM states
depending on the orientation of the magnetization within the nanostructure plane. In Tab. 6.2,
the energy of the FM ground state E0 and the energy difference ∆E between the ground state
and the FM state with the highest energy are given for orthorhombic ensembles with different
∆ψ. We observe that E0 is not much affected by the value of ∆ψ, provided that ∆ψ is small
(E0 ∝ ∆ψ 2 ). In contrast, although ∆E = 4.63 meV is relatively small for ∆ψ = 0.01, one
reaches ∆E = 32.81 meV already for ∆ψ = 0.08, which is larger than any energy barrier in the
whole EL (see, for instance Fig. 6.6).
The above illustrated change of behavior of the FM manifold as a function of ∆ψ has farreaching consequences. If ∆ψ is very small, the energy barrier associated to a uniform coherent
rotation of M keeping the FM order is small. Therefore, direct transitions between the ground
states, which have opposite M, are possible within the FM manifold. This results in extremely
funnelled disconnectivity graphs in agreement with the behavior observed in WD square and
triangular ensembles. However, as ∆ψ increases, this coherent-rotation mechanism becomes
energetically very disadvantageous because of the drastic increase of ∆E. Other relaxation
mechanisms become much more important. In the case of orthorhombic ensembles (e.g.,
for ∆ψ = π/12 ≈ 0.26), magnetic rearrangements involving multiple non-collinear transition
states and intermediate local minima become the main pathways for the relaxation between
the ground states. However, they also involve significant energy barriers, which explains the
observed double-funnel energy landscapes (see Fig. 6.6).
Preliminary results on orthorhombic ensembles having larger unit cells indicate that the
energy barrier between the two funnels increases weakly as a function of the system size.
Therefore, ergodicity breaking seems possible in the thermodynamic limit, where the separating
energy barrier cannot be overcome on experimental time scales. Further research is required in
order to confirm these trends. In general, WD orthorhombic ensembles having a not too small
∆ψ show many similarities with a conventional ferromagnetic material, since they exhibit a
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Table 6.2 Ground-state energy E0 and energy difference ∆E between the ground state and the
highest-energy ferromagnetic state for different perfectly periodic orthorhombic ensembles.
The ensembles are characterized by the difference ∆ψ = ψ − π/3 between the angle ψ in the
orthorhombic ensemble and the one corresponding to a periodic triangular ensemble.
∆ψ × 102
E0 (meV)
∆E (meV)

0
-277.25
0.00

1
-277.21
4.63

2
-277.09
10.93

4
-276.61
16.20

6
-275.86
23.03

8
-273.4
32.81

strong ferromagnetic order at low temperatures as a consequence of being trapped in one of the
two funnels. Starting from one of the ground states and increasing the temperature, excited
magnetic configurations within this one funnel get populated. This results in a decrease of the
ferromagnetic order, since the magnetic moments of the excited states are not all parallel as
in the ground state (see Fig. 6.4 and also Fig. 6.6). Finally, the temperature is large enough
to allow transitions between all low-lying magnetic states including the two funnels. The
ergodicity is restored and the average magnetization vanishes.

6.2.3

Honeycomb lattice

In contrast to the two previously discussed ensembles, the honeycomb (hexagonal) lattice is
not a simple Bravais lattice, as it has two sites (MNPs) in its unit cell. Many types of molecules
and atoms arrange on surfaces in a honeycomb lattice, for example, graphene which is an
important current research topic [244]. Since the perfectly periodic honeycomb lattice has a C3
rotational symmetry with respect to the particle positions, an ensemble of dipole-coupled MNPs
also exhibits a continuously degenerated ground state, as the square and triangular ensembles
discussed in chapter 4 [26, 33, 207, 218].
Ground-state magnetic order
In Fig. 6.7, the magnetic ground state configuration of a weakly disordered honeycomb MNP
ensemble is illustrated. Here, we also show, for the sake of comparison, the magnetic unit
cell of the corresponding perfectly periodic lattice [33]. It is defined as the smallest possible
substructure, which allows to represent, using periodic boundary conditions, the full ground
state arrangement of magnetic moments in a honeycomb lattice. The magnetic unit cell is
composed of 13 sites forming 3 hexagons whose centers form an equilateral triangle [see
Fig. 6.7(b)]. The ground state magnetic order can be pictured as a head-to-tail clockwise
rotating arrangement of magnetic moments on one hexagon in the unit cell [the right hexagon
in Fig. 6.7(b)], a counter-clockwise arrangement of magnetic moments in another hexagon
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Fig. 6.7 (a) Magnetic ground configuration of a weakly disordered honeycomb ensemble having
N = 36 magnetic nanoparticles in the unit cell. The nearest-neighbor distance is d = 4.26 nm,
the particle coverage is c = 0.3 and the structural disorder is σr = 0.05. (b) Smallest possible
unit cell allowing to represent the continuously degenerate magnetic ground state of periodic
honeycomb ensembles [33]. This is usually referred to as the magnetic unit cell of the system
[the top-left one in Fig. 6.7(b)] and an antiferromagnetic arrangement of the NP moments,
where three of them point towards the center of the hexagon and three point in the opposite
direction [see bottom-left hexagon Fig. 6.7(b)]. The remarkable magnetic configuration, which
has a vanishing net magnetization, is analogous to the microvortex state, which defines the
continuously degenerate ground state of the square lattice (see chapter 4).
In case of a perfectly periodic honeycomb ensemble, the continuously degenerate ground
state is defined by the angles
ϕi = {ψ + 2π/3, −ψ + 2π/3, ψ, −ψ, ψ − 2π/3, −ψ − 2π/3},

(6.2)

where ϕi is the azimuthal angle defining the in-plane direction of magnetic moments located
at the site i (i = 1, . . . , 6) of the six different sites of the magnetic unit cell of the honeycomb
lattice, as labelled in Fig. 6.7(b). The manifold of continuously degenerate ground states is
obtained by rotating the magnetic moments of even and odd i by the same angle ψ in opposite
directions. Notice the analogy with the MV ground state of the square lattice. The continuous
degeneracy is broken by the slightest degree of structural disorder. In this case only one
(excluding time-inversion symmetry) or a few specific values of ψ are stabilized by maintaining
the long range order of the magnetic configuration. This holds as long as the structural disorder
is not too strong. In this context, it is important to mention that different weakly disordered
arrangements stabilize different values of ψ. However, we observe that these are usually close
to
π
ψn = n
with n = 0, 1, . . . , 5,
(6.3)
3

134

Energy landscapes of other complex two-dimensional ensembles of MNPs

Fig. 6.8 Kinetic network of a slightly disordered honeycomb ensemble, which is illustrated
in Fig. 6.7(a). The kinetic network is made of NLM = 150 local minima and NTS = 600
transition states. The two degenerate ground states are indicated by red circles. The black
segments indicate the transition of each local minima having the largest transition rate while
simultaneously resulting in a decrease of energy.
since these directions correspond to the ground state configurations having the largest local entropy (smallest local curvature) [33]. The fact that there are 6 preferred angles is a consequence
of the symmetry of the honeycomb lattice.
Kinetic networks
The kinetic network of the ensemble illustrated in Fig. 6.7 is shown in Fig. 6.8. It consists of
NLM = 150 local minima and NTS = 600 transition states. One observes that the ground states
are at the center of the network and that the dynamically dominant transitions starting from any
excited state lead towards them, as indicated by the segments that are highlighted in black in
Fig. 6.8. Therefore, the thermally-activated relaxation dynamics in WD honeycomb ensembles
is expected to be simple and relatively fast. From this perspective, the ELs of honeycomb
ensembles share their main characteristic with the ELs of the weakly disordered square and
triangular ensembles studied in chapter 4.
The average distance in the kinetic network shown in Fig. 6.8 is d¯ = 2.6, which is smaller
than the average distance of a random graph having the same number of nodes and edges
(d¯ = 3.1). The transitivity C of the network amounts to C = 0.12 and is thus larger than the
transitivity observed for the corresponding random graph (C = 0.04). Moreover, the ground
states have very large local connectivity densities ρc = 0.41, which implies that they are
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large hubs of the network. Therefore, one concludes that the kinetic networks of weakly
disordered honeycomb ensembles show small-world behavior similar to the networks of other
good structure-seeking systems, such as weakly disordered square and triangular ensembles of
dipole-coupled MNPs, magic number clusters, and good folding proteins [26, 171–174, 213–
216].
Disconnectivity graphs
An important complementary perspective to the EL topology is provided by the disconnectivity
graph shown in Fig. 6.9. One easily recognizes the two-fold degenerate ground state and
the two first excited LM. All other LM lie at a significantly higher energy and are separated
from the lower LM by relatively small downhill energy barriers. Overall, the disconnectivity
graph resembles a palm-tree-like graph, showing strong similarities with the graphs found
for weakly disordered square and triangular lattices (see chapter 4). These results confirm, as
already indicated by the kinetic network, that weakly disordered honeycomb ensembles are
good structure seekers and that they have many properties in common with weakly disordered
square and triangular ensembles.
The results discussed in this section reinforce the general idea that the good structure seeker
behavior of dipole-coupled MNPs in WD square and triangular ensembles—and now also in
WD honeycomb ensembles— are intimately related to the continuous degeneracy of the ground
state of the corresponding perfectly periodic lattices. Indeed, we have shown that when the
point-group symmetry conditioned continuous degeneracy is lifted by weak structural disorder,
the singled out ground state and some low-energy metastable states have very large basins of
attraction. This results in an energy landscape topology, which is centered around the ground
states, and where any high lying local minimum is connected to the ground state through a very
small number of transition states involving relatively small downhill barriers. Consequently,
one expects to observe unhindered and fast relaxation dynamics in these systems without any
significant form of trapping as is likely to be found in strongly disordered ensembles or even in
WD rectangular and orthorhombic NP arrangements (see Sec. 6.2.1 and 6.2.2).

6.2.4

Kagome lattice

As a final example of MNP arrangements, we investigate the emblematic kagome lattice,
which is currently the subject of particularly intense research activity [22, 176, 251, 252].
These nanostructures are of considerable interest in the field of spin ices since they provide
an experimental realization of geometrically frustrated nanomagnetism [116, 117, 245]. A
geometrically frustrated system is characterized by the impossibility of taking optimal advantage
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Fig. 6.9 Disconnectivity graph of the weakly disordered honeycomb ensemble illustrated in
Fig. 6.7(a). The graph involves NLM = 150 local minima and NTS = 600 transition states.
Notice the palm-tree structure, which is characteristic of good structure-seeking systems [170].
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Fig. 6.10 Illustration of an elementary transition between the ground state (a) and an excited
state (c) through a transition state (b) in a weakly-disordered kagome ensemble having N = 36
MNPs in the unit cell.
of all interactions at the same time. While structural disorder is often a reason for the emergence
of frustration and spin-glass-like behavior, it is also possible that frustration takes place in
certain geometric arrangements which are highly regular. In this context, the name spin ice
originates from the fact that water ice is one of the first systems in which geometric frustration
and the associated residual entropy have been detected [253, 254]. In the hexagonal Ih phase
of water ice, oxygen atoms are at the center of tetrahedra with 4 hydrogen atoms along the
lines going from the center of the tetrahedra (the O position) to the vertices. Since the structure
of the fundamental H2 O molecules needs to be preserved (or nearly preserved), each O can
(and must) establish strong short OH bonds with only two of its surrounding H atoms. The
other two H atoms must stay further apart (and form short bonds with other O in the lattice).
This is usually denoted as the ”two-in, two-out” rule, which can also be observed in some
spin ices [255, 256]. It is an example of geometric frustration since only part of the available
interactions can take the optimal value simultaneously. At the same time, frustration means that
there are multiple physical configurations possible which yield the lowest energy—in the case

of water ice 42 = 6 for one tetrahedron. This leads to remarkable entropic, dynamical and even
quantum mechanical effects, which render geometric and in particular magnetic frustration
subjects of fundamental importance.
Magnetic order and elementary transitions
In this section, we investigate the energy landscape of N = 36 magnetic NPs located at the
nodes of a weakly disordered kagome lattice. In Fig. 6.11, an elementary transition between the
magnetic ground state and one of the low-lying excited states is illustrated. As already observed
in dipole-coupled systems in general, the NP moments tend to adopt head-to-tail arrangements
in the low energy magnetic configurations. Notice, that in the kagome lattice, each NP belongs
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Fig. 6.11 Kinetic network of a weakly disordered kagome ensemble, which is illustrated
in Figs. 6.10. The kinetic network is made of NLM = 2468 local minima and NTS = 9778
transition states. The two degenerate ground states are indicated by red circles. The black
segments indicate the transition of each local minima having the largest transition rate while
simultaneously resulting in an overall decrease of energy.
to two of three different possible infinite 1D chains, one of them being horizontal in Fig. 6.10
and the other two forming π/3 and 2π/3 angles with the horizontal ones. Clearly, the NP
moments cannot achieve a perfect head-to-tail arrangement along all chain directions at the
same time. A compromise needs to be made in order to cope with this magnetic frustration,
which results in a multitude of metastable configurations with comparable energies.
In general, the low-lying local minima show clear, although not maximal ferromagnetic
correlations along the NN chains [219, 220]. For example, in the ground state of Fig. 6.10, the
average angle between the NN moments and the chain directions is about 0.2π. The low-lying
excited configurations are obtained by reversing the magnetization direction of one of the
chains in the ground-state configuration. The MEP describing the actual physical reversal
mechanism corresponds in most cases to a coherent rotation of all the magnetic moments along
the spin-flipping chain. Monte Carlo simulations of the periodic kagome lattice show that the
ground state is six-fold degenerate [219], which is consistent with the point-group C3 symmetry
of the lattice with respect to the center of the triangles of the NNs.
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Kinetic networks
In order to refine our understanding of the magnetic behavior of weakly disordered kagome
ensembles, we have determined the corresponding kinetic networks and disconnectivity graphs.
In Fig. 6.11, the kinetic network of the NP ensemble illustrated in Fig. 6.10 is shown. It
consists of NLM = 2486 local minima and NTS = 9778 transition states. This contrasts all
previously studied weakly disordered MNP ensembles and is most striking. It provides a first
clear indication of the remarkable richness of the physics accompanying magnetic frustration.
Since the structural disorder is weak, this imposing increase in NLM and NTS is a consequence
of the underlying lattice structure and its geometric frustration. The kinetic network contrasts
all previously studied WD ensembles not only those studied in this chapter but also the WD
square and triangular ensembles investigated in chapter 4 and Ref. 26. The ground states of the
system are not at the center of the kinetic network and the dynamically dominant transitions
are not funnelled towards them. Instead, any relaxation dynamics seems to be highly complex,
more akin to the strongly disordered ensembles investigated in chapter 4. Nevertheless, notice
that the kinetic network shown in Fig. 6.11 does not fall into poorly connected subnetworks
as the KNs of strongly disordered ensembles (compare Figs. 4.4 and 6.11). Consequently,
although we definitely expect the relaxation dynamics of weakly disordered kagome lattices to
be significantly slower than in the other studied weakly disordered ensembles, possibly even
involving multiple times scales, we do not see, at least in the KN of the so far considered
examples, the signs of a possible ergodicity breaking that we have systematically found in the
case of strongly disordered ensembles (see Sec. 4.3).
The calculated average path distance of the kinetic network of Fig. 6.11 is d¯ = 4.9 and the
transitivity C = 0.1. For comparison, the results for random graphs, having the same number
of nodes and edges, are d¯ = 4.3 and C = 0.0. Moreover, the local connectivity density of the
ground states is ρc = 0.02, which indicates that neither the ground state nor any other excited
state are hubs. Hence, we conclude that the networks of WD kagome ensembles do not exhibit
small-world properties. Also in this regard they are similar to the strongly disordered MNP
ensembles and quite different from the other weakly disordered ensembles.
Disconnectivity graphs
In Fig. 6.12, the corresponding disconnectivity graph is shown. One can see that the low-lying
local minima are divided in two large subgraphs each being the spin-reversed or time-reversal
symmetric of the other. The two subgraphs are separated by a relatively large energy barrier
∆E ≈ 15 meV. These values are similar to those observed in orthorhombic ensembles. However,
in contrast to orthorhombic ensembles, the kagome ensemble shows multiple local minima at
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Fig. 6.12 Disconnectivity graph of the weakly disordered kagome ensemble which is illustrated in Fig. 6.10 having N = 36 MNPs in
the unit cell. The total number of local minima and transition states are NLM = 2468, respectively, NTS = 9778.
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the bottom of each subgraph having similar low energies and which are separated from each
other by energy barriers that are much larger than their energy differences. Consequently, the
corresponding relaxation dynamics in these systems is expected to not only be slowed down by
small rates involved in transitions between the spin-reversal-connected subgraphs but also by
the dynamics within each of the subgraphs, which should become progressively slower as the
time passes, since the energy barriers surrounding the metastable states increase as their energy
decreases (see Fig. 6.12).
These results of Fig. 6.12 confirm that the dynamics in WD kagome ensembles should be
more complex and slower than the dynamics of all the other weakly disordered ensembles,
which we have investigated so far. Combined with the kinetic networks (Fig. 6.11), the
disconnectivity graph indicates that WD kagome ensembles probably exhibit to some degree
trapping, as well as other complex non-equilibrium behaviors (e.g., time and memory dependent
relaxation times, nonmonotonous approach to equilibrium, etc.), which reminds us of strongly
disordered ensembles. However, while the studied kagome ensemble shares many features with
the strongly disordered ensembles studied in chapter 4, its disconnectivity graph and kinetic
network appear to be simpler, more organized and less diverting than what we observe when the
MNPs are distributed randomly over the nanostructure plane. For example, we have not seen
so far in the kagome arrangement a tendency to ergodicity breaking but rather the presence of
two distinct symmetry related metabasins in the EL. Numerical studies on larger WD kagome
systems could change this assessment, at least to some extent. Further systematic investigations
need to be carried out to clarify these important questions.

6.3

Conclusion

In this chapter, the energy landscapes of dipole-coupled magnetic nanoparticle ensembles
having weakly disordered rectangular, orthorhombic, honeycomb, and kagome lattice structures
have been explored. We have shown that these different, although all nearly periodic, arrangements have qualitatively vastly different energy landscapes, which defy any generalizations.
In the case of the weakly disordered rectangular ensemble, we found it difficult to infer the
dynamical behavior simply on the basis of kinetic networks and disconnectivity graphs. While
the results provide new insights, further research is required to draw more definite conclusions.
In fact, the disconnectivity graph was found to be willow-tree-like, which would in principle
point to a good structure-seeking behavior. However, the corresponding kinetic network
indicated that the dynamics is not necessarily funnelled towards the ground states, as one would
actually expect in a good structure seeker. The calculations on weakly disordered orthorhombic
ensembles revealed a double-funnel energy landscape. This means that the local minima
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can be unambiguously assigned to one of the two distinct groups or metabasins, the funnels,
which are separated by a larger barrier. As a consequence, the relaxation dynamics takes place
unhindered within each funnel but the approach to global equilibrium is significantly slowed
down in comparison, for example, with weakly disordered square or triangular ensembles. In
contrast, in the case of weakly disordered honeycomb ensembles, we find strong indications
for a good structure-seeking behavior similar to what we observe in weakly disordered square
and triangular ensembles. In WD honeycomb ensembles, there is only one funnel in the
disconnectivity graph with small downhill energy barriers, and the associated kinetic network
exhibits small-world behavior. Finally, we studied a weakly disordered kagome ensemble,
where by the nature of the NP arrangement, exciting effects resulting from the interplay between
magnetic frustration and structural disorder were expected. Indeed, we have shown that the
energy landscapes of WD kagome ensembles are by far more complex than the ELs of all other
WD ensembles, which have been investigated so far. Here, we find several similarities with the
ELs of strongly disordered MNP ensembles. For instance, the kinetic network of the kagome
ensemble does not exhibit small-world behavior and the disconnectivity graph shows many
low-energy local minima which are separated by large energy barriers. This should result in
slowed-down dynamics. One concludes that this singular behavior is a consequence of the
presence of geometric frustration and disorder.
A very important conclusion, which has been drawn from the results of this chapter, is
that the good-structure-seeking properties of the slightly disordered square, triangular, and
honeycomb ensembles are, as was already suggested in chapter 4, a consequence of the
continuous ground state degeneracy in the corresponding unperturbed lattices. In fact, none of
the other weakly disordered lattices, which lack this continuous degeneracy, shows a similar
behavior. Our analysis shows that the point-group symmetry of the periodic case and the
resulting continuous ground state degeneracy are at the origin of the huge basins of attraction
of the two-fold degenerate ground states, which are singled out once disorder is introduced.
This results in kinetic networks that are both centered around and funnelled towards the ground
states, thus resulting in a good structure-seeking behavior. Moreover, as another consequence
of the continuous ground state degeneracy, the energy barrier between the two ground states
is relatively small. Finally, our results demonstrate that geometrical arrangements with C2
rotational symmetry do not result in palm-tree-like energy landscape topologies, which are
usually observed in good structure-seeking systems. This is consistent with group theory, which
requires a higher symmetry (for example, Cn with n ≥ 3) in order to obtain a continuously
degenerate ground state of dipole-coupled magnetic moments. It would be quite interesting
to extend the investigations to three-dimensional lattices, where a broader variety of highsymmetry structures is available.
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To close this chapter, it is worth noting how remarkable and even surprising it is that a
pretty simple system consisting of magnetic dipoles shows such a wide variety and richness of
physical behaviors, as revealed by their underlying energy landscape and the associated static
and dynamical properties. The possibility of manipulating theoretically and experimentally the
MNP arrangements allows a direct comparison, not only between different energy landscape
topologies, but also between the associated dynamics and thermodynamics under essentially
very similar conditions. Moreover, these systems are also very helpful as benchmarks for
numerical optimization algorithms, since they are relatively undemanding from a computational
perspective and still offer a large variety of different physical behaviors. Therefore, they are
quite useful for evaluating and improving optimization algorithms on the one hand, and
algorithms for sampling energy landscapes and computing the thermodynamic properties on
the other hand.

Chapter 7
Exploring the scope of transition-state
theory in magnetic nanostructures
7.1

Introduction

Transition-state theory plays a vital role in the investigation of the dynamical properties of
a large variety of complex systems including countless biological, chemical, and physical
phenomena [192, 257–265]. As already explained in Sec. 3.6.1, canonical transition-state
theory is based on four fundamental assumptions [185]:
i) The potential energy surface does not change during an elementary transition. In other
words, the microscopic configuration of the system defines its energy fully and there are
no time-depending interactions such as fluctuating external magnetic fields.
ii) The microscopic dynamics of the system follows a classical deterministic equation
of motion. In the case of magnetic systems, the Landau-Lifshitz-Gilbert equation is
usually employed (see Sec. 2.6). An alternative would be the Landau-Lifshitz-Bloch
equation [266].
iii) The typical time between two successive elementary transitions, each of which involves
one pair of metastable states (LM and its basin of attraction) separated by a single
saddle point, is always long enough for the system to reach local thermalization in the
intermediate metastable state. This not only implies that the elementary transitions are
rare processes but also that successive transitions between neighboring local minima are
always occurring independently from each other. Notice that this excludes situations in
which the occurrence of a first elementary transition, however rare, triggers the occurrence
of further dynamically correlated transitions.
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iv) Each trajectory that reaches the dividing surface between the initial reactant and final
product state is a reactive trajectory. This means that each time a microscopic trajectory
reaches the hypersurface dividing the two basins of attraction with a nonvanishing
velocity component in the direction of the product state, the subsequent dynamics will
necessarily lead to a thermalized state within the basin of attraction of the product state,
without any recrossings of the dividing surface.
The first two assumptions are usually satisfied in most theoretical studies and therefore
rarely pose a problem for applications. In contrast, the third and fourth hypothesis are much
more restrictive and often not completely fulfilled. In practice, it can take a considerable effort
to test their validity and to quantify the possible consequences when they are not quite satisfied.
In fact, it is known that the third assumption does not apply to systems where the friction
or other forms of damping are small. Multi-barrier transitions might occur in these cases,
in which more than a single transition state is crossed before thermalization sets in. Despite
the fundamental importance of the problem, very little is known about such effects and their
consequences in magnetic systems [267, 268].
Concerning the fourth assumption, it is known to be responsible for an overestimation of
the transition rates obtained in TST, since recrossing trajectories at the dividing surface are
frequent events in many situations to the point that in some cases recrossings take place in the
majority of trajectories reaching the dividing surface [186, 269–272]. From this perspective,
the transition rates obtained by using TST should be considered as an upper bound for the true
transition rates [189]. The performance of TST can be improved in this regard by introducing a
transmission coefficient η ∈ [0, 1], which incorporates the finite probability of recrossings at
the dividing surface. It is defined by
k ji = η kTjiST ,

(7.1)

where k ji is the true transition rate between the metastable states i and j, and kTjiST is the rate
obtained from transition-state theory. A number of numerical methods have been developed in
order to approximate η, among which variational transition-state theory (VTST) and forwardflux sampling are the more frequently used ones [273–275]. Unfortunately, both methods are
quite time consuming and are therefore predominantly applied to one or a few specific and
particularly relevant elementary transitions. Even plain TST can be very time consuming and
difficult to implement in complex and high-dimensional energy landscapes, where numerous
attraction basins and transition states come into play. In such cases, the harmonic approximation
to TST is primarily used for calculating the rates, which only requires the knowledge of local
properties of the EL at the minima and adjacent first-order saddle points (see Sec. 3.6.1). This
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is an extremely efficient approach from a numerical perspective, since it avoids any detailed
sampling of the EL within the basins of attraction and dividing surfaces [276].
Harmonic transition-state theory (HTST) has been used in previous chapters as the primary
tool for calculating the transition rates among the LM of MNP ensembles. Hence, it is of
considerable interest to achieve a better understanding of the goals and limitations of HTST
in the context of magnetism. At present, very little is known about the performance of HTST
in magnetic systems, where the dynamics is governed by the first-order LLG equation. In
fact, the vast majority of HTST studies concern molecular systems in which the dynamics
follows Newton’s equation or modifications thereof. For this purpose, we compare the dynamics
predicted by HTST with the rigorous microscopic dynamics obtained from the LLG equation for
a very simple benchmark system: a monodomain magnetic nanoparticle with cubic anisotropy.
This model can, for example, be used to describe octahedral Co6 clusters qualitatively [277].
This is an extremely simple magnetic system, since it only involves two degrees of freedom
and has a highly symmetric energy landscape. On the one hand, this allows us to perform a
very thorough sampling of the microscopic trajectories at a low computational cost. On the
other hand, however, the PES is certainly not representative of the more complex many-body
magnetic systems that we have investigated in previous chapters. Hence, the results obtained in
this chapter may not apply in full to more complex magnetic systems. Nevertheless, we expect
that they still provide us with valuable insights on the general trends, particularly concerning
the precessional motion and the role of the Gilbert damping parameter α (see Sec. 2.6).
The comparison between the wealth of microscopic trajectories and HTST is achieved by
constructing a number of Markov state models. In this way, for each set of parameters T and
α the LLG transition rates can be rigorously compared with those obtained from HTST (see
Sec. 3.6.2)
The chapter is structured as follows. In Sec. 7.2, the model PES is introduced and some
details defining the Markov state models are explained. In Sec. 7.3, the transition rates
calculated in HTST are compared with those obtained from the microscopic trajectories of
the LLG equation for representative sets of parameters. Finally, in Sec. 7.4, the results
are summarized and the limitations of harmonic transition-state theory in the context of the
presented model are pointed out. The possible implications for more general magnetic systems
are briefly discussed.

7.2

Model and simulation details

As a reference model, we consider a single-domain magnetic NP with cubic magnetocrystalline
anisotropy. A similar energy landscape as a function of the magnetization direction em = m/m
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has been obtained in electronic calculations of the MAE of small transition-metal clusters with
octahedral symmetry such as Co6 [277]. Since the NP is small and single-domain, it can be
described by a single superspin m = m em with fixed modulus m and direction em (see Sec. 2.5
and Ref. 90). For simplicity, the magnetic degree of freedom em is treated classically. The
model Hamiltonian is given by


H = −K (em · ex )2 (em · ey )2 + (em · ex )2 (em · ez )2 + (em · ey )2 (em · ez )2 ,

(7.2)

where K is the magnetic anisotropy constant, and the unit vectors ex , ey , and ez define the
symmetry axes of the MNP. Assuming that K > 0, as obtained in electronic calculations on Co6 ,
the energy landscape consists of 8 distinct local minima corresponding to the easy magnetization
directions, and 12 first-order saddle points, corresponding to the direction bisecting the angle
between every pair of easy axes. The energy of the local minima is ELM = −K/3 and the
energy of the first-order saddle points is ETS = −K/4 resulting in energy barriers ∆E = K/12.
A contour plot of the PES is shown in Fig. 7.1.
The transition rates between the local minima are calculated in two different ways: in the
framework of transition-state theory as described in Sec. 3.6.1, and in the framework of Markov
state modelling as described in Sec. 3.6.2. In order to create a Markov state model, a large
number of microscopic trajectories are required. In the present study, they were obtained by
numerically propagating the Landau-Lifshitz-Gilbert equation [107, 108]:
γ
dm
αγ
=−
m × (m × Beff ) .
m × Beff −
2
dt
1+α
(1 + α 2 )m

(7.3)

See also Sec. 2.6 for more details. The results for m(t) are mapped onto the basins of attraction
of the PES shown in Fig. 7.1 by coarse-graining the trajectories and projecting them onto the
different basins. Instead of storing the coordinates of each trajectory at each time t, only the
basin of attraction which the system occupies at time t is stored. The precise knowledge of the
dynamics within the basins of attraction is not necessary as long as no further more detailed
properties such as heat capacities, susceptibilities, and two-times spin-correlation functions are
required.
The coarse-grained trajectories can then be used to calculate the transition probabilities T ji
of a Markov state model as
N ji
T ji =
,
(7.4)
∑ j N ji
where N ji is the number of times that the system is in state i at time n∆t and in state j at time
(n + 1)∆t for all integers n in the range 0 ≤ n ≤ tmax /∆t. Here, tmax defines the maximum
simulation time and ∆t the lag time of the MSM. In order to compare transition rates and
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Fig. 7.1 Model magnetic anisotropy energy (MAE) landscape of a magnetic NP with cubic
magnetocrystalline anisotropy and K = 18 meV [see Eq. (7.2)]. The polar angle θ and azimuthal
angle ϕ define the magnetization direction em = m/m. The PES has 8 distinct local minima
corresponding to the easy magnetization directions and 12 first-order saddle points. In (a), the
different equivalent LM are numbered for further reference in the text. In (b), the precessional
motion of m is shown for different values of the Gilbert damping parameter α. From bottom to
top, we have α = 0.01 on the attraction basin 1, α = 0.05 on 4, α = 0.1 on 5, and α = 0.2 on
8.
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transition probabilities we use the relation
T(∆t) = exp [∆tQ]

(7.5)

between the transition rate matrix Q, the transition probability matrix T and the lag time
∆t [275]. In order to create T, 12500 independent microscopic trajectories were simulated for
each pair of parameters T and α, with each trajectory spanning tmax = 10−8 s. The propagation
time step in these simulations was set to δt = 10−15 s whereas the lag time ∆t is in the range
10−11 − 10−10 s.

7.3

Results and discussion

The main objective of this section is to assess the applicability of harmonic transition-state
theory for the description of the stochastic dynamics of a monodomain MNP with cubic
magnetocrystalline anisotropy in the absence of external magnetic fields. Special emphasis is
put on understanding how HTST performs as a function of temperature T and Gilbert damping
parameter α. For this purpose, we create Markov state models for two different temperatures
T = 0.1 TB and T = 0.2 TB with TB = kB /∆E and four different damping parameters α = 0.01,
0.05, 0.1, and 0.2. The temperatures should be small enough to ensure that we stay in the
regime of rare-event kinetics, since the available thermal energy kB T is clearly smaller than
the barrier height ∆E. The chosen values of α cover the typical range which is experimentally
observed in magnetic materials [278–280]. Qualitatively, α describes the coupling between
the spin degrees of freedom of the NP and other electronic and vibrational degrees of freedom
through spin-orbit coupling [106, 281]. If α is small, the damping of the precessional motion
and the associated energy dissipation are weak. Many precessions can take place before energy
losses are significant. On the other hand, if α is large, the coupling to the environment and the
resulting energy-dissipation rate are strong [see Fig. 7.1(b)]. The precessional motion is then
strongly distorted and possibly overdamped. Besides the dissipation or relaxation processes,
which are present even at T = 0, the spin is also subject to temperature-induced fluctuations.
As already recognized by Einstein and according to the fluctuation-dissipation theorem, these
thermal fluctuations and the dissipation processes modelled by the Gilbert damping parameter
α have the same physical origin, namely, the coupling of the spin degrees of freedom with the
environment, which is given by the other electronic and vibrational degrees of freedom and
can be regarded as a heat bath [109, 282, 283]. Therefore, increasing (reducing) α also implies
that the amplitude of the stochastic, thermally-induced fluctuations of the energy and of the
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trajectory of the precessing spin increases (decreases). These two roles of α (dissipation or
relaxation and fluctuation) cannot be separated from each other.

7.3.1

Defining the lag time ∆t of the MSMs

Before we can start to evaluate a Markov state model, it is important to define its inherent
microscopic time scale by choosing a lag time ∆t. This is a most important step, since too
small values of ∆t usually result in a non-Markovian behavior of the MSM, while too large
values of ∆t might oversimplify the dynamics by washing out fast yet interesting processes.
To solve this problem, we take advantage of the Chapman-Kolmogorov relation, which allows
us to determine the smallest ∆t for which the dynamics can be regarded as Markovian (see
Sec. 3.6.2). Starting from a very small lag time ∆t, we increase it progressively until the thus
derived relaxation times
∆t
τi = −
,
(7.6)
ln εi
of the model become independent of ∆t. In Eq. (7.6), εi refers to the i-th eigenvalue of the
transition probability matrix T, which depends on the choice of the lag time ∆t. In practice, we
require
τi (m∆t) = τi (∆t),
(7.7)
where m is an arbitrary non-zero integer value. When Eq. (7.7) is fulfilled, the model can be
regarded as Markovian. In our calculations, as in most applications, ∆t is chosen as small as
possible while still satisfying Eq. (7.7).
In Fig. 7.2, the relaxation time τ1 of the slowest mode is shown as a function of ∆t for
T = 0.1 TB and α = 0.1. One observes that for small ∆t, τ1 increases rapidly with ∆t, which
means that the MSM is not Markovian. This overestimation of the relaxation rate k1 = τ1−1
(underestimation of τ1 ) is a consequence of miscounting transition events. Indeed, if ∆t is
comparable or shorter than the typical time that a microscopic trajectory spends in the dividing
surface between two adjacent basins of attraction, it is most likely that oscillations of the system
configuration between the two sides of the dividing surface are erroneously counted as actual
transition events. This results in an overestimation of the transition probabilities. Notice that as
∆t is further increased, τ1 converges to its large ∆t limit. In the present example, one observes
that τ1 is nearly independent of ∆t for ∆t ≥ 20 ps (see Fig. 7.2). In the following the lag time
∆t is chosen according to the criterion
τ1∞ − τ1
≤ 10−2 ,
τ1∞

(7.8)
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Fig. 7.2 Relaxation time τ1 of the slowest relaxation mode as a function of the lag time ∆t of
the Markov state model corresponding to simulations performed using the damping parameter
α = 0.1 at the temperature T = 0.1kB /∆E = 0.1 TB .
where τ1∞ is the relaxation time calculated for the largest considered value of ∆t. This criterion
also yields ∆t = 20 ps for the present system. Since the coarse graining of the microscopic
trajectories can be relatively time consuming in realistic complex systems, one usually has to
make a compromise between calculating τ1 for a finer grid of lag times, which allows a better
estimation of ∆t, and a broader grid which reduces the computational load of the calculations.
In our model system, the optimal lag time ∆t ensuring Markovian behavior correlates with
the time τTS that a system spends in the critical area near the dividing surface. As the damping
α decreases, trajectories will stay longer near the dividing surface once they have reached it,
since the coupling to the heat bath, i.e., to the other electronic and lattice degrees of freedom,
is weaker and the energy dissipation mechanisms are less efficient. As a consequence, ∆t
has to increase in order to avoid miscounting recrossing trajectories. This trend is clearly
demonstrated in Tab. 7.1, where the calculated optimal ∆t is given for different α.
Concerning the temperature dependence, Tab. 7.1 shows that ∆t is larger for the higher
temperature T = 0.2 TB than for T = 0.1 TB . This holds for all considered α, even for values
so large that the dynamically conditioned stay time near the dividing surface is very short (e.g.,
for α = 0.2 in Tab. 7.1). The trend towards larger ∆t with increasing T can be qualitatively
explained by noting that higher temperatures correspond to higher average energies ⟨E⟩ ∝ kB T ,
which extend the time a system spends near the dividing surface, where transitions between the
attraction basins are counted. Moreover, higher temperatures also result in stronger thermal
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fluctuations of the trajectories since they are proportional to T [see Eq. (2.75)], which makes
fluctuations of the trajectories back and forth across the dividing surface more probable. Finally,
it is interesting to note that in case of very small α (α ≤ 0.01 in the above example), the
convergence of τ1 is so slow that the Chapman-Kolmogorov relation cannot be fulfilled with
reasonable choices of ∆t, i.e., without being forced to set ∆t so large that all the microscopic
information on the system is lost.
Table 7.1 Optimal lag times ∆t of the respective Markov state models corresponding to different
Gilbert damping parameters α and temperatures T .
α
0.01
0.05
0.10
0.20

7.3.2

T = 0.1 TB
100 ps
60 ps
20 ps
10 ps

T = 0.2 TB
120 ps
100 ps
60 ps
60 ps

Comparing the transition rates obtained from HTST and MSM

Once the different Markov state models have been created, we can start comparing the transition
rates kHTST obtained from harmonic transition-state theory with the corresponding rates kMSM
obtained from Markov state modelling. Due to the octahedral symmetry of the system (see
Fig. 7.1), all local minima and first-order saddle points have the same energy and local
curvatures. Therefore, the transition rates should be the same for all transitions both in HTST
and MSM. Hence, it would have been sufficient to analyze only one elementary transition.
However, in order to reduce the numerical noise, we have decided to take all equivalent
elementary transitions into account by computing the average
k=

1
∑ ki j ,
12 ⟨i,
j⟩

(7.9)

where the sum runs over all pairs of neighboring basins of attraction i and j which are connected
by a transition state (see Fig. 7.1).
In Fig. 7.3, the average rates obtained from HTST and MSM are shown as a function
of the Gilbert damping parameter α for (a) T = 0.1 TB and (b) T = 0.2 TB . A number of
conclusions can be drawn from the presented results. First of all, the values of the transition
rates obtained from HTST are for all values of α significantly larger than the ones obtained
from the corresponding MSM. The calculated values of η = kMSM /kHTST range from η = 0.13
for α = 0.01 to η = 0.64 for α = 0.1. While the overestimation is particularly strong for
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Fig. 7.3 Average transition rate k obtained using transition-state theory (HTST, blue dots) and
Markov state modelling (MSM, red crosses) as a function of the Gilbert damping parameter α
for temperatures (a) T = 0.1 TB (top) and (b) T = 0.2 TB . See Eq. (7.9).
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α ≤ 0.01, HTST yields quite reasonable semi-quantitative transition rates for α ≥ 0.1. As
already discussed, HTST overestimates the true transition rates, since it does not take into
account possible recrossings at the dividing surface [189]. In addition, multi-barrier transitions
are also not taken into account in HTST, which further increases the overestimation of the rates
(see Sec. 7.3.3). It is precisely one of the main virtues of MSM to optimize the lag time ∆t in
order to minimize the number of miscounted transitions. Thus, the rates obtained with MSM
should always be closer to the true rates than those calculated within HTST.
In addition, we observe that the dependence of the rates in HTST on the Gilbert damping
parameter α is far too weak. In fact, α affects the rates in HTST only through the factor
1/(1 + α 2 ), which stems from the reduction of the probability flux across the dividing surface
and which is nearly constant in the physically relevant range of α (see Sec. 3.6.1). This
contrasts with the physics of the LLG equation, where we know that α plays a most significant
role in shaping the microscopic trajectories (see Figs. 7.1 and 7.4). While HTST predicts
that the transition rates slightly decrease due to the small decrease of v⊥ with increasing α,
MSM predicts a more complicated behavior of k, which shows a broad local maximum around
α = 0.1. Since HTST overestimates k and is nearly independent of α, the discrepancies
between HTST and MSM are smallest when kMSM is largest, which corresponds to α ≥ 0.1
in the present case. The reasons behind the success of HTST for large α are physical, since
the general assumptions of TST are satisfied at best when the damping is large. This is a
generally known fact for Newtonian systems, which leads to one additional physical motivated
assumption in canonical TST, namely, that the coupling between system and heat bath should
be strong [269, 284]. As a consequence, any deviations from the Boltzmann distribution are
short-lived and the dynamics between the different basins remains diffusive [269]. In the
present case, we conclude that HTST performs reasonable well, even semi-quantitatively, for
α ≥ 0.1, which can thus be regarded as the strong damping regime of the considered system.
On the other hand, we show that HTST should not be used for α ≤ 0.05, which can therefore
be seen as the corresponding weak damping regime. A similar behavior has also been reported
in a study about MNPs with uniaxial anisotropy [191], which suggests that our conclusions can
probably be extended to other magnetic systems, at least if the number of degrees of freedom is
small.
In Fig. 7.3(b), the calculated transition rates kHTST and kMSM are shown for the higher
temperature T = 0.2 TB . One observes that the rates increase strongly, probably following an
exponential law, although more temperatures need to be considered in order to elucidate the
temperature dependence. Notice that the differences between kHTST and kMSM increase with T
as the ratio η = kMSM /kHTST varies between η = 0.06 for α = 0.01 and η = 0.57 for α = 0.2 at
T = 0.2 TB . This behavior is probably a consequence of the fact that higher temperatures result
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Fig. 7.4 Microscopic trajectories of the LLG equation are shown for (a) α = 0.01 (bottom)
and α = 0.1 (top) at T = 0, (b) a single-barrier transition for α = 0.1 at T = 0.1 TB , and (c)
a multi-barrier transition involving two transition states for α = 0.01 at T = 0.1 TB . See also
Fig. 7.1.
in a larger average energy E ∝ kB T of the trajectories as well as in larger thermal fluctuations of
the trajectories. Both effects increase the prevalence of recrossing trajectories and multi-barrier
transitions, which are not taken into account in TST. This generally leads to a reduction of
η = kMSM /kHTST . In addition to recrossings and multi-barrier transitions, anharmonicities
of the underlying potential energy surface also become more important as the temperature
increases. Since they are ignored in the harmonic approximation, they might also affect the
quality of the calculated transition rates.

7.3.3

The importance of multi-barrier transitions

One additional point, which becomes increasingly important as α decreases, is that the Gilbert
damping can not only affect the transition rates, but also the nature of the transition mechanisms
through the so-called multi-barrier transitions [267, 269]. These are direct transitions between
metastable states which are farther apart in configurational space and which are not connected
with each other by a MEP going through a single transition state. It is obvious that such
a process cannot be described within the framework of transition-state theory. In a multibarrier transition the dynamical variables of the system—in the present case the magnetization
direction m of the NP—at the point where the first dividing surface is crossed are such that in
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the subsequent dynamics the system crosses the whole basin of attraction which has just been
entered without spending any significant time there and, most important, without thermalization
taking place. Instead, the system pursues its dynamics in a more or less deterministic way,
depending on temperature, crossing one or more additional barriers or dividing surfaces,
before losing eventually so much energy that crossing further barriers is no longer possible.
Thermalization and memory loss then follow in the thereby reached basin of attraction. Multibarrier transitions are a most evident manifestation of the breakdown of the third and fourth
hypothesis of transition-state theory. Not only becomes TST useless in these cases, but also
the whole dynamics can be affected in the most profound way. Quantifying the prevalence
of these processes in magnetic materials is therefore an important task. Even more so since
the occurrence of multi-barrier transitions does not fundamentally affect the validity of the
Markovian hypothesis. Indeed, it is always possible to describe the dynamics from a stochastic
perspective (e.g., through the master equation) provided that the finite rates k for the transitions
between the LM that are separated by more than one saddle point are properly incorporated in
the model. A sketch of a single-barrier and a multi-barrier transition is shown in Fig. 7.4.
In Fig. 7.5, the ratio ν between the number of multi-barrier transitions and the total number
of all occurring transitions is shown as a function of the temperature T and the Gilbert damping
α. It can be defined formally as
∑i̸= j N ji (1 − δiNN
j )
ν=
∑i̸= j N ji

(7.10)

where N ji is the number of transitions between the local minima or basins of attraction i and j
recorded in the MSM (see Sec. 7.2). The projector δiNN
j is always zero unless the metastable
states i and j are directly connected by a transition state in which case δiNN
j = 1. One observes
that the relative frequency of multi-barrier transitions decreases with increasing α and with
decreasing T . For α ≤ 0.01 and T = 0.1 TB these long range relaxation processes represent
35% of all transitions recorded in the MSM, while for α = 0.2 and T = 0.1 TB their prevalence
drops to 5%. As already discussed, the energy dissipation is weak when α is small. As a
consequence, most trajectories retain their energy for a long time once they have reached a
transition state, which allows them to cross multiple basins of attraction before being trapped
and thermalize within a basin. In the other case, if α is large, most trajectories lose their energy
very fast. Should they cross between the dividing surface of two adjacent basins of attraction,
the chances of propagating further towards a new barrier, or even crossing back to the initial
basin, are very low.
Our calculations show that the prevalence of multi-barrier transitions increases with temperature. For example, 40% of the transitions go beyond adjacent basins of attraction at T = 0.2 TB
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Fig. 7.5 Ratio between multi-barrier transitions and all occurring transitions as a function of the
Gilbert damping parameter α for two different temperatures T = 0.1 TB (blue) and T = 0.2 TB
(red).
for α = 0.01. This is 5% more than at T = 0.1 TB . More remarkable is the importance of
multi-barrier transitions at T = 0.2 TB and a quite large α = 0.2. In this case 19% of transitions are multi-barrier ones, which is significantly larger than the 5% observed at the lower
temperature T = 0.1 TB . The reasons behind the increase of ν with increasing T are probably
the same as those explaining the increase of the prevalence of recrossings as T increases (see
Sec. 7.3.2). Higher temperatures necessarily imply both higher average energies as well as
stronger thermal fluctuations along the microscopic trajectories. Hence, the trajectories not
only need to lose more energy in order to get trapped in a basin of attraction due to their in
average higher energy, but they can also retain a relatively high energy longer since the larger
thermal fluctuations compensate to some extent the energy loss caused by the Gilbert damping.
Keeping high energy values allows the magnetic system to pursue its dynamics in regions of the
configurational space that are close to further transition states [see Fig. 7.4(c)]. Moreover, the
larger amplitude of the thermal fluctuations favors stochastic temperature-induced changes in
the trajectories which can thus lead to further barrier crossings. The latter process is analogous
to the temperature-dependent recrossings discussed in Sec. 7.3.2.
Before closing this section, it is worth noting that the parameter regime where multi-barrier
transitions are prevalent (α ≤ 0.05) is the same as the one where the applicability of HTST
becomes problematic. In fact, in Sec. 7.3.2, we have shown that HTST fails to reproduce
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quantitatively the transition rates between nearby attraction basins, which have been derived
from the actual dynamics using Markov state modelling. Therefore, the present results reinforce
the conclusion that HTST is not reliable and should not be used for α ≤ 0.05, as it cannot
reproduce the true dynamics. In contrast, if α ≥ 0.1 and the temperature is relatively small
(T = 0.1 TB ), multi-barrier transitions are not very frequent and do not contribute significantly
to the stochastic dynamics. In this case, HTST is a most useful tool.

7.4

Conclusion

In this chapter, the scope of harmonic transition-state theory has been investigated in a monodomain magnetic cluster with cubic magnetocrystalline anisotropy. Although the energy
landscape of the considered system is certainly too simple and the number of degrees of freedom far too small to be representative of more complex systems, which are the focus of this
thesis, there are still a number of useful qualitative results, which we believe should be taken
into account when interpreting the calculations.
By comparing the transition rates obtained from HTST with those obtained from the
corresponding Markov state models, it was shown that HTST provides a reasonable semiquantitative estimate of the transition rates as long a the Gilbert damping parameter α is not too
small (α ≥ 0.1). This was shown to be a consequence of the fact that the general assumptions
behind TST are much better fulfilled at these values of α. From this perspective, our results are
in agreement with the literature on classical Newtonian systems, where similar conclusions
have been drawn [269, 284, 285]. In addition, from the point of view of magnetism, we have
provided an important new insight concerning the role of Gilbert damping α on the transition
rates k between metastable states. We have shown that the HTST expression for k drastically
underestimates the influence of damping on the dynamics since HTST, by its very equilibrium
probabilistic nature, does not take into account the role of α on the characteristic times of the
dynamics of the system. For example, HTST does not take into account that α affects the
time a magnetic configuration spends near the dividing surface of two adjacent states, which
directly influences the likelihood of recrossings. These flaws, being of dynamic nature, cannot
be easily fixed and severely restrict the quantitative applicability of HTST in magnetic systems.
Therefore, an important challenge for the future is to find a rate expression with a broader
scope, which includes the dynamical relation between damping and thermal fluctuations. One
possibility to explore is to consider Kramers’ theory and the Fokker-Planck equation [284].
In addition, we have shown that multi-barrier transitions become increasingly prevalent
as the damping is reduced or the temperature is increased. This type of transitions cannot be
described in the framework of TST, although they are compatible with a Markovian dynamics.
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This is a second limitation of HTST which restricts again its scope to large damping and small
temperatures. However, it is likely that the occurrence of multi-barrier transitions decreases as
the energy landscapes become more complex and locally less symmetric [269]. Research in
this direction is currently in progress.
In order to get a better understanding of the goals and limitations of HTST, and to generalize
the results from this chapter to a broader range of magnetic systems, it is certainly necessary to
assess the validity of HTST in more detail and in the context of complex many-body magnetic
systems such as the nanostructures investigated in the previous chapters. Nevertheless, the
results obtained in this chapter already allow us to justify the use of HTST in systems and
materials having relatively large Gilbert damping at low temperatures, where HTST was shown
to provide most reasonable results for transition rates and where the large majority of transitions
involve only two metastable states separated by a single transition state.

Chapter 8
Conclusion and perspectives
Magnetic nanostructures are currently the subject of a very extensive research activity from
both fundamental and application-oriented perspectives. They represent a bridge between
atoms and molecules on the one side, and solids on the other. While there is a great variability
in the choice of methodology among experimenters, theoretical studies have so far been mostly
limited to Monte Carlo and micromagnetic simulations [47–51]. In this thesis, we propose a
paradigm shift in the theoretical investigation of nanoparticles by systematically developing and
employing the methodology of energy landscapes in the context of magnetic nanostructures.
We have shown that once applied in its full force this methodology offers many advantages.
In particular, it provides a much better microscopic understanding of the equilibrium and
non-equilibrium properties of magnetic nanostructures as a function of important sample
characteristics such as structural disorder or underlying geometries [26].

In chapter 4, we studied the influence of spatial disorder on the properties of two-dimensional
ensembles of magnetic nanoparticles. A detailed analysis of the topology of the energy landscapes was carried out in terms of their corresponding disconnectivity graphs and kinetic
networks. In addition, the dynamics were quantified by a number of time-dependent simulations. We demonstrated that weakly disordered and strongly disordered magnetic nanostructures
have profoundly different energy-landscape topologies. Weakly disordered square and triangular ensembles are good structure seekers having a clearly distinguished ground state towards
which the relaxation from any excited state is funnelled resulting in fast thermally activated
dynamics. In contrast, strongly disordered ensembles were shown to have very rough energy
landscapes. In this case, the approach to equilibrium requires to overcome increasingly larger
energy barriers as the energy of the system decreases. The resulting time dependence of the
physical properties (for example, the magnetic order and configurational entropy) is character-
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ized by multiple relaxation time-scales and trapping, which is reminiscent of spin glasses and
which might lead to a breakdown of ergodicity in the thermodynamic limit.
In chapter 5, the influence of external magnetic fields on the topology of the energy
landscapes of these nanostructures has been investigated. Two-dimensional ensembles of
dipolar-coupled MNPs have a strong magnetic shape anisotropy, which stabilizes the in-plane
orientation of the magnetization regardless of the type of NP arrangement within the plane.
When magnetic fields lie within the plane of MNPs, weakly disordered triangular ensembles are
found to have a much larger magnetic susceptibility than weakly disordered square and strongly
disordered ensembles due to their ferromagnetic ground state configuration. Moreover, the
influence of magnetic fields on the energy-landscape topology has been quantified by calculating
the corresponding disconnectivity graphs. It was shown that small magnetic fields lead to
an unsuspected increase of the magnetic frustration in weakly disordered square ensembles,
whereas large magnetic fields reduce the complexity of the landscapes as a result of multiple
catastrophes. The analysis has been completed with a discussion of the zero-temperature
hysteresis loops, which allow a magnetic characterization of the different underlying NP
arrangements.
In chapter 6, a number of additional weakly disordered NP arrangements corresponding
to different lattice symmetries (rectangular, orthorhombic, honeycomb, and kagome lattices)
were investigated in order to generalize the results obtained in previous chapters. The role of
the symmetry of the NP arrangement on the magnetic energy-landscape topology has been
quantified. The honeycomb ensembles were found to be good structure seekers, showing a very
similar behavior as the weakly disordered square and triangular ensembles. This was traced
back to the fact that all three lattices have a high rotational symmetry leading to a continuous
ground state degeneracy of dipole-coupled NPs in the perfectly periodic lattices. In contrast,
rectangular and orthorhombic ensembles are neither clear good structure seekers nor do they
exhibit glasslike behavior. Their dynamics is expected to be significantly slowed-down in
comparison with weakly disordered square, triangular, or honeycomb ensembles. Probably the
most exciting of all these new nanostructures are the kagome ensembles, which show signs of
strong magnetic frustration. The topology of their energy landscapes is close to the topology
of spin-glass-like random ensembles despite being as weakly disordered as the other square,
triangular, and honeycomb ensembles.
In chapter 7, the applicability of harmonic transition state theory in the context of magnetic
nanostructures has been investigated by considering the Landau-Lifshitz-Gilbert dynamics
of a single MNP with cubic anisotropy. Our study shows that HTST provides a reasonable
approximation of transition rates at low temperatures and for relatively large values of the
Gilbert damping parameter. In addition, it was shown how HTST fails completely for small
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damping, not only quantitatively but also conceptually in the context of multi-barrier transitions.
Although our results for a single MNP with a highly symmetric energy landscape cannot
be straightforwardly transposed to interacting many-body systems having a large number of
degrees of freedom, we believe that our main conclusions should be useful in the context of
complex magnetic systems. HTST certainly remains a powerful tool in the context of energy
landscapes and magnetic nanostructures, provided that it is employed with caution paying
attention to the validity of its fundamental assumptions.

The primary focus of this thesis was on dipolar interparticle interactions and on the cooperative many-body effects resulting from the interplay between competing interactions,
structural disorder and external magnetic fields. In view of a more comprehensive comparison
with experiment, it is important that future studies take into account explicitly the intrinsic
magnetocrystalline and shape anisotropies of magnetic nanoparticles. They are always present
to some extent in experiment and may significantly affect the magnetic behavior, depending on
their strength relative to temperature and interparticle couplings. In general, one expects that
single-particle anisotropies should tend to localize the elementary relaxation processes in the
nanostructures by reducing the extent of the cooperative effects between the local moments of
different NPs.
Furthermore, it would be interesting to expand the scope of the present investigations to
three dimensions, and in particular to magnetic ferrofluids. The problem is both exciting and
challenging from a theoretical perspective, since magnetic nanoparticles arranged in a 3D matrix
allow for a much larger number of possible geometric configurations as well as more complex
magnetic patterns [286, 287]. Although this extension might seem rather straightforward,
some problems arise in three dimensions due to singularities in the transformation to spherical
coordinates, when the magnetic moments align with the z-axis. One idea to solve this problem
is to use a local reference frame for each NP, which is always rotated such that the magnetic
moment does not align with the z-axis. Moreover, besides the simpler yet most interesting
frozen liquids, which are the 3D analogue of the 2D nanostructures studied in previous chapters,
it would be most challenging to investigate the coupling of magnetic and translational degrees
of freedom as a function of the viscosity of the surrounding liquid [105, 288]. The resulting
possibility of energy transfer, particularly along hysteresis loops, are relevant in magnetic-based
disease treatment [289].
Since the methodology of energy landscapes is extremely versatile, it would also be most
intriguing to investigate other types of magnetic systems from this perspective. Of particular
interest for us are atomic spin glasses and in particular the Edward-Anderson model, since they
provide many points of contact with the superspin-glass behavior which we found in strongly

164

Conclusion and perspectives

disordered ensembles. Even though the Edward-Anderson model has been extensively studied
in past years, its energy landscapes have not yet been studied systematically to our knowledge.
Another exciting topic, which is perfectly within reach of the here developed framework,
is defined by spin systems coupled by anisotropic exchange interactions, in particular the
antisymmetric Dzyaloshinskii-Moriya (DM) interaction. The materials exhibit many interesting
features such as the formation and propagation of magnetic skyrmions, which could be very
useful for data storage and are therefore the subject of intensive current research [290].
The above outlined examples of some of the immediate perspectives of new research
directions related to this work clearly illustrate the remarkable theoretical challenges in the
field of magnetism at the nanoscale. They also demonstrate the universality and versatility of
the energy-landscape approach, as well as its applicability and usefulness in the context of
magnetic materials. In comparison with other theoretical methods, such as Monte Carlo and
micromagnetic simulations, this methodology allows us to establish a rigorous link between
the calculated time dependence of physical observables (e.g., in a relaxation after quenching)
and the fundamental energy landscape which governs the interactions among the MNPs. We
are therefore confident that numerical tools and analysis reported in this thesis will serve as a
basis for a number of further developments in the theory of magnetism at the nanoscale.
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Appendix A
Kinetic Monte Carlo method
The kinetic Monte Carlo (KMC) method is a numerically approach solve the master equation (3.42) [183, 184]. It consists of a succession of steps at which the system is advanced in
time. At each time step, a transition from the current state of the system to a new state occurs.
The new state is chosen from an ensemble of states, which are connected to the previous one
by a transition state. As long as the thermalisation inside a metastable state is much faster
than the times between transitions, there is a loss of history. This means that a transition only
depends on the current state but not on any previous transitions or occupied states. Under this
assumption, the succession of states forms a Markov chain and each transition can be treated as
independent Poisson processes. If a system is prepared in the state i, the average waiting time τ
for a transition out of state i is the reciprocal of the sum of all transition rates leading out of
state i
1
τ=
,
(A.1)
∑ j k ji
among which the actual transition is chosen randomly according to the probabilities of each
transition p ji = k ji τ. In other words, the total rate out of i is the sum of the rates for all possible
ways out. Since each transition is an independent Poisson process, the escape time ∆t follows
the probability distribution
e−∆t/τ
pt (∆t) =
.
(A.2)
τ
It can be calculated by the formula ∆t = −τ ln(1 − u), where u is a pseudo random number, which is uniformly distributed in (0, 1) and is newly generated at each simulation step.
Summarizing, the KMC algorithm can be outlined by the following scheme [183]:
1. Choose a state i, which corresponds to the initial preparation of the system.
2. Calculate the average waiting time τ = 1/ ∑ j k ji by summing the rates k ji of all states
connected to state i.
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3. Choose a new state j from these states according to the probabilities k ji τ.
4. Calculate the time increment ∆t = −τ ln(1 − u), where u is a uniformly distributed
number in (0, 1).
5. Set i = j and return to step 2.
The KMC method is used in this work in order to obtain the results on the low-temperature
relaxation dynamics of the MNP ensembles investigated in chapter 4.

Appendix B
Critical radii of ferromagnetic
nanoparticles
In ferromagnetic nanoparticles, the radius rsd below which the ground state is monodomain can
be estimated from the following considerations. Qualitatively, if the MNP is small, the dipoledipole energy is small resulting in a monodomain state, since this minimizes the exchange
energy. As the radius r of the MNP grows, the dipole-dipole energy becomes increasingly
important with respect to the exchange energy due to its long-range nature. At r = rsd , it
becomes energetically favorable for the system to develop domains, since the energy gain from
the dipolar interactions overcomes the energy loss from the exchange interaction.
In a single-domain (SD) or monodomain state, the exchange and anisotropy energies of
a MNP are minimum. Thus, their contributions to the total energy E sd of the MNP in a
monodomain state can be taken to be zero and the only relevant term stems from dipolar
interactions. For a spherical MNP, we may write
4
1
sd
E sd = Edip
= µ0 M 2 × πr2 ,
6
3

(B.1)

sd denotes the dipole-dipole energy of the MNP and M corresponds to the magnetizawhere Edip
tion of the considered MNP. Assuming for simplicity that the local anisotropies are strong, the
width of a domain wall between two different magnetic domains can be neglected. Then, the
energy E td of a two-domain state where the domains have opposing magnetization directions,
can be approximated by
sd
√
Edip
td
E td = Edw + Edip
= 4πr2 AK +
,
2

(B.2)
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(a)

(b)

θ1

θ2

θ1

θ2

Fig. B.1 Two-hemisphere model - The total magnetic moment of a spherical magnetic nanoparticle is divided in two localized magnetic moments. The angle between a moment i and the
anisotropy easy axis of the MNP is given θi . In (a), a coherent rotation of the two localized
magnetic moments is sketched, while (b) shows an incoherent rotation. The figure is adapted
from Ref. 86.
td is the dipolar energy
where Edw is the energy associated with the emerging domain wall and Edip
of the two-domain state, which is about half the size of the dipolar energy in the monodomain
state [86]. Comparing Eqs. (2.54) and (2.56) results in the following expression for the critical
radius rsd of monodomain MNPs:
r
K
rsd = 36
.
(B.3)
A

In addition, if the radius of particles is beneath the coherent rotation limit rcoh , magnetic
rearrangements in MNPs occur as coherent rotations of the local moments. Again, we consider
a spherical ferromagnetic MNP. In addition, we assume that the total magnetic moment of
the MNP consists of two identical localized magnetic moments each associated with one
hemisphere (see Fig. B.1). The total energy of the system can then be written as

E=


A
1
1
2
2
−
µ
M
(θ
−
θ
)
+
(2K − µ0 MB)(θ12 + θ22 )
0
1
2
2
r
24
4

(B.4)

where θi is the angle between the magnetic moment mi and the easy axis of the MNP. In the
absence of magnetic fields, the system has two stable states at (0, 0) and (π, π). One can now
calculate the nucleation field, i.e., the magnetic field B at which one of the two states becomes
unstable. For this purpose, we calculate the eigenvalues of the Hessian of Eq. (B.4). They read
ε1 =

2K − BMµ0
,
2

ε2 =

4A
Bµ0 M
+K −
− µ0 M 2 ,
2
r
2

(B.5)
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√
where ε1 is associated with the eigenvector e1 = (1, 1)/ 2 and ε2 with the eigenvector e2 =
√
(1, −1)/ 2. The nucleation field can now be obtained by increasing the magnetic field until
one of the eigenvalues becomes negative. If ε1 becomes negative first, the resulting rotation is
coherent, while the rotation is incoherent, if ε2 becomes negative first. With this in mind, we
can calculate rcoh by taking into account that ε1 ≤ ε2 must hold for a coherent rotation. Hence,
we obtain for the coherent rotation radius
s
24A
rcoh =
.
(B.6)
µ0 M 2
It is important to note, that the critical radii obtained in this section are only of qualitative
nature. They allow an initial assessment of whether the considered MNPs can be treated in the
superspin approximation.

Appendix C
Solving stochastic differential equations
The time-dependence of many physical systems is usually described by ordinary differential
equation (ODE). Two well-known examples of ODEs are the Newton equations describing the
motion of classical particles and the Landau-Lifshitz-Gilbert equation describing the motion
of magnetic moments. These equations are deterministic, which means that the resulting
trajectory only depends on the initial conditions under which the system is prepared. In their
pure form, these equations do not include any temperature dependence or environment effect.
This limitation can be overcome by adding a fluctuation term to the ODE, whose amplitude
depends on the temperature. The resulting equations are denoted as stochastic differential
equations and can be generally expressed as
dx(t) = f(x(t),t)dt + q(x(t),t) · dw(t),

(C.1)

where the first term on the right-hand side, often denoted as drift term, describes the part of
the deterministic dynamics and the second term, often denoted as diffusion term, describes the
coupling of the system to a thermal bath. Therein, the vector function q is usually determined by
physical considerations and the components of the vector w are independent Wiener processes,
often referred to colloquially as Brownian motion. A Wiener process is characterized by the
following properties [112]:
i) w(t = 0) = w0 = 0,
ii) w has independent increments, which means that for all 0 ≤ ti ≤ ti+1 ≤ ti+2 ≤ ti+3 it
holds that w(ti+1 ) − w(ti ) and w(ti+3 ) − w(ti+2 ) are statistically independent from each
other.
iii) The increments are subject to a normal distribution, which means that for all 0 ≤ ti < ti+1
it holds that w(ti+1 ) − w(ti ) ∼ N (0,ti+1 − ti ).
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In this thesis, the Heun method is employed for the numerical integration of the stochastic
Landau-Lifshitz-Gilbert equation [291–293]. It is a simple predictor-corrector method, which
means that at each discrete point of time, the algorithm proceeds in two steps: the first step,
also denoted as predictor step, corresponds to obtaining a new „predicting” configuration of the
investigated system by numerically evaluating equation (C.1) for the current configuration x
of the system. The second step, also denoted as corrector step, then corresponds to obtaining
a „corrected” configuration by numerically evaluating equation (C.1) for the configuration
obtained from the predictor step. The actual step is then obtained by interpolating between the
predicted and corrected step. Let x(tn ) be the state of the system at time tn . In order to calculate
x(tn+1 ) with tn+1 − tn = ∆t, the predictor step is calculated first
x̄i (tn+1 ) = xi (tn ) + fi (x(tn ),tn )∆t + ∑ qi j (x(tn ),tn )∆w j (tn ),

(C.2)

j

where ∆w j (tn ) are independent random variables distributed according to the Gaussian distribution N (0, ∆t) with zero mean and variance ∆t. Based on the predictor step, the full step can be
calculated as
1
xi (tn+1 ) = xi (tn ) + [ fi (x(tn ),tn ) + fi (x̄(tn+1 ),tn+1 )] ∆t
2

1 
+ ∑ qi j (x(tn ),tn ) + qi j (x̄(tn+1 ),tn+1 ) ∆w j (tn ).
2 j

(C.3)

This method is simple to implement and relatively stable. It is used in this work to propagate the
LLG equation in order to create the Markov state models employed in chapter 7 for evaluating
the performance of HTST.

Appendix D
Harmonic transition-state theory
Transition-state theory is a method allowing to calculate the transition rate between two
metastable states in a complex EL under some basic stochastic statistical assumptions. The
transition states are defined by the bas basins of attraction of two local minima which are
separated by a transition hypersurface, which is defined by the points where the along the
gradient lines connecting the two local minima changes sign, and which contains only one
first-order saddle point. The derivation of the transition rates presented in this section closely
follows the work of Bessarab et al. which can be found in Refs. 191 and 192.
In transition-state theory, the rate kT ST between two local minima separated by a first-order
saddle point is estimated by
kT ST = ⟨δ [ f (x)] v⊥ (x)h [v⊥ (x)]⟩T ,

(D.1)

where ⟨ ⟩T denotes the thermal average with respect to the Boltzmann distribution, x represents
the dynamical variables of the system, in this case the set of angles {θi , ϕi }, f (x) = 0 defines
the separating dividing surface between the two LM, δ [ f ] stands for the Dirac delta function,
v⊥ (x) corresponds to the projection of the configurational velocity v = dx/dt onto the normal
of the dividing surface, and h [v⊥ (x)] is a Heaviside function, which is unity, if the velocity v⊥
points away from the initial LM and zero otherwise [186–189].
Developing the thermal average as an integral in configurational space, one obtains
k

T ST

1
=
C

Z
R

e−E(x)/kB T δ [ f (x)] v⊥ (x)h [v⊥ (x)] J(x)dx,

(D.2)

where R corresponds to the basin of attraction of volume in configurational space associated
with the initial LM up to the dividing surface, J(x) is the Jacobian determinant handling the
transformation between cartesian and spherical coordinates, E(x) is the energy of the system,
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and C is a normalization constant given by
Z

C=

e−E(x)/kB T J(x)dx.

(D.3)

R

We can now make a quadratic approximation at the stationary points of the EL. The dividing
surface is then approximated by the hyperplane defined by the stable modes of the first-order
saddle point separating the initial and final state of the transition. The hyperplane normal then
corresponds to the single unstable mode of the first-order saddle point. The energy at the critical
point is given in the quadratic approximation by
1 D
Eβ (q) = Eβ (0) + ∑ εβ ,i q2β ,i ,
2 i,1

(D.4)

where D = 2N is the dimensionality of the EL, εβ ,i is the i-th eigenvalue of the Hessian
calculated at the initial LM (β = m) or the separating TS (β = s), and qβ ,i are the fluctuations
along the corresponding eigenmode. Let qs,1 denote the fluctuations along the single unstable
mode of the TS, i.e., the mode associated with εs,1 < 0. In the LLG equation the velocity
depends only on the magnetic configuration x. Thus, the velocity v⊥ can be written as linear
combination of the normal modes
v⊥ =

D
dqs,1
= ∑ ai qs,i .
dt
i=2

(D.5)

Introducing spherical coordinates θi and ϕi , the velocity can be written as

N 
dqs,1
∂ qs,1 dθi ∂ qs,1 dϕi
=∑
+
.
dt
∂ θi dt
∂ ϕi dt
i=1

(D.6)

Using the Landau-Lifshitz-Gilbert equation of motion for the, one obtains





N 
dqs,1
∂ qs,1
∂ qs,1
∂E
∂E
∂E
∂E
=∑
−Wi
− Xi
+
Wi
−Yi
,
dt
∂ ϕi
∂ θi
∂ ϕi
∂ θi
∂ ϕi
i=1 ∂ θi

(D.7)

where
γ
,
Mi sin θi (1 + α 2 )
Xi =
α sin θiWi ,
Wi
Yi =
α
.
sin θi

Wi =

(D.8)
(D.9)
(D.10)
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One can rewrite Eq. (D.7) as



dqs,1
∂ qs,1
∂ E ∂ qs, j
∂ E ∂ qs, j
N
D
D
= ∑i=1
− Xi ∑ j=1
−Wi ∑ j=1
dt
∂ θi
∂ qs, j ∂ ϕi
∂ qs, j ∂ θi



∂ qs,1
∂ E ∂ qs, j
∂ E ∂ qs, j
D
N
D
−Yi ∑ j=1
+ ∑i=1
Wi ∑ j=1
,
∂ ϕi
∂ qs, j ∂ θi
∂ qs, j ∂ ϕi

(D.11)
(D.12)

which can be further simplified by using Eq. (D.4) for the energy E



∂ qs, j
∂ qs, j
∂ qs,1
dqs,1
N
D
D
= ∑i=1
−Wi ∑ j=1 εs, j qs, j
− Xi ∑ j=1 εs, j qs, j
dt
∂ θi
∂ ϕi
∂ θi



∂ qs, j
∂ qs, j
∂ qs,1
N
D
D
+ ∑i=1
−Yi ∑ j=1 εs, j qs, j
Wi ∑ j=1 εs, j qs, j
.
∂ ϕi
∂ θi
∂ ϕi

(D.13)
(D.14)

Changing the order of the sums yields
dqs,1
=
dt

D

N



∂ qs, j
∂ qs, j
∂ qs,1
−Wi
− Xi
dθi
∂ ϕi
∂ θi


∂ qs, j
∂ qs, j
∂ qs,1
Wi
−Yi
.
dϕi
∂ θi
∂ ϕi



∑ qs, j εs, j ∑

j=1

i=1

+

(D.15)
(D.16)

Omitting j = 1 since it corresponds to the single unstable mode, one finally obtains for a j the
equation
N

a j = εs, j ∑

i=1







∂ qs, j
∂ qs, j
∂ qs, j
∂ qs, j
∂ qs,1
∂ qs,1
−Wi
− Xi
+
Wi
−Yi
.
dθi
∂ ϕi
∂ θi
dϕi
∂ θi
∂ ϕi

(D.17)

Hence, the harmonic approximation of the TST can be written as
kHT ST

1
= Js ({θi , ϕi })e−Es,0 /kB T
C

Z

− ∑Dj=2 εs, j q2s, j /2kB T

e
a·q≥0

D

∑ aiqs,i

!
dqs

(D.18)

i=2

with

=

D

2

− ∑ j=1 εm, j qm, j /2kB T
dqm
−∞ e
s
2kB T π
Jm ({θi , ϕi })e−Em,0 /kB T ∏D
.
i=1
εm,i

C = Jm ({θi , ϕi })e−Em,0 /kB T

R∞

(D.19)
(D.20)

The integral in Eq. (D.18) has to be carried out over the hyperplane ∑i ai qi ≥ 0, since the
velocity at the dividing surface has to point towards the final state and away from the initial
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√
state. In order to solve the integral, we begin by making the substitution qi = q̄i / εs,i and
obtain
Z

− ∑Dj=2 q̄2s, j /2kB T

I=

e
ā·q̄≥0

D

D

d q̄ j

∑ āiq̄s,i ∏ √εs, j ,

(D.21)

j=2

i=2

√
where āi = ai / εs,i . We can now rotate the reference frame such that all coordinate axes lie
within the plane spanned by ā · q̄ = 0 and one of them being perpendicular, i.e., parallel to ā.
Since dot products remain unchanged under these transformations, it has to hold that
⟨ā, q̄⟩ = ⟨ã, q̃⟩,

ã = (|ā|, 0, . . . , 0) ,

with

(D.22)

where ã and q̃ are the corresponding vectors in the new reference frame. We can then directly
obtain that
s
D
a2
⟨ā, q̄⟩ = ∑ i q̃1
(D.23)
i=2 εs,i
and since rotations leaves the length of the vectors untouched, we obtain for the integral
s

Z

− ∑Dj=2 q̃2j /2kB T

I=

e
ã·q̃≥0

D

D
a2i
d q̃i
q̃
∑ εs,i 1 ∏ √εs,i ,
i=2
i=2

(D.24)

which can be divided into D-2 integrals of the form
Z ∞

I1 =

−q̃2j /2kB T

e
−∞

d q̃ j
=
√
εs, j

s

2kB T π
εs,i

(D.25)

and one integral of the form
Z ∞

I2 =

s
−q̃21 /2kB T

e
0

D

a2i
d q̃1
∑ εs,i q̃1 √εs,1 =
i=2

s

D

a2i kB T
∑ √ .
i=2 εs,i εs,1

(D.26)

This results in
s
I = (2π)(D−2)/2

D

a2i (kB T )D/2
.
∑
D √
i=2 εs,i ∏i=2 εs,i

(D.27)
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We can insert Eqs. (D.20) and (D.27) into Eq. (D.2) and finally obtain for the transition rates in
HTST the expression

k

HT ST

1 Js
=
2π Jm

s

√
a2i ∏D
i=1 εm,i −(Es −Em )/kB T
e
.
∑
D √
i=2 εs,i ∏i=2 εs,i
D

(D.28)

HTST is a most efficient way of calculating transition rates in the low-temperature regime,
where it usually provides good results on the involved relaxation time scales. It has been used in
this work to calculate the relaxation dynamics of different types of disordered MNP ensembles
(see chapter 4). However, due to the harmonic approximation, it does not perform well at
higher temperatures, where anharmonicities of the EL become increasingly important for the
dynamics.

