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Abstract

Quasi-periodic motions systematically occur, when a system is subjected to multiple
unrelated excitation mechanisms. Since unrelated mechanisms generically exhibit in-
dependent frequencies, the resulting motion is characterized by multiple fundamental
frequencies. Consequently, the resulting motion is not periodic, but, due to the inde-
pendent frequencies, sort of periodic, namely quasi-periodic. Not being able to identify
one unique fundamental frequency, established methods for the identification of periodic
motions are impracticable. In order to calculate and analyze a quasi-periodic motion,
approaches to the invariant toroidal manifold, which is the hull of a quasi-periodic mo-
tion, are utilized. This thesis provides the theoretical frameworks for the developed
analyzing program Quont, which is capable of calculating, analyzing and continuing
quasi-periodic motions of arbitrary dynamical systems.

Introductory, the theoretical fundamentals of quasi-periodic motions are discussed and
the connections between a quasi-periodic motion and an invariant toroidal manifold are
explained. Furthermore, possible transition scenarios between periodic and quasi-pe-
riodic motions are examined, since these are often encountered in engineering appli-
cations. Two conceptually different equations to describe invariant toroidal manifolds
are derived and analyzed, from which the hyper-time invariance equation is the superior
approach to engineering systems. Having identified the governing equation, three numer-
ical approaches to solve the hyper-time invariance equation are introduced, the multi-
-dimensional Fourier-Galerkin method, the finite difference method and a shooting
method for quasi-periodic motions. From these, the shooting method represents a new
approach developed within this thesis. Once the governing equation is solved, an invari-
ant quasi-periodic motion is established. The sole knowledge of stationary motions is
often insufficient in applications and the stability property is sought. Two approaches
to the stability identification of quasi-periodic motions are developed in this thesis, a
spatial and a temporal one. From both, the temporal approach is generally applica-
ble and highly efficient, by which it is implemented in Quont. In order to verify and
validate Quont, different nonlinear dynamical systems with varying complexity are an-
alyzed. Regarded systems range from academical examples to a structure abstracted
from an engineering application. Multiple new results and phenomena are identified,
from which especially the additionally determined stability properties of quasi-periodic
motions provide new insides.





Kurzfassung
Quasi-periodische Bewegungen treten systematisch auf, wenn ein System mehreren un-
abhängigen Anregungsmechanismen unterworfen wird. Da unabhängige Mechanismen
in der Regel unabhängige Frequenzen aufweisen, ist die resultierende Bewegung durch
mehrere Grundfrequenzen charakterisiert. Folglich ist die resultierende Bewegung nicht
periodisch, aber aufgrund der unabhängigen Frequenzen gewissermaßen periodisch, näm-
lich quasi-periodisch. Da es nicht möglich ist, eine einzige Grundfrequenz zu identi-
fizieren, sind etablierte Methoden zur Identifizierung periodischer Bewegungen nicht
anwendbar. Um eine quasi-periodische Bewegung zu berechnen und zu analysieren,
werden Ansätze für die invariante toroidale Mannigfaltigkeit, welche die abgeschlossene
Hülle einer quasi-periodischen Bewegung ist, verwendet. In diese Arbeit wird die zu-
grundeliegende Theorie, welche für das entwickelte Analyseprogramm Quont verwen-
det wird diskutiert. Dieses ist in der Lage quasi-periodische Bewegungen beliebiger
dynamischer Systeme zu berechnen, zu analysieren und zu verfolgen.

Einleitend werden die theoretischen Grundlagen quasi-periodischer Bewegungen erörtert
und die Zusammenhänge zwischen einer quasi-periodischen Bewegung und einer invari-
anten toroidalen Mannigfaltigkeit erläutert. Weiterhin werden mögliche Übergangs-
szenarien zwischen periodischen und quasi-periodischen Bewegungen untersucht, da
diese in technischen Anwendungen häufig auftreten. Zwei konzeptionell unterschied-
liche Gleichungen zur Beschreibung invarianter toroidaler Mannigfaltigkeiten werden
hergeleitet und analysiert, von denen die Hyperzeit-Invarianz-Gleichung der geeignetere
Ansatz für technische Anwendungen ist. Nachdem die beschreibende Gleichung iden-
tifiziert wurde, werden drei numerische Ansätze zur Lösung der Hyperzeit-Invarianz-
Gleichung vorgestellt, die multidimensionale Fourier-Galerkin-Methode, die Finite-
Differenzen-Methode und ein Schießverfahren für quasi-periodische Bewegungen. Hier-
bei stellt das Schießverfahren einen neuen Ansatz dar, der im Rahmen dieser Arbeit en-
twickelt wird. Wird die Hyperzeit-Invarianz-Gleichung gelöst, kann lediglich eine invari-
ante quasi-periodische Bewegung identifiziert werden. Die ausschließliche Kenntnis einer
stationären Bewegung ist in Anwendungen oft nicht, da zusätzlich die Stabilitätseigen-
schaft benötigt wird. In dieser Arbeit werden zwei Ansätze zur Bestimmung der Sta-
bilität von quasi-periodischen Bewegungen entwickelt, ein räumlicher und ein zeitlicher.
Von beiden Ansätzen ist der zeitliche Ansatz allgemein anwendbar und hoch effizient,
weshalb er für Quont genutzt wird. Um Quont zu verifizieren und zu validieren,
werden verschiedene nichtlineare dynamische Systeme mit unterschiedlichem Komplex-
itätsgrad analysiert. Die betrachteten Systeme reichen von akademischen Beispielen bis
hin zu einer Struktur, die aus einer technischen Anwendung abstrahiert wird. Es wer-
den zahlreiche neue Ergebnisse präsentiert und Phänomene identifiziert, von denen vor
allem die zusätzlich ermittelten Stabilitätseigenschaften quasi-periodischer Bewegungen
neue Erkenntnisse liefern.
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1 Introduction

The occurrence of quasi-periodicity is observed in both experiments and model investi-
gations of many different technical applications [26, 14, 103, 128]. Roughly speaking,
a quasi-periodic motion is a multi-frequent motion which occurs on an infinite time
interval. If a dynamical systems exhibits quasi-periodic motions, a straightforward ap-
proach to determine such motions is to conduct a time simulation. This approach was
e.g. utilized for quasi-periodic motions of a rotor/seal system in [52] and quasi-periodic
motions of a generator rotor with unbalance magnetic pull in [202]. Although being
straightforward, a systematical analysis is inevitable to obtain reliable results.
In section 1.1, a literature review is given to analyze the current state of research and
motivate this thesis. Subsequently, the main research objectives deduced from the lit-
erature review are formulated in section 1.2. Concluding, the outline of this thesis is
provided in section 1.3.

1.1 Literature Review

In general, quasi-periodic motions are a special case of almost periodic motions. Since
the mathematical fundamentals of almost periodic motions were developed and estab-
lished in [24, 23, 25], these publications can be regarded as the origin of a systematical
analysis of quasi-periodicity. In the following decades, the theory of almost periodic
motions was established and further developed in [21, 44, 2]. An overview and introduc-
tion to this topic is given in [92, Part III]. Furthermore, a recent review concerning the
characteristics of almost periodic functions can be found in [123].
In contrast to the overarching type of almost-periodic motions, which exhibit an infi-
nite frequency base, quasi-periodic motions are characterized by a finite frequency base.
Two of the first mathematical investigations of quasi-periodic motions can be found
in [142, 191], where the existence of quasi-periodic solutions in quasi-periodic systems
is proven. Starting approximately from this point, two different focus areas can be
identified in the literature1. The first area sets its focus on theoretical mathematical
backgrounds of quasi-periodicity and invariant manifolds. The second area aims at
calculating quasi-periodic motions of dynamical systems within technical applications.

1Obviously, these two categories are not mutually exclusive and should be regarded as a guide-
line.
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Subsequently, separate surveys of both focal areas are given, where the first area is re-
ferred to as “mathematical literature” and the second one as “engineering literature.”

Mathematical literature. Besides a description of quasi-periodic motions by means
of a trajectory, they can be captured by invariant tori (invariant manifolds). In the
mathematical literature, the theoretical exploration of both is an established topic.
In [167] theorems and proofs concerning quasi-periodic motions can be found. Fur-
thermore, an extensive theoretical investigation of quasi-periodic motions occurring in
dynamical systems is provided in [31]. More specialized discussions concerning an ana-
lysis of quasi-periodic motions in certain systems by means of an averaging method can
be found in [168]. A problem which is often encountered in the analysis of invariant
manifolds is the identification of a suitable parametrization. Concerning the latter, a
survey is given in [93]. Since the theoretical exploration of quasi-periodic motions is
well studied, research work focuses on more advanced topics which build on established
theoretical findings. For example, the existence of whiskered quasi-periodic solutions in
Hamiltonian systems [73], the development of a criterion to identify the breakdown of
quasi-periodic motions [34] or a generalization of the notation of KAM tori to non-au-
tonomous systems [35] as a special type of invariant tori.
Besides mathematically motivated investigations, like the analysis of existence and
uniqueness, a variety of publications explore methodological approaches to calculate
quasi-periodic motions or invariant manifolds. In accordance to [171], three main ap-
proaches exist:

• The graph transform method focuses on invariant manifolds. It requires a known
invariant manifold to define the parametrization of a sought one. Since invari-
ant manifolds are considered in a broader sense, the origin of this method can
be found in [89] which can be regarded as one of the first investigations of gen-
eral invariant manifolds. Further extensions are given in [64], where the normal
hyperbolicity of overflowing manifolds was derived. A comprehensible summary
of the graph transform method can be found in [198, section 3.2.7]. Since invari-
ant manifolds are regarded, generalized methods can be formulated which cover
besides quasi-periodic motions invariant manifolds regardless of the dynamics oc-
curring on them [33, 29]. Instead of permitting arbitrary invariant manifolds, the
authors of [50, 138, 139] restricted the graph transform method to invariant tori
and developed suitable numerical approximation techniques.

• The generalized POINCARÉ mapping method was developed in [108, 109, 110] and
approximates quasi-periodic motions as a fixed point of a higher dimensional
Poincaré map. Here, the map is obtained by a combination of time-integra-
tion and interpolation. In [129], this method was further developed by utilizing
a classical shooting method to obtain the sought map. Modifying the latter ap-
proach by using a Newton-Krylov method, the authors of [170] provided an
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1.1 Literature Review

approach for large-scale dissipative systems. This approach was tested on a three-
-dimensional differential equation of a thermal convection of a binary mixture.
But, due to the underlying time-integration, this method is restricted to stable
and slightly unstable invariant tori. A further development can be found in [169].

• The generalized invariance equation method is based on a partial differential equa-
tion with periodic boundaries which is fulfilled by a quasi-periodic function. Re-
quiring a coordinate transformation of regarded nonlinear dynamical systems in
polar coordinates, the invariance equation can be identified. In [167] and [51] this
method was used for the first time, using a Fourier-Galerkin method and a
modified leap-frog algorithm, respectively, to solve the invariance equation. Other
approaches involve a multi-frequency Poisson series using Galerkin’s varia-
tional method (s. [79]), different formulations of the Fourier-Galerkin method
(s. [190]) or a special form of the shooting method (s. [20]).
Circumventing the strict limitation of a required coordinate transformation and
focusing only on quasi-periodic motions, the author of [171] provided a standard
form of the invariance equation. In [172, 175] this approach is described compactly,
approximation methods are discussed and an applicability is demonstrated.

Concerning the determination of invariant tori and thus quasi-periodic motions, a va-
riety of approximation methods can be identified in the mathematical literature whose
solution strategies differ considerably. Although most of them are theoretically appli-
cable to arbitrary dimensional systems, the practical utilization for large engineering
systems is often limited.
Being able to identify invariant tori or quasi-periodic motions, the question concerning
the quantitative stability analysis of identified invariant motions still remains. Similar to
the theoretical characterization of quasi-periodic motions, the theoretical stability iden-
tification of invariant tori can be found in the mathematical literature (s. [32, 37, 38]).
Unfortunately, the applicability of derived criteria to larger engineering systems is in gen-
eral not possible, since all theoretical required quantities are not identifiable. Besides
the latter, in [167, section 4.3] another theoretical criterion to identify the stability of
quasi-periodic motions is derived, but again, the applicability to practical systems is al-
most impossible [134, p. 380]. As far as the author is aware2, the only applicable stability
criterion for quasi-periodic motions is given in [108, 110], which is used in [40, 112, 88].
One has to be aware that this criterion is based on a time-integration, enabling only
a stability identification of stable and weakly unstable motions. Furthermore, this ap-
proach considers the eigenvalues of a matrix which represents an approximated map
over an infinite time interval. Due to this open time interval, a stability quantification
similar to the eigenvalues of the Jacobian or the monodromy matrix is thus impossible.

2Note that in [76] the stability of invariant tori is regarded, which is a criterion for the existence
of tori and not the motion on them. Nevertheless, since this criterion presupposes a coordinate
transformation, it is not applicable to general engineering systems.
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Consequently, an identification of a generally applicable stability criterion for quasi-pe-
riodic motions is still an ongoing research objective.

Engineering literature. In contrast to the exploration of periodic motions, the ap-
proximation and analysis of quasi-periodic motions has not yet become standard in
the engineering literature. Here, the investigation of quasi-periodicity is often limited
to brief segments capturing some basic ideas, e.g see [106, Section 13.3], [149, Section
4.2.2], [5, Section 8.3.2], [145, Chapter 4] and [183, Section 8.6]. An exception can be
found in [134, chapter 7], which still exhibits a rather mathematical focus.
Considering approaches to describe the dynamics of technical applications, the main fo-
cus is often to obtain some kind of motion. In order to describe a sought motion, differ-
ential equations are solved. Thus, it is not surprising that approaches for quasi-periodic
motions are often focused directly on motions and not on invariant objects (invariant
tori) in the engineering literature.
Since engineering systems are often described by nonlinear equations, some authors ap-
proach the identification of quasi-periodic motions by means of analytical perturbation
methods. Consequently, regraded problems are often simplified technical systems to
enable an analytical handling. For example, two weakly coupled van-der-Pol oscilla-
tors are regarded in [78], a forced van-der-Pol–Duffing oscillator is investigated in
[16] and a single degree of freedom system representing a tower under turbulent wind is
discussed in [113].
In order to approach nonlinear dynamical systems with many degrees of freedom, nu-
merical methods are inevitable. Since one-dimensional Fourier-series-based methods
are established for periodic motions and are extensible to quasi-periodic motions, these
methods are almost always encountered in the engineering literature. Considering tech-
nical applications, the first analysis of quasi-periodic motions were conducted by [42],
using a time-integration to obtain Fourier coefficients, and by [192], combining a har-
monic balance and a least square approach. In later publications, these two methods
did not prevail and a generalized version of the Foruier-Galerkin method (FGM) is
often encountered.
Although not focusing on technical applications, one of the first numerical implemen-
tations of the FGM concerning quasi-periodic motions can be found in [137]. Further
developments of the FGM can be found in [124] with an application to a clamped-hinged
beam. Concerning the numerical efficiency, an extension of the FGM by an alternating
time frequency domain (AFT) approach and using the FFT is often used (s. [112, 88]).
In a recent publication, the FGM is coupled with an asymptotic numerical method
(s. [86]) to obtain an efficient continuation method. Considering technical applications,
the FGM was applied to some larger nonlinear systems. Quasi-periodic motions in non-
linear rotating systems were analyzed in [160], where a Duffing nonlinearity and an
electromagnetic eddy-current damper were regarded, and in [153], where a rotor-to-s-
tator contact system was analyzed. Concerning structural dynamics, the FGM was
applied to flutter vibrations of friction-damped tuned bladed disks (s. [115]), nonlinear
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vibrations of a multi-stage bladed disk with multi-frequency excitation (s. [125]) and
quasi-periodic localized vibrations in a bladed disk assembly (s. [72]).
Besides the FGM, other methods are rarely applied in engineering applications to cal-
culate quasi-periodic motions. Two exceptions can be found in [172] and [174], where
a finite difference method is used for electrical circuit models and a collocation method
in combination with Fourier polynomials is used for a simple finite beam-element tur-
bocharger model with oil-film forces, respectively.

Concluding, the engineering literature on quasi-periodic motions is not extensive and
mainly focused on the FGM. It is important to note that all publications implemented
their own approach and a standard tool is not established. Considering the mathemat-
ical literature many insides and approximation methods are provided and should be
evaluated for their usage on technical applications. Lastly, a generally applicable stabil-
ity criterion for quasi-periodic motions is still an ongoing research objective, which is
essential to classify operation regimes.

1.2 Research Objectives

Having provided a survey of the literature on quasi-periodic motions, the requirement of
an efficient numerical analysis tool for quasi-periodic motions in engineering applications
is apparent. The main objective of this thesis is to develop an efficient, accurate and
applicable numerical analysis tool for the approximation and stability identification of
quasi-periodic motions. In order to achieve this objective, four required sub-objectives
are defined:

• Analyze theoretical frameworks for the description of quasi-periodic motions and
identify a suitable approach for engineering application.

• Determine appropriate numerical discretization methods for an efficient approx-
imation of quasi-periodic motions and analyze further methods for this type of
motion.

• Develop a generally applicable criterion for the stability assessment of quasi-peri-
odic motions to classify operation regimes in engineering applications.

• Select models from the literature or design models motivated by engineering ap-
plications which exhibit quasi-periodic oscillations to demonstrate the usability of
the developed approximation tool and stability identification approach.
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1 Introduction

1.3 Thesis Outline

Concerning the achievement of the main objective of this thesis, sub-objectives for its
accomplishment were formulated. As a result, the following structure was established,
where the defined sub-objectives of this thesis are addressed in four chapters:

Chapter 2. In order to approach quasi-periodicity more clearly, an illustrative example
is presented. Utilizing classical methods for the determination of periodic motions, the
occurrence and emergence of quasi-periodic motions is illustrated. The identified results
and phenomenons are extended throughout this chapter, when theoretical frameworks
are explained. Besides the two most common transition scenarios between periodic and
quasi-periodic motions, a distinction to almost periodic and chaotic motions is discussed.
Being familiar with concepts of quasi-periodicity, an overview of existing approaches to
calculate quasi-periodic motions is given in more detail. The invariance equation rep-
resents the most suitable approach for engineering applications, where torus functions
(invariant manifolds) have to be identified. In this context, two variations of the ap-
proach are discussed. A conspicuous difference of the approaches is the resulting phase
dynamics on torus functions. This chapter closes by providing a transformation which
ensures a standard form of the phase dynamics, the parallel flow.

Chapter 3. This chapter begins with a discussion concerning the validity of approx-
imating quasi-periodic motions by means of torus functions in numerical applications.
Subsequently, three suitable discretization methods are introduced. Firstly, a novel
extension of the shooting method for periodic motions to quasi-periodic motions is in-
troduced. Secondly, the multi-dimensional Fourier-Galerkin method is presented.
In addition, a modified version of this approach, the semi-discretization, is discussed.
Thirdly, an application of a finite difference method to the invariance equation is ana-
lyzed and a method for the identification of arbitrary finite difference schemes for first
order derivations is given. In each section numerical aspects for an efficient implemen-
tation are pointed out.

Chapter 4. Starting with the classical stability definition of Lyapunov, general hy-
perbolic solutions and their characteristics are discussed, which are required for the ap-
plicability of linearized equations. In the following, established methods for the stability
identification of stationary points, periodic motions and general motions are presented.
Concerning these methods, characteristic properties are pointed out which are later uti-
lized for quasi-periodic motions.
Two approaches for the stability assessment of quasi-periodic motions are developed, a
spatial and a temporal approach. The spatial approach, which is based on local quanti-
ties of torus functions, can merely provide a sufficient instability criterion. This chapter
closes with the temporal approach, which combines stability identification strategies
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1.3 Thesis Outline

from periodic and general motions and provides an efficient and generally applicable
stability criterion.

Chapter 5. The finite difference method and the temporal approach are implemented
in a numerical tool (Quont), which is introduced in the beginning of this chapter.
Subsequently, a comparison of the finite difference method to the multi-dimensional
Fourier-Galerkin method and the extended shooting method is discussed by means
of a forced Duffing oscillator, where the choice of the finite difference method is high-
lighted. In addition, the temporal approach is investigated, verified and validated. The
method investigation ends with a brief excursion concerning the influence of synchro-
nization on solutions obtained with Quont.
In order to demonstrate the usability of Quont, two nonlinear rotor dynamical models
are taken from the literature. Existing results are confirmed and new findings are supple-
mented. Especially the identified stability properties represent new results. Lastly, the
structural dynamics of a model of a bladed disk assembly with regularized non-smooth
nonlinearities is investigated. Besides an applicability demonstration of Quont to struc-
tural dynamics, the phenomenon of localized vibrations is identified for the first time in
a bladed disk model with (regularized) non-smooth nonlinearities.
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2 Quasi-Periodic Motion in
Dynamical Systems

Quasi-periodic oscillations are an omnipresent phenomenon occurring in many scien-
tific disciplines dealing with nonlinear dynamical systems exhibiting multiple excitation
mechanisms. Examples include the analysis of jet engine rotor dynamics [26], laser
dynamics [14], power network dynamics [103] and population dynamics in chemostats
[128].

“The world is full of periodic and quasi-periodic motions and oscillations.
That is multifrequency oscillations. Mathematically, to a large extent, that
means the study of invariant tori of dynamical systems. These constitute the
more systematic part of the phase space [state-space] of a dynamical system
as opposed to the chaotic parts and their study is just as (perhaps more)
important as the study of chaos.”

[167, Series editor’s preface (page vi)]

This quotation summarizes some characteristics, which provide a conception to the up-
coming chapters. First, quasi-periodic oscillations contain multiple frequencies. Second,
the (mathematical) investigation of quasi-periodic motions focuses mainly on objects
(invariant tori) embedded in the state-space1. Third, since a quasi-periodic motion fills
an area in state-space, it sometimes appears “chaotic,” but its characteristics are funda-
mentally different to those of chaotic motions.
In the following, theoretical characteristics of quasi-periodic motions and approximation
methods are discussed. In section 2.1 an illustrative example is introduced to highlight
findings of this chapter by means of a manageable example. The theoretical basis of
quasi-periodicity is given in section 2.2, where the transition to periodic motions via
two of the most common scenarios is investigated and a distinction to other advanced
motions is given. In section 2.3, the methods introduced in section 1.1 are discussed in
more detail, where the invariance equation is emphasized. Furthermore, two different
interpretations of the invariance equation are investigated and the connection of these
approaches is highlighted.

1The equivalent for periodic motions is the study of invariant cycles (the object) in state-space.
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2 Quasi-Periodic Motion in Dynamical Systems

2.1 Illustrative Example: The Forced
VAN-DER-POL Equation

In order to discuss theoretical concepts more illustratively, the forced van-der-Pol
equation will be used throughout this chapter. This simple, one-dimensional differential
equation shows a variety of complex dynamical behaviors, including co-dimension two
bifurcations and chaotic oscillations2. Additionally, the equation covers many aspects
of systems exhibiting quasi-periodic oscillations. Due to its low dimension, state-space
depictions do not require any projections in lower dimensions, making plots and graphics
more comprehensible. In the following, merely a brief introduction is given. Therefore,
some explanations will intentionally not be discussed and addressed in the following
sections.
Originally proposed in [193] by Balthasar van-der-Pol to describe triode oscilla-
tions, the van-der-Pol equation is motivated by the unrealistic behavior of infinitely
large amplitudes in linear differential equations with a negative damping coefficient [194].
By assuming an amplitude dependence of the damping coefficient (negative for small
and positive for large amplitudes), a self-excitation mechanism is present resulting in
self-excited oscillations. Considering a forcing term, the forced van-der-Pol equation

ẍ+ γ
(
x2 − 1

)
ẋ+ x = f cos(Ωt) (2.1)

results. In the following, the focus is brought to a small parameter area (γ = 0.3, Ω ∈
[1, 1.2], f ∈ [0.1, 0.6]), which covers relevant behavior in the context of quasi-periodic
oscillation.

Analytical approach. In a first step, periodic responses are analyzed analytically to
get an overview of the principle dynamical behavior. Since eq. (2.1) exhibits a forcing
term, an analytical approach corresponding to a forced periodic oscillation is formulated

x(t) = C1(t) cos(Ωt) + C2(t) sin(Ωt), x(t), C1(t), C2(t) : R 7→ R, (2.2)

where C1(t) and C2(t) are time dependent coefficients [106, section 7.4]. Substituting
eq. (2.2) in eq. (2.1), assuming slow varying coefficients Ċj � 1 (j = 1, 2), neglecting
higher harmonics and assuming a small damping coefficient γ � 1 (and thus nonlinear-
ities), such that γĊj (j = 1, 2) is negligible, a system of ordinary differential equations
is obtained

2An extensive analysis of the forced van-der-Pol equation can be found in [136]. Especially
Fig. 1. and Fig. 16. are interesting, since they visualize the behavior over a large parameter
area.
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2.1 Illustrative Example: The Forced van-der-Pol Equation

2ΩĊ1(t) = γΩ
(

1− 1

4
C2(t)

)
C1(t)−

(
Ω2 − 1

)
C2(t) (2.3)

2ΩĊ2(t) =
(
Ω2 − 1

)
C1(t) + γΩ

(
1− 1

4
C2(t)

)
C2(t) + f, (2.4)

with C(t) =
√
C2

1(t) + C2
2(t). A detailed derivation of the equations can be found in

[106, section 7.4]. In order to pursue analytically, it is assumed that the coefficients
remain constant (Cj = const., j = 1, 2), where two algebraic equations result. Squaring
and adding the resulting equations yields

0 = C2

[
γ̂2 +

(
1− 1

4
C2
)2
]
− f̂2 with γ̂ =

Ω2 − 1

γΩ
, f̂ =

f

γΩ (2.5)

from which the amplitude C can be determined. With the solution of eq. (2.5), the
coefficients C1 and C2 in eq. (2.2) can be reconstructed by eq. (2.3) and (2.4)3. The
stability4 of identified solutions can be determined by analyzing a perturbation ∆Cj of
a calculated solution using eq. (2.3) and (2.4).
In figure 2.1 stationary periodic motions with corresponding stability property are vi-
sualized5 for a constant value of γ = 0.3. Note that if constant coefficients exist,

1 1.05 1.1 1.15 1.2
0

1

2

3

f = 0.6
f = 0.5f = 0.4f = 0.3

f = 0.2

f = 0.1

f = 0.1

Ω

|C
|=

m
ax

|x
|

Stable p. solution
Unstable p. solution

Figure 2.1: Analytically-calculated stationary periodic results of the forced van-der-
Pol equation with corresponding stability properties.

3Keep in mind, that Ċj = 0 and thus Cj = const. has to hold for the reconstruction, where the
left hand sides of eq. (2.3) and (2.4) are equal to zero.

4Through the analytical investigation, it is possible to identify general stability conditions,
which have to be fulfilled simultaneously: 3

16C
4 − C2 + 1 + γ̂2 > 0 and 2− C2 ≤ 0.

5Note that in the literature, the results are often illustrated for constant f̂ and parametrized
over γ̂. Here, constant values for Ω and f are chosen to ensure a one-parameter variation of
eq. (2.1).
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2 Quasi-Periodic Motion in Dynamical Systems

C = max|x(t)| holds and all periodic solutions exhibit the period T = 2π
Ω . The analyti-

cal approximation can be categorized according to the forcing magnitude f . Depending
on the magnitude, either one or three periodic solutions can be identified. In case of
strong forcing, only one periodic solution exists along Ω (cf. f = {0.4, 0.5, 0.6}). The
solution is stable in the vicinity of Ω = 1 and unstable aside. Reducing the forcing
magnitude leads to a shrinking of the curve, where at some point two folds are gener-
ated, creating an interval of three coexisting solutions (cf. f = 0.3). Here, one solution
is stable and two are unstable. A further reduction results in a decomposition of the
solution curve, where a detached branch is created (cf. f = {0.1, 0.2}). If the forcing
approaches zero, the detached branch contracts to a single point at |C| = 2, Ω = 1.
The complementary unstable branch approaches C = 0,Ω ∈ [1, 1.2].
The analytical approximation of stationary periodic motions of eq. (2.2) reveals areas in
which no stable (periodic) motion is identifiable with the regarded approach. Note that
eq. (2.2) exhibits two excitation mechanisms : a forced excitation due to “f cos(Ωt)” and
a self-excitation due to “γ

(
x2 − 1

)
ẋ.” The chosen approach can only determine peri-

odic motion oscillating with the forcing frequency Ω, where the self-excitation frequency
ω is not present.

Numerical approach. Concerning the analysis of stable, stationary motions in the
area exhibiting only unstable periodic motions (s. figure 2.1), a numerical approach is
preferable. The resulting motions are distinctly nonlinear, making an analytical ap-
proach cumbersome. In order to analyze this behavior eq. (2.1) is transformed into
state-space[

ż1

ż2

]
=

[
z2

−γ
(
z2

1 − 1
)
z2 − z1 + f cos(Ωt)

]
z1(t), z2(t) : R 7→ R, (2.6)

with [x, ẋ] = [z1, z2] and solved numerically using the ode45 6 function in MATLAB.
Exemplary, the parameters γ = 0.3, f = 0.4 and Ω = {1.1, 1.2} are chosen and station-
ary motions identified (cf. figure 2.1).
First a stable periodic motion is identified at Ω = 1.1 to validate the analytical approach.
Comparing the numerically calculated results with the analytical ones (xmax,num = 1.72,
xmax,ana = 1.86), a good agreement is identified7. Concerning the period, a finite time
interval t ∈ [0, T ] on which the motion repeats itself can be confirmed. In the signal
frequencies, the basic and higher harmonics can be identified (cf. figure 2.2).
Second, a time simulation is initiated at Ω = 1.2, where a stationary solution is cal-
culated, filling a part of the state-space densely. An identification of a time interval
on which the signal repeats itself is not possible. Investigating the signal frequencies
two properties are conspicuous. First, the frequency spectrum contains merely discrete

6This function is an implementation of an explicit Runge-Kutta-scheme using the Dormand-
Prince (4,5) pair [56].

7Since the analytical results holds for γ � 1 a small deviation is present.
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values and second, two frequencies (Ω, ω) can be used to reconstruct each value in the
spectrum (cf. figure 2.2). The determined motion is a quasi-periodic vibration and its
theoretical bases will be discussed subsequently.
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2.2(b): Frequency spectrum (Ω = 1.1)
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2.2(d): Frequency spectrum (Ω = 1.2)

Figure 2.2: Numerically identified stationary motions at γ = 0.3 and f = 0.4.

2.2 Theoretical Aspects

Subsequently, central definitions for this thesis concerning the theory of quasi-periodic-
ity are given. A detailed mathematical discussion extends the scope of this thesis and
the interested reader is referred to [167, 168, 31]. In order to analyze quasi-periodicity,
it is essential to distinguish between the concept of a torus function and quasi-periodic
motion. Although possessing a large thematically overlapping area, there are signif-
icant differences to be considered. In the following, both concepts will be explained
individually and relations and interconnections will be subsequently discussed.
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Orthogonal
basis
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of periodic
boundaries
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0 2π
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Figure 2.3: Depiction of exemplary parameterizations (tori) of torus functions.

Torus function. This term refers to a function, which is parametrized on a torus.
In general, a p-dimensional torus is an object with periodical boundaries in any of
these p dimensions. This enables a representation through periodic angular coordinates
(θ1, ..., θp), the torus coordinates. Therefore, a torus

Tp =
{
θ | θ = [θ1, ..., θp]

> , θi ∈ R mod 2π, i = 1, ..., p
}

(2.7)

parametrizes a torus function on the interval [0, 2π)p. In the following, a Tp is referred
to as p-torus. Common cases of eq. (2.7) are the T0 and T1, which correspond to a
stationary point and limit cycle parametrization, respectively. In order to highlight the
systematicity of the parametrization area, figure 2.3 depicts three tori (p = 0, 1, 2). The
depiction of the T2 with connected boundaries leads to a well-known (in this context)
representation8 of the 2-torus. Consequently, a real torus function Z(θ) : Tp 7→ Rn

T1T0 T2

θ1

θ2

R1

R2

R3

Z(θ) : Tp 7→ Rn
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Figure 2.4: Torus function Z(θ) illustration with parametrization (Tp) and image (Rn).
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takes arguments from the torus domain and maps them into the real domain9. It is im-
portant to note that the dimension of a torus is generally different from the dimension
of the image Z(θ) (cf. figure 2.4).

Quasi-periodic function. In contrast to a torus function, a quasi-periodic function
z(t) : R→ Rn is parametrized over time (one-dimensional parametrization). Its defini-
tion rests on the function’s frequencies. A function is called quasi-periodic if the existing
frequencies are incommensurable (rational independent) and consequently

p∑
i=1

Ciωi = 0 with Ci ∈ Z only holds for [C1, . . . , Cp]
> = 0. (2.8)

The quantity ω = [ω1, ..., ωp]
> ∈ Rp is a frequency base with ωi (i = 1, ..., p) being base

frequencies. In other words, the relation of frequencies to each other is irrational10. As
a consequence the period of a quasi-periodic function is infinitely large (T → ∞). If a
quasi-periodic function is given, different time scales11 can be introduced

z(t) = ẑ(ω1t, ..., ωpt) = ẑ(ωt), (2.9)

with each base frequency defining a time scale. Note that a periodic function ẑ(ω1t) is
merely a quasi-periodic function with one base frequency12. Since multiple bases can be
theoretically determined, two further definitions are required.
If two bases, ω = [ω1, ..., ωp]

> and ω̂ = [ω̂1, ..., ω̂q]
> with q < p, are chosen and the

quasi-periodic function z(t) can only capture (by means of eq. (2.7)) all existing fre-
quencies by ω, then p is called the real frequency base dimension. Roughly speaking,
if a spectrum contains e.g. two base frequencies (c.f figure 2.2), a one-dimensional fre-
quency base (ω = ω1) cannot capture all given frequencies. In contrast to that, if a
three-dimensional frequency base ω = [ω1, ω2, ω3]> is chosen, it can capture the motion
but contains a redundant entry (ω3) and therefore has no real frequency base dimension.
Thus, the term “real frequency base dimension” refers to a base which is sufficiently large
without any redundancy.
If a real frequency base dimension is identified, it is still not unique. Multiple combina-
tions are possible, in which a maximal frequency basis has to be defined. Suppose two
frequency bases, ω = [ω1, ..., ωp]

> and ω̃ = [ω̃1, ..., ω̃p]
>, have the same real frequency

8Although being an elegant representation of the parametrization, the orthogonal basis depic-
tion is more accessible when picturing arbitrary dimensional tori due to its simple idea of
expanding the periodic parametrization area by additional, orthogonal basis vectors.

9An equivalent example is the deflection in the classical oscillatory differential equation (mẍ+
dẋ+ kx = 0), where x(t) : R→ R indicates the current deflection to a given time.

10For p = 2, the frequencies ω1 = 1 and ω2 = π are an example for incommensurability.
11Similar to the Multiple Time Scales Method [144, chapter 6], but without the restriction of
different magnitudes of the time scales.

12In the engineering literature, this is often referred to as a dimensionless or rescaled time
τ = ω1t.
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2 Quasi-Periodic Motion in Dynamical Systems

base dimension. Then ω is called a maximal frequency base if

ω = Cω̃ (2.10)

holds for C ∈ Zp×p and rank(C) = p. Roughly speaking, if a periodic signal exhibits
a discrete frequency spectrum {2, 4, 6, 8}, then both ω = 2 and ω̃ = 1 are a frequency
base with the same real frequency base dimension (p = 1). Merely ω = 2 is a maximal
frequency base since for C = 2 eq. (2.10) is fulfilled. Thus, finding the maximal frequency
base means finding a base with the largest possible base frequency values.

Example 1

Investigating the identified time signal of the forced van-der-Pol equation in
section 2.1 (cf. figure 2.2(c) and 2.2(d)) leads to the following observation
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Figure 2.5: Time signal and frequency spectrum at γ = 0.3, f = 0.4 and Ω = 1.2.

• Incommensurable frequencies: The frequencies ω̃1 = 2ω−Ω and ω̃2 = ω

define a frequency base (eq. (2.8) fulfilled) and, therefore, a quasi-periodic
motion is present.

• Real frequency base dimension: A frequency basis with less entries
cannot be identified and therefore p = 2 is the real frequency base dimension.

• Maximal frequency base: The frequency base is not maximal since (ob-
viously) the frequencies ω1 = Ω and ω2 = ω fulfill eq. (2.10):[

ω̃1

ω̃2

]
=

[
−1 2

0 1

][
ω1

ω2

]
(2.11)

The frequency base ω = [ω1, ω2]> is actually a maximal frequency base.

(Remark: Numerical simulations are never in the mathematical sense quasi-peri-
odic, since a computer operates with floating point numbers. In section 3, this
issue will be discussed in detail.)
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Coalescence. A quasi-periodic function, parametrized over a one-dimensional interval
(time t), fills the image of the torus function, parametrized over a p-dimensional interval
(torus coordinates θ), densely. Both functions characterize the same object but with
different parametrizations. The supremum of a quasi-periodic function and maximum
of a torus function are equal considering the euclidean norm [167, section 1.4]

sup
t∈R
||z(t)||2 = max

θ∈Tp
||Z(θ)||2. (2.12)

Consequently, the description by means of a torus function captures the maximum
value of a function on a finite domain Tp, whereas the quasi-periodic function requires
an infinite domain R. In order to highlight the connection of both functions, a relation
between the time variable and the torus θ = θ(t) is required to represent both functions
simultaneously. For example, the two quasi-periodic functions

ẑ1(ω1t, ω2t) = cos(ω1t) + cos(ω2t) (2.13)

ẑ2(ω1t, ω2t) = cos(ω1t+ 0.3 sin(2ω1t)) + cos(ω2t+ 0.2 sin(3ω1t)), (2.14)

with the frequency base [ω1, ω2]> = [1, π]>, can be described with the same torus
function

Z(θ1, θ2) = cos(θ1) + cos(θ2), (2.15)

where the relation for eq. (2.13) is [θ1, θ2]> = [ω1t, ω2t]
>. Note that the torus coordi-

nates are linear functions in time and the corresponding angular velocities are constant.
For eq. (2.14) the relation is [θ1, θ2]> = [ω1t+ 0.3 sin(2ω1t), ω2t+ 0.2 sin(3ω1t)]

>. In
contrast to the latter, here, the torus coordinates are nonlinear functions in time. Con-
sequently, different filling behaviors result (cf. figure 2.6). If the torus coordinates are lin-
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Figure 2.6: Torus function (TF) and quasi-periodic function (QPF) on a finite time
interval.
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2 Quasi-Periodic Motion in Dynamical Systems

early connected to time, the torus function is filled homogeneously by a parallel flow. In
the nonlinear case, the quasi-periodic function fills the torus function inhomogeneously.
For both distributions an arbitrary time t can be found, such that the following density
definition on the torus function holds. A flow is dense if for an arbitrary small ε > 0 a
time t is existent, such that

ẑ(ω1t, ω2t)

Z
(θ

1
,θ

2
)

θ1

θ2

θ0
θ1

θ2 ε

|ωt− θ0| < ε (mod 2π) ∀θ0, (2.16)

holds. The density of quasi-periodic motions with a parallel flow in the torus function
results directly from the incommensurable base frequencies13. Considering the nonlinear
case, this can also be deduced by identifying a diffeomorphism, which transforms the
flow into a parallel flow with the same frequency base14 [31, chapter 5],[47]. Therefore,
every torus exhibiting a parallel flow of the quasi-periodic motion is called standard
torus15.
A special case occurs when the frequency base dimension of a quasi-periodic motion is
less than the torus function dimension, then the torus function is not filled densely. For
example, this constellation is present when a periodic motion exists on a torus func-
tion, parametrized on a 2-torus. Take the frequencies [1, 2]>. They do not define a
two-dimensional but one-dimensional frequency base (cf. eq. (2.8)). The torus function
in eq. (2.14) still captures the motion, but is no longer filled densely by the periodic
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2.7(a): Linear case ẑ1 with θ = ωt
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Figure 2.7: Torus function (TF) and periodic function (PF) over one period.

13Look at the θ1-θ2-plane and analyze the difference between two points on a boundary.
14In this example, the torus function possessing a parallel flow can be identified directly:
Z(θ1, θ2) = cos(θ1 + 0.3 sin(2θ1)) + cos(θ2 + 0.2 sin(3θ1))

15This representation can be seen as a normal form of a torus.
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2.2.1 Characteristic Properties

motion (cf. figure 2.7). Although appearing counterintuitively16, the identification of
a torus function containing periodic motions has practical relevance when dealing with
synchronization (cf. section 2.2.2.2).

Conclusion. Quasi-periodic functions and torus functions (can) describe the same
object, where an identification of torus functions is often preferable. Instead of an in-
finite, one-dimensional parametrization interval t ∈ [0,∞), a finite, multi-dimensional
parametrization interval θ ∈ [0, 2π)p can be considered. Consequently, the challenges
are to identify suitable torus coordinates and an equation for torus functions.

2.2.1 Characteristic Properties

Subsequently, selected mathematical properties of torus functions and quasi-periodic
motions are presented, which are used in approximation and stability methods. Since
quasi-periodic motions of dynamical systems can be analyzed with torus functions, con-
nections between the time domain (t) and torus domain (θ) are required. A detailed
and exhaustive mathematical exploration can be found in [167].
In order to describe a torus function, consider a complex trigonometric function (multi-
frequent Fourier series) of degree M

hM (θ) =
∑

||α||∞≤M
Cαe

jα·θ, (2.17)

where α = [α1, ...,αp] is a multi-index17 with ||.||∞ defining the maximum norm18, the
complex amplitude suffice C−α = C̄α and θ = [θ1, ..., θp] contains p torus coordinates.
The Weierstrass theorem [167, p. 2] states that every torus function can be uni-
formly approximated by trigonometric-polynomials. Therefore, a sequence of trigono-
metric-polynomials hi(θ) (i = 1, 2, ...) exists such that

lim
i→∞
||Z(θ)− hi(θ)||0 = 0 (2.18)

is fulfilled, with ||.||0 defining a norm of a torus function on a torus

||Z(θ)||0 = max
θ∈Tp

||Z(θ)||2. (2.19)

16Certainly, the periodic motion could also be parametrized on a 1-torus. Note that the real
frequency base of [1, 2]> is p = 1.

17If M = 1 and p = 2, the multi-index has the entries: α = [0, 0],α = [1, 0],α = [0, 1],α =
[1, 1],α = [1,−1] plus the corresponding “negative” values. The vector valued subscript (.)α
indicates the corresponding quantity of an multi-index set (e.g. C [0,0] is the value of C at
α = [0, 0]).

18Note that other norms are also applicable (cf. [88, Fig. 2]). Due to the multi-index, the
definition of a maximal number of series terms is not as straightforward as in the one-
dimensional index form.
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2 Quasi-Periodic Motion in Dynamical Systems

Considering the latter and taking eq. (2.12) into account, it follows that a quasi-periodic
function z(t) = ẑ(ω1t, ..., ωpt) can likewise be uniformly approximated by a trigonomet-
ric function

ĥM (ωt) =
∑

||α||∞≤M
Ĉαe

jα·ωt, (2.20)

with the difference that eq. (2.20) is parametrized in time. Note that torus functions
in eq. (2.17) are only equivalent to eq. (2.20) if a standard torus with a parallel flow
θ = ωt is considered.
Assuming a parallel flow, the approximation theorem [167, p. 11] can be deduced which
states that for an arbitrary ε > 0 a trigonometric function with a finite M exists such
that

sup
t∈R
||ẑ(ωt)− ĥM (ωt)||2 < ε (2.21)

holds. Note that herewith a motivation for the usage of Fourier-Galerkin methods
(cf. section 3.2) is provided.
Another relation, connecting quasi-periodic functions and torus functions, is stated by
the mean value theorem [167, p. 12], which merely holds for parallel flows where θ = ωt

with ω being constant. For a quasi-periodic function z(t) = ẑ(ωt), the limit z0 (mean
value of z(t)) exists

z0 = lim
T→∞

1

T

t+T∫
t

z(t̂) dt̂ =
1

(2π)p

2π∫
0

...

2π∫
0

Z(θ) dθ1... dθp (2.22)

and converges uniformly on t ∈ R. It can be seen that the limit z0 is independent of
t. Note that if θ 6= ωt, the mean value theorem doesn’t hold and further considerations
are required (cf. section 2.3.3).
Being familiar with relations between torus functions and quasi-periodic motions, some
connections to and consequences for dynamical systems are emphasized. Consider an
autonomous, ordinary differential equation

ż = f(z(t)) z : R→ Rn f : Rn → Rn (2.23)

describing a dynamical system, with f(z(t)) being a smooth function. Presume that a
unique, continuous, quasi-periodic solution19

zqp(t) = ẑ(ωt) zqp(t = 0) = z0 t ∈ R (2.24)

19Note that periodic motions and (to an extent) stationary points are quasi-periodic motions
with one and zero base frequency, respectively, where the following holds equivalently for
these motion.
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2.2.1 Characteristic Properties

is given, fulfilling eq. (2.23). This quasi-periodic solution zqp(t) is compact in a setM
(subsequently called manifold), which is a subspace of Rn. Referring to the density
property of a quasi-periodic function (cf. eq. (2.16)), the closure of the trajectory zqp(t)

can be described by a torus function

zqp(t) = Z(θ). (2.25)

This manifold possesses some useful characteristics. An integration of eq. (2.23) with a
substitution of eq. (2.24) for the quasi-periodic solution leads to

ẑ(ωt) = ẑ(0) +

t∫
0

f(ẑ(ωt̂)) dt̂. (2.26)

Due to the density of quasi-periodic functions in torus functions, a sequence of points in
time {t1, t2, ..., ti} exists such that lim

i→∞
ωti = θ0 (mod 2π) exists20. The parametrization

of a quasi-periodic function can then be modified lim
i→∞

ẑ(ωt+ωti) = ẑ(ωt+θ0). Hence,

ẑ(ωt+ θ0) = ẑ(θ0) +

t∫
0

f(ẑ(ωt̂+ θ0)) dt̂ (2.27)

holds, which proves that a torus function, describing a quasi-periodic solution, is an
invariant manifold since

zqp(t) = ẑ(ωt+ θ0) zqp(t = 0) = Z(θ0). (2.28)

Therefore, every quasi-periodic solution zqp(t) to eq. (2.23) which starts on an invariant
manifold Z(θ) stays on it. Since f(z(t)) is a smooth function, the quasi-periodic solution
zqp(t) is smooth and thus Z(θ) is as well.
An interesting connection of an invariant manifold describing a quasi-periodic motion
and the underlying base frequencies results when a maximal frequency base is chosen.
Under these circumstances the map Z : θ 7→ Z(θ) defines a homeomorphism21, since
a maximal frequency base consists of the largest frequencies being able to form a base
(cf. figure 2.8).

20Roughly speaking, it is possible to imagine a series of points such that the quasi-periodic
solution (parametrized on time) can approach a point on the torus function (parametrized
on a torus) arbitrarily close.

21A bijective (each element of the domain is connected to exactly one element of the co-
domain), continuous function, where its inverse is also continuous. The classical example is
the homeomorphism between a donut and a coffee mug.
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2 Quasi-Periodic Motion in Dynamical Systems
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T = 2π

ω
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Max. freq. base ω

Freq. base ω̃

Homeomorphism

No homeomorphism

Figure 2.8: Exemplary illustration of a homeomorphism by means of a periodic motion
(z1 analogous).

This subsection is closed by summarizing essential properties and highlighting practical
consequences:

• Torus functions and quasi-periodic motions are not identical concepts. Although
quasi-periodic motions fill torus functions densely, torus functions are also capable
of containing periodic motions.

• The frequency base dimension of a quasi-periodic motion identifies the torus func-
tion dimension. If the frequency base is maximal, the torus function defines a
homeomorphism Z = Z(θ) that uniquely maps Tp on Rn.

• Every quasi-periodic function can be approximated arbitrarily close by trigono-
metric-polynomials, motivating Fourier-Galerkin approaches.

• The time mean value of a quasi-periodic function corresponds to the space mean
value of a corresponding torus function.

• Torus functions (describing quasi-periodic motions) are invariant objects, which
do not include information concerning their stability. Since dynamical systems in
engineering applications almost always exhibit perturbations, the stability identi-
fication is of interest and addressed in section 4.2.

2.2.2 Transition between Periodic and Quasi-Periodic
Motions

In this thesis, only transition mechanisms between periodic (T1) and quasi-periodic mo-
tions with two base frequencies (T2) are studied, since they are most commonly encoun-
tered in engineering applications. The transition has many different names throughout
the literature: synchronization, phase locking and frequency entrainment. In principle,
two different scenarios can cause a transition, where amplitudes and frequencies behave
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2.2.2 Transition between Periodic and Quasi-Periodic Motions

fundamentally differently. Both scenarios will be analyzed analytically in the transi-
tion’s vicinity, where the difference between torus functions and quasi-periodic motions
will be highlighted.
Although sometimes used synonymously, this thesis uses the mentioned transition names
merely for the first case discussed in section 2.2.2.2. Only in this scenario phases are
locked and frequencies are entrained. Furthermore, amplitudes transit discontinuously
and frequencies continuously. The second case is a transition via a “birth” of quasi-pe-
riodic motions through a Neimark-Sacker bifurcation, discussed in section 2.2.2.1.
Contrary to the first case, amplitudes transit continuously and frequencies discontinu-
ously.

2.2.2.1 NEIMARK-SACKER Bifurcation

In this subsection, the transition of periodic to quasi-periodic motions by means of a con-
tinuous amplitude evolution will be discussed. The connection point is the Neimark-
Sacker bifurcation, which was independently discovered by [146] and [166]. Due to
its similarity to a Hopf bifurcation, the Neimark-Sacker bifurcation (NSB) is some-
times called generalized HOPF bifurcation, HOPF bifurcation of periodic orbits or sec-
ondary HOPF bifurcation.
In order to analyze dynamical systems, a continuous or discrete description can be cho-
sen. In contrast to the continuous description (cf. eq. (2.23)), the discrete description

z(ti+1) = F(z(ti), L)
z : R→ Rn

F : Rn+1 → Rn
L ∈ R (2.29)

results in an iterative map, which only permits a statement concerning discrete points.
Note that a bifurcation parameter L has been added22 and the time interval τ = |ti+1−ti|
is not necessarily constant in each mapping23. A common iterative map for dynamical
systems is the Poincaré-map, which is based on the definition of a (n−1)-dimensional
Poincaré-section Σ in the n-dimensional state-space and can define the mapping of
a continuous solution from the Poincaré-section until it crosses the section in the
same direction again (cf. figure 2.9). In other words, although the Poincaré-section
is crossed in two different directions, the Poincaré-map only captures one “crossing
direction.”

22The bifurcation parameter represents only a varying parameter, which influence on solutions
will be investigated.

23This depends on the definition of the section Σ and consequently on the map F(z(ti), L).
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2 Quasi-Periodic Motion in Dynamical Systems

ez1

ez2

ez3

Σ ∈ R2

ż(t) = f(z(t), L)

z(ti+1) = F(z(ti), L)

z(t)

z(ti+1)

z(ti)

Figure 2.9: State-space R3 with Poincaré-section Σ and an arbitrary motion.

Assume that the map in eq. (2.29) has a fixed point at (zs, Ls) = (0, 0)24, results in a
mapping onto itself

zs = F(zs, Ls). (2.30)

Note that the same motion is described in two different frameworks (eq. (2.23) and
(2.29)). An obvious advantages of the discrete approach is the simplified handling of
periodic motions. While the identification of periodic solutions in nonlinear, continuous
systems often requires discretization methods (e.g. Fourier-Galerkin methods), a
determination in nonlinear, discrete systems reduces to the calculation of fixed points.
Although this approach appears as the obvious choice, the (analytical) identification of
nonlinear maps F(z(ti), L) is often impractical.
Suppose a nonlinear map exhibits a fixed point zs, the question concerning the sta-
bility (cf. chapter 4) arises. Therefore, the analysis reduces to an investigation of a
perturbation ∆z = z− zs, resulting in a linearized map

∆zi+1 = J(zs, Ls)∆zi J(zs, Ls) =
∂F

∂z

∣∣∣∣
(zs,Ls)

, (2.31)

where J(zs, Ls) is the Jacobian matrix of the map25. Assume that this fixed point is
simultaneously a bifurcation point that it is non-hyperbolic and, therefore, the linearized
map does not provide information concerning the stability. Assume that J(zs, Ls) has
two eigenvalues equal to zero. The theory of center manifolds ([199, chapter 18],[85,
section 3.2],[179],) provides a transformation at NSBs, which decouples the essential,
two-dimensional dynamics in the vicinity of the non-hyperbolic fixed point

ẑi+1 = F̂(ẑi, L)
ẑ : R→ R2

F̂ : R3 → R2
L ∈ R. (2.32)

24Through a coordinate and parameter transformation, this relation can always be achieved.
25The notation zi+1 is equivalent to z(ti+1)

24



2.2.2 Transition between Periodic and Quasi-Periodic Motions

Consequently, the reduced Jacobian matrix Ĵ(ẑs, Ls) possesses two eigenvalues. As-
sume that the two eigenvalues are complex conjugate pairs (λs, λ̄s)

26 at the fixed point
with

|λs| = 1 and λks 6= 1 k ≤ 4 k ∈ N. (2.33)

The excluded cases for k = 1, 2, 3, 4 are called strong resonances and the resulting normal
forms exhibit special structures. The interested reader is referred to [6, chapter 5]. Since
complex conjugated eigenvalues are required, the subsequently described scenario can
merely occur in a at least three-dimensional state-space27. If eq. (2.33) is fulfilled,
eq. (2.31) possesses the normal form

yi+1 = λ(L)yi + C(L)y2
i ȳi +O(4) y, C(L) ∈ C λ(L) ∈ R, (2.34)

where y is a complex number resulting from the coordinate transformation y = ẑ1 +

jẑ2, λ(L) is the amplitude of the complex eigenvalues and C(L) is a complex constant
(cf. [199, section 19.3A]). Transforming eq. (2.34) into polar coordinates

y = re2πjϕ (2.35)

with a subsequent Taylor expansion about Ls under the consideration of eq. (2.33)
leads to the unilateral coupled maps

ri+1 = (1 + C1L)ri + C2r
3
i +O(L2ri, Lr

3
i , r

5
i )

ϕi+1 = ϕi + C3 + C4L+ C5r
2
i +O(L2, Lr2

i , r
4
i )

Ci ∈ R, i = 1, ..., 5 (2.36)

for the phases and amplitudes. The constants Ci essentially depend on λ(L) and C(L).
In context of this thesis, the analytical expressions of Ci are of minor interest in contrary
to their meaning for eq. (2.36). The interested reader is referred to [5, p. 380–382]. In
order to analyze eq. (2.36), the higher order terms are neglected

ri+1 = (1 + C1L)ri + C2r
3
i

ϕi+1 = ϕi + C3 + C4L+ C5r
2
i ,

(2.37)

where the validity is limited to small r and small L. Although the subsequent investiga-
tion focuses on the truncated equations, the following statements concerning the radius r
hold for the full normal form in eq. (2.36) [100, chapter 3]. Due to the unilateral coupling
of eq. (2.37), radii are entirely determined by the first equation. The trivial solution is
given for r0,1 = 0, since it coincides with the initial fixed point (zs, Ls) = (0, 0). Hence,
the stability of the stationary point and thus the stability of the corresponding periodic

26Obviously, there are other eigenvalues possible. An extensive study of bifurcations of fixed
points of one-parametric maps can be found in [5, section 6.6].

27Note that the map requires (at least) one dimension less than the continuous description.
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2 Quasi-Periodic Motion in Dynamical Systems

motion can be deduced from the parameter C1, C2 and the bifurcation parameter L:

C1L < 0 → asymptotically stable
C1L > 0 → unstable
L = 0, C2 > 0 → unstable
L = 0, C2 < 0 → asymptotically stable

The non-trivial solution results for r0,2 =
√
−C1

C2
L, where an invariant circle is born

in the bifurcation L = 0. Note that the circle only exists on one side (L > 0 or
L < 0) – depending on the parameter sign of C1 and C2 – and transits continuously
into the bifurcation point. The invariance of the resultant circle can be deduced by

Σ ∈ R2

Σ ∈ R2

Invariant circle Invariant circle

z̃(ti+1)

z̃(ti)

zqp(t)M

ez1

ez2

ez3

r0,2

r0,1

eẑ1

eẑ2

Figure 2.10: Poincaré-section Σ containing an invariant circle, resulting in a toroidal
object in state-space R3.

inserting r0,2 into eq. (2.37). The radius remains constant and the dynamics is only
affected by the angle coordinate. Therefore, discrete points wander around an invari-
ant circle when considering the map and trajectories, occurring on a 2-torus, intersect
Σ when taking the continuous function into account (cf. figure 2.10). Similar to the
Hopf bifurcation (HB), an additional frequency is introduced to the system. Roughly
speaking, a Hopf bifurcation increases the number of frequencies from zero to one
and the Neimark-Sacker bifurcation (NSB) increases the number from one to two
(cf. figure 2.11). Once identified, the stability of the invariant circle is of interest.

ω ∈ R0 ω ∈ R1 ω ∈ R2

eẑ1

eẑ2

eẑ3

eẑ1

eẑ2

eẑ3

HB

eẑ1

eẑ2

eẑ3

NSB

Figure 2.11: Schematic illustration of fre-
quency and object relation.

Since the radius mapping in eq. (2.37)
is decoupled from the angle coordinate,
the stability identification reduces to the
analysis of a fixed point of a one-di-
mensional map. Consequently, the sta-
bility of the invariant circle merely de-
pends on the sign of C2, resulting in an
asymptotically stable solution for C2 <

0 and asymptotically unstable solution
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2.2.2 Transition between Periodic and Quasi-Periodic Motions

for C2 > 0. The mapping behavior leads to the concept that asymptotical-
ly-stable solutions approach the invariant circle (asymptotically) and unstable solu-
tions tend away. Four scenarios are conceivable when considering a Neimark-Sacker

Table 2.1: Invariant solutions with corresponding stability characteristics.

r0,1 = 0, L < 0

C2 < 0 C2 > 0

C1 < 0 unstable unstable

C1 > 0
asymp.
stable

asymp.
stable

r0,1 = 0, L > 0

C2 < 0 C2 > 0

C1 < 0
asymp.
stable

asymp.
stable

C1 > 0 unstable unstable

r0,2 =
√
−C1

C2
L

C2 < 0 C2 > 0

C1 < 0 asymp. stable (∀L < 0) unstable (∀L > 0)

C1 > 0 asymp. stable (∀L > 0) unstable (∀L < 0)

bifurcation. In essence, the trivial solution r0,1 changes its stability property at the
bifurcation point. The non-trivial solution is “born” in the bifurcation point, where the
area of existence and the stability property depends on L and the ratio of C1 and C2.
A summary of possible scenarios is given in table 2.1. Since the bifurcation topology is
independent of the parameter28, a visualization of an arbitrarily chosen case is depicted
in figure 2.12. Note that the Poincaré section is illustrated against the bifurcation
parameter. Keep in mind that the invariant circle is a reduced depiction of the actual

Stable sol.
Unstable sol.

L < 0 L = 0 L > 0

L

z̃1

z̃2

r0,2

Σ Σ Σ

r0,1

Figure 2.12: Bifurcation topology of a Neimark-Sacker bifurcation for C1 > 0 and
C2 < 0 (inspired by [5, p. 384–385]).

28Note that the invariant circle only exists on one side of the bifurcation.
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2 Quasi-Periodic Motion in Dynamical Systems

present torus embedded in the state-space (cf. figure 2.10). The radius analysis pro-
vided the invariant solutions (fixed point and invariant circle) and gave a statement
concerning the stability. Regarding eq. (2.37), some important information with respect
to the dynamics have to be analyzed since merely invariant objects are considered at
this point. The fixed point solution obviously does not require further attention. The
invariant circle necessitates a study of the angle dynamics, since it characterizes the
solution type. Inserting solution r0,2 yields

ϕi+1 = ϕi + C3 +

(
C4 −

C1C5

C2

)
L

= ϕi + C6(L).

(2.38)

The dynamics on the invariant circle can be categorized into two categories (s. figure
2.13). First, if the quantity C6(L) is a rational multiplier of 2π, periodic motions are
present and the orbit returns after a finite time29. Depending on the initial condition,
different parts of the invariant circle are passed through. Second, in case of an irrational
multiplier, quasi-periodic motions occur and the invariant circle is filled densely.
Due to the dependency of C6(L) on the bifurcation parameter L, the orbit structure is
permanently alternating between quasi-periodic and periodic motions. It is important
to note that this behavior is merely predicted by the truncated normal form in eq. (2.37),
whereas the effectively existing dynamics is defined by the full normal form in eq. (2.36).

Invariant circle

ϕ2

ez̃1

ez̃2

ϕ0

ϕ1

ϕ3

ΣΣ Invariant circle

ϕ2

ez̃1

ez̃2

ϕ0/3

Periodic motion Quasi-periodic motion

C6 =
2

3
π C6 = 2

ϕ1

Figure 2.13: Poincaré-section Σ containing an invariant circle and a map process.

It is expected that the higher order terms play a significant role in the dynamics on the
invariant circle, since the truncated map is structurally unstable [199, p. 523]. It is valid
to assume that C6(L) is an irrational multiplier of 2π, since an irrational number is
“more common” [177, p. 331].
The results of the truncated normal form perfectly highlight differences and relations
between torus function and quasi-periodic motions. Extrapolating the invariant circle
of the Poincaré-section into the state-space, a toroidal manifold results which can

29For example consider C6 = π
4 , then ϕ0 = ϕ8 (mod 2π).
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2.2.2 Transition between Periodic and Quasi-Periodic Motions

be described by a torus function. This object (toroidal manifold) is always present,
independent of the solution type on it (periodic/quasi-periodic). Quasi-periodic motion
can occur on the present torus function (invariant circle on Poincaré-section) and fill
it densely, but the motion collapses when frequencies become commensurable.

Example 2
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Figure 2.14: Maximum amplitudes and waterfall diagram of the forced van-der-
Pol oscillator for Ω ∈ [1, 1.4].

Numerically investigating the bifurcation behavior of the forced van-der-Pol os-
cillator at γ = 0.3 and f = 0.6 (cf. section 2.1) with Quonta and time simulations
(sweep) reveals the occurrence of a Neimark-Sacker bifurcation.
This brief example highlights two characteristics of a Neimark-Sacker bifur-
cation. The quasi-periodic motion arises continuously in a square root function
shape from the periodic motion (cf. figure 2.12) and a second base frequency is
instantaneously introduced to the system (cf. figure 2.11).

as. chapter 5

Analyzing the occurring amplitudes and frequencies in example 2, two significant prop-
erties of transitions to quasi-periodic motions via a Neimark-Sacker bifurcation are
emphasized:
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2 Quasi-Periodic Motion in Dynamical Systems

• Invariant solutions and therefore quasi-periodic motions transit continuously in
amplitudes from periodic motions. The radius of an invariant circle approaches
the trivial solution.

• An additional frequency is instantaneously introduced, where a discontinuous tran-
sition occurs in the frequency spectrum. The crossing eigenvalues define the su-
pervene frequency.

The Neimark-Sacker bifurcation is a common phenomenon in engineering applica-
tions30. Exemplary applications are compliant seal-rotor systems [52, 13], rotor-to-stator
contact systems [153, 3] and bladed disk assemblies [70].

2.2.2.2 Synchronization

Having investigated the transitions between periodic and quasi-periodic motions by
means of a 2-torus function ”birth”, the question concerning a transition on torus func-
tions remains. In other words, the torus function persists and motions on it transform
from periodic to quasi-periodic or vice versa. This problem is often approached by ana-
lyzing a perturbed periodic solution by means of a detuning in frequencies [145, section
4.5] or identifying a differential equation describing a phase difference [183, section 4.5
and 8.6]31. In more complex models, this identification assumption is often given by
design [4, 135] or obtained by analyzing certain types of equations, where a reduction is
known [133, 143].
In this thesis, the mechanism of synchronization will be exemplarily investigated for
two torus coordinates (θ1, θ2). Synchronization phenomena involving multiple torus co-
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(
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)

Figure 2.15: Non-parallel flow on torus function with velocities f
(
θ(0,i)

)
at exemplary

points θ(0,i) (i = 1, 2).

30Not always indicated, since bifurcation analyses are sometimes neglected and the focus is
kept on invariant solutions.

31This book provides a very comprehensible introduction to the topic.
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2.2.2 Transition between Periodic and Quasi-Periodic Motions

ordinates go far beyond the scope of this thesis. The interested reader is referred to
[119, 158]. In order to analyze the resulting motion on toroidal manifolds, it is assumed
that the torus function is known (cf. figure 2.15). Consequently, the system dynamics
can be reduced to torus coordinate dynamics on the toroidal manifold32

θ̇1 = f1(θ1, θ2)

θ̇2 = f2(θ1, θ2)
fi : T2 7→ R i = 1, 2. (2.39)

Describing angular coordinates, the torus coordinates θ1 and θ2 are subsequently referred
to as phases. In the following, the systematicity for small deviations of the mean velocity
of eq. (2.39) will be analyzed, since large deviations affect the amplitudes33 and, thus,
the torus function [158, chapter 8.2]. Hence, eq. (2.39) can be rewritten

θ̇1 = ω1 + εh1(θ1, θ2)

θ̇2 = ω2 + εh2(θ1, θ2),
(2.40)

where ω1 and ω2 are the mean (uncoupled) angular velocities and ε� 1 is a small cou-
pling parameter. The functions h1 and h2 characterize the coupling and are 2π-periodic
in each phase34. Note that eq. (2.40) holds equivalently for a unidirectional coupling (e.g.
h1(θ1, θ2) and h2 = const.). Both functions can be represented by a two-dimensional
Fourier-series

hk(θ1, θ2) =
∑

||α||∞≤∞
Cα,ke

j(α1θ1+α2θ2) Cα,k ∈ C k = 1, 2 (2.41)

with α = [α1,α2] being a multi index and Cα,k a constant. In the zeroth phase approx-
imation (α = [0, 0]), the solution of eq. (2.40) is an unperturbed motion

θ1 = ω1t+ θ0,1

θ2 = ω2t+ θ0,2

(2.42)

and θ0,k with k = 1, 2 being arbitrary constant phase shifts. By substituting eq. (2.42)
in eq. (2.41) the term

hk(θ1, θ2) =
∑

||α||∞≤∞
Ĉα,ke

j(α1ω1+α2ω2)t k = 1, 2 (2.43)

results, with Ĉα,k containing the constant phase shifts. Depending on the frequencies

32In case of f1 = ω1 and f2 = ω2 being constant, the flow is parallel and a quasi-periodic motion
is only present if ω1 and ω2 are incommensurable.

33Compare figure 2.1, where large forcing (unidirectional coupling) results in a Neimark-
Sacker bifurcation.

34The interested reader is referred to [158, subsection 7.1.4] for the systematic connection of
eq. (2.40) and the state-space.
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2 Quasi-Periodic Motion in Dynamical Systems

and multi-index, eq. (2.43) exhibits fast and slowly varying terms. Hereby, the slowly
varying terms fulfill the resonance condition

α1ω1 + α2ω2 ≈ 0, (2.44)

which identifies essential frequency combinations of the system dynamics. Averaging
eq. (2.43), the term “resonance condition” is made clear, since 1

j(α1ω1+α2ω2)
approaches

a singularity in the vicinity of eq. (2.44). The fast varying terms are of order O(ε) and
the slow varying terms are large. Consequently, merely the slow varying terms have
to be considered when analyzing synchronizations, whilst the fast ones are negligible.
Assume that two frequencies are almost in resonance35

ω1

ω2
≈ m

n
, (2.45)

where eq. (2.40) is dominated by the resonant terms α1 = n, α2 = m and integer multi-
plier of it. The two-dimensional Fourier-series in eq. (2.43) becomes one-dimensional,
identifying the integer multiple (l) of the critical values (resonance)

ĥ1(nθ1 −mθ2) =

∞∑
l=−∞

Ĉl,1e
jl(nθ1−mθ2)

ĥ2(mθ2 − nθ1) =

∞∑
l=−∞

Ĉl,2e
jl(mθ2−nθ1),

(2.46)

where the phase dynamics exhibits the form

θ̇1 = ω1 + εĥ1(nθ1 −mθ2) (2.47)

θ̇2 = ω2 + εĥ2(mθ2 − nθ1). (2.48)

Introducing a phase difference θ = nθ1−mθ2, multiplying eq. (2.47) with n and eq. (2.48)
with m and subtracting both equations leads to

θ̇ = −ν + εĥ(θ)
ν = mω2 − nω1

ĥ(θ) = nĥ1(θ)−mĥ2(−θ).
(2.49)

For example, one of the simplest function to be assumed for the coupling is ĥ(θ) = sin(θ),
which is referred to as the Adler equation [1] (cf. [183, section 8.6]). The phase differ-
ence dynamics plays a central role when analyzing synchronized states. In accordance to
eq. (2.40) the two remaining parameter in eq. (2.49) can be interpreted as a frequency
detuning ν between the oscillator’s natural frequencies and the coupling intensity ε.
These two quantities naturally define the parameter space, where a motion transits

35The frequency ratio is equal in the synchronization. In the literature, synchronized states
are often called m

n -resonances, referring to the ratio of frequencies.
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2.2.2 Transition between Periodic and Quasi-Periodic Motions

between periodic and quasi-periodic oscillations. The resultant bifurcation diagram
is called Arnol’d tongue scenario36 [173],[6, chapter 4], which represents the generic
case for weakly coupled oscillators [6, chapter 4], [30, section 2.4]. In figure 2.16, an

0

Arnol’d tongue
Synchronization area

ε

ν

θ 1

θ2

ε0

θ 1

θ2

θ 1

θ2

Figure 2.16: Arnol’d tongue of a 1
1 -resonance (m = 1, n = 1) in the detuning-coupling

parameter plane with exemplary flows on the 2-torus T2 for finite time
intervals.

exemplary tongue is depicted, whereas the reader should be aware that multiple tongues
coexist. The classical shape consists of exactly one point on the ν-axis37 and a widen-
ing area for larger coupling values. Each tongue depicts an area with a synchronized
state, in which a periodic motion is present, depending on the frequency ratio m

n . The
number of Arnol’d tongues is countable and each tongue emanates from a rational
ratio of frequencies (in the regarded, approximated case ν = 0). Between the Arnol’d
tongues, quasi-periodic oscillations are present. It is noteworthy that although the type
of motion changes, the torus function persists.
Analyzing eq. (2.49), the function ĥ(θ) is 2π-periodic and therefore has a maximum
ĥmax and minimum ĥmin on the interval θ = [0, 2π), which are normally not equal.
Two qualitative different areas for the phase dynamics θ are possible. In the first area
(cf. figure 2.17(a)), the frequency detuning ν is located in the interval

εĥmin < ν < εĥmax, (2.50)

leading to at least one pair of fixed points, where one is (asymptotically) stable and the
other one is unstable. If multiple extrema are present, multiple pairs of fixed points
exist. In the second area (cf. figure 2.17(c)), the frequency detuning lies outside the
interval specified in eq. (2.50), where no fixed point is present.

36Note that this scenario could occur after a Neimark-Sacker bifurcation, since eq. (2.36)
is nonlinear. In the vicinity of a NSB, this scenario cannot occur due to the linearity of
eq. (2.38).

37If the coupling is turned off (ε = 0) both oscillators vibrate independently with their own
natural frequency.
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θ̇

θ2π

2.17(a): εĥmin < ν < εĥmax

0

θ̇

θ2π

2.17(b): εĥmin = ν < εĥmax

0

θ̇

θ2π

2.17(c): ν < εĥmin < εĥmax

Figure 2.17: Dynamics of the phase difference for different detuning parameters.

In the first case, the phase difference approaches a stable fixed point, namely a constant
value θ0. The resultant observed frequencies of both oscillators are

ω̂0,1 = ω1 + εĥ1(θ0)

ω̂0,2 = ω2 + εĥ2(−θ0),
(2.51)

which exhibit a constant relation defined by ω̂0,1

ω̂0,2
= m

n . Investigating figure 2.17, the
boundaries of Arnol’d tongues are characterized by saddle-node bifurcations. This
can be detected when analyzing the periodic solution (coming from inside the tongue),
since the quasi-periodic solution stops existing at the boundaries (coming from outside
the tongue). Considering the frequencies of quasi-periodic motions, they may indicate
Arnol’d tongues. If the frequency detuning does not fulfill eq. (2.50), the phase dif-
ference grows (decreases) monotonically and the two phases do not exhibit a constant
frequency ratio and are thus not synchronized. Nevertheless, the period

Tθ =

2π∫
0

1

−ν + εĥ(θ)
dθ (2.52)

of the phase difference θ can be identified by eq. (2.49). Keep in mind that θ is a
function for the slow phase differences. The corresponding frequency

Ωθ = 2π

 2π∫
0

1

−ν + εĥ(θ)
dθ

−1

(2.53)

is the so-called beat frequency. This is an important characteristic of the phase dynamics
outside the synchronization area, which represents the mean frequency of the slow phase
rotation Ωθ = nω̂0,1−mω̂0,2. The beat frequency exhibits a monotonous dependence on
the detuning ν, where the transition to synchronized states can be studied analytically.
A transition to synchronized states is given when a saddle-node bifurcation occurs
(cf. figure 2.17), where ν = εĥmax or ν = εĥmin. In the following, the transition at
νmax = εĥmax is exemplary regarded, in which case the phase difference exhibits a sta-
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tionary solution θ0. Since the term “εĥ(θ)− ν” is small in the vicinity of θ0, a Taylor
series expansion of the function ĥ(θ) can be carried out

|Ωθ| ≈ 2π

∣∣∣∣∣∣
∞∫

−∞

1
ε
2 ĥ
′′(θ0)θ2 − (ν − νmax)

dθ

∣∣∣∣∣∣
−1

=

√
ε|ĥ′′(θ0)| · (ν − νmax)

ĥ′′(θ0) =
d2ĥ

dθ2

∣∣∣∣
θ0

, (2.54)

where the integration limits are set to infinity, due to the linearization [158, section
7.1.7]. The linear part of the expansion cancels out (cf. eq. (2.46)) and the qualitative
behavior has the shape of a square-root function when taking the detuning ν as argu-
ment (cf. figure 2.18). The area of synchronization corresponds to a Arnol’d tongue
(cf. figure 2.16). Considering the phase dynamics outside of the synchronization area

Ωθ

ν

∼ √ν − νmin

∼ √ν − νmax

νmin

νmax

Synchronization

Figure 2.18: Section (slice) of an Arnol’d tongue depicted in the detuning-beat fre-
quency space.

and in the vicinity of Arnol’d tongues, a non-uniform behavior is observed in time.
First, the trajectory spends a disproportional large amount of time in the vicinity of
θ0 (cf. figure 2.19), since the velocity of the phase difference (s. eq. (2.53)) is almost
zero. Second, the latter large time intervals alternate with a short time interval, called

Invariant circle

zqp(t)

ν < νmin

Invariant circle

zqp(t)

ν = νmin

Σ Σ Σ

Invariant circle

zp(t)M M M

νmin < ν

Figure 2.19: Invariant toroidal manifoldM with quasi-periodic and periodic motions in
and around the 1

1 -resonance with qualitative Poincaré sections.
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phase slips, in which the phase difference increases by (±)2π during a short time interval
(cf. figure 2.19). This bifurcation of the phase difference is also known as SNIC (saddle-
node on an invariant circle), which is a global bifurcation in which a local one is involved
(cf. figure 2.17). The interested reader is referred to [120, section 7.1][11, 10, 62, 101].
Similar to the resemblance of a Neimark-Sacker and Hopf bifurcation (cf. section
2.2.2.1), synchronization and SNIC bifurcation38 also exhibit qualitative similarities.
While the SNIC bifurcation results in (at least) two fixed points on an invariant cir-
cle (saddle and node), a synchronization results in (at least) two periodic solutions on
an invariant manifold (saddle-type and node-type). Similar to the Neimark-Sacker
bifurcation, the Poincaré section illustrates this connection (cf. figure 2.19).

Example 3
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Figure 2.20: Maximum amplitudes and waterfall diagram of the forced van-der-
Pol oscillator for Ω ∈ [1, 1.1].

Numerically investigating the bifurcation behavior of the forced van-der-
Pol oscillator at γ = 0.3 and f = 0.2 (cf. section 2.1) with Quonta and time

as. chapter 5

38Here, the SNIC bifurcation is observed in the phase difference and, therefore, obviously indi-
cates synchronized states. Although motivated by the phase difference, the SNIC bifurcation
can occur equivalently in dynamical systems unrelated to phase dynamics [27].
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1

simulations (sweep) reveals a fold of periodic motion (LPC: limit point cycle)a and
the occurrence of a synchronization.
This example highlights two characteristics of synchronizations (cf. example 2).
Additional frequencies arise continuously in a square root function shape from the
frequency of the periodic motion (cf. figure 2.18) and the quasi-periodic motion is
instantaneously introduced since the whole invariant manifold is filled (cf. figure
2.19).

as section 4.1.2

Similar to section 2.2.2.1, example 3 highlights two essential properties concerning am-
plitudes and frequencies of transitions between periodic and quasi-periodic motions via
synchronizations:

• Regarding only the phase dynamics (s eq. (2.39)), the underlying invariant toroidal
manifold persist continuously during the transition between motions, only the
motion on it changes. Therefore, the maximum amplitude can jump, since the
whole manifold is not occupied.

• Additional frequencies (and higher harmonics) emerge continuously from the peri-
odic solution, since a desynchronization takes place continuously in the frequency
domain. The beat frequency is zero during synchronization.

2.2.3 Distinction to Almost Periodic and Chaotic Motions

In section 2.2.2 two transition scenarios between periodic and quasi-periodic motions
have been discussed. Roughly speaking, the connection by means of “lower” dimensional
motions has been studied. In this section a brief distinction to “higher” dimensional mo-
tions will be given.
Recapturing that quasi-periodic motions are characterized by a finite number of p in-
commensurable frequencies ẑ(ω1t, ..., ωpt), the self-evident question arises concerning
an infinite number of base frequencies (cf. figure 2.21). Such motions are called almost
periodic and describe a generalization of the periodicity concept39. The fundamental
theory was developed by Bohr in three extensive publications [24, 23, 25]. A continu-
ous function f(t) (t ∈ R, f ∈ Cn) is called almost periodic, if for every ε > 0 a number
τ ∈ R\0 exists, such that

|f(t+ τ)− f(t)| ≤ ε (2.55)

39Note that every periodic and quasi-periodic motion is an almost periodic motion but not vice
versa.
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2 Quasi-Periodic Motion in Dynamical Systems

is fulfilled for every t. This condition is trivial for periodic motions and deducible for
quasi-periodic motions by the density characteristic (cf. eq. (2.2)). Reviews of almost
periodicity can be found in [141, 123].
If the concept of a frequency base is no longer applicable and the motion‘s frequency
spectrum is continuous, chaotic motions are present (cf. figure 2.21). Chaotic motions
exhibit the characteristic that solutions are sensitive to initial conditions, meaning that
almost identical initial solutions diverge over time. This behavior differs significantly in

Quasi-periodic motion Almost periodic motion

Frequency Frequency Frequency

A
m
pl
it
ud

e

A
m
pl
it
ud

e

A
m
pl
it
ud

e

Chaotic motion
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Figure 2.21: Frequency spectra of different motion types.

quasi-periodic motions where nearby solutions stay close. Investigating the Lyapunov
exponents (cf. section 4.1.3), this relation can be explained. The general transition to
chaos is diverse, however the focus of this brief section is kept on chaotic motions arising
from quasi-periodic ones. An extensive overview of the possible scenarios can be found
in [5, Fig. 8.6.27].
The first established theory describing the transition from fixed points over quasi-peri-
odic to chaotic motions is called Landau scenario, independently developed by [122, 99].
The intention of this model is to describe the transition from stationary, laminar flows to
turbulent ones. Assuming a cascade of infinite, general “Hopf” bifurcations, where each
bifurcation introduces a new independent frequency, the motion should reach a chaotic
state. As indicated by [176, section 7.1], the motion gets more and more complex
but the frequency spectrum always remains discrete. Although the Landau scenario
concludes that through an infinite number of bifurcations a continuous spectrum is ob-
tained, the resulting motion is almost periodic since the mere addition of frequencies
does not make a spectrum continuous. The Landau scenario is based mainly on linear
concepts, since periodic solutions can neither vary fundamentally nor disappear during
consecutive Hopf bifurcations and the superposition principle is used [5, chapter 8.2].
Landau’s merely theoretically backed scenario was scrutinized when Lorenz [130]
showed that only three degrees of freedom are required for the appearance of chaotic
motions. The Ruelle-Takens-Newhouse scenario states that the route to chaos is
shorter and may appear after three40 generalized Hopf bifurcations [147]41. Basically,
this scenario is based on Peixoto’s theorem [156, p. 325] which states that quasi-peri-
odic motions on two-dimensional torus functions (invariant manifolds) are structurally

40The Poincaré-Bendixson theorem [17] excludes chaos on two-dimensional torus functions.
41The previous work of Ruelle-Takens [165] stated that chaotic motions may appear after
four generalized Hopf bifurcation.
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unstable42. Similar to the Neimark-Sacker bifurcation, torus functions persist after
generalized Hopf bifurcations but motions on torus functions can change. After three
generalized Hopf bifurcations, the torus function is three-dimensional and chaotic mo-
tions (likewise periodic motions) are possible on the torus function. Ruelle-Takens-
Newhouse argumentation assumes that Peixoto’s theorem can be generalized for
higher dimensions43, where quasi-periodic motions are structurally unstable and arbi-
trarily small perturbations of the flow may lead to chaotic motions. For fluid dynami-
cal systems, experiments have been conducted for a Taylor-Couette flow [185] and
Rayleigh-Bénard convection [186], confirming the Ruelle-Takens-Newhouse sce-
nario.
It is crucial to note that although this transition to chaos is well suited for fluid dy-
namical problems, it does not guarantee chaotic motions on three-dimensional torus
functions (and higher) resulting from three autonomous frequencies. The Ruelle-
Takens-Newhouse theorem merely states the possibility of chaotic motions, which
was highlighted in the original paper [147, p. 39 (last paragragh)] by stressing the word
“may”. In [10, 59], it is stated that Ruelle-Takens-Newhouse scenario is not neces-
sarily the typical case when analyzing general physical systems. For example, in [82] a
numerical experiment is conducted which studies a nonlinear, coupled map, representing
the dynamics on a torus function. The results indicated that if the coupling strength is
weak to moderate, chaotic motions are either not present or the exception and quasi-pe-
riodic motion represent the general case44. In another numerical investigation [187], two
six-dimensional continuous, dynamical systems are studied which both exhibit stable,
quasi-periodic motions with three basis frequencies. An equivalent study is carried out in
[188] for an eight-dimensional continuous, dynamical system, identifying quasi-periodic
motions with four base frequencies.

Example 4

The appearance of quasi-periodic motions with more then three base frequencies
is briefly demonstrated in a numerical experiment. Four van-der-Pol oscillators
are linearly coupled

ẍ1 + γ
(
x2

1 − 1
)
ẋ1 + x1 = C(x2 + x3 + x4 − x1)

ẍ2 + γ
(
x2

2 − 1
)
ẋ2 + 2x2 = C(x3 + x4 + x1 − x2)

ẍ3 + γ
(
x2

3 − 1
)
ẋ3 + e2x3 = C(x4 + x1 + x2 − x3)

ẍ4 + γ
(
x2

4 − 1
)
ẋ4 + π2x4 = C(x1 + x2 + x3 − x4)

(2.56)

42A detailed analysis of the theorem and the consequences for numerical approximations can
be found in section 3.

43Peixoto’s theorem is only proved for two-dimensional manifolds. Corresponding theorems
for higher dimensions have (to the best of the author’s knowledge) not been established yet.

44For a large coupling value, periodic, quasi-periodic and chaotic motions are equally probable.
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2

For C = 0, the four equations are decoupled and show limit cycle solutions,
which oscillate for γ � 1 approximately with their linear natural frequency.
Equation (2.56) is transformed into state-space [x1, x2, x3, x4, ẋ1, ẋ2, ẋ3, ẋ4] =

[z1, z1, z3, z4, z5, z6, z7, z8] and solved numerically by a time-integration. Choosing
C = 0.2 and γ = 0.1, the lower figure displays the results for the initial con-
dition [z1, z1, z3, z4, z5, z6, z7, z8] = [2, 2, 2, 2, 0, 0, 0, 0] and an integration interval
t = [0, 5e5].
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On the left side, four frequency spectra of the state-space coordinates are plotted
in one diagram. On the right side, sub state-space plots are presented. In every
spectrum each “natural frequency” is identifiable, where the magnitude depends
on the regarded coordinate. Consequently, the resulting motion is most likely
quasi-periodic with four basis frequencies and not chaotic.

Thus, even though the Ruelle-Takens-Newhouse scenario is often observed in fluid
dynamical investigations, it is not the generic case when analyzing general dynamical
systems. Stable quasi-periodic motions with more than three frequencies are observed
in many numerical investigations (cf. example 4) and represent a noticeable aspect in
the analysis of dynamical systems.

2.3 The Invariance Equation

In the previous sections, quasi-periodic motions and torus functions have been discussed
and a distinction to other motion types has been given. In this section, calculation
methods will be presented which aim at calculating torus functions. In general, the focus
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is kept on finding solutions of autonomous, ordinary differential equations45 (ODE):

ż(t) = f(z(t))
z : R→ Rn

f : Rn → Rn,
(2.57)

with ˙(.) =
d(.)
dt . Let us assume that eq. (2.57) exhibits an invariant toroidal manifold.

For some of the following descriptions, it is useful to split the state-space locally into
a tangential- (TzM) and normal-subspace (NzM) since it simplifies the access to the
approaches. The given notation (cf. [117, section 2.1]) should be read as the tangen-
tial/normal subspace T /N of the manifoldM at the state z (cf. figure 2.22). Hereafter,

M

z

n1

n2

t1

z
n1

M

ez1

ez2

ez3

ez1

ez2

ez3

t2

t1

Figure 2.22: Illustration of two different invariant toroidal manifoldsM in z ∈ R3 with
corresponding normal n1,n2 ∈ NzM and tangential space t1, t2 ∈ TzM
(dim(TzM) + dim(NzM) = n).

three of the most frequently used methods to describe quasi-periodic motions or rather
torus functions will briefly be discussed, followed by a detailed derivation of the method
used in this thesis.

Generalized Poincaré mapping method. This method was developed in [108,
109, 110] to approximate quasi-periodic solutions of forced systems. It is based on de-
scribing a quasi-periodic solution ẑ(ω1t, ..., ωpt) as a fixed point of a higher dimensional
Poincaré map F p(zi)

46. The method is theoretically derivable for quasi-periodic so-
lutions with an arbitrary frequency base dimension p but the authors in [108, 109, 110]
analyzed mainly the case involving two base frequencies. In principle, this method is
based on a shooting method and thus requires time-integrations. By calculating a finite
time interval and knowing the base frequencies (forced systems), scattered points on
the first order Poincaré section Σ1 are identified (cf. section 2.2.2.1). Subsequently,
an ordered number of points in the vicinity of the periodicity of the invariant circle is
used to approximate the start point by splines47 and thus the fixed point of the second

45Every non-autonomous system can be converted into an autonomous one by extending the
state-space. This connection will be revisited later in this section, since it is accompanied by
relations which have to be considered.

46In order to describe a quasi-periodic solution as a fixed point of a Poincaré map, the
dimension depends on the number of base frequencies. For example, a periodic solution
ẑ(ω1t) is a fixed point of a first order Poincaré map F 1(zi), a quasi-periodic solution
ẑ(ω1t, ω2t) is a fixed point of a second order Poincaré map F 2(zi) and so on.
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Figure 2.23: Schematic illustration of the generalized Poincaré mapping method.

order Poincaré map F 2(zi) on the second order Poincaré section Σ2 (cf. figure 2.23).
Equivalent to the shooting method, this procedure is embedded in a Newton method.
Achieving convergence, the fixed point of F 2(zi) is found and therefore the quasi-peri-
odic solution. In later publications [129], this approach has been further developed and
a system with an autonomous frequency has been considered where an optimization
algorithm is necessary to handle more unknown variables than equations. The method
is used in [111, 195] and applied to larger systems in [170].
Although this approach can be used to identify quasi-periodic motions with an arbitrary
frequency base dimension p, the consideration of p base frequencies is not applicable in
practice. Since the method is based on numerical time-integration it can merely approx-
imate stable or weakly unstable solutions since a rather long time interval is required
to obtain enough points on the first order Poincaré section Σ1. Furthermore, if the
frequencies have similar values, the time interval enlarges considerably.

Graph transform method. This method was developed in [89] and further enhanced
in [64], where the normal hyperbolicity of overflowing manifolds was derived. A compre-
hensible summary of this theory can be found in [198, section 3.2.7] and an illustrative
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N
z
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Figure 2.24: Schematic illustration of the graph transform method (inspired by [95]).

47The approximation is required, since the quasi-periodic solution fills the invariant circle
densely but does not exhibit the same value twice.
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example in [199, section 3.5A]. The general concept builds on interpreting an invariant
manifoldM as a graph G of a function parametrized over a known domain Tp48

Z = G(θ)
Z ∈M
θ ∈ Tp

(2.58)

This domain is defined by the parametrization of a given manifold M0 close to the
sought-after solution. One possibility to achieve such a parametrization is a local (at the
state z) division of the state-space into a tangential- (TzM0) and normal-space (NzM0).
The tangential-space contains the domain coordinates (manifold parametrization) and
the normal-space contains the graph (cf. figure 2.24). The general solution of eq. (2.57)
can be obtained with

ψt(z0) = z0 +

t∫
0

f(z(t̂)) dt̂ z(t = 0) = z0. (2.59)

The solution defines a map, for which the manifold is mapped onto itself49M = ψt(M).
Inserting eq. (2.58) into M = ψt(M) and considering the time dependency of torus
coordinates50

G(θ(t)) = ψt(G(θ(0))) (2.60)

results. In case of a normally hyperbolic manifold, eq. (2.60) enables a construction of
a contacting map in which the manifold M can be expressed as a fixed point. This
method can theoretically be constructed for arbitrarily dimensional tori regardless of
their stability. In [50, 138, 139] this method is applied to dynamical systems to obtain
invariant objects.
The main issue of this method is the splitting of the state-space. Other problems are
the convergence velocity of stable and unstable subspaces of the normal space and the
distortion of the initial parametrization, which can all be overcome but represent no
trivial task [95].

Generalized invariance equation method. This method is one of the most wide-
spread in the engineering literature51. A historical background and overview can be
found in [172]. Generally, the variable (parametrization) is θ ∈ Tp and thus the torus.
The basic idea is to formulate an equation for a torus function Z(θ) : Tp → Rq such

48The graph transform method can generally deal with different kind of manifolds and not
merely toroidal manifolds. In order to illustrate the idea in the context of quasi-periodic
motions, the domain is chosen as a torus Tp.

49Note thatM is a set of points and does not explicitly describe one point of the manifold.
50Since dynamical systems are analyzed, the torus coordinates exhibit time dependent behavior
given that a trajectory underlies the analysis.

51Note that the often used Fourier-Galerkin method (s. section 3.2) is based on this theory.
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2 Quasi-Periodic Motion in Dynamical Systems

that its image is invariant under the evolution equation (map or flow). The invariance
equation for maps reads

Z(Φ(θi)) = G(Z(θi))
G : Rq → Rq

Φ : Tp → Tp,
(2.61)

where θi+1 = Φ(θi) is a map of the torus coordinates and Zi+1 = G(Zi) of the
state. Equation (2.61) highlights a typical problem accompanying this approach, since
it provides equations for the torus function Z but the function Φ remains unknown.
This problem can be overcome by adding further conditions or applying a coordinate
transformation. Both cases require additional effort. Applications of this method can
be found in [111, 48]. The invariance equation for flows reads

p∑
i=1

∂Z(θ)

∂θi
φi(Z(θ),θ) = g(Z(θ),θ)

g : Rp × Tp → Rq

φi : Rp × Tp → T,
(2.62)

where θ̇i = φi(Z(θ),θ), i = 1, ..., p are time derivations of the torus coordinates describ-
ing the flow of the torus function on the torus. Equivalently to the invariance equation
of maps (eq. (2.61)), the functions φi(Z(θ),θ), i = 1, ..., p are a priori unknown and
require a coordinate transformation or additional conditions.

The generalized invariance equation method, in particular the invariance equation for
flows (eq. (2.62)), is used throughout this thesis, since the vast majority of engineering
problems can be described with ODEs. In the following, this method will be derived,
where two different approaches will be presented, which approximate different torus
functions Z(θ):

• The state-space approach aims at identifying suitable torus coordinates θ(t) by a
coordinate transformation of the state-space (s. section 2.3.1). Hence, the toroidal
manifold in state-space is parametrized.

• The hyper-time approach aims at extending the time t to a hyper-time
[ω1t, ..., ωpt], where torus coordinates θ = ωt are directly given (s. section 2.3.2).
Therefore, only quasi-periodic motions ẑ(ω1t, ..., ωpt) are considered.

Both methods exhibit specific advantages and drawbacks, which will be addressed sub-
sequently.

2.3.1 State-Space Approach: Torus Functions of Manifolds

The discussion in section 2.2 indicated that quasi-periodic motions may be embedded on
torus functions and fill them densely. It is assumed that eq. (2.57) exhibits a quasi-peri-
odic solution zqp(t) and an equation to describe the torus function Z(θ) is sought. By
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virtue of the general analysis, it is known that the resulting motion

Mt = {zqp(t) | zqp(t) ∈ Rn, t ∈ R} ⊂ Rn (2.63)

fills a toroidal manifold M densely, which is a subset of the state-space52. In order
to describe the quasi-periodic motion, the state-space approach aims to geometrically
characterizing the toroidal manifoldM which is the carrier of the quasi-periodic motion.
The first task is to identify a coordinate transformation of the CARTESIAN state-space
coordinates z = [z1, ..., zn]>, which separates torus coordinates θ = [θ1, ..., θp]

> and
torus function coordinates Z = [Z1, ..., Zq]

> such that the toroidal manifold

M = {(θ,Z) | Z = Z(θ), θ ∈ Tp, Z ∈ Rq} ⊂ Rn (2.64)

can be described uniquely (cf. figure 2.25). Transforming the state-space into torus
coordinates θ ∈ Tp and torus function coordinates Z(θ) ∈ Rq, a natural splitting of

M

ez1

ez2

ez3

Mt
z1
z2
z3

Z(θ1, θ2)
θ1
θ2

7→
eθ2

eθ1

eZ

Figure 2.25: Invariant toroidal manifold depicted in state-space [z1, z2, z3] and the trans-
formed coordinate space [θ1, θ2, Z1].

the parametrization θ and sought quantities Z(θ) is achieved (Tp × Rq = Rn). Two
approaches are often used in the literature, which are explained subsequently.

Global approach. The global approach seeks to characterize torus functions directly.
Within this paragraph, the quantities (Z,θ) should be seen as global coordinates. Be-
sides the obvious case that the system dynamics (eq. (2.57)) are given in amplitude- and
phase-coordinates a priori, the following consideration focuses on second order ODEs de-
scribing engineering applications. Such systems can be converted into first order ODEs
(state-space representation)[

ẋ(t)

v̇(t)

]
=

[
v(t)

h(x(t),v(t), t)

]
x,v : R→ Rr

h : Rr ×Rr ×R1 → Rr,
(2.65)

where x,v represent path and velocity coordinates, respectively, and h captures the
right hand side. First, eq. (2.65) is converted into an autonomous system. It is as-

52Think of a donut in a room. The donut (to be precisely, it has to be hollow) is the manifold
M and the room (to be precisely, the room is infinitely large) is the state-space R3.
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2 Quasi-Periodic Motion in Dynamical Systems

sumed that the explicit time dependency stems from cyclic forcing terms (i.e. h =

C(x, v) + cos(ω1t) cos(ω2t)) and all given frequencies are incommensurable. The aug-
mented system reads:ẋ(t)

v̇(t)
˙̂
θ(t)

 =

 v(t)

h(x(t),v(t), θ̂(t))

ω

 θ̂ : R→ Tm. (2.66)

Hereafter, the time dependency of the variables is omitted to ensure clarity. Due to the
structure of eq. (2.66), the path and velocity coordinates can be pairwise-transformed
into polar coordinates (i.e xi = ri cos(ϕi), vi = ri sin(ϕi)). Inserting the polar coordi-
nates into eq. (2.66) and reshaping the system of equations, the result can be depicted
as  ṙϕ̇

˙̂
θ

 =

hr(r,ϕ, θ̂)

hϕ(r,ϕ, θ̂)

ω

 r,ϕ : R→ Rr

hr,hϕ : Rr ×Rr × Tm → Rr

θ̂ : R→ Tm,
(2.67)

where hr and hϕ result from h through the transformation into polar coordinates. The
objective of the state-space approach is to identify the torus coordinates of a dynamical
system via coordinate transformation to parametrize the torus functions over it. At
this point, eq. (2.67) exhibits merely a proportion of all present torus coordinates θ,
since the phase angles ϕ can contain further torus coordinates. This may result from
self-excitation mechanisms. Consequently, the phase angles ϕ ∈ Rr are partitioned into
independent phase angles (θ ∈ Tp−k) and dependent phase angles (ϑ ∈ Rr−(p−k))

ṙϑ̇
θ̇

 =


hr(r,ϑ,θ)

hϑ(r,ϑ,θ)[
hθ(r,ϑ,θ)

ω

]


ϑ : R→ Rk

hϑ : Rr ×Rk × Tp → Rk

hθ : Rr ×Rk × Tp → Rp−k

θ : R→ Tp,

(2.68)

with k = r−(p−m). It should be stressed that the executed partitioning is heuristically
chosen and not unique. Although self-excitation mechanisms can be determined, the
partitioning is not always obvious.
Since the amplitudes r = r(θ) and the dependent phase angles ϑ = ϑ(θ) represent
torus functions, they are functions of the torus coordinates θ. As a technical detail, one
should note that due to the periodicity of the torus Tp, the amplitudes are periodic and
the dependent phases are “modulo-2π” periodic

r(θ) = r(θ + 2πei)

ϑ(θ) = ϑ(θ + 2πei) (mod 2π)
i = 1, ..., p, (2.69)
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where ei represents the ith unity vector. Considering eq. (2.69), the amplitudes and
dependent phase angles can be combined to Z(θ) = [r(θ),ϑ(θ)]> ∈ R2r−(p−m), where
n = p+q with q = 2r−(p−m) representing the dimension of the autonomous state-space
(cf. eq. (2.57)). Hence, eq. (2.68) can be converted into

Ż = g(Z(θ),θ)

θ̇ = φ(Z(θ),θ)

g : Rq × Tp → Rq

φ : Rq × Tp → Tp,
(2.70)

where the function g(Z(θ),θ) contains the first two and φ(Z(θ),θ) summarizes the
last two block matrices of the r.h.s. of eq. (2.68)53.
The global approach represents a direct possibility to obtain the dynamics of a manifold.
Once a partitioning is identified, this approach represents an efficient way to identify
torus functions and torus coordinates. Unfortunately, it is not guaranteed that such a
transformation exists or that identified coordinates are valid for varying parameters.

Local approach. The following argumentation is inspired by [134, section 7.1.3] and
[167, section 2.7]. Within this paragraph, the quantities (Z,θ) should be seen as local

t2

Z0(θ1, θ2)
t1

n

Z0(θ)

M0n1

t

M
Z(θ) = n1Z1(θ) + n2Z2(θ)

n2

Known solution (P)
Sought solution (P)

Z0(θ) t1

M

Z(θ1, θ2) = nZ(θ1, θ2)

Known solution (P)
Sought solution (QP)

M0
t2

n

M0

Z(θ1, θ2) = nZ(θ1, θ2)

Known solution (QP)
Sought solution (QP)

M

Figure 2.26: Depiction of local coordinate transformations for periodic Z(θ) and
quasi-periodic solution Z(θ1, θ2) based on periodic Z0(θ) and quasi-peri-
odic solutions Z0(θ1, θ2).

coordinates and the dependency of Z(θ) is omitted to keep clarity. The state-space can
be converted locally by the coordinate transformation54

z = Z0(θ) +C(θ)Z
C(θ) : Tp → Rn×q

Z0(θ) : Tp → Rn,
(2.71)

where Z0(θ) is a known torus function in the state-space and

C(θ) = [n1(θ), ... ,nq(θ)] ni ∈ NZ0
M i = 1, .., q (2.72)

53In contrast to the local approach, where the quantities in eq. (2.76) describe the tangential-
and normal-dynamics of the known manifold M0, the quantities in eq. (2.70) capture the
system dynamics in polar coordinates.

54Note that this local transformation can also be used for the graph transform method, de-
scribed above.
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2 Quasi-Periodic Motion in Dynamical Systems

is a matrix containing q vectors, spanning the normal-space (radial-space) of the known
torus function (s. [167, section 1.8] for mathematical details.)55. Three illustrative exam-
ples are depicted in figure 2.2656. In order to calculate the torus function of a dynamical
system, eq. (2.71) is inserted into eq. (2.57), resulting in:

[
C(θ)

dC(θ)
dθ Z +

dZ0(θ)
dθ

] [
Ż

θ̇

]
= f(Z0(θ) +C(θ)Z), (2.73)

where the evolution of the torus coordinates θ(t) is considered. The transformed system
can (almost always) be obtained by inversion, since

det
([
C(θ)

dC(θ)
dθ Z +

dZ0(θ)
dθ

])
6= 0 (2.74)

which is shown in [167, section 1.8]. Therefore, the converted system[
Ż

θ̇

]
=
[
C(θ)

dC(θ)
dθ Z +

dZ0(θ)
dθ

]−1

f(Z0(θ) +C(θ)Z) (2.75)

results. The partitioned form of eq. (2.75), which characterizes the normal- and tan-
gential dynamics concerning a known solution of the general ODE in eq. (2.57) can be
expressed as

Ż = g(Z(θ),θ)

θ̇ = φ(Z(θ),θ)

g : Rq × Tp → Rq

φ : Rq × Tp → Tp,
(2.76)

where g(Z(θ),θ) contains the first q rows and φ(Z(θ),θ) substitutes the last p rows of
the r.h.s. of eq. (2.75).
Although this local coordinate transformation is theoretically almost always possible, the
particular application is not feasible for general engineering problems, since a suitable
coordinate transformation is often not practicable in n-dimensional spaces.

In summary, two different coordinate transformations (local and global) were discussed,
which identify torus coordinates θ and torus functions Z(θ) of a manifold in state-space
(cf. eq. (2.70) and (2.76)). It is noteworthy that in both transformations the torus
coordinates θ = θ(t) are nonlinear functions in time. Consequently, the identified torus
functions Z(θ) are filled non-parallel57 (s figure 2.27).
The second task, identifying the invariance equation (cf. eq. (2.62)), will be addressed
subsequently. An invariant manifold (cf. eq. (2.64)) is merely invariant if and only if

55In the literature, another often used depiction of eq. (2.71) is: z = Z0(θ) +
∑q

i=1 ni(θ)Zi.
56Recapture that a periodic solution is a torus function Z(θ1) parametrized over one torus
coordinates θ1. In R3 this invariant manifoldM is a circle.

57Note that by virtue of the state-space approach, explicit equations for the torus coordinate
dynamics are identified, where synchronizations (cf. section 2.2.2.2) can be determined by
analyzing the phase dynamic in eq. (2.70) or (2.76)
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2π

π

0
0 π 2π

θ 2

θ1

φ1(Z(θ),θ)

φ2(Z(θ),θ)

d

dt
θ =

Figure 2.27: Generic flow on a torus function Z(θ) with two torus coordinates θ =

[θ1, θ2]> identified by the state-space approach.

the vector field (r.h.s of eq. (2.76) and (2.70)) lies at any arbitrary point (Z,θ) in the
tangential-space T(Z,θ)M of the manifoldM58. Since the manifold is parametrized over
the torus coordinates, the gradient operator

∇ =

[
∂(.)

∂θ1
, ... ,

∂(.)

∂θp

]>
(2.77)

is applied to each point of the manifold, in order to obtain in the tangential-space of
the invariant manifold:

∇
[
Z

θ

]>
=


∂Z1

∂θ1
, ... ,

∂Zq
∂θ1

, 1, 0, 0 ... , 0

...
∂Z1

∂θp
, ... ,

∂Zq
∂θp

, 0, 0, 0 ... , 1

 =

t>1
...

t>p

 ti ∈ Rn i = 1, ..., p (2.78)

The p vectors t1, ..., tp, tangential to the manifold, define a subspace in state-space
(cf. figure 2.28). Therefore, the r.h.s. of eq. (2.76) and (2.70) can be described as a
linear combination of the tangent vectors

p∑
i=1

Ci(Z,θ)ti =

[
g(Z,θ)

φ(Z,θ)

]
, (2.79)

where Ci(Z,θ) for i = 1, ..., p are coefficient functions. Investigating the last p rows
of eq. (2.79), the coefficient functions are directly identifiable Ci(Z,θ) = φi(Z,θ).
Eliminating the coefficient functions with the latter relation, the invariance equation of
the state-space approach

p∑
i=1

∂Z

∂θi
φi(Z,θ) = g(Z,θ) Z(θ) = Z(θ + 2πei) i = 1, ..., p (2.80)

58The same applies obviously to the initial system in eq. (2.57), since Z ∈ Rq and θ ∈ Tp are
merely transformed coordinates of z ∈ Rn assuming an invariant manifold (p+ q = n).
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results, with ei ∈ Rp being the ith unity vector. Equation (2.80) consists of q partial
differential equations (PDE)59 and describes a boundary value problem with periodic

t =

[
dZ1

dθ
,
dZ2

dθ
, 1

]>
ż = f(z) ż = f(z)

t1 =

[
∂Z

∂θ1
, 1, 0

]>
t2 =

[
∂Z

∂θ2
, 0, 1

]>

1-torus: θ ∈ T1,Z ∈ R2

Z1(θ)

θ

Z2(θ)

2-torus: θ ∈ T2, Z ∈ R1

Z(θ1, θ2)

θ2

θ1

Figure 2.28: Sections of two state-spaces z ∈ R3 containing different invariant toroidal
manifolds.

boundaries. The sought torus functions Z : Tp → Rq solve eq. (2.80) for suitable torus
coordinates θ ∈ Tp. Since both the r.h.s of eq. (2.80) and the coefficient functions
φi(Z,θ) depend on the variables, the system is quasi-linear.
The state-space approach is often used when dealing with quasi-periodic motions (e.g. [51,
49, 139, 60, 78, 190, 67, 66]). Identifying suitable coordinates (local or global) in the
state-space to describe invariant manifolds, this approach exhibits a major advantage.
Since it aims at the invariant manifold embedded in state-space, it can capture quasi-pe-
riodic and periodic motions. Consequently, synchronized motions (s. section 2.2.2.2) are
naturally considered in this approach, since the invariant manifold persists during syn-
chronization. Although the state-space approach possesses this notable advantage, it
also has a considerably drawback. Systems in engineering application are rarely defined
in suitable coordinates, and a coordinate transformation is inevitable. Unfortunately,
the local coordinate transformation is often not feasible (especially for large systems).
The global coordinate transformation can be easily applied, but due to its heuristic
nature it is generally not guaranteed that such a transformation is permitted.

Example 5

The state-space approach is used to calculate torus functions of the forced van-
der-Pol equation (cf. section 2.1). First, eq. (2.1) is converted into state-space
[z1, z2]> = [x, ẋ]>:[

ż1

ż2

]
=

[
z2

−γ
(
z2

1 − 1
)
z2 − z1 + f cos(Ωt)

]
. (2.81)

59Alternatively, eq. (2.80) can be obtained by executing the time derivation of the torus func-
tions d

dtZ(θ(t)) in eq. (2.76) and (2.70)), considering the chain rule and substituting d
dtθ(t).
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3

Choosing the global approach, eq. (2.81) is transformed into polar coordinates
[z1, z2]> = [r cos(ϕ), r sin(ϕ)]> and the state-space is expanded by the torus coor-
dinate θ1 = Ωt:

ṙ

ϕ̇

θ̇1

 =

 −γ
[
r2 cos2(ϕ)− 1

]
r sin2(ϕ) + f cos(θ1) sin(ϕ)

−1− γ
[
r2 cos2(ϕ)− 1

]
sin(ϕ) cos(ϕ) +

f

r
cos(θ1) cos(ϕ)

Ω

 . (2.82)

Assuming a toroidal manifold with two torus coordinates, the torus coordinates are
[θ1, ϕ]> = [θ1, θ2]> and the torus function is r = Z(θ1, θ2). Hence, the invariance
equation reads:

∂Z

∂θ1
Ω +

∂Z

∂θ2

(
−1− γ

[
Z2 cos2(θ2)− 1

]
sin(θ2) cos(θ2) +

f

Z
cos(θ1) cos(θ2)

)
=

−γ
[
Z2 cos2(θ2)− 1

]
Z sin2(θ2) + f cos(θ1) sin(θ2).

(2.83)

Figure 2.29 depicts the solutionsa of eq. (2.83) with the parameters regarded in
example 2 and example 3. If synchronization occurs (right), the torus function per-
sists and merely the motion on it changes from quasi-periodic to periodic (cf. figure
2.19). For the Neimark-Sacker bifurcation (left), the chosen global coordinate
transformation loses its validity and the torus function can no longer be calculated
(red cross)b.
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Figure 2.29: Torus functions obtained by the state-space approach with additional
stable (SP) and unstable (UP) periodic motions (s. chapter 5).

aSolution strategies are discussed in chapter 3.
bTo calculate torus functions with one torus coordinate (periodic motions), the phase
angle in eq. (2.82) is dependent ϑ = ϕ, where two torus functions depending on one
torus coordinate result [Z1, Z2]> = [r(θ1), ϑ(θ1)]>.
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2.3.2 Hyper-Time Approach: Torus Functions of Motions

In section 2.2, the discussion on quasi-periodic motions indicated that a characteristic
property is the incommensurable frequency base. It is assumed that eq. (2.57) exhibits a
quasi-periodic solution zqp(t), and an equation to describe it on a finite interval is sought.
If a quasi-periodic motion is given, the general analysis reveals that the resulting motion

Mt = {zqp(t) | zqp(t) ∈ Rn, t ∈ R} ⊂ Rn (2.84)

fills a toroidal manifoldM densely, which is a subset of the state-space60. For a moment,
it is assumed that the quasi-periodic solution zqp(t) solves a “truly” autonomous system,
meaning that the autonomization of the state-space zn+1 = t, żn+1 = 1 is not carried
out61. Consequently, each state-space coordinate [zqp,1(t), ... , zqp,n(t)]> performs a
quasi-periodic motion and can be depicted as a torus function [Z1(θ), ... , Zn(θ)]>.
In contrast to the state-space approach, where a coordinate transformation is sought
(cf. section 2.3.1), here, additional time scales are introduced (torus coordinates θ =

ωt ∈ Tp) to the dynamical system (cf. figure 2.30). Hence, the invariant, toroidal
manifold reads:

M = {(θ,Z) | Z = Z(θ), θ ∈ Tp, Z ∈ Rn} ⊂ Tp ×Rn. (2.85)

The question arises, how suitable torus coordinates can be identified. In order to address
the latter, a dynamical system is regarded, where the explicit time dependency is not

M

ez1

ez2

ez3

Mt
z1
z2
z3

7→ eθ2
eθ1

eZ1

eθ2
eθ1

eZ2
eθ2

eθ1

eZ3

Z1(θ1, θ2)
Z2(θ1, θ2)
Z3(θ1, θ2)

Hyper-time
θ1 = ω1t
θ2 = ω2t

Figure 2.30: Invariant toroidal manifold depicted in state-space and the by hyper-time
(torus coordinates θ = [θ1, θ2]>) expanded space.

60Obviously, the same starting point as in section 2.3.1.
61This restriction is (temporally) necessary to outline the general idea of this approach. The
restriction is based on the circumstance that the expanded state-space variable zn+1(t) = t
is a strictly monotone increasing function.
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circumvent by choosing the time t as expansion of the state-space:

ż(t) = f(z(t), t)
z : R→ Rn

f : Rn ×R→ Rn.
(2.86)

Subsequently, it is assumed that the explicit time dependency of eq. (2.86) results from
cyclic terms (i.e. f = z + cos(t)). If eq. (2.86) exhibits a quasi-periodic solution, the
motion can be parametrized over different time scales

zqp(t) = ẑ(ω1t, ..., ωpt) ẑ : R→ Rn, (2.87)

where the base frequencies ω = [ω1, ..., ωp]
> correspond to the scaling factors62. The

time scales ωit for i = 1, ..., p describe angle variables and therefore are 2π-periodic.
Through the incommensurability of the base frequencies, the different time scales can
be regarded as independent since

[ω1t1, ..., ωpt1]>(mod 2π) 6= [ω1t2, ..., ωpt2]>(mod 2π) (2.88)

for all arbitrarily chosen points t1, t2 ∈ R satisfying t1 6= t2. Consequently, the time
scales define torus coordinates with the relation [θ1, ..., θp]

> = [ω1t, ..., ωpt]
>. The corre-

sponding torus functions

zqp(t) = Z(θ1, ..., θp) Z : Tp → Rn, (2.89)

can be introduced to capture motions on finite intervals. As a result, the torus function
is filled densely with parallel lines by a trajectory (cf. figure 2.31). The parallel flow
is sometimes called normal form63 [172]. It is crucial to note that the resulting torus

2π

π

0
0 π 2π

θ 2

θ1

ω1

ω2

d

dt
θ =

Figure 2.31: Generic flow on a torus function Z(θ) with two torus coordinates θ =

[θ1, θ2]> identified by the hyper-time approach.

62Note that no assumption is made concerning the magnitude of the scaling factors.
63It is possible to convert a quasi-periodic, non-parallel flow (like in figure 2.31) into a normal
form (cf. section 2.3.3) but this does not transform the state-space into the hyper-time
approach. In fact, the transformation of the state-space approach into a normal form would
only distort the state-space such that the trajectory fills the invariant manifold parallel.
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function in eq. (2.89) only exists when dealing with quasi-periodic motions, since inde-
pendent time scales are required. In contrast, the state-space approach only requires a
toroidal manifold embedded in the state-space, which is parametrized by a coordinate
transformation of the state-space. Inserting eq. (2.89) into eq. (2.86)

d

dt
Z(θ1, ..., θp) = f(Z(θ1, ..., θp), t) (2.90)

a hybrid depiction results. As indicated above, the explicit time dependency stems
from cyclic terms. Identifying the frequency base of the explicitly given cyclic terms,
some time scales and their corresponding scaling factors (frequency) can directly be
identified [θ1, ..., θm]> = [Ω1t, ...,Ωmt]

>. The quantities Ωi (i = 1, ...,m) represent
the known part of the frequency base and subsequently substitute ωi (i = 1, ...,m).
The remaining base frequencies ωi (i = m + 1, ..., p) represent frequencies arising from
self-excitation mechanisms. In order to keep clarity, the variables θ̃ = [θ1, ..., θm]> ∈ Tm

and θ = [θ̃
>
, θm+1, ..., θp]

> ∈ Tp are introduced. Considering the m time scales, defined
by known frequencies, eq. (2.90) can be depicted as

d

dt
Z(θ) = g(Z(θ), θ̃) g : Rn × Tm → Rn. (2.91)

The time derivative can be converted by using the total differential and the explicit time
dependency of the torus coordinates, hence

d(.)

dt
=
∂(.)

∂θ1

dθ1

dt
+ . . .+

∂(.)

∂θp

dθp
dt

=

m∑
i=1

∂(.)

∂θi
Ωi +

p∑
i=m+1

∂(.)

∂θi
ωi.

(2.92)

Substitute the time derivation in eq. (2.91) and omit the dependency of the torus func-
tion on the torus coordinates, the invariance equation of the hyper-time approach

m∑
i=1

∂Z

∂θi
Ωi +

p∑
i=m+1

∂Z

∂θi
ωi = g(Z, θ̃) Z(θ) = Z(θ + 2πek) k = 1, ..., p (2.93)

results, where ek ∈ Rp is the kth unit vector. The torus functions Z = [Z1, ..., Zn]>,
parametrized over multiple time scales (hyper-time), solve the invariance equation. Look-
ing at eq. (2.93), there are n equations for n+ p−m unknowns (torus functions Z and
unknown frequencies ωi (i = m+1, ..., p)). Similar to periodic functions64, parametrized
on a scaled time (cf. [177, section 7.1] or [134, section 6.2.2]), autonomous frequencies

64Choosingm = 0 and p = 1, eq. (2.93) becomes the classical equation dZ
dθ ω = f(Z), Z(θ1) =

Z(θ1 + 2π) for solving autonomous, periodic motions.
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2.3.2 Hyper-Time Approach: Torus Functions of Motions

lead to a translational invariant equation65. Thus, the hyper-time approach is a gen-
eralized time domain approach. In essence, an additional equation is sought to fix the
initial point of the solution and hence suppresses the translational invariance.
In order to simplify the access to phase conditions for quasi-periodic motions, a phase
condition for periodic motions66 is briefly discussed. Without going too much into detail
(s. [177, section 7.1]) different phase conditions exist, where all address the same prob-
lem (translational invariance) and exhibit different numerical robustness. The phase
condition used throughout this thesis, is the integral (orthogonal) phase condition67

0 =

2π∫
0

dZ(θ)

dθ

>
[Z(θ)−Z0(θ)] dθ

=

2π∫
0

dZ0(θ)

dθ

>
Z(θ) dθ,

(2.94)

where Z is the sought torus function and Z0 is a known torus function (cf. [53, 22]).
Without loss of generality, the time is scaled θ = ωt, where the period length is always

2π∫
0

2π∫
0

∂Z0

∂θ1
Z dθ1dθ2 = 0

Define Z concerning θ1:
2π∫
0

2π∫
0

∂Z0

∂θ2
Z dθ1dθ2 = 0

Define Z concerning θ2:

∂Z0

∂θ1

∂Z0

∂θ1

∂Z0

∂θ2

eθ2
eθ1

eZ

eθ

eZ

Z(θ)

Z0(θ)
dZ0

dθ dZ0

dθ

2π∫
0

dZ0

dθ Z dθ = 0

Define Z concerning θ:

∂Z0

∂θ2

Z(θ1, θ2)

Z0(θ1, θ2)

Figure 2.32: Schematic interpretation of the integral phase condition: periodic solution
on T1 (left) and quasi-periodic solution on T2 (right).

2π. If hyper-time is considered, the translational invariance has to be suppressed for
each time axis θi (i = 1 +m, ..., p) separately

0 =

2π∫
0

...

2π∫
0

∂Z0(θ)

∂θi

>
Z(θ) dθ1...dθp i = m+ 1, ..., p. (2.95)

65The r.h.s. of eq. (2.93) does not depend on θi (i = 1 +m, ...p) and, therefore, both solutions
Z0,1([θ̃, θm+1, ..., θp]

>) and Z0,2([θ̃, θm+1 + Cm+1, ..., θp + Cp]
>) are equivalent for arbitrary

Ci ∈ R.
66Keep in mind that a periodic motion is a special case of eq. (2.93).
67The depicted transformation can be achieved by partial integration (cf. [145, section 6.6.3]).
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2 Quasi-Periodic Motion in Dynamical Systems

A comprehensive mathematical analysis of the phase condition for quasi-periodic mo-
tions can be found in [171]. Roughly speaking, the phase condition in eq. (2.95) demands
that the sought torus function is in the integral average orthogonal to the torus coordi-
nate derivation of the known solution (cf. figure 2.32).
In order to analyze quasi-periodic motions with the hyper-time approach, the invariance
equation with additional phase conditions has to be solved:

m∑
i=1

∂Z

∂θi
Ωi +

p∑
i=m+1

∂Z

∂θi
ωi = g(Z, θ̃) Z(θ) = Z(θ + 2πek) k = 1, ..., p

2π∫
0

...

2π∫
0

∂Z0

∂θi

>
Z dθ1...dθp = 0 i = m+ 1, ..., p.

(2.96)

The fundamental idea of using multiple time axes (hyper-time) was used by many
authors [137, 42, 192, 118] investigating quasi-periodic motions by means of a multi-
-dimensional Fourier-Galerkin method (spectral balance method). A systematical
approach to the problem was essentially developed in [171]. Many works use the system-
atical hyper-time approach to calculate quasi-periodic motions of engineering application
[172, 175, 173, 174, 71, 86, 115, 88, 153].
A significant advantage of the hyper-time approach is the direct applicability. In con-
trast to the state-space approach, no coordinate transformation is required which is
essential for large systems. A drawback of the hyper-time approach is the requirement
of quasi-periodic motions, since numerically approximated solutions will always exhibit
commensurable frequencies (floating-point number). This problem is addressed in sec-
tion 3. Furthermore, when synchronization occurs the hyper-time approach cannot
pursue, since the “hyper-time torus function” no longer exists.

Example 6

The hyper-time approach is used to calculate torus functions of the forced van-
der-Pol equation (cf. section 2.1). First, eq. (2.1) is converted into state-space
[z1, z2]> = [x, ẋ]>:[

ż1

ż2

]
=

[
z2

−γ
(
z2

1 − 1
)
z2 − z1 + f cos(Ωt)

]
. (2.97)

Identifying the (incommensurable) time axis θ1 = Ωt and assuming a quasi-pe-
riodic motion due to additional self-excitation θ2 = ωt, the corresponding torus
function Z(θ) = [Z1(θ1, θ2), Z2(θ1, θ2)]> can be substituted in eq. (2.97)

d

dt

[
Z1

Z2

]
=

[
Z2

−γ
(
Z2

1 − 1
)
Z2 − Z1 + f cos(θ1)

]
. (2.98)
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4

Converting the time derivation for an assumed quasi-periodic motion with two base
frequencies and considering a phase condition due to the unknown base frequency
ω, the invariance equation results

∂Z

∂θ1
Ω +

∂Z

∂θ2
ω =

[
Z2

−γ
(
Z2

1 − 1
)
Z2 − Z1 + f cos(θ1)

]
2π∫

0

2π∫
0

∂Z0

∂θ2

>
Z dθ1dθ2 = 0,

(2.99)

with Z0 being a nearby, known solution. Figure 2.33 depicts the solutionsa of
eq. (2.99) for the parameters discussed in example 2 and example 3. If a Neimark-
Sacker bifurcation occurs, the quasi-periodic solution can be calculatedb to the
bifurcation point where the quasi-periodic motion is born. In the synchronization
area, no quasi-periodic motion exists and the approach can not calculate further
solutions (red cross).
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Figure 2.33: Torus functions obtained by the hyper-time approach (quasi-periodic
motions (QP)) with additional stable (SP) and unstable (UP) periodic
motions (s. chapter 5).

aSolution strategies are discussed in chapter 3.
bTheoretically there is an infinite amount of small synchronization areas during both con-
tinuations. But for numerical calculations merely the large areas have to be considered
(cf. section 3)

2.3.3 Diffeomorphism: Connection of the Approaches

In section 2.3.1 and 2.3.2 two different approaches were presented to describe a com-
pact invariant toroidal manifold M on which quasi-periodic motions occur. While
in section 2.3.1 the state-space coordinates (z ∈ Rn) were transformed in (global
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2 Quasi-Periodic Motion in Dynamical Systems

or local) coordinates describing the normal and tangential dynamics on a manifold
(Z ∈ Rq, θ ∈ Tp, n = p+ q), in section 2.3.2 the time was converted into a hyper-time
(t→ θ = ωt) over which each state-space coordinate is parametrized (Z ∈ Rn, θ ∈ Tp).
One fundamental difference of the two approaches is how a quasi-periodic solution z0(t)

fills (or passes through) a regarded manifold. If a state-space approach is chosen, the
torus coordinates are nonlinear functions in time θ = θ(t) (cf. eq. (2.76) and (2.70)),
whereas in a hyper-time approach the torus coordinates (resp. time scales) are linear
functions in time θ = ωt (cf. eq. (2.89)). Consequently, a quasi-periodic trajectory fills
a torus function Z(θ) resulting from the hyper-time approach parallel and one from
the state-space approach (in general) non-parallel (cf. figure 2.34 and 2.11). Although

2π

π

0
0 π 2π

θ(p
)

2

θ
(p)
1

ω1

ω2

d

dt
θ(p) =

2π

π

0
0 π 2π

θ(n
)

2

θ
(n)
1

φ1(Z(θ(n)),θ(n))

φ2(Z(θ(n)),θ(n))

d

dt
θ(n) =

Parallel flow Non-parallel flow

Figure 2.34: Flow of a quasi-periodic solution z0(t) on a torus function Z(θ1, θ2)

parametrized on a T2.

this thesis focuses on the hyper-time approach (cf. chapter 3), the following provides an
approach to transform the non-parallel flow of the state-space approach into a parallel
flow. The presence of a parallel flow is a requirement for the stability criteria developed
in section 4.2.1 and 4.2.2. Therefore, the following consideration provides a method
ensuring the necessary prerequisites for a stability criteria application. It is crucial to
note that a transformation of a non-parallel flow into a parallel flow does not result in
the hyper-time approach (cf. figure 2.35).
In order to distinguish between manifolds exhibiting a parallel and non-parallel flow,
the quantity θ(p) = ωt indicates torus coordinates of a parallel flow and θ(n) = θ(n)(t)

of a non-parallel flow. In general, the transformation of a non-parallel to a parallel flow
can be carried out by a diffeomorphism

θ(p) = Ξ(θ(n))

θ(n) = Ξ−1(θ(p))

Ξ(θ(n)) = [Ξ1(θ
(n)
1 , ..., θ

(n)
p ), ...,Ξp(θ

(n)
1 , ..., θ

(n)
p )]>

Ξ : Tp → Tp,
(2.100)

where the interested reader can find detailed mathematical explanations on diffeomor-
phisms in [8, chapter 1]. It can be shown that a diffeomorphism exists and that the
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2.3.3 Diffeomorphism: Connection of the Approaches

frequency base ω of the underlying quasi-periodic motion stays unaltered [172]. If syn-
chronization (cf. section 2.2.2.2) occurs, no diffeomorphism exists. The parallel flow can
be interpreted as a canonical form of the quasi-periodic flow. In figure 2.35 the con-
necting paths of the two different approaches and the role of diffeomorphisms are illus-
trated. Two aspects are particularly noteworthy. First, the diffeomorphism transforms

M

ez1

ez2

ez3

Mt

e
θ
(n)
2

e
θ
(n)
1

eZ
eθ2

eθ1

eZ1

z1
z2
z3

7→
Z1(θ1, θ2)

Z2(θ1, θ2)

Z3(θ1, θ2)

Hyper-time:
θ1 = ω1t
θ2 = ω2t

State-space approachHyper-time approach

Diffeomorphism

e
θ
(p)
1

eZ

θ(n
)

2

θ
(n)
1

eθ2
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eZ2

eθ2
eθ1

eZ3

z1
z2
z3

7→
Z(θ

(n)
1 , θ

(n)
2 )

θ
(n)
1

θ
(n)
2

7→
Z(θ

(p)
1 , θ

(p)
2 )

θ
(p)
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(n)
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1

θ
(n)
2

θ(p
)

2

θ
(p)
1

e
θ
(p)
2

Figure 2.35: Survey of the connections of the state-space approach, hyper-time approach
and diffeomorphism.

the parametrization of an invariant manifold θ(n) (non-parallel flow) into curvilinear co-
ordinates which describe a parallel flow θ(p). It is crucial to note that the transformed
coordinates still exhibit a spatial meaning in state-space. Second, a manifold, resulting
from the hyper-time approach, always exhibits a parallel flow but in contrast to the
state-space approach, the torus coordinates are an extension of time and contain no
spatial information of the invariant manifold in state-space (cf. figure 2.35).
Starting point of the developed method is an invariant manifold, identified by the state-s-
pace approach. Hence a solution Z(n)

0 = Z0(θ(n)) and the corresponding parametriza-
tion θ(n) of eq. (2.80) are known
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p∑
i=1

∂Z
(n)
0

∂θ
(n)
i

φi

(
Z

(n)
0 ,θ(n)

)
= g

(
Z

(n)
0 ,θ(n)

)
. (2.101)

In order to keep the following clear, the periodicity of the torus function Z(n)
0 is omitted.

Since an equation for the diffeomorphism θ(p) = Ξ(θ(n)), transforming the non-parallel
into a parallel flow, is sought, the PDE system of a parallel flow68 is assumed

p∑
i=1

∂Z(p)

∂θ
(p)
i

ωi = g̃
(
Z(p),θ(p)

)
. (2.102)

with Z(p) and g̃(Z(p),θ(p)) not explicitly known and ω = [ω1, ..., ωp]
> being the fre-

quency base of an underlying quasi-periodic motion z0(t). Recapturing the significance
of the base frequencies, the diffeomorphism (eq. (2.100)) can be substituted and the
chain rule applied

ωi =
dθ

(p)
i

dt
=

p∑
i=1

∂Ξi(θ
(n))

∂θ
(n)
i

dθ
(n)
i

dt
i = 1, ..., p. (2.103)

The term dθ
(n)
i

dt = φi

(
Z

(n)
0 ,θ(n)

)
can be identified from eq. (2.101), resulting in a system

of PDE

p∑
i=1

∂Ξ(θ(n))

∂θ
(n)
i

φi

(
Z

(n)
0 ,θ(n)

)
= ω, (2.104)

with Ξ(θ(n)) being the unknown diffeomorphism and ω being the unknown frequency
base. Equation (2.104) does not exhibit periodic boundary conditions Ξ(θ(n)) 6= Ξ(θ(n)+

2πei) (i = 1, ..., p), since the diffeomorphism describes torus coordinates (phase an-
gles). But, the diffeomorphism is modulo 2π periodic69 Ξ(θ(n)) = 2π + Ξ(θ(n) + 2πei)

(i = 1, ..., p). In order to use methods described in chapter 3 to solve eq. (2.104), the
diffeomorphism is reformulated

Ξ(θ(n)) = θ(n) + Ξ̃(θ(n)). (2.105)

68One could equivalently apply the upcoming formalism to eq. (2.101) in order to obtain θ(n) =

Ξ−1(θ(p)), but then an inversion of the numerically identified diffeomorphism is required,
which results in redundant numerical effort. In addition, keep in mind that θ(n) = Ξ−1(θ(p))
transforms the parallel flow into the given non-parallel flow and not into an arbitrary one.

69Torus coordinatess (phase angle) are increasing quantities with θ ∈ [0, 2π]. Clearly, the
values are not equal on the boundaries. Due to the periodicity of toroidal manifolds, the
boundaries are modulo 2π periodic.
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2.3.3 Diffeomorphism: Connection of the Approaches

Equation (2.105) assumes that the coordinates of the parallel flow θ(p) are equal to the
ones of the non-parallel flow θ(n) plus a deviation Ξ̃(θ(n)). Consequently, the deviation
Ξ̃(θ(n)) has to exhibit periodic boundaries Ξ̃(θ(n)) = Ξ̃(θ(n) + 2πei) (i = 1, ..., p). An
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Figure 2.36: Illustration of one entry of a diffeomorphism Ξ2(θ
(n)
1 , θ

(n)
2 ) = θ

(n)
2 +

Ξ̃2(θ
(n)
1 , θ

(n)
2 ) of a system parametrized on T2.

illustration is depicted in figure 2.36. Inserting eq. (2.105) into eq. (2.104) a PDE system
for the unknown deviation Ξ̃(θ(n)), exhibiting periodic boundary conditions, results

p∑
i=1

∂Ξ̃(θ(n))

∂θ
(n)
i

φi

(
Z

(n)
0 ,θ(n)

)
= ω − φ

(
Z

(n)
0 ,θ(n)

) Ξ̃(θ) = Ξ̃(θ + 2πek)

k = 1, ..., p.

(2.106)

The diffeomorphism in eq. (2.104), resp. the deviation in eq. (2.106), is not uniquely
defined, since the parallel flow can be obtained with an arbitrary “translation” of the origi-
nal non-parallel flow. Mathematically speaking, a constant valueC = [C1, ..., Cp]

> ∈ Rp

can be added to eq. (2.105), still fulfilling eq. (2.104) and (2.106). In order to obtain a
unique solution in numerical calculations and provide enough equations for the unknown
frequency base ω, both origins are set (without loss of generality) equal to zero70

Ξ̃(0) = 0 or Ξ(0) = 0. (2.107)

70Equation (2.107) can be regarded as a phase condition, fixing the translation invariance of
the diffeomorphism.
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Through this additional condition a PDE system with 2p equations for 2p unknowns
(Ξ̃ ∈ Tp,ω ∈ Rp) is identified to calculate the diffeomorphism which transforms the
non-parallel flow parametrized over θ(n) into a parallel flow parametrized over θ(p). The
unknown torus functions Z(p) = Z(θ(p)) in eq. (2.102) can be obtained by reparameter-
ization with the identified diffeomorphism Z(Ξ(θ(n))) = Z0(θ(n)).
Note that eq. (2.106) and the boundary condition eq. (2.107) define a problem exhibiting
an equivalent equation structure like the invariance equation in section 2.3. Therefore,
they can be solved with methods described in chapter 3 (e.g. finite difference method,
cf. section 3.3).
Considering the application of the developed method, known base frequencies are of-
ten encountered (cf. example 5). If base frequencies are known and the state-space is
extended71 with these hyper-time scales (Ω1t, ...,Ωmt), a parallel flow is already given
by the first p coordinates, where Ξ̃ ∈ Tp−m since [θ

(p)
1 , ..., θ

(p)
m ] = [θ

(n)
1 , ..., θ

(n)
m ]. Con-

sequently, the numerical effort reduces to 2(p − m) equations for 2(p − m) unknowns
(cf. example 7).

Example 7

On the basis of example 5 (Ω = 0.7, f = 0.6, γ = 0.3), assume an identified torus
function Z0(θ

(n)
1 , θ

(n)
2 )

∂Z0

∂θ
(n)
1

φ1 +
∂Z0

∂θ
(n)
2

φ2 = −γ
[
Z2

0 cos2(θ
(n)
2 )− 1

]
Z0 sin2(θ

(n)
2 ) + f cos(θ

(n)
1 ) sin(θ

(n)
2 )

(2.108)

with

φ1 = Ω (2.109)

φ2 =

(
−1− γ

[
Z2

0 cos2(θ
(n)
2 )− 1

]
sin(θ

(n)
2 ) cos(θ

(n)
2 ) +

f

Z0
cos(θ

(n)
1 ) cos(θ

(n)
2 )

)
(2.110)

exhibiting a non-parallel flow. Since the first coordinate already describes a parallel
flow θ

(p)
1 = θ

(n)
1 (cf. eq. (2.109)), merely the diffeomorphism Ξ̃2(θ

(n)
1 , θ

(n)
2 ) has to be

identified by solving eq. (2.106) under consideration of the condition in eq. (2.107)

∂Ξ̃2

∂θ
(n)
1

φ1 +
∂Ξ̃2

∂θ
(n)
2

φ2 = ω2 − φ2 Ξ̃2(0, 0) = 0. (2.111)

71This approach is equivalent to the “autonomization” of an ODE exhibiting explicit time
dependency. Obviously, this particular enhancement is only permitted if the time dependency
arises from cyclic sources possessing incommensurable frequencies.
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5

With the diffeomorphism, the unknown torus function Z(θ
(p)
1 , θ

(p)
2 ) can be iden-

tified by converting the parametrization Z(θ
(n)
1 ,Ξ2(θ

(n)
1 , θ

(n)
2 )) = Z0(θ

(n)
1 , θ

(n)
2 )a.

The unknown frequency stemming from the self-excitation is ω2 ≈ 0.9707. Figure
2.37 depicts the results.
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Figure 2.37: Initial toroidal manifold Z0(θ
(n)
1 , θ

(n)
2 ) exhibiting a non-parallel flow

and sought manifold Z(θ
(p)
1 , θ

(p)
2 ) exhibiting a parallel flow.

aThink of this conversion as: the value at Z0(π, π) is equal to Z(π, Ξ̃2(π, π)) which can
be for example Z(π, 3

2π).

63





3 Discretization Methods for the
Hyper-Time Invariance Equation

Having discussed the characteristics of quasi-periodic motions and introduced the invari-
ance equation, which describes stationary motions, this chapter will outline methods to
solve the invariance equation. Although the presented methods may be used for both
types of the invariance equation (i.e. hyper-time and state-space approaches), the fol-
lowing will focus on the discretization of the hyper-time approach – used in this thesis
– and thus the hyper-time invariance eq. (2.96). Three approaches will be introduced,
which pursue different strategies to solve the hyper-time invariance equation:

Shooting method
(Systematic

time-integration)

Fourier-Galkerin
methods

(Global ansatz functions)

Finite difference
method

(Local discretization)

The subsequently described version of the shooting method has been developed by the
author and uses time-integration techniques for the characteristic equations of the hyper-
-time invariance equation (s. section 3.1). The Fourier-Galkerin methods are used
most oftenly throughout the engineering literature [153, 88, 175]. This approach uses
global, trigonometric ansatz functions and identifies ansatz coefficients by Galerkin
projections (section 3.2). Considering the hyper-time invariance equation, the finite
difference method is sometimes used in the mathematical literature [172]. It is based
on a local approximation of the hyper-time invariance equation1 and is the used one in
the algorithm Quont (section 3.3). An application and discussion of the methods can
be found in section 5.1.1. Keep in mind that sought torus functions are assumed to be
differentiable and sufficiently smooth. Before discussing the individual methods, some
important notes concerning the structural stability of vector fields describing quasi-pe-
riodic motions and their approximation in numerical application are given.
When dealing with the hyper-time approach, vector fields describing quasi-periodic mo-
tions are structurally unstable. Although the vector field describing quasi-periodic mo-
tion is structurally unstable, the underlying manifold and hence the torus function in
state-space persists. Consequently, the type of motion on the torus function (tangen-
tial) may change while the invariant manifold as a whole object is not affected. For

1In order to be more precise, the differentials are approximated by differences.
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3 Discretization Methods for the Hyper-Time Invariance Equation

two-dimensional manifolds, which are primarily considered in this thesis, this property
can be derived from Peixoto’s theorem [152].

Peixoto’s theorem. A continuously differentiable vector field ż = f(z) on a compact,
two-dimensional, differentiable manifoldM is structurally stable if and only if

1. the number of fixed-points and limit cycles (periodic orbits) is finite and each is
hyperbolic;

2. there are no trajectories connecting saddle points (hetero- and homoclinic orbits);
and

3. the non-wandering set2 consists of fixed points and limit cycles only.

The theorem explicitly excludes quasi-periodic motions (cf. point 3), thus the vector
fields on two-dimensional invariant manifolds are structurally unstable. This can be il-
lustrated by assuming two incommensurable frequencies ω1 and ω2 of a two-dimensional
parallel flow. Then there exists an arbitrary small perturbation of the frequencies, such
that both frequencies become commensurable3. Simultaneously, the vector field of a
periodic motion would also be structurally unstable since an arbitrarily small perturba-
tion exists, such that the motion gets quasi-periodic again. The latter is also included
in Peixoto’s theorem (cf. point 1) when considering a parallel flow, since the number
of periodic orbits would be infinite. Consequently, the generic case is quasi-periodic mo-
tions, since rational numbers (commensurable frequencies) have the Lebesgue measure
zero and are hence a special case. Since torus functions (invariant toroidal manifolds)
are approximated, which are the closure of quasi-periodic motions and an uncountable
number of periodic motions, this scenario is captured.
The only structurally stable vector fields on two-dimensional manifolds in the context of
quasi-periodic motions are those describing synchronized motions (s. section 2.2.2.2).
Such motions differ from the previously described case, since periodic motions are count-
able and exist over a finite parameter interval (Arnol’d tongue) in contrast to one point
(coincidental commensurable frequencies). The identification of synchronization occur-
rence necessitates further analysis and is not regarded in this thesis.
Although synchronized states (periodic motions) can generally not be approximated
with two-dimensional torus functions, the existing, underlying invariant manifold dur-
ing a synchronization enables the identification of useful results [172]. Roughly speaking,
if n

m -resonances with low numbers (e.g. 1
2) are present, the approximation methods do

not provide useful results for the underlying invariant manifold, since the torus func-
tion is not “filled densely enough” by the stationary periodic motion. If n

m -resonances

2Roughly speaking, non-wandering sets consist of points in the state-space which are on or
nearby trajectories and come arbitrarily close to the set’s initial point [5, section 8.2.1].

3Take ω1 = π and ω2 = 1: ω1 can be arbitrarily small perturbed by “cutting off” decimal places,
by which commensurable frequencies result. This perturbation exists, but the resulting motion
can have a tremendous period length.
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3.1 Shooting Method

with large numbers (e.g. 9
10) occur, an approximation may lead to useful results4 [172]

(cf. figure 3.1).
Nevertheless, in all of the investigated dynamical systems (arising from engineering appli-
cations) in this thesis, synchronization effects play a subordinate role and the hyper-time
invariance equation is a practical and useful approach.

0 π 2π
0

π

2π

θ1

θ 2

Stable periodic
Unstable periodic

3.1(a): 1
2 -resonance

0 π 2π
0

π

2π

θ1

θ 2

Stable periodic
Unstable periodic

3.1(b): 9
10 -resonance

Figure 3.1: Dynamics of a periodic motion on hyper-time scales of synchronized states.

3.1 Shooting Method

In this section, a shooting method for quasi-periodic motions will be described, which
has been developed by the author and is further analyzed in [201]. The approach can
be regarded as an enhancement of the classical shooting method for periodic motions,
which utilizes the hyper-time. First, the classical shooting method and the method
of characteristics will be discussed to facilitate the fundamental idea of an equivalent
formulation for quasi-periodic motions. Second, the resulting method will be introduced
and selected numerical aspects will be discussed.
Comprehensive investigations of the method for periodic solutions can be found in [182,
Section 7.3], [9, Chapter 4] and [134, Section 6.1 and 6.2]. Since periodic motions are
parametrized on a one-dimensional torus θ ∈ T1, the (hyper-)time invariance equation
reads

dZ

dθ
=

1

Ω
g(Z, θ) Z(θ) = Z(θ + 2π) Z ∈ Rn, (3.1)

4This depends on many factors (e.g. regarded equation system, chosen method, degree of
approximation, numerical accuracy, etc.) but the higher m and n are, the better the approx-
imation of periodic motions as quasi-periodic ones are.
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3 Discretization Methods for the Hyper-Time Invariance Equation

where eq. (3.1) can be regarded as a non-dimensionalization of the time θ = Ωt, defining
a fixed parametrization interval t ∈ [0, T ] → θ ∈ [0, 2π]. Note that the forced case
p = m = 1 is regarded. If an autonomous case m = 0, p = 1 is given, the involved
frequency ω is unknown and the addition of a phase condition is required. Defining the
function

h(Z0) = Z(2π)−Z0 Z(0) = Z0 h ∈ Rn, (3.2)

it follows that a periodic solution is identified if the initial point is equal to the end point
and hence Z0 ∈ M. Therefore, this method aims at solving the problem h(Z0) = 0.
Because of this straightforward approach to find periodic solutions, the method is called
shooting method. An initial value Z0 is chosen (guessed) and by “shooting” (integration)
the value at the end of the interval [0, 2π] is identified (cf. figure 3.2). In order to
evaluate eq. (3.2), Z(2π) is identified by integrating5 the ODE in eq. (3.1). Since the

θ
2π0

Z

Z0,2

h(Z0,1) 6= 0

h(Z0,2) 6= 0

Z0,1

Z0
h(Z0) = 0

θ
2π0

Z

Z0,2

Z0,1

Z0

h(Z0,1) 6= 0

h(Z0) = 0

Attractive Repulsive

Figure 3.2: Qualitative depiction of the shooting method for different periodic solution.

initial point lies most likely not on the manifold, the value has to be adjusted by applying
Newton’s-method to eq. (3.2). Therefore, the Jacobian matrix

J =
∂Z(2π)

∂Z0
− I Z(0) = Z0 J ∈ Rn×n, (3.3)

is required, which can either be identified by simultaneously solving the first variational
problem [134, Algorithm 6.6] or using finite differences [134, Algorithm 6.16]. Note that
∂Z(2π)
∂Z0

is a fundamental matrix6.
A considerable advantage of this method, compared to other classical approaches
(Fourier-Galkerin and finite difference methods), is that the resulting algebraic
equation system (eq. (3.2)) is not enlarged due to discretization (cf. section 3.2 and
3.3). Furthermore, well established numerical integration methods can be used to ob-
tain Z(2π) resulting in high approximation quality. As a consequence of the numerical
integration, unstable (especially “strong” repulsive) motions result in divergence and

5Since eq. (3.1) describes an ODE, efficient integrator (e.g. Dormand-Prince (4,5) pair or
numerical differentiation formulas (NDF)) can be used to solve Z(θ) on θ ∈ [0, 2π].

6If the periodic solution is identified, ∂Z(2π)
∂Z0

is identical to the monodromy matrix.
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3.1.1 Method of Characteristics

Z(2π) cannot be obtained. To overcome this, the parametrization interval can be sub-
dived θ = [0,∆θ, ..., 2π] and multiple integrations are carried out which are initialized
at each point. This method is called multiple shooting method7 (s. [182, section 7.3.5]).
Considering quasi-periodic motions, the direct application of this approach is imprac-
ticable since T → ∞. Recalling that invariant manifolds can be described with lower
dimensional invariant objects on Poincaré sections (e.g. a 2-torus is an invariant cir-
cle on a first order Poincaré section), the shooting method can be combined with
interpolation methods to approximate Poincaré maps8. In the literature, developed
approaches are based on one trajectory9, resulting in comparatively long integration
intervals t ∈ [0, Tend]. The interested reader is referred to [108, 109, 129, 170]. Besides
the latter, a shooting method for torus functions of the state-space approach exists [20],
but the required coordinate transformation (cf. section 2.3.1) limits its applicability.
In the following, a shooting method approach for quasi-periodic motion will be presented
which utilizes the hyper-time structure to approximate a torus function in sections (char-
acteristics). First, the method of characteristics will briefly be discussed. Detailed ex-
planations concerning the theoretical background can be found in [58, chapter 2], [159,
section 2.3] or [61, chapter 3]. Second, a shooting method for quasi-periodic motions
will be discussed, whose key idea is the utilization of periodic boundaries in hyper-time
under consideration of uncoupled torus coordinate dynamics. In addition, some remarks
concerning a numerical implementation are given.

3.1.1 Method of Characteristics

Besides the shooting method described in the next section, the method of characteristics
is utilized in the stability analysis which will be discussed later in this thesis (cf. section
4.2.2). In principle, the method of characteristics transforms the problem of solving a
quasi-linear first-order PDE10

N∑
i=1

Ci(x, u)
∂u

∂xi
= h(x, u)

Ci, u, h ∈ R
[x1, ..., xN ] ∈ RN

(3.4)

into solving a system of first-order, coupled nonlinear ODE. Ci are coefficient functions,
xi is the parametrization, h is the r.h.s and u(x) is the sought function describing a
hyper-plane. It is assumed that all functions are differentiable. The characteristic vector

7Note that through multiple intervals the algebraic equation system is enlarged, since eq. (3.2)
has to hold (in an adjusted form) for each interval.

8Note that eq. (3.2) is equivalent to the problem of finding a fixed point of a nonlinear
Poincaré map.

9Roughly speaking, a trajectory is followed/calculated until certain heuristically defined con-
ditions are met.

10Obviously, the method of characteristics can consequently be applied to linear and semi-linear
PDE, too.
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3 Discretization Methods for the Hyper-Time Invariance Equation

field [x, u] contains integral curves which can be parametrized with one characteristic
variable t ∈ R, hence [x(t), u(x(t))]. Furthermore, the variable d

dtu = h(x(t), u(x(t)))

must hold. Considering the chain rule, the latter can be expressed as

N∑
i=1

∂u

∂xi

dxi
dt

= h(x(t), u(x(t))). (3.5)

Comparing the coefficients of eq. (3.4) and (3.5), the coefficient functions Ci(x, u) can
be identified and the system of characteristic equations

dxi
dt

= Ci(x(t), u(x(t))) i = 1, ..., N (3.6)

du

dt
= h(x(t), u(x(t))) (3.7)

results. Note that eq. (3.6) describes the parametrization evolution and eq. (3.7) the
evolution of the sought function. The result of these equations are called characteristic
curves. In order to solve eq. (3.6) and (3.7) uniquely, initial values are required. Since
u(x) characterizes a hyper-plane, by which u(x(t)) merely describes an integral curve,
the initial points (t = 0) are required to lie on an initial hyper-plane

Υ(ρ) = [x(0)|ρ , u(x(0)|ρ)]
ρ ∈ RN−1

Υ ∈ RN+1,
(3.8)

with ρ being the initial hyper-plane parametrization11. All characteristics will start
on this plane. The initial conditions in combination with eq. (3.6) and (3.7) define
a Cauchy-problem, where the hyper-plane consists of a one-parameter (t) family of
characteristics. Consequently, the method of characteristics is based on “knitting” the
solution surface with individual curves which emerge from a given initial hyper-plane
(cf. figure 3.3). It is noteworthy that the propagation of each characteristic curve occurs
independently of the remaining ones (cf. eq. (3.6) and (3.7)). While the characteristic
variable t results from the PDE (eq. (3.4)), the initial hyper-plane parametrization ρ
can almost arbitrarily be chosen. Through this approach, the parametrization of the
sought function u is transformed (x1, ...., xN )→ (t, ρ1, ..., ρN−1). In order to be locally
unique, such a transformation has to be invertible and thus fulfills

det(J) =

∣∣∣∣ ∂x

∂[t,ρ]

∣∣∣∣ 6= 0. (3.9)

Roughly speaking, if eq. (3.9) is not fulfilled, then a coordinate of the initial hyper-plane
parametrization ρ would be locally identical to the characteristic variable t. Hence, the

11At this point ρ ∈ RN−1 is an arbitrary parametrization of the initial hyper-plane Υ.
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3.1.2 Equation System and Numerical Aspects

sought function u cannot be uniquely parametrized12. The condition in eq. (3.9) is re-
ferred to as transversality condition.

ex1
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Function dynamics

eρ
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ρ0,1

ρ0,2

x(t)|ρ0,2
x(t)|ρ0,1

u(x(t)|ρ0,2)
u(x(t)|ρ0,1)

Υ(ρ)

Υ(ρ0,2)

Υ(ρ0,1)

ex2

u(x)

ρ

et

eρ

Figure 3.3: Qualitative depiction of the characteristic quantities of a quasi-linear
first-order PDE describing a two-dimensional surface u(x) parametrized over
x = [x1, x2]>.

Although a quasi-linear PDE (eq. (3.4)) is the initial point for the method of character-
istics, the resulting system of ODE (eq. (3.6) and (3.7)) is nonlinear. Therefore, merely
a local existence of the characteristics can be formulated, since e.g. nonlinear ODE can
exhibit singularities (e.g. stationary points). Furthermore, if the most general type of
this method (quasi-linear PDE) is considered, the evolution of the parametrization is
coupled with the sought function u (cf. eq. (3.6)), resulting in complicated dynamical
behavior. The interested reader is referred to [61, section 3.4.3].

3.1.2 Equation System and Numerical Aspects

Considering the hyper-time invariance equation (eq. (2.96)), the sought function is the
torus function Z ∈ Rn. First, properties of the regarded PDE concerning the method
of characteristics will be discussed and subsequently the application of the shooting
method for quasi-periodic motions will be explained.
In context of quasi-periodic motions described by the hyper-time invariance equation, a
semi-linear PDE has to be solved. More specific, the coefficients functions Ci (cf. eq. (3.4))

12Consider the qualitative depiction in figure 3.3. Here, the parametrization of the sought
function is transformed (x1, x2) → (t, ρ). If the initial curve Υ(ρ1) would be parametrized
along a characteristic ρ = t, the “building” of the one-parameter family always results in the
same characteristic.
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3 Discretization Methods for the Hyper-Time Invariance Equation

are constant. The resulting system of nonlinear ODE reads:

dθi
dt

= Ωi i = 1, ...,m (3.10)

dθi
dt

= ωi i = m+ 1, ..., p (3.11)

dZ

dt
= g(Z(θ(t)), θ̃(t)). (3.12)

Note that the characteristic variable t corresponds to the time variable of the underlying
dynamical system (cf. eq. (2.57)). Furthermore, since the hyper-time invariance equation
is semi-linear and exhibits constant coefficients, the evolution of the parametrization in
eq. (3.10) and (3.11) is both uncoupled from the evolution of the torus function and
describing parallel lines13. Consequently, the evolution of the parametrization of the
resulting characteristics can be identified analytically

θi = Ωit+ θi,0 i = 1, ...,m (3.13)

θi = ωit+ θi,0 i = m+ 1, ..., p, (3.14)

where θi,0 describes the torus coordinate values on the initial hyper-plane (cf. figure 3.4).
Since the choice of the initial hyper-plane parametrization ρ is almost not restricted
(transversality condition), a systematic choice can be devised. Therefore, this thesis
proposes the choice ρi = θi+1 with i = 1, ..., p − 1, where the parametrization of the

θ 3
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θ2,0 + Ω2t

(θ1, θ2) 7→ (t, ρ)

eθ1

eθ2

eρ

θ 2
,0
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θ 2
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+
Ω

2
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eρ1
eρ2
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θ2,0
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θ 3
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+
Ω

3
t

t = 0

t

(θ1, θ2, θ3) 7→ (t, ρ1, ρ2)

θ1,0 + Ω1t

Initial hyper-plane parametrization
Initial hyper-plane parametrization

Figure 3.4: Exemplary evolution of the hyper-time invariance equation parametrization
(m = p) in the vicinity of the initial hyper-plane parametrization ρ

13This is also expectable, since the torus coordinates are hyper-time axis and the characteristic
variable corresponds to the time. Recall that a quasi-periodic motion fills the hyper-time
torus function with a parallel flow densely.
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initial hyper-plane is identical to the hyper-time parametrization except for θ1
14. Thus,

the transversality condition in eq. (3.9) is always fulfilled

∣∣∣∣ ∂θ

∂[t,ρ]

∣∣∣∣ =

∣∣∣∣∣∣∣∣∣∣∣


∂θ1
∂t

∂θ1
∂ρ1

... ∂θ1
∂ρp−1

∂θ2
∂t

∂θ2
∂ρ1

... ∂θ2
∂ρp−1

...
...

...
∂θp
∂t

∂θp
∂ρ1

... ∂θp
∂ρp−1



∣∣∣∣∣∣∣∣∣∣∣
=

∣∣∣∣∣∣∣∣∣∣∣


Ω1 0 0 ... 0

Ω2 1 0 ... 0

...
...

...
...

ωp 0 0 ... 1



∣∣∣∣∣∣∣∣∣∣∣
6= 0. (3.15)

Consider in addition to the resulting ODE (eq. (3.10) to (3.12)) and chosen initial hy-
per-plane parametrization ρ the periodic boundary conditions (cf. eq. (2.96)). Since a
quasi-periodic motion (trajectory) fills the torus-domain θ densely, the intersections (due
to the periodicity) of the characteristic variable t and the initial hyper-plane parametriza-
tion ρ can be identified. Consequently, the characteristic variable value τ is of interest
when the periodic boundary θ1 = 2π is reached. Recall that t = 0 is equivalent to θ1 = 0

due to the chosen initial hyper-plane parametrization. If a characteristic starts on an
arbitrary point on [0, ρ1, ..., ρp−1] = [0, θ2, ..., θp] the characteristic variable values at the
intersection τ (cf. figure 3.5) and the hyper-plane parametrization ρ are

τ =
2π

Ω1
and

θ̃i =
Ωi

Ω1
2π + θi i = 2, ...,m

θ̃i =
ωi
Ω1

2π + θi i = m+ 1, ..., p
(mod 2π). (3.16)

Until this point, merely the evolution of the parametrization θ is regarded by discussing
the initial hyper plane parametrization ρ. Since eq. (3.10) and (3.11) are decoupled from
the evolution of Z, the parallel flow and hence the evolution of the parametrization

0

t = τ

eθ10

2π

2π

t = 0

Ω2

Ω1
2π

Initial hyper-plane parametrization
eθ2 = eρ

Figure 3.5: Exemplary evolution illustration of the hyper-time invariance equation
parametrization (m = 2) with (θ1, θ2)→ (t, ρ) and θ2 = ρ.

14For example, consider figure 3.4. By the latter systematic approach the parametrization of
the initial hyper-plane would be: a) ρ = θ2 and b) [ρ1, ρ2] = [θ2, θ3]. Note that equivalent
formulations are also possible (e.g. substitute θ2 with θ1).
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3 Discretization Methods for the Hyper-Time Invariance Equation

remains unaffected by the torus function. In order to analyze the evolution of Z, an
initial hyper plane Υ(ρ) (parametrized over the initial hyper plane parametrization
ρ) has to be considered. Regarding the initial hyper-plane Υ(ρ) (cf. eq. (3.8) and
figure 3.3), the sought torus function Z – and thus the invariant manifold – is found
when the initial hyper-plane Υ(ρ) lies completely in the invariant manifold (cf. figure
3.6). Therefore, the initial hyper-plane has to be sufficiently smooth and differentiable.
Considering the evolution of parametrization in eq. (3.16), an equivalent function to
eq. (3.2) for quasi-periodic motions can be formulated

h(Υ(ρ)) = Z(2π, θ̃2, ..., θ̃p)−Υ(ρ+
2π

Ω1
ω̃) Z(0, θ2, ..., θp) = Υ(ρ), (3.17)

with ω̃ = [Ω2, ...,Ωm, ωm+1, ..., ωp]. Recall that the initial hyper-plane parametrization
[ρ1, ..., ρp−1] = [θ2, ..., θp] is chosen. In contrast to the shooting method for periodic
motion, where eq. (3.2) has to hold for one point, eq. (3.17) has to hold for the whole
initial hyper-plane Υ(ρ). Note that phase conditions (cf. eq. (2.96)) for unknown fre-
quencies [ωm+1, ..., ωp] have to be considered. With eq. (3.17) a systematic extension of
the shooting method is formulated, since it utilizes the hyper-time which is the natural
extension of the time15.
In the following, a finite number of characteristics M is considered since a finite dimen-
sional discretization is required when implementing numerical methods. Therefore, M
points ρi (i = 1, ...,M) are defined on the initial hyper-plane Υ(ρ), resulting in discrete
values ΥM = [Υ(ρ1), ...,Υ(ρM )]. Note that the chosen parametrization of the initial
hyper-plane corresponds to ρ ∈ Tp−1, where the discrete values ρi (i = 1, ...,M) are
distributed in the interval [0, 2π)p−1. The discrete values enable the calculation of sep-
arate characteristics, but eq. (3.17) could not be evaluated since characteristics do not
intersect the initial hyper-plane on the same points ΥM . Consequently, the continuous
and differentiable initial curve is approximated with (p− 1)-dimensional cubic splines

Υ̂(ρ) =
∑
||α||≤3

Cαρ
α1

1 ... ρ
αp−1

p−1 (3.18)

atZ(θ(τ)) to evaluate eq. (3.17). Here, α = [α1, ...,αp−1] is a multi-index and the spline
coefficients are functions of the discrete values Cα. In figure 3.6 a qualitative illustration
of the approach is depicted. When calculating quasi-periodic motions which involve free
frequencies, the evaluation of an integral phase condition (cf. eq. (2.96)) requires also
approximation methods (e.g. spline interpolation) since merely characteristics, and thus
lines, (cf. figure 3.6) are known.

15Note that eq. (3.17) is equivalent to eq. (3.2) if a T1 (periodic motion) is considered, where
the initial hyper-plane Υ(ρ) consists of one point (=̂ ZS). Furthermore, the developed
approach demands that if a Tp is analyzed, an initial hyper-plane Υ(ρ), parametrized over
ρ = [θ2, ..., θp] ∈ Tp−1, has to be identified.
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Figure 3.6: Qualitative depiction of the shooting method approach in a theoretical frame-
work and the numerical implementation for Z(θ1, θ2).

The developed method, equivalently as can the shooting method for period motions,
can be combined with Newton’s method to solve the resulting nonlinear system of
equations. The individual steps can be summarized as:

• Initialize M discrete points ΥM , which define a spline-interpolation of the initial
hyper-plane Υ(ρ).

• Use an ODE-solver to integrate eq. (3.10) to (3.12) over the interval t = [0, τ ]

(cf. eq. (3.16)) for all M points as initial condition

• Check by interpolating the discrete values Z(θ(τ)) if eq. (3.17) fulfills the desired
numerical tolerances.

• Use Newton’s method to correct ΥM if necessary.

The latter approach provides only an approximation to the torus function Z(θ). Ob-
viously, if M → ∞ the obtained solution converges towards the exact one since the
discrete values describe almost completely the continuous function.
Known methods from the literature, described in the beginning of section 3.1, usually
approximate state-space torus functions by conducting a single, extremely long time-in-
tegration. The approach developed in this thesis is the natural enhancement of the
shooting method since it utilizes the hyper-time, resulting in a finite integration interval
(cf. eq. (3.16)). Furthermore, by using a finite number of characteristics to solve the
semi-linear PDE in combination with spline interpolations, the desired compromises be-
tween accuracy and calculation effort can be achieved.

Numerical aspects. A necessary condition, as usual when applyingNewton’s method,
is the presence of an initial guess which is located close to the sought solution.
Since eq. (3.10) to (3.12) describe separate characteristics, each characteristic is decou-
pled from the remaining M − 1 ones, where a time-integration can be conducted simul-
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taneously. The coupling of the individual characteristics is introduced by the spline
interpolation eq. (3.18). Furthermore, the decoupled evolution of the characteristics
can be utilized to efficiently construct the Jacobian of Newton’s method by finite
differences16 (cf. [134, p. 300]).
When constructing the Jacobian matrix required for the nonlinear algebraic equation
(numerically like the latter approach or by solving the first variational equation17 simul-
taneously), fundamental matrices ψM (τ, 0) are directly accessible (cf. eq. (3.3)), which
are required to calculate the stability of quasi-periodic motions (cf. section 4.2.2). In
other words, no further analyses are needed to obtain the sought fundamental matrices.
Like the classical shooting method for periodic motions, the presented approach can
only handle stable and “weakly” unstable solutions due to time-integrations. In order to
overcome this restriction, a multiple shooting approach is realizable, which is equivalent
to the strategy used for periodic motions. In this approach, each characteristic is sub-
divided into intervals and eq. (3.17) is adapted. The drawback of this approach is the
increased calculation effort accompanying each additional interval since the nonlinear
equation system enlarges.
Once a solution is obtained, the (approximation) quality has to be addressed. Therefore,
the approximation error can be estimated by defining the error

εSM =

∣∣∣ΥM −ΥM
2

∣∣∣
|ΥM |

. (3.19)

The error definition is inspired by the Richardson extrapolation, where ΥM is the
vector of converged initial values used for the spline interpolation eq. (3.18) and hence
approximate one periodic boundary (cf. figure 3.6). The quantity ΥM

2
is equivalent, but

with half the number of characteristics. Consequently, two approximations of the same
approximation order but on different “meshes” (or rather number of characteristics) are
compared.

3.2 FOURIER-GALERKIN Methods

In this section, a method to solve the hyper-time invariance equation (eq. (2.96)) by
means of a multi-dimensional Fourier-Galerkinmethod (spectral method) will be pre-
sented. The validity of this approach is based on Weierstrass’s theorem (eq. (2.18)),
which states that every torus function can be uniformly approximated by trigonometric-
polynomials (FOURIER-polynomials). Equivalently to the Fourier-Galerkin method

16If the Jacobian is construed by finite differences, merely the one perturbed characteristic
has to be solved since only the spline interpolation couples the individual characteristics.

17The first variational system reads: d
dt∆Z(θ(t)) = J(θ(t))∆Z(θ(t)), where ∆Z represents a

perturbation and J is the Jacobian of a characteristic.
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3.2.1 Full-Discretization and Numerical Aspects

with one frequency, global ansatz-functions depending on p frequencies (frequency base)
are formulated for which unknown coefficients are sought. The resulting residuum R
is projected on each ansatz-function to obtain an algebraic system of equations for the
coefficients. Since quasi-periodic motions are considered, the projection on each ansatz-
function requires an integration over an infinite time domain. By utilizing the mean
value theorem (eq. (2.22)), the integration can be transformed into a finite one in the
torus domain. For example, if two base frequencies (p = 2) are considered, the projection
on the ansatz-function ej(mω1t+kω2t) can be transformed by

lim
T→∞

1

T

t+T∫
t

R e−j(mω1t̂+kω2t̂) dt̂ =
1

4π2

2π∫
0

2π∫
0

R e−j(mθ1+kθ1)dθ1dθ2. (3.20)

This approach is the natural generalization of Fourier-Galerkinmethods when multi-
ple time scales (hyper-time) are considered. Since one-dimensional Fourier-Galerkin
methods (periodic motions) are well established for solving nonlinear problems in engi-
neering applications, the multi-dimensional approach is probably the most common one
when approximating quasi-periodic motions [175, 115, 86, 88, 153, 71].
In the following, a multi-dimensional Fourier-Galerkin method is described, which
is a natural extension for motions with multiple incommensurable frequencies. Sub-
sequently, a semi-discretization of the Fourier-Galerkin method is discussed for a
two-dimensional frequency base (p = 2) with (at least) one frequency known (m ≥ 1).
The key idea is the transformation of the PDE system into an ODE system, for which
established numerical continuation tools can be used. Numerical aspects are discussed
for both approaches.

3.2.1 Full-Discretization and Numerical Aspects

An illustrative possibility to construct the global ansatz-functions can be achieved by
multiplying p (hyper-time dimension) one-dimensional Fourier-series

Z(θ) =

( ∞∑
α1=−∞

Cα1e
jα1θ1

)
· . . . ·

 ∞∑
αp=−∞

Cαpe
jαpθp


=
∑
||α||≤M
M→∞

(
Cα1 · . . . ·Cαp

)
ej(α1θ1+ ... +αpθp)

=
∑
||α||≤M
M→∞

Cαe
jα·θ,

C ∈ Cn (3.21)

which yields a multi-dimensional Fourier-series with the unknown coefficients C and
α = [α1, ...,αp] being a multi-index. The specification of the chosen vector norm ||.||
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3.7(c): Quasi-periodic (p = 2): ||α||2 ≤ 4
(Euclidean norm).
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3.7(d): Quasi-periodic (p = 2): ||α||∞ ≤ 4
(maximum norm).

Figure 3.7: Truncation schemes (M = 4) of a one-dimensional (p = 1) and two-dimen-
sional (p = 2) Fourier-series.

is irrelevant for the complete series (M → ∞). Obviously, if merely one time scale
is present, eq. (3.21) represents a one-dimensional Fourier-series. In the following, a
truncated Fourier-series is chosen (finite M) since it facilitates the notation and is
required when implementing numerical methods.
In contrast to the one-dimensional case, where the series is simply truncated at a certain
value (e.g. M = 2 then α1 = −2,−1, 0, 1, 2), the multi-dimensional series enables differ-
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3.2.1 Full-Discretization and Numerical Aspects

ent truncation criteria18 defined by the chosen vector norm of the multi-index ||α|| (cf.
figure 3.7). Arbitrarily, the euclidean norm ||.||2 is considered in the following19. The
global ansatz-functions (eq. (3.21)) are inserted into the hyper-time invariance equation
(eq. (2.96)), considering at first only the PDE without phase condition. Executing the
partial derivation yields the residuum

R =

m∑
i=1

jΩi

∑
||α||2≤M

αiCαe
jα·θ +

p∑
i=m+1

jωi
∑

||α||2≤M
αiCαe

jα·θ

− g

 ∑
||α||2≤M

Cαe
jα·θ, θ̃

 ,

(3.22)

where the periodicity is naturally considered by the Fourier-series. For the follow-
ing, the cardinality (.) of the set capturing all combinations of the multi-index A ={
α> | ||α||2 ≤M

}
is introducedA to keep notations clear20. TheGalerkin-projection

is carried out by projecting R on each ansatz-function

0 =

2π∫
0

. . .

2π∫
0

R e−jα·θdθ1 . . . dθp

= j

(
m∑
i=1

αiΩiCα +

p∑
i=m+1

αiωiCα

)

−
2π∫

0

. . .

2π∫
0

g

 ∑
||α||2≤M

Cαe
jα·θ, θ̃

 e−jα·θdθ1 . . . dθp

||α||2 ≤M, (3.23)

resulting in n×A algebraic equations for the Fourier-coefficients Cα. Note that the
projection of the terms linearly dependent on the coefficients can be identified analyti-
cally.
Having discussed the PDE part of the hyper-time invariance equation, the global ansatz-

18If a real Fourier-series is considered, the symmetry property of the sine and cosine function
can be equivalently used in the multi-dimensional case. Roughly speaking, half of the multi-
index combinations can be neglected (s. [12, 88]).

19The choice of the norm is merely interesting concerning the efficiency. Depending on the
investigated system one or another norm can be more efficient since it considers significant
frequencies with smaller M .

20E.g. if two basis frequencies are given (p = 2, α = [α1,α2]) and the euclidean norm with
M = 1 is considered, then A =

{[
1
0

]
,
[
−1
0

]
,
[

0
1

]
,
[

0
−1

]
,
[

0
0

]}
with A = 5.
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3 Discretization Methods for the Hyper-Time Invariance Equation

functions (eq. (3.21)) are also inserted into the phase condition of eq. (2.96)

0 =

2π∫
0

. . .

2π∫
0

j ∑
||α||≤M

αiC(α,0)e
jα·θ

> ∑
||α||≤M

Cαe
jα·θ

 dθ1 . . . dθp

=
∑

||α||2≤M
αiC

>
(α,0)C−α i = m+ 1, ..., p,

(3.24)

with C(α,0) ∈ Cn being Fourier-coefficients of a known, nearby solution. Due to the
linearity of the phase condition the integration can be executed analytically, whereas no
integral has to be evaluated for the phase condition.
Solving the nonlinear algebraic equations (3.23) and (3.24) with e.g. Newton’s method,
the Fourier-coefficients and unknown frequencies are obtained. Due to the approxi-
mation with Fourier-series, the number of variables in the algebraic system enlarges.
Especially when quasi-periodic motions with many basis frequencies (p � 2) and/or
high nonlinearities are considered, the calculation effort increases tremendously due to
combination variety of higher harmonics21. Nevertheless, this approach provides a “fa-
miliar” method, for which reason it is often used throughout the engineering literature.
Concerning a numerical implementation, some strategies can be used to reduce the com-
putational effort.

Numerical Aspects. Besides the enlargement of the system (dynamical vs. algebraic),
solving the algebraic equation system requires an evaluation of integrals, which can be
costly in numerical implementations. To ensure an efficient numerical implementation22,
some strategies to reduce the numerical effort will be discussed. Detailed explanations
can be found in [12, 70].

Adaptive Harmonic Selection. When calculating truncated Fourier-series nu-
merically, not every coefficient contains necessary information (e.g. coefficient value
almost/numerically zero). This often depends on the type of nonlinearity. Required or
not for the global ansatz-function, the redundant computational effort is nevertheless ex-
istent. In order to reduce the effort, automatable methods to select Fourier-coefficients
can be used.
The selection of Fourier-coefficients can be conducted in two ways, global and local. In
the global approach each truncated ansatz-function, approximating one state-space co-
ordinate zi (z = [z1, ..., zn]>), exhibits the same number of Fourier-coefficients A and
the same series parts (e.g. ej(1θ1+3θ2)). Selections focus on all state-space coordinates
equivalently. In the local approach each truncated ansatz-function exhibits a different

21In the one-dimensional case the higher harmonics enlarge linearly withM . If a p-dimensional
case is considered, the higher harmonics enlarge approximately exponentially with p due to
the combination possibilities.

22Especially important when analyzing large systems.
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3.2.1 Full-Discretization and Numerical Aspects

number of Fourier-coefficients23 and consequently different series parts. Selections
affect each state-space coordinate differently.
Selection methods can be applied when consecutive solutions of a system (e.g. in a con-
tinuation) are sought. In general, such methods analyze a known, nearby solution24 and
provide information which Fourier-coefficients can be neglected or have to be added.
Putting the focus on deciding whether or not a selection can be conducted, a criterion to
evaluate the quality of the known approximation has to be evaluated. Since a truncated
Fourier-series implies that R 6= 0 (cf. eq. (3.22)), a Fourier-transformation F {.} of
R can be carried out, where the quantity

εFGM = ||F {R} ||2, (3.25)

measuring the error in the spectral domain, can be defined25. Equation (3.25) measures
the approximation quality and should not be mistaken with the error of Newton’s
method.
An adjustment of Fourier-coefficients is required in two cases. First, the error εFGM

is too small and a reduction of the Fourier-coefficients is sought to improve computa-
tional time26. Therefore, the smallest Fourier-coefficients (absolute value) are succes-
sively deleted until εFGM reaches a tolerable magnitude. Second, the error εFGM is too
large and an extension of the Fourier-coefficients is required. Instead of arbitrarily
adding Fourier-coefficients by simply increasing M , the Fourier-transformation of
the residuum F {R} is analyzed. Due to nonlinearities, Fourier-coefficients which are
not included in the ansatz-functions can be identified in the residuum and successively
added to the ansatz-functions until eq. (3.25) reaches a tolerable magnitude (s. [12]).

Integral Evaluation. The most time consuming step in a numerical implemenation of
the Fourier-Galerkin method is the integration in eq. (3.23). Possible approaches
are a classical Gaussian-quadrature or trigonometric collocation [112], but both exhibit
considerable disadvantages when dealing with quasi-periodic motion [70]. An efficient
and frequently used approach is based on a multi-dimensional Fast Fourier Transforma-
tion (FFT) which substitutes the integral expression [88, 127].
The principle process consists of two steps. First, take the current torus function approx-
imation in hyper-time domain Z(θ) and insert it into g(Z, θ̃), describing the vector field
of the system. Hence, an approximation of g(Z, θ̃) in hyper-time is provided. Second,

23E.g. if A1 represents the number of Fourier-coefficients of the global ansatz-function ap-
proximating the first state-space coordinate z1 and A2 the same quantity of the second
state-space coordinate z2, then A1 6= A2.

24Known nearby, solutions are always required if phase conditions are involved and if algebraic,
nonlinear systems are solved by Newton’s method (initial solution).

25In numerical implementation a multi-dimensional Fast-Fourier Transformation (FFT) may
be used.

26Even if the error is tolerable a reduction can be sought, since some Fourier-coefficients can
be almost equal to zero.
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3 Discretization Methods for the Hyper-Time Invariance Equation

the integral expression in eq. (3.23) can be replaced, since the resulting term (integral
of the nonlinearities in hyper-time) is equivalently to a FFT of the nonlinearities. An
illustrative depiction of this approach can be found in [70, Fig.1].

3.2.2 Semi-Discretization

The approach discussed in this subsection is a special form of the Fourier-Galerkin
method, discussed in section 3.2.1. Although this method can be derived for arbitrary
torus dimensions [171], the practical advantage over the full-discretization is given when
analyzing quasi-periodic motions with two base frequencies (p = 2, m ≥ 1), with at
least one known base frequency [15, 171, 175]. The strategy of this approach is to
derive an ODE by averaging, so that quasi-periodic solutions of the initial system can
be expressed as periodic solutions of the averaged system (spectral system). As a result,
well-developed methods for the identification of periodic motions can be applied [81, 54].
Subsequently, the focus is on dynamical systems exhibiting a quasi-periodic motion with
one known frequency Ω and one unknown frequency ω27. The corresponding invariance
equation for the hyper-time approach is

∂Z

∂θ1
Ω +

∂Z

∂θ2
ω = g(Z, θ1) Z(θ) = Z(θ + 2πek) k = 1, 2

2π∫
0

2π∫
0

∂Z0

∂θ2

>
Z dθ1dθ2 = 0,

(3.26)

where Z : T2 → Rn. Two-dimensional Fourier-polynomials (p = 2, m = 1) are chosen
as global ansatz-functions28

Z(θ1, θ2) =
∑
||α||≤M
M→∞

Cαe
j(α1θ1+α2θ2) =

∞∑
α1=−∞

( ∞∑
α2=−∞

C(α1,α2)e
jα2θ2

)
ejα1θ1

=

∞∑
α1=−∞

Ĉα1(θ2)ejα1θ1 C, Ĉ ∈ Cn

(3.27)

but the two-dimensional series is rewritten as a one-dimensional series with periodic
coefficients Ĉ(θ2) = Ĉ(θ2 + 2π). First, consider only the PDE in eq. (3.26) and insert

27The second and remaining case is present when two known frequencies Ω1,Ω2 are assumed.
In this case, the phase condition in eq. (3.31) can be neglected.

28One could equivalently choose real Fourier-polynomials [175, 15].
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3.2.2 Semi-Discretization

the global ansatz-functions from eq. (3.27). Executing the partial derivations

R =

∞∑
α1=−∞

jα1Ĉα1(θ2)ejα1θ1Ω +
dĈα1(θ2)

dθ2
ejα1θ1ω − g

( ∞∑
α1=−∞

Ĉα1(θ2)ejα1θ1 , θ1

)
= 0

(3.28)

results. In the following, a truncated Fourier-series is chosen (α1 = −M, ...,M) since
it facilitates the notation and is required when implementing numerical methods. Con-
ducting theGalerkin-projection on eq. (3.28) concerning the separate ansatz-functions

0 =

2π∫
0

R e−jkθ1dθ1 k = −M, ...,M, (3.29)

a system of n × (2M + 1) ordinary differential equations for the periodic Fourier
coefficients Ĉ(θ2) results:

ω



dĈ−M

dθ2...
dĈ0

dθ2...
dĈM

dθ2

 = −Ω


−jMĈM

...
0
...

jMĈ−M

+

2π∫
0


g(Ĉ−M , ...., ĈM , θ1)ejMθ1

...
g(Ĉ−M , ...., ĈM , θ1)

...
g(Ĉ−M , ...., ĈM , θ1)e−jMθ1

 dθ1. (3.30)

In a second step, the global ansatz-functions (eq. (3.27)) are inserted into the phase con-
dition (eq. (3.26)), considering a truncated series, and the integral over θ1 is conducted
analytically

0 =

2π∫
0

2π∫
0

(
M∑

α1=−M

dĈ(α1,0)(θ2)

dθ2
ejα1θ1

)>( M∑
α1=−M

Ĉα1(θ2)ejα1θ1

)
dθ1dθ2

=

2π∫
0

M∑
α1=−M

dĈ(α1,0)(θ2)

dθ2

>

Ĉ−α1(θ2) dθ2,

(3.31)

with Ĉ(α1,0) ∈ Cn being periodic coefficient functions of a nearby known solution. As
expected, eq. (3.31) is similar to the integral phase condition for periodic functions but
with the difference that periodic Fourier-coefficients Ĉα1(θ1) are sought in contrast
to hyper-time torus functions Z(θ1).
Since coefficient functions can be interpreted as time-varying amplitudes of the

83



3 Discretization Methods for the Hyper-Time Invariance Equation

individual ansatz-functions, eq. (3.30) is often referred to as the spectral system29 (cf. fig-
ure 3.8). The conversion of the state-space system into the spectral system results in-
evitably in a system with more variables, where large number of coordinates and/or
large nonlinearities limit the applicability. Additionally, the numerical evaluation of the
integrals in eq. (3.29) and (3.30) is costly, requiring efficient solution strategies (cf. sec-
tion 3.2.1). Nevertheless, this approach can be useful for a variety of systems, since it
converts the initial problem of solving a PDE into solving an ODE for which highly effi-
cient approaches and established numerical algorithms (e.g. MATCONT [81] or Auto
[54]) exist.

|Ĉα1|

Ω

−2

−1

0/2π
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2
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1

2
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Figure 3.8: Periodic coefficient functions |Ĉα1(θ2)| of a quasi-periodic torus function in
hyper-time Z(θ1, θ2) : T2 → R of a truncated series (M = 2).

3.3 Finite Difference Method

In contrast to the Fourier-Galerkin method, which discretizes the solution of the hy-
per-time invariance equation (eq. (2.96)) by means of global ansatz-functions, the finite
difference method discretizes the solution locally. This approach is well suited, since a
sought torus function Z(θ) ∈ Rn is parametrized over the torus Tp whose discretization
is efficiently conductible. Since the discretization domain (Tp) is compact and has peri-
odic boundaries, neither complicated geometries nor boundary approximations have to
be discretized30. Further advantages are the simple construction of methods with high

29Note that if this approach is “accidentally” applied to a dynamical system exhibiting a periodic
solution (e.g. in case of synchronization), it could result in a fixed point of eq. (3.30) due to
constant Fourier-coefficients. The success depends highly on the choice of the frequency
base and the approach should generally only be used for quasi-periodic motions. In order to
visualize the difficulties, consider, for instance, a 3

1 - and
1
3 -resonance.

30In general, these two reasons are the main disadvantages of finite difference methods which
in the context of quasi-periodic motions are not present.
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3.3 Finite Difference Method

consistency order and its point-wise evaluation. In contrast to the FEM, no projections
are required.
Due to the local approach, large systems of algebraic equations result which represent
the main disadvantage of this approach. In section 3.3.2, numerical strategies to reduce
the computational effort will be presented, making this approach well suited for the
discretization and hence calculation of quasi-periodic motions.
The discretized domain is a p-dimensional torus [0, 2π)p. Each dimension is discretized
withMi (i = 1, ..., p) intervals. The discretization in one dimension is equidistant, where
the step width ∆θi can be introduced. Hence, two different domain dimensions may ex-
hibit a distinct node numberMi 6= Mj (j 6= i). Defining the multi-index α = [α1, ...,αp]

and the vector M = [M1, ...,Mp] , the discrete coordinates are

θα = [α1∆θ1, ...,αp∆θp]
> 0 ≤ αi ≤Mi i = 1, ..., p. (3.32)

This approach transforms the continuously defined torus function Z(θ) into discrete val-
ues Zα = Z(θα) (cf. figure 3.9). Due to the discretization, the hyper-time invariance

Z[0]

Z[1]

Z[2]

Periodic motion (p = 1) Quasi-periodic motion (p = 2)

∆θ1

∆θ2

Z[1,0]

Z[0,0]

Z[2,0]

Z[0,1]Z[0,2] Z[2,2]

Z[1,1]
Z[1,2]

Z[2,1]

2π

2π

2π0
0

0

∆θ

eθ1
eθ1

eθ2

eZ

eZ

Figure 3.9: Hyper-time discretization of a periodic motion on a T1 (M1 = 2) and of a
quasi-periodic motion on a T2 (M = [2, 2]).

equation is defined locally at the n(M1 + 1)...(Mp + 1) nodes. The latter multiplication
highlights the fast emerge of large equation systems. The phase condition still applies
globally and will be addressed in section 3.3.1.
Since Fourier-Galerkin methods are often used to approximate periodic motions,
its application to quasi-periodic motions is commonly the first choice. An utilization
of the finite difference method to quasi-periodic problems is not as common as the
Fourier-Galerkin approach in the engineering literature. Nevertheless, finite differ-
ence methods are used in early publications dealing with the approximation of torus
function [51, 49, 50] (cf. section 2.3.1). In later publications [171, 172], the finite differ-
ence method is used to discretize quasi-periodic motions of the hyper-time approach.
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3 Discretization Methods for the Hyper-Time Invariance Equation

Having outlined the general concept, the construction of the equation system will be
addressed in the subsequent section. Therefore, the discretization of differentiation by
differences will be discussed and a general formula will be given. This section closes with
a discussion on numerical aspects, highlighting advantages of the usage of this method
concerning an efficient implementation, especially because of a general Jacobianmatrix
formulation.

3.3.1 Finite Difference Schemes

The discretization of the torus Tp entails that the hyper-time invariance equation is
defined locally. Consequently, the PDE in eq. (2.96) holds for every node

m∑
i=1

∂Z

∂θi

∣∣∣∣
α

Ωi +

p∑
i=m+1

∂Z

∂θi

∣∣∣∣
α

ωi = g(Zα, θ̃α) 0 ≤ αo ≤Mo o = 1, ..., p. (3.33)

Regarding eq. (3.33), the partial derivations at the nodes ∂Z
∂θi

∣∣
α
can be approximated

by considering adjacent node values. Hence, the differentiation can be replaced by finite
differences [189],[96, section 9.1], [84, section 7.4], [65, chapter 3]. Equation (3.33) is a
semi-linear transport equation31, exhibiting only first oder derivations. Consequently
the derivation approximation scheme for ∂Z

∂θi

∣∣
α
(i = 1, ..., p) is equivalent in each dimen-

sion θi. Thus, in the context of discretization, the consideration of a total derivation
dZ
dθ

∣∣
α
of a one-dimensional discretization θα (α = 0, ...,M) is sufficient.

In the following, a method described in [94] will be used to systematically derive the
finite differences. This method allows a construction of finite differences considering
arbitrary adjacent nodes. Regarding an equidistant grid, the notation Z(θα + k∆θ) =

Z(θα+k) = Zα+k is obvious. Motivated by the classical form of finite differences, it is
assumed that the derivation at a node α can be expressed by a sum of adjacent nodes

dZ

dθ

∣∣∣∣
α

≈ 1

∆θ

∑
k∈Z

CkZα+k, (3.34)

where Ck are unknown coefficients. Approximating the quantity Zα+k by means of a
Taylor-series at α

dZ

dθ

∣∣∣∣
α

≈ 1

∆θ

∑
k∈Z

Ck

( ∞∑
m=0

1

m!

dmZ

dθm

∣∣∣∣
α

(k∆θ)m

)

≈ 1

∆θ

∞∑
m=0

(∑
k∈Z

Ckk
m

)
1

m!

dmZ

dθm

∣∣∣∣
α

(∆θ)m

(3.35)

31Partial derivations only occur linearly and the sought quantity Zα occurs additionally in the
r.h.s.
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3.3.1 Finite Difference Schemes

results. Since numerical approximations require finite values, the set K = {k0, ..., kK},
ki ∈ Z (i = 0, ..., K) is introduced. The elements of K define the adjacent values Zα+k,
which are considered in the approximation32. To ensure a well-posed problem, it is
required that both sums in eq. (3.35) exhibit the same number of summands which
leads to the same number of unknowns. Therefore the number of coefficients Ck is
restricted by the set K implicitly demanding that the Taylor-series is truncated at K

dZ

dθ

∣∣∣∣
α

≈ 1

∆θ

K∑
m=0

(∑
k∈K

Ckk
m

)
1

m!

dmZ

dθm

∣∣∣∣
α

(∆θ)m. (3.36)

In order to calculate the unknown coefficients Ck, the equating coefficient method (de-
gree of derivation) can be used to compare the left and right hand side of eq. (3.36),
leading to a linear equation system

m = 0 :

m = 1 :

m = 2 :
...

m = K :


0

1

0
...
0

 =


1 1 1 . . . 1

k0 k1 k2 . . . kK

k2
0 k2

1 k2
2 . . . k2

K
...

...
kK0 kK1 kK2 . . . kKK




Ck0
Ck1
Ck2
...

CkK

 . (3.37)

Solving eq. (3.37), the unknown coefficient functions can be determined. Some difference
schemes, which are well-known in the literature, are depicted in table 3.1. The choice of

Table 3.1: Difference schemes obtained by eq. (3.37).

Forward (1st order) Central (4th order) Upwind (3rd order)

K = {0,1} K = {-2,-1,0,1,2} K = {-2,-1,0,1}

C0 = −1

C1 = 1

C−2 = 1
12 C2 = − 1

12 C0 = 0

C−1 = 2
3 C1 = −2

3

C−2 = 1
6 C0 = −1

2

C−1 = −1 C1 = 1
3

K is arbitrary, meaning that neighboring nodes can be disregarded (e.g. K = {−4, 1, 3}).
Theoretically, this can be achieved but it is senseless to ignore neighboring points and
consider distant ones.
Having deduced an approximation for the derivations, the PDE in eq. (3.33) can be
discretized completely. In order to approximate quasi-periodic motions, the phase con-
dition in eq. (2.96) has to be discretized. Hence, the simplest discrete integration is

32E.g. a derivation approximation considering the values Zα−1 and Zα (backward difference)
is sought, then K = {k0, k1} = {−1, 0} and K = 1.
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2π∫
0

...

2π∫
0

h(θ) dθ1...dθp =̂
∑

0≤α≤M
h(θα) ∆θ1...∆θp, (3.38)

where h(θ) is an arbitrary quasi-periodic function. Note that an exact integration
approximation is redundant, since the phase condition merely fixes the initial point.
Therefore, the easiest implementation (cf. eq. (3.38)) is chosen.
Introducing the abbreviation Di(Zα) = 1

∆θi

∑
k∈K CkZα+kei

for an arbitrary finite
difference, the discretized hyper-time invariance equation reads:

m∑
i=1

Di(Zα)Ωi +

p∑
i=m+1

Di(Zα)ωi = g(Zα, θ̃α) 0 ≤ αo ≤Mo o = 1, ..., p∑
0≤α≤M

Di(Z(α,0))
>Zα = 0 i = m+ 1, ..., p.

(3.39)

The periodicity condition Z(θ) = Z(θ + 2πek) holds and has to be considered when
constructing the finite differences (nodes on the boundaries). This resulting algebraic
system consists of n(M1 +1)...(Mp+1)+(p−m) equations33 and unknowns, by which a
large equation system results. In contrast to the Fourier-Galerkinmethod, the finite
difference method does not require expensive calculations (integration) and eq. (3.39)
can directly be solved by Newton’s method.
The solution of eq. (3.39) provides an approximation of a torus function fulfilling the
hyper-time invariance equation and thus approximates a quasi-periodic motion. Once
approximated, the quality of the calculated solution is sought. Assuming consistency of
the approach, the approximation error can be estimated by

εFDM =

∣∣∣Z(order l)
α −Z(order i)

α

∣∣∣∣∣∣Z(order l)
α

∣∣∣ , (3.40)

where Z(order l)
α and Z(order i)

α are solution vectors containing all nodal values of two dif-
ferent approximations, using the same type of scheme but considering different approx-
imation orders. For example, if a forth order central difference scheme (K = {−2,−1,

0, 1, 2}, Z(order 4)
α ) is used to approximate the solution, the same solution is approxi-

mated by a second order central difference scheme (K = {−1, 0, 1}, Z(order 2)
α ) to evalu-

ate eq. (3.40).

33(state-space)·(disc. of θ1)·...· (disc. of θp)+(phase conditions).
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3.3.2 Numerical Aspects

In this subsection, selected numerical aspects concerning the implementation of finite
difference methods will be discussed. The choice of finite difference schemes in the
presence of large gradients (or rapid change of gradients) will be highlighted and their
influence on the solution will be discussed. Since large algebraic equation systems result
in this approach (local fulfillment of invariance equation), an efficient implementation
is inevitable when dealing with systems with many degrees of freedom. Regarding the
latter, an efficient data handling and a general Jacobian matrix will be discussed.

Difference scheme choice. Two scheme types are used in this thesis to approximate
the derivations of the hyper-time invariance equation (eq. (2.96)), the central and the
upwind scheme. Central schemes are characterized by a symmetric distribution of ad-
jacent nodes (e.g. K = {−1, 0, 1}, K = {−2,−1, 0, 1, 2}, etc.). They exhibit a high
approximation quality (concerning the number of considered nodes) whilst its imple-
mentation effort is identical to other schemes.
Upwind schemes were developed in [46] and are used in fluid dynamical approxima-
tions of convection problems [65, section 3.3.2], since they consider the flow direction
(e.g. K = {−1, 0}, K = {−2,−1, 0})34 and are not susceptible to numerical oscillations.
An illustrative example, which points out some characteristics of the schemes, can be
found in [65, section 3.11]. There, a one-dimensional convection-diffusion equation with
Dirichlet boundary conditions is regarded. In this thesis only the relevant conse-
quences for the difference schemes are summarized and the interested reader is referred
to [65, section 3.11]. Approximating the convection part with either a first order up-
wind scheme (K = {−1, 0}) or a second order central scheme (K = {−1, 0, 1}) the
results look qualitatively as depicted in figure 3.10. If the sought solution is discretized

Central difference scheme

ex

eh

ex

Upwind difference scheme

eh

Boundaries
Analytic sol.
Numeric sol.

Figure 3.10: Qualitative behavior of an approximated one-dimensional convection-diffu-
sion equation with finite difference schemes (inspired by [65, Figure 3.8.]).

34In these examples, a positive flow direction is assumed. If a negative flow direction is assumed,
the considered direction changes (K = {0, 1}, K = {0, 1, 2}).
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3 Discretization Methods for the Hyper-Time Invariance Equation

too coarse, both approximations are inaccurate. The upwind scheme is too diffusive
and the central scheme exhibits strong oscillations. The oscillations are a well-known
phenomenon stemming from large gradients [65]. Obviously, refining the discretization
area or adapting the mesh size locally results in smaller approximation errors in both
methods. Furthermore, higher order difference schemes also reduce the error.
Considering computational costs, an arbitrary refining is not unrestrictedly possible,
especially for large systems. If large nonlinearities or regularized discontinuities are
present, large gradients are inevitable. In this thesis both schemes are implemented and
high order central differences are used whenever possible. If gradients are too large, high
order upwind schemes are used since the hyper-time invariance equation is an advective
PDE. The optimal approach would be a hybrid discretization [181] combined with an
adaptive mesh, but this would extend the scope of this thesis.

Vectorized notation. In this thesis, the software MATLAB is used. Therefore, the
nonlinear algebraic equation system (eq. (3.39)) is solved with the function fsolve35.
It provides a numerically efficient solver using (amongst others) the trust-region dogleg
algorithm [148, chapter 4] which is similar to the implementation in [140]. Since MAT-
LAB is optimized for operations involving matrices and vectors, indicator functions are
an useful tool. They indicate the position of nodes in a solution vector and provide an
efficient implementation.
Finite difference methods discretize the hyper-time (cf. figure 3.32), where to each dis-
crete coordinate θα multiple discrete torus function values Zα = [Z1, ..., Zn]>α are as-
signed. In order to use nonlinear equation solvers, all discrete values have to be summa-
rized in one solution vector

ζ = [ζ1, ..., ζn]>

ζi =
[
Z(i,[0,...,0]), ..., Z(i,[M1,...,Mp])

]
∈ R(M1+1)...(Mp+1) i = 1, ..., n,

(3.41)

where ζi is a vector containing all discrete values of the torus function Zi (cf. figure
3.11). The arrangement (position of discrete values) of vector ζ is carried out by taking
each set ζi and metering the nodes by dimension. More precisely, the numbering in
each ζi starts at Z(i,[0,...,0]) and the first dimension θ1 is metered until Z(i,[M1,0,...,0]) is
reached. The next element is Z(i,[0,1,...,0]) and the first dimension is metered again. This
process is continued until Z(i,[M1,M2,...,Mp]) is reached and all variables are assigned to a
node (cf. figure 3.11).
Using a vectorized notation for the construction of the nonlinear algebraic equation
system (eq. (3.39)), an efficient identification of nodes and especially their neighboring
ones is required. Indicator functions

I
(
θ[α1+β1,...,αp+βp]

)
= N[α1+β1,...,αp+βp] I : Tp → Nn (3.42)

35Available in the “Optimization Toolbox” in MATLAB.
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Periodic motion (p = 1)

Quasi-periodic motion (p = 2)

2π

2π

2π

θ(1,0)
0eθ1

eθ1

eθ2

θ(1,1) θ(1,2)

Z(1,[0]) Z(1,[1]) Z(1,[2])

Z1: 1© 2© 3©

Z(2,[0]) Z(2,[1]) Z(2,[2])

Z2: 4© 5© 6©

0

Z(1,[0,0])

1©

θ[0,0] θ[1,0] θ[2,0]

θ[2,1]

θ[2,2]θ[1,1]

θ[0,2] θ[1,2]θ[0,1]

Z(1,[0,2])
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Z(1,[2,2])7©
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Z(2,[0,0])

10©

Z(2,[0,2])

13©
Z(2,[2,2])16©

11© 14© 17©
12© 15© 18©

Z1:

Z2:

Figure 3.11: Exemplary node numbering of a discretized (M1 = 2) periodic motion
θ ∈ T1, Z(θ) ∈ R2 and a discretized (M = [2, 2]) quasi-periodic motion
θ ∈ T2, Z(θ) ∈ R2.

provide an useful tool, where β = [β1, ...,βp] is a multi-index and N ∈ Nn is the node
vector. The node vector N contains the line number of discretized values Zα in the
solution vector ζ36. This is of particular interest when adjacent nodes for the construc-
tion of finite differences are sought, since the numbering scheme and periodic boundary
conditions have to be considered.

Jacobian matrix. The resulting algebraic, nonlinear equation system exhibits a large
number of variables due to the local discretization. Therefore, a numerical approxima-
tion of the Jacobian matrix by means of finite differences is too costly37. Note that this
finite difference method is detached from the method used for the hyper-time invariance
equation and is merely applied to approximate a Jacobian matrix of an algebraic equa-
tion system. Subsequently, a general Jacobian matrix for the hyper-time invariance
equation is constructed.
The sought zeroing problem concerning eq. (3.39) under consideration of the vectorized
notation in eq. (3.41) reads for the invariance equation

F(ζ,ω) =

m∑
i=1

Di(ζ)Ωi +

p∑
i=m+1

Di(ζ)ωi − g(ζ, θ̃) = 0

F : Rn(M1+1)...(Mp+1)+(p−m) → Rn(M1+1)...(Mp+1)

(3.43)

36E.g. consider the simple example depicted in figure 3.11 b) where the hyper-time invariance
equation at θ[2,2] (I

(
θ[2,2]

)
= [9, 18]>) is sought. Using a second order central difference

scheme for the θ2 direction, the node numbers of the values Z [2,2±1] are sought. In order
to identify the node number in the solution vector (eq. (3.41)), the indicator function in
eq. (3.42) is used, hence I

(
θ[2,2+1]

)
= [3, 12]> and I

(
θ[2,2−1]

)
= [6, 15]>.

37This is a standard approach in numerical computations if nonlinear equations are solved
without providing a Jacobian matrix.
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and the phase condition reads

P(ζ) =

Dm+1(ζ0)>ζ
...

Dp(ζ0)>ζ

 = 0 P : Rn(M1+1)...(Mp+1) → R(p−m), (3.44)

with ω = [ωm+1, ..., ωp]
> being the vector of unknown base frequencies and ζ0 being a

known, nearby solution. Thus, the Jacobian matrix of eq. (3.43) and (3.44) yields

J =


∂F

∂ζ

∂F

∂ω

∂P

∂ζ
0


∂F

∂ζ
∈ R[n(M1+1)...(Mp+1)]×[n(M1+1)...(Mp+1)]

∂F

∂ω
∈ R[n(M1+1)...(Mp+1)]×[p−m]

∂P

∂ζ
∈ R[p−m]×[n(M1+1)...(Mp+1)].

(3.45)

The expressions ∂F
∂ω and ∂P

∂ζ in eq. (3.45), defining the last p − m columns and rows,
respectively, can be specified (cf. [171])

∂F

∂ωi
= Di(ζ) ≈ ∂Z

∂θi

∂P

∂ζ
= Di(ζ0)> ≈ ∂Z0

∂θi

> i = m+ 1, ..., p. (3.46)

Note that both quantities in eq. (3.46) are already given through the approximation
of the hyper-time invariance equation and can directly be indicated. The remaining
expression ∂F

∂ζ represents the largest part of J , since all local PDEs are derived with
respect to all node variables. The expression consists of two parts

∂F

∂ζ
=

∂

∂ζ

(
m∑
i=1

Di(ζ)Ωi +

p∑
i=m+1

Di(ζ)ωi

)
︸ ︷︷ ︸

1

− ∂

∂ζ
g(ζ, θ̃)︸ ︷︷ ︸
2

. (3.47)

Part 1 contains the derivations of the finite differences, where the structure depends
on the chosen scheme. This part can directly be provided38. Part 2 contains the vector
field of the dynamical system exhibiting a (quasi-)periodic solution (cf. eq. (2.86) and
(2.93)) and thus depends on the investigated system. Although the quantities of this
part are unknown in general, the structure of this part is always sparse (only depends

38For example, consider the artificial example of Z(θ) ∈ R describing a periodic motion θ ∈ T
and assume a known frequency Ω is given (p = m = 1). The finite difference scheme (using a
second order central difference scheme) at the discrete value Zα yieldsD1(Zα) = 1

∆θ (1
2Zα+1−

1
2Zα−1). Therefore, the difference scheme provides the known parts ∂F

(1)
α

∂Zα+1
= 1

2∆θΩ and
∂F

(1)
α

∂Zα−1
= − 1

2∆θΩ in eq. (3.47), with F (1) being the contribution of part 1 .
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on the regarded node). This characteristic can be utilized by sparse finite difference
methods [184] to approximate this sub-matrix of the Jacobian matrix39. Therefore,
the Jacobian matrix pattern (0: if entry is equal to zero, 1: if entry is not equal to
zero) has to be provided, which can easily be obtained. Implementing the latter and
using sparse allocation, an efficient method to provide an arbitrary Jacobian matrix
is given.

39Provided in fsolve by using JacobPattern.
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4 Stability Analysis of Stationary
Motion

In the previous chapter, methods to approximate quasi-periodic motions by means of
a hyper-time approach were discussed. These solutions describe invariant manifolds,
which do not provide information concerning the behavior of nearby trajectories and
thus their stability. Physical systems, from which the investigated equations stem are
almost always exposed to small perturbations. In order to determine if an identified in-
variant solution is resistant to small perturbations and thus describes a stable operation
point, a stability analysis is inevitable.
This chapter is divided into two parts. In the first part established methods for the
stability identification of different solution types will be discussed, highlighting aspects
for the following considerations. In the second part two different approaches for the sta-
bility determination of quasi-periodic motions will be proposed. A spatial and temporal
approach will be discussed, from which the temporal approach provides an efficient and
general method. The rest of this section will focus on the stability definition itself and
will emphasis its limitation.
In the following, a fairly general dynamical system is considered whose motion is de-
scribed by an autonomous ODE1

ż(t) = f(z(t))
z : R→ Rn

f : Rn → Rn.
(4.1)

The classification, how a solution z0(t) of eq. (4.1) responses to perturbations leads to
a stability analysis, which captures the behavior of neighboring trajectories. In order to
analyze the vicinity of z0(t), the state-space coordinates can be transformed by z(t) =

z0(t) + ∆z(t) with ∆z(t) being a perturbation. Hence, stability in the Lyapunov sense
can be defined as follows (cf. [5, section 3.2]). If a solution z(t) = z0(t) + ∆z(t) of
eq. (4.1) to an initial condition2

||∆z(t0)||2 < C, satisfies ||∆z(t)||2 < ε ∀t > t0 (4.2)

1Recapture that every non-autonomous system can be transformed into an autonomous one.
2Exemplarily, the Euclidean norm is chosen, where other norms are also possible.
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4 Stability Analysis of Stationary Motion

and for arbitrarily small constant values ε > 0 and C > 0, the solution is consid-
ered stable3. If such a C-neighborhood of the initial conditions cannot be found for a
ε-neighborhood of the trajectory, the investigated solution z0(t) is unstable. In case the
conditions in eq. (4.2) are fulfilled and a perturbation of the investigated solution z0(t)

suffices

lim
t→∞
||∆z(t)||2 = 0, (4.3)

the solution is considered asymptotically stable. See figure 4.1 for an illustration of the
individual stability definitions. Note that the Lyapunov stability definition considers

C
∆z2ε

t

z0(t)

zs(t)

∆z1

∆z2ε

t

z0(t)

zu(t)

∆z1Stable Unstable

C
∆z2ε

t

z0(t)

zas(t)

∆z1 Asymptotically stable

Figure 4.1: Qualitative illustration of the different Lyapunov stability definitions.

the evolution of a perturbation with respect to time t. In other words, the investigated
solution z0(t) and the adjacent trajectory z(t) are evaluated at the same time ∆z(t).
Besides the latter definition, Poincaré stability (orbital stability) can be defined, which
regards whole adjacent trajectories [5, section 3.2]. Roughly speaking, this definition
can be seen as a geometrical stability approach since whole objects (trajectories) are
considered. Subsequently, the term stability will refer to Lyapunov stability.
The practical evaluation of eq. (4.2) and (4.3) to identify the stability of solutions stem-
ming from application oriented systems is impractical. In order to systematically analyze
a solution z0(t) concerning their response to perturbations, the restriction ||∆z(t)||2 � 1

can be made. Hence, the r.h.s. of eq. (4.1) can be linearized (with respect to z0(t))

3Note that C = C(ε) depends merely on the parameter ε, since it defines an initial C-
neighborhood (hyper-sphere). Trajectories starting within this area never exceed a ε-
neighborhood (hyper-sphere) in the interval [t0,∞).
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using the Taylor-expansion

���ż0(t) + ∆ż(t) = �����f(z0(t)) +
∂f(z(t))

∂z(t)

∣∣∣∣
z0(t)

∆z(t) +O(∆z2(t))

∆ż(t) ≈ J(t)∆z(t),

(4.4)

with J(t) ∈ Rn×n being the Jacobian matrix. In principle, the long term behavior
of eq. (4.4) can be used to identify the stability of solutions, since it describes the
evolution of perturbations. Before using eq. (4.4), it is important to clarify if higher
order terms may be neglected. In other words, does the linear system in eq. (4.4) produce
topologically equivalent results to the nonlinear system in eq. (4.1)?
The subsequent discussion provides merely selected aspects of the preceding question.
An extensive mathematical investigation would go beyond the scope of this thesis and
the interested reader is referred to [64],[98],[198, chapter 3], [199, section 3.7] and [117,
chapter 2].
In the following, it is assumed that the investigated solution z0(t) is embedded in a
compact invariant manifoldM4. In other words, the regarded solution z0(t) exists on
an invariant object, where structural information of the manifold can be utilized. Hence
the solution may characterize:

• Stationary points (parametrized on T0)

• Periodic motions (parametrized on T1)

• Quasi-periodic motions (parametrized on Tp, p ≥ 2)

In order to utilize the linear equation (4.4) to identify the Lyapunov stability, the ques-
tion arises if the manifold M (as an object) persists under a perturbation of the flow
and hence if the unperturbed vector field is structurally stable. In order to ensure struc-
tural stability, the investigated manifold has to be (normally) hyperbolic [117, chapter
2]. Roughly speaking, a manifold is considered hyperbolic if the normal bundle5 growth
rates of the linearized dynamics are either positive (contracting) or negative (repelling)
and not zero (“indifferent”). For the above mentioned cases of compact invariant mani-
folds follows:

Stationary points (z0 = const.). The growth rates are characterized by the eigen-
values of the constant Jacobian matrix J which possess a non vanishing real part.
Since stationary points exhibit a zero-dimensional tangent bundle5, each eigenvalue has
to have a non vanishing real part to ensure a defined normal growth rate. If the latter

4Note that the investigation in the literature generally holds for compact, connected invariant
manifolds with boundaries and is not restricted to such which are “filled” by one trajectory
z0(t). This thesis considers invariant manifolds in the context of quasi-periodic motions, by
which certain notations simplify, since boundaries can be neglected.

5A tangent/normal bundle is the union of all vectors tangent/normal to the manifoldM.
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is given, the stationary point is called hyperbolic. This relation is provided by the well-
known Hartman-Grobman theorem.

Periodic motions (z0(t) ↔ Z0(θ), θ ∈ T1). Since the Jacobian matrix J(t) is pe-
riodically time dependent, an eigenvalue analysis is not possible. Solving eq. (4.4) over
one period T , a constant linear map results: this is referred to as monodromy matrixM
(s. section 4.1.2). The growth rates over one period are characterized by the eigenvalues
of the monodromy matrix (Floquet multipliers). Since periodic motions possess a
one-dimensional tangent space at each point, one Floquet multiplier has to be equal
to one. As soon as a second multiplier exhibits an absolute value identically unity, a
normal direction gets “indifferent” and the periodic solution is no longer hyperbolic.

Quasi-periodic motions (z0(t) ↔ Z0(θ), θ ∈ Tp, p ≥ 2). Considering the Jaco-
bian matrix J(t) in time domain, no periodical behavior can be identified. Therefore
a fundamental matrix cannot be used to obtain growth rates. In order to indicate (nor-
mal) hyperbolicity of invariant tori, the following considerations discuss (briefly) the
theory of generalized Lyapunov type numbers [64].

To investigate the (normal) hyperbolicity of a solution z0(t) on an invariant manifold
M, the space is split with the standard (Euclidean) metric on Rn into a tangent bundle
(T M), stable normal bundle (N sM) and unstable normal bundle (N uM)

TRn|M = N uM⊕T M⊕N sM. (4.5)

The operator ⊕ is the usual direct sum6. Recapture that a bundle is the union of vectors
at all points z0(t) on the manifold M. For example, the tangent bundle is the union
of all tangential vectors ti ∈ Tz0(t)M at every point z0(t) onM. With eq. (4.5) and a
fundamental matrix ψ(t, t0)7, the following linear operators can be constructed for the
linearized flow

A(t0, t) = ψ(t0, t) : Tz0(t)M → Tz0(t0)M
Bs(t, t0) = Πs(t)ψ(t, t0) : N s

z0(t0)M → N s
z0(t)M

Bu(t0, t) = Πu(t0)ψ(t0, t) : N u
z0(t)M → N u

z0(t0)M.

(4.6)

The explanations for the individual expressions in eq. (4.6) can be found in table 4.1.
Note that all linear operators map over the same time interval [t0, t] with t0 < t, but
Bs(t, t0) maps in forward time (t0 → t) and A(t0, t) and Bu(t0, t) in backward time
(t → t0)8. Considering the linear operators in eq. (4.6), it is ensured that vectors are

6For example R2 = R⊕ R
7The fundamental matrix solves ∆ż(t) = J(t)∆z(t), where ∆z(t) = ψ(t, t0)∆z(t0) results. The
chosen notation of the fundamental matrix highlights that a perturbation is mapped from t0
to t.

8This notation (mapping in forward/backward time) is chosen, since it is in accordance with
the literature.
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Table 4.1: Explanation of the operators in eq. (4.6)

Operator Element of Significance

Bs(t, t0) Rn×n
Maps an arbitrary vector of the stable normal
space of the manifoldM at z0(t0) into the stable
normal space ofM at z0(t).

Πs(t) Rn×n Maps an arbitrary vector ∈ TRn|M at z0(t) into
the stable normal space ofM at z0(t).

Bu(t0, t) Rn×n
Maps an arbitrary vector of the unstable normal
space of the manifoldM at z0(t) into the unstable
normal space ofM at z0(t0).

Πu(t0) Rn×n Maps an arbitrary vector ∈ TRn|M at z0(t0) into
the unstable normal space ofM at z0(t0).

mapped in the corresponding spaces, where normal (stable and unstable) and tangential
vectors can be projected separately onM, and thus z0(t), along t:

t(t0) = A(t0, t)t(t) t ∈ T M
ns(t) = Bs(t, t0)ns(t0) ns ∈ N sM

nu(t0) = Bu(t0, t)n
u(t) nu ∈ N uM.

(4.7)

Figure 4.2 illustrates the vectors, operators and spaces introduced in eq. (4.6) and (4.7).
The linear operators in eq. (4.6) enable a time evolution description of trajectories on

Mns(t)

N s
z0(t)MN s

z0(t0)M

Tz0(t)M

t(t)

M

Bs(t, t0)

z0

Tz0(t0)M

ns(t0)

A(t0, t)

z0

N s
z0(t0)M N s

z0(t)M

Tz0(t0)M

T
z
0 (t) M

C(t0) C(t)

ψ(t, t0)
Πs(t)

t(t0)

Toroidal manifold (θ ∈ T2) in R3 Toroidal manifold (θ ∈ T1) in R3

Figure 4.2: Depiction of the linear operators, vectors and spaces on sections of two differ-
ent invariant toroidal manifolds with C(t) ∈ R3 being an arbitrary vector.
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the manifold. Introducing the matrix norms

||B(t0, t)|| ≡ sup
n(t)∈Nz0(t)

M

||B(t0, t)n(t)||2
||n(t)||2

||A(t0, t)|| ≡ sup
t(t)∈Tz0(t)M

||A(t0, t)t(t)||2
||t(t)||2

(4.8)

which, roughly speaking, captures the maximum expansion of the normal9 and tangential
space, the generalized Lyapunov-type numbers can be introduced [117, section 2.3]

νs(z0(t0)) = lim sup
t→∞

||Bs(t, t0)|| 1t (4.9)

νu(z0(t0)) = lim sup
t→∞

||Bu(t0, t)||
1
t (4.10)

ιs(z0(t0)) = lim sup
t→∞

ln ||A(t0, t)||
− ln ||Bs(t, t0)|| if νs(z0(t0)) < 1 (4.11)

ιu(z0(t0)) = lim sup
t→∞

ln ||A(t0, t)||
− ln ||Bu(t0, t)||

if νu(z0(t0)) < 1. (4.12)

Geometrically, eq. (4.9) and (4.10) indicate if the invariant manifold is attracting (cor-
responding to forward and backward time) since it describes the maximum contraction
of the normal space (cf. eq. (4.7)). The smaller νs(z0(t0)) and νu(z0(t0)), the faster
the contraction. Furthermore, if the contraction behavior is less then 1, meaning that
the normal bundle NM does not include “indifferent” behavior, eq. (4.11) and (4.12)
provide a relation between tangential and normal contraction (corresponding to forward
and backward time).
Note that the generalized Lyapunov-type numbers are constant on an orbit and in-
dependent of the splitting in eq. (4.5). A proof can be found in [198, section 3.1.2].
Consequently, the dependence on z0(t0) is neglected since the regarded manifolds in
this thesis (stationary points, periodic and quasi-periodic motions) can be characterized
by only one orbit. Roughly speaking, if t→∞ the “same” orbit is regarded.
Considering the latter, a definition can be given which indicates if a manifold persists
under perturbations and therefore, the analysis of the linear system (eq. (4.4)) can be
used to calculate the Lyapunov stability of invariant manifolds.

Definition. If a compact connected invariant manifold M in Rn exhibits a splitting
TRn|M = N uM⊕ TM⊕N sM such that νs < 1 and νu < 1, it is called hyperbolic
invariant manifold10.

9The differentiation between the stable (.)s and unstable (.)u normal space is omitted, since
the corresponding norms are obvious.

10In the mathematical literature, the splitting itself is called hyperbolic since the definition con-
flicts with the terminology in differential geometry of “hyperbolic manifolds” [117, p. 41]. In
the engineering literature, stationary points which fulfill this definition are called “hyperbolic
stationary points" and hence the terminology is adapted equivalently in this thesis.
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With eq. (4.9) to (4.12) the definition can be extended to normally hyperbolic invariant
manifold, namely if in addition ιs < 1 and ιu < 1 holds. In this thesis, a criterion
was developed which provides Lyapunov stability of quasi-periodic motions, where the
focus is laid on hyperbolic invariant manifolds.
It is noteworthy that the given definition is a general criterion for connected invari-
ant manifolds, which obviously includes stationary points (cf. example 8) and periodic
motions. The criteria considering the eigenvalues of the Jacobian matrix (stationary
points) and the monodromy matrix (periodic motions) are derivable from the definition
above.

Example 8

Consider the following linear ODE:[
ż1

ż2

]
=

[
−C1 0

0 C2

][
z1

z2

]
, with C1, C2 > 0 and z1, z2 ∈ R. (4.13)

The invariant manifold M is the stationary point at z0 = [0, 0]>. The splitting
of the space exhibits the form TRn|M = N uM⊕N sM, since the investigated
manifold (stationary point) has a zero-dimensional tangential bundle. Equation
(4.13) describes two uncoupled ODEs, where N uM = [0, z2] and N sM = [z1, 0]

can be identified easily. Identifying the fundamental matrix (t0 = 0) and the
orthogonal projectors

ψ(t, 0) =

[
e−C1t 0

0 eC2t

]
Πs =

[
1 0

0 0

]
Πu =

[
0 0

0 1

]
, (4.14)

the required operators A(0, t),Bs(t, 0) and Bu(0, t) can be constructed by using
eq. (4.6) in order to obtain the generalized Lyapunov-type numbers

νs = lim sup
t→∞

∣∣e−C1t
∣∣ 1t = e−C1

νu = lim sup
t→∞

∣∣e−C2t
∣∣ 1t = e−C2 .

(4.15)

As expected, the invariant manifold M (stationary point z0) is hyperbolic since
νs < 1 and νu < 1. Note that the hyperbolicity is equivalently identifiable by
calculating and analyzing the eigenvalues of the 2× 2 matrix given in eq. (4.13).

In conclusion, it is important to identify if an investigated solution z(t) (or invariant
manifoldM) is hyperbolic, and thus persistent under perturbation, when the linearized
eq. (4.4) sought to be utilized to identify Lyapunov stability. Although theoretically
identifiable with generalized Lyapunov exponents, the question concerning the appli-
cability in general engineering systems arises. When considering stationary points or
periodic motions, the hyperbolicity can easily be identified by the eigenvalues of the
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4 Stability Analysis of Stationary Motion

Jacobian or monodromy matrix. In case of quasi-periodic motions, there exist no
algebraic criteria (eigenvalue analysis) and further considerations are required. In this
chapter, an approach will be discussed which identifies the hyperbolicity and Lyapunov
stability of quasi-periodic motions by means of Lyapunov exponents.

4.1 Established Methods for Stationary Solutions

In this section, established methods for the stability identification of stationary solutions
will be presented. All methods solve the linearized perturbation equations in time
(s. eq. (4.4)), setting the focus on the fundamental matrix ψ(t, t0). In section 4.1.1
and 4.1.2 the underlying solution structure (stationary point and periodic motion) can
be utilized to identify algebraic stability criteria (eigenvalue analysis). In section 4.1.3
an approach to identify the (asymptotic) stability of arbitrary motions by means of
Lyapunov exponents will be presented. Since no restrictions to the structure of the
fundamental matrix ψ(t, t0) is presupposed, the approach is widely applicable.

4.1.1 Stationary Points: Constant JACOBIAN Matrix

In case of stationary points, the investigated solution (z0 = const.) is time invariant
and therefore, eq. (4.4) yields a constant Jacobian matrix11

∆ż(t) = J∆z(t). (4.16)

If the general solution of eq. (4.16) is sought, the fundamental matrix ψ(t, t0) is required.
For the sake of simplicity and without loss of generality, the initial time t0 = 0 is chosen.
The constant Jacobian matrix enables a reduction to an identification of a matrix
exponential, since

∆z(t) = ψ(t, 0)∆z(0)

= eJt∆z(0)
(4.17)

holds [7, § 25]. Using the generalized eigenvectors12 ri ∈ Cn (i = 1, ..., n) of the
Jacobian matrix J , the matrix exponential can be transformed to

eJt = [r1 | ... | rn] eĴt [r1 | ... | rn]−1 where Ĵ = diag(Ĵ1, ..., Ĵk). (4.18)

11In the following, the approximate sign “≈” is substituted with an equal sign “=”, but keep in
mind that eq. (4.16) neglects nonlinear terms. Consequently, the utilization of eq. (4.16) to
deduce the behavior of the nonlinear equation system is not always permitted.

12If the eigenvalues of J exhibit a higher algebraic multiplicity then geometric multiplicity,
the “ordinary” eigenvectors cannot provide a suitable solution space and the generalized
eigenvectors are required.
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4.1.1 Stationary Points: Constant Jacobian Matrix

The matrix Ĵ ∈ Cn×n contains k Jordan blocks Ĵk ∈ C(dk+1)×(dk+1), where dk is the
difference of the algebraic and geometric multiplicity of the kth eigenvalue λk of the
Jacobian matrix J [90, section 2.4]. Each Jordan block exhibits the form

Ĵk =


λk 1 0 ... 0

0 λk 1 0 ... 0
... 0

. . . . . . ...
... 1

0 0 ... 0 λk

 , (4.19)

where

eĴkt =



eλkt teλkt t2

2 eλkt ... tdk
dk!e

λkt

0 eλkt teλkt t2

2 eλkt ...
...

... 0
. . . . . . . . .

...
eλkt teλkt

0 0 ... 0 eλkt


(4.20)

results [7, § 25]. Since eq. (4.20) determines the growth of a perturbation ∆z(t) in
eq. (4.17), a stability criterion for stationary points z0 can be derived from the eigenval-
ues λk of the Jacobian matrix. This relation is captured by the Hartman-Grobman
theorem [5, section 5.4.1], which states:

• The stationary point z0 is asymptotically stable (Lyapunov stable), if the Jaco-
bian matrix only exhibits eigenvalues with negative real parts (<{λk} < 0, ∀λk).

• The stationary point z0 is unstable (Lyapunov unstable), if the Jacobian matrix
exhibits only one eigenvalue with positive real part (∃ <{λk} > 0).

• The stability of the stationary point z0 cannot be deduced from the linear system in
eq. (4.16), if the Jacobian matrix exhibits at least one eigenvalue with vanishing
real part (∃ <{λk} = 0).

In case of vanishing real parts, the stationary point is a non-hyperbolic point. Hence,
the non-linear system in eq. (4.4) has to be considered to evaluate the stability, since an
approximation with the linearized system is too rough. Furthermore, a non-hyperbolic
stationary point can also indicate a local bifurcation. The interested reader is referred
to [5, section 6.4] and [177, chapter 5].
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4 Stability Analysis of Stationary Motion

4.1.2 Periodic Motions: FLOQUET Theory

Regarding periodic motions, the analyzed solution (z0(t) = z0(t + T )) is a periodically
repeating time variant motion (period T ). Since the Jacobian matrix13 in eq. (4.4) is
the linearized vector field at the investigated solution z0(t), the periodicity transfers

∆ż(t) = J(t)∆z(t) where J(t) = J(t+ T ). (4.21)

Due to the linearity of eq. (4.21), the general solution can be described using a funda-
mental matrix ψ(t, t0). For the sake of simplicity and without loss of generality, the
initial time t0 = 0 is chosen. The stability analysis of periodic motions (Floquet the-
ory) was established in [69]. In the following, only selected aspects will be presented
and the interested reader is referred to [6, § 34], [39, section 2.4] and [177, chapter 7]
for further details. The periodicity of eq. (4.21) entails

∆z(t+ T ) = ψ(t+ T, 0)∆z(0)

= ψ(t+ T, t)ψ(t, 0)∆z(0),
(4.22)

where a constant matrix M = ψ(t + T, t), the monodromy matrix, can be identified,
which maps a perturbation ∆z(t) over one period T . The analytical identification of
a monodromy matrix M is merely possible for special cases. In general, numerical
approaches are inevitable for the determination [177, section 7.5].
The constant monodromy matrix M enables a reformulation of eq. (4.22). Instead of
monitoring the perturbation evolution continuously ∆z(t), t ∈ R, the perturbation is
investigated at discrete times ∆zt. Hence a linear map with constant matrix entires
results

∆zt+T = M∆zt. (4.23)

Note that eq. (4.23) is a linear Poincaré map, for which all properties (e.g. stability
of fixed points) are transferable. It can easily be verified [5, section 5.4.2] that

∆zt+kT = Mk∆zt and (ρi(T ))k = ρi(kT ) i = 1, ..., n (4.24)

holds, with ρ(kT )i ∈ C being an arbitrary eigenvalue ofMk. The eigenvalues ρ(T ) ∈ C
of M are referred to as Floquet multipliers. It can be shown [177, section 7.2] that
M possesses the eigenvalue ρ1(T ) = 1 with corresponding eigenvector ri = f(z0(t)).
This eigenvector describes the tangential space Tz0(t)M of the one-dimensional invariant
manifold (periodic orbit) at z0(t). Consequently, a perturbation in tangential direction

13In the following, the approximate sign “≈” is substituted with an equal sign “=”, but keep in
mind that eq. (4.16) neglects nonlinear terms. Consequently, the utilization of eq. (4.16) to
deduce the behavior of the nonlinear equation system is not always permitted.
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M
z(t0)

f(z(t0))

N s
z0(t0)M

Tz0(t0)M

z(t0)

f(z(t0))

N s
z0(t0)M

Tz0(t0)M

∆z(t0)

ez1

ez2

ez3

e∆z1

e∆z2

e∆z3

Figure 4.3: Illustration of a perturbation along the tangential direction of a manifold
M.

∆z(t) ∈ Tz0(t)M will not in- or decrease, over one period T 14 (cf. figure 4.3).
Regarding eq. (4.23) and (4.24) the stability of periodic motions z0(t) can be deduced
from the Floquet multiplier:

• The periodic motion z0(t) = z0(t+T ) is asymptotically stable (Lyapunov stable),
if the monodromy matrix exhibits, besides ρ1(T ) = 1, only Floquet multiplier
with absolute values less than one (|ρi(T )| < 1, i = 2, ..., n).

• The periodic motion z0(t) = z0(t + T ) is unstable (Lyapunov unstable), if the
monodromy matrix exhibits, besides ρ1(T ) = 1, at least one Floquet multiplier
with an absolute value greater than one (∃ |ρi(T )| > 1, i = 2, ..., n).

• The stability of the periodic motion z0(t) = z0(t+T ) cannot be deduced from the
linear system in eq. (4.16), if the monodromy matrix exhibits, besides ρ1(T ) = 1,
another Floquet multiplier with an absolute value equal to one (∃ |ρi(T )| =

1, i = 2, ..., n).

In the latter case, the periodic motion is non-hyperbolic, since the normal spaceNz0(t)M
contains an “indifferent” growth rate. Consequently, the non-linear system in eq. (4.4)
is required to identify the stability.
Since Floquet multipliers merely describe the perturbation evolution of discrete values
∆zt, it has to be ensured that the continuous perturbation evolution ∆z(t) does not
diverge in between two discrete values ∆zt+(i−1)T and ∆zt+iT . The latter is guaranteed
by Floquet’s theorem, which states that eq. (4.21) exhibits a normalized fundamental
matrix

ψ(t, 0) = C(t)eDt with
C(t) = C(t+ T ) C(0) = I

D = const.
(4.25)

14Imagine a periodic orbit z0(t) with an infinitesimal perturbation ∆z(0) applied in tangential
direction f(z0(0)) at t = 0. If the points z0(t) and z0(t) + ∆z(t) are followed over one
period T , the perturbation would be identical with the initial one ∆z(0) = ∆z(T ), since the
evolution of both points is determined by the same trajectory (invariant manifold, or rather
periodic orbit) but time-delayed (cf. figure 4.3).
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4 Stability Analysis of Stationary Motion

Hence, the monodromy matrix can be expressed with the matrix exponential ψ(T, 0) =

M = eDT . The eigenvalues δi ∈ C of matrix D are called Floquet exponents. The
term “exponents” add clarity when regarding the functional equation of the Floquet
multiplier in eq. (4.24), which is solved with an exponential function

ρi(T ) = eδiT . (4.26)

The real parts of the Floquet exponents can be interpreted as growth rates, for which
an equivalent stability criterion to stationary points results (real parts of δi, cf. section
4.1.1). Note the similarity of eq. (4.17) and eq. (4.22) under consideration of eq. (4.25).
Concerning the analysis of Floquet multipliers, a non-hyperbolic periodic motion in-
dicates a bifurcation. Three different scenarios (cf. figure 4.4) are possible and of-
ten found in engineering application. Note that one multiplier is equal to one, repre-

ρi = 1

={ρ}

<{ρ}

={ρ}

<{ρ}

={ρ}

<{ρ}

ρi = −1 |ρi,j | = 1 (ρi = ρ̄j)

Figure 4.4: Possible scenarios of a periodic motion loosing its stability.

senting a perturbation in tangential direction. First, one additional multiplier fulfills
ρi(T ) = 1, indicating either a saddle-node15, transcritical or pitchfork bifurcation. Sec-
ond, one additional multiplier fulfills ρi(T ) = −1, indicating a period doubling bifurca-
tion. The last and third possible scenario occurs when two additional multipliers fulfill
|ρi(T )| = |ρj(T )| = 1 and ρi(T ) = ρ̄j(T ), characterizing a Neimark-Sacker bifurca-
tion. This bifurcation is of particular interest in the context of quasi-periodic motion,
since a toroidal invariant manifold arises, enabling quasi-periodic motions (s. section
2.2.2.1). A detailed discussion of the remaining bifurcations can be found in [177, sec-
tion 7.4] or [5, section 6.6].
The Floquet theory is based on an analysis in time domain. If the periodic motion is
approximated with a Fourier-Galerkin method (cf. section 3.2), the solution exists
in frequency domain. Often, the frequency spectrum is transformed into time domain
to obtain the Floquet multiplier. In this case, a more efficient method to identify the
stability of periodic solutions is the Hill method which can be applied to the frequency
domain. The interested reader is referred to [97, 126].

15Often referred to as Limit Point Cycle bifurcation (LPC).
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4.1.2 Periodic Motions: Floquet Theory

Concluding, two important aspects of a fundamental matrix ψ(t, 0), and thus mon-
odromy matrices M = ψ(T, 0), are highlighted, since a fundamental matrix and the
periodicity of quasi-periodic motions in hyper-time are utilized to deduce an applicable
and efficient stability criterion.

Single mapping. Although Floquet multipliers with absolute values less than one
indicate a decline in perturbations for nT with n → ∞, perturbations can increase if
only mapped once. Consider

M =

−0.0029 −1.6291 −0.2100

−0.0233 0.2973 0.4701

−0.6788 0.3208 −0.1591

 with

ρ1 ≈ 1.0000

ρ2 ≈ −0.4323 + 0.5466i

ρ3 ≈ −0.4323− 0.5466i,

(4.27)

where a stable periodic motion is present. In figure 4.5 all possible perturbations (sphere)
are mapped over one period T and over nT with n → ∞ periods. Clearly, there exist

−1.7
0

1.7

−1.7

0
1.7

−1.7

0

1.7

∆z1∆z2

∆
z 3

f(z0)

4.5(a): ∆z(0) = M0∆z(0).

−1.7
0

1.7

−1.7

0
1.7

∆z1∆z2

f(z0)

4.5(b): ∆z(T ) = M∆z(0).

−1.7
0

1.7

−1.7

0
1.7

∆z1∆z2

f(z0)

4.5(c): ∆z(nT ) = Mn∆z(0)
with n→∞.

Figure 4.5: Illustration of perturbation mapping.

perturbations which enlarge over one period16. If perturbations are mapped over an
infinite number of periods, merely the tangential component remains (cf. figure 4.3), as
expected according to the Floquet multiplier in eq. (4.27).

Interval mapping. The special structure of the monodromy matrix M = ψ(T, 0) of
a hyperbolic periodic solution, namely one Floquet multiplier is equal to one and the
corresponding eigenvector lies in the tangential space Tz0(0)M = Tz0(T )M, arises from
the periodicity of z0(t). Hence, the monodromy matrix is a self-mapping for perturba-
tion. In other words, the tangential Tz0(0)M and normal Nz0(0)M space are identical
at the initial t = 0 and end t = T point of the map.
If a perturbation is mapped over an arbitrary interval (e.g. half-period), an in- or de-

16Note that eigenvalues smaller than one do not necessarily imply instantaneous contraction.
For example investigate the behavior of C = [ 0 2

0.25 0 ] with λ1,2 = ±
√

1
2 .
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4 Stability Analysis of Stationary Motion

crease in tangential direction is possible. Furthermore, the tangential direction differs at
both points (cf. figure 4.6). Consequently, a distinction between tangential Tz0(0)M and
normal Nz0(0)M direction of an arbitrary mapping cannot be deduced from the eigen-
values or eigenvectors of ψ(t, 0), since eigenvalues equal to one, identifying tangential
directions, do not exist.

z0(t)

Nz0(0)M Nz0(τ)M

Tz0(0)M

Tz0(τ)M

ψ(τ, 0)
t = 0 t = τ

∆zt(0)

∆zt(τ)

Figure 4.6: Mapping of a tangential perturbation ∆zt(t) over an arbitrary interval t ∈
[0, τ ].

4.1.3 General Motions: LYAPUNOV Exponents

In case of general motions, the analyzed solution z0(t) may not exhibit particular struc-
tural characteristics (e.g. periodicity). Consequently, the Jacobianmatrix17 in eq. (4.4)
has to be regarded as an arbitrary, time dependent function

∆ż(t) = J(t)∆z(t). (4.28)

Since the linearity of eq. (4.28) is preserved, a general solution can still be described with
a fundamental matrix ∆z(t) = ψ(t, t0)∆z(t0). In order to keep clarity, the initial time is
chosen to t0 = 0 (without loss of generality). Subsequently, selected aspects concerning
the LYAPUNOV exponents (LYAPUNOV characteristic exponents) will be discussed and the
interested reader is referred to [80],[5, section 5.4.3–5.4.6] and [19]. If the asymptotic
behavior (t→∞) of perturbations ∆z(t) is of interest, the Lyapunov exponent

σ(∆z(t)) = lim sup
t→∞

1

t
ln
‖ψ(t, 0)∆z(0)‖2
‖∆z(0)‖2

= lim sup
t→∞

1

t
ln ‖∆z(t)‖2

σ(∆z(t)) ∈ R (4.29)

17In the following, the approximate sign “≈” is substituted with an equal sign “=”, but keep in
mind that eq. (4.28) neglects nonlinear terms. Consequently, the utilization of eq. (4.28) to
deduce the behavior of the nonlinear equation system is not always permitted.
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can be utilized to characterize the behavior (other norms are also possible). The Lya-
punov exponent is a real number and indicates the mean exponential growth rate of a
perturbation and hence is a quantity for stability. Two important characteristics can be
deduced from eq. (4.29):

1) σ(∆z(t)) = σ(C∆z(t)) with C ∈ R\0 (4.30)

2) σ(∆z1(t) + ∆z2(t)) ≤ max {σ(∆z1(t)), σ(∆z2(t))} (4.31)

Both properties in eq. (4.30) and (4.31) stem from the linearity of eq. (4.28), or rather
the linear mapping of perturbations of fundamental matrices. Two aspects are unfa-
vorable in eq. (4.29), first, the limes superior18 and second, the dependence on the
initial perturbation ∆z(0). Both aspects are addressed in [151] by the multiplicative
ergodic theorem which almost always guarantees19 the existence of a limit value (which
is subsequently used) and the independence on the initial perturbation. Furthermore,
the theorem states that for stationary solutions a temporal mean value of a trajectory
can be substituted by a spatial mean value20. Consequently, the Lyapunov exponent
can determine the stability of whole invariant manifolds (independence of initial pertur-
bation) and hence are global properties. Concerning the mathematical background of
ergodic theory see [45, 180].
To be precisely, the Lyapunov exponent in eq. (4.29) is strictly speaking the largest
Lyapunov exponent of 1st order. In [151] it is shown that an orthonormal set of vectors
ei(t) with i = 1, ..., n21 exists for (almost) every initial point such that

σi(ei(t)) = lim
t→∞

1

t
ln ‖ψ(t, 0)ei(0)‖2 σi(ei(t)) ∈ R i = 1, ..., n (4.32)

holds, with σ1, ..., σn being the spectrum of 1st order Lyapunov exponents. Furthermore
σ1 ≥ σ2 ≥ ... ≥ σn holds22. Considering eq. (4.32), an arbitrary perturbation can be
represented as a linear combination of these orthonormal vectors

∆z(t) = C1e1(t) + C2e2(t) + ...+ Cnen(t). (4.33)

where Ci ∈ R\0 (i = 1, ..., n) are constant values. Using eq. (4.30) to (4.32), it can
be shown that the largest 1st order Lyapunov exponent almost always results from
an arbitrary perturbation and that the exponent in eq. (4.29) corresponds to σ1. The-
oretically, a perturbation without a C1e1(t) share is constructible (cf. eq. (4.33)), by

18The limes superior can exhibit oscillations [91], by which stability assessments could be
ambiguous.

19There exist some exceptions, but in case of quasi-periodic motions the statement holds.
20This characteristic is utilized in section 4.2.1 to identify Lyapunov exponents of quasi-
periodic motions.

21As usual, n is the dimension of the state-space.
22If all Lyapunov exponents exhibit different values, hence σ1 > σ2 > ... > σn, the spectrum
is called non-degenerated. If two or more values are equal, the spectrum is called degenerated.
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4 Stability Analysis of Stationary Motion

which eq. (4.29) provides σ2, since it then is the largest exponent. Practically, one would
always obtain σ1 due to numerical errors [164].
The Lyapunov spectrum σ1, ..., σn

23 can be interpreted as the mean exponential growth
rates of an parallelepiped (cf. figure 4.7), where each 1st order exponent characterizes
the growth rate of a parallelepiped edge. Note that the orthogonal basis is distorted,

z0(t)

ψ(τ, 0)
t = 0 t = τ

e1(0)

e2(0)

e3(0)
∆z0(0)

1

1

1

≈ eσ1τ

∆z0(τ)

e1(τ)

e2(τ)
e3(τ)

≈ eσ2τ

≈ eσ3τ

Figure 4.7: Qualitative illustration of the significance of the Lyapunov spectrum.

by which the orthogonality is merely ensured at the initial state (t = 0). Since the
Lyapunov spectrum indicates growth rates, the sign of each exponent determines the
evolution of a perturbation’s linear subspace (ei(t)):

• “+” : σ > 0, exponential divergence

• “−” : σ < 0, exponential convergence

• “0” : σ = 0, perturbation remains unchanged

The last case is particularly interesting since it indicates indifferent directions (cf. sec-
tion 4). Considering invariant solutions (e.g. stationary points, periodic and quasi-pe-
riodic motion), indifferent directions are associated with tangential directions. If the
analyzed solution exhibits more exponents equal to zero than tangential directions, the
solution is non-hyperbolic. For example, hyperbolic and attractive solutions exhibit the
following Lyapunov spectra:

• Stationary points: [σ1, ..., σn] = [−, ...,−]

• Periodic motions: [σ1, σ2, ..., σn] = [0,−, ...,−]

• Quasi-periodic motions (p-torus): [σ1, ..., σp, σp+1, ..., σn] = [0, ..., 0,−, ...,−]

23It is interesting to note that the 1st order Lyapunov exponents can be related to the eigen-
values of ψ>(t, 0)ψ(t, 0) for t→∞ [80], which is in contrast to Floquet’s theory, based on
the eigenvalues of ψ(T, 0) (cf. section 4.1.2).
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Since Lyapunov exponents can be applied to arbitrary motions they are often used to
identify chaos. A characteristic property of chaotic attractors is the presence of at least
one positive Lyapunov exponent24. This indicates an exponential divergence of arbi-
trarily small perturbations, which is characteristic for chaotic motions. The interested
reader is referred to [200, 164].
Instead of considering a single perturbation (separate axis), which corresponds to growth
rates of one-dimensional “volumina”, m different perturbations can be investigated defin-
ing the volume of a m-dimensional parallelepiped Vm(t) spanned by m perturbations
(cf. figure 4.7)

σ(m)(Vm(t)) = lim
t→∞

1

t
ln
Vm(t)

Vm(0)

= lim
t→∞

1

t
lnVm(t)

Vm(t) ∈ R+ (4.34)

Obviously, V1(t) is equivalent to eq. (4.29). Equation (4.34) characterizes the Lyapunov
exponent of mth order, defining the mean exponential growth rate of m-dimensional
volumina. Regarding eq. (4.33), different volumina are theoretically constructible, but
with an equivalent argumentation as for the Lyapunov exponent of 1st order, the largest
exponents dominate25 and the Lyapunov exponent of mth order results to

σ(m) =

m∑
i=1

σi. (4.35)

It is theoretically possible to construct spectra for each order m, but the resulting
conclusion can be obtained more efficiently from the spectrum of the first order. An
exception is present if m = n (n: dimension of state-space). Since the whole volume
is considered, merely one exponent of nth order exists26. Similar to the 1st order, the
expression “Lyapunov exponent of mth order” is used for the largest exponent of a
potential spectrum. Although the mth order Lyapunov exponents appear artificial,
they can be utilized to calculate the 1st order Lyapunov spectrum. Since the largest
σ(m) can easily be observed in a numerical calculation (cf. eq. (4.34)) a recursive equation

24It is crucial to note that if a “brute force” time simulation is conducted, an attractor is
identified and the 1st order spectrum of Lyapunov exponents is determined, a positive
exponent indicates chaotic motions. If an invariant manifold (not necessarily an attractor)
is calculated and the first order spectrum of Lyapunov exponents is identified, a positive
exponent does not indicate chaotic motions and only implies an unstable invariant manifold
since perturbations diverge exponentially.

25Consequently, these are the ones observed in numerical calculations.
26An interesting implication results from the nth order exponent, namely no directions have to
be considered since the whole state-space is regarded. This can be utilized and is explained
in section 4.2.1.
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system can be constructed (cf. eq. (4.35)):

σ1 = σ(1)

σm = σ(m) − σ(m−1) m = 2, ..., n.
(4.36)

In theory, the latter approach can provide the sought Lyapunov exponents. Applying
it numerically, two problems arise from long time intervals (cf. eq. (4.32)) which have
to be considered. First, if positive 1st order Lyapunov exponents are present (unstable
or chaotic motions), an “overflow” problem arises due to the exponential divergence.
Second, if the 1st order spectrum is sought, initially orthogonal vectors e1(t), ..., em(t)

converge towards27 the direction of the largest 1st order Lyapunov exponent e1(t),
making a numerical volume calculation Vm(t) impossible.
In the literature, many approaches exist to overcome the latter problems, where some
of them can be limited in their applicability to problems with few degrees of freedom
[161, 162, 102]. Two established approaches will subsequently be briefly presented, since
the first one is included in the approach for the stability identification of quasi-periodic
motions in section 4.2.2 and the second one is an efficient approach used for verifications
in chapter 5.

Discrete Gram–Schmidt orthonormalization. This approach (cf. [5, section
5.4.6]), which is described in [19, 18] and [178], is based on regularly reconstructing
equivalent orthonormal vectors using Gram–Schmidt orthonormalization:

e2(0)

t = 0

e1(0)

e3(0)

Vn(0)

1© Initialize (t = 0) an arbitrary orthonormal
basis E(0) = [e1(0), ..., en(0)], which forms a
hypercube with Vn(0) = 1.

ẽ2(τ)

z0(t)

t = τ

Ṽn(τ)

ẽ1(τ)

ψ(τ, 0)

ẽ3(τ)

2© Map the orthonormal basis E(0) over a time
interval t ∈ [0, τ ] along the investigated solu-
tion z0(t) with the fundamental matrix:

Ẽ(τ) = ψ(τ, 0)E(0). (4.37)

3© Calculate the volumina Ṽm(τ) (m = 1, ..., n)

of the resulting parallelepiped spanned by
Ẽ(τ):

Ṽm(τ) = vol (spat(ẽ1(τ), ..., ẽm(τ))) . (4.38)

27Due to numerical errors.
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e2(τ)

z0(t)

t = τ

z0(t)

Vn(τ)

e1(τ)

e3(τ)

4© Use the Gram–Schmidt orthonormaliza-
tion (time dependence is omitted)

hm = ẽm −
m−1∑
i=1

(
ẽ>mei

)
ei

em =
hm
||hm||2

m = 1, ..., n

(4.39)

to reobtain a new orthonormal basis E(τ)

(Vn(τ) = 1), which spans in each subspace
the same vector space as Ẽ(τ)

span(e1(τ), ..., em(τ)) = span(ẽ1(τ), ..., ẽm(τ)).

(4.40)

The chosen time interval ∆t = τ in 2© is not relevant, as long as computer limitations
are not exceeded. Substituting the initial time t = 0 in 1© with the end time τ in 4©,
the algorithm can be executed arbitrarily often without causing a numerical “overflow.”
As a result, k different volumina per considered volume are identified [V

(1)
m , ..., V

(k)
m ]

(m = 1, ..., n), where the mth order Lyapunov exponents can be calculated

σ(m) = lim
k→∞

1

k∆t

k∑
i=1

lnV
(i)
m . (4.41)

Using eq. (4.36), the spectrum of 1st order Lyapunov exponents results.

Continuous Gram–Schmidt orthonormalization. This approach has been pro-
posed in [80] and extended in [41], where the interested reader can find detailed expla-
nations. Basically, it is a continuous version of the discrete approach. The extension of
[41] results in a system of ODEs

ż = f(z)28

ėi = Jei −
(
Jii + C(e>i ei − 1)

)
ei −

i−1∑
l=1

Lliel

Λ̇i = Jii

i = 1, ...,m ≤ n (4.42)
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which can directly be implemented and solved efficiently by numerical integrators.
[e1(t), ..., em(t)] is and remains an orthonormal basis, J(t) is the Jacobian matrix,
Lli(t) = Jli(t) + Jil(t) + 2Ce>i (t)ei(t) and C is a numerical stability parameter. The m
first order Lyapunov exponents can be obtained by

σi = lim
k→∞

1

t
Λi i = 1, ...,m ≤ n (4.43)

One limitation of eq. (4.42) and (4.43) is that C > −σm has to hold, stating that the
stability parameter has to be larger than the negative value of the smallest, present
1st order Lyapunov exponent. In practical applications, if a prior knowledge is not
given, one would choose C sufficiently large, since merely computational effectiveness is
affected by C � −σm.

4.2 An Approach to Quasi-Periodic Solutions

The stability analysis of quasi-periodic motions occurring in engineering applications
is still an ongoing research objective. As far as the author is aware, the only ap-
plicable criterion is proposed in [108, 109, 110], which is often used in the literature
[40, 112, 88]. This approach approximates quasi-periodic motions by means of a gen-
eralized Poincaré map (cf. section 2.3) and deduces stability properties from the
eigenvalues of the linearized map. Consequently, the stability identification of quasi-pe-
riodic motions is approached like periodic motions (Floquet theory) with T →∞, by
which a stability quantification is impossible.
Although some theoretical frameworks are given in the mathematical literature, provid-
ing theories and criteria for the stability analysis of quasi-periodic motions, they are lim-
ited in their applicability. A famous example is the KAM theory (after Kolmogorov-
Arnol’d-Moser) [7, section 6.3], which considers conservative (Hamiltonian) sys-
tems and therefore is not generally suited for engineering applications, being often dissi-
pative. An extension provides the dissipative KAM theory [43], where the applicability
to general systems is almost impossible. Besides the latter, in [167, section 4.3] a theo-
retical criterion to identify the stability of quasi-periodic motions is derived, but again,
the applicability to practical systems is almost impossible [134, p. 380].
Quasi-periodic motions can be regarded as a type of motion, which can be categorized
in between periodic and aperiodic motions. Roughly speaking, they are structurally
more complicated than periodic motions but possess in contrast to aperiodic motions
some structural characteristics (e.g. toroidal manifold). Considering the approaches for

28To be precisely, this equation is redundant in the context of this section since a known
solution z0(t), arising from a dynamical system eq. (4.1) is presupposed and investigated.
Nevertheless, it is depicted again in order to highlight the simplicity and direct applicability
of this approach.
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4.2 An Approach to Quasi-Periodic Solutions

a stability identification of periodic (cf. section 4.1.2) and aperiodic motions (cf. section
4.1.3), both are individually unsuited for quasi-periodic motions.
Regarding section 4.1.2, a “monodromy” matrix M = ψ(t+ T, t) would exhibit for the
limit T →∞ three types of eigenvalues:

• ρ = 0: perturbation in stable normal direction N s
z0(t)M

• ρ = 1: perturbation in tangential direction Tz0(t)M

• ρ→∞: perturbation in unstable normal direction N u
z0(t)M

due to the linearity of perturbation mapping (∆z(t + T ) = ψ(t + T, t)∆z(t)), making
the stability quantification impossible. In [108, 109, 110], these limit values are approx-
imated by finite time intervals to assess the stability.
Considering section 4.1.3, the identification of Lyapunov exponents is realizable, but
a direct application does not exploit the structure of quasi-periodic motions, resulting
in a great numerical effort.
In case of quasi-periodic motions, the analyzed solution z0(t) = z0(t + T ) exhibits a
“periodicity” in time domain for T →∞, hence29

∆ż(t) = J(t)∆z(t) J(t+ T ) = J(t) T →∞. (4.44)

The linearity of eq. (4.44) ensures that the general solution can be described with a
fundamental matrix ∆z(t) = ψ(t, t0)∆z(t0). In the hyper-time domain θ = [θ1, ..., θp]

>,
the quasi-periodic motion is periodic in each time axis Z(θ) = Z(θ + 2πek) with ei

being the unity vector and k = 1, ..., p. Keep in mind that the hyper-time is defined as
θ = [Ω1t, ...,Ωmt, ωm+1t, ωpt]

>. Since the Jacobian matrix depends on the regarded
orbit z0(t), the periodicity in hyper-time domain transfers to it

m∑
i=1

∂∆Z(θ)

∂θi
Ωi+

p∑
i=m+1

∂∆Z(θ)

∂θi
ωi = J(θ)∆Z(θ)

J(θ + 2πek) = J(θ)

k = 1, ..., p,
(4.45)

where eq. (4.45) is an equivalent representation of eq. (4.44) in hyper-time (cf. section
2.3.2) and ∆Z(θ) ∈ Rn is a perturbation of the known torus function Z0(θ) ∈ Rn.
It is important to note that eq. (4.45) does not exhibit (non-trivial) toroidal invariant
manifolds30 if z0(t) is hyperbolic31.
Subsequently, two approaches to identify the (in)stability of quasi-periodic motions will

29In the following, the approximately sign “≈” is substituted with an equal sign “=”, but keep
in mind that eq. (4.44) neglects nonlinear terms. Consequently, the utilization of eq. (4.44)
to deduce the behavior of the nonlinear equation system is not always permitted.

30Except the trivial solution ∆Z(θ) = 0, which is identical to the investigated solution Z0(θ).
The time domain expression z(t) = z0(t) + ∆z(t) is equivalent to the hyper-time domain
expression Z(θ) = Z0(θ) + ∆Z(θ).

31If a ∆Z(θ) describes a toroidal manifold, an “indifferent” perturbation in normal direction
of z0(t) (and thus Z0(θ)) exists, making the solution non-hyperbolic.
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4 Stability Analysis of Stationary Motion

be presented. In section 4.2.1, the invariant manifold will be regarded as an object in
state-space and local, spatial information will be used to identify a sufficient instability
criterion. In section 4.2.2 quasi-periodic motions will be approached by means of the tra-
jectory, filling the manifold densely, and an efficient method to calculate the Lyapunov
exponents will be presented.

4.2.1 Spatial Approach: The Sufficient Instability Criterion

In this section, a sufficient criterion to identify the instability of quasi-periodic motions
is presented. In contrast to the approaches presented in section 4.1, based on the tem-
poral evolution of perturbations ∆z(t), the following approach focuses on a local, spatial
evaluation of quantities stemming from the identified torus function Z(θ) (thus z(t))
in state-space. Although providing an efficient method, the subsequently developed ap-
proach is merely sufficient. The following investigation starts with finite time dependent
volume elements Um(t) (m = 1, ..., n). Later, a conversion to differential time dependent
volume elements Vm(t) (m = 1, ..., n) will be carried out, where a connection to mth or-
der Lypaunov exponents (cf. section 4.1.3) will be given to derive stability statements.
Suppose a dynamical system (cf. eq. (4.1)) generates the flow (solution) z(t) = ψt(z(0)).
Gm0 denotes a domain Rm ⊆ Rn in state-space at t = 0 (without loss of generality),
whose finite volume is Um(0) for m = 1, ..., n. The finite volume (cf. [199, section 7.6])
can be described by

Um(t) =

∫
Gm

0

vol

(
∂ψt(z)

∂z1
, ...,

∂ψt(z)

∂zm

)
dz. (4.46)

In order to keep the following clear, the dependency of ψt(z) on the state-space is
omitted. The volume can be identified with

vol

(
∂ψt

∂z1
, ...,

∂ψt

∂zm

)
=

det



∂ψt

∂z1

> ∂ψt

∂z1
∂ψt

∂z1

> ∂ψt

∂z2 ...
∂ψt

∂z1

> ∂ψt

∂zm

∂ψt

∂z2

> ∂ψt

∂z2 ...
∂ψt

∂z2

> ∂ψt

∂zm
. . . ...

sym. ∂ψt

∂zm

> ∂ψt

∂zm





1
2

. (4.47)

Note that the entire flow ψt of a system is generally not known: normally, only one
specific solution z(t) is given. The flow can be linearized by a Taylor expansion and
derived with respect to state-space coordinates z, hence

ψt = z(t)+f(z)t +O(t2) (4.48)

∂ψt

∂z
= I +

∂f(z)

∂z
t+O(t2). (4.49)
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Inserting eq. (4.48) and (4.49) into eq. (4.47), carrying out the vector multiplication and
sorting the terms concerning the order of t, two different types of entries result

∂ψt

∂zi

>∂ψt

∂zi
= 1 + 2

∂fi
∂zi

t+O(t2) i = 1, ...,m (4.50)

∂ψt

∂zi

>∂ψt

∂zl
=

(
∂fl
∂zi

+
∂fi
∂zl

)
t+O(t2) i, l = 1, ...,m i 6= l. (4.51)

At a later stage, the limit t → 0 is considered (eq. (4.54)). Consequently, the terms of
order O(t2) can be neglected. Inserting eq. (4.50) and (4.51) into eq. (4.47)

vol

(
∂ψt

∂z1
, ...,

∂ψt

∂zm

)
≈

det

I + t


2 ∂f1
∂z1

∂f1
∂z2 + ∂f2

∂z1 ... ∂f1
∂zm + ∂fm

∂z1

2 ∂f2
∂z2 ... ∂f2

∂zm + ∂fm
∂z2

. . . ...

sym. 2 ∂fm
∂zm







1
2

, (4.52)

the identity det (I + εC) = 1 + εtr(C) + O(ε2) for ε → 0,C ∈ Rm×m (cf. [7, § 16,
section 3]) can be used. Taylor expanding the result32, the volume

Um(t) ≈
∫
Gm

0

1 + t

m∑
i=1

∂fi
∂zi

dz. (4.53)

results. Carrying out the integration of the constant term and letting t→ 0, the current
(t = 0) derivation of a volume element yields

dUm(t)

dt

∣∣∣∣
t=0

=

∫
Gm

0

m∑
i=1

∂fi
∂zi

dz. (4.54)

Subsequently, two cases will be discussed which highlight the limitation of the spatial
approach and the problem with volume elements.

Case m = n. If the volumetric change of the whole state-space is considered, eq. (4.54)
is equivalent to Liouville’s theorem [199, section 7.6]. In this case, the integrand takes
the form

n∑
i=1

∂fi
∂zi

= tr(J). (4.55)

The crucial property, used for the instability criterion, is that the trace operator is
independent of the basis [7, § 16, section 2] and merely depends on J itself. In other
words, it is irrelevant in which coordinate system J is defined to evaluate the current
volumetric change U̇n(t).

32Due to (.)
1

2 .
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Case m < n. Regarding subspaces Rm of the state-space Rn results in a dependency
of U̇m(t) on the chosen bases, which arises from the derivations ∂fi

∂zi (i = 1, ...,m). Since
the coordinate system of the state-space (ez1 , ..., ezn) can arbitrarily be changed (e.g. ro-
tated), the basis choice is crucial. In other words, depending on the coordinate system
different sub-volumes are defined and investigated.

Considering a differential (small) volume element Vm(t) and execute a separation of vari-
ables on eq. (4.54) (cf. [5, section 5.1]), the differential volume Vm(t) can be obtained33

by local information along a trajectory (resp. solution) z0(t)

ln Vm(t) =

t∫
0

m∑
i=1

∂fi
∂zi

dt̂. (4.56)

Note that through the conversion of a finite domain Gm0 to a point (differential volume)
and the consideration of a specific trajectory ∂fi

∂zi (z0(t)), the required quantity (ln Vm(t))
for the calculation of mth order Lypaunov exponents is determined (cf. eq. (4.34)).
Unfortunately, the volume defined in eq. (4.56) is merely equivalent to the volume used
for the nth order Lypaunov in eq. (4.34) due to the independence of the trace operator
on the basis, where

σ(n) = lim
t→∞

1

t

t∫
0

n∑
i=1

∂fi
∂zi

dt̂

= lim
t→∞

1

t

t∫
0

tr(J) dt̂

(4.57)

holds (cf. [5, section 5.4.3]). Consider a differential volume Vm(t) (m < n) in eq. (4.56),
the crucial and main reason for local approaches to fail determining Lypaunov expo-
nents arises from the basis (ez1 , ..., ezn) in which eq. (4.56) is evaluated. As discussed
in section 4.1.3, the Lypaunov exponents (independent of order) are global proper-
ties of manifolds (or trajectories) and result from considering an evolution of volume
elements. Therefore, a dependence on the “history” of variables has to be considered.
Although, theoretically, eq. (4.56) could be used to determine mth order Lypaunov
exponents, a crucial, missing information is the correct, local basis in which eq. (4.56)
provides the required volumetric change rates (cf. figure 4.8). From a practical point of
view, the missing local information concerning the directions makes an identification of
Lyapunov exponents by means of local information impractical. An exception is the
nth order Lypaunov exponent. Here, the whole space is considered in which only one
differential volume Vn(t) can be defined.

33This transformation is not obvious and the interested reader should see [5, section 5.1].
Roughly speaking, due to an differential volume, the integrand of eq. (4.54) is constant
concerning space, where

∫
Gm

0
dz = Vm(t). Conducting a separation of variables on eq. (4.54),

eq. (4.56) results.
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Coordinate system A

dV3

dt
= tr(JA(z(t)))V3

e2

e1

e3

f(z(t0))

z(t0)
dV2

dt
=
(
∂f1
∂z1 + ∂f2

∂z2

)
V2

Coordinate system B

eii

ei

eiii

f(z(t0))

z(t0)
dV2

dt
=
(
∂fi
∂zi + ∂fii

∂zii

)
V2

dV3

dt
= tr(JB(z(t)))V3

∂f1
∂z1 + ∂f2

∂z2 6=
∂fi
∂zi + ∂fii

∂zii

tr(JA(z(t))) = tr(JB(z(t)))

Figure 4.8: Qualitative depiction of the dependency of eq. (4.54) on the coordinate sys-
tem choice for an differential volume V2(t) in R3 .

However, if a quasi-periodic motion z0(t) is calculated (e.g. with methods described in
chapter 3), the corresponding torus function Z0(θ(t)) is known. Therefore, the Ja-
cobian J(t) can be transformed into torus domain J(θ(t)). Since a parallel flow is
presumed34, the mean value theorem (cf. eq. (2.22)) can be used to transform tempo-
ral mean values into spatial mean values, by which a local formulation is provided to
determine the nth order Lypaunov exponent

σ(n) = lim
t→∞

1

t

t∫
0

tr(J(θ(τ))) dt̂

=
1

(2π)p

2π∫
0

...

2π∫
0

tr(J(θ)) dθ1... dθp.

(4.58)

Evaluating eq. (4.58), merely a sufficient instability criterion for quasi-periodic motions
(resp. invariant manifolds) is identified. Since σ(n) represents the sum of all 1st order
Lypaunov exponents (cf. eq. (4.35)), it can be deduced

• σ(n) > 0, an unstable motion is present since at least one 1st order Lypaunov
exponent is larger than zero.

• σ(n) < 0, unidentifiable motion, since positive exponents could be present (cf. ex-
ample 9).

34If a non-parallel flow θ = θ(n) is given (e.g. the torus function is determined with the state-
space approach from section 2.3.1), a diffeomorphism (s. section 2.3.3) has to be identified.
Then, the functional determinate “det

(
∂Ξ
∂θ(n)

)
” has to be considered in eq. (4.58) (cf. [68]).
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In other words, a volume contraction does not include a contraction in all individ-
ual directions. An arbitrary perturbation ∆z(t) can expand, although the volume
Vn(t) = vol (∆z1(t), ...,∆zn(t)), defined by n linear independent perturbations, con-
tracts (cf. section 4.1.3).
It is noteworthy that the sufficient instability criterion does not indicate, if the investi-
gated invariant manifold is hyperbolic and thus a linearized consideration is permitted
(cf. section 4)35. In engineering systems, which are usually dissipative, solutions are
almost always hyperbolic and the criterion is applicable.

Example 9

Consider again the linear ODE from example 8[
ż1

ż2

]
=

[
−C1 0

0 C2

][
z1

z2

]
, with C1, C2 > 0 and z1, z2 ∈ R. (4.59)

The regarded invariant manifoldM is an unstable stationary point at z0 = [0, 0]>

and the constant Jacobianmatrix can directly be obtained from eq. (4.59). There-
fore, eq. (4.58) provides

σ(2) = −C1 + C2. (4.60)

Since the regarded manifold is a fixed point, it can be shown that σ1 = C2 and
σ2 = −C1 (sorted by size). Consequently, if C1 < C2, the sum is positive and
the instability criterion indicates the stability property. If C1 > C2, the sum
is negative and the instability criterion cannot make a statement concerning the
stability, since a negative sum could also stem from two negative exponents.

In conclusion, an applicable stability criterion based on spatial information of arbitrary
dimensional invariant manifolds appears to be not realizable36. Nevertheless, in special
cases the deduced spatial approach can be used, namely if the state-space dimension is
n = p+ 1. In this case, a p-torus is embedded in Rp+1, which exhibits a p-dimensional
tangent and a one-dimensional normal space at each point. Consequently, all 1st order
Lypaunov exponents but one are equal to zero, where the sum is equal to the one
exponent37. Considering the established methods in section 4.1, all techniques are based
on a temporal approach, which represents the basis of the method developed in the next
section.

35If the number of 1st order Lypaunov exponents equal to zero is identical to the dimension
of the tangent bundle the solution is hyperbolic. This information is not extractable from
the sum.

36At least by approximating the Lyapunov exponents.
37E.g. a stationary point (T0) in R1, a periodic motion (T1) in R2, a quasi-periodic motion
(T2) in R3 and so forth.
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4.2.2 Temporal Approach: The Stability Criterion

Having discussed a spatial approach to quasi-periodic motions in section 4.2.1, an ap-
proach to determine the stability by means of a temporal approach based on the Lya-
punov exponents (cf. section 4.1.3) is proposed in this section. Since quasi-periodic
motions occur on an infinite time domain t ∈ [0,∞) but can be described with a multi-
-periodic function (torus function), the following approach combines ideas of section
4.1.2 and 4.1.3. Therefore, the investigated perturbation of a quasi-periodic motion
is simultaneously regarded in time domain ∆z(t) and torus domain ∆Z(θ) (cf. figure
4.9). It is crucial to note that subsequently θ = θ(p) will describe a parallel flow.

ez1

ez2

ez3

θ = [ω1t, ω2t]

Torus domain

eθ2
eθ1

eZ1

Hyper-time:

ez1

Time domain

et

Time: t

Figure 4.9: Quasi-periodic motion with two base frequencies ω ∈ R2 in three-dimen-
sional state-space z ∈ R3. Depiction of an exemplary coordinate in torus
Z1(θ1, θ2) and time domain z1(t).

In the following, the focus is kept on the hyper-time approach38, where z(t) : R1 → Rn

transforms to Z(θ) : Tp → Rn (s. section 2.3.2).
The temporal approach is based on the method of characteristics, where similarities to
the shooting method for quasi-periodic motion are present. It is beneficial to recapture
ideas and strategies discussed in section 3.1.1 and 3.1.2. The basic ideas of the proposed
method can be summarized as follows:

• Identify fundamental matrices in torus domain ψ (θe,θs), which map perturba-
tions ∆Z(θ) over a periodic boundary of the torus.

• Utilize a discrete number of characteristics in combination with an interpolation
method to approximate these fundamental matrices.

• Calculate Lyapunov exponents with the discrete GRAM–SCHMIDT orthonormal-
ization, since all fundamental matrices are identified.

38The state-space approach is generally not suited for large engineering problems and thus
not further pursued. It is theoretically possible to apply the following considerations to
an invariant manifold obtained from the state-space approach (cf. section 2.3.1). Then,
additional considerations have to be regarded (diffeomorphism, connection to initial ODE)
which go beyond the scope of this thesis.
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In eq. (4.45), the partial differential equation of a quasi-periodic perturbation ∆Z(θ) is
shown. Stemming from the ODE in eq. (4.44), a fundamental matrix concerning time
domain

ψ(θ(t, t0)) = [∆Z1(θ(t)), ...,∆Zn(θ(t))]
ψ(θ(t, t0)) ∈ Rn×n

t0 : initial time39,
(4.61)

can be defined, with ∆Zi(θ(t)) (i = 1, ..., n) being linearly independent perturbations
starting at t0. In time domain t, eq. (4.61) describes a fundamental matrix of an ODE
which maps perturbations arbitrarily along time (t0 → t). However, in torus domain
θ, eq. (4.61) merely describes a solution of a PDE, which generally does not map per-
turbations in arbitrary torus directions (θ0 → θ). Inserting eq. (4.61) in eq. (4.45)

m∑
i=1

∂ψ(θ)

∂θi
Ωi +

p∑
i=m+1

∂ψ(θ)

∂θi
ωi = J(θ)ψ(θ)

J(θ + 2πek) = J(θ)

k = 1, ..., p
(4.62)

results. Equation (4.62) is a linear partial differential equation which can be solved
with the method of characteristics (cf. section 3.1.1 and 3.1.2). Therefore, it can be
transformed into an ODE system

dθi
dt

= Ωi i = 1, ...,m (4.63)

dθi
dt

= ωi i = m+ 1, ..., p (4.64)

dψ

dt
= J(θ)ψ(θ), (4.65)

with t being the characteristic variable. Two things are noteworthy concerning eq. (4.63)
to (4.65). First, the equations represent the time domain since the characteristic variable
corresponds to the time40. Second, in contrast to identifying torus functions Z0(θ) in
section 3.1.2, the equation for the fundamental matrix ψ(θ) (eq. (4.61)) exhibits no
(non-trivial) invariant manifold41. Nevertheless, the parametrization on a p-torus Tp
provides periodic boundaries.
In order to solve eq. (4.63) to (4.65), a time interval and initial values are required.
Without loss of generality, assume the time interval t = [0, τ ]. Choosing ψ(θ(0, 0)) = I

a normalized fundamental matrix results, by which an arbitrary perturbation can be
linearly mapped in time domain

∆Z(θ(τ)) = ψ (θ(τ, 0)) ∆Z(θ(0)). (4.66)

39Like in the previous sections, the notation (.)(t, t0) highlights the mapping of a quantity from
t0 to t in context of a fundamental matrix.

40One could directly write down eq. (4.63) to (4.65), but the chosen steps highlight the con-
nection of the domains.

41Exceptions are the trivial solution ψ(θ(t)) = 0 and if the investigated solution Z0(θ) is
non-hyperbolic.
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Equation (4.66) holds for arbitrary positions θ on the torus function Z(θ), whose spec-
ification results from the missing initial values θ0 = θ(0) for the torus coordinates in
eq. (4.63) to (4.65). A depiction is given in figure 4.1042. In order to analyze the funda-

Z0(θ)

θii(0)

θi(0)

θii(τ)

θi(τ)
ψ (θii(τ, 0)) 6= ψ (θi(τ, 0))

∆Z(θi(τ)) = ψ (θi(τ, 0)) ∆Z(θi(0))

∆Z(θii(τ)) = ψ (θii(τ, 0)) ∆Z(θii(0))

eθ2
eθ1

e∆Z

eθ2

eθ1
∆Z(θi(τ))

∆Z(θii(τ))

∆Z(θi(0)) ∆Zii(θ(0))

Figure 4.10: Illustration of two different initial torus coordinates θi/ii(0) =

[θ1,i/ii(0), θ2,i/ii(0)] and the consequential meaning of an exemplary fun-
damental matrix ψ (θ(τ, 0)) ∈ R.

mental matrix of multiple characteristics, an initial hyper-plane ψ(ρ) = Υ(ρ) ∈ Rn×n is
considered (cf. section 3.1.1, especially figure 3.3 and eq. (3.8)). Equivalently to section
3.1.2, the initial hyper-plane parametrization

ρ = [ρ1, ..., ρp−1] = [θ2, ..., θp] ρ ∈ Tp−1 (4.67)

is chosen, where the initial hyper-plane parametrization is identical to the hyper-time
parametrization excluding θ1 (s. figure 3.6). Consequently, a periodic boundary with
respect to θ1 is selected. The values of the initial hyper-plane ψ(ρ) = I are set equal to
the identity matrix to obtain a normalized fundamental matrix. The investigated time
interval is chosen equivalently to eq. (3.10)

τ =
2π

Ω1
and

θ̃i =
Ωi

Ω1
2π + θi i = 2, ...,m

θ̃i =
ωi
Ω1

2π + θi i = m+ 1, ..., p
(mod 2π), (4.68)

where the motion in between periodic boundaries θ1 ∈ [0, 2π] is captured and the torus
coordinates θ̃i (i = 2, ..., p) of the recurrence43 are determined. If the focus lies on the

42Basically, this view “cuts” the quasi-periodic solution z(t) “into (potentially overlapping)
sections.” An equivalent result is obtained if a fundamental matrix of a periodic solution is
calculated for different intervals t ∈ [0, τ ] with τ < T (T being the period).

43Since the initial hyper-plane parametrization describes a periodic boundary (with respect to
θ1) of the torus parameterization [ρ1, ..., ρp−1] = [θ2, ..., θp], a characteristic recurs to the
periodic boundary [0, θ2, ..., θp].
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4 Stability Analysis of Stationary Motion

torus domain, eq. (4.66) can be reformulated

∆Z (θe) = ψ (θe,θs) ∆Z (θs)
θs = [0, θ2, ..., θp]

>

θe = [2π, θ̃2, ..., θ̃p]
>.

(4.69)

Keep in mind that the latter only holds along the characteristics (cf. figure 4.11). The
fundamental matrix ψ (θe,θs) in eq. (4.69) maps an arbitrary perturbation ∆Z (θs)

from an arbitrary point on the boundary plane θs onto the same plane at θe due to
the periodicity44. Considering the fundamental matrix ψ (θe,θs), a certain similarity

Z0(θ)

ψ (θe,θs)

t = 0

t = τ

eθ1

2π

eθ1

eθ2

2π

2π

θ
s

=
[0
,θ

2
]Characteristic

Ω
2

Ω
1
2π

eθ2

e∆Z

2π θ
e

=
[2
π
,θ̃

2
]

Figure 4.11: Exemplary depiction of the perturbation mapping and the present quanti-
ties for two torus coordinates θ1 and θ2 (p = 2) with m = 2.

to the monodromy matrix in section 4.1.2 is noticeable45 which by itself is a special type
of fundamental matrix. A significant difference between both is that the fundamental
matrix ψ (θe,θs) indeed maps along periodic boundaries but the perturbations ∆Z (θe)

and ∆Z (θs) lie not in the same linearized space of the investigated solution Z0(θ)46.
Hence, ψ (θe,θs) is not a self-map like the monodromy matrix. Therefore, approaches
which aim at investigating the eigenvalues of ψ (θe,θs) are likely to fail since:

• Perturbations in normal direction can increase along a finite interval (e.g. t ∈
[0, τ ]), although the long term behavior is contracting.

• A distinction between the proportions of perturbations in normal and tangential
direction is not directly assessable through an eigenvalue analysis47.

44Consequently, the evolution of a perturbation in time domain, can be identified by analyzing
the finite time interval (interval t ∈ [0, τ ]) and making use of the periodic boundaries such
that

∆z(T ) =
∞∏
i=1

ψi
(
θe,(i)(τ),θs,(i)(0)

)
∆z(0), T →∞,

while setting [θ2,(i+1), ..., θp,(i+1)] = [θ̃2,(i), ..., θ̃p,(i)] after each iteration.
45Mapping along periodic boundaries.
46In case of periodic motions, the perturbations ∆z (0) and ∆z (T ) lie in same linearized space.
47One could construct a normal projector to obtain the normal behavior. Nevertheless, the
firstly mentioned reason makes this effort redundant.
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4.2.2 Temporal Approach: The Stability Criterion

The latter has been illustrated and discussed in section 4.1.2 under the paragraphs sin-
gle mapping and interval mapping. Although an eigenvalue analysis cannot be utilized,
the requirements for an efficient identification of the 1st order Lyapunov exponents
(cf. section 4.1.3) are given. In principle, the exponents are calculated by means of the
discrete GRAM-SCHMIDT orthonormalization (cf. section 4.1.3), which require a funda-
mental matrix to map perturbations. Instead of using a “brute force” time-integration
to obtain the fundamental matrix ψ (T, 0) with T → ∞ along one trajectory, the de-
veloped approach considers the finite time interval t ∈ [0, τ ] and identifies all possible
fundamental matrices ψ (θe,θs) mapping a perturbation over a periodic boundary48.
Identifying a continuous function ψ (θe,θs) on θs = [0,ρ] is numerically impossi-
ble, whereas discrete fundamental matrices ψD(ρi) = ψ

(
θe,i, [0, ρ1,i, ..., ρ(p−1),i]

)
with

i = 1, ...,M can be identified (s. figure 4.12). Since the underlying, investigated quasi-pe-

Z0(θ)

ψ (θe,θs)

eθ1

2π

eθ2

e∆Z

2π

ψD (ρ2)

eθ1

2π

2π

ρ1

Interpolation

e∆Z
ρ2

ρ3

ρ4

eθ2

Continuous Discrete

Z0(θ)

Figure 4.12: Illustration of a continuous fundamental matrix ψ (θe,θs) discretization for
two torus coordinates (θ1, θ2).

riodic motionZ0(θ) is by definition sufficiently smooth, an interpolation ofψD(ρi) is per-
mitted. Utilizing a cubic spline interpolation for each component ψDkl(ρi) (k, l = 1, ..., n)
of ψD(ρi),

ψ̃kl(ρi) =
∑
||α||≤3

Cαρ
α1

1 ... ρ
αp−1

p−1 ψ̃kl(ρi) : Tp−1 7→ R (4.70)

with Cα being the polynomial coefficients, an arbitrary perturbation can be mapped
on the complete boundary. Considering M → ∞, the continuous function ψ (θe,θs) is
obviously approached.
Being able to map a perturbation over periodic boundaries, the mth order Lyapunov
exponents can efficiently be calculated by using the discrete GRAM-SCHMIDT orthonor-

48This can be interpreted as splitting the parametrization from a one-dimensional, infinite time
interval t ∈ [0,∞) into a finite time interval t ∈ [0, τ ] with a periodic boundary ρ. Roughly
speaking, the parametrization is transformed from a line (t) into a plane (t,ρ).
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malization described in section 4.1.3

σ(m) = lim
k→∞

1

kτ

k∑
i=1

lnV
(i)
m . (4.71)

Using eq. (4.36), the spectrum of 1st order Lyapunov exponents results and the stability
can be identified. The arbitrary mapping over periodic boundaries circumvent the costly
determination of the fundamental matrix ψ(T, 0) with T → ∞, since all fundamental
matrices ψ (θe,θs) mapping over a periodic boundary are known. Consequently, once
determined, the stability identification simplifies to a sequence of maps. An orthonor-
malization is conducted after each mapping (t = τ) and the number of mappings k can
be chosen according to the convergence velocity of eq. (4.71). The main advantage of

∆Z(θe,i) = ψD (ρi) ∆Z(θs,i)∆z(τdti) = ψ (τdti, 0) ∆z(0)

Map along a trajectory Map from boundary-to-boundary

eθ1

eθ2

eθ1

eθ2

t = 0

t = 0

t = τ

t = τ

t = τt = τdti
t = 0

t = 0

ψD (ρi)
Interpolate

Figure 4.13: Efficiency illustration of the developed approach for two torus coordinates
θ1 and θ2. Comparison of a direct time-integration (trajectory) and a struc-
tured analysis (boundary-to-boundary).

the described approach, compared to a direct time-integration is that the structure of
quasi-periodic motions is taken into account (periodic boundaries). By identifying a
few49 characteristics, the whole perturbation dynamics of an investigated quasi-periodic
motion can be characterized (cf. figure 4.13).
In summary, an efficient and automatable approach is presented which enables the cal-
culation of Lyapunov exponents of quasi-periodic motions. Concluding, some short
remarks concerning the implementation of the stability analysis with respect to the
methods presented in chapter 3 will be given.

Numerical aspects. The solution of eq. (4.63) to (4.65) can be obtained by established
numerical integrators. In an implementation, the crucial part is the Jacobian matrix
in eq. (4.65) since J(θ) = ∂f

∂z

∣∣
Z0(θ)

. Depending on the chosen method, the investigated
solution Z0(θ) and hence the Jacobian matrix J(θ) exhibit different properties (s. ta-
ble 4.2). The following statements presuppose a sufficiently good approximation of the
quasi-periodic motion.

49Dependent on the investigated solution.
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4.2.2 Temporal Approach: The Stability Criterion

Table 4.2: Characteristic appearance of the Jacobian matrix concerning the approxi-
mation method.

Method FGM FDM Shooting method

J(θ) Continuous Discrete “Sliced”

If a Fourier-Gelerkin method is used (s. section 3.2), the corresponding Jacobian
matrix is defined continuously since the global ansatz functions with corresponding co-
efficients are continuous. Equation (4.65) can directly be solved.
Considering the results stemming from a shooting method (s. section 3.1), the funda-
mental matrices ψ (θe,θs) are already given along the regarded characteristics (cf. the
periodic case in [134, section 6.1.1]) through the identification process of the invariant
manifold50.
The FDM (s. section 3.3) yields discrete values of the Jacobian matrix, since the
invariant manifold is discretely approximated Zα = Z(θα). If an efficient numerical in-
tegration is used to solve eq. (4.65), required values are not available and interpolations
have to be determined in each time step of the numerical integration. This results in
a high numerical effort. In order to avoid this, the Jacobian matrix is approximated
with continuous functions (cubic splines or Fourier series) in a pre-processing step and
merely evaluated during numerical integration.

50Therefore, it is advisable to choose the same characteristics for the stability identification as
for the approximation of the invariant manifold.
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Dynamical Systems Exhibiting
Quasi-Periodic Motions

Having discussed theoretical principles of quasi-periodic motion (cf. chapter 2), its ap-
proximation with discretization methods (cf. chapter 3) and approaches to stability
identification (cf. chapter 4), a numerical implementation has been developed to approx-
imate and analyze periodic and quasi-periodic motions with up to two base frequencies.
Most of the depicted results1 are obtained by the continuation program Quont. This
program has been developed by the author and can calculate and continue periodic and
quasi-periodic motions by approximating torus functions in hyper-time with a finite dif-
ference method (cf. section 3.3). Furthermore, Quont can determine the stability of
periodic and quasi-periodic motions.
In order to calculate invariant motions with Quont, numeric parameters concerning
the analyzed problem and the investigated ODE have to be provided. In section B, all
input specifications are explained and a brief manual is given. Subsequently, selected
aspects of Quont are briefly discussed to expound principal capabilities.

Discretization. Based on a finite difference method, the parametrization θ of the
hyper-time torus functions Z(θ) (or rather the torus (cf. figure 2.3)) has to be dis-
cretized. Following section 3.3, the mesh is equidistantly distributed along each hyper-
time axis. Central and upwind difference schemes2 are implemented and can be chosen
problem-dependently (cf. section 5.1.4). If required, Quont can automatically estimate
the approximation error (cf. eq. (3.40)) and adapt the mesh by refining or coarsening
each parametrization dimension θ = [θ1, θ2] separately.

Initial solution. Known initial solutions are required for two reasons. First, the hyper-
-time invariance equation (cf. eq. (2.96)) necessitates a known solution for the integral
phase condition. Since merely a “starting point of a motion” is fixed, the provided ini-
tial solution can be rough. Second, a discretization of eq. (2.96) results in a nonlinear

1Exceptions are present in section 5.1, where different approximation methods are compared
and discussed.

2The (error) order of difference schemes depends on the scheme type and number of considered
neighboring points. Both central and upwind schemes can consider up to three neighboring
points in each direction.
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5 Numerical Analysis of Dynamical Systems Exhibiting Quasi-Periodic Motions

algebraic equation system which has to be solved iteratively (e.g. Newton’s method).
In contrast to the latter, this initial solution has to be accurate enough to ensure conver-
gence. Quont provides two approaches for initial solutions. First, an initial solution
can be guessed by harmonic functions. Second, if the latter approach is too coarse, each
mesh value of Z(θ) can be provided individually. Depending on the solution’s stability,
two strategies can be utilized:

Stable: Deduce and discretize the torus function (or rather initial solution) in
hyper-time from a time simulation over a sufficient time interval. The
base frequencies have to be identified heuristically in the frequency
spectrum of the motion to describe the hyper-time axis.

Unstable: In general, an applicable and systematic strategy does not exist. If
an unstable motion (periodic or quasi-periodic) arises from a bifur-
cation3, the initial solution can be estimated by conducting a time
simulation of a perturbation ∆z(t) on a finite time interval. In accor-
dance to the linear theory, the additional frequency and the exponen-
tial divergence can be approximated and filtered, respectively, with
the eigenvalue (Jacobian or monodromy matrix) responsible for the
bifurcation. Details concerning this approach can be found in [70, 71].
Although developed for quasi-periodic motions, this approach can be
used equivalently after some minor modifications for periodic oscilla-
tions.

If an initial solution is required during a continuation, obviously, the previously identi-
fied invariant solution is taken.

Continuation. The process of finding an invariant solution is embedded in a one-pa-
rameter continuation algorithm. The interested reader is referred to [177, chapter 4] or
[134, section 5.2]. In principle, one parameter of an investigated system is kept variable
(continuation parameter L)

ż(t) = f(z(t), L) L ∈ R, (5.1)

and the invariant solution (state-space and continuation parameter) is parametrized
over an additional, internal variable (arc length)4. The enhancement by the continua-
tion parameter has to be considered in the Jacobian matrix in eq. (3.45) to preserve
efficiency. Quont uses a pseudo arc length continuation with a secant predictor and a

3For example, an unstable periodic motion arises from a Hopf bifurcation or an unstable
quasi-periodic motion (T2) arises from a Neimark-Sacker bifurcation.

4Imagine the L-z plane, with z describing an invariant solution (e.g. stationary point). Varying
the continuation parameter L, a continuous line (all stationary points) can be drawn in this
plane. The internal variable corresponds to a parametrization of this drawn line by means of
its arc length. Hence, a unique parametrization is chosen.
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corrector based on a trust region dogleg algorithm [148, chapter 4]. The arc length step
size is controlled and adjusts automatically according to the convergence rate.

Stability and bifurcation analyses. In case of periodic motions, stability proper-
ties are deduced by the Floquet multipliers (cf. section 4.1.2). Furthermore, Quont
conducts a bifurcation analysis to characterize the behavior of periodic solutions. The
point of main interest are Neimark-Sacker bifurcations (cf. section 2.2.2.1) since they
often5 indicate the birth of quasi-periodic motions. In case of quasi-periodic motions,
the stability is identified with the developed approach (temporal approach) discussed in
section 4.2.2. The number of regarded characteristics can be specified in Quont, where
the relation between accuracy and time consumption has to be considered.

In the following analyses, Quont is applied to nonlinear dynamical systems exhibiting
quasi-periodic motion. Note that the focus is kept on the implemented approximation
methods and the identification of new effects. Modeling aspects of analyzed systems are
only discussed briefly and the interested reader will be referred to the literature.
In section 5.1 a quasi-periodically forced Duffing oscillator will be analyzed, where
different discretization methods will be compared and discussed. In addition, the pro-
posed stability identification approach is investigated and a brief excursus into the phe-
nomenon of synchronizations is given. In section 5.2, nonlinear rotor dynamical models
taken from the literature will be investigated, where quasi-periodic motions and sta-
bility properties will be identified, supplementing findings from the literature. Section
5.3 concludes this chapter, in which a proposed model of a nonlinear cyclic and sym-
metric structure involving regularized frictional interfaces will be analyzed. Periodic
and quasi-periodic structural dynamics will be investigated and corresponding stability
properties determined.

5.1 Investigation of Approximation Methods
Utilized by QUONT

In this section, Quont will be applied to two academical systems: the bi-periodically
forced Duffing oscillator and the forced van-der-Pol equation. On the basis of the
Duffing oscillator, the presented discretization methods (s. chapter 3) for quasi-peri-
odic motions by means of the hyper-time approach will be compared. The choice of
a finite difference method will be highlighted by discussing advantages and drawbacks.
Furthermore, the developed stability approach will be verified and validated. In order
to demonstrate Quont, a continuation will be conducted. Concluding a brief excursus
concerning synchronization will be given by means of the forced van-der-Pol equation,
in order to examine its influence when encountered during a continuation.

5Concerning the systems analyzed in this thesis, identified Neimark-Sacker bifurcations
always indicate birth of quasi-periodic motions.
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5.1.1 Comparison of Discretization Approaches and
Validation of the FDM

A comparison of discretization approaches discussed in chapter 36 solving the hyper-time
invariance equation (2.96) is given. It highlights the choice of the finite difference method
for Quont and discusses strengths and weaknesses of the approaches. The chosen
example is a bi-periodically forced Duffing oscillator (cf. [88]), whose dimensionless,
governing equations in state-space read:[

z′1
z′2

]
=

[
z2

−ξz2 − z1 − γz3
1 + f (sin(Ω1τ) + sin(Ω2τ))

]
z =

[
z1

z2

]
, (5.2)

with z(t) : R 7→ R2 and (.)′ = d
dτ (.). In order to enable quasi-periodic motions,

the excitation frequencies are chosen incommensurable and the following, dimensionless
parameters remain constant throughout this section

ξ = 0.2 γ = 0.2 f = 5 Ω2 =
Ω1√

2
. (5.3)

Equation (5.2) does not exhibit self-excitation, but two incommensurable, cyclic forcing
frequencies, where the hyper time axes (or rather torus coordinates) can directly be
identified as θ1 = Ω1τ, θ2 = Ω2τ and no phase condition is required. Hence, the
hyper-time invariance equation

∂Z

∂θ1
Ω1 +

∂Z

∂θ2
Ω2 =

[
Z2

−ξZ2 − Z1 − γZ3
1 + f (sin(θ1) + sin(θ2))

]
Z =

[
Z1

Z2

]
(5.4)

results, with Z(θ1, θ2) : T2 → R2, where the methods described in chapter 3 can be
applied to eq. (5.4).
Concerning the finite difference method (FDM), all results are obtained by Quont7.
The shooting method (SM) results are calculated by means of a “straightforward” im-
plementation8. Results calculated with the Fourier-Galerkin method (FGM) are

Table 5.1: Estimated approximation error (cf. eq. (3.19), (3.25) and (3.40)) of the results
depicted in figure 5.1 and 5.2

Ω1 εFDM εFGM εSM

6 0.0037 0.0020 0.0012
1.6 0.0699 – 0.0388

6Except for the semi-discretized Fourier-Galerkin method described in section 3.2.2, since
its applicability is limited.

7Input files are given in section B.1
8In contrast to the other two methods, no optimized and general applicable algorithm is de-
veloped and implemented.
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5.1(a): FDM approximation of Z1(θ1, θ2) with
M1 = 11 and M2 = 11 nodes.
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5.1(b): FDM approximation of Z2(θ1, θ2)
with M1 = 11 and M2 = 11 nodes.
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5.1(c): FGM approximation of Z1(θ1, θ2) with
5 ansatz functions.
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5.1(d): FGM approximation of Z2(θ1, θ2)
with 5 ansatz functions.
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5.1(e): SM approximation of Z1(θ1, θ2) based
on M = 20 charcteristics.
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5.1(f): SM approximation of Z2(θ1, θ2) based
on M = 20 charcteristics.

Figure 5.1: Torus function Z(θ1, θ2) in hyper-time, approximated with three different
methods at Ω1 = 6.

identified by the algorithm developed in [12]. In order to validate and compare results,
the estimated approximation error (cf. eq. (3.19), (3.25) and (3.40)) is kept in the same
magnitude9 for all methods (s. table 5.1).
In figure 5.1, the results at Ω1 = 6 are depicted, where the three different approach types

9Note that due to different error definitions (cf. eq. (3.19), (3.25) and (3.40)), the quantitative
comparison of the calculated errors should be avoided. Nevertheless, the magnitude of the
identified errors provide a good estimation of the approximation quality.
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of the methods are shown. Considering the results of the FDM depicted in figure 5.1(a)
and 5.1(b)10, the torus function is locally approximated at discrete values. The results
stemming from the FGM are illustrated in figure 5.1(c) and 5.1(d) and describe the torus
function by means of continuous global ansatz functions. Considering the results of the
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5.2(a): FDM approximation of Z1(θ1, θ2)
withM1 = 151 andM2 = 151 nodes.
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5.2(b): FDM approximation of Z2(θ1, θ2)
withM1 = 151 andM2 = 151 nodes.
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5.2(c): FGM does not converge, no solution
identified.
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5.2(d): FGM does not converge, no solution
identified.
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5.2(e): SM approximation of Z1(θ1, θ2)
based on M = 60 charcteristics.
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5.2(f): SM approximation of Z2(θ1, θ2)
based on M = 60 charcteristics.

Figure 5.2: Torus function Z(θ1, θ2) in hyper-time, approximated with three different
methods at Ω1 = 1.6.

10Note that in figure 5.1(a) and 5.1(b) 12× 12 nodes are depicted. Since periodic boundaries
are present, corresponding nodes are redundant in the solution process.
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shooting method depicted in figure 5.1(e) and 5.1(f), the periodic boundary (θ1 = 0 and
θ2 ∈ [0, 2π]) is interpolated by cubic splines (dashed purple line) and characteristics,
which start at the periodic boundary, are determined by solving the characteristic sys-
tem with a time-integration. The results for Ω1 = 1.6 are depicted in figure 5.2. Due to
complex dynamical behavior, the discretization has to be refined to ensure convergence
and an appropriate error (cf. table 5.1). An exception is the FGM, which will be dis-
cussed below.
The FDM is the discretization method utilized within Quont. Comparing it to the
other two methods underlines the choice and emphasizes under which circumstances the
other methods are preferable.

FDM compared to FGM. The FGM approximates quasi-periodic motions by means
of global trigonometric ansatz functions. If torus functions exhibit relatively “simple
topology” (“harmonic topology”), a global approach is highly accurate (cf. table 5.1)
and efficient, since a small number of ansatz functions approximate stationary motions.
In case of “complex topologies”, the global approach is disadvantageous since distinct,
local behavior leads to a higher number of ansatz functions. Consequently, the number
of required ansatz functions increases significantly. Despite using a sophisticated algo-
rithm [12], the invariant manifold at Ω1 = 1.6 cannot be identified within the required
tolerance by means of a FGM. Through its discretization approach, the FDM considers
complex topology locally, enabling high approximation qualities. If simple topologies
are approximated, the FDM requires in contrast to the FGM a relatively high number
of variables, due to the local approach.
Although the FGM is best suited for simple topologies, the FDM can still approximate
such topologies efficiently. In case of complex topologies, the FGM requires a large
number of harmonics, making its usage cumbersome or even impractical for complex
topologies.

FDM compared to SM. The shooting method exhibits the property that character-
istics (one-dimensional parametrized) are combined with an initial curve11 to describe
the torus function Z(θ1, θ2). Consequently, the complexity of the torus function is a
minor problem for the method (cf. figure 5.2(e)). Considering the FDM, a fine mesh has
to be used to achieve an equivalent approximation accuracy. If topologically (relatively)
simple torus functions are sought, a minimal number of characteristics is required to
ensure a sufficient error approximation12, which the FDM provides on a coarse mesh
(cf. figure 5.1(a) and 5.1(e) and table 5.1).
Concerning the calculation time13, the SM requires for both parameter values approxi-

11In general, it is a (p− 1)-dimensional initial hyper-plane.
12Since initial- and end-values of the characteristics have to be located on an approximated ini-
tial curve (spline interpolation), the topology of the initial curve has to be captured properly

13Since Quont is optimized and the shooting method is merely directly implemented, a quan-
titative time evaluation can be misleading. Nevertheless, briefly discussing the magnitude of
time consumption provides a rough approximation.
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mately the same amount of time (3 s). Conversely, the FDM exhibits large discrepancy
in the required amount of time. Since the number of variables is small at Ω1 = 6

(2× 11× 11 variables)14, the problem enlarges significantly at Ω1 = 1.6 (2× 151× 151

variables), where the calculation effort enlarges from (approximately) 0.4 s to 100 s.
Both methods can approximate complex and simple dynamical behavior well in an
acceptable time. Although the SM is significantly more efficient for highly complex
dynamical behavior, the FDM’s convergence is independent of the solution’s stability.
Based on a numerical integration, the SM cannot guarantee approximations of unstable
motions15 (numerical overflow), whereas the FDM is preferable and chosen.

In order to validate the FDM, eq. (5.2) is directly solved by means of a time-integra-
tion16 for Ω1 = 1.6 on τ ∈ [0, 20000]. In order to omit transient behavior, the interval
τ ∈ [19800, 20000] is used for validation.
Two different discretizations are compared to the conducted time simulation. The first
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Figure 5.3: Torus function Z1(θ1, θ1) approximated by the FDM (M1 = 151 and M2 =

151) and stationary trajectory z1(t) in hyper-time at Ω1 = 1.6.
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Figure 5.4: Torus function Z1(θ1, θ1) approximated by the FDM (M1 = 41 andM2 = 41)
and stationary trajectory z1(t) in hyper-time at Ω1 = 1.6.

14state-space coordinate × discretization θ1 × discretization θ2.
15Note that an extension of the developed method to a multiple-shooting method, equivalent
to periodic motions (s. [134, section 6.1.3]), could address the problem.

16The function ode45 in MATLAB is used with default parameter settings.
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one is the solution depicted in figure 5.2(a) and 5.2(b) and the second one is a solution
calculated on a coarser mesh (M1 = 41 and M2 = 41). As expected, the estimated ap-
proximation error increases (εFDM = 0.1591) and the calculation time decreases (≈ 2 s).
In figure 5.4 and 5.3 the position torus function Z1(θ1, θ2)17 on the coarse (cf. figure
5.4(a) to 5.4(c)) and fine (cf. figure 5.3(a) to 5.3(c)) mesh are compared to the results
stemming from the time simulation. Although the coarser mesh exhibits small, local
deviations, a suitable approximation is obtainable, in which maximum and minimum
amplitudes are approximated accurately. As expected, the finer mesh approximates the
quasi-periodic motion more accurately, capturing local topology more precisely. Conse-
quently, the method can be regarded as validated.

Conclusion. The FDM possesses an advantageous combination of good approxima-
tion accuracy, efficient time consumption and independence from stability properties
therefore it is chosen for Quont. Depending on the investigated problem and required
accuracy, the mesh can be chosen accordingly.

5.1.2 Verification and Validation of the Temporal Approach

Having analyzed and discussed the FDM for torus function approximation in section
5.1.1, the following consideration focuses on the verification and validation of the tem-
poral approach (cf. section 4.2.2). The method is verified by analyzing the results for a
changing number of characteristics to demonstrate its proof of concept. Subsequently,
an established method for the calculation of Lyapunov exponents is used to validate
the temporal approach.
The verification is conducted by identifying the spectra of 1st order Lyapunov expo-
nents of the quasi-periodic motions depicted in figure 5.4(a) to 5.4(c) and figure 5.3(a)
to 5.3(c). Therefore, the number of characteristics MC used for the approximation of
ψ (θe,θs) with θe = [2π, θ̃2]> and θs = [0, θ2]> is varied (cf. section 4.2.2, especially
figure 4.13 and eq. (4.69)). The results are depicted in figure 5.5. The values of two
Lyapunov exponents are plotted against the number of characteristics used for the
approximation. Since eq. (5.2) does not exhibit autonomous frequencies, both identified
Lyapunov exponents are generally not equal to zero18.
Considering figure 5.5, both exponents reach their converged value at a different number
of characteristics. The value difference is of the order of 10−3. In figure 5.5(a), the Lya-
punov exponents are converged with (approximately) 60 characteristics, where in figure
5.5(b) convergence is reached with (approximately) 90 characteristics. The differences

17The comparisons of Z2(θ1, θ2) (cf. eq. (5.4)) with z2(t) look equivalent and are therefore not
presented here.

18Transforming eq. (5.2) into an autonomous equation system by expanding the state-space
with z3 = Ω1t and z4 = Ω2t, two additional Lyapunov exponents result which are identical
zero and hence describe the linearized change rate of ∆z(t) in the tangential directions of the
quasi-periodic motion.
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Figure 5.5: Lyapunov exponents σ1 and σ2 against the number of characteristicsMC of
the quasi-periodic motion at Ω1 = 1.6 approximated on two different mesh
discretizations.

of the values and convergence behavior stems from the discretization of torus functions
(cf. figure 5.4 and 5.3). In other words, if torus functions are approximated coarsely,
the topology differs slightly. Since the stability identification based on the FDM results,
the approximation inherits errors, originated from the discretization method.
Conducting the same analysis with the results at Ω1 = 6 (cf. figure 5.1(a) and 5.1(b)),
the Lyapunov exponents (σ1 = −0.1 and σ2 = −0.1) immediately converge with
M1 = 11, M2 = 11 and MC = 3. Having calculated the Lyapunov exponents with the
discretization M1 = 151 and M2 = 151 and having varied the number of characteristics
of both discretizations in the interval MC ∈ [3, 100], all analyzed combinations identify
the same Lyapunov exponents (within the regarded tolerance of 10−6). Therefore, the
result plots are omitted due to redundancy.
Having verified the temporal approach, the continuous GRAM-SCHIMDT orthonormal-
ization (CGSO), discussed in eq. (4.42), is applied to eq. (5.2) to validate the approach.
Therefore, the time interval τ ∈ [0, 20000] and stability parameter C = 0.5 are chosen.
Transient behavior of the state-space coordinates z(t) is avoided by taking initial values
for the time simulation from the stationary quasi-periodic motion extracted from the

Table 5.2: Lyapunov exponents determined with the CGSO and Quont (converged
number of characteristics).

(Ω1 = 1.6)

CGSO
FDM

151x151

Abs.
difference

σ1 −0.04003 −0.04181 1.78·10−3

σ2 −0.15998 −0.15821 1.77·10−3

(Ω1 = 6)

CGSO
FDM
11x11

Abs.
difference

σ1 −0.10000 −0.10000 0
σ2 −0.10000 −0.10000 0
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FDM. Comparing the results at Ω1 = 6 given in table 5.2, the Lyapunov exponents are
approximated exactly within the regarded tolerance. The simple topology and accurate
approximation of the torus function Z(θ1, θ2) (cf. figure 5.1(a) and 5.1(b)) enable a
precise approximation of Lyapunov exponents based on a very coarse mesh (FDM).
Considering Ω1 = 1.6 in table 5.2, the Lyapunov exponents are approximated within
a tolerance magnitude of 10−3. Note that approximation errors made by the FDM
(εFDM = 0.0699) influence the stability assessment. Although a complex topology is
analyzed, the approximation is suitable.
In order to obtain more precise results, the mesh is refined to M1 = 301 and M2 = 301

(s. table 5.3). The estimated approximation error reduces (εFDM = 0.0156) and the

Table 5.3: Lyapunov exponents determined with the CGSO and Quont (converged
number of characteristics) at Ω1 = 1.6.

CGSO
FDM

301x301

Abs.
difference

σ1 −0.04003 −0.03989 1.4·10−4

σ2 −0.15998 −0.16012 1.4·10−4

FDM calculation time enlarges significantly (800 s). The results in table 5.2 and 5.3
validate the developed method and highlight the dependence on underlying, approxi-
mated torus functions.

Conclusion. The developed stability identification method (temporal approach) is ver-
ified and validated by means of the quasi-periodically forced Duffing oscillator. It has
been shown that the approximation quality of Lyapunov exponents of a given solution
depends on the number of characteristics19. Although having investigated a system
with two given frequencies (p = 2, m = 2), the approach can equivalently be applied
to (p = 2, m = 1) and (p = 2, m = 0), since it is based on a known, quasi-periodic
motion, regardless of the frequencies’ origin. Applying Quont to dynamical systems,
an assessment concerning required accuracy and time consumption (especially during a
continuation) has to be conducted, due to limited computational capacities.

5.1.3 Continuation of a Quasi-Periodic Motion

The discussion of Quont closes with a continuation, connecting the two investigated
solutions at Ω1 = 1.6 and Ω1 = 6 discussed in section 5.1.1 and 5.1.2. The continuation
is split into two intervals: Ω1 ∈ [1.6, 1.7] and Ω1 ∈ [1.7, 6]. Exhibiting torus functions
with a high degree of complexity, the interval Ω1 ∈ [1.6, 1.7] requires a finer mesh than
the interval Ω1 ∈ [1.7, 6]. Furthermore, the maximum step width (arc length width)

19Like in every numerical method, where continuous functions (here: initial curve) are approx-
imated discretely (here: individual characteristics).
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Figure 5.6: Continuation of quasi-periodic motions on the interval Ω1 ∈ [1.6, 1.7] for
M1 = 301 and M2 = 301.
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Figure 5.7: Validation of the coexisting quasi-periodic solutions at Ω1 = 1.66 by means
of a time simulation initiated on the manifold.
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has to be chosen small to capture the continuation path properly. In figure 5.6 the bi-
furcation diagram for Ω1 ∈ [1.6, 1.7] is illustrated. The obtained results are validated in
figure 5.7 by conducting two time simulations, starting on the marked points (coexisting
solutions) in figure 5.6.
The Lyapunov exponents are depicted in figure 5.8. In order to keep the graph clear,
Lyapunov exponents are plotted against the arc length of the continuation process20.
Parameter values, for which a stability change occurs, are marked. Two aspects are
particularly noteworthy.
First, the stability changes occur in a shape of a “fold-like” bifurcation (cf. curve in figure
5.6) where the continuation curve reverses its Ω1-direction and one Lyapunov expo-
nent changes stability. At these points (Ω1 = 1.6547 and Ω1 = 1.6959), one additional
exponent is equal to zero, resulting in a non-hyperbolic solution. This behavior coincides
with Lyapunov exponents in fold bifurcations (stationary points) or limit-point-cycle
bifurcations (periodic motions). As far as the author is aware, no bifurcation analysis
that would enable a classification of the identified bifurcation points based on the Lya-
punov exponents exists.
Second, the 2nd order Lyapunov exponent (sum of σ1 and σ2) is invariant on the re-
garded interval (s figure 5.8). The latter can easily be shown analytically. Evaluating
eq. (4.57), requiring the Jacobian of eq. (5.2), an invariance of σ(2) with respect to Ω1

is confirmed:

σ(2) = lim
t→∞

1

t

t∫
0

0− ξ dt̂ = −0.2. (5.5)

Considering the interval Ω1 ∈ [1.7, 6], a coarser mesh (M1 = 41 and M2 = 41) can
be used, since complexity of the torus function reduces significantly. Exemplary, the
corresponding input files for Quont can be found in section B.1. The continuation path
and the Lyapunov exponents are depicted in figure 5.9 and 5.10. In addition to the
findings from the previously investigated interval, two further aspects are noteworthy.
First, in some areas in figure 5.10, both Lyapunov exponents exhibit the same value.
This indicates a degenerated 1st order Lyapunov spectrum, which the proposed method
is capable to capture. Second, the quasi-periodic motion loses/gains its stability at three
points (Ω1 ≈ 1.9, 2.8, 3.5), where the curve structure does not coincide with one of a
fold bifurcation (cf. Ω1 ≈ 3.2, 4.5, 2.9). In analogy to the bifurcation theory of periodic
orbits, this could indicate a period doubling bifurcation of quasi-periodic motions (as
suggested by [88]). In that case, it is not clear which period doubles (both “base periods”
or merely one) since the Lyapunov exponents only provide stability statements. A
further investigation of quasi-periodic bifurcation scenarios would go beyond the scope
of this thesis.

20It is important to note that the arc length of the continuation scheme (internal variable)
does not relate to the arc length obtained from the continuation path in figure 5.6, since the
information concerning Z2(θ1, θ2) is omitted.
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Figure 5.9: Continuation of stationary quasi-periodic motions on the interval Ω1 ∈
[1.7, 6] with M1 = 41 and M2 = 41.
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Figure 5.10: Lyapunov exponents along the arc length for Ω1 ∈ [1.7, 6] with M1 = 41

and M2 = 41.

Conclusion. The applicability of Quont as a continuation algorithm for nonlinear
dynamical systems is exemplarily demonstrated for a quasi-periodically forced Duff-
ing oscillator. Stationary quasi-periodic vibrations are approximated and a stability
assessment is conducted using the proposed, temporal approach. During the process,
“fold-like” bifurcation structures of quasi-periodic motions are identified, which are go-
ing to reoccur in all following analyses. A detailed and mathematical well-grounded
bifurcation classification and analysis, covering all possible scenarios is not the focus of
this thesis, but should be investigated further. Here, the focus was kept on the stability
identification.
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5.1.4 Excursus: Synchronization

The following consideration will briefly discusses the case when synchronized states
(cf. section 2.2.2.2) are encountered, using the hyper-time approach approximated with
FDM. Theoretically, quasi-periodic motions do not exist during a synchronization, but
toroidal invariant manifolds in state-space persist. Since only numerical approximations
of quasi-periodic motions21 by means of torus functions parametrized in hyper-time are
calculated, synchronized states – especially higher order resonances – are expected to
be sufficiently well approximated (cf. section 3).
The bi-periodically forced Duffing oscillator, analyzed in section 5.1.1 to 5.1.3, is not
suitable for such investigations, since the excitation mechanisms are unidirectional. Con-
sequently, all periodic states occur only in individual points22.
In order to observe synchronized states, the forced van-der-Pol oscillator is chosen,
since it involves a self-excitation mechanism whose frequency can synchronize with the
forcing frequency (cf. example 3). An extensive investigation concerning the synchro-
nization behavior of the forced van-der-Pol oscillator can be found in [136]. The
hyper-time invariance equation system describing quasi-periodic motion (cf. example 6)
reads

∂Z

∂θ1
Ω +

∂Z

∂θ2
ω =

[
Z2

−γ
(
Z2

1 − 1
)
Z2 − Z1 + f cos(θ1)

]
2π∫

0

2π∫
0

∂Z0

∂θ2

>
Z dθ1dθ2 = 0

Z =

[
Z1

Z2

]
, (5.6)

with θ1 = Ωt, θ2 = ωt and Z(θ) : T2 7→ R2. In the following, the nonlinearity parameter
is kept constant, γ = 0.2. Two synchronization areas (1 : 1 and 1 : 3) are considered23,
where two different forcing parameter values f are chosen to provide (approximately)
equally distinct synchronization areas. The excitation frequency Ω is the continuation
parameter. In order to force an approach of synchronization areas from the domain
of quasi-periodic motions, the pseudo arc length continuation in Quont is replaced
by a natural parametrization24 (cf. [134, section 5.2.1]). Here, no “input files” can be
provided25. Since large gradients are present, a third order upwind scheme is chosen
(cf. section 3.3.2).

21Note that in general periodic motions are also only numerically identifiable.
22Whenever both excitation frequencies exhibit a rational ratio and thus are commensurable.
23The boundaries of synchronization areas can be identified by continuing the existing periodic
motion on the toroidal invariant manifold into the synchronization area. The bifurcation
diagram exhibits a closed curve, in which fold bifurcations indicate the boundaries of the
synchronization area (Arnol’d tongue). For further explanation see [173].

24Basically, the continuation parameter (here, Ω) is set to specific values (e.g. Ω = 1, 1.2, 1.3)
and quasi-periodic motions are calculated at those predefined values.

25Note that these files are designed for a modified version of Quont, which was programmed
just for this investigation. The usage of these files in the regular version of Quont would
result in an error.
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1 : 1 synchronization. The forcing parameter f = 0.2 is chosen. The solutions are
calculated on the interval Ω ∈ [0.7, 1.1], where the boundaries of the synchronization
area are located at ΩB1 = 0.943 and ΩB2 = 1.044. In figure 5.11(a), a qualitative
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and continuation path.
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Figure 5.11: Continuation results of quasi-periodic motions approaching a 1 : 1 synchro-
nization.
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Figure 5.12: Continuation results at Ω = 0.75.
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Figure 5.13: Continuation results at Ω = 0.94.
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depiction of the synchronization area is given. In addition, the continuation path is
sketched. The approximated error is illustrated in figure 5.11(b). Note that no solution
can be determined at Ω ≈ 0.942. In figure 5.12 and 5.13, exemplary torus functions and
corresponding invariant manifolds embedded in R3 are illustrated.
In sufficient distance to the synchronization area, an approximation of quasi-periodic mo-
tions by means of the hyper-time approach26 (figure 5.12(a) and 5.12(b)) is well-suited,
since the manifold in state-space (figure 5.12(c)) is filled almost parallel. Approaching
the 1 : 1 synchronization, an approximation with the hyper-time approach (cf. figure
5.13(a) and 5.13(b)) is increasingly unsuitable (cf. figure 5.11(b)), since a quasi-peri-
odic motion remains a disproportional amount of time in the area where the periodic
motion is going to arise (cf. state-space in figure 5.13(c) and figure 2.19). The hyper-
time approach approximates the torus functions Z1(θ1, θ2) and Z2(θ1, θ2) with a parallel
flow, where a irregular mesh distribution in state-space results. Note that a hyper-time
approximation in the synchronization area does not (theoretically) provide a suitable
parametrization of the present invariant manifold in state-space, since it is designed for
quasi-periodic motions with incommensurable frequencies.

1 : 3 synchronization. The forcing parameter is chosen as f = 1.2 and solutions are
calculated on the interval Ω ∈ [2.7, 3.1], where the boundaries of the synchronization
area are located at ΩB1 = 2.95 and ΩB2 = 3.016. The results depicted in figure 5.14 to
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Figure 5.14: Continuation results of quasi-periodic motions approaching a 1 : 3 synchro-
nization.

5.16 are analogous to figure 5.11 to 5.13. In contrast to the 1 : 1 synchronization, torus
functions can be obtained in the 1 : 3 synchronization.
Theoretically, no quasi-periodic motion is present in the considered synchronization area
and only the invariant manifold, on which periodic motions occur, persists. Regarding

26Recall that the approximated torus functions in hyper-time exhibit a parallel flow by design
of the approach.
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Figure 5.15: Continuation results at Ω = 2.75.
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Figure 5.16: Continuation results at Ω = 2.97.

the estimated approximation error in figure 5.14(b), a significant increase is visible in
the vicinity of the 1 : 3 synchronization. Although not distributed equidistantly, the
maximum error is located in the synchronization area. Nevertheless, since a numerical
method (FDM) is utilized for calculation, useful approximations of invariant manifolds
can be obtained. Due to the parallel flow approximation, an equivalent behavior to fig-
ure 5.13(c) is observable in figure 5.16(c). Here, the location of the 1 : 3 periodic motion
is identifiable by the sections with finer mesh.

Conclusion. Only low-order synchronization areas27 are likely to produce continuation
failure when quasi-periodic motions are continued by means of the hyper-time invari-
ance equation. High-order synchronizations areas28 are not expected to cause significant
continuation problems, since periodic motions within them can be approximated suffi-

27Meaning synchronization areas, in which (roughly speaking) relatively large areas of the
invariant manifold in state space are not passed through by the present periodic motion
(e.g. 1 : 1 synchronization).

28Meaning synchronization areas, in which (roughly speaking) relatively small areas of the
invariant manifold in state space are not passed through by the present periodic motion
(e.g. 10 : 9 synchronization).
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ciently with torus functions for quasi-periodic motions29. Concerning the engineering
systems considered in this thesis, Arnol’d tongues (synchronization areas) are not en-
countered30. This excursus complemented theoretical findings of the important aspect
of synchronization (cf. section 2.2.2.2) when dealing with quasi-periodic motion and
demonstrated scenarios if synchronization areas are approached using a FDM for the
hyper-time invariance equation.

5.2 Nonlinear Rotor-Dynamical Systems

In this section, quasi-periodic motions of nonlinear rotor-dynamical systems will be cal-
culated and corresponding stability properties will be identified. The focus is kept on
the methods, which are applied to two rotor models from the literature. In principle,
both rotor models consist of the classical Laval-rotor (Jeffcott-rotor, s. [75, section
4.2]) and are exposed to nonlinear forces.
In section 5.2.1, Quont will be applied to a rotor-to-stator contact system, taken from
[153], where stability properties and further branch behavior will be added to the find-
ings from the literature. In section 5.2.2, Quont will be applied to a generator rotor
with unbalanced magnetic pull, which is taken from [202]. In this context, stationary
quasi-periodic motions and corresponding stability properties of different static eccen-
tricities will be investigated.

5.2.1 Rotor-to-Stator Contact System
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Figure 5.17: Schematic depiction of the investigated rotor-to-stator contact system with
C being the center of mass and with O being a fixed point in space.

29Obviously, this depends on the regarded problem, but the tendency is often investigated.
Similar results are identified by [172].

30As far as the author is aware.
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In this section, a rotor-to-stator contact system will be analyzed (s. figure 5.17). Analyt-
ical results and further details on the modeling can be found in [105]. The investigation
in [105] focuses on the delimitation of areas exhibiting different types of stationary
motions. One this basis, occurring stationary motions are determined by means of a
Fourier-Galerkin method in [153], which also include quasi-periodic motions. In
the following, Quont is applied to this system to demonstrate the capabilities and add
information concerning stability of occurring quasi-periodic motions.
The governing equation system includes the classical equations of a Laval-rotor (Jeff-
cott-rotor) and a nonlinearity characterizing the contact and friction between rotor
and stator. In state-space, the dimensionless equation system reads31

z′1
z′2
z′3
z′4

 =


z3

z4

−2ξz3 − βz1 −Θ(R)
(
1− R0

R

)
(z1 − µsign(υrel)z2) + Ω2 cos(Ωτ)

−2ξz4 − βz2 −Θ(R)
(
1− R0

R

)
(µsign(υrel)z1 + z2) + Ω2 sin(Ωτ)

 , (5.7)

with

R =

√
z2

1 + z2
2

Θ(R) =

{
0, R < R0

1, R ≥ R0

υrel = Rdiskω̂ +Rω̂b

ω̂b = −

 ξ

µ
+

√
β +

(
ξ

µ

)2
 .

(5.8)

The rotor position [x1, x2] and velocity [ẋ1, ẋ2] and the dimensionless parameters in
eq. (5.7) are defined as:

• Geometry: zi = xi
e (i = 1, 2), R = r

e , R0 = r0
e , Rdisk = rdisk

e

• Velocities: żi = xi
e (i = 1, 2), υrel = vrel

e , ω̂b = ω̂w

ω̂s
, Ω = Ω̂

ω̂s

• Properties: 2ξ = d√
kbm

, β = ks
kb
, τ = ω̂st

with m being the mass of the disk, e the mass eccentricity, rdisk the disk radius, r0 the
clearance between stator and a centered rotor, vrel the relative velocity between stator
and rotor, Ω̂ the rotor rotational frequency, ω̂w the whirl frequency of the system and

ω̂s =

√
kb
m the natural frequency of the system without clearance and shaft stiffness.

The coefficients ks, kb, d and µ are the shaft stiffness, the stator stiffness, the damping
coefficient and the friction coefficient, respectively. Furthermore, τ is the dimensionless
time and its derivation is denoted by d

dτ (.) = (.)′ (cf. eq. (5.7)).
Two characteristics of this system are noteworthy. First, the dimensionless whirl fre-
quency ω̂b in eq. (5.8) is negative, since it models a backward whip motion, where the
rotor rotation and the rotor motion are oppositional. Second, although the Heaviside

31For further details concerning the derivation of the equation of motion see [104, 105].
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5.2.1 Rotor-to-Stator Contact System

function Θ(R) in eq. (5.7) introduces discontinuities into the system, the term (1− R
R0

)
keeps its influence smooth, since it continuously amplifies from zero when R = R0,
resulting in continuous invariant manifolds32. This can be interpreted as a penalty
contact. In contrast to the manifold, the Jacobian matrix is discontinuous due to the
Heaviside function, by which the calculated Lyapunov exponents may exhibit inaccu-
racies. Nevertheless, the investigations carried out by using Quont provide useful and
plausible results.
In general, the analyzed system is capable of modeling four “classical” types of motions
appearing in rotor-to-stator contact systems (cf. figure 5.18).

1. No rub
(periodic)

2. Full annular rub
(periodic)

3. Partial rub
(quasi-periodic)

4. Backward whip
(quasi-periodic)

Ω Ω Ω

Ω

Figure 5.18: Schematic depiction of the four “classical” states the analyzed rotor-to-sta-
tor contact system can model.

1. No rub: Rotor and stator are never in contact, the Heaviside function is always
equal to zero and an unbalanced Laval-rotor oscillates periodically in circular
orbits.

2. Full annular rub: Rotor and stator are permanently in contact, the Heaviside
function is always equal to one. The relative velocity υrel is permanently positive,
resulting in a friction force acting against the shaft motion. The orbit is circular
and hence the motion is periodic.

3. Partial rub: Rotor and stator switch between being in contact and out of contact
states. Consequently, a second frequency is introduced to the system due to the
switching of states, by which a quasi-periodic motion results. The relative velocity
υrel is still positive.

4. Backward whip: This self-excited motion arises from a friction force which is
pointing in the same direction as the shaft motion. The rotor is permanently in
contact and slides in and against the shaft motion on the inner surface of the
stator. The relative velocity υrel switches between positive and negative values.
This motion is excited by three mechanisms33 and is quasi-periodic.

32This only holds for the Heaviside function. The signum function creates discontinuous
invariant manifolds, but its influence is only relevant for backward whip motions (s. below).

33Forced excitation due to mass imbalance, self-excitation due to friction force and a variation
of self-excitation due to variation of the friction force direction.
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5 Numerical Analysis of Dynamical Systems Exhibiting Quasi-Periodic Motions

The system is analyzed by means of two different approaches: time sweeps (similar to
[153]) and with Qount. Subsequently the dimensionless parameters given in table 5.4

Table 5.4: Parameters of the rotor-to-stator contact model.

Dimensionless

parameter
Ω R0 Rdisk ξ β µ

Value [0, 1.2] 1.05 20R0 0.05 0.04 0.2

are used, which are identical to [153]. A depiction of the results can be found in figure
5.19, where the maximum scaled rotor radius Rmax is illustrated against the dimension-
less rotor rotational frequency Ω. In figure 5.19(a) the results of two time sweeps34
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5.19(a): Time sweep results of a quasi-static run-up and a quasi-static run-down.
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5.19(b): Continuation results of periodic and quasi-periodic motions obtained by Quont.

Figure 5.19: Stationary motions of the rotor-to-stator contact system identified by two
different approaches.

34Time simulations are conducted on a sufficiently large time interval τ ∈ [0, 5000] to exclude
transient behavior. The maximum rotor radius Rmax is identified in the last 50% of each
time interval and the last indicated state is used to initiate the next time simulation of the
sweep. Obviously, merely stable stationary motions can be identified.
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5.2.1 Rotor-to-Stator Contact System

are depicted. The first sweep is initiated at S1 and stationary motions are obtained
by increasing Ω with the interval ∆Ω = 0.05. The second sweep is initiated at S2 and
stationary motions are obtained by decreasing Ω with the interval ∆Ω = 0.05.
In figure 5.19(b) the continuation results of periodic and quasi-periodic motions identi-
fied with Quont are depicted. An exemplary input file can be found in section B.2.
For periodic motions (no rub and full annular rub), the hyper-time invariance equation
reads

∂Z

∂θ1
Ω =


Z3

Z4

−2ξZ3 − βZ1 −Θ(R)
(
1− R0

R

)
(Z1 − µsign(υrel)Z2) + Ω2 cos(θ1)

−2ξZ4 − βZ2 −Θ(R)
(
1− R0

R

)
(µsign(υrel)Z1 + Z2) + Ω2 sin(θ1)


with Z = [Z1, Z2, Z3, Z4]>,

(5.9)

where θ1 = Ωt and Z(θ1) : T1 7→ R4 holds. For quasi-periodic motions (partial rub),
the hyper-time invariance equation reads

∂Z

∂θ1
Ω +

∂Z

∂θ2
ω =


Z3

Z4

−2ξZ3 − βZ1 −Θ(R)
(
1− R0

R

)
(Z1 − µsign(υrel)Z2) + Ω2 cos(θ1)

−2ξZ4 − βZ2 −Θ(R)
(
1− R0

R

)
(µsign(υrel)Z1 + Z2) + Ω2 sin(θ1)


2π∫

0

2π∫
0

∂Z0

∂θ2

>
Z dθ1dθ2 = 0 with Z = [Z1, Z2, Z3, Z4]>, (5.10)

with θ1 = Ωt, θ2 = ωt and Z(θ1, θ2) : T2 7→ R4. The periodic motion is initialized
at S1 and continued. First, a no-rub motion is present until Ω ≈ 0.15, where the
rotor comes in contact with the stator and a full annular rub motion is present. A loss
of stability occurs at Ω ≈ 0.29 through a Neimark-Sacker bifurcation, identifying
the onset of quasi-periodic motion. At Ω ≈ 0.98 a limit point cycle bifurcation35 is
detected and at Ω ≈ 0.85 the continuation stops since the arc length step width becomes
smaller than the permitted minimal value36. Initializing a continuation at S2 (no-rub
motion), a stable periodic branch can be identified until (likewise) Ω ≈ 0.85, since the arc
length step width falls below the permitted value again. Comparing the maximum radii
(Rmax,S1

= 1.05002, Rmax,S2
= 1.04999) and rotor rotational speeds (ΩS1

= 0.85408,
ΩS2

= 0.85406) of the last obtained solution of both branches (no-rub and full annular
rub motion), the situation is made clear.
Both solutions approach the point of contact (Rmax = 1.05) almost parallel, which can
be seen as a “discontinuous turning point” (s. figure 5.20). To be precise, a grazing

35It is essentially a fold bifurcation of periodic motion.
36The critical step width is of magnitude 10−8.
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Figure 5.20: Comparison of the continuation and time sweep results with marked grazing
point (red circle).

point is identified, which can occur in non-smooth systems. Its analysis goes beyond the
scope of this thesis and the interested reader is referred to [55, 121, 114]. As soon as the
rotor comes into contact with the stator, instantaneously acting friction forces produce
a “kink” in the solution branch, which the pseudo arc length continuation is incapable
of continuing. Investigating the Floquet multiplier ρ = [ρ1,ρ2,ρ3,ρ4] at both states

ρS1
= [0.101 + 0.68i, 0.101− 0.68i, 0.101 + 0.68i, 0.101− 0.68i]

ρS2
= [3.719, 0.051, 0.881 + 0.66i, 0.881− 0.66i]

(5.11)

a jump can be detected, which is expected for non-smooth systems [177, p. 316]. The
time sweep initiated at S1 confirms the predicted stability behavior of Quont.
Arising from the detected supercriticalNeimark-Sacker bifurcation (NSB), the branch
of quasi-periodic solutions is continued and its stability identified (s. figure 5.21). In
this area, a partial rub motion is present. The branch is initially stable and changes its
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Figure 5.21: Comparison of the continuation and time sweep results with marked termi-
nation point (red circle) and validation point (gray circle).

152



5.2.1 Rotor-to-Stator Contact System

stability in a “fold-like” bifurcation at Ω ≈ 0.46. The unstable branch is almost parallel
to the periodic motion in the interval Ω ∈ [0.16, 0.46], where the stable periodic motion
can be pushed by perturbations on a stable backward whip motion. Quont’s predicted
stability behavior of stationary motions is confirmed by the time sweep initiated at S1.
The time sweep identifies the periodic solution until its stability is lost due to the NSB.
Subsequently, the stable quasi-periodic motion is identified by the time sweep until it
loses its stability in a “fold-like” bifurcation (cf. section 5.1.3).
Exemplarily, the continuation and time simulation results are compared at Ω = 0.4.
In figure 5.22 the four torus functions are depicted. Each torus function represents
a state-space coordinate parametrized in hyper-time (cf. eq. (5.10)). The torus coor-
dinates (hyper-time axis) are defined by the two base frequencies Ω (rotor rotational
speed) and ω (self-excitation introduces by the NSB). A comparison of the rotor orbit is
illustrated in figure 5.23. A projection of the invariant manifold in state-space into the
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Figure 5.22: Torus functions of the quasi-periodic motion at Ω = 0.4 parametrized in
hyper time (θ1 = Ωt and θ2 = ωt).
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5.23(a): Projection of the torus function
Z(θ1, θ2) ∈ R4 in the z1-z2 plane.
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5.23(b): Projection of the stationary time sig-
nal z(t) ∈ R4 in the z1-z2 plane.

Figure 5.23: Rotor orbit comparison of the stationary time simulation result with the
torus function obtained with Quont for the rotor-to-stator contact system
at Ω = 0.4.

z1-z2 plane (rotor position) is depicted in figure 5.23(a). The green area is the projected
manifold, which is densely filled by a quasi-periodic motion. In figure 5.23(b), a finite
time interval of a stationary quasi-periodic motion obtained by a time simulation is
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5 Numerical Analysis of Dynamical Systems Exhibiting Quasi-Periodic Motions

presented37. The partial rub motion can directly be identified, in which the rotor shows
a “flower-like” motion, switching between different contact states.
Regarding figure 5.21, the continuation of the quasi-periodic motion stops at Ω = 0.0399

due to a critical arc length step width. In figure 5.24 the last obtained torus functions
are depicted. Although appearing like a periodic motion38, the approximated motion
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Figure 5.24: Torus functions of the quasi-periodic motion at Ω = 0.0399 parametrized
in hyper time (θ1 = Ωt and θ2 = ωt).

is still quasi-periodic. The vanishing dependence on the forcing time axis θ1 = Ωt

stems from the unbalance forcing magnitude, which is proportional to Ω2 (cf. eq. (5.7)).
Considering the calculated Lyapunov exponents39 at Ω = 0.0399, reading

σ1 = 0.0449, σ2 = 0, σ3 = −0.1225, σ4 = −0.1225, with σ(4) = −0.2001, (5.12)

a stability change or transition to periodic motion is improbable, since no non-hyper-
bolic solution is approached. Note that the 4th order Lyapunov exponent can easily
be validated analytically by the trace of the Jacobian matrix σ(4) = −4ξ = −0.2

(cf. eq. (4.57)).
Analyzing the relative velocity υrel from eq. (5.8) at the last identified point, the situa-
tion is made clear. A nearly periodic motion is “asymptotically” approached (cf. figure
5.24) with a constant, maximum rotor radius Rmax = 1.468. Coming from 0.0399 & Ω,
the relative velocity is permanently positive. At 0.0399 . Ω the relative velocity ex-
hibits negative values40, where the signum function introduces discontinuities into the
solution. Qualitatively, the latter situation is similar to the instantaneous activation of
the Heaviside function (grazing), occurring in figure 5.20. In contrast to the periodic
solution branches, no further quasi-periodic motion with two base frequencies could be
identified in this region.
Regarding figure 5.21, it appears that the backward whip motion approaches the point

37If an infinite time interval is chosen, the quasi-periodic motion would fill the projected man-
ifold densely.

38The dependency of the torus functions Z(θ1, θ2) on θ1 appears to vanish, which would result
in torus functions Z(θ2) describing a periodic motion.

39Only one exponent is explicitly equal to zero. The second exponent equal to zero is implicitly
given in time. If eq. (5.7) is regarded as an autonomous equation system (z5 = Ωt), the system
would exhibit five Lyapunov exponents with two exponents explicitly equal to zero.

40Assuming a constant rotor motion radius R = 1.468.
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5.2.2 Generator Rotor with Unbalanced Magnetic Pull

where Quont exits. Since the backward whip motion exhibits three excitation mech-
anisms, namely forcing due to unbalance, self-excitation due to friction forces and a
variation of the fiction force direction, the motion is expected to be quasi-periodic with
three base frequencies.
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5.25(a): Without imbalance exciation.
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5.25(b): With imbalance exciation.

Figure 5.25: Stationary rotor orbit (backward whip) and frequency spectrum obtained
by a time simulation at Ω = 0.06.

In order to validate the latter statement, Ω = 0.06 is chosen and a time simulation
which neglects the imbalance excitation is conducted41. Figure 5.25 depicts the rotor or-
bits and the corresponding frequency spectra of the backward whip motion with (figure
5.25(b)) and without (figure 5.25(a)) imbalance excitation. Clearly, the stationary mo-
tion is in both cases quasi-periodic, validating the occurrence of quasi-periodic motion
with more than two base frequencies. Consequently, the transition between partial-rub
and backward whip motion occurs in a more complicated scenario, whose analysis would
go beyond the scope of this thesis.

Conclusion. Periodic and quasi-periodic motions with corresponding stability proper-
ties of the analyzed rotor-to-stator system have been identified with Quont. A time
sweep validated the predicted, stable stationary motions. In addition, a grazing point
of the periodic branch has been found and a possible connection area of partial rub and
backward whip motion has been identified.

5.2.2 Generator Rotor with Unbalanced Magnetic Pull

In this section, a generator rotor will be analyzed, which is excited by mass imbalance
and an unbalanced magnetic pull (UMP), s. figure 5.26. The considered model is taken
from [202], where time simulations are conducted to obtain stationary motions, which

41Since the rotor rotational speed Ω is small, the imbalance excitation does not significantly
influence the stationary motion.
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5 Numerical Analysis of Dynamical Systems Exhibiting Quasi-Periodic Motions

turn out to be quasi-periodic. By virtue of the chosen approach, only stable motions can
be determined and it is not guaranteed that transient behavior is strictly excluded. In
the following, Quont will be utilized to identify stationary quasi-periodic motions and
corresponding stability properties. Further details and motivations concerning modeling
aspects can be found in [202].
The mechanical part of the system (rotor) is modeled as a classical, unbalanced Laval-
rotor (Jeffcott-rotor), in accordance to section 5.2.1. Generator rotors transform rota-
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Figure 5.26: Illustration of the generator rotor with the static eccentricity r0 and an
eccentric center of mass C , where O1 and O2 are fixed points in space.

tional into electrical energy by means of magnetic fields. Consequently, magnetic forces
act on the rotor. Assuming a predefined rotor rotational speed, the tangential magnetic
forces can be omitted. In order to obtain the (radial) magnetic forces (UMP), the air-
gap permanence approach [154, 131, 87, 28] is used, which analytically describes the
magnetic flux density from which the corresponding forces are derived. Consequently,
two decoupled excitation mechanisms (mass imbalance and unbalanced magnetic pull)
act on the rotor simultaneously, generically resulting in quasi-periodic motions.
The investigated model can capture the influence of static42 and dynamic43 eccentrici-
ties. While the influence of both eccentricities is individually well-investigated, only a
few publications consider both simultaneously [202]. The governing equations of motion
in state-space read

z′1
z′2
z′3
z′4

 =


z3

z4

−2ξz3 − z1 − fump
x1

(r,ϕ,τ)

mω̂2
sδ0

+ ΠΩ2
1 cos(Ω1τ)

−2ξz4 − z3 − fump
x2

(r,ϕ,τ)

mω̂2
sδ0

+ ΠΩ2
1 sin(Ω1τ)

 . (5.13)

42A static eccentricity results if the rotor and stator are misaligned. This arises e.g. from
installation errors or manufacturing tolerances.

43The dynamic eccentricity is basically the deflection of the rotor (not the mass imbalance).
In analytical models the rotor orbit has to be predetermined (dynamical eccentricity) to
investigate the influence of rotor motions on the electric and magnetic quantities.
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The dimensionless rotor position and velocity are defined by [z1, z2]> = [x1δ0 ,
x2
δ0

]> and
[z3, z4]> = [x

′
1

δ0
, x
′
2

δ0
]>, respectively. The dimensionless quantities are 2ξ = d√

ksm
, Π = e

δ0

and Ω1 = Ω̂
ω̂s
, with m being the mass of the rotor, d the damping coefficient, e the mass

eccentricity and δ0 = rstat − rrot the air-gap of a centered rotor (cf. figure 5.26), where

rstat is the stator bore radius and rrot is the rotor radius. Furthermore, ω̂s =

√
ks
m is the

natural rotational frequency of the rotor with ks being the shaft stiffness and Ω̂ is the
rotor rotational frequency. The dimensionless time reads τ = ω̂st and its derivation is
denoted by d

dτ (.) = (.)′ (cf. eq. (5.13)). The expressions fump
x1 (r, ϕ, τ) and fump

x2 (r, ϕ, τ)

describe the resulting, unbalanced magnetic pull forces in ex1- and ex2-direction. These
forces can be determined by

fump
x1 (r, ϕ, τ) = rrot`

2π∫
0

σ(r, ϕ, τ, α) cos(α)dα

fump
x2 (r, ϕ, τ) = rrot`

2π∫
0

σ(r, ϕ, τ, α) sin(α)dα,

(5.14)

where ` is the rotor length in ex3-direction and α parameterizes the rotor surface con-
cerning the static eccentricity (s. figure 5.26). The quantity σ(r, ϕ, τ, α) characterizes
the Maxwell stress normal to the rotor surface and can be described by

σ(r, ϕ, τ, α) =
B(r, ϕ, τ, α)2

2µ0
, (5.15)

with B(r, ϕ, τ, α) being the normal component of the magnetic flux density and µ0

the magnetic permeability of the vacuum. Equation (5.15) assumes that the tangential
component of the magnetic flux density can be neglected due to its magnitude, which
is common practice in the literature [63, 57]. The normal component of the magnetic
flux density can be identified as

B(r, ϕ, τ, α) = ∆mmf(τ, α)Λ(r, ϕ, α) where
∆mmf(τ, α) = fmmf cos(Ω2τ − pα)

Λ(r, ϕ, α) =
µ0

δ(r, ϕ, α)
.

(5.16)

Here, ∆mmf(τ, α) is the fundamental magnetomotive force (MMF) of the air-gap and
fmmf the corresponding amplitude, p the pole-pair number, Ω2 = Ω̂saf

ω̂s
and Ω̂saf the

dimensionless and the dimensional, respectively, supply angular frequency44, Λ(r, ϕ, α)

the air-gap permeance and δ(r, ϕ, α) the air-gap geometry (cf. figure 5.26), which can

44Note that Ω2 is the second base frequency of the system. The first one is the rotor rotational
frequency Ω1.
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be approximated with

δ(r, ϕ, α) = δ0 − r0 cos(α)− r cos(α− ϕ). (5.17)

Here, r0 is the static eccentricity and (r, ϕ) are polar coordinates of a shaft deflection in
the x1−x2 plane45 (cf. figure 5.26). Concerning the derivation of the air-gap geometry,
the interested reader is referred to [202].
Subsequently, the influence of static eccentricity r0 on stationary quasi-periodic motions
during a stationary run-up simulation is analyzed. Therefore, the dimensionless rotor
rotational frequency Ω1 is the chosen continuation parameter which is initialized at
Ω1 = 0.01 for each continuation. In order to ensure high computation efficiency, the
mesh adaptation is activated, demanding an estimated approximation error of 10−4 <

εFDM < 10−2. If the error range is exceeded, the mesh is refined, and if the error falls
blow the range, the mesh is coarsened. The hyper-time invariance equation describing
quasi-periodic motions of eq. (5.13) reads

∂Z

∂θ1
Ω1 +

∂Z

∂θ2
Ω2 =


Z3

Z4

−2ξZ3 − Z1 − fump
x1

(r,ϕ,θ2)

mω̂2
sδ0

+ ΠΩ2
1 cos(θ1)

−2ξZ4 − Z3 − fump
x2

(r,ϕ,θ2)

mω̂2
sδ0

+ ΠΩ2
1 sin(θ1)


with Z = [Z1, Z2, Z3, Z4]>,

(5.18)

where solutions exhibit two known base frequencies (rotor rotational speed Ω1 and sup-
ply angular frequency Ω2). In the conducted continuations, the parameters given in table
5.5 are used, which are identical to the ones in [202, 87]. In figure 5.27 and 5.28, the

Table 5.5: Parameters of the generator rotor model.

Dimensionless

parameter
Ω1 Ω2

r0
δ0

Π ξ p

Value [0, 0.5] 1.0835 [0, 0.11] 0.2273 7.8 · 10−3 1

Dimensional

parameter
m µ0 δ0 rrot ` ω̂s fmmf

Value 18.15 4π · 10−7 2.2 · 10−3 59 · 10−3 0.1551 289.952 684

Unit kg H
m m m m rad

s A

continuation results for six different static eccentricities are depicted. Exemplary input
files can be found in section B.3. The maximum rotor radius Rmax = max

(√
Z2

1 + Z2
2

)
is plotted against the rotor rotational frequency Ω1 in each plot. All plots are scaled
equally to facilitate comparison46.

45If polar coordinate system and Cartesian coordinate system have the same origin.
46Note that the coordinate system and therefore, the maximum rotor radius Rmax is defined
with respect to the static eccentricity r0 (cf. figure 5.26).
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Figure 5.27: Stationary run-up simulation by continuing quasi-periodic motions of the
generator rotor with unbalanced magnetic pull for different static eccentric-
ities r0 – part 1.
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Figure 5.28: Stationary run-up simulation by continuing quasi-periodic motions of the
generator rotor with unbalanced magnetic pull for different static eccentric-
ities r0 – part 2.
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In the following, three characteristic plot sections, which are present in each continua-
tion depicted in figure 5.27 and 5.28, will be discussed and exemplary torus functions
will be illustrated.

Section from 0© to 1©. Initializing each continuation at Ω = 0.01, stationary
quasi-periodic motions with relatively low maximum rotor radii are observed. If the
static eccentricity is equal to zero (s. figure 5.27(a)) almost no rotor deflection is present.
Increasing the static eccentricity r0, larger deflections are detected. Figure 5.29 depicts
exemplary torus functions at r0

δ0
= 11% and Ω1 = 0.01, which are qualitatively equiva-

lent to other values of r0δ0 .
Due to a low rotor rotational frequency, the mass imbalance influence is almost negligi-
ble, which is expressed by the torus function’s Z(θ1, θ2) dependency on θ1 = Ω1t. In this
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5.29(a): Torus functions parametrized in hyper
time (θ1 = Ω1t and θ2 = Ω2t).
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5.29(b): Projection of the torus function
Z(θ1, θ2) ∈ R4 in the z1-z2 plane.

Figure 5.29: Continuation results of a quasi-periodic motion at r0
δ0

= 11% and Ω1 = 0.01

(gray circle in figure 5.28(c)).

continuation section, the unbalanced magnetic pull significantly defines the quasi-peri-
odic motion. The “double period” in θ2 arises from the fundamental magnetomotive
forces which are squared in eq. (5.15)47. Considering the maximum rotor radii, one has
to be aware that Rmax is defined with respect to the static eccentricity r0 (cf. figure
5.26). Hence, the air gap between rotor and stator decreased significantly with large
static eccentricities.

Section from 1© to 2©. If the static eccentricity is not equal to zero, each contin-
uation path shows two peaks. Exhibiting a minor impact in figure 5.27(b), the peaks
increase with larger static eccentricities. In figure 5.28(a), the peaks are slightly bent
towards lower rotor rotational frequencies, by which two “fold-like” bifurcations emerge
at each peak. Further enlarging the static eccentricity, the first peak significantly bends
towards smaller eccentricities and changes its stability behavior at the top. Consider-

47If a higher efficiency is sought, the base frequency Ω̃2 = 2Ω2 can be used.
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ing figure 5.28(c), the second peak enlarges such that the “peak” structure is no longer
present and stable solutions do not exist afterwards. An exemplary depiction of torus
functions for r0

δ0
= 9.6% and Ω1 = 0.2992 can be found in figure 5.30.

In contrast to time simulations used in [87, 202], Quont can easily identify this phe-
nomenon occurring in stationary motions. It originates from the unbalanced magnetic
pull, which acts (in principle) like a nonlinear “negative” spring and introduces a rotor
position and an explicit time dependency, modifying the systems parameter.
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time (θ1 = Ω1t and θ2 = Ω2t).
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5.30(b): Projection of the torus function
Z(θ1, θ2) ∈ R4 in the z1-z2 plane.

Figure 5.30: Continuation results of a quasi-periodic motion at r0
δ0

= 9.6% and Ω1 =

0.2992 (gray circle in figure 5.28(a)).

Section from 2© to 3©. Considering figure 5.27 and 5.28, figure 5.27(a) to 5.28(b)
exhibit a qualitatively equivalent behavior. The maximum rotor radius Rmax increases
up to a “fold-like” bifurcation, where the quasi-periodic branch switches stability. Re-
garding figure 5.28(c), this section of the branch does not exist, due to the enlarged,
second peak. The qualitative branch behavior after the stability switch of figure 5.27(b)
to 5.28(b) is equivalent to figure 5.27(a), with the difference that Quont stops con-
tinuing the branch due to a critical continuation step width size48 at different points
depending on the static eccentricity r0. An exemplary depiction of the last identified
torus functions for r0

δ0
= 5% can be found in figure 5.31.

Considering the stability change at the “fold-like” bifurcation, the combination of mass
imbalance excitation and unbalanced magnetic pull reaches a critical rotor rotational fre-
quency value Ω1, for which no invariant solutions exist (on this branch49) for an increased
rotor rotational frequency. This originates from the combined excitation mechanisms
magnitude, which leads to contact between rotor and stator resulting in a singularity

48The critical step width size is of magnitude 10−8.
49Initializing time simulations on the right hand side of identified “fold-like” bifurcations, each
simulation stops because rotor and stator come into contact. Since this model is highly
nonlinear, multiple solution branches could exist.

162



5.2.2 Generator Rotor with Unbalanced Magnetic Pull

0
π 2π

0

2π
π

0.4

0.8

−0.4

θ2 θ1

Z1

θ2 θ1

Z2

0
π 2π

0

2π
π

0.1

0.6

−0.4

θ2 θ1

Z3

0
π 2π

0

2π
π

0

0.3

−0.3

0
π 2π

0

2π
π

0

0.3

−0.3

θ2 θ1

Z4

5.31(a): Torus functions parametrized in hyper
time (θ1 = Ω1t and θ2 = Ω2t).
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Figure 5.31: Continuation results of a quasi-periodic motion at r0δ0 = 5% and Ω1 = 0.2248

(gray circle in figure 5.27(b)).

of the air gap permanence (cf. eq. (5.16)). At the “fold-like” bifurcation the branch
reverses its direction, by which mass imbalance excitation decreases. Since the nonlin-
ear unbalanced magnetic pull depends on the rotor position, further unstable solutions
exist.
As mentioned above, Quont stops continuing the unstable quasi-periodic motion at
some point due to a critical step width size, which indicates contact between rotor and
stator. Since all identified motions beyond the “fold-like” bifurcation remain unstable,
exhibit large radii and contain many high frequencies, the relevance of the phenomeno-
logical origin for the model is discussible (especially figure 5.28(c)). In other words,
although the model exhibits stationary quasi-periodic motions in this area, it should be
investigated if these motions exhibit a physical relevance or are a purely mathematical
phenomenon.

In order to validate the predicted behavior, results of eq. (5.13) are obtained with two
time simulations in the vicinity of an exemplary, predicted stability change. The first
time simulation is initialized on the stable part and the second on the unstable part of
a branch.
Considering figure 5.27(a) to 5.28(a), the stability changes occur in “fold-like” bifurca-
tions, which is plausible since similar results were obtained in previous investigations
(cf. figure 5.9 and 5.21). Consequently, the validation is conducted at r0

δ0
= 10.2% and

Ω1 ≈ 0.26 where the stability changes (cf. figure 5.28(b)). In figure 5.32, the rotor orbit
obtained by a time simulation (figure 5.32(b)) and the torus function projection (figure
5.32(a)) of the stable part are depicted. The rotor orbit would fill the invariant manifold
densely for an infinite time interval. In figure 5.33, the rotor orbit, obtained by a short
time simulation, and the torus function projections of the unstable part are depicted on
different time intervals. As expected, the time simulation, which is initialized on the
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invariant manifold, stays on the invariant manifold for a certain time interval (s. figure
5.33(a)). Due to numerical inaccuracies, the time simulation eventually diverges from
the invariant manifold (s figure 5.33(b)). Exhibiting transient behavior, the rotor ap-
proaches the stator, where both come into contact the time simulation stops (s. figure
5.33(c)). Consequently, the presence of an unstable invariant manifold predicted by
Quont is validated by means of a direct time simulation
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Figure 5.32: Rotor orbit comparison of the stationary time simulation result with the
torus function obtained with Quont for the generator rotor at r0

δ0
= 10.2%

and Ω1 = 0.268.
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Figure 5.33: Rotor orbit comparison of the stationary time simulation result with the
torus function obtained with Quont by a projection of the results in the
the z1-z2 plane for the generator rotor at r0

δ0
= 10.2% and Ω1 = 0.255.

Conclusion. Quasi-periodic motions with corresponding stability properties of the ana-
lyzed generator rotor with unbalanced magnetic pull have been identified with Quont.
As far as the author is aware, this represents the first analysis of quasi-periodic motions
of an electric machine by means of invariant manifolds. The strong influence of the static
eccentricity has been shown, new phenomena have been identified and the predicted be-
havior concerning invariant manifolds and stability properties has been validated with
time simulations.
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5.3 Cyclic and Symmetric Structure with
Regularized Non-Smooth Nonlinearities

Having utilized Quont to analyze existing and comparatively small dynamical systems
exhibiting quasi-periodic motions, a nonlinear model describing structural dynamics will
be investigated with Quont to demonstrate its applicability to comparatively large dy-
namical systems. The analyzed structure is inspired by a bladed disk assembly. Bladed
disks are periodic structures which consist of blades arranged in a cyclic and symmetric
configuration. They are utilized in aircraft engines or industrial gas and steam turbines
[107]. Since the pressure field of the operation medium is usually inhomogeneous, such
structures experience external forcing and can exhibit localized vibrations. Vibrations
are called “localized” when sections (e.g. individual blades) of the whole bladed disk
vibrate at relatively large amplitudes, whilst the rest of the structure remains almost
calm. Such motions can cause high cycle fatigue, which leads to considerable life cy-

Figure 5.34: Heavily damaged first
stage compressor rotor and
debris of the blades due to
high cycle fatigue failure
(from [132]).

cle costs and represents a major safety issue [116] (s. figure 5.34). In order to analyze
and predict localized vibrations in linear models of symmetric and cyclic structures, a
mistuning (e.g. masses or stiffnesses) is often introduced, which can be motivated by
manufacturing tolerances, in-operation wear or material inhomogeneities [36]. Due to
the unpredictable appearance of mistuning factors, the linear approach often requires
Monte Carlo simulations to quantify50 the resulting vibrations for a certain degree of
mistuning.
In addition, vibrations of bladed disks may go beyond linear behavior due to structural
nonlinearities [83], snubbing [155] or frictional interfaces [116]. Especially the considera-
tion of nonlinear behavior due to friction is important, since bladed disks exhibit many
frictional interfaces which can lead to complex dynamical behavior, among other things
localized vibrations [157, 197]. Considering nonlinearities, localized vibration can arise
in even perfectly cyclic and symmetric structures, like bladed disks, due to bifurcations
[70], where the resultant vibration can be quasi-periodic.
Subsequently, Quont is used to analyze stationary behavior of a lumped parameter

50Worst case estimation of maximum amplitudes.
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model with frictional interfaces. A bifurcation analysis of periodic solution branches is
carried out to detect branching to quasi-periodic motions. The continuation of quasi-pe-
riodic solution branches of bladed disk models involving frictional interfaces is, as far as
the author is aware, conducted for the first time.

5.3.1 Lumped Parameter Bladed Disk Model

The system considered is a lumped parameter model inspired by a bladed disk assembly.
Although simplified, the mathematical model can exhibit complex structural dynamics

m

kl

d

µ(ẋi)

kckc

xi

ftw,i(Ωt)

Figure 5.35: Lumped parameter model of the bladed
disk, inspired by a FE model (from
[163]).

associated with dry frictional
damping. The investigated model
is illustrated in figure 5.35. It
consists of 24 blades (sections),
each modeled as one lumped
mass III©, coupled to its adjacent
masses through a linear spring
II©. The masses are connected to
the rotor disk by a linear visco-e-
lastic element, representing mate-
rial properties, and a nonlinear
dry frictional element, represent-
ing a root joint I© (cf. figure

5.35). It is important to note that the whole structure is cyclic and symmetric without
any parameter being mistuned. The system of equations of motion reads

mẍi+dẋi+klxi−kc (xi−1 − 2xi + xi+1) = fNµ(ẋi)+ftw,i(Ωt) i = 1, ..., 24, (5.19)

where x25 = x1 and x0 = x24 hold due to the structure’s periodicity. The dimensional
parameters are the blade mass m, damping coefficient d, coupling stiffness kc and the
connection stiffness to the surrounding kl. fN is the normal force51 in the frictional
interface and µ(ẋi) the velocity dependent frictional coefficient. ftw,i(Ωt) is an external
forcing due to inhomogeneous pressure fields. In contrast to the preceding chapter, the
equations are not cast into dimensionless form (equivalent to [77, 71]) and the state-space
equation system reads[

żI

żII

]
=

[
zII

−DzII −KzI + fR(zII) + f tw(Ωt)

]
, (5.20)

where zI = [z1, ..., z24]> = [x1, ..., x24]>, zII = [z25, ..., z48]> = [ẋ1, ..., ẋ24]>, f tw(Ωt) =

[ftw,1(Ωt), ..., ftw,24(Ωt)]> and the friction coefficient and normal force are combined into

51The normal force could stem from a press fit or underplatform damper.
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a friction force fR(zII) = fN [µ(z25), ..., µ(z48)]>. Furthermore, the matrices in eq. (5.20)
are

D =
1

m
diag(d, ..., d) ∈ R24×24 and

K =
1

m



2kc + kl −kc 0 . . . 0 −kc
−kc 2kc + kl −kc 0 . . . 0

0
. . . . . . . . . . . . ...

...
0 −kc 2kc + kl −kc
−kc 0 . . . . . . −kc 2kc + kl


∈ R24×24.

(5.21)

The external forcing f tw(Ωt) and the nonlinear friction coefficient model µ(ẋi) will be
specified in the following paragraphs.

External traveling wave force. Analyzing forced responses, motions with large de-
flections are of particular interest for construction. In order to identify critical excitation
regimes, the natural frequencies and mode shapes of the linear system are calculated.
In general, structures with circumferential symmetry exhibit pairs of equal

Table 5.6: Natural frequencies and
corresponding mode
numbers (linear case).

Mode Nodal
diameter

Angular
frequency / rad

s2

1 0 1.0000
2,3 1 1.0335
4,5 2 1.1260
6,7 3 1.2593
8,9 4 1.4142
10,11 5 1.5755
12,13 6 1.7320
14,15 7 1.8755
16,17 8 2.0000
18,19 9 2.1010
20,21 10 2.1753
22,23 11 2.2208
24 12 2.2361
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Figure 5.36: Two exemplary mode shapes of a mo-
tion with 2 and 8 nodal diameter.
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eigenvalues52 (degenerated spectrum) with similar eigenvectors that are shifted along
the structure (s. figure 5.36).
Due to the symmetry of mode shapes, two shifted, standing waves result. In fact, iden-
tifying an unique mode shape is impossible. However, by taking two specific modes into
account (s. figure 5.36), every linear combination of these chosen modes is possible and
a traveling wave can be modeled. In order to excite large amplitudes in a near-resonance
state, a traveling wave force (also engine order excitation) is defined with the shape of
the critical mode

f tw(Ωt) = f̂tw [r2k cos(Ωt) + r2k+1 sin(Ωt)] k = 1, ..., 11. (5.22)

Here, r ∈ R24 is a normalized mode shape53 (eigenvector), f̂tw ∈ R is a scale factor and
Ω ∈ R is the rotor rotational frequency. Subsequently, an eighth engine order excitation
(k = 8) is arbitrarily chosen, which corresponds to the mode shapes of eight nodal
diameters (cf. figure 5.36 and table 5.6).

Friction coefficient model. The friction coefficient model from [196] is utilized in the
conducted investigation. It consists of a regularized version of a Coulomb element

µ(ẋ) = −
µK ẋ

√
ẋ2 + C1

b2 + 2C2

b ẋ

ẋ2 + 1
b2

with C2 =
√
µS(µS − µK), (5.23)

where C1 is a model parameter, µS and µK are the static and kinetic friction coefficients
and b is a regularization parameter (cf. figure 5.37). This approach is accompanied by two
aspects: First, the friction coefficient is, in contrast to the classical Coulomb element,
velocity dependent. This characteristic is in accordance with numerous experimental
data validating this behavior [150]. Second, utilizing a regularization the state-space
contains a smooth vector field, where calculated quasi-periodic motions are smooth. It
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Figure 5.37: Regularized friction coefficient model with µS = 1 and µK = µS

2 .

52Due to the symmetry and periodicity of the structure, eigenvalues and eigenvectors occur in
pairs (equal values). Two eigenvectors belonging to a double eigenvalue can be translated
arbitrarily along the structure, still describing the same mode.

53All modes of the linear system are real, since
(
M−1D

) (
M−1K

)
=
(
M−1K

) (
M−1D

)
holds due to M = I, K = K> and D = D>, where M is the mass matrix.
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is important to note that through this approach sticking of masses in a strict sense is not
possible, since in the immediate vicinity of ẋ = 0 the model acts like a strong viscous
damper (linearization). However, the model will suffice to approximate the impact of
sticking on oscillatory motions. The normal force fN and the friction coefficient µ(ẋ)

are subsequently combined to a nonlinear friction force fR(ẋ) = fNµ(ẋ) (cf. eq. (5.20)),
since fN acts merely as a scale factor. Consequently, the qualitative behavior µS ≈
max(µ(ẋ)) and lim

ẋ→∞
µ(ẋ) = µK transmitted linearly to fR(ẋ)54. Choosing55 µS =

2µK and selecting a maximum friction force value fR,max, the function fR,max(ẋ) is
completely defined (cf. figure 5.37). Note that with this combination, fluctuations in
the normal force and/or friction coefficient can be studied.

5.3.2 Continuation and Analysis

In the following, stationary solutions of eq. (5.20) will be analyzed with Quont. The
investigation reveals a broad range of phenomena including periodic motions, quasi-pe-
riodic localized vibrations, detached solution branches and “stick”-slip motions of indi-
vidual sectors. The hyper-time invariance equation for periodic motions reads

∂Z

∂θ1
Ω =

[
ZII

−DZII −KZI + fR(ZII) + f tw(θ1)

]
(5.24)

and the hyper-time invariance equation for quasi-periodic motions reads

∂Z

∂θ1
Ω +

∂Z

∂θ2
ω =

[
ZII

−DZII −KZI + fR(ZII) + f tw(θ1)

]
2π∫

0

2π∫
0

∂Z0

∂θ2

>
Z dθ1dθ2 = 0,

(5.25)

where Z = [ZI;ZII], ZI = [Z1, ..., Z24]> and ZII = [Z25, ..., Z48]>. Exemplary input
files are given in section B.4. In the conducted analysis two parameters are varied sepa-
rately, the maximum friction force fR,max and the rotor rotational frequency Ω, and the
remaining ones are kept constant56 (cf. table 5.7). For the approximation of periodic
motions, Quont can be applied directly. Since the investigated model is comparatively
large and exhibits regularized nonlinearities, the following aspects have to be considered
when calculating quasi-periodic motions with Quont.

54Choosing static (µS) and kinetic (µK) friction coefficient values in eq. (5.23), the friction
force behaves analogously to fR,max(ẋ) ≈ fNmax(µ(ẋ)) and lim

ẋ→∞
fR,max(ẋ) = fNµK .

55This relation of static and kinematic friction coefficient is common in steel-to-steel contacts
[74].

56The values are oriented towards [77, 71], in which similar models are analyzed considering
conservative instead of dissipative nonlinearities.
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Table 5.7: Parameters of the lumped parameter bladed disk model.

Parameter m d kl kc f̂tw Ω C1 b µK fR,max(≈ fNµS)

Value 1 0.01 1 1 0.025 [1.8, 2.2] 10−4 100 µS

2 [0.01, 0.04]

Unit kg Ns
m

N
m

N
m N rad

s − s
m − N

Discretization. Concerning quasi-periodic motions of the structure, the identified
solutions exhibit vibrations where individual sections change between “sticking” and
sliding57. Although using regularized Coulomb elements, torus functions exhibit large
gradients at transition areas between the two states. If central difference schemes are
used to approximate derivatives, numerical instabilities occur and the oscillation phe-
nomenon described in section 3.3.2 appears (s. section A.1). Consequently, a third order
upwind scheme is chosen subsequently to avoid oscillations, ensure a high approximation
order and enable manageable calculation times. Periodic motions are also approximated
with a third order upwind scheme to ensure consistency.

Error estimation. For quasi-periodic motions of the structure, the error estimation
option in Quont is not used in the continuation process, since the chosen 2-torus dis-
cretization (M1 ∈ [41, 53] and M2 ∈ [41, 31]) is comparatively coarse58. Consequently,
error estimations obtained by eq. (3.40) exhibit either a bad convergence or do not
converge at all (lower approximation order), by which the required computational time
exceeds the limits of feasibility or an estimation is generally not trustworthy, respec-
tively. In order to provide an assessment of the present errors, the error estimation is
conducted for exemplary solutions (cf. table 5.8). Concerning periodic motion, the error
estimation can be used without restrictions and the interval 10−1 > εFDM > 10−3 is
chosen.

Stability analysis. Considering the continuation of quasi-periodic motions, the stabil-
ity identification option is not used in the continuation process. Since a comparatively
large structure with regularized non-smooth nonlinearities is analyzed, the computa-
tional effort increases significantly. For one thing, approximating the Jacobian matrix
J(θ1, θ2) ∈ R48×48 as a function on T2 requires a considerable computational effort. In
addition, the identification of fundamental solutions along a periodic boundary amplifies
significantly with the number of characteristics59. Due to the latter, stability identifi-

57This phenomenon arises from the (regularized) Coulomb elements.
58Note that quasi-periodic motions of the investigated structure approximated on the above
mentioned 2-torus discretization lead to e.g. 41 × 41 × 48 + 1 = 80689 variables. Although
using Intel Xeon E5-2650 v4 with 256 GB RAM, the required computational resources
and tolerable computational time are almost exhausted. Note that this merely holds for the
implemented version of Quont, where an efficiency improvement is certainly possible.

59Recall that ψ̇(θ(t)) = J(θ(t))ψ(θ(t)) has to be solved between two periodic boundaries to
obtain one fundamental solution. Since multiple fundamental solutions are required to deter-
mine the Lyapunov exponents, the computational effort increases considerable. For example
take the exemplary torus discretization mentioned in the “Error estimation” paragraph above
and assume 31 characteristics are chosen. In this case, an ODE with 48 × 48 × 31 = 71424
variables has to be solved.
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cations exhibit a time consumption approximately one to two magnitude orders higher
than the one required for manifold identifications, making the stability identification in a
continuation process too time consuming. Nevertheless, similar to the error estimation,
stability analysis of exemplary solutions are conducted to validate the developed method
and demonstrate its applicability (cf. table 5.8). Periodic motions are not affected and
stability analyses can be carried out without restrictions.

In the following, two different parameters are individually continued. First, the maxi-
mum friction force fR,max is varied and only periodic motions are identified. Second,
the rotor rotational frequency Ω is varied and both periodic and quasi-periodic motions
are determined. For the purpose of keeping the subsequent results clear, solely the max-
imum deflection of the first sector is depicted.
In order to analyze the friction force influence, a continuation is initialized at fR,max =

0.01 N and Ω = 2 rad
s , which is the resonance frequency of the linear structure (cf. ta-

ble 5.6)). The continuation result is depicted in figure 5.38 and exhibits basically three
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Figure 5.38: Continuation of a periodic motion along the friction force fR,max at Ω =

2 rad
s (NSB: Neimark-Sacker bifurcation, LPC: Limit point cycle bifur-

cation).

different areas. The first one is located at fR,max < 0.022 N, where merely one stable pe-
riodic solution exists. Here, the frictional force is too weak to significantly influence the
structure’s behavior and the system behaves almost linearly. The second area is located
at fR,max > 0.033 N with also one stable periodic solution. In this area, the frictional
force is stronger than the exciting traveling wave force (f̂tw = 0.025 N), by which the
structure almost60 stands still. The third area is situated at 0.022 N < fR,max < 0.033 N,
where three connected stationary solutions coexist, one unstable and two stable ones.

60Due to the regularization, a minimal deflection is present (approximate magnitude: 10−3 m).
In the framework of the chosen regularization, this can be interpreted as sticking.
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5 Numerical Analysis of Dynamical Systems Exhibiting Quasi-Periodic Motions

Here, the frictional and the traveling wave force f̂tw are of the same magnitude, enabling
simultaneous occurrence of “sticking” and sliding. Especially this circumstance enables
localized vibrations, indicated by the NSB.
In order to further investigate the solution branch, the rotor rotational frequency Ω

is varied. This analysis is conducted for two reasons. First, the rotor rotational fre-
quency dependency of stationary motions is often of interest when analyzing bladed
disk assemblies, and second, the traveling force magnitude decreases61 in proportion to
the frictional force. Continuation results are depicted in figure 5.39. Three exemplary
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Figure 5.39: Periodic solution continuation along the rotor rotational frequency Ω for
three different maximum friction forces: fR,max = 0.023 N, fR,max =

0.031 N and fR,max = 0.0328 N.

values of fR,max are chosen, which provide a representative bifurcation behavior. In
all cases, the “sticking” motion (undermost branch in figure 5.38) remains qualitatively
unaltered by the Ω-variation. The stable and unstable periodic branch are connected
when continuing fR,max and form detached solution branches when continuing Ω. Fur-
thermore, many bifurcations are identified but their names are omitted and given in
figure 5.40,5.41 and 5.44 to keep figure 5.39 clear.

fR,max = 0.0328 N. The continuation results are depicted in figure 5.40. The max-
imum deflection of the first torus function Z1(θ1, θ2) is depicted against the rotor ro-
tational frequency Ω. The “sticking” motion exhibits a small amplitude due to the
frictional interface regularization. Regarding the detached solution branch, which corre-
sponds to a sliding motion, the stable and unstable branch form a closed curve and are
separated by two LPC bifurcations.

61Recall that figure 5.38 depicts stationary, periodic motions occurring at the resonance fre-
quency of the linear structure (cf. table 5.6).
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Figure 5.40: Continuation of periodic solutions along the rotor rotational frequency Ω

at fR,max = 0.0328 N.

fR,max = 0.031 N. In figure 5.41, maximum deflections of invariant solutions obtained
by Quont are illustrated. Considering periodic solutions, the “sticking” motion remains
qualitatively unaffected. The detached solution branch (sliding motion) exhibits besides
the two LPC bifurcations four NSB. From each NSB a quasi-periodic solution branch
arises, where two NSB are connected by one quasi-periodic branch. The identified
quasi-periodic motions correspond to localized vibrations.
On branch 1 (s. figure 5.42), quasi-periodic solutions describe localized vibrations whose
envelope function (hull) is defined by one traveling wave wandering around the periodic
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Figure 5.41: Continuation of periodic and quasi-periodic solutions along the rotor rota-
tional frequency Ω at fR,max = 0.031 N.
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structure. The identified second base frequency is ω ∈ [0.1100 rad
s , 0.1127 rad

s ]. During
this process, individual sections stand still62 while others oscillate. In figure 5.42 the
results at S1 are depicted. Considering the interpretation of the base frequencies, Ω

(forcing) can be interpreted as the motions’ frequency of each section and ω (self-exci-
tation) as the frequency of maximum deflection modulation.
On branch 2 (s. figure 5.43), quasi-periodic solutions describe localized vibrations whose
envelope function (hull) is defined by two traveling waves, which wander around the
periodic structure. The identified second base frequency is ω ∈ [0.2183 rad

s , 0.2216 rad
s ].
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5.42(a): Structural vibration snapshot (θ1 = 0, θ2 = 0).
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Figure 5.42: Illustration of a localized quasi-periodic vibration with one traveling wave
occurring on solution branch 1 at S1 (cf. figure 5.41).
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5.43(a): Structural vibration snapshot (θ1 = 0, θ2 = 0).
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5.43(c): Torus function Z13.

Figure 5.43: Illustration of a localized quasi-periodic vibration with two traveling waves
occurring on solution branch 2 at S3 (cf. figure 5.41).

62To be precise, due to the regularization sections never stand still, in fact they oscillate with
almost negligible amplitudes.
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Due to the symmetry of both traveling wave hulls, each traveling wave hull exhibits
double the frequency of one traveling wave hull (branch 1). The latter finding seems
reasonable due to the symmetry of the structure. Exemplarily, the results at S3 are
illustrated in figure 5.43.
Two things are particularly interesting. First, although a stable solution exists along the
whole parameter set (“sticking”), a perturbation of this solution may lead to vibrations
with large amplitudes, if a state switches branches. Second, the localized vibrations
exceed the amplitudes of the sliding periodic solutions considerably (left-hand side).

fR,max = 0.023 N. In figure 5.44, the continuation results of periodic and quasi-pe-
riodic motions are depicted. A detailed depiction of the lower section is illustrated in
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5.44(a): Full continuation paths.
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Figure 5.44: Continuation of periodic and quasi-periodic solutions along the rotor rota-
tional frequency Ω at fR,max = 0.023 N.
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figure 5.44(b). The “sticking” motion remains (almost) unaffected. Considering the
detached solution branch, the area enlarges significantly where the unstable, periodic
solution approaches the “sticking” motion. Similar to figure 5.40 and 5.41, two LPC
bifurcations limit the detached solution branch in Ω-direction (s figure 5.44(b)). Con-
sidering NSBs, ten bifurcations are identified, where each of the five identified quasi-pe-
riodic branches connect two NSBs. Analyzing the occurring quasi-periodic motions,
every branch describes localized vibrations. Analogously to figure 5.41 each branch in
figure 5.44 is characterized by a different number of traveling waves with corresponding
frequencies. The identified solutions are:

• Figure 5.45: one traveling wave with ω ∈ [0.1025 rad
s , 0.1115 rad

s ].

• Figure 5.46: two traveling waves with ω ∈ [0.1966 rad
s , 0.2217 rad

s ].

• Figure 5.47: three traveling waves with ω ∈ [0.2937 rad
s , 0.3225 rad

s ].

• Figure 5.48: four traveling waves with ω ∈ [0.3904 rad
s , 0.4104 rad

s ].

• Figure 5.49: five traveling waves with ω ∈ [0.4740 rad
s , 0.4786 rad

s ].
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5.45(a): Structural vibration snapshot (θ1 = 0, θ2 = 0).
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5.45(b): Solution branch 1.

Figure 5.45: Illustration of a localized quasi-periodic vibration with one traveling wave
occurring on solution branch 1 (gray circle).
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5.46(a): Structural vibration snapshot (θ1 = 0, θ2 = 0).
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Figure 5.46: Illustration of a localized quasi-periodic vibration with two traveling waves
occurring on solution branch 2 (gray circle).
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5.47(a): Structural vibration snapshot (θ1 = 0, θ2 = 0).
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Figure 5.47: Illustration of a localized quasi-periodic vibration with three traveling waves
occurring on solution branch 3 (gray circle).
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5.48(a): Structural vibration snapshot (θ1 = 0, θ2 = 0).
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Figure 5.48: Illustration of a localized quasi-periodic vibration with four traveling waves
occurring on solution branch 4 (gray circle).
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5.49(a): Structural vibration snapshot (θ1 = 0, θ2 = 0).
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Figure 5.49: Illustration of a localized quasi-periodic vibration with five traveling waves
occurring on solution branch 5 (gray circle).
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Two aspects are particularly noteworthy. First, branch 1 (cf. figure 5.45), which is
characterized by one traveling wave, exhibits a different qualitative behavior compared
to the remaining ones63. In addition, occurring localized vibrations on branch 1 do not
show distinct “sticking” sections (s. figure 5.45(a)). This behavior is equivalent to the
other branches in this area64. Instead of a “sticking” motion, the corresponding sections
vibrate similarly to the unstable periodic solution branch. Second, the calculated fre-
quencies are not an exact multiplier of each other. This may stem from the involved
nonlinearities or the coarse approximation of quasi-periodic motions.

Bifurcation scenario. In general, localized quasi-periodic motions can exist in the
area of coexisting periodic motions 0.022 N < fR,max < 0.033 N (cf. figure 5.38). Here,
localized motions exhibit the form of standing waves traveling around the structure,
where the rotor rotational frequency Ω characterizes the oscillation within the standing
wave and the self-excitation frequency determines the wandering frequency. Consider-
ing small frictional forces (cf. figure 5.44), localized vibrations with multiple traveling
waves are identified. Enlarging fR,max, the detached periodic solution branch shrinks,
by which two connected NSBs collide and the connecting quasi-periodic solution is elim-
inated. Regarding the number of traveling waves, the branches with the highest number
of waves collide first (cf. figure 5.48 and 5.49). Further enlarging the frictional force,
all NSBs are collided and only stationary periodic motions exist (cf. figure 5.40) and,
subsequently, both LPC bifurcations collide and the detached solution branch stops
existing65 (cf. figure 5.38).
Starting at fR,max = 0.023 N and decreasing the frictional force, localized vibrations
with more than five traveling waves can be expected, since further NSBs are identified
beyond this point (s. figure 5.38). Furthermore, it is probable that the unstable periodic
part of the detached solution branch merges with the periodic “sticking” branch, by
which two LPC bifurcations arise.
In order to validate predicted stationary solutions, provide an error estimation and ap-
ply the developed stability criterion, exemplary quasi-periodic motions are conclusively
analyzed. Therefore, the marked states S1 to S4 in figure 5.41 are exemplarily investi-
gated and compared to time integrations of eq. (5.20).

Validation. The points S1 to S4 are chosen almost arbitrarily, where two states are
located on each branch. Quont is utilized to provide an error estimation and calcu-
late the Lyapunov exponents to identify the stability of the localized quasi-periodic

63Note that the “branching systematic” is equivalent to figure 5.41. Starting at the quasi-
periodic branch arising at the outermost right NSB, the number of traveling waves increases
towards the left (cf. figure 5.45 to 5.49)

64Meaning close to the unstable periodic motion.
65Note that the LPC bifurcation in figure 5.38 at Ω ≈ 0.033 does not indicate the colliding
point, this occurs in a codimension-two bifurcation. Since the detached solution branch is
slightly shifted to the left (cf. figure 5.40), the LPC bifurcation in figure 5.38 determines
when the bifurcation crosses Ω = 2. Nevertheless, the branch stops existing in its immediate
vicinity.
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vibrations. Since eq. (5.20) exhibits 48 state-space coordinates, 48 Lyapunov expo-
nents exist. For the purpose of keeping the depicted results clear, only the six largest
exponents of each state are presented. The identified quantities are depicted in table
5.8. The error estimation confirms that the torus function approximation is rough. As

Table 5.8: Error estimation and the six largest Lyapunov exponents of states S1 to S4
depicted in figure 5.41.

εFDM σ1 σ2 σ3 σ4 σ5 σ6

S1 0.382 0 −0.001 −0.029 −0.029 −0.033 −0.033

S2 0.453 0.008 0 −0.003 −0.017 −0.017 −0.020

S3 0.097 0 −0.002 −0.003 −0.003 −0.029 −0.029

S4 0.312 0.005 0.005 0.001 0 −0.036 −0.036

mentioned initially, a finer mesh discretization is impractical due to computational time
consumption. Considering the Lyapunov exponents, S1 and S3 are stable and S2 and
S4 are unstable localized, quasi-periodic motions. Here, S2 exhibits merely one positive
exponent, while S4 exhibits three66. Note that the second exponent equal to zero stems
from the periodic time dependency and is not explicitly given67. The predicted behavior
is validated by initializing time simulations (t ∈ [0 s, 5000 s, ]) on the quasi-periodic
motions determined by Quont.
Regarding state S1 and S3, the obtained results are depicted in figure 5.50. On the
right-hand side, the results of a stable, stationary quasi-periodic solution are illustrated,
validating localized vibrations. Comparing figure 5.50 to figure 5.42 and 5.43, the struc-
tural vibration involving one and two traveling waves can be identified, considering of
the calculated “free” base frequency (ωS1 = 0.1114 rad

s and ωS3 = 0.2208 rad
s ). On the

left-hand side, the last 50 time units of the same results are depicted together with the
invariant manifold.
Conducting similar analysis for state S2 and S4, the determined results are illustrated
in figure 5.51. On the left hand side, the identified torus functions are depicted. Con-
cerning the state at S2, the motion does not exhibit strongly localized vibrations, but
still describes one traveling wave (ωS2 = 0.1127 rad

s ). The state at S4 is characterized
by two traveling waves (ωS4 = 0.2183 rad

s ) with a stronger localization than S368. On
the right hand side, the time simulation results on the time interval t ∈ [0 s, 1000 s, ]

are illustrated. As indicated with Quont, both invariant manifolds are unstable. The
time simulation initiated on S2 diverges and converges to the stable periodic motion
(cf. figure 5.41). Repeating the procedure at S4, the time simulation also diverges and

66The number of positive Lyapunov exponents does not indicate special characteristics of the
invariant manifold. Similar to Floquet multiplier, it only provides (roughly speaking) a
statement concerning unstable, normal directions.

67In order to obtain the second Lyapunov exponent equal to zero, the state-space has to be
extended by z49 = Ωt.

68Compare the “sticking” phase of S4 in figure 5.51 with S2 in figure 5.50.
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converges to the stable state S269. Consequently, the results obtained with Quont are
in accordance with time simulations, validating the torus function approximation and
stability identification method.
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Figure 5.50: Time simulation results of the first sector motion z1(t) against the time t
(right) or the torus T2 with the calculated torus function Z1(θ1, θ2) (left):
S1 (top), S3 (bottom).
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Figure 5.51: Time simulation results of the first sector motion z1(t) against the time t
(right) and the calculated torus function Z1(θ1, θ2) against the torus T2

(left): S2 (top), S4 (bottom).

69Compare the maximum deflection of z1(t) at t = 1000 s with S2 in figure 5.50. Furthermore,
note the decreased “sticking” phases in the vicinity of t = 1000 s.
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Conclusion. Stationary periodic and quasi-periodic motions of a nonlinear, cyclic and
symmetric structure involving regularized fictional interfaces are analyzed with Quont.
The structure is inspired by a bladed disk assembly and investigated concerning localized
vibrations. Besides a variety of localized, quasi-periodic vibrations involving “stick”-slip
motions, the structure exhibits detached, periodic solutions branches whose size depends
on the frictional force magnitude fR,max. Exemplary stability assessments are conducted
and findings are validated by means of time simulations.
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6 Conclusions and Outlook

In this chapter, the contents of the present thesis will be summarized and the main
conclusions are given. Section 6.1 summarizes findings of each chapter and provides
a compact overview of the investigated contents. Subsequently, the main research ob-
jectives of this thesis, defined in the introduction (cf. section 1.2), are addressed in
chapter 6.2. This thesis closes with suggestions for further research objectives, given in
chapter 6.3.

6.1 Summary

Having introduced the topic of quasi-periodic motions, discussed the need of an efficient
approximation algorithm in engineering applications and pointed out the lack of meth-
ods to identify stability properties of quasi-periodic motions, the following structure
resulted:

Chapter 2. The topic of quasi-periodic motions was approached by providing the
required theoretical frameworks. Stating with an illustrative example (forced van-
der-Pol equation), the fundamental principle of two unrelated excitation mechanisms
causing the occurrence of quasi-periodic motions was demonstrated. Due to its low di-
mensionality, many of the discussed theoretical frameworks were exemplarily shown
by means of the forced van-der-Pol equation. Since quasi-periodic motions are
parametrized on an infinite time interval, one of the most useful characteristics of
quasi-periodic motions is that invariant toroidal manifolds, parametrized on a finite
torus, describe the hull of quasi-periodic motions. This hull can be described by a torus
function.
In context of engineering applications, the transition between periodic and quasi-peri-
odic motions are often encountered, where two systematic scenarios were discussed. If
a Neimark-Sacker bifurcation causes the transition, torus functions of quasi-periodic
motions exist merely on one side of the bifurcation and the second frequency emerges
instantaneously. If a synchronization is responsible for the transition, torus functions of
previously quasi-periodic motions persist and only the motion within a torus function
changes.
In order to identify torus functions, the invariance equation was discussed, where two
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different approaches are possible. The state-space approach aims at a coordinate trans-
formation of the state-space variables, such that the torus coordinates and torus func-
tions are given for the invariance equation. In this context, synchronized states can be
captured, since invariant objects in state-space are described regardless of the present
motion on them. Besides the local coordinate transformation from the literature, a
global transformation was proposed, which requires a separation of dependent and inde-
pendent phase angles. Concerning engineering applications, coordinate transformations
of larger systems are usually impractical. The hyper-time approach is a systematic
method to identify quasi-periodic motions, since it assumes that each state-space coor-
dinate carries out a quasi-periodic motion. As a result of this approach, torus functions
are filled by a parallel flow. The hyper-time approach is the natural generalization of
time based approaches for periodic motions, is generally applicable to engineering sys-
tems and was used throughout this thesis.

Chapter 3. In order to solve the hyper-time invariance equation to obtain quasi-peri-
odic motions, numerical discretization methods are generally inevitable. Three methods
were discussed and numerical aspects for an efficient implementation were given for each
method.
A shooting method for quasi-periodic motions was developed in this thesis, which is
based on the method of characteristics, utilizes time integrations and provides a gen-
eralization of the shooting method for periodic motions. Instead of identifying one
trajectory which starts and ends at the same point, multiple trajectories are considered
which start and end on an approximated periodic boundary of the torus function.
Furthermore, the multi-dimensional Fourier-Galerkin method was discussed, which
is the most common method in the literature and utilizes global ansatz functions. The
trigonometric terms of a one-dimensional Fourier series can easily be expanded by ad-
ditional base frequencies, resulting in a multi-dimensional Fourier series. In contrast
to one-dimensional Fourier series, where only higher harmonics of one base frequency
occur, multi-dimensional Fourier series enable combination frequencies. If base fre-
quencies with at least one known frequency are present, the discussed semi-discretiza-
tion approach provides an efficient alternative.
The third method discussed in this thesis is the finite difference method, which is based
on a local discretization of the hyper-time invariance equation and was used throughout
this thesis. Since a torus exhibits periodic boundaries and a very simple geometry, the fi-
nite difference method is a well suited approach. Having developed a vectorized notation
for the implementation and having provided an algorithm to identify a general sparse
Jacobian matrix, a highly efficient algorithm has been developed to approximate torus
functions describing periodic and quasi-periodic motions.

Chapter 4. Having the ability to approximate quasi-periodic motions, only invariant
motions can be described. In order to make a statement concerning the stability, the
linearized dynamics can almost always be regarded. Therefore, a general hyperbolicity
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definition has been discussed which ensures the validity of linearized equations by re-
quiring a distinct contraction or expansion behavior of the normal space. Subsequently,
established methods for the stability identification of stationary motions were explained.
Exhibiting finite time intervals, the stability identification of stationary points or peri-
odic motions reduces to an eigenvalue analysis of the Jacobian or monodromy matrix,
respectively. If almost arbitrary motions on infinite time intervals are regarded, a sta-
bility identification can be obtained by calculating the Lyapunov exponents which are
often used in the analysis of chaotic motions. Since quasi-periodic motions also occur
on infinite time intervals, approaches were formulated which are based on the determi-
nation of Lyapunov exponents.
The spatial approach can be regarded as a geometrical approach, since local expansion
and contraction rates of quasi-periodic motions are considered. Only considering local
characteristics, the crucial temporal evolution of Lyapunov exponents is neglected,
providing merely a sufficient instability criterion based on the nth order exponent.
The temporal approach considers the temporal evolution and regards fundamental ma-
trices. In contrast to a brute force calculation of the Lyapunov exponents, a systematic
approach was formulated, which provides discrete fundamental matrices, mapping per-
turbation over a periodic boundary of a torus function. Using a cubic spline interpolation
of the discrete fundamental matrices, arbitrary perturbation at arbitrary positions on a
periodic boundary can be mapped. Having combined the ability of mapping arbitrary
perturbations with a discrete Gram-Schmidt orthonormalization, the Lyapunov ex-
ponents of quasi-periodic motions can be efficiently obtained with a manageable effort.

Chapter 5. The theoretical frameworks for a calculation of quasi-periodic motions by
means of a finite difference approach and for the stability identification with the devel-
oped temporal approach were implemented in a self-developed continuation algorithm
named Quont. The choice of a finite difference method was highlighted by applying
the discussed discretization methods to a quasi-periodically forced Duffing equation.
The comparison revealed that the finite difference method provides the best compromise
between approximation accuracy and general applicability. Subsequently, the proposed
stability approach was verified and validated by comparing the identified Lyapunov
exponents to an established method, the continuous Gram-Schmidt orthonormaliza-
tion. In addition, a brief excursus to synchronized motions was made to demonstrate
the behavior of Quont when synchronized states are approached.
Having investigated Quont by means of an academical system, two nonlinear rotor
models were taken from the literature to show Quont’s capabilities. First, a rotor-
to-stator contact system was regarded. In the literature, this model was analyzed by
means of a Fourier-Galerkin method. Using Quont, additional branch behavior
was identified and the stability properties were calculated. Furthermore, the behavior in
the vicinity of discontinuities was analyzed, identifying highly nonlinear phenomenons.
Second, a generator rotor with unbalanced magnetic pull was investigated. In this con-
text, stationary quasi-periodic motions of a static run-up simulation were investigated
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by means of a continuation algorithm and stability properties were identified. The static
eccentricity variation revealed the systematic occurrence of large peaks resulting in co-
existing quasi-periodic branches. Both systems were compared to time simulations to
validate the identified behavior.
Lastly, Quont was utilized to calculate periodic and quasi-periodic motions of a struc-
ture. Therefore, a bladed disk model with regularized non-smooth nonlinearities was
analyzed, where a velocity dependent friction coefficient was considered. Having ana-
lyzed the friction force influence and the dependence of motions on the rotor rotational
frequency, a detached solution branch was identified and numerous Neimark-Sacker
bifurcations were determined. For the first time, quasi-periodic localized vibrations were
identified in a cyclic and symmetric structure with regularized non-smooth interfaces.
The identified localized vibrations correspond to different numbers of traveling waves,
where the number of existing branches depends on the friction force. Selected states
were utilized to validate the predicted motions and stability properties.

6.2 Conclusions of Research Objectives

In this section, the main research objectives of this thesis, defined in section 1.2, will be
addressed and conclusions will be given:

• The invariance equation can be formulated by two approaches. Although the
state-space approach exhibits advantages concerning synchronized states, the ac-
companying coordinate transformation is often impractical in engineering systems.
The hyper-time approach provides an applicable method and is the natural gen-
eralization of established approaches for periodic motions. One merely has to be
aware of synchronized states, whereas the approach often provides useful results
in high synchronization areas.

• Concerning quasi-periodic motions, the often used Fourier-Galerkin method
and the rarely used finite difference method are capable discretization methods.
Due to its local discretization of torus functions and efficiently evaluable alge-
braic equation system, the finite difference method is preferable. Besides the two
established methods, a simple shooting method for quasi-periodic motions was
developed and implemented, providing the fundamentals for further development.

• Stability identification methods of the mathematical literature for quasi-periodic
motions are not applicable to general engineering systems. Having utilized the
theory of Lypunov exponents to formulate a stability criterion and developed an
efficient approach which is based on a boundary to boundary map of fundamental
matrices, an applicable stability criterion has been formulated.

• Besides theoretical considerations, an efficient algorithm (Quont) for calculation,
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continuation and analyses of periodic and quasi-periodic motions was developed
and implemented. Quont was applied to two different nonlinear rotor dynamical
systems from the literature and a designed nonlinear structure dynamical system
to demonstrate its capabilities. Concerning quasi-periodic motions, a variety of
interesting phenomenons were discovered and should be investigated further.

6.3 Outlook for Further Investigations

In this thesis, synchronized states were only briefly discussed. Although not occurring
in the investigated systems, synchronization is an interesting nonlinear phenomenon. A
further analysis of torus functions approaching synchronized states in the engineering
context should be considered. The state-space approach already captures the phase dy-
namics which is responsible for synchronization and could be used for small systems. The
hyper-time approach is in general not capable of directly identify synchronized motions,
but an investigation of the identified frequencies may lead to an identification criterion.
It is recommended to start with SNIC (saddle-node on invariant circle) bifurcations,
since they qualitatively correspond to the mechanism responsible for synchronizations.

The developed and implemented shooting method for quasi-periodic motions only cap-
tures the fundamentals. Considering shooting methods for periodic motions, enhance-
ment strategies can be transferred. For example, since shooting methods are based on
time integrations, a multiple shooting method could be developed for quasi-periodic
motions to better capture unstable motions. In addition, the spline interpolation on
the boundaries can be approximated more efficiently by not using an equidistant dis-
tribution of discrete characteristics. The shooting method for quasi-periodic motions
exhibits a high potential for large systems, since torus functions are approximated by
characteristics. Concerning the stability identification, a major advantage of the shoot-
ing approach is the direct supply of fundamental matrices.

Having developed a method to identify the stability of quasi-periodic motions by means
of the Lyapunov exponents, a bifurcation theory based on the exponents could be
investigated. Once an exponent transits from negative to positive, or vice versa, the mo-
tion changes its stability property. Unfortunately, it is not clear how the motion loses
its stability. In the investigated systems, this transition often occurred in a “fold-like”
bifurcation which was merely identified by the bifurcation diagram appearance. If a bi-
furcation theory would be established, a classification could be conducted and possible
bifurcations to quasi-periodic motions with more than two base frequencies could be
identified.

The focus of this thesis was kept on methods and their implementation. Nevertheless,
the validation was conducted with nonlinear dynamical systems whose behavior is not
fully explored. This strategy exhibited the advantage that the benefit of Quont was

187



6 Conclusions and Outlook

directly demonstrated but has the drawback that many identified phenomena were not
completely analyzed. Consequently, a further investigation of occurring phenomena
should be considered, which are for example: the onset of dry whip motions in the rotor-
to-stator contact systems, the determined peaks in the generator rotor with unbalanced
magnetic pull and the phenomenological origin of localized vibrations in the model of a
balded disk assembly.

Lastly, it was demonstrated that Quont is already an efficient algorithm, but an en-
hancement is required especially for large systems. An approach could be a localized
adaption of the mesh, which could reduce the number of variables significantly. Such
strategies are used in every commercial finite element algorithm. Furthermore, since en-
gineering systems are often described by second-order ordinary differential equations, a
corresponding consideration can approximately halve the number of variables. Although
the computational effort is significantly reduced, one has to be aware that stability cri-
teria are often deduced for first-order ordinary differential equations.
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A Supplementary Analysis to
Chapter 5

A.1 Comparison of an Upwind Difference Scheme
with a Central Difference Scheme

The influence of both implemented difference schemes on a solution is discussed briefly.
Therefore, the quasi-periodic solution at S1 (s. figure 5.41 and 5.42) is approximated by
a central (s. figure A.1(a)) and an upwind difference scheme (s. figure A.1(b)). As dis-
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A.1(a): Central difference scheme.
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A.1(b): Upwind difference scheme.

Figure A.1: Illustration of Z1(θ1, θ2) approximations at S1 with two different difference
schemes.

cussed in the context of a convection-diffusion equation (s. section 3.3.2), large gradients
(transition between “sticking” and sliding) lead to numerical instabilities when using a
central difference scheme. Considering the upwind difference scheme, the torus function
is approximated accurately (s. error estimation in table 5.8), since the diffusive prop-
erties of the invariance equation is “naturally” considered. Although upwind schemes
avoid instabilities, they introduce diffusive effects. This influence can be reduced by
using higher order upwind schemes, which are chosen.

191



B Quont

B QUONT

The developed continuation software Quont (Quasi-periodic Continuation) can con-
tinue periodic and quasi-periodic motions with two base frequencies1. It is important
to note that Quont is implemented in MATLAB and requires the “Optimization Tool-
box.” Quont utilizes a pseudo arc length continuation scheme to continue stationary
motions. Besides identifying stationary motions by means of a finite difference method,
Quont can perform a stability analysis of determined motions. In case of periodic
motions, the classical Floquet theory is used and the monodromy matrix is identified
(cf. section 4.1.2). In case of quasi-periodic motions, the novel temporal approach is
utilized (cf. section 4.2.2). In the following, the two required input files are briefly intro-
duced.

File “SystemOfPDE.m” This file provides the governing equations of the investigated
dynamical system. It gets two variables, z and Parameter, and returns the variable f.
Since Quont utilizes a vectorized notation, z and f are arrays.

• z: This variable contains an array. The number of rows is defined by the number
of sought torus functions plus the number of known frequencies (s. “ContMain.m”).
Each column of this variable can be regarded as an autonomous state-space vec-
tor. The number of columns is defined by the finite difference discretization and
represents the number of mesh points.

• Parameter: This variable contains a structure array. The included variable names
and values are defined in “ContMain.m”. In contrast to the variable z, the variable
Parameter contains scalar values.

• f: This variable defines the vector field in form of an array (r.h.s of eq. (2.96)).
This variable has to be consistent with z, meaning that e.g. the first row of f
should be the partial derivation of the first row of z.

File “ContMain.m” This file defines the regarded problem, sets numerical parameters
and enables user specifications concerning the required analysis. The chosen settings
have to be in accordance with the file “SystemOfPDE.m”. In principle, all input variables
are saved in the structure array “InputVar”, which can easily be extended if required.

1Most of the functions of Quont are implemented in such a way that an extension to more
than two base frequencies is possible.
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• InputVar.NumOfElem: This variable defines the torus discretization in each direc-
tion. This variable can be a scalar or a (2× 1)-dimensional array. By setting this
variable, it is defined if a periodic or quasi-periodic motion is sought. Choosing a
scalar (e.g. 10), a T1 is discretized with 10 nodes in θ direction (periodic motion).
Choosing an array (e.g. [21, 35]), a T2 is discretized with 21 nodes in θ1 direction
and with 35 nodes in θ2 direction (quasi-periodic motion).

• InputVar.NumberOfVariables.NumberOfAmplitudes: This variable specifies the
number of sought torus functions and is equal to the dimension of the regarded
state-space. Note that state-space variables of an extension through an autono-
mization are not considered here (e.g. zn+1 = Ω).

• InputVar.NumberOfVariables.FreePhases: This variable determines if a torus
coordinate stems from a known (θ = Ωt) or unknown (θ = ωt) frequency. This
variable can be a scalar or a (2×1)-dimensional array and has to be in accordance
with “InputVar.NumOfElem” concerning the dimension. An unknown frequency
(free phase) is indicated by a “1” and a known frequency by a “0”. For example,
the array [1, 0] indicates a known frequency in θ1 = Ωt and an unknown frequency
in θ2 = ωt.

• InputVar.DiscretizationMethod: This variable defines the chosen finite differ-
ence scheme. The user can choose between a central, upwind and “reverse upwind”
(upwind scheme in the opposite direction) scheme.

• InputVar.OrderOfDerivatives: This variable specifies the maximum number of
considered neighboring nodes for the chosen difference scheme. For example, a “1”
in combination with a central difference scheme results in the first-order central
difference scheme, where one node in each direction is considered. The values “1”,
“2” and “3” are possible.

• InputVar.Step.StepSize: This variable determines the initial step size of the
pseudo arc length continuation procedure.

• InputVar.Step.MaxStepSize: This variable defines the maximum step size of
the pseudo arc length continuation procedure. Since an automatic step adaption
is implemented (cf. [134, p. 250]), this value limits the maximum step size. The
minimum step size is approximately 10−8 and the continuation stops if the step
size falls below.

• InputVar.CalculateStability: This variable specifies if a stability analysis is
desired, where “1” means that an identification is activated and “0” means that
a procedure is deactivated. If periodic motions are analyzed, Floquet multi-
pliers are calculated and if quasi-periodic motions are investigated, Lyapunov
exponents are identified with the novel temporal approach.
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• InputVar.NumberOFCharacteristics: This variable determines the number of
discrete characteristics used for the temporal approach. If periodic motions are
regarded, this parameter is not utilized.

• InputVar.CheckTol: This variable defines if an error estimation of the calculated
solution is conduced, where “1” means an identification is activated and “0” means
the procedure is deactivated. The error estimation is calculated with eq. (3.40).
Note that a finite difference scheme with a lower order is required, where an error
estimation is not possible if “InputVar.OrderOfDerivatives = 1”.

• InputVar.ErrorMax: If the approximation error is larger than this specified value,
the mesh is refined.

• InputVar.ErrorMin: If the approximation error is smaller than this specified
value, the mesh is coarsened.

• InputVar.ErrorMeshInt: If the mesh has to be remeshed due to an error estima-
tion outside of the latter tolerances, each torus coordinate is modified by this value.
For example, consider a quasi-periodic motion is discretized with [23, 33] nodes and
“InputVar.ErrorMeshInt = 3.” If the error exceeds “InputVar.ErrorMax” the
mesh is refined to [26, 36]. If the error falls below “InputVar.ErrorMin” the mesh
is coarsened to [20, 30].

• InputVar.ParaS: This variable specifies the occurring parameter names and val-
ues in a structure array. Since Quont performs a one parameter continuation,
only one parameter is varied during a continuation process. This continuation pa-
rameter is specified with a (2×1)-dimensional array. The continuation is initialized
at the first value of the array and stops if a continuation parameter outside the
interval is identified. The remaining parameters, which are not the continuation
parameter, have to be constant.

• InputVar.ContPara: This variable determines the position of the continuation pa-
rameter and thus the (2 × 1)-dimensional array in the structure array
“InputVar.ParaS.”

• InputVar.InitValAmpIn: This variable defines a simple, initially guessed solution
by a structure array (cf. section 5 for motivation). The initial guess of each torus
function is defined by

Z(θ) = C cos(nT1θ) + S sin(mT1θ) (B.1)

for periodic motions and by

Z(θ1, θ2) = C cos(nT1θ1 + nT2θ2) + S sin(mT1θ1 + mT2θ2) (B.2)
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for quasi-periodic motions. The specified structure array fields of “InputVar.
InitValAmpIn” are “C”, “nT1”, “nT2”, “S”, “mT1” and “mT2”. Each array element con-
sists of a (n×1)-dimensional array, where n has to be equal to the number specified
in “InputVar.NumberOfVariables.NumberOfAmplitudes”. Each column specifies
the quantities of one torus function defined in eq. (B.1) and (B.2).
Besides the option of providing a guessed solution, Quont can utilize initial data.
Therefore, a file named “InitialVal.mat” has to be located in the direction where
“ContMain.mat” is located. The file should contain a variable Z (s. below) which
defines the initial data. Quont displays a message if initial data is found. This
can be useful if homotopy methods are used to approach the desired initial state
from similar but simpler solutions.

• InputVar.PlotSet: This variable specifies the result visualization after each con-
tinuation step. The user can choose between “Manifold” (depicting the torus func-
tions), “MaxValue” (depicting the continuation path) and “None” (no visual out-
put).

• Z: This variable contains a (m× 5)-dimensional cell array, where m is the number
of continuation steps. This variable holds the data utilized and identified during
the continuation process. In each row, the following quantities can be found.

– The 1.column contains a (1× n)-dimensional cell array, where each element
holds the discrete values of one torus function.

– The 2.column holds identified unknown frequencies. If all frequencies are
known, this column is empty.

– The 3.column contains numerical parameters and all input specifications
in a structure array. If the stability identification is activated the field
“Multipliers” contains the Floquet multipliers or Lyapunov exponents,
depending on the regarded solution.

– The 4.column holds the continuation parameter value.

– The 5.column contains the whole solution vector of the problem.

In the following, exemplary input files are depicted, which were used in this thesis. It is
important to note that initial values were almost always provided by initial data, which
were obtained by homotopy methods, time simulations or the approach described in
section 5.
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B.1 Input Files: Quasi-Periodically Forced
DUFFING Oscillator

SystemOfPDE.m

1 function f = SystemOfPDE(z,Parameter)
2 %#########################################################%
3 % Variables
4 %#########################################################%
5 % State -space
6 z1 = z(1,:);
7 z2 = z(2,:);
8

9 % Knwon torus coordinates
10 t1 = z(3,:);
11 t2 = z(4,:);
12

13 %#########################################################%
14 % Parameter
15 %#########################################################%
16 om1 = Parameter.om1;
17 zet = Parameter.zet;
18 gam = Parameter.gam;
19 gfc = Parameter.gfc;
20

21 %#########################################################%
22 % Hyper -time derivatives
23 %#########################################################%
24 f = [z2;...
25 -2.*zet.*z2-z1 -gam.*z1.^3 + gfc .*( sin(t1)+sin(t2));...
26 om1 ;...
27 om1./sqrt (2)];
28 end

ContMain.m

1 %% #######################################################%
2 % Main File
3 %#########################################################%
4 clear all; close all; clc;
5 addpath(’./0 Solver ’)
6

7 %---------------------------------------------------------%
8 % Problem
9 %---------------------------------------------------------%

10 % Discretization of each torus dimension
11 InputVar.NumOfElem = [41 41];
12
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13 % Number of torus functions.
14 % !ATTENTION: Exclude autonomization!
15 InputVar.NumberOfVariables.NumberOfAmplitudes = 2;
16

17 % Define phases:
18 % [Omega_1 , ... , Omega_m , omega_m+1, ... , omega_p]
19 % (OPTIONS: 0 (known phase), 1 (unknown phase))
20 InputVar.NumberOfVariables.FreePhases = [0 0];
21

22 %---------------------------------------------------------%
23 % Numerical parameters
24 %---------------------------------------------------------%
25 % Discretization scheme
26 % (OPTIONS: ’central ’, ’upwind ’, ’upwindrev ’)
27 InputVar.DiscretizationMethod = ’central ’;
28

29 % Order of approximation (OPTIONS: 1, 2, 3)
30 InputVar.OrderOfDerivatives = 3;
31

32 % Pseudo arc -length continuation
33 InputVar.Step.StepSize = 1;
34 InputVar.Step.MaxStepSize = 10;
35

36 % Calculate stability (OPTIONS: 0 (no), 1 (yes))
37 InputVar.CalculateStability = 1;
38

39 % Number of characteristics for the temporal approach
40 InputVar.NumberOFCharacteristics = 21;
41

42 % Approximation error estimation and adaptive remeshing
43 % Switch (OPTIONS: 0 (no), 1 (yes))
44 InputVar.CheckTol = 0;
45 % Specifications
46 InputVar.ErrorMax = 0;
47 InputVar.ErrorMin = 0;
48 InputVar.ErrorMeshInt = 0;
49

50 %---------------------------------------------------------%
51 % Equation parameters
52 %---------------------------------------------------------%
53 % Required parameters
54 InputVar.ParaS = struct(’om1’ ,{[1.7 6]} ,...
55 ’zet’ ,{0.1} ,...
56 ’gam’ ,{0.2} ,...
57 ’gfc’ ,{5});
58

59 % Continuation parameter (position in structure)
60 InputVar.ContPara = 1;
61

62 %---------------------------------------------------------%
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63 % Initial Values
64 %---------------------------------------------------------%
65 % Guess initial torus functions with sin/cos , where
66 % [Z_1 , ..., Z_n , Z_n+1, ..., Z_2n]
67 % Periodic:
68 % Z1 = C1*cos(nT1*T1) + S1*sin(mT1*T1)
69 % Quasi -periodic:
70 % Z1 = C1*cos(nT1*T1 +nT2*T2) + S1*sin(mT1*T1 + mT2*T2)
71 InputVar.InitValAmpIn.S = [1 1];
72 InputVar.InitValAmpIn.nT1 = [0 1];
73 InputVar.InitValAmpIn.nT2 = [1 0];
74 InputVar.InitValAmpIn.C = [1 1];
75 InputVar.InitValAmpIn.mT1 = [1 0];
76 InputVar.InitValAmpIn.mT2 = [0 1];
77

78 %---------------------------------------------------------%
79 % Display results (OPTIONS: ’Manifold ’, ’MaxValue ’, ’None ’)
80 %---------------------------------------------------------%
81 InputVar.PlotSet = ’MaxValue ’; %
82

83 %#########################################################%
84 %############ Start of Continuation Algorithm ##########%
85 %#########################################################%
86

87 Z = ContManifold(InputVar);
88

89 %#########################################################%
90 %############ End of Continuation Algorithm ############%
91 %#########################################################%

B.2 Input Files: Rotor-to-Stator Contact System

SystemOfPDE.m

1 %% #######################################################%
2 % Main File
3 %#########################################################%
4 clear all; close all; clc;
5 addpath(’./0 Solver ’)
6

7 %---------------------------------------------------------%
8 % Problem
9 %---------------------------------------------------------%

10 % Discretization of each torus dimension
11 InputVar.NumOfElem = [41 41];
12

13 % Number of torus functions.
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14 % !ATTENTION: Exclude autonomization!
15 InputVar.NumberOfVariables.NumberOfAmplitudes = 4;
16

17 % Define phases:
18 % [Omega_1 , ... , Omega_m , omega_m+1, ... , omega_p]
19 % (OPTIONS: 0 (known phase), 1 (unknown phase))
20 InputVar.NumberOfVariables.FreePhases = [0 1];
21

22 %---------------------------------------------------------%
23 % Numerical parameters
24 %---------------------------------------------------------%
25 % Discretization scheme
26 % (OPTIONS: ’central ’, ’upwind ’, ’upwindrev ’)
27 InputVar.DiscretizationMethod = ’central ’;
28

29 % Order of approximation (OPTIONS: 1, 2, 3)
30 InputVar.OrderOfDerivatives = 3;
31

32 % Pseudo arc -length continuation
33 InputVar.Step.StepSize = 0.1;
34 InputVar.Step.MaxStepSize = 1;
35

36 % Calculate stability (OPTIONS: 0 (no), 1 (yes))
37 InputVar.CalculateStability = 1;
38

39 % Number of characteristics for the temporal approach
40 InputVar.NumberOFCharacteristics = 21;
41

42 % Approximation error estimation and adaptive remeshing
43 % Switch (OPTIONS: 0 (no), 1 (yes))
44 InputVar.CheckTol = 0;
45 % Specifications
46 InputVar.ErrorMax = 0;
47 InputVar.ErrorMin = 0;
48 InputVar.ErrorMeshInt = 0;
49

50 %---------------------------------------------------------%
51 % Equation parameters
52 %---------------------------------------------------------%
53 % Required parameters
54 InputVar.ParaS = struct(’mu’ ,{0.2} ,...
55 ’beta’ ,{0.04} ,...
56 ’xi’ ,{0.05} ,...
57 ’Ome’ ,{[0.2894 0.5]} ,...
58 ’R0’ ,{1.05} ,...
59 ’Rdisk’ ,{1.05*20});
60

61 % Continuation parameter (position in structure)
62 InputVar.ContPara = 4;
63
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64 %---------------------------------------------------------%
65 % Initial Values
66 %---------------------------------------------------------%
67 % Guess initial torus functions with sin/cos , where
68 % [Z_1 , ..., Z_n , Z_n+1, ..., Z_2n]
69 % Periodic:
70 % Z1 = C1*cos(nT1*T1) + S1*sin(mT1*T1)
71 % Quasi -periodic:
72 % Z1 = C1*cos(nT1*T1 +nT2*T2) + S1*sin(mT1*T1 + mT2*T2)
73 InputVar.InitValAmpIn.S = [2 2 2 2];
74 InputVar.InitValAmpIn.nT1 = [1 0 0 1];
75 InputVar.InitValAmpIn.nT2 = [0 1 1 0];
76 InputVar.InitValAmpIn.C = [2 2 2 2];
77 InputVar.InitValAmpIn.mT1 = [0 1 1 0];
78 InputVar.InitValAmpIn.mT2 = [1 0 0 1];
79

80 %---------------------------------------------------------%
81 % Display results (OPTIONS: ’Manifold ’, ’MaxValue ’, ’None ’)
82 %---------------------------------------------------------%
83 InputVar.PlotSet = ’MaxValue ’; %
84

85 %#########################################################%
86 %############ Start of Continuation Algorithm ##########%
87 %#########################################################%
88

89 Z = ContManifold(InputVar);
90

91 %#########################################################%
92 %############ End of Continuation Algorithm ############%
93 %#########################################################%

ContMain.m

1 function f = SystemOfPDE(z,Parameter)
2 %#########################################################%
3 % Variables
4 %#########################################################%
5 % State -space
6 z1 = z(1,:);
7 z2 = z(2,:);
8 z3 = z(3,:);
9 z4 = z(4,:);

10

11 % Knwon torus coordinates
12 t1 = z(5,:);
13

14 %#########################################################%
15 % Parameter
16 %#########################################################%
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17 mu = Parameter.mu;
18 beta = Parameter.beta;
19 xi = Parameter.xi;
20 Ome = Parameter.Ome;
21 R0 = Parameter.R0;
22 Rdisk = Parameter.Rdisk;
23

24 omew = -(xi/mu + sqrt(beta + (xi/mu)^2));
25 R = sqrt(z1.^2+z2.^2);
26 Vrel = Rdisk.*Ome + R.*omew;
27

28 %#########################################################%
29 % Hyper -time derivatives
30 %#########################################################%
31 f = [z3;...
32 z4;...
33 -2.*xi.*z3-beta.*z1-heaviside(R-R0).*(1-(R0./R)).*...
34 (z1 - mu.*sign(Vrel).*z2)+Ome .^2.* cos(t1);...
35 -2.*xi.*z4-beta.*z2-heaviside(R-R0).*(1-(R0./R)).*...
36 (mu.*sign(Vrel).*z1 + z2)+Ome .^2.* sin(t1);...
37 Ome];
38 end

B.3 Input Files: Generator Rotor with Unbalanced
Magnetic Pull

SystemOfPDE.m

1 function f = SystemOfPDE(z,Parameter)
2 %#########################################################%
3 % Variables
4 %#########################################################%
5 % State -space
6 z1 = z(1,:);
7 z2 = z(2,:);
8 z3 = z(3,:);
9 z4 = z(4,:);

10

11 % Knwon torus coordinates
12 t1 = z(5,:);
13 t2 = z(6,:);
14

15 %#########################################################%
16 % Parameter
17 %#########################################################%
18 Twoxi = Parameter.Twoxi;
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19 m = Parameter.m;
20 omen = Parameter.omen;
21 delta0 = Parameter.delta0;
22 R2 = Parameter.R2;
23 lambda = Parameter.lambda;
24 Pi = Parameter.Pi;
25 lambda0 = Parameter.lambda0;
26 Fc = Parameter.Fc;
27 p = Parameter.p;
28 mu0 = Parameter.mu0;
29 L = Parameter.L;
30 percent = Parameter.percent;
31

32 alpha = linspace (0,2*pi ,100) ’;
33

34 delta0M = repmat(delta0 ,length(alpha) ,1);
35 r0M = repmat(delta0 .*percent ,length(alpha) ,1);
36 alpha0M = repmat(alpha ,1, length(delta0));
37 mu0M = repmat(mu0 ,length(alpha) ,1);
38 FcM = repmat(Fc,length(alpha) ,1);
39

40 r0 = delta0 .* percent;
41 R = sqrt(z1.^2 + z2.^2);
42

43 InDi = z2 < 0;
44 InDi2 = R == 0;
45

46

47 Theta = abs (2*pi.*InDi - real(acos(z1./(R + eps.*InDi2))));
48 delta = delta0M - r0M.*cos(alpha0M)...
49 - repmat(R.*delta0 ,length(alpha) ,1).*cos(alpha0M ...
50 - repmat(Theta ,length(alpha) ,1));
51

52 Gamma = mu0M./delta;
53 Dmmf = FcM.*cos(repmat(t2 ,length(alpha) ,1)- p(1).* alpha0M);
54 B = Gamma.*Dmmf;
55 Sigma = B.^2./(2.* mu0M);
56

57 Fx = R2.*L.* trapz(alpha ,Sigma.*cos(alpha0M) ,1);
58 Fy = R2.*L.* trapz(alpha ,Sigma.*sin(alpha0M) ,1);
59 %#########################################################%
60 % Hyper -time derivatives
61 %#########################################################%
62 f = [z3;...
63 z4;...
64 -Twoxi.*z3 - z1 + Fx./(m.*omen .^2.* delta0)...
65 + lambda .^2.*Pi.*cos(t1);...
66 -Twoxi.*z4 - z2 + Fy./(m.*omen .^2.* delta0)...
67 + lambda .^2.*Pi.*sin(t1);...
68 lambda ;...
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69 lambda0 ];
70

71 end

ContMain.m

1 %% #######################################################%
2 % Main File
3 %#########################################################%
4 clear all; close all; clc;
5 addpath(’./0 Solver ’)
6

7 %---------------------------------------------------------%
8 % Problem
9 %---------------------------------------------------------%

10 % Discretization of each torus dimension
11 InputVar.NumOfElem = [21 21];
12

13 % Number of torus functions.
14 % !ATTENTION: Exclude autonomization!
15 InputVar.NumberOfVariables.NumberOfAmplitudes = 4;
16

17 % Define phases:
18 % [Omega_1 , ... , Omega_m , omega_m+1, ... , omega_p]
19 % (OPTIONS: 0 (known phase), 1 (unknown phase))
20 InputVar.NumberOfVariables.FreePhases = [0 0];
21

22 %---------------------------------------------------------%
23 % Numerical parameters
24 %---------------------------------------------------------%
25 % Discretization scheme
26 % (OPTIONS: ’central ’, ’upwind ’, ’upwindrev ’)
27 InputVar.DiscretizationMethod = ’central ’;
28

29 % Order of approximation (OPTIONS: 1, 2, 3)
30 InputVar.OrderOfDerivatives = 3;
31

32 % Pseudo arc -length continuation
33 InputVar.Step.StepSize = 0.01;
34 InputVar.Step.MaxStepSize = 0.1;
35

36 % Calculate stability (OPTIONS: 0 (no), 1 (yes))
37 InputVar.CalculateStability = 1;
38

39 % Number of characteristics for the temporal approach
40 InputVar.NumberOFCharacteristics = 31;
41

42 % Approximation error estimation and adaptive remeshing
43 % Switch (OPTIONS: 0 (no), 1 (yes))
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44 InputVar.CheckTol = 1;
45 % Specifications
46 InputVar.ErrorMax = 1e-1;
47 InputVar.ErrorMin = 1e-3;
48 InputVar.ErrorMeshInt = 5;
49

50 %---------------------------------------------------------%
51 % Equation parameters
52 %---------------------------------------------------------%
53 % Required parameters
54 InputVar.ParaS = struct(’Twoxi’ ,{0.0156} ,...
55 ’m’ ,{18.15} ,...
56 ’omen’ ,{289.952} ,...
57 ’delta0 ’ ,{2.2*10^ -3} ,...
58 ’R2’ ,{59*10^ -3} ,...
59 ’lambda ’ ,{[0.01 0.6]} ,...
60 ’Pi’ ,{0.2273} ,...
61 ’lambda0 ’ ,{1.0835} ,...
62 ’Fc’ ,{684} ,...
63 ’p’ ,{1},...
64 ’L’ ,{0.1551} ,...
65 ’percent ’ ,{0.05} ,...
66 ’mu0’ ,{4*pi*10^ -7});
67

68 % Continuation parameter (position in structure)
69 InputVar.ContPara = 6;
70

71 %---------------------------------------------------------%
72 % Initial Values
73 %---------------------------------------------------------%
74 % Guess initial torus functions with sin/cos , where
75 % [Z_1 , ..., Z_n , Z_n+1, ..., Z_2n]
76 % Periodic:
77 % Z1 = C1*cos(nT1*T1) + S1*sin(mT1*T1)
78 % Quasi -periodic:
79 % Z1 = C1*cos(nT1*T1 +nT2*T2) + S1*sin(mT1*T1 + mT2*T2)
80 InputVar.InitValAmpIn.S = [eps eps eps eps];
81 InputVar.InitValAmpIn.nT1 = [0 0 0 0];
82 InputVar.InitValAmpIn.nT2 = [0 0 0 0];
83 InputVar.InitValAmpIn.C = [eps eps eps eps];
84 InputVar.InitValAmpIn.mT1 = [0 0 0 0];
85 InputVar.InitValAmpIn.mT2 = [0 0 0 0];
86

87 %---------------------------------------------------------%
88 % Display results (OPTIONS: ’Manifold ’, ’MaxValue ’, ’None ’)
89 %---------------------------------------------------------%
90 InputVar.PlotSet = ’MaxValue ’; %
91

92 %#########################################################%
93 %############ Start of Continuation Algorithm ##########%
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94 %#########################################################%
95

96 Z = ContManifold(InputVar);
97

98 %#########################################################%
99 %############ End of Continuation Algorithm ############%

100 %#########################################################%

B.4 Input Files: Lumped Parameter Bladed Disk
Model

SystemOfPDE.m

1 function f = SystemOfPDE(z,Parameter)
2 %#########################################################%
3 % Variables
4 %#########################################################%
5 Ns = Parameter.Ns(1);
6

7 % State -space
8 zn = z(1 :Ns ,:);
9 dzn = z(Ns+1:2*Ns ,:);

10

11 % Knwon torus coordinates
12 t1 = z(2*Ns+1,:);
13

14 %#########################################################%
15 % Parameter
16 %#########################################################%
17 kc = Parameter.kc(1);
18 mu_s = Parameter.mu_s (1);
19 mu_d = mu_s /2;
20 kl = Parameter.kl(1);
21 c = Parameter.c(1);
22 ftw = Parameter.ftw(1);
23 ome = Parameter.ome;
24

25 EV1 = [0.0262 , -1.0000 , 0.9738 , 0.0262 , -1.0000 , 0.9738 ,...
26 0.0262 , -1.0000 , 0.9738 , 0.0262 , -1.0000 , 0.9738 ,...
27 0.0262 , -1.0000 , 0.9738 , 0.0262 , -1.0000 , 0.9738 ,...
28 0.0262 , -1.0000 , 0.9738 , 0.0262 , -1.0000 , 0.9738] ’;
29

30 EV2 = [1.0000 , -0.5000 , -0.5000 , 1.0000 , -0.5000 , -0.5000 ,...
31 1.0000 , -0.5000 , -0.5000 , 1.0000 , -0.5000 , -0.5000 ,...
32 1.0000 , -0.5000 , -0.5000 , 1.0000 , -0.5000 , -0.5000 ,...
33 1.0000 , -0.5000 , -0.5000 , 1.0000 , -0.5000 , -0.5000] ’;
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34

35 D = c.*eye(Ns);
36 K = (kl + 2.*kc).*eye(Ns) +...
37 diag(-kc.*ones(Ns -1,1) ,1) +...
38 diag(-kc.*ones(Ns -1,1) ,-1) +...
39 diag(-kc,Ns -1) + diag(-kc,-Ns+1);
40

41 f_TW = ftw.*(EV1*cos(t1) + EV2*sin(t1));
42

43 rho_dzn = @(arg ,n) (-mu_d.*arg.* sqrt(arg .^2+0.001./n.^2) -...
44 2.* sqrt(mu_s .*(mu_s -mu_d))./n.*arg)./...
45 (arg .^2+1./n.^2);
46 n = 100;
47 %#########################################################%
48 % Hyper -time derivatives
49 %#########################################################%
50 f = [dzn ;...
51 -K*zn-D*dzn+rho_dzn(dzn ,n)+f_TW ;...
52 ome];
53

54 end

ContMain.m

1 %% #######################################################%
2 % Main File
3 %#########################################################%
4 clear all; close all; clc;
5 addpath(’./0 Solver ’)
6

7 %---------------------------------------------------------%
8 % Problem
9 %---------------------------------------------------------%

10 % Discretization of each torus dimension
11 InputVar.NumOfElem = [41 41];
12

13 % Number of torus functions.
14 % !ATTENTION: Exclude autonomization!
15 InputVar.NumberOfVariables.NumberOfAmplitudes = 48;
16

17 % Define phases:
18 % [Omega_1 , ... , Omega_m , omega_m+1, ... , omega_p]
19 % (OPTIONS: 0 (known phase), 1 (unknown phase))
20 InputVar.NumberOfVariables.FreePhases = [0 1];
21

22 %---------------------------------------------------------%
23 % Numerical parameters
24 %---------------------------------------------------------%
25 % Discretization scheme
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26 % (OPTIONS: ’central ’, ’upwind ’, ’upwindrev ’)
27 InputVar.DiscretizationMethod = ’upwind ’;
28

29 % Order of approximation (OPTIONS: 1, 2, 3)
30 InputVar.OrderOfDerivatives = 3;
31

32 % Pseudo arc -length continuation
33 InputVar.Step.StepSize = 0.1;
34 InputVar.Step.MaxStepSize = 0.1;
35

36 % Calculate stability (OPTIONS: 0 (no), 1 (yes))
37 InputVar.CalculateStability = 0;
38

39 % Number of characteristics for the temporal approach
40 InputVar.NumberOFCharacteristics = 0;
41

42 % Approximation error estimation and adaptive remeshing
43 % Switch (OPTIONS: 0 (no), 1 (yes))
44 InputVar.CheckTol = 0;
45 % Specifications
46 InputVar.ErrorMax = 0;
47 InputVar.ErrorMin = 0;
48 InputVar.ErrorMeshInt = 0;
49

50 %---------------------------------------------------------%
51 % Equation parameters
52 %---------------------------------------------------------%
53 % Required parameters
54 InputVar.ParaS = struct(’kc’ ,{1},...
55 ’kl’ ,{1},...
56 ’knl’ ,{0.1} ,...
57 ’c’ ,{0.01} ,...
58 ’mu_s’ ,{0.031} ,...
59 ’ftw’ ,{0.025} ,...
60 ’Ns’,{InputVar.NumberOfVariables.NumberOfAmplitudes /2} ,...
61 ’ome’ ,{[1.982 2]});
62

63 % Continuation parameter (position in structure)
64 InputVar.ContPara = 8;
65

66 %---------------------------------------------------------%
67 % Initial Values
68 %---------------------------------------------------------%
69 % Guess initial torus functions with sin/cos , where
70 % [Z_1 , ..., Z_n , Z_n+1, ..., Z_2n]
71 % Periodic:
72 % Z1 = C1*cos(nT1*T1) + S1*sin(mT1*T1)
73 % Quasi -periodic:
74 % Z1 = C1*cos(nT1*T1 +nT2*T2) + S1*sin(mT1*T1 + mT2*T2)
75 InputVar.InitValAmpIn.S = ...
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76 1.5* ones(1,InputVar.NumberOfVariables.NumberOfAmplitudes);
77 InputVar.InitValAmpIn.nT1 = ...
78 1*ones(1,InputVar.NumberOfVariables.NumberOfAmplitudes);
79 InputVar.InitValAmpIn.nT2 = ...
80 1*ones(1,InputVar.NumberOfVariables.NumberOfAmplitudes);
81 InputVar.InitValAmpIn.C = ...
82 1.5* ones(1,InputVar.NumberOfVariables.NumberOfAmplitudes);
83 InputVar.InitValAmpIn.mT1 = ...
84 1*ones(1,InputVar.NumberOfVariables.NumberOfAmplitudes);
85 InputVar.InitValAmpIn.mT2 = ...
86 1*ones(1,InputVar.NumberOfVariables.NumberOfAmplitudes);
87

88 %---------------------------------------------------------%
89 % Display results (OPTIONS: ’Manifold ’, ’MaxValue ’, ’None ’)
90 %---------------------------------------------------------%
91 InputVar.PlotSet = ’MaxValue ’; %
92

93 %#########################################################%
94 %############ Start of Continuation Algorithm ##########%
95 %#########################################################%
96

97 Z = ContManifold(InputVar);
98

99 %#########################################################%
100 %############ End of Continuation Algorithm ############%
101 %#########################################################%
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