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Coupled atomistic-continuum simulation of the mechanical properties of
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Qige Zheng1,∗ and Jens Wackerfuß1,∗∗

1 Institute of Structural Analysis, University of Kassel, Mönchebergstr. 7, 34125 Kassel.

The purpose of this work is the multiscale modeling of a single-layered graphene sheet. The model is divided into three
parts. One is an atomistic domain which is simulated with the atomic-scale finite element method (AFEM). Another is a
continuum domain. In this domain, the mechanical properties are investigated by using a finite element based on a nonlocal
continuum shell model with a high order strain gradient. To be exact, it is a 4-node 60-generalized degree of freedom (DOF)
Mindlin–Reissner finite shell element with a second order strain gradient. In the third part, a new transitional finite element is
developed for smoothing the transition between the atomistic domain and continuum domain.
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1 Introduction

Due to the exceptional features of graphene sheets, a lot of research projects are focused on them. Besides experiments,
numerical simulations are also necessary for studying their mechanical properties. Coupled atomistic-continuum simulation
of graphene sheets is essential for studying their mechanical properties. While effects on the atomic scale can be described
explicitly with molecular mechanical models on some selected positions, continuum mechanical models enable the efficient
calculation of large and technical relevant structures. In this work, a coupled atomistic-continuum model is used to simulate
the mechanical behavior of a single-layered graphene sheet. The atomistic domain is described by the atomic-scale finite
element method (AFEM) [3,6]. The mechanical properties of the continuum domain are investigated by using a finite element
based on a nonlocal continuum shell model with a high order strain gradient. Between the atomistic and continuum domain,
transitional finite elements are applied for smoothing the transition.

2 Multiscale modeling

The model of atomistic domain is based on the finite element formulation of molecular mechanics in [3, 6]. The total energy
of the atomic structure in this domain is formulated as the sum of the internal energy of every atom and the external work
on it. In the equilibrium state of the system, the first variation of the total energy should be zero. In this work, it is the
static analysis of graphene sheets. The internal energy of the system is equal to the sum of the interatomic potential of each
atom which is determined with DREIDING approach [4] here. In the atomistic domain, 3 DOFs are considered per atom:
uuue
J = {uJ vJ wJ}T.

For formulating the model of the continuum domain, the higher order strain gradient theory [1]

σij = Cijkl(εkl + g2∇2ε̃kl) with εij =
1

2
(ui,j + uj,i), ε̃kl = εkl, g =

d√
12

(1)

is applied in this work. According to this theory, the stress components σij are not only dependent on the strain εkl but also on
its second-gradient. And with the parameter g and the internal length d, the size effects can be considered. The internal length
d depends on the the underlying deformation mechanisms and the microstructure. In this work, it’s the interatomic distance in
x-direciton (see Fig. 1).
In the FE approximation, a 4-node finite shell element is formulated. The equation for conservation of momentum, kinematic
and constitutive equation of this shell element are the same as those for classical shell element. There are totally 15 generalized
DOFs per node. Each node I of the finite shell element e has the following set of DOFs:

vvveI = {uI vI wI φxI φyI uI,x vI,x wI,x φxI,x φyI,x uI,y vI,y wI,y φxI,y φyI,y}T
. (2)

The shape functions having a degree of maximum three in each coordinate direction, are applied to keeping the C1 continuity.
In transitional domain, the finite elements from atomistic and continuum domain overlap with each other (see Fig. 1). The
3-DOF displacements of atoms uuua

J from atomistic domain a are coupled with the 15-DOF displacements of spatial points uuuc
I

from continuum domain c in transitional domain by using the (3× 15)-matrix LLL:

uuua
J = LLLuuuc

I =
[
1113×3 0003×2 dx · 1113×3 0003×2 dy · 1113×3 0003×2

]
3×15

uuuc
I . (3)

∗ e-mail zheng@uni-kassel.de
∗∗ Corresponding author: e-mail wackerfuss@uni-kassel.de, phone +49 561 804-3602, fax +49 561 804-7602

This is an open access article under the terms of the Creative Commons Attribution License 4.0, which permits use,
distribution and reproduction in any medium, provided the original work is properly cited.

PAMM · Proc. Appl. Math. Mech. 2019;19:e201900115. www.gamm-proceedings.com 1 of 2

https://doi.org/10.1002/pamm.201900115 © 2019 The Authors Proceedings in Applied Mathematics & Mechanics published by Wiley-VCH Verlag GmbH & Co. KGaA Weinheim

http://crossmark.crossref.org/dialog/?doi=10.1002%2Fpamm.201900115&domain=pdf&date_stamp=2019-11-18


2 of 2 Section 8: Multiscales and homogenization

It means, the displacements of atoms uuua
J are approximated by the Taylor polynomial of the displacements of spatial points uuuc

I .
dx and dy are the distances in x- and y-direction between the atom J and the spatial point I .
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Fig. 1: (up left) The multiscale modeling of a graphene sheet. (up right) The full atomistic modeling of a graphene sheet and its geometry.
(down left) Parameters of the simulation. (down right) Boundary conditions of the simulation.

3 Numerical example

This multiscale modeling was evaluated by tensile tests and bending tests. The geometric definition and boundary conditions
of the cases are shown in Fig. 1. The Young’s modulus Ebending , Etensile and the Poisson’s ratio ν are determined with the
numerical tensile and bending tests. According to [5], the equilibrium thickness h of the finite shell element is 0.11 nm. The
loads u and w are functions of pseudo-time tp. The in-house code dockSIM was used to perform these calculations.
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Fig. 2: The results of tensile tests.
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Fig. 3: The results of bending tests.

4 Conclusion

The results of tensile and bending tests are shown in Fig. 2 and 3. The multiscale modeling and the full atomistic modeling are
denoted with indices m and a. And T = tp is the pseudo-time. The results show that the error increase with the strain. This
results from the ghost forces, which are not eliminated yet. In the future work, a coupling method, likes QC-GFC-Model [2],
should be implemented to eliminate the ghost forces. This multiscale modeling is economical, only for the situation that more
than 5 atoms, which has 3 DOfs, are replaced by a spatial point, which has 15 DOFs in continuum modeling. Then the total
system DOFs in the multiscale modeling will be fewer than these in the full atomistic modeling.
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