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Numerical Simulation of Viscoelastic Fluid-Structure Interaction
Problems and Drug Therapy in the Eye
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The vitreous is a fluid-like viscoelastic transparent medium located in the center of the human eye and is surrounded by
hyperelastic structures like the sclera, lens and iris. This naturally gives rise to a fluid-structure interaction (FSI) problem.
While the healthy vitreous is viscoelastic and described by a viscoelastic Burgers-type equation, the aging vitreous liquefies
and is therefore modeled by the Navier-Stokes equations. We derive a monolithic variational formulation employing the
arbitrary Lagrangian Eulerian framework which is solved using the finite element method. To allow large 3D simulations the
implementation is parallelized. Furthermore we study the vascular endothelial growth factor (VEGF) therapy in the vitreous
which is modeled by four coupled convection-diffusion-reaction equations with an additional coupling to the underlying flow.
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1 Introduction

In this work we perform three dimensional finite element simulations of viscoelastic FSI problems in the eye and of a drug
therapy model in the vitreous based on four coupled convection-diffusion-reaction equations.

2 Variational Formulations

The variational formulation for the viscoelastic FSI models (see [1] for details on the models and parameters) employing the
arbitrary Lagrangian Eulerian (ALE) framework [2] using appropriate function spaces reads:

Definition 2.1 Find {v̂f , v̂s, ûf , ûs, p̂f , B̂1, B̂2} ∈ {v̂Df + V̂ 0
f,v̂}× L̂s×{ûDf + V̂ 0

f,û}× {ûDs + V̂ 0
s }× L̂0

f × V̂f × V̂f such
that v̂f (0) = v̂0

f , v̂s(0) = v̂0
s , ûf (0) = û0

f , ûs(0) = û0
s , B̂1(0) = I , B̂2(0) = I and for almost all time steps t ∈ I it holds:

(Ĵ ρ̂f∂tv̂f , ψ̂
v)Ω̂f

+ (ρ̂f Ĵ(F̂−1(v̂f − ∂tûf ) · ∇̂)v̂f , ψ̂
v)Ω̂f

+ (Ĵ σ̂f F̂
−T , ∇̂ψ̂v)Ω̂f

− (ρ̂f Ĵ f̂f , ψ̂
v)Ω̂f

= 0 ∀ψ̂v ∈ V̂ 0
f,Γ̂i

,

(Ĵ(∂tB̂1 + (∇̂B̂1)(F̂−1(v̂f − ∂tûf ))− (∇̂v̂f )F̂−1B̂1 − B̂1F̂
−T (∇̂v̂f )T +

µ1

ν1
(B̂1 − I)), ψ̂B1)Ω̂f

= 0 ∀ψ̂B1 ∈ V̂f ,

(Ĵ(∂tB̂2 + (∇̂B̂2)(F̂−1(v̂f − ∂tûf ))− (∇̂v̂f )F̂−1B̂2 − B̂2F̂
−T (∇̂v̂f )T +

µ2

ν2
(B̂2 − I)), ψ̂B2)Ω̂f

= 0 ∀ψ̂B2 ∈ V̂f ,

(ρ̂s∂tv̂s, ψ̂
v)Ω̂s

+ (Π̂, ∇̂ψ̂v)Ω̂s
− (ρ̂f̂s, ψ̂

v)Ω̂s
= 0 ∀ψ̂v ∈ V̂ 0

s ,

ρ̂s(∂tûs − v̂s, ψ̂u)Ω̂s
= 0 ∀ψ̂u ∈ L̂s,

(d̂iv(Ĵ F̂−1v̂f ), ψ̂p)Ω̂f
= 0 ∀ψ̂p ∈ L̂0

f ,

(α∇̂ûf , ∇̂ψ̂u)Ω̂f
= 0 ∀ψ̂u ∈ V̂ 0

f,û,Γ̂i

with σ̂f = −p̂fI+ ρ̂fν3(∇̂v̂f F̂−1 + F̂−T ∇̂v̂Tf )+µ1(B̂1−I)+µ2(B̂2−I), Π̂ = ∂
∂F̂

( 1
2µ(Ĵ−2/3tr(F̂T F̂ )−3)+ 1

2κ(lnĴ)2).

Here v̂ is the velocity, p̂f the pressure, û the displacement, B̂ the viscoelastic tensors, ρ̂ the densities, ν the viscosities, σ̂f
and Π̂ the stress tensors, Ĵ = detF̂ , F̂ = Î + ∇̂û. The subscript "f" and "s" denote the fluid and structure domains. In case
of the Navier-Stokes equations the terms involving B̂1 and B̂2 drop. As mesh motion PDE we choose a standard harmonic
extension. Fluid-structure interface conditions are continuity of velocity and displacement and balance of the normal stresses.
For the structure-structure interface we require similar conditions. For details on the models see [1], [4] and [3].

The model for the drug therapy consists of four coupled convection-diffusion-reaction equations and the Burgers or Navier-
Stokes equations as the underlying flow. The reaction terms and permeabilities of the boundaries are based on [5]. The
concentration ca is the drug which is injected into the vitreous. The goal for the medicine is to couple to the second concen-
tration cv (VEGF), reducing the amount of free VEGF in the vitreous. Due to the two binding sites of the VEGF we have
two concentrations cva and cava modeling the medicine-VEGF complex and medicine-VEGF-medicine complex. We define
the following reaction terms R1(ca, cv, cva) = koffcva − 2koncvca, R2(ca, cva, cava) = 2koffcava − koncacva for a more compact
problem formulation. Using a similar notation to Definition 2.1 the variational formulation for the drug therapy model reads:
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2 of 3 Section 7: Coupled problems

Definition 2.2 Find {v, p,B1, B2, ca, cv, cva, cava} ∈ {vD +H1
0 (Ω)} × L2(Ω)×H1(Ω)×H1(Ω)×H1(Ω)×H1(Ω)×

H1(Ω) ×H1(Ω) such that v(0) = v0, B1(0) = I , B2(0) = I , ca(0) = c0a , cv(0) = c0v , cva(0) = c0va , cava(0) = c0ava and for
almost all time steps t ∈ I it holds:

ρ(∂tv, ψ
v)Ω + ρ(v · ∇v, ψv)Ω + (σ,∇ψv)Ω − 〈σn, ψv〉ΓN

− ρ(f, ψv)Ω = 0 ∀ψv ∈ H1
0 (Ω),

(divv, ψp)Ω = 0 ∀ψp ∈ L2(Ω),

(∂tB1 + (∇B1)v − (∇v)B1 −B1(∇v)T +
µ1

ν1
(B1 − I), ψB1)Ω = 0 ∀ψB1 ∈ H1(Ω),

(∂tB2 + (∇B2)v − (∇v)B2 −B2(∇v)T +
µ2

ν2
(B2 − I), ψB2)Ω = 0 ∀ψB2 ∈ H1(Ω),

(∂tca + v · ∇ca , ψ
ca ) + (Da∇ca ,∇ψca )− 〈Da∂nca , ψ

ca 〉ΓN
− (R1, ψ

ca )− (R2, ψ
ca ) = 0 ∀ψca ∈ H1(Ω),

(∂tcv + v · ∇cv , ψ
cv ) + (Dv∇cv ,∇ψcv )− 〈Dv∂ncv , ψ

cv 〉ΓN
− (R1, ψ

cv ) = 0 ∀ψcv ∈ H1(Ω),

(∂tcva + v · ∇cva , ψ
cva ) + (Dva∇cva ,∇ψcva )− 〈Dva∂ncva , ψ

cva 〉ΓN
+ (R1, ψ

cva )− (R2, ψ
cva ) = 0 ∀ψcva ∈ H1(Ω),

(∂tcava + v · ∇cava , ψ
cava ) + (Dava∇cava ,∇ψcava )− 〈Dava∂ncava , ψ

cava 〉ΓN
+ (R2, ψ

cava ) = 0 ∀ψcava ∈ H1(Ω)

with σ = −pI + ρν(∇v +∇vT ) + µ1(B1 − I) + µ2(B2 − I).

3 Numerical Results

The numerical simulations are realized in deal.ii [6] and based on the FSI implementation in [7]. We useQ2 finite elements for
the velocity, displacement, concentrations and viscoelastic tensors and discontinuous P dc

1 elements for the pressure. Temporal
discretization is based on the backward Euler scheme. Figure 1 shows a FSI simulation in a simplified eye geometry (similar
to experiments in [8]) where the eye is fixed on the left and pulled to the right. Figure 2 shows the cell-wise norm of the stress
for a healthy and vitrectomized vitreous. In most areas the stress is higher for the healthy vitreous.

Figure 3 shows the mesh and the velocity of the flow for the drug therapy model. The blue area is the inflow area for the
flow. The concentrations can leave through the blue and red areas. Figure 4 shows the concentrations of a slice through the
vitreous after two days and the average concentration over time showing the VEGF reducing mechanism of the drug.

Fig. 1: left: The FSI mesh: blue: fluid domain,
red/green elastic structures, right: |u|

Fig. 2: l: healthy vitreous (Burgers),
r: vitrectomized vitreous (Navier-Stokes)

Fig. 3: l: The mesh for the drug model
r: velocity in the vitreous cut in the middle

Fig. 4 Concentrations after two days: top left to bottom right: ca, cv, cva,
cava and the average concentration over time
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