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Abstract

A comprehensive multiscale approach consisting of a combination of state of the art, first
principles quantum theory and the flexible statistical methodologies of complex systems
is applied in order to achieve a detailed microscopic understanding of the magnetic
properties of rolled-up transition-metal [TM] ultrathin films and stripes. A quantum
electronic investigations of the effective interactions between the local magnetic moments
is performed as a function of composition and rolling radius R including the limit R→∞
of planar films as well as very small R. This includes a detailed quantification of the
isotropic and anisotropic exchange couplings, antisymmetric Dzyaloshinsky-Moriya [DM]
couplings and local anisotropies. In addition, the effect of curvature on the magnetic
energy landscapes of the nanorolls is characterized.

In the first part quantum electronic calculations including spin-orbit coupling [SOC]
performed on two-dimensional [2D] planar L10 bilayers and one-dimensional [1D] linear
stripes are analyzed and the effective interaction parameters Dij, Ju,v,wij and Ku,v,w

i of a
generalized classical Heisenberg model [GHM] between local magnetic moments µi are
derived. Thus, the origin of magnetocrystalline anisotropy energy and its dependence on
the chirality of noncollinear arrangements of the local magnetic moments in spin-density
waves [SDWs] is analyzed from a local point of view. Our density-functional-theory
[DFT] calculations show that the easy axis of TM nanostructures is most often the
direction along which the interactions among the local magnetic moments are strongest.
Our results also show that a proper description of chiral magnetic properties in 3d–5d
heterostructures cannot be reduced to the change of SOC energy ∆E

(∓)
SOC at the 5d

non-magnetic components.

In the second part the magnetic properties in nanorolls are explored by computing the
magnetic phase diagrams obtained in the framework of the GHM including only first
nearest neighbor [NN] interactions. A critical diameter dC is derived where the cylinder
changes its favored configuration from collinear (d < dC) to noncollinear (d > dC). Ab
initio calculations on rolled-up FePt and CoPt bilayers and stripes are presented and
compared with the predictions of a GHM which takes into account coupling parameters
up to ninth NNs corresponding to the planar bilayers (i.e., d = +∞). In this way the
effects of curvature and dimensionality on the microscopic interactions between the
local magnetic moments in nanorolls are quantified as a function of d. One concludes
that in rolled-up FePt and CoPt L10 bilayers the Heisenberg parameters Ju,v,w0δ and D0δ

corresponding to the two-particle interactions converge to the values found in planar
bilayers for a diameter dT ≥ 21− 25Å. Furthermore, as a result of symmetry breaking,
the local contributions to the magnetocrystalline anisotropy deviate strongly from the
planar case even for the largest considered cylinders having d = 51Å.



In the third and final part of this thesis the magnetic energy landscapes of planar and
rolled-up FePt and CoPt bilayers are characterized as obtained in the framework of a
GHM, whose interaction parameters Ju,v,wij , Dij and Ku,v,w

i up to ninth NNs are derived
from DFT calculations on the planar FePt and CoPt bilayers. Particular attention is
thereby paid to the geometrical shape and lifetime of noncollinear metastable states
such as skyrmions and the minimum energy paths [MEPs] connecting them. It is
shown that the symmetry of the magnetic configurations affects the excitation energies
of the metastable states and their transformations along the MEPs. In addition, it
is demonstrated that the skyrmions exhibit a number of characteristic properties of
quasiparticles. They can move almost freely and nearly barrierless across the bilayers and
cylinders, and they do not seem to interact strongly with each other, even at relatively
short distances. This dissertation is closed with a brief summary of our conclusions and
outlook on particularly interesting future research directions.
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Deutsche Übersetzung des Titels und der
Zusammenfassung

Titel

Elektronische Theorie der magnetischen Ordnung, der Anisotropie und der
Umkehrungsprozesse in aufgerollten Streifen und dünnen Filmen

Zusammenfassung

Ein umfassender Ansatz, bestehend aus einer Kombination von modernsten Methoden der
Quantentheorie und den vielseitigen Methoden der Statistischen Physik komplexer Sys-
teme, wird angewandt, um ein detailliertes mikroskopisches Verständnis der magnetischen
Eigenschaften von aufgerollten ultradünnen Filmen und Streifen aus Übergangsmetallen
zu entwickeln. Eine quantenelektronische Untersuchung der effektiven Wechselwirkungen
zwischen den lokalen magnetischen Momenten wird als Funktion der Zusammenset-
zung und des Rollradius R durchgeführt, einschließlich des Grenzwertes R → ∞ von
planaren Filmen sowie sehr kleinen R. Dazu gehört eine detaillierte Quantifizierung der
isotropen und anisotropen Austauschkopplungen, der antisymmetrischen Dzyaloshinsky-
Moriya-Kopplungen und der lokalen Anisotropien. Darüber hinaus wird der Einfluss der
Krümmung auf die magnetischen Energielandschaften der Nanorollen charakterisiert.

Im ersten Teil werden quantenelektronische Berechnungen unter Berücksichtigung der
Spin-Bahn-Kopplung an zweidimensionalen, planaren L10-Doppelschichten und eindimen-
sionalen, linearen Streifen analysiert und die effektiven Wechselwirkungsparameter Dij,
Ju,v,wij und Ku,v,w

i eines verallgemeinerten klassischen Heisenberg-Modells zwischen lokalen
magnetischen Momenten µi abgeleitet. Damit wird der Ursprung der magnetokristallinen
Anisotropieenergie und ihre Abhängigkeit von der Chiralität nichtkollinearer Anordnun-
gen der lokalen magnetischen Momente in Spin-Dichte-Wellen aus lokaler Sicht analysiert.
Unsere Berechnungen mit Dichtefunktionaltheorie zeigen, dass die einfache Richtung
(oder easy axis) in Nanostrukturen aus Übergangsmetallen meist die Richtung ist, in der
die Wechselwirkungen zwischen den lokalen magnetischen Momenten am stärksten sind.
Unsere Ergebnisse zeigen auch, dass eine geeignete Beschreibung der chiralen magneti-
schen Eigenschaften in 3d–5d -Heterostrukturen nicht auf die Änderung der Energie
der Spin-Bahn-Kopplung ∆E

(∓)
SOC an den nichtmagnetischen 5d -Komponenten reduziert

werden kann.



Im zweiten Teil werden die magnetischen Eigenschaften in Nanorollen untersucht, indem
zunächst die magnetischen Phasendiagramme analysiert werden, die im Rahmen des ver-
allgemeinerten klassischen Heisenberg-Modells mit ausschließlich nächsten Nachbarwech-
selwirkungen berechnet worden sind. Es wird ein kritischer Durchmesser dC abgeleitet, bei
dem der Zylinder seine bevorzugte Konfiguration von kollinear (d < dC) zu nicht-kollinear
(d > dC) ändert. Schließlich werden die Resultate der quantenelektronischen Berechnun-
gen an aufgerollten FePt- und CoPt-Doppelschichten und -Streifen präsentiert und mit
den Vorhersagen des verallgemeinerten klassischen Heisenberg-Modells verglichen, die nun
Kopplungen zwischen bis zu neuntnächsten Nachbarn berücksichtigen. Die zugehörigen
Kopplungsparameter werden aus quantenelektronischen Berechnungen an planaren Dop-
pelschichten (d.h., d = +∞) entnommen. Auf diese Weise werden die Auswirkungen von
Krümmung und Dimensionalität der Nanorollen auf die mikroskopischen Wechselwirkun-
gen zwischen den lokalen magnetischen Momenten in Nanorollen als Funktion von d
quantifiziert. Es zeigt sich, dass in aufgerollten FePt- und CoPt-L10-Doppelschichten die
den Zwei-Teilchen-Wechselwirkungen entsprechenden Heisenberg-Parameter Ju,v,w0δ und
D0δ bei Durchmessern dT ≥ 21− 25Å gegen die Werte, die in planaren Doppelschichten
gefundenen worden sind, konvergieren. Außerdem zeigt sich, dass die Werte Ku,v,w

i für die
lokalen Beiträge zur magnetokristallinen Anisotropie aufgrund von Symmetriebrechungen
selbst bei den größten betrachteten Zylindern mit d = 51Å stark von den Werten im
planaren Fall abweichen.

Im dritten und letzten Teil dieser Arbeit werden die magnetischen Energielandschaften
von planaren und aufgerollten FePt- und CoPt-Doppelschichten untersucht. Diese
Energielandschaften werden im Rahmen des verallgemeinerten klassischen Heisenberg-
Modells bestimmt, dessen Wechselwirkungsparameter Ju,v,wij , Dij und Ku,v,w

i zwischen
bis zu neuntnächsten Nachbarn aus Dichtefunktionaltheorie-Rechnungen an den planaren
FePt- und CoPt-Doppelschichten abgeleitet worden sind. Besonderes Augenmerk wird
dabei auf die geometrische Form und die Lebensdauer von nichtkollinearen metastabilen
Zuständen wie zum Beispiel Skyrmionen und die sie verbindenden Pfade minimaler
Energie gelegt. Es wird gezeigt, dass die Symmetrie der magnetischen Konfigurationen
die Anregungsenergien der metastabilen Zustände und ihre Transformationen entlang der
Pfade minimaler Energie beeinflusst. Darüber hinaus wird gezeigt, dass die Skyrmionen
eine Reihe von charakteristischen Eigenschaften von Quasiteilchen aufweisen. Sie können
sich fast frei und nahezu barrierefrei durch die Doppelschichten und Zylinder bewegen.
Außerdem scheinen sie selbst bei relativ kurzen Entfernungen nicht stark miteinan-
der zu wechselwirken. Diese Dissertation schließt mit einer kurzen Zusammenfassung
unserer Schlussfolgerungen und einem Ausblick auf besonders interessante zukünftige
Forschungsrichtungen.
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1. Introduction

Symmetry, dimensionality and local environment play a major role in the magnetism of
transition-metal systems, particularly in magnetic nanostructures. Over past decades, a
remarkably intense research activity along this pathway has revealed many fundamental
new phenomena, some of which have lead to far reaching technological applications. Let
us mention a few remarkable effects in this context such as giant magneto-resistance,
enhancement of spin and orbital moments, perpendicular magnetic anisotropy, exchange
bias and other interface couplings, temperature-induced reorientation transition, and
current-induced spin torques. While the microscopic understanding of one and two-
dimensional (1D and 2D) systems remain a most important experimental and theoretical
challenge, a thrilling new avenue is currently opening just before our eyes. Indeed, in past
years there is a steadily growing interest in coming back to the second or third dimension
by developing topologically distinct 2D and three-dimensional (3D) nanostructures based
on ultrathin films and narrow stripes. Examples of this artificial-made materials are
2D bent wires,1–4 3D helices,5–9 nanospheres and nanocaps,10–15 nanotubes16–22 and
Möbius bands.23 In this way, one expects to be able to incorporate the remarkable
behavior resulting from low dimensional confinement into 3D devices, which are suitable
for applications.

Solid-state nanorolls19–22 and other artificial nanoscale structures have been experi-
mentally created by strain-engineering methods, based on directed self-assembly and
lithography.5;24–26 This newly acquired ability creates possibilities for an elegant tailoring
of magnetic phenomena in transition-metal nanostructures by flexure.5;27–32 For instance,
Smith et al. succeeded to create 3D microhelix coils with a radius of 35µm exhibiting a
hollow-bar, corkscrew, and radial magnetizations, which were identified by the response of
the coils to an external magnetic field [ see Figs. 1.1 (a)–(c) ].5 It has been observed that
the nature of the coil magnetization is directly related to the magnetization of the planar
strips used to fold the coils. This raises a number of challenging physical questions. It
would be particularly interesting to understand, how the magnetic order depends on the
radius of the coils, since canting the neighboring spins should affect the exchange energy
and magnetic anisotropy energy in a crucial way. In fact, more recent experiments on
magnetic nanotubes using magnetic force microscopy and Kerr microscopy have revealed
the presence of magnetic domains in nanotubes [ see Figs. 1.1 (d)–(f) ].27;28 A further
interesting example is provided by the work of Tayakkoli et al.,24 who used self-assembly
methods in order to synthesize well-organized structures, which are useful in nanoscale
fabrication, logical devices25 and the 360o domain-wall mediated spin reversal in mag-
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Figure 1.1.: Left: Illustration of the experimental preparation of magnetic helix coils. Before
coil-up the magnetic stripes are magnetized either in-plane or out-of-plane. After the coil-up the
helix coils exhibit (a) a hollow-bar magnetization, (b) a corkscrew magnetization or (c) a radial
magnetization. Right: Kerr microscopy images of magnetic-domain patterns in rolled-up tubes:
Fe-rich permalloy (Py) with (d) magnetization along the tube axis or (e) spiral-like magnetic
domains and (f) Ni tubes with azimuthally aligned 180◦ magnetic domains. Reprinted with
permission from [5 ] and [28 ].

netic rings.26 Among the magnetic nanostructures showing the strongest experimentally
achievable curvature one should mention in particular the Ni helices and nanotubes
with 25 nm inner diameters.33;34 The principal experimental techniques to determine
the magnetic properties of these novel materials are magnetometry,18;35–38 magnetic
force microscopy,10;39–45 scanning magnetoresistive microscopy,13 transmission electron
microscopy,46;47 soft x-ray imaging techniques including x-ray photoemission electron
microscopy,44;48–51 transmission soft x-ray microscopy13;43;51;52 and x-ray holography.53

The above results suggest that magnetic nanotubes and self-assembled nanostructures are
likely to become one of the focuses of innovative future concerning technologies, for ex-
ample, compact three-dimensional giant magnetoresistance sensors,29;31;32 magnetofluidic
and particle transport applications,29;54 spin-wave filters,55;56 logical devices,24–26 such as
racetrack storage methods57–59 and heat-assisted high-density storage media.60–66 Conse-
quently, a detailed microscopic understanding of the electronic and magnetic properties
of these nanostructures is absolutely necessary.

Most of the theoretical work so far on curved magnetic structures such as nanotubes
and Möbius rings has been performed in the framework of phenomenological models
such as micromagnetic simulations with continuous magnetization density,9;35;67–85 or
the classical Heisenberg model including local anisotropy.9;23;86–94 For example, Sheka
et al. have introduced a full 3D theory for the exchange energy functional within the
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micromagnetic approach for thin magnetic shells and wires of arbitrary shape.9;83;84
As a result, the curvilinear geometry-induced effective anisotropy and the curvilinear
geometry-induced effective Dzyaloshinsky-Moriya (DM) interaction are incorporated in
the micromagnetic exchange energy term. It has been shown that geometry-induced
effective anisotropy leads to an effective easy axis anisotropy along the nanotube17;82;95–99
and to a vortex-like magnetization in rings.83;100 In contrast, the latter geometry-induced
effective DM interaction is a source of magnetochiral effects such as magnetic vortices,
which have been found to be the ground state in magnetic nanocaps.16;49

Despite this exciting theoretical progress, quantum electronic investigations taking into
account the material and curvature dependence of the effective interactions between local
magnetic moments are lacking. This is a serious limitation since a quantum perspective is
indispensable in order to obtain a detailed microscopic understanding of the fundamental
electronic and magnetic properties of these coiled structures. In particular the curvature
induced changes in the exchange couplings, magnetic anisotropy energies and spin
fluctuation energies are expected to be crucial for understanding the ground-state and
finite temperature behaviour as well as the dynamics induced by external fields. It is
in fact well known that phenomenological spin models, though very useful, can only be
predictive when they incorporate the environment dependence of the parameters defining
the strength and anisotropy of the interactions between the local magnetic moments.
The actual scientific challenge is therefore to correlate the global static and dynamic
magnetic properties of these new rolled-up nanostructures with the specific changes in the
microscopic interaction parameters that result precisely from rolling, from the specificity
of the new topology and from the associated changes in the electronic structure. Recently,
Meyer et al. have been very successful in mapping quantum electronic calculations onto
an atomistic spin model appropriate for ultrathin Co and Mn films.101–105 In this way,
by considering electronic structure theory and real space modelizations, the stability of
magnetic skyrmions without external magnetic fields could be predicted theoretically
and subsequently confirmed experimentally.102

Noncollinear magnetic order plays an important role in low dimensional magnetic struc-
tures and in particular in the present work. They are present in a number of different
physical systems such as magnetic clusters, chains, planar and curved films, etc.106–118
A proper analysis and understanding of these noncollinear configurations can only be
achieved by studying the interplay between isotropic, anisotropic, symmetric and antisym-
metric exchange interactions between local magnetic moments. Particularly interesting
noncollinear effects are the result of anisotropic antisymmetric contributions to the
spin-spin interactions, which in lowest order approximation are proportional to the vector
product µi × µj between local magnetic moments µi and µj at nearby atoms. This
contribution, presently known as Dzyaloshinsky-Moriya (DM) interaction, was proposed
by Dzyaloshinsky119 in 1957 and later on derived by Moriya120 by using Anderson’s
formalism of superexchange interaction and including spin-orbit coupling (SOC) in per-
turbation theory.121;122 The antisymmetric nature of the DM coupling, which is expressed
by the proportionality to µi×µj , favors noncollinear magnetic order with a precise local
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chirality. This chirality depends on the sign of the DM coupling vector Dij and on the
interplay of the DM interactions between different nearest neighbors (NNs). This leads to
the formation of spiral magnetic order and vortex magnetic patterns known as skyrmions.

The consequences of the DM interaction attract great interest from theoretical, exper-
imental, as well as technological perspectives.115;123–134 Yang et al. analysed the DM
interaction in Co/Pt bilayers via first principles calculations.123 The DM interaction is
found to be the largest in the interfacial Co layer, where the spin-orbit energy associated
with this interaction is located in the adjacent Pt atoms. The authors conclude that
the DM interaction is an indirect 3-site coupling, which results from spin-orbit scatter-
ing of conduction electrons in non-magnetic compounds as stated by Smith, Fert and
Levy.135;136 Within this interpretation the mechanism of the DM interaction is similar
to the Ruderman-Kittel-Kasuya-Yosida (RKKY) interaction.137–139 However, it is still
unclear whether the 5d substrates take the dominant role in the determination of the
chiral properties of the 3d coatings.140 Kashid et al. have performed theoretical analysis
of the chiral magnetic order in free-standing planar 3d-5d biatomic metallic chains using
a tight-binding model and ab initio calculations.124 They found that in the case of
FePt and CoPt chains the DM interaction can compete with the symmetric Heisenberg
exchange interaction and the local magnetocrystalline anisotropy. They also found that
the strength of the DM interaction is proportional to the strength of the SOC in the 5d
atoms. Goussev et al. performed a study of domain walls in ferromagnetic nanotubes
within the framework of micromagnetic simulations.125 They revealed that the interplay
between the curvature and the DM interaction leads to more compact domain walls and
that the domain wall velocity may be increased by tailoring the DM interaction. The
control of the shape and the motion of the domain wall is opening the way to novel
memory and logic devices, such as racetrack memory.57–59

Experimentally, chiral magnetism was discovered by Bode et al. in a Mn monolayer
(ML) deposited on W(110) by using spin-polarized scanning tunneling microscopy.126 An
analysis using density functional theory (DFT) revealed that the observed spin-spiral
structure is caused by the DM interaction leading to a cycloidal spin-spiral with a defined
rotation direction. Chiral magnetism was later on observed in the thin Mn films on W(100)
and in finite bi-atomic Fe chains on the (5×1)− Ir(001) surface, thereby clearly identifying
the contribution of the DM interactions.127;128 Using spin-polarized low energy electron
microscopy Chen et al. identified the DM interaction in domain walls in FeNi bilayers
on Cu(100) leading to unexpected Néel-type walls with fixed chirality.129 In addition,
DM effects were also found in Co/Pt and FeCo/Pt domain walls.130;131 Khajetoorians
et al. analysed the exchange interaction between a pair of single Fe atoms deposited
on Pt(111) as a function of interatomic distance by low-temperature inelastic scanning
tunnelling spectroscopy.132 Remarkably, long-range oscillations of the orientation and
an exponential decrease of the DM-interaction strength as a function of the separation
between the atoms have been revealed. Thus, it is possible to experimentally tailor
the DM interaction in pairs of atoms by changing the interatomic distance. Similar
oscillations on a bigger length scale have also been observed for the isotropic Heisenberg
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exchange coupling, whose strength is comparable with the DM interaction.

Magnetic skyrmions have been experimentally observed by Mühlbauer and coworkers.141
The possibility of controlled writing and deleting them has been demonstrated by
Romming et al. by means of local spin-polarized currents stemming from a scanning
tunneling microscope.142 These experimental breakthroughs open up the way for using
skyrmions in novel spintronic devices and high-density storage technology.143;144 The
prospect of tailoring the properties of these vortex patterns by modifying their topology
from a 2D planar film to nanorolls appears as a most promising and challenging original
research avenue.

The main purpose of this dissertation is twofold. The first goal is to develop a microscopic
understanding of the equilibrium and dynamical magnetic properties of transition-metal
rolled-up chains, stripes and ultrathin films on the basis of an electronic quantum
theory. More precisely, we want to understand how the effective interactions between the
local magnetic moments in metallic rolled-up films, including isotropic and anisotropic
exchange couplings, antisymmetric DM couplings and local anisotropies, depend on
composition and rolling radius R including the limits of planar films as well as very small
R. The second main goal is to characterize the effect of curvature on the interaction
energy landscapes (ELs) of the nanorolls and of the corresponding thin films. Particular
attention is thereby paid to the geometrical shape and lifetime of noncollinear metastable
states such as skyrmions.

The remainder of this thesis is structured as follows. In Chap. 2 the theoretical back-
ground on magnetism in transition metals is presented, in particular concerning the study
on planar and rolled-up FePt and CoPt nanostructures. After some general considera-
tions on the theory of magnetism, we present the basic concepts of density functional
theory (DFT), which is used to perform the quantum electronic calculations, the general
principles of magnetic ELs, as well as the generalized classical Heisenberg model, which
is used to analyse the results of the electronic calculations and to perform the statistical
characterization of the associated ELs.

In Chap. 3 quantum electronic calculations performed on planar FePt and CoPt bilayers
having an L10 structure are analysed. In addition, in App. B results are also presented
for linear FePt and CoPt chains. The frozen-magnon dispersion relations including
ferromagnetic (FM), antiferromagnetic (AFM), as well as spin-spiral states with different
magnetization rotation planes and rotation directions are determined in the framework of
DFT. Results obtained by taking into account the spin-orbit cupling (SOC) are compared
with non-relativistic calculations in which SOC is neglected. The coupling parametersDij ,
Ju, v, wij and Ku,v,w

i of the generalized classical Heisenberg-like Hamiltonian are extracted.
This allows us to analyse the interactions between local magnetic moments and to
investigate the electronic origin of the DM interaction and of the magnetic anisotropy
energy (MAE). The planar FePt and CoPt bilayers discussed in this chapter are most
interesting low-dimensional systems in their own right. The fundamental magnetic effects
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appearing in 2D structures, such as the DM interactions and the anisotropy of the
symmetric Heisenberg interactions, are of great current scientific interest. In particular,
the considered L10 magnetic alloys are known for their large magnetocrystalline anisotropy
energies, which renders them very useful for applications in heat assisted magnetic
recording technique and other high-density storage devices.60–66 Therefore, it will be
shown that the analysis of the behaviour of 2D planar L10 bilayers and the interaction
parameters derived from them are extremely useful as a basis for exploring the properties
of rolled-up films.

In Chap. 4 we first present and discuss the magnetic phase diagrams for FePt and CoPt
cylinders, which are obtained in the framework of the generalized classical Heisenberg
model including only first NN interactions. These phase diagrams provide first insights
on the role of the interaction parameters and curvature on the magnetic properties of
nanorolls. Subsequently, our quantum electronic calculations on rolled-up FePt and CoPt
bilayers and chains are presented. Results for the relative stability of representative
magnetic configurations are discussed as a function of the diameter d of the nanorolls.
These are compared with the predictions of a generalized classical Heisenberg model
including interactions up to ninth NNs, whose values are extracted from the corresponding
planar configurations (i.e., d = +∞). In this way, a detailed insight on the effects of the
curvature on the Heisenberg coupling parameters is provided. Furthermore, the crossover
from the narrow-rod regime to the planar regime (d = +∞) is quantified by determining
the diameter dT beyond which the differences between the Heisenberg parameters of the
cylinders and of the corresponding bilayers become negligible.

In Chap. 5 we characterize the magnetic ELs of planar and rolled-up FePt and CoPt
bilayers as obtained within the framework of generalized classical Heisenberg model, whose
interaction parameters Ju,v,wij , Dij and Ku,v,w

i are derived from the DFT calculations
on the planar FePt and CoPt bilayers, as discussed in Chap. 3. In this way the ELs of
large magnetic nanostructures are investigated in great detail, which would be otherwise
unapproachable from a purely electronic perspective. The magnetic configurations
corresponding to the ground state and to the energetically higher local minima (LM)
representing metastable states, as well as the transition states (first-order saddle points)
connecting them are discussed. Furthermore, the minimum energy paths (MEPs) between
the LM through transition states are determined by using the geodesic elastic band
(GEB) method. The MEPs are the magnetic analogon of a reaction path in chemical
reactions. They represents the elementary relaxation process in a Markovian dynamics.
The focus of our analysis is to identify the effects of curvature on the energy spectrum
and on the geometrical characteristics of the metastable states, such as skyrmions, as
well as the nature of minimum-energy paths connecting them.

Chap. 6 summarizes the most important findings and conclusions of this work. Fur-
thermore, a brief outlook on possible future research directions is given including the
determination of magnetic properties at finite temperatures by using parallel-tempering
Monte Carlo simulations as well as the calculation of hysteresis loops. Preliminary results
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on Monte Carlo simulations and on the calculation of hysteresis loops are shown in
App. C and D. In App. A we illustrate the determination of the Heisenberg interaction
parameters from frozen-magnon dispersion relations. In App. B a brief ab initio analysis
of infinite linear FePt and CoPt stripes is presented. Finally, in App. E we briefly
introduce the Heitler-London method.
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2. Theoretical Background

The purpose of this section is to introduce the theoretical background on itinerant
magnetism in transition metals in view of the studies of planar and rolled-up FePt
and CoPt nanostructures presented in Secs. 3, 4 and 5. First, in Sec. 2.1 the Stoner
model is introduced, which is a simplified yet at the same time vivid model illustrating
the origin of ferromagnetism in solids with delocalized electrons, i.e., in metals. The
competition between the kinetic and the Coulomb energy is demonstrated, and the
well-known Stoner criterion for spontaneous spin polarization in metals is discussed. In
addition, a similar criterion for the spontaneous formation of local magnetic moments µi
at atoms is introduced.

In Sec. 2.2 the quantum mechanical tight-binding model is introduced, which is well
suited to describe the electronic structure in transition metals with itinerant electrons
and local magnetic moments µi. In particular, it is shown from a strictly quantum
mechanical perspective, how due to the antisymmetry of the many-electron wave function
the average Coulomb interaction between the electrons is reduced when local atomic
magnetic moments µi are formed. In addition, an explicit example of magnetization
density distribution m in the case of a linear V chain is shown, which confirms the
idea of attaching a local magnetic moment µi to each atom in transition metals with
itinerant electrons such as Fe or Co. Furthermore, and importantly, this section provides
a physical justification for using generalized Heisenberg-like spin model in our analysis of
transition metal nanostructures (see also Sec. 2.5).

In Sec. 2.3 an illustrative motivation of the spin-orbit coupling (SOC) using semi-classical
explanations is presented. This relativistic effect is especially important in our work,
since it introduces the fundamental coupling between the spin degrees of freedom and the
lattice structure or nanostructure geometry. In other words, when SOC is included, the
electronic energy of a given magnetic configuration depends on its orientation relative to
the geometry of the nanostructure. As a result of SOC, many exciting effects, namely,
the anisotropic Heisenberg couplings, the Dzyaloshinsky-Moriya (DM) interaction and
the local contribution to the magnetocrystalline anisotropy, are revealed leading, as we
shall see, to most interesting quasistable magnetic vortex patterns.

In Sec. 2.4 the fundamentals of density functional theory (DFT) are discussed. This
quantum approach to the many-body problem introduces two significant advantages over
conventional wave function and perturbation theory methods. First, the multidimensional
antisymmetric many-electron wave-function |Ψ〉 is replaced by the electronic density
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n(r) as the fundamental unknown, from which the observable properties are derived.
Clearly, n(r) is a lot easier to handle than |Ψ〉. Second, within DFT the many-body
problem is mapped onto an effective or auxiliary single particle problem, which allows
an elegant and efficient solution of the ground-state many-body problem. Remarkably,
both of these transformations are formally exact. Approximations are only needed for
the yet unknown form of the universal exchange-correlation functional. This theory is
particularly important for our work, since it provides the framework in which the accurate
quantum mechanical calculations of the electronic structure of magnetic transition metals
are performed.

In Sec. 2.5 the generalized classical Heisenberg-like spin model is introduced, which
allows us to interpret the results of the electronic calculations from a local perspective
and which establishes the link between the accurate though highly demanding electronic
calculations on the one hand and the much more flexible statistical analysis of the energy
landscapes on the other. This model is used in order to extract the effective interactions
between local magnetic moments µi. Thus, the origin of magnetocrystalline anisotropy
energy and the energy dependence on the chirality of noncollinear arrangements of the
local magnetic moments in spin waves can be analyzed from a local point of view. Finally,
the Heisenberg model is central to the characterization of the magnetic energy landscapes
of the magnetic nanostructures.

The chapter is closed in Sec. 2.6, where the general principles and methodology of
magnetic energy landscapes (ELs) are briefly reviewed. These will be used in Chap. 5 to
analyze the magnetic ELs of planar and rolled-up FePt and CoPt bilayers. In Sec. 2.6.1
the physical relevance of local minima (LM) and first-order saddle points (SP) is discussed.
Furthermore, in Sec. 2.6.2 the L-BFGS minimization algorithm for the localization of
LM is introduced. We conclude in Sec. 2.6.3 by briefly describing the geodesic elastic
band (GEB) algorithm used to determine the minimum energy path (MEP) connecting
the LM.

2.1. Stoner Model

2.1.1. A Simplified Picture of the Electron Gas

Edmund Clifton Stoner developed a simplified model, refereed to as the Stoner model, in
order to examine the origin of ferromagnetism in solids with delocalized electrons, i.e., in
metals. The following derivation is performed for low temperatures T → 0, when the
Fermi–Dirac distribution

f(εi) =
1

e(εi−µ)/kBT + 1
, (2.1)

10



2.1. Stoner Model

indicating the average number of fermions in a single-particle state with energy εi, may
be approximated by a step function. Here, kB is the Boltzmann constant and µ is
the chemical potential, which is equal to the Fermi energy εF at T = 0. In addition,
no spin-orbit coupling effects or noncollinear spin orders are included in the following
discussion.

Let us first consider a non-interacting electron gas with the Hamiltonian

Ĥ =
∑
kσ

εk c
†
kσckσ , (2.2)

where c†kσ and ckσ are the creation and annihilation operators for a fermion with a
wave vector k and spin quantum number σ ∈ {↑ =̂1/2, ↓ =̂− 1/2}. εk is the dispersion
relation, which is, for example, equal to εk = ~2k2/(2m) in the case of free electron gas
with the mass m of the electrons and the Planck constant ~. Note, that εk is independent
of the spin quantum number σ, since no external magnetic fields are included.

In order to determine the kinetic energy Ekin as a function of the polarization n↑ − n↓ it
is useful to introduce the paramagnetic density of states D(ε). Here, n↑ and n↓ indicate
the number of electrons with spin-up and spin-down, respectively. For simplicity, the
energy of the highest occupied single particle state, i.e., the Fermi energy εF, is set to be
εF = 0. As a result, the kinetic energy of the system is then given by

Ekin =

−∆↓∫
−∞

ε D(ε) dε

︸ ︷︷ ︸
spin down

+

∆↑∫
−∞

ε D(ε) dε

︸ ︷︷ ︸
spin up

(2.3)

= 2

0∫
−∞

ε D(ε)

︸ ︷︷ ︸
E0

kin for n↑−n↓=0

+

∆∫
0

ε [D (−ε) +D (ε)] dε. (2.4)

Here we have used ∆ = ∆↓ = ∆↑. This is a good approximation when the variation of
the density of states D near the Fermi energy −∆↓ ≤ εF ≤ ∆↑ is negligibly small, which
can be assumed for sufficiently small ∆. In this case we can use the relation

n↑ − n↓ =
1

N

∆∫
−∆

D(ε) dε (2.5)

and rewrite the expression for the kinetic energy Ekin as

Ekin = E0
kin +

(n↑ − n↓)2

4 D(εF)
. (2.6)
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Thus, the kinetic energy Ekin increases quadratically with the magnetization M =
(n↑ − n↓)µB. The reason behind this is that electrons are identical fermions and therefore
obey the Pauli exclusion principle, which states that identical fermions cannot occupy
the same quantum state in the same physical system. Therefore, in order to achieve
a non-vanishing magnetization M 6= 0, electrons previously occupying single-particle
minority-spin states with the energies εi < εF and spin quantum number σ = ↓ have to
be excited to the lowest unoccupied single-particle majority-spin states with the energies
εj > εF and spin quantum number σ = −σ = ↑. Notice the central role played by the
value of the density of states D(εF) at the Fermi energy εF, since large (small) values of
D(εF) imply that the excitation energies εj − εi are accordingly small (large).

In order to understand the origin of ferromagnetism in thermal equilibrium, it is crucial
to take into acount the Coulomb repulsion

1

4πε0

e2

|r1 − r2|
(2.7)

among the electrons. This two-particle interaction is, by itself, clearly independent of the
spin quantum numbers σ and σ′ of the interacting electrons. However, a spin dependence
appears in quantum mechanics due to the indistinguishability of the electrons as identical
fermions and the resulting antisymmetry of the total wave function |Ψ〉. For any electron
pair the wave function can be written as a product |Ψ〉 = |χ〉|φ〉 of a function |χ〉 of the
spin variables and a function |φ〉 of the relative coordinate r = r1 − r2. Since |Ψ〉 is
antisymmetric, |φ〉 needs to be symmetric in the singlet state, where |χ〉 is antisymmetric,
and antisymmetric in the triplet state, where |χ〉 is symmetric with respect to spin
exchange. Therefore, the average Coulomb energy between two electrons depends on
their spin quantum numbers. The repulsion Uσσ in the low spin state, where electronic
spins are antiparallel, is stronger than the repulsion Uσσ between electrons in a high spin
state, where the electronic spins are parallel.

The average Coulomb energy between two electrons with different spin quantum numbers
σ = −σ corresponds to the direct Coulomb integral Uσσ = U . The average Coulomb
energy Uσσ = Uσσ−J = U−J between electrons having the same spin quantum numbers
σ is reduced by the exchange integral J > 0. As a result, the Coulomb energy of the
system having nσ electrons with spin σ can be written as

EC =
1

2
(Uσσ −

J

2
)(n↑ + n↓)

2︸ ︷︷ ︸
E0

C for n↑−n↓=0

−J
4

(n↑ − n↓)2 , (2.8)

where we have introduced the total number of electrons per atom n = n↑ + n↓. Note
that, in contrast to the kinetic energy Ekin, the Coulomb energy EC decreases as the
magnetization M = (n↑ − n↓)µB increases reaching its minimum in the case of a fully
polarized state, where all electrons have the same spin quantum number σ. This
corresponds to the first Hund’s rule in atoms. In this context one may introduce the
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ε

D↑(ε)

D↓(ε)

εF

}

2 Δ 

Figure 2.1.: Schematic spin-dependent local densities of states Dσ illustrating their mutual
energy shift 2∆ leading to a non-vanishing magnetization M = (n↑ − n↓)µB. For temperatures
T → 0 all states up to the Fermi energy εF are occupied. The hatched areas are proportional to
n↑ and n↓, respectively.

spin-dependent local densities of states Dσ, which are shifted with respect to each other
[ see Fig. 2.1 ].

The total energy E, given by the sum of the kinetic energy Ekin and the Coulomb energy
EC, reads

E = E0
C + E0

kin︸ ︷︷ ︸
E0

−J
4

(n↑ − n↓)2 +
(n↑ − n↓)2

4 D(εF )
(2.9)

= E0 +
(n↑ − n↓)2

4

(
1

D(εF )
− J

)
. (2.10)

It reflects the competition between the tendency to maximize the kinetic energy gain
resulting from electron delocalization and band formation (lowest Ekin for smaller n↑−n↓)
and the tendency to minimize the Coulomb repulsion energy by maximizing the spin-
polarization, which corresponds to the first Hund’s rule.

Eq. (2.10) unveils the so-called Stoner criterion

J >
1

D(εF )
or D(εF ) J > 1 (2.11)

for a spontaneous spin polarization in solids with itinerant electrons (metals). As long as
the Coulomb energy decreases faster than the kinetic energy increases as a function of
(n↑ − n↓)2, the metal is going to exhibit a spontaneous magnetization. Note, that this
magnetization is a direct consequence of the indistinguishability of the electrons and the
resulting antisymmetry of the eletronic wave functions. Let us recall that Eqs. (2.3)–(2.11)
are valid only in the limit of |n↑ − n↓| → 0, since we assumed that D(ε) can be regarded
as independent of ε.
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2.1.2. Local Magnetic Moments

Equation (2.11) provides only a condition for the instability of the paramagnetic case
with M = 0 or for the development of a ferromagnetic arrangement with M > 0 in an
electron gas. However, the Stoner theory may be also used in order to estimate how
the size of local magnetic moments µl in nanostructures is affected by changes in the
dimensionality and geometry of the system. To this end, let us introduce the local density
of states ρlσ for electrons with spin quantum number σ at atom l. In addition, let us
restrict the Coulomb interaction to electrons located at the same atom, which is certainly
the dominant contribution (see also Sec. 2.2). Following the discussion above, the local
magnetic moment µ0

l at site l for T = 0 is then given by

µl =

∆∫
−∆

ρl0(ε) dε = (nl↑ − nl↓)µB , (2.12)

where ρl0(ε) = ρlσ(ε + 2σ∆) is the paramagnetic local density of states. Furthermore,
the total energy E is given by

E = E0 +
∑
l

µ2
l

4

(
1

ρl0(εF )
− Jl

)
. (2.13)

Note that the value of the average exchange integral Jl depends on the element at site l.

Eventually, a Stoner condition

Jl >
1

ρl0(εF )
or ρl0(εF ) Jl > 1 (2.14)

for the creation of local magnetic moments µl may be extracted from Eq. (2.13). What
makes the Eq. (2.13) particularly interesting, is the possibility of expressing local density
of states ρlσ in the second-moment approximation as145;146

ρ
(2)
lσ (ε) =

10

πwl

{
1− (ε− εlσ)2

w2
l

}1/2

, (2.15)

where wl =
√

(zl/zb) Wb is the effective band-width, which is proportional to the d-band
width Wb of solid, and to the square root of the ratio between the coordination number
zl of the atom at site l and the coordination number zb in solid.

As shown in Fig. 2.2, a reduction of the coordination number zl leads to a higher
value of the local density of states ρ(2)

lσ at the Fermi energy εF. As a result, in the
case of low-dimensional nanostructures, such as layers, chains and clusters, the kinetic
energy increases more slowly with the size of the local magnetic moments µl, thus
facilitating larger magnetic moments. In addition to that, Eq. (2.15) also indicates the
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Figure 2.2.: Second order approximation of the local density of states ρ(2)
lσ for zb = 8, Wb = 1,

εF = 0 and nd = 6.8 electrons per atom corresponding to Fe. The area enclosed by ρ(2)
lσ and the

abscissa for ε < εF is equal to nd/2. After Ref. [147 ]

effect of a variation of the interatomic distance Rlm on the local magnetic moments
µl. The interatomic hybridizations and d-band width Wb decrease with increasing
interatomic distance as Wb ∝ R−5

lm . Consequently, increasing the interatomic distance
Rlm in nanostructures leads to larger values of the local density of states ρ(2)

lσ at the Fermi
energy εF and, therefore, to larger values of the local magnetic moments µl.

The predictions by the Stoner theory taking into account the size dependence of the
effective band width148 were verified by the experiments by Cox et al performed on RhN
clusters.149 While larger RhN cluster having N ≥ 60 atoms remain non-magnetic as it
is the case with Rh bulk, smaller RhN cluster with N < 60 atoms develop magnetic
moments. These magnetic moments increase as the cluster size decreases reaching a
maximum value equal to 0.8µB per atom in the case of N = 9 atoms. In other words, as
the cluster size decreases the average value of the coordination number zl decreases leading
to higher values of the local density of states ρ(2)

lσ at the Fermi energy εF. Eventually,
in the case of N < 60 the Stoner criterion is fulfilled. As the size of the RhN cluster
is further reduced, the average coordination number reduces leading to higher local
magnetic moments µl.

Besides this, the Stoner theory also predicts correctly finite magnetizations in Fe, Co
and Ni bulk as well as enhanced local magnetic moments in Fe, Co and Ni clusters.
However, the extension of the Stoner theory to finite temperatures T > 0 is destined to
fail, even if the temperature dependence of the single-particle states given by the Fermi
function is taken into account. The main drawback of the Stoner theory is that the rather
low-lying spin-excitations such as spin-density waves are entirely neglected leading to an
underestimation of the entropy. Furthermore, within the Stoner theory the magnetization
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Chapter 2. Theoretical Background

can only be reduced by the reduction of the size of the local magnetic moments µl,
which involves large energies proportional to J ∝ 1 eV. In contrast to this, experiments
show that the size of local magnetic moments remain stable even far above the Curie
temperature TC. Consequently, the Curie temperatures proposed by the Stoner theory
are in the range of TC ∝ 104 K, which is well above the experimental values T exp

C ∝ 103 K.

2.2. Local Magnetic Moments in Transition Metals

The purpose of this section is to illustrate why it is physically most reasonable in transition
metals to attach a well-defined local magnetic moment µl to each atom rather than
to consider a continuous magnetization density m. First, we discuss the origin of the
energetic stability of local magnetic moments µl. To this end, the quantum mechanical
tight-binding model is introduced, which is well suited to describe the electronic structure
in transition metals. In particular, the form of the corresponding many body d–band
Hamiltonian allows us to illustrate that the average Coulomb interaction between the
d–electrons is reduced when local magnetic moments are formed. While the Stoner
theory, discussed in Sec. 2.1, was introduced rather phenomenologically, in this section
we detail the approximations contained in the formulation of the many body model and
derive the stability of µl from a strictly quantum mechanical perspective. In addition
Fig. 2.3 explicitly shows the magnetization density distribution m(r) of a linear V
chain, which was calculated using density functional theory [ see Sec. 2.4 ], in order to
demonstrate the inner structure of local magnetic moments from real space point of view.
The ensemble of these observations provide the physical justification for the generalized
classical Heisenberg model, which will be used in this work in order to analyse the
couplings among local magnetic moments in transition-metal structures and to explore
the corresponding energy landscapes.

Many-Body d-Band Model

Consider a set of atoms located at Rl and a corresponding set of local orbitals φlα(r) =
φα(r −Rl) having well defined radial and orbital quantum numbers.1 Within the tight-
binding approach the non-relativistic many-body Hamiltonian describing the electronic
structure resulting from valence 3d electrons can be written as a sum

Ĥ = Ĥ0 + ĤI . (2.16)

of a single-particle term Ĥ0 and a two-particle term ĤI . Since the magnetic properties
of transition metals are mainly determined by the 3d-shell valence electrons, we restrict
ourselves to the consideration of the 3d-orbitals φlα(r). However, the contribution of

1In this section we follow closely the work of Garibay-Alonso et al.150
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2.2. Local Magnetic Moments in Transition Metals

sp-electrons and sp-d hybridization can be taken into account by a modified d-band filling
and d-band width. The contribution of the s and p electrons to the magnetic moment
due to spin is less than 4% for transition metals.151;152 Furthermore, in the following
the positions Rl of the atoms or rather ions are regarded as external parameters of the
electronic Hamiltonian, since the masses mp of protons are roughly 2000 times larger than
the masses me of the electrons. In other words, the dynamics of the light d-electrons and
the heavy ions take place on different time scales and can therefore be treated separately
with a appropriate accuracy for our purpose. This corresponds to the Born-Oppenheimer
approximation.153

The single-particle term Ĥ0 has the form

Ĥ0 =
∑
l,α,σ

ε0
lα n̂lασ +

∑
l 6=m
α,β,σ

tαβlm ĉ
†
lασ ĉmβσ , (2.17)

where ĉ†lασ and ĉlασ are the creation and annihilation operators for an electron with spin
σ at the orbital α of atom l.2 n̂lασ = ĉ†lασ ĉlασ is the corresponding number operator. The
parameters

tαβlk =

∫
φ∗α(r −Rl)

(
− ~

2m
∇2 + V0(r)

)
φβ(r −Rk) d3r (2.18)

are the hopping integrals and V0(r) is the electric potential generated by the ions.
ε0
lα = tααll corresponds to the single-particle energy of an electron in the orbital φlα.

The Coulomb interaction between 3d valence electrons is described by the two-particle
term

ĤI =
1

2

∑
σ,σ′

∑
l,k,m,n

∑
α,β,γ,δ

V αβγδ
lkmn ĉ

†
lασ ĉ

†
kβσ′ ĉmγσ′ ĉnδσ , (2.19)

where

V αβγδ
lkmn =

e2

4πε0

∫
φ∗α(r −Rl) φ

∗
β(r′ −Rk) φγ(r

′ −Rm) φδ(r −Rn)

|r − r′|
d3r d3r′ (2.20)

defines the Coulomb integrals. Thereby, a transition of the interacting electron pair from
the orbitals φnδ and φmγ into the orbitals φlα and φkβ takes place. The total spin of the
interacting electron pair is preserved because the associated operator for the total spin of
the interacting electron pair and the operator for the Coulomb interaction of the electron
pair commute. Even more general, the total Hamiltonian Ĥ is spin-rotational invariant,
i.e.,

[
Ĥ, Ŝ

]
= 0, where Ŝ the total spin operator of the system.

We simplify the problem at hand using two approximations. First, we restrict the
Coulomb integral V αβγδ

lkmn to the largest intraatomic interactions only. That is, we consider
2Latin letters indicate locations of the atoms, while greek letters indicate the orbitals.
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Chapter 2. Theoretical Background

only Coulomb interactions between two electrons, whose initial and final states are at the
same atom, i.e., l = k = m = n. These terms are important for the formation of local
magnetic moments in open shell atoms (Hund’s first rule). Moreover, the contribution
of the Coulomb interactions V αβγδ

lkmn , where the initial and final states of the interacting
electrons are not located at the same atom, are significantly smaller compared to the
intraatomic interaction, since the Coulomb integral V αβγδ

lkmn is approximately proportional
to the product of the overlaps between the orbitals φkβ and φmγ and between the
orbitals φlα and φnδ. The interatomic Coulomb interactions are in fact incorporated in an
approximate mean field way by modifying the potential of the atomic nuclei V0 (molecular-
field approximation), which is effectively taken into account in the tight-binding energy
levels and hopping integrals [ Eq. (2.18) ].

As a further approximation, we neglect the Coulomb integrals V αβγδ
llll involving more than

two different orbitals, since they are significantly smaller or zero. In particular note that
the orbital angular momentum Lz is conserved, i.e., mα +mβ = mγ +mδ, which results
in V αααβ

llll = V ααββ
llll = 0. In this way we end up with the two different terms:

• The direct Coulomb integral Uαβ := V αββα
llll and

• The exchange Coulomb integral Jαβ := V αβαβ
llll .

The values of Uαβ and Jαβ depend on the chemical element particularly as the spatial
extension of the radial wave function changes, as we move from a 3d to a 4d or 5d
transition metal. Due to the interaction between the electrons located at the same atom,
the form of the orbitals φlα(r) entering Eq. (2.20) will differ from the orbitals of a hydrogen
atom. In addition, the shape of φlα(r) is also altered by the electrons of neighboring
atoms. Typical values for transition metals are Uαβ ≈ 10 eV and 0.5 eV ≤ Jαβ ≤ 1 eV
for α 6= β.154–157 Let us recall that Jαβ ≥ 0 which,158 as we will show in the following,
results in Hund’s first rule for atoms, i.e., maximum spin in open shells.

Once these two approximations are introduced, the two-particle term ĤI takes the form

ĤI =
∑
l

(
V̂ D
l + V̂ X

l

)
, (2.21)

where

V̂ D
l =

1

2

∑
αβ

Uαβ n̂lα (n̂lβ − δαβ) (2.22)

and

V̂ X
l = −1

2

∑
α6=β

Jαβ

(
ŝlα · ŝlα +

1

2
n̂lα n̂lβ

)
. (2.23)

Thereby, ŝlα = (ŝxlα, ŝ
y
lα, ŝ

z
lα) is the spin operator and n̂lα =

∑
σ

n̂lασ is the number operator

at orbital α of atom l. The operator V̂ D
l takes into account the interaction terms
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2.2. Local Magnetic Moments in Transition Metals

depending on the charge of the atom l, whereas V̂ X
l incorporates the dependence on the

local spin degrees of freedom.

Neglecting for simplicity the orbital dependency of the direct and exchange Coulomb
integrals Uαβ = U and Jαβ = J , V̂ D

l and V̂ X
l take the form

V̂ D
l =

U

2
N̂l (N̂l − 1) (2.24)

and

V̂ X
l = −J Ŝ2

l −
J

4
N̂2
l +

2

3
J
∑
α

ŝ2
lα . (2.25)

Here, N̂l =
∑

α n̂lα and Ŝl =
∑

α ŝlα are the total electron number and spin operators of
atom l.

In order to obtain the final form of the ĤI we rewrite V̂ X
l . First, the term −J

4
N̂2
l is

included in V̂ D
l and in Ĥ0. To this end, we redefine U → U − J

2
and ε0

lα → ε0
lα − J

4
.

Second, for simplicity, the third term 2
3
J
∑

α ŝ
2
lα in V̂ X

l is neglected. The operator ŝ2
lα

yields 0, when the orbital α at atom l is empty or doubly occupied, and 3/4 otherwise.
Therefore, this term favors low local spin configurations, i.e., doubly occupied or empty
orbitals, and thus tends to reduce the stability of local magnetic moments. In this way
V̂ X
l takes the form

V̂ X
l = −JŜ2

l . (2.26)

The final form of the two-particle term ĤI is then given by

ĤI =
U

2

∑
l

N̂l(N̂l − 1)− J
∑
l

Ŝl · Ŝl (2.27)

with spin operator Ŝl at atom l, whose components are given by

Ŝlx =
1

2

∑
α

(ĉ†lα↑ ĉlα↓ + ĉ†lα↓ ĉlα↑) , (2.28)

Ŝly =
1

2i

∑
α

(ĉ†lα↑ ĉlα↓ − ĉ
†
lα↓ ĉlα↑) (2.29)

and

Ŝlz =
1

2

∑
α

(n̂lα↑ − n̂lα↓) . (2.30)

At this point it is particularly important to note, that the exchange term −J
∑

l Ŝ
2
l with

J > 0 in Eq. (2.27) implies that the average Coulomb interaction between electrons is
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Chapter 2. Theoretical Background

reduced in the presence of local spin magnetic moments µl = −gS µB
~ Ŝl. Here, µB = e~

2me
is

the Bohr magneton and gS ≈ 2 is the electron spin g-factor. This leads to ferromagnetism
in transition metals such as Fe and Co, exhibiting large local magnetic moments µl.
Physically, the exchange term −J

∑
l Ŝ

2
l results from the fact that electrons are fermions

and therefore their total many-body wave function is totally antisymmetric. An explicit
example calculation involving two protons and two electrons is presented within the
framework of Heitler-London method in App. E.

A few examples are useful in order to get a first quantitative estimate of the importance
of the energy reduction associated to the formation of local magnetic moments. The
exchange energy EX = −J 〈Ŝ2

l 〉 per atom is in the range of 3–4 eV in free-standing
Fe chains159;160 and about 2 eV in Fe solid,154–157;161 which is significantly larger than
the spin-spin Heisenberg-like couplings (∼ 100meV for Fe) controlling the orientations
of the magnetic moment. Consequently, the exchange splitting or energy separation
∆εXlασ = εlα↓ − εlα↑ between local majority- and minority spin states largely overcomes
the tendency of the kinetic energy for a paramagnetic state. The modulus |µl| of
the thus generated local magnetic moments is very stable even at high temperatures.
Stoner excitations in which an electron below the Fermi energy is excited to a state
above the Fermi energy with reversal of its spin direction, would certainly reduce the
modulus |µl|. However, they are only quantitatively important at very high temperatures
T ∝ ∆εXlασ/kB > 2500K.162 The exchange energy EX = −J 〈Ŝ2

l 〉 per atom explicitly
depends on the size of the local magnetic moment µl. Therefore, in the case of elements
such as Ni or Pt exhibiting small magnetic moments µl due to particularly large d-band
filling, the Stoner excitations play a more important role than in elements like Fe and Co
where the size of µl is significantly larger.150;162–166

Magnetization Density Distribution

Another interesting characteristic of the local magnetic moments µl in transition metals
is their internal structure within the Wigner-Seitz cell of atom l. This has been clearly
demonstrated in the work of M. Tanveer by calculating the magnetization density
distribution m(r) in the framework of DFT.159;171 In Fig. 2.3 the magnetization density
distribution m is shown for a linear V chain in a spin-density wave with a wavenumber
q = π/2a. The local magnetic moments µl are obtained by integrating the magnetization
density m within the corresponding Wigner-Seitz cell Ωl, i.e.,

µl =

∫
Ωl

m(r) dr3 . (2.31)

These calculations have been reported in Ref. [159 ] within the framework of Hohenberg-
Kohn-Sham’s density functional theory,167;168 as implemented with periodic boundary
conditions (PBCs) in the Vienna ab initio simulation package (VASP).169;170 As shown in
Fig. 2.3 (a), the arrows indicate that the directions ofm(r) are almost parallel within the
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2.2. Local Magnetic Moments in Transition Metals

Figure 2.3.: Magnetization density distribution m(r) of an infinite linear V chain in a spiral
spin-density wave state with a wavenumber q = π/2a, where a = 2.55Å is the nearest neighbor
distance. In this case the local magnetic moments µl are rotated by 90◦ when going from left
to right. The results have been obtained within the framework of Hohenberg-Kohn-Sham’s
density functional theory,167;168 as implemented with periodic boundary conditions (PBCs) in
the Vienna ab initio simulation package (VASP).169;170 The V chain is located in the xz plane
oriented along the z axis. Results are given for r within the xz plane. In (a) the color saturation
(grayscale) indicates the absolute value of the magnetization densitym(r), so that light (strong)
colors correspond to low (high) values of m(r). The small arrows represent the direction of
m(r) at the corresponding position. In (b) the contour plot of the component mx(r) of the
magnetization density vector is shown. Positive (negative) values of mx are indicated in red
(blue) and the absolute value |mx| is roughly proportional to the color saturation. The arrow at
each atom i indicates the direction of the local magnetic moment µl. Reprinted with permission
from [159 ].
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Wigner-Seitz cell of a given atom. Moreover, the largest contribution ofm(r) to the local
magnetic moments µl is found within the immediate environment of the atoms. This can
be also seen in Fig. 2.3 (b), where the contour plots indicate that the component mx(r) of
the magnetization density vector is large and nearly isotropic around atoms with a local
magnetic moment µl parallel or antiparallel to the x̂ axis (second and fourth atoms). The
actual rotation ofm(r) from atom to atom takes place only within the interstitial regions
between the atoms. These kind of subatomic domain walls are typically 0.5Å wide. As
the authors of Ref. [159 ] point out, these results confirm the strong stability of the local
magnetic moments µl and therefore justify the idea of attaching a well-defined µl to
each atom. These results are all the more remarkable considering that in a transition
metal like V itinerant 3d electrons are responsible for the creation of local magnetic
moments µl. The thus demonstrated stability of local magnetic moments µl, even at
high temperatures,162 justifies the analysis of our ab initio results and the corresponding
energy landscapes using the generalized Heisenberg-like model to be discussed in Sec. 2.5.

2.3. Spin-Orbit Coupling

The spin-orbit coupling (SOC) describes the interaction between the magnetic moment
of a particle associated with its intrinsic spin and the magnetic field created by its own
orbital movement relative to another charged particle or an external electric field. The
SOC is a single-particle interaction relativistic effect, which in the case of electrons
can be derived from the Dirac equation.172 Rather than a rigorous derivation of the
spin-orbit coupling within Dirac’s theory, in the following we aim to provide an illustrative
motivation using semi-classical explanations of the spin-orbit coupling.173;174

Consider a rest system of a charged nucleus and an electron circulating with a velocity v
around it. The charge of the nucleus creates an electrostatic field

E = −∇V , (2.32)

where V is the electric potential of the nucleus. Alternatively, from the point of view of an
electron, the nucleus is moving around it leading to a charge-current loop. Consequently,
the electron experiences a magnetic field B̂′, which in the non-relativistic limit v � c is
given by

B̂′ ≈ 1

c2
(E × v̂) , (2.33)

where c is the speed of light. Note that B̂′ is in fact an operator involving the time
derivative v̂ = dr̂/dt of the electron’s position operator. The electron’s spin Ŝ and the
corresponding magnetic spin moment

µ̂S = −2µB
~
Ŝ . (2.34)
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are proportional and antiparallel to each other, where µB is the Bohr magneton. The
SOC

ĤSO = −µ̂S · B̂′ =
2µB
~
Ŝ · B̂′ (2.35)

is the result of the coupling between µ̂S and the magnetic field B̂′ generated by the
electron’s motion. In the case of a spherically symmetric nuclear potential we can write

Ê = − r̂
r

dV
dr

. (2.36)

Finally, using the relation L̂ = r̂× p̂ = me r̂× v̂ between the orbital moment L̂, position
r̂, momentum p̂ and electron rest mass me, we can rewrite the SOC Hamiltonian as

ĤSO = − e

m2
ec

2

(
1

r

dV
dr

)
(L̂ · Ŝ) , (2.37)

where e > 0 is the elementary charge.

This expression ĤSO for the SOC deviates only by a factor of 1/2 from the expression
resulting from a rigorous derivation within the Dirac theory. The general expression for
Hamiltonian in the case of an atom with many electrons is given by

ĤSO =
∑
α

ξα(L̂α · Ŝα) (2.38)

where the sum runs over all electrons. ξα = e
2m2

ec
2

(
1
r
dV
dr

)
> 0 is referred to the SOC

constant. Let us remark that the SOC described above corresponds to a coupling between
a spin and an orbit of the same electron. In addition to that, there is a coupling between
a spin of one electron and an orbital moment of another electron.173 However, this
contribution is known to be very small in comparison to the SOC described above, and
is therefore included by a minor correction to the effective potential V .

Due to the fact that ξα > 0, each electron tends to align its spin Ŝα antiparallel to its
orbital angular momentum L̂α. Therefore, in the ground state of an atom, the total
orbital momentum L and the total spin S are aligned antiparallel [ parallel ] in the case
of a less [more ] than half-filled atomic shell. This is known as Hund’s third rule of
atomic multiplets. Moreover, the SOC together the relativistic corrections to the kinetic
energy and the so-called Darwin term, is responsible for the fine structure describing the
shifts and splittings of the atomic energy levels. The most important effect of the SOC
in the context of the present work is the coupling of the spin degrees of freedom with
the electronic motion in the crystal lattice. In other words, when SOC is included, the
electronic energy of a given magnetic configuration depends on its relative orientation
with respect to the geometry of the nanostructure. As a result, exciting effects, namely the
anisotropic Heisenberg coupling, DM interaction and local magnetocrystaline anisotropy,
are revealed leading to interesting quasistable magnetic vortex patterns.
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2.4. Density Functional Theory

Density functional theory (DFT) is a quantum mechanical approach to the many-body
problem, which features two significant advantages over conventional wave-function
approaches. First, the multidimensional many-body wave-function is replaced by the
total electronic density as the fundamental unknown, which is a lot easier to handle.
Second, within DFT the many-body problem is mapped onto a single particle problem,
allowing an elegant and efficient solution of the many-body problem. Most remarkably,
both of these transformations are exact. Approximations are however needed in order
to perform any practical calculation since the explicit form of the universal exchange-
correlation functional is not known yet.

The popularity of this theory, for which W. Kohn received the Nobel Prize in Chemistry,
can be seen not least in the over 30,000−40,000 citations of each of the two original
publications by P. Hohenberg, W. Kohn and L. J. Sham.167;168 The advantages of DFT
allow one to perform very efficient numerical calculations of electronic properties in
the ground state of relatively large systems with high accuracy. Many open source
and commercial numerical implementations using the DFT are nowadays accessible. In
this work all electronic calculations have been performed by using the Vienna ab initio
simulation package (VASP).169;170 It is therefore worth to recall the basic ideas behind
DFT in the following subsections.

2.4.1. Hohenberg-Kohn Theorems

Consider an isolated Ne− electron system in the Born-Oppenheimer non-relativistic
approximation. The corresponding many-body Hamiltonian is given by

Ĥ =
Ne∑
k=1

p̂2
k

2me︸ ︷︷ ︸
T̂

+
∑
k

vext(rk)︸ ︷︷ ︸
V̂ext

+
e2

4πε0

∑
k 6=l

(
1

|rk − rl|

)
︸ ︷︷ ︸

Ŵ

. (2.39)

The first term T̂ is the kinetic energy operator, where pk = −i ~∇ stands for the
momentum of electron k and me is the electron mass. V̂ext describes the interaction
with the nuclei or ions, which are considered to be static within the Born-Oppenheimer
approximation.153 In particular, vext(rk) is the potential acting on electron k located at
rk, which is external from the perspective of the many-electron system and can include
other sources of external electric fields. Finally, Ŵ represents the electron-electron
Coulomb repulsion, which is the only two-particle interaction in Ĥ. In the present form
Ĥ is independent of the spin variables. However, the spin degrees of freedom σk may be
formally included in rk. Notice, moreover, that the relativistic correction in the form of
spin-orbit coupling (SOC), is not included here, because the basic ideas of DFT can be
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conveyed without SOC. Finally, for simplicity, we consider many-body systems with a
non-degenerate ground state.

In order to determine the ground-state energy E0 and the corresponding ground-state
wave function Ψ0 (r1, r2, r3, . . . , rNe) we have to solve the time-independent Schrödinger
equation

Ĥ Ψ0 (r1, r2, r3, . . . , rNe) = E0 Ψ0 (r1, r2, r3, . . . , rNe) . (2.40)

For Ne > 2 and Ŵ 6= 0 this equation cannot be solved exactly. In addition to that, a
numerical solution of Eq. (2.40) becomes difficult due to the very high dimensionality of
the wave function Ψ0, which is equal to 3Ne (excluding spin variables).

As an alternative to the solution of the time independent Schrödinger equation given in
Eq. (2.40) we can use the Rayleigh-Ritz variation principle

E0 = min
Ψ

{
〈Ψ|Ĥ|Ψ〉

}
(2.41)

with 〈Ψ|Ψ〉 = 1. In this way the ground-state wave function Ψ0 and the ground state
energy E0, or at least an upper bound for E0, can be determined. Nevertheless, the
complexity resulting from the high dimensionality of |Ψ〉 remains.

The main breakthrough introduced by DFT is to replace the many-body wave function
Ψ (r1, r2, . . . , rNe) by the electron density n(r) in real space as the fundamental unknown
of the many-body problem. The density is given by

n(r) = 〈Ψ|n̂(r)|Ψ〉 , (2.42)

where

n̂(r) =
Ne∑
k=1

δ(r − rk) (2.43)

is the electron density operator. In this way, the dimensionality of the fundamental
unknown is reduced to 3, which is independent of system size and thus enormously
simplifies the complexity of the many-body problem. This replacement has been made
possible by the work of Hohenberg and Kohn.167 In order to demonstrate the theorems
let us consider two mappings.175–179 First,

C : vext → Ψ0 (2.44)

maps a given external potential vext on the corresponding ground-state wave function Ψ0.
In other words, the mapping C corresponds to solving the time-independent Schrödinger
equation (2.40). The second mapping D is defined as

D : Ψ0 → n0(r) (2.45)

between the ground-state wave function Ψ0 and the ground-state electronic density n0,
which has the explicit form (2.42). The thesis of the first theorem by Hohenberg and
Kohn can be stated as follows:167

25



Chapter 2. Theoretical Background

Theorem 1 The external potential vext of a many-electron system is a unique functional
of the ground-state electronic density n0, apart from a trivial additive constant. Conversely,
for non-degenerate ground states, the ground-state electronic density n0 is a functional
of the external potential vext.

In other words, the mappings C and D are bijective resulting in a one-to-one correspon-
dence between the external potential vext, the ground-state wave function Ψ0 and the
ground-state electron density n0 (non degenerate case). Moreover, since the ground-state
electron density n0 determines the external potential vext, it also determines the explicit
form of the Hamiltonian Ĥ. Consequently, the ground-state electron density n0 deter-
mines in principle all eigenstates of Ĥ and therefore all accessible physical information
about the many-body system.

As a corollary of the first theorem, the total ground-state energy E0 of any many-electron
system is a functional of the electronic density n:

E0 = E[n0] = F [n0] +

∫
n0(r) vext(r) dr3 , (2.46)

where

F [n] = 〈Ψ[n]| T̂ + Ŵ |Ψ[n]〉 (2.47)

itself is a functional of the electronic density n, often referred to as the Hohenberg-Kohn
functional. This functional is universal, i.e., it does not depend on the specific form of
the external potential vext. However, the exact explicit form of F is unknown. Therefore
there is no simple way of using it to determine the ground state exactly. The second part
in Eq. (2.46) represents the interaction of the electrons with the external potential of the
problem under study and is therefore explicitly known.

The second Hohenberg-Kohn theorem can be stated as follows:

Theorem 2 For any many-electron system the functional E[n] for the total energy has
a minimum equal to the ground-state energy E0 at the ground state density n0.

This second theorem is of great importance. It leads to the variational principle, which
ultimately allows us to derive an iterative approximated solution of the many-body
problem. To this end, let us write out the Hohenberg-Kohn functional F from Eq. (2.47)
as

F [n] = T [n]︸︷︷︸
average

kinetic energy

+ W [n]︸ ︷︷ ︸
average

Coulomb energy

. (2.48)

The first term

T [n] = 〈Ψ[n]| T̂ |Ψ[n]〉 = Ts[n] + Tex[n] (2.49)
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2.4. Density Functional Theory

is the average kinetic energy of the many-body system having the density n, which
we split in two parts. The first part Ts[n] represents the kinetic energy of an auxiliary
non-interacting electron system, while the second part Tex[n] referred to as the correlation
kinetic energy incorporates the rest of the kinetic energy T [n]. The second term in
Eq. (2.48) is given by

W [n] = 〈Ψ[n]| Ŵ |Ψ[n]〉 =
e2

4πε0

∫ ∫
n(r)n(r′)

|r − r′|
dr3 dr′ 3︸ ︷︷ ︸

Hartree energy

+ Exc[n]︸ ︷︷ ︸
exchange-correlation

energy

. (2.50)

It represents the average Coulomb interaction energy the electrons having a density
n. The Hartree energy corresponds to the classical electrostatic Coulomb repulsion
of the electronic density with itself. The remaining term Exc[n] is the exchange and
correlation Coulomb energy functional, which takes into account exchange effects due to
the antisymmetry of the many-electron wave function and correlation effects beyond the
Hartree contribution.

Based on the second Hohenberg-Kohn theorem we apply the variational principle on
the total energy functional E[n] given in Eq. (2.46) in order to minimize it under the
constraint ∫

n(r) dr3 = Ne (2.51)

of conservation of the total number of electrons. Therefore, the electronic density n0(r)
of the ground state has to satisfy the Euler-Lagrange equation associated with the
variational principle, i.e.,

δ

{
E[n(r)]− µ

(∫
n(r) dr3 −Ne

)}
= 0 . (2.52)

Using the definition of functional derivative

δE[n] =

∫
δE[n]

δn(r)
δn(r) dr3 , (2.53)

and Eqs. (2.48)–(2.50) we can write Eq. (2.52) as∫ (
δTs[n]

δn(r)
+
δTex[n]

δn(r)

)
δn(r) dr3 +

e2

4πε0

∫ ∫
δn(r)n(r′)

|r − r′|
dr3 dr′ 3

+

∫
δExc[n]

δn(r)
δn(r) dr3 +

∫
δn(r) vext(r) dr3 − µ

∫
δn(r) dr3 = 0 . (2.54)

Taking into account that δn(r) is arbitrary, it follows that

δTs[n]

δn(r)
+
δTex[n]

δn(r)
+

e2

4πε0

∫
n(r′)

|r − r′|
dr′ 3 +

δExc[n]

δn(r)
+ vext(r) = µ . (2.55)
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Up to this point no serious approximations have been introduced. Thus, the condi-
tion (2.55) on the ground-state electronic density n0 is exact. However, at this point a
method to determine the ground-state electronic density n0 for a system of interacting
electrons remains to be clarified.

2.4.2. Kohn-Sham Equations

Kohn and Sham proposed to map the system of interacting electrons onto an effective
system of non-interacting electrons with an auxiliary external potential veff,168 whose
form should be such that the ground-state electronic density n0 of the real interacting
system [ Ŵ 6= 0 ] and the effective non-interacting system [ Ŵ = 0 ] coincide. Strictly
speaking, we assume that a suitable external potential veff satisfying this nontrivial
condition exists. In this way, instead of coping with the challenging system of interacting
electrons, we can work with a system of non-interacting electrons, which are far easier to
handle.

The Hamiltonian for a system of non-interacting electrons is given by

Ĥs =
Ne∑
k=1

p̂2
k

2me︸ ︷︷ ︸
T̂s

+
Ne∑
k=1

v′(rk) . (2.56)

The corresponding single-particle Schrödinger equation has the form(
− ~2

2me

∇2 + v′(r)

)
ϕk(r) = εk ϕk(r) . (2.57)

The non-degenerated ground-state wavefunction Ψ0 of non-interacting electrons is given
by the Slater determinant

Ψ0(r1, r2, . . . , rN) =
1√
N !

∣∣∣∣∣∣∣∣∣
ϕ1(r1) ϕ2(r1) · · · ϕN(r1)
ϕ1(r2) ϕ2(r2) · · · ϕN(r2)

...
... . . . ...

ϕ1(rN) ϕ2(rN) · · · ϕN(rN)

∣∣∣∣∣∣∣∣∣ , (2.58)

which is composed of the lowest-energy single-particle wave-functions ϕk. Hence, the
electronic density n(r) is then given by

n(r) =
Ne∑
k=1

|ϕk(r)|2 . (2.59)

The main advantage of a system of non-interacting electrons is that it allows us to
determine the functional derivative of Ts[n]. To this end let us first determine the
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2.4. Density Functional Theory

energy functional Es of the non-interacting system. Premultiplying the single-particle
Schrödinger equation (2.57) with ϕ∗k(r), integrating and summing up over k = 1, . . . , Ne

we obtain the energy functional

Es[n] =
Ne∑
k=1
εk≤EF

εk (2.60)

=
Ne∑
k=1
εk≤EF

∫
ϕ∗k(r)

(
− ~2

2me

∇2

)
ϕk(r) dr3 +

Ne∑
k=1
εk≤EF

∫
ϕ∗k(r) v′(r)ϕk(r) dr3 (2.61)

= Ts[n] +

∫
v′(r)n(r) dr3 , (2.62)

where EF is the Fermi energy. Here, we have used that the single-particle wave functions
ϕk are normalized, i.e, ∫

ϕ∗k(r)ϕk(r) dr3 = 1 . (2.63)

Finally, the second Hohenberg-Kohn theorem, which also applies to non-interacting
systems, i.e., Ŵ = 0, allows us to apply the variation principle to the energy functional
Es[n] given in Eq. (2.62) and to derive a condition on the ground-state electronic density
n0. Due to the first Hohenberg-Kohn theorem the potential v′ yielding the electronic
density n0 is unique, provided that it exists. As a result we obtain

δEs[n] =

∫ {
δTs[n]

δn(r)
+ v′(r)− µ

}
δn(r) dr3 !

= 0 , (2.64)

which leads to the condition

δTs[n]

δn(r)
= −v′(r) + µ . (2.65)

We may now combine Eqs. (2.65) and (2.55) in order to obtain the explicit form of v′ so
that the ground-state electronic density n0 in the case of the two systems of interacting
and non-interacting electrons is the same. The resulting effective potential reads

veff = vext +
e2

2πε0

∫
n(r′)

|r − r′|
dr′ 3 + vxc(r) , (2.66)

where

vxc(r) =
δTex[n]

δn(r)
+
δExc[n]

δn(r)
(2.67)
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is the exchange and correlation potential. The corresponding effective single-particle
equations (

− ~2

2me

∇2 + veff(r)

)
ϕk(r) = εk ϕk(r) . (2.68)

are known as the Kohn-Sham equations. Note, that the effective potential veff(r) is
a function of the electronic density n, which in its turn is expressed in terms of the
single-particle wave functions ϕk(r). Therefore, the Kohn-Sham equations constitute a
self-consistent field problem.

So far no approximations have been made. Therefore, the solutions of the Kohn-Sham
equations in principle provide the exact form of the ground-state electronic density n0 of
the initial many-body problem of interacting electrons. However, the explicit form of the
exchange and correlation potential vxc is unknown. Thus, vxc has to be approximated as
accurately as possible, in order to be able to obtain concrete results for the systems of
physical interest.

2.4.3. Exchange and Correlation Potential

The Kohn-Sham mapping of the system with interacting electrons onto a system with
non-interacting electrons described above is exact provided the knowledge of the exchange-
correlation potential vxc or the corresponding functionals Tex and Exc. In this section
we first examine the physical meaning of this term and subsequently give some of the
common approximations used in DFT calculations.

Let us consider the joint probability density

n(r, r′) = 〈Ψ| n̂(r) n̂(r′) |Ψ〉 , (2.69)

which has the form of a pair correlation function involving the electron density operator
n̂(r) defined in Eq. (2.43).179 n(r, r′) measures the probability density of finding an
electron at r and simultaneously another electron at r′.3 When the two electrons are far
apart with |r − r′| → ∞, they hardly interact with each other. As a result we can write

n(r, r′)→ n(r)n(r′) for |r − r′| → ∞ . (2.70)

However, when the electrons are not far apart, the joint probability density cannot be
factorized, i.e.,

n(r, r′) 6= n(r)n(r′) for |r − r′| <∞ . (2.71)

3The definition of the joint probability density n(r, r′) in the relativistic case is more subtle, since
then the expression ’simultaneously’ depends on the reference frame. The following discussion of the
exchange-correlation energy concerns the non-relativistic case.
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2.4. Density Functional Theory

In fact, when r → r′, the joint probability density is reduced, i.e.,

n(r, r′) < n(r)n(r′) for r → r′ , (2.72)

because of the electron-electron Coulomb repulsion and the Pauli exclusion principle. In
particular, when the two electrons have the same spin σ, the joint probability density for
parallel spins even tends to zero when r → r′, i.e.,

nσσ(r, r′)→ 0 for r → r′ . (2.73)

In other words, around each electron a region of depleted electron density is present,
which is referred to as the exchange-correlation hole.

In order to illustrate the terminology of exchange-correlation energy and the exchange-
correlation hole, we use a mathematical trick which is discussed in more detail in [179 ],
for example. To this end, a parameter λ ∈ [0, 1] is introduced, which is used to scale the
electron-electron Coulomb interaction Ŵ → λ Ŵ [ see Eq. (2.39) ]. λ = 0 corresponds to
the case where there is no interaction between electrons at all, whereas λ = 1 corresponds
to the real system. One can derive the following expression for the exchange-correlation
energy:4

Exc[n] =

∫ 1

0

1

2

e2

4πε0

∫ ∫
n(r, r′)− n(r)n(r′)

|r − r′|
dr3 d r′ 3 dλ , (2.74)

where n(r, r′) = n(r, r′, λ) stands for the pair probability density (2.69) corresponding
to the interaction strength λ. This equation illustrates the physical meaning of the
exchange-correlation energy Exc[n] as the difference between the true electron-electron
Coulomb interaction energy and the classical electrostatic Coulomb repulsion, i.e., the
Hartree energy integrated over the coupling strength λ. This was already introduced
in Eq. (2.50). However, Eq. (2.74) goes beyond Eq. (2.50) since it clarifies that the
exchange-correlation energy Exc[n] results from the deviation of the joint probability
density n(r, r′) from the simple product n(r)n(r′).

Next, let us introduce the exchange-correlation hole density

nxc(r, r
′) =

(
n(r, r′)

n(r)
− n(r′)

)
, (2.75)

which represents the depletion in density at r′ when an electron is present at r. Using
this expression we can rewrite the exchange-correlation energy from Eq. (2.74) as

Exc[n] =

∫ 1

0

1

2

e2

4πε0

∫ ∫
n(r)nxc(r, r

′)

|r − r′|
dr3 dr′ 3 dλ , (2.76)

which allows us to interpret the exchange-correlation energy Exc[n] as the Coulomb
attraction between an electron located at r and its exchange-correlation hole.

4The interested reader may look up the mathematical details of the derivation in [179 ].
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Once the physical meaning of the exchange-correlation energy Exc[n] has been discussed
we focus in the remainder of this section on explicit approximations to Exc[n], which
enable practical computations with DFT.

Local Density Approximation (LDA)

The exchange-correlation energy can be calculated very accurately for the special case of
a homogeneous, interacting electron gas. One can imagine this as a fictitious solid, where
the ions or nuclei are evenly smeared out over the space. Therefore, the external potential
vext as well as the electronic density n are independent of the position r. The only variable
characterizing the homogeneous electron gas and the corresponding exchange-correlation
energy is then the electronic density n.

Kohn and Sham proposed in their original paper [168] in 1965 to take advantage of the
accurate results in the case of the homogeneous electron gas in order to provide an ap-
proximation for the exchange-correlation energy for real solids with non-uniform electron
distributions. To this end, the exchange-correlation energy per electron εLDAxc [n(r)] of a
real solid at point r with an electron density n(r) is approximated by the correspond-
ing value of the exchange-correlation energy εhgxc [n(r)] in the case of the homogeneous
electronic gas having the same electron density n(r). This is known as the local density
approximation (LDA). The exchange-correlation energy per unit volume at point r is
then given by

n(r) εhgxc [n(r)] (2.77)

and the total exchange-correlation energy is obtained by integrating over the volume of
the system or the unit cell:

ELDA
xc [n] =

∫
n(r) εhgxc [n(r)] dr3 . (2.78)

One way to approximate the exchange energy εx[n(r)] per unit volume is to calculate it
for free particles using Hartree-Fock theory.180 An additional multiplicative parameter α
with 2/3 ≤ α ≤ 1 is used in order to incorporate the correlation energy. The resulting
exchange-correlation energy per unit volume takes then the form

εxc[n(r)] = −6α

(
3n(r)

8π

)1/3

. (2.79)

Notice that atomic units are used in Eq. (2.79), as well as in the rest of this subsection.
Otherwise the SI units are used in general.

Another widespread approach is to split εxc in its exchange and the correlation parts as

εxc[n(r)] = εx[n(r)] + εc[n(r)] (2.80)
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and to determine εx[n(r)] and εc[n(r)] separately.

In the case of magnetic systems it is necessary to treat the spin-up and spin-down
electrons separately. The corresponding electronic densities are denoted by n↑(r) and
n↓(r) with n(r) = n↑(r) + n↓(r). This extension is referred to as the local spin-density
approximation (LSDA). An approximation for the exchange energy is181

εx[n↑(r), n↓(r)] = −6

(
3

4π

)1/3 n
4/3
↑ (r) + n

4/3
↓ (r)

n(r)
, (2.81)

which reduces to Eq. (2.79) with α = 1 in the paramagnetic case where n↑(r) = n↓(r).
Concerning the correlation part εc[n↑(r), n↓(r)], accurate results have been obtained for
example by Ceperley and Adler using quantum Monte Carlo methods.182

The LDA and LSDA are widely used in electronic structural calculations. Due to its
construction, they work particularly well in systems where the electronic density n changes
very slowly in space. Remarkably, it has been found that local approximations also work
quite well in cases where the electronic density n is strongly inhomogeneous, such as in
atoms and molecules.183 The reason for this success is that LDA and LSDA fulfil several
global features exactly, for example, the sum rule for the exchange and correlation hole.
A further reason for the success of the LDA and LSDA is that the exchange-correlation
energy involves a radial average of the exchange-correlation hole with a sphere of radius
|r − r′| around the electron’s position r. The Coulomb interaction depends indeed
only on |r − r′| [ see Eq. (2.76), for example ]. Although the LDA exchange-correlation
hole deviates from the exact one in a very significant way when n(r) is not uniform,
the spherical average is very well reproduced. Despite its astonishing success the local
approach also has certain well documented downsides. For example, it underestimates
the band gap in semiconductors and overestimates binding energies and bond strengths
in molecules and solids.

Generalized Gradient Approximation (GGA)

The generalized gradient approximation represents an improvement over the LDA and
LSDA.184 The corrections take into account the local gradient ∇n of the electronic
density n. One therefore denotes these approximations as semi-local. The general form
of the GGA functional is

EGGA
xc [n] =

∫
f(n↑, n↓, ∇n↑, ∇n↓) dr3 , (2.82)

where f is an analytical function.

The GGA is considered to be a good standard of accuracy for most metals. It improves the
total energies, energy barriers, structural energy differences and softens bond strengths,
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thus correcting a number of drawbacks of the LDA and LSDA.185–188 Among the most
widespread GGA implementations one should mention those introduced by Perdew and
Wang (PW91),189 by Perdew, Burke and Enzerhof (PBE),184 and by Hammer, Hansen
and Norkov (RPBE).190 In the present work the PW91 implementation has been used.
Furthermore, sophisticated exchange-correlation functional are usually referred to as
meta-GGA, which, besides the local electronic density and its gradients, also incorporate
the kinetic energy density of the occupied Kohn-Sham orbitals.

2.5. Generalized Classical Spin Hamiltonian

The main purpose of this subsection is to introduce the generalized classical Heisenberg-
like model and provide a vivid illustration of the included magnetic interactions. For one
thing, this model is used in order to extract the effective exchange coupling constants from
electronic calculations, which describe the interactions between local magnetic moments.
In addition, the Heisenberg model is used to examine the corresponding magnetic energy
landscapes of the magnetic structures.

2.5.1. General Form of the Effective Spin-Spin Interactions

The most general form of a quadratic approximation of the effective spin-spin interactions
has the form

H = −
∑
i

µ̂iKi µ̂i −
1

2

∑
i,j
i6=j

µ̂iM ij µ̂j , (2.83)

with the interaction matrices Ki,M ij ∈ R3×3 and the orientations µ̂i = µi/|µi| of
the local magnetic moments µi.191 The first term in Eq. (2.83) describes the local
(contribution to the) magnetocrystalline anisotropy, while the second term describes the
interactions between all pairs of local magnetic moments µi and µj. As we shall see,
this allows us to describe the physical effects relevant for our work with high accuracy.
Note, however, that one can in principle expand this model in order to take into account
three-spin interactions, biquadratic interactions and beyond.192–194

The interaction matrix M ij is often chosen to have the property

M ij = M
t

ji , (2.84)

whereM t

ji is the transposed matrix ofM ji. This corresponds to the situation where the
interaction energy between the local magnetic moments µi and µj does not change when
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the orientations µ̂i and µ̂j of the magnetic moments at sites i and j are interchanged.
However, M ij is in general not symmetric, i.e.,

M ij 6= M
t

ij , (2.85)

particularly when spin-orbit interactions are present and when the symmetry of the
underlying lattice structure is low.

In the most general case, one may always decomposeM ij into three parts, corresponding
to symmetric isotropic, symmetric anisotropic, and antisymmetric anisotropic interactions
between local magnetic moments µi and µj:

M ij = Jij I︸︷︷︸
symmetric
isotropic

+ M
S
ij︸︷︷︸

symmetric
anisotropic

+ M
A
ij︸︷︷︸

antisymmetric
anisotropic

. (2.86)

The physical meaning of these interactions is described in more detail below.

Concerning the first term in Eq. (2.86), the symbol I denotes the unit matrix and the
scalar Jij is given by

Jij =
1

3
Tr
(
M ij

)
, (2.87)

whereby Tr
(
M ij

)
indicates the trace of the matrix M ij. This term is symmetric since

Jij = Jji and isotropic since all diagonal elements of the identity matrix are identical.
The second term in Eq. (2.86) is given by

M
S
ij =

1

2

(
M ij +M

t

ij

)
− Jij I , (2.88)

which corresponds to the symmetric and traceless part of M ij, since M
S
ij = M

S
ji and

Tr
(
M

S
ij

)
= 0.

Finally,

M
A
ij =

1

2

(
M ij −M

t

ij

)
= −M A

ji (2.89)

represents the antisymmetric part of M ij, which is also traceless. The corresponding
antisymmetric contribution to the interaction energy

HDM = −1

2

∑
i,j
i6=j

µ̂iM
A
ij µ̂j (2.90)

can be rewritten using the intrinsically antisymmetric cross product as

HDM = −1

2

∑
i,j
i6=j

Dij · (µ̂i × µ̂j) . (2.91)
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Here, we have introduced the so-called Dzyaloshinsky-Moriya (DM) vector Dij ∈ R3,
whose components are given by

Du
ij =

1

2

[
M

vw

ij −M
wv

ij

]
, (2.92)

Dv
ij =

1

2

[
M

wu

ij −M
uw

ij

]
(2.93)

and

Dw
ij =

1

2

[
M

uv

ij −M
vu

ij

]
. (2.94)

M
uu

ij ,M
uv

ij , . . . ,M
ww

ij are the components of the interaction matrix

M ij =


M

uu

ij M
uv

ij M
uw

ij

M
vu

ij M
vv

ij M
vw

ij

M
wu

ij M
wv

ij M
ww

ij

 . (2.95)

From Eqs. (2.92)–(2.94) one can see that Dij = −Dji. Notice, that the forms of
Eqs. (2.92)–(2.94) remain if instead of M ij we use the antisymmetric part M A

ij of M ij

to indicate the components Du
ij, Dv

ij and Dw
ij.

In conclusion, the interaction energy (2.83) may be then written as

H = −
∑
i

µ̂iKi µ̂i −
1

2

∑
i,j
i6=j

[
Jij µ̂i · µ̂j︸ ︷︷ ︸
symmetric
isotropic

+ µ̂iM
S
ij µ̂j︸ ︷︷ ︸

symmetric
anisotropic

+Dij · (µ̂i × µ̂j)︸ ︷︷ ︸
antisymmetric
anisotropic

]
. (2.96)

In the following the physical meaning of each term is described.

2.5.2. Isotropic Heisenberg Interactions

Once the general form of a quadratic approximation of the effective spin-spin interactions
has been introduced in Eqs. (2.83) and (2.96), it is important to discuss in some detail the
physical meaning of each of these interactions. Let us start with the simplest situation
where no SOC effects are present. In this case the interactions between the local magnetic
moments are isotropic, which is described by a scalar product. Therefore, the classical
Heisenberg Hamiltonian takes the most simple form

H = H I
H = −1

2

∑
i,j
i6=j

Jij µ̂i · µ̂j . (2.97)
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The effective exchange coupling constant Jij describes the magnetic coupling between
two magnetic moments µi and µj at atoms i and j. This interaction is symmetric
with respect to interchange of the local magnetic moments (µi ↔ µj) and, due to the
rotational invariance of the scalar product, it is also isotropic. For Jij > 0 (Jij < 0) the
coupling between the two magnetic moments favors parallel (antiparallel) alignment,
which is referred to as FM (AFM) coupling. This model may lead to FM, AFM and more
complex noncollinear (NC) ground-state order. In fact, competing magnetic interactions
among neighbors at various distances and spiral spin-density-wave instabilities have been
observed, for example, in the ground state of TM chains and monolayers.115;159;160;162;195;196

2.5.3. Anisotropic Heisenberg Interactions

The matrixM S
ij given in Eq. (2.88) is usually not zero as a result of spin-orbit interactions.

Since M S
ij is symmetric it can always be diagonalized with real eigenvalues. One may in

fact diagonalize the sum of M S
ij and the isotropic part Jij I. Denoting the eigenvalues as

Juij, Jvij and Jwij and choosing the u, v and w axis along the corresponding eigenvectors,
the interaction energy takes a particularly transparent form. The effects of SOC thus
result in an anisotropy of the coupling constants or effective exchange couplings Juij, Jvij
and Jwij , describing the magnetic coupling along the u, v and w axes. Therefore, the
spin Hamiltonian HA

H including both isotropic and anisotropic symmetric terms may be
written as

HA
H = −1

2

∑
i,j
i6=j

[
Jij µ̂i · µ̂j + µ̂iM

S
ij µ̂j

]
(2.98)

= −1

2

∑
i,j
i6=j

{
Juij µ̂

u
i µ̂

u
j + Jvij µ̂

v
i µ̂

v
j + Jwij µ̂

w
i µ̂

w
j

}
. (2.99)

Note, that the local u, v and w axes, for which M S
ij is diagonal, have to be specified

individually for each interacting pair of magnetic moments. For example, in the case
of an interaction between the local magnetic moments µi and µj the local u axis is
typically chosen to point from the location Ri of atom i to the location Rj of atom
j. The remaining local v and w axes are chosen consistently with the symmetry of the
examined nanostructures. This will be specifically indicated for the cases of planar and
rolled-up bilayers, as well as for linear chains and rings further below.

The Hamiltonian in Eq. (2.99) is certainly symmetric with respect to interchange of the
local magnetic moments (µi ↔ µj), but not necessarily isotropic, since the coupling
constants Juij, Jvij and Jwij often take different values. As a result of this anisotropy, the
effective Heisenberg coupling contributes to the magnetic anisotropy energies (MAEs)
[ see Tab. 3.1 ]. Moreover, the energy of a spin-spiral state with a given wavelength λ
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now depends on the plane, where the rotation of the magnetic moments µi takes place.
This is a clear manifestation of anisotropy, a phenomenon that also results from the DM
interaction to be discussed in the following.

2.5.4. Dzyaloshinsky-Moriya Interactions

The antisymmetric and anisotropic contribution to the spin-spin coupling is known as
the Dzyaloshinsky-Moriya (DM) interaction. This effective exchange interaction resulting
from SOC, is an important part of our Hamiltonian. In the middle of the 20th century,
the discovery of weak ferromagnetism in mainly antiferromagnetic α-Fe2O3 crystals has
led to controversial discussions.120 Possible explanations of the weak ferromagnetism were
suggested by L. Néel based on impurities, and by Y. Y. Li based on antiferromagnetic
domains with magnetized domain walls requiring crystal imperfections.197;198 As T. Moriya
pointed out, these explanation attempts would be a result of the impurity of the sample,
and thus the weak ferromagnetism would vary from sample to sample. However, the
weak ferromagnetism in α-Fe2O3 crystals turns out to be an intrinsic property. In 1958,
I. Dzyaloshinsky was the first to identify in a phenomenological way the antisymmetric
interaction

D12 · [S1 × S2] (2.100)

between spins S1 and S2, whose strength and orientation is controlled by the DM vector
D12 = −D21 ∈ R3, as the source of the weak ferromagnetism in α-Fe2O3 crystals.119 One
year later, T. Moriya picked up the idea of Dzyaloshinsky and derived the antisymmetric
interaction in Eq. (2.100) using Anderson’s formalism of superexchange interaction
including spin-orbit coupling.120

In the present work, the DM interaction is written in the form

HDM = −1

2

∑
i,j
i6=j

µ̂iM
A
ij µ̂j (2.101)

= −1

2

∑
i,j
i6=j

Dij · (µ̂i × µ̂j) , (2.102)

where Dij = −Dji ∈ R3. The magnitude of a DM vector Dij is defined by the strength
of the SOC of the compounds,123 whereas the orientation of Dij is mainly a consequence
of the symmetry of the film, multilayer or nanostructure.120 The DM interaction is
occasionally divided into two contributions, namely the Rashba and the Dresselhaus DM
interaction related to the parts D⊥ and D‖ of Dij being perpendicular and parallel to
the vector rij connecting the sites i and j, respectively.118

In order to identify possible constraints for the orientation of Dij T. Moriya has derived
five fundamental symmetry rules, which are introduced in the following. To this end,

38



2.5. Generalized Classical Spin Hamiltonian

let us consider an interaction between two local magnetic moments µi and µj at sites
i and j within a nanostructure. The vector connecting the sites i and j is denoted by
rij = rj − ri and the point bisecting the segment rij is denoted by C. Then Moriya’s
symmetry rules are the following:120

1) When the structure has a center of inversion located at C
=⇒ Dij = 0.

2) When the structure has a mirror symmetry plane perpendicular to rij passing
through C
=⇒ Dij ‖ mirror symmetry plane or Dij ⊥ rij.

3) When the structure shows a mirror symmetry plane including ri and rj
=⇒ Dij ⊥ mirror symmetry plane.

4) When there is a two-fold rotation symmetry axis perpendicular to rij and passing
through C
=⇒ Dij ⊥ two-fold axis.

5) When there is a n-fold rotation axis (n ≥ 2 ) along rij
=⇒ Dij ‖ rij.

Physically, the DM interaction energy of a pair of magnetic moments µi and µj can
be reduced by canting or misaligning the relative orientation of the magnetic moments
within a plane perpendicular to Dij. Thereby, the relative orientation or chirality of
the noncollinear spin arrangement of the magnetic moments is crucial, since the DM
energy is reduced (increased) when the vector product µi × µj is parallel (antiparallel)
to the DM vector Dij [ see Eq. (2.102) ]. This is the remarkable characteristic property
of the DM interaction, which may lead to magnetic skyrmions, or localized magnetic
vortex patterns, with a specific chirality. Notice that such an effect is not possible at the
symmetric level (Dij ≡ 0).

2.5.5. Local Contributions to the Magnetocrystalline Anisotropy

The local contribution to the magnetocrystalline anisotropy (LMA) depends only on the
orientation of the magnetic moment at each atom i. It is given by the quadratic form

HLMA = −
∑
i

µ̂iKi µ̂i , (2.103)

where Ki ∈ R3×3 is a real symmetric tensor which respects the symmetry of lattice
structure. This ensures that the energy E({µi}) is real and that E({µi}) = E({−µi}) as
a requirement by the time-inversion symmetry. It is then meaningful to express HLMA in
terms of the eigenvalues Ku

i , Kv
i and Kw

i of Ki, where u, v, and w denote the direction
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of the eigenvector of Ki, which correspond to the symmetry axes of the system. Thus,
we have

HLMA = −
∑
i

{
Ku
i (µ̂ui )

2 +Kv
i (µ̂vi )

2 +Kw
i (µ̂wi )2} . (2.104)

The values of the eigenvalues Ku
i , Kv

i and Kw
i define the favored orientation of the local

magnetic moment µi at site i due to the LMA. Any deviation of Ki from a scalar matrix
is necesseraly a consequence of spin-orbit interactions. Unlike the previously discussed
terms HA

H and HDM in the Hamiltonian, the LMA contribution does not describe an
interaction between local moments. The LMA energy at site i is independent of the
orientations of the other local magnetic moments µj with j 6= i. From an electronic point
of view, i.e., from a many-body model or ab initio perspective, the LMA energy is not a
single-particle term, i.e., not a single-electron term, since for the creation and orientation
of a local magnetic moment µi not only the SOC plays a role, but also the interaction
among the relevant electrons at site i is important.

In summary, the generalized classical Heisenberg-like Hamiltonian given in Eq. (2.96)
takes the explicit form

H =−1

2

∑
i,j
i6=j

{
Juij µ̂

u
i µ̂

u
j + Jvij µ̂

v
i µ̂

v
j + Jwij µ̂

w
i µ̂

w
j

}
︸ ︷︷ ︸

anisotropic Heisenberg coupling HA
H

−1

2

∑
i,j

Dij · (µ̂i × µ̂j)︸ ︷︷ ︸
DM coupling HDM

−
∑
i

{
Ku
i (µ̂ui )

2 +Kv
i (µ̂vi )

2 +Kw
i (µ̂wi )2}

︸ ︷︷ ︸
local magnetocrystalline anisotropy HLMA

. (2.105)

We can include HLMA in Eq. (2.99) by dropping the restriction i 6= j and defining
Ju, v, wi i /2 = Ku, v, w

i . Then, the total Heisenberg Hamiltonian (2.105) can be grouped
again into a compact form

H = −1

2

∑
i,j

µ̂iM ij µ̂j . (2.106)

with

M ij =


Juij Dw

ij −Dv
ij

−Dw
ij Jvij Du

ij

Dv
ij −Du

ij Jwij

 for i 6= j (2.107)

and

M ii = 2


Ku
i 0 0

0 Kv
i 0

0 0 Kw
i

 . (2.108)
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In the case of FePt and CoPt bilayers, the effective exchange couplings Dij and Ju, v, wij ,
as well as the magnetocrystalline anisotropy constants Ku,v,w

i are extracted from ab
initio frozen-magnon dispersion relations including the magnetic anisotropy energies
(MAE) using the method of least squares [ see Figs. 3.4 and 3.5, and Tab. 3.1 ]. Both
the translational symmetry of the bilayers as well as the periodicity of the spin-spiral
states are thereby exploited. For a detailed description, the interested reader is referred
to the App. A. For simplicity, the coupling constants related to the interactions of the
local magnetic moments µPt

i at the Pt atoms are not taken into account when fitting the
frozen-magnon dispersion relations and in the subsequent analysis, since we are mainly
interested in the effective exchange couplings among the Fe and Co atoms and in the
magnetic order within the Fe and Co layers.

2.5.6. Local Coordinate Systems

Before closing the presentation of the generalized classical Heisenberg model, it is
important to specify real-space coordinate systems, in whose framework the Heisenberg
interactions between the local magnetic moments µi and µj are defined. Let us first
review the case of the two-spin interactions HA

H and HDM. Concerning the planar and
rolled-up structures to be discussed in the Chap. 3 and 4, it is convenient to work with
local coordinate systems specified for each pair of interacting magnetic moments µi and
µj and to refer the corresponding coupling parameters Ju, v, wij and Dij to these local
coordinate systems. The axes of the local (global) coordinate systems are denoted by
the lower-case (capital) letters u, v and w (X, Y and Z). First of all, the local u axis
is chosen to be parallel to the line connecting sites i and j. An example is presented
in Fig. 2.4 for the L10 bilayer in order to clearly define the direction of the local u axis
between interacting magnetic moments µi and µj. The local v axis is chosen according
to the symmetry of the nanostructure. For instance, in the case of the planar bilayer
the local v axis is chosen to be perpendicular to the bilayer, which corresponds with the
global Y axis [see Figs. 2.4, 3.1 and 3.3]. In the case of the rolled-up bilayer, the local v
axis points from the origin of the local coordinate system towards the rotational axis of
symmetry. Thereby, we choose the origin of the local coordinate system to be the point
bisecting the segment connecting the sites i and j. The remaining local w axis is then
given by the cross product between the local u and v axis.

In the case of the local magnetic anisotropy term HLMA, it is useful to adopt a similar local
coordinate system for the corresponding parameters Ku,v,w

i . However, the construction
of the local coordinate system for HLMA differs from the one used for the two-spin
interactions HA

H and HDM discussed above. For example, in the case of a planar L10

bilayer the local coordinate system is chosen to be identical to the global coordinate
system [ see Figs. 2.4 and 3.1 ]. In the case of the rolled-up L10 bilayer the local u and w
axes are chosen to be in-plane and the local v axis is chosen to be out-of-plane as in its
planar counterpart. In this context some important consequence of the curvature deserve
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Figure 2.4.: Illustration of the different nearest neighbors δ = 1, 2, . . . , 9 of the atom i = 0
in an Fe (Co) ML, which is the top layer of the FePt (CoPt) bilayer having the L10 structure
[ see Fig. 3.1 ]. A + [− ] sign in front of δ indicates that the local u axis points from atom 0
towards the corresponding neighbor +δ [ from the neighbor −δ towards atom 0 ]. In the latter
case the DM vector is inverted, i.e., D0δ → −D0δ. The local v axis (vertical) is always oriented
out-of-plane as the global Y axis. The local w axis is given by the cross product between the
local u and v axes. The X and Z axes of the global coordinate system are specified in the upper
left corner. The Heisenberg coupling constants Ju,v,w0δ and D0δ presented in Figs. 3.2 and 3.5
correspond to the present scheme. Furthermore, the same axis convention is used for rolled-up
L10 bilayers, in which case the global Z axis corresponds to the C∞ rotation-symmetry axis of
the nanorolls.
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to be pointed out. The deviations between the local coordinate systems corresponding to
the single-particle term HLMA, on the one hand, and the two-particle term HA

H +HDM,
on the other hand, increase as the curvature of the nanostructure becomes stronger. This
leads to changes in the angle between the magnetization direction favored by HLMA and
the direction favored by HA

H +HDM. As a result there are shifts in the energies for each
magnetic configuration.

2.6. Characterization of Magnetic Energy Landscapes

In this subsection the general principles of magnetic energy landscapes (ELs) are briefly
reviewed. The physical relevance of local minima (LM) and first-order saddle points (SPs)
is discussed. Furthermore, the L-BFGS minimization algorithm for the localization of
LM as well as the Geodesic Elastic Band GEB method used to determine the minimum
energy path (MEP) connecting these LM are briefly introduced.

2.6.1. Magnetic Energy Landscapes

Consider a set of N transition-metal atoms located at R = {R1, R2, . . . , RN} with
local magnetic moments µ = {µ1, µ2, . . . , µN}. The total magnetic energy E of the
nanostructure is a function of the local magnetic moments µi, i.e., E = E (µ), due to the
anisotropic Heisenberg interaction and the DM interaction, the local magnetocrystalline
anisotropy discussed in Sec. 2.5, as well as other contributions such as the magnetic
dipol-dipol interaction and the interaction with external magnetic fields B. Furthermore,
the geometrical arrangement and the chemical type of the atoms affects the interaction
between the local magnetic moments µi, as demonstrated by our results on the Heisenberg
coupling constants shown in Secs. 3 and 4, or by the anisotropy of the dipol-dipol
interaction between local magnetic moments. Therefore, the total magnetic energy also
depends on R, i.e., E = E (µ, R ). Strictly speaking the interaction energy also depends
on the electronic temperature T , through the temperature dependence the Heisenberg
parameters Ju, v, wij , Dij and Ku,v,w

i , although the effects are in most cases qualitatively
weak in the low temperature we are interested in.162;199

In this work, we determine the Heisenberg parameters Ju, v, wij , Dij and Ku,v,w
i in the

framework of ground-state electronic theory. Any small fluctuations of the modulus |µi|
of the local magnetic moments µi are not taken into account. Moreover, we restrict
ourselves to periodic geometries of planar and rolled-up FePt or CoPt bilayers with fixed
locations Ri of the atoms. Therefore, the total magnetic energy E(µ) can be regarded
as a function of the orientation of all local magnetic moments µ = {µ1, µ2, . . . , µN}.
Notice, however, that the changes in size |µi| of the local magnetic moments resulting
from changes in the magnetic order (e.g., as a function of the vector q characterizing
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Figure 2.5.: (a) Spin-fluctuation EL ∆F ′ and its contour plot (b) for a linear Fe3 cluster on
Pt(111) as a function of the exchange fields ξ1 and ξ2 at the center and at the edge of the Fe
chain. The depicted two-dimensional EL exhibits the ground state in the bottom right corner
and three more local minima (LM) with higher energies separated by saddle points (SPs). For
more details see Ref. [200 ].

different spiral spin waves) are duly taken into account in the self-consistent density
functional calculations, since no constraint on the local moment size |µi| is imposed.

The notion energy landscape (EL) refers simply to the mapping of all possible magnetic
configurations µ to the total magnetic energy, i.e., E : µ→ R. An example of an EL from
one of our earlier works is shown in Fig. 2.5. The LM and first-order saddle points (SPs)
of the EL are of particular importance. A LM is defined as a point µ, where the gradient
of E (µ) is zero and all eigenvalues of the Hessian matrix are positive. Consequently,
the energy in the vicinity of the LM increases approximately quadratically with the
distance to the LM. Thus, if the magnetic configuration µ of the system is located near
at a LM, it stays near this LM for a typical time τ ∝ e∆E/kBT , where ∆E is the energy
barrier separating the LM from other LM in the EL. Therefore, the LM of an EL are
also referred to as metastable or stationary states.

The other important critial points of the EL are the first-order SPs, where the gradient
vanishes and the Hessian matrix has exactly one negative eigenvalue. Therefore, in
contrast to a LM, there is one direction in configuration space at a first-order SP in which
the energy decreases. These points play a special role in the EL because they link the
various LM in the EL along the minimum energy path (MEP), which is a lowest-energy
trajectory in the configuration space [ see also Sec. 2.6.3 ]. Therefore they are also referred
to as transition states (TSs).

The ensemble of LM and connecting SPs or TSs of the EL represents a characteristic
fingerprint of the magnetic nanostructure. Essential global thermodynamic properties,
such as the heat capacity C and the Curie or Néel transition temperatures, above which
the ferromagnetic respectively antiferromagnetic global magnetic order disappears, can
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be derived from this discretization of the full continuous EL for example, by using
the parallel-tempering Monte Carlo simulations. In addition, the LM and TSs provide
detailed information on fundamental microscopic properties, such as the arrangement of
the local magnetic moments µi or on the stability of nontrivial metastable states such as
skyrmions, spin waves or FM alignments.

A practical semi-quantitative way of estimating the lifetime of the metastable LM
is given by harmonic transition state theory [HTST ].201;202 Consider two LM µα =

{µα1 , µα2 , . . . , µαN} and µβ =
{
µβ1 , µ

β
2 , . . . , µ

β
N

}
with the energies Eα and Eβ, and the

first-order connecting transition state µαβTS having the energy Eαβ
TS . In the framework of

HTST the transition probability per unit time for going from state α to state β is given
by the transition rate

kHTSTαβ = fαβ e−∆Eαβ/kBT , (2.109)

where

∆Eαβ = ETS
αβ − Eα (2.110)

is the activation energy barrier, kB is the Boltzmann constant and T is the temperature.
The pre-exponential factor fαβ, which is in most cases temperature independent, depends
on the local curvature and thus reflects the properties of the local environment of the EL
near the initial minima µα and the transition state µαβTS. Notice that Eq. (2.109) has the
form of the Arrhenius equation describing the temperature dependence of physical or
chemical processes, in which an activation energy must be overcome. The energy Eβ and
the local environment of the final state µβ are in fact irrelevant for the calculation of
kHTSTαβ . Using Eq. (2.109) one obtains qualitative environment specific predictions of the
lifetime of a metastable state. For example, if the LM is surrounded by relatively small
(large) energy barriers, the corresponding metastable state has a correspondingly short
(long) lifetime.

2.6.2. Localization of the Local Minima

In order to identify a LM in the EL, the limited-memory Broyden–Fletcher–Gold-
farb–Shanno [ L-BFGS ] algorithm is used. It is a quasi-Newton iterative method for
solving unconstrained optimization problems and represents a modification of the Broy-
den–Fletcher–Goldfarb–Shanno [BFGS ] algorithm, so that memory requirements are
reduced.203–207

In order to illustrate a quasi-Newton method, let us consider a smooth function f : Rn →
R. Let us further assume that the value of f at point xk, which corresponds to the
iteration k, is known. The value of f at a point xk+1 = xk + d, which corresponds to
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the next iteration k + 1 and is located close to xk, is then approximately given by the
Taylor series of up to second order at xk

f(xk+1) ≈ f(xk) + dT ∇f(xk) +
1

2
dT H(xk)d , (2.111)

where ∇f(xk) and H(xk) are the gradient and the Hessian matrix of f at xk. In case
where xk is a minimum, the following relation holds:

0 = ∇f(xk) +H(xk)d . (2.112)

Note that this relation in general holds for any stationary point with a vanishing gradient,
i.e., also for a local maximum and a SP. Eq. (2.112) provides the search direction or the
so-called Newton step

d = −H−1(xk)∇f(xk) (2.113)

for the next iteration k + 1 of the minimization procedure of a Newton algorithm.

In general, the calculation of the inverse of the Hessian matrix H−1 in Eq. (2.113) is
numerically expensive. Therefore, the quasi-Newton methods, such as BFGS, calculate
inexpensive approximations B of H−1, i.e., B ≈ H−1. Then the new search direction d
is given by

d = −B(xk)∇f(xk) (2.114)

In addition to that, the approximation procedure for H−1 is optimized requiring the
storage of only a few vectors si = xi+1 − xi and vi = ∇f(xi+1) −∇f(xi) of length n
instead of entire n× n matrices.207

With the L-BFGS method, the various minima of an EL are determined by repeatedly
performing the following steps. First, a random state µ is generated. Then this state
minimized using the L-BFGS algorithm until the gradient is vanishingly small. Afterwards,
the eigenvalues of the Hessian matrix H are determined for the minimized state. If all
eigenvalues of H are positive, then the present minimized state is added to the list of
identified LM. At this point it should be noted that these numerical calculations are
performed in spherical coordinates, since the length of the local magnetic moments is
kept constant.

2.6.3. Minimum Energy Paths and their Calculations

A minimum energy path (MEP) is a trajectory in the magnetic configuration space
which connects two LM with the magnetic configurations µα = {µα1 , µα2 , . . . , µαN} and
µβ = {µβ1 , µ

β
2 , . . . , µ

β
N}. It is characterized by the property that at any point along

the MEP the energy increases when the magnetic configuration µ is changed along a
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direction perpendicular to the MEP. As a consequence of this definition, a MEP is always
perpendicular to the constant energy curves and thus follows the gradient line, which
goes through other LM and the first-order SPs connecting two specific LM. The largest
energy value along the MEP measured with respect to the energy E(µα) of the initial
LM µα is referred to the activation energy of the specific transition. In principle there
can be different MEPs connecting the same two magnetic configurations µα and µβ with
different energy barriers. These MEPs correspond to different transition mechanisms
with their own transition rates. Since the energy along the MEPs is by definition minimal
compared to other nearby paths, the MEPs have the highest statistical weight among
the paths connecting µα and µβ. Thus, they represent dominant transition mechanisms
between µα and µβ.

As a first approximation of the optimal path connecting two LM µα and µβ one may
use the geodesic, which is defined as the shortest path between two points on a certain
surface. What is actually this surface in our case? As discussed above, the energy of the
considered magnetic materials is completely defined by the orientation of all the local
magnetic moments µi. All possible states of a single local magnetic moment µi are then
represented by a two-dimensional unit sphere

S2
i =

{
x ∈ R3 : ||x||2 = 1

}
. (2.115)

The set of all possible states of the N local magnetic moments µ = {µ1, µ2, . . . , µN} is
then given by the direct product

R =
N∏
i

S2
i (2.116)

of the unit spheres S2
i . This constraint defines the hypersurface on which the magnetic

configurations µ of the system evolve.

In order to give an explicit representation of the path along the geodesic let us consider
the directions µ̂αi and µ̂βi of a local magnetic moment µi at a given atom i corresponding
to the magnetic configurations µα and µβ. The direction µ̂αβi (t) of the local magnetic
moment µi along the geodesic is then given by

µ̂αβi (t) = cos
(
ααβi t

)
µ̂αi + sin

(
ααβi t

) [
µ̂αi × µ̂

β
i

]
× µ̂αi , t ∈ [ 0, 1] (2.117)

where µ̂αβi (0) = µ̂αi = µαi /|µαi | and µ̂
αβ
i (1) = µ̂βi = µβi /|µ

β
i |. α

αβ
i denotes the angle

between µαi and µβi .

Note that the Eq. (2.117) applies to all local magnetic moments µi in the magnetic
structure with the same parameter t, so that the magnetic configuration µα, corresponding
to t = 0, is transformed along the geodesic into the configuration µβ for t = 1. In other
words, every local magnetic moment µi performs a transition along its own geodesic.
In the particular case where the two LM µα and µβ have similar configurations, i.e.,
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when the LM are located close to each other, one may reasonably expect that the
geodesic can represent a good first approximation to the MEP. Unfortunately, in the
magnetic nanostructures considered in this work the geodesic passes through magnetic
configurations with significantly high energies, i.e., through higher-order SPs or even
through local maxima. In this case the geodesic is very far from the actual MEP between
the two LM µα and µβ.

In most cases, other methods must be used to determine the MEP. Two of the most
promising methods are the eigenvector-following method 208–214 and the Geodesic Nudged
Elastic Band 215–222 [ GNEB ] method. The idea behind the eigenvector-following method
can be roughly summarized as follows. Moving away far enough from a LM will eventu-
ally lead to a negative eigenvalue of the Hessian matrix. Following the corresponding
eigenvector of the Hessian matrix uphill and repeatably minimizing within the (N − 1)–
dimensional subspace perpendicular to it will lead to a first-order SP. Then, stepping of
the first-order SP in the direction of the unstable eigenvector and subsequently following
the gradient downhill will lead to a neighboring LM. Using this eigenvector-following
method successively will reveal more and more pairs of LM and the corresponding con-
necting first-order SPs. In this way a network of neighboring LM and the connecting
MEPs is generated. Using this network also us allows to identify a MEP between more
distant LM passing through additional intermediate LM and first-order SPs connecting
them. Unfortunately, it turns out that this approach does not work very well in the
case of magnetic systems investigated in this work. Probably this is due to the high
degeneracy of the LM, which is a consequence of the high symmetry of the considered
geometrical arrangement of the atoms. In such cases, the so-called double-ended methods,
in which the initial and final configurations of the path are predicted and kept fixed,
provide a far more robust algorithm alternative.

The GNEB method has proven to be very effective in order to determine the MEPs in this
work. The first step of a nudged elastic band [NEB ] method is to choose an initial guess
of the MEP between two particular LM µα and µβ. In the case of the GNEB method
the initial guess is the geodesic between the LM µα and µβ [ see Eq. (2.117) ]. Then,
Q intermediate configurations µν = {µν1, µν2, . . . , µνN} with 1 ≤ ν ≤ Q are selected
along the geodesic, preferably distributed equidistantly to avoid any bias and to obtain
a uniform resolution throughout the path. These intermediate configurations µν are
referred to as images. In this way a chain

C =
[
µ0, µ1, µ2, . . . , µν , . . . , µQ, µQ+1

]
, (2.118)

of magnetic configurations is constructed. This provides us with a discrete representation
of the path between µ0 = µα and µQ+1 = µβ, where of the first and last configurations
along the chain C are kept fixed throughout the entire GNEB algorithm. Subsequently,
the configurations of the remaining images µν with 1 ≤ ν ≤ Q are optimized by using
the gradient descent method until they are positioned along the MEP at the end of the
optimization process.
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In order to optimize the locations of the images an ad hoc, so-called GNEB force F ν
GNEB

must be acting on each one of the images µν . In fact, optimizing the locations of the
images µν following the true force

F ν
EL = −∇E(µν) (2.119)

alone would bring all the images to the closest LM, typically µα or µβ. To prevent this,
the images µν are connected to their adjacent images µν±1 by a fictitious spring. The
resulting spring force has the form

F ν
spring = κ

{
L
(
µν , µν−1

)
τ̂ ν, ν−1 + L

(
µν , µν+1

)
τ̂ ν, ν+1

}
, (2.120)

where κ is the spring constant. Furthermore,

L
(
µs, µt

)
=

√(
ls, t1

)2
+
(
ls, t2

)2
+
(
ls, t3

)2
+ . . .+

(
ls, tN
)2 (2.121)

with

ls, ti = arccos
(
µsi · µti

)
(2.122)

represents the geodesic distance between the nearby images µs and µt. Finally,

τ̂ ν, ν±1 =
{
τ̂ ν, ν±1

1 , τ̂ ν, ν±1
2 , . . . , τ̂ ν, ν±1

N

}
, (2.123)

where

τ̂ ν, ν±1
i =

µν±1
i − µνi
|µν±1

i − µνi |
, (2.124)

is a normalized vector indicating the location of the neighboring images µν±1
i with respect

to µνi . The total GNEB force for an image µν is then given by the sum

F ν
GNEB = F ν

EL + F ν
spring

= −∇E(µν) + κ
{
L
(
µν , µν−1

)
τ̂ ν, ν−1 + L

(
µν , µν+1

)
τ̂ ν, ν+1

}
. (2.125)

Each iteration of the GNEB method consists of two main steps. First, the total GNEB
force F ν

GNEB is determined for every image µν . And second, each of the images µν is
moved slightly in the direction of the GNEB force F ν

GNEB, i.e.,

µν → µν + γ F ν
GNEB for all 1 ≤ ν ≤ Q , (2.126)

whereby γ � 1 denotes the step size. In practice, a step size γ ≈ 10−4 has proven to be
most appropriate resulting, in a fast convergence while preserving numerical stability. In
addition, the value of the spring constant κ also affects the convergence of the GNEB
method. For instance, too large values of κ result in a too stiff chains of images µν
yielding paths which are shorter than the MEP. In particular, in the limit κ→∞ the
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resulting path converges towards the geodesic. In the case of too small κ the effect of
the springs between the images becomes irrelevant, causing the chain to fall apart. In
practice, the value of κ are gradually reduced from κ = 50 to κ = 1 with Q = 99 images.
Finally, at the end of the GNEB method, when the chain of images already represents
a good approximation of the MEP, the nearby images µν and µν+1 are connected by
geodesics in order to obtain a continuous representation of the MEP.

The above discussed version of the GNEB method, to which we will refer to as the
GEB method, with the definition of F ν

GNEB given by Eq. (2.125), worked well in our
applications. However, in other cases the convergence of this version may be poor.
Therefore, the GNEB method is often refined by projecting the true force F ν

EL and the
spring force F ν

spring onto the current path by using the tangent to the path t̂ ν . This is
referred to as nudging.215 The idea behind it can be summarized as follows. For each
image µν the tangent to the path is determined

t̂ ν =
{
t̂ ν1 , t̂

ν
2 , . . . , t̂

ν
N

}
, (2.127)

where

t̂ νi =
µν+1
i − µν−1

i

|µν+1
i − µν−1

i |
. (2.128)

Note that the calculation of t̂ ν in Eq. (2.128) can be further refined by using forward
and backward differences. Subsequently, t̂ ν is projected onto the tangent space of the
unit spheres.215 This is done by orthogonalizing t̂ νi with respect to the corresponding
local magnetic moment µνi .

The thus obtained tangent unit vector t̂ ν is used, in a second step, to eliminate the
component of the true force F ν

EL, along the path. In this way one obtains

F ν
EL,⊥ = F ν

EL − (F ν
EL · t̂ ν) t̂ ν , (2.129)

which ensures that only transversal updates of the images are performed, which are those
actually responsible for the path optimization. Changes in the image position along the
path do not change its trajectory but only modify the distribution of the images along it.

Finally, the spring force F ν
spring is projected onto the tangent to the path, i.e.,

F ν
spring, ‖ = κ

{
L
(
µν+1, µν

)
− L

(
µν , µν−1

) }
t̂ ν . (2.130)

in order to preserve an equidistant distribution of the images in the directions along the
path without disturbing the optimization of the locations of the images perpendicular to
the path. The resulting GNEB force has then the form

F ν
GNEB = F ν

EL,⊥ + F ν
spring, ‖ . (2.131)
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2.6. Characterization of Magnetic Energy Landscapes

Figure 2.6.: Three-dimensional contour plot of the energy of a single-spin degree of freedom
test system. The minima [maxima ] are indicated in blue [ orange ] color. The geodesic (top,
black curve), the MEP (pink curve) and two intermediate paths along the MEP optimization
(black) are shown including the locations of the Q = 15 images (dots). The initial path along
the geodesic goes through a maximum, whereas the MEP, which is optimized using the GNEB
method, goes through the transition state indicted by the cross. Reprinted with permission
from Ref [215 ].

In Fig. 2.6 the initial geodesic, the converged MEP and two intermediate paths are
illustrated for a system consisting of only one spin degree of freedom. It is easy to see
how far the geodetic is from the optimal path, particularly in this case since it passes
very close to a maximum. The MEP, shown in pink, is obtained by optimizing the
locations of the images, which are indicated by filled circles, using the GNEB method
[ Eqs. (2.127)–(2.131) ].

51



Chapter 2. Theoretical Background

52



3. Planar FePt and CoPt Bilayers

In this section the electronic and magnetic properties of planar FePt and CoPt L10 bilayers
are investigated by performing electronic first principles calculations in the framework
of density functional theory. A complementary study on linear FePt and CoPt chains
may be found in App. B. The central part of the calculations concern the frozen-magnon
dispersion relations along the most relevant two-dimensional (2D) lattice directions by
considering different polarization planes and directions both including and excluding the
central spin-orbit coupling (SOC). On this basis the effective interaction parameters Dij ,
Ju, v, wij and Ku,v,w

i of the generalized classical Heisenberg-like Hamiltonian between the
different atoms i and j are extracted. This allows us to analyse the interactions between
local magnetic moments from a local perspective and thus elucidate the origin of the
DM interaction as well as the magnetocrystalline anisotropy energy (MAE).

The remainder of this section is structured as follows. In Sec. 3.1 the main details on
ab initio calculations and on the considered geometrical structures of the bilayers are
provided, including the most relevant information on the studied magnetic configurations
and the associated frozen-magnon dispersion relations. In Sec. 3.2, the relaxed geometries
and the calculated modulus of the local magnetic moments µi are briefly discussed. In
Sec. 3.3 the isotropic frozen-magnon dispersion relations obtained by ignoring SOC are
analyzed together with the corresponding Heisenberg coupling constants. Finally, in
Secs. 3.4 the SOC is taken into account in the calculations and their fundamental role in
the frozen-magnon dispersion relations is quantified.

Before closing these introduction remarks it is important to stress that the planar FePt
and CoPt L10 bilayers discussed in this chapter are most interesting nanosystems in
their own right. The explorations of the fundamental magnetic effects in planar systems,
such as the DM interaction and the anisotropy of the Heisenberg interaction, are of
great current scientific interest. In particular, the L10 magnetic alloys are known for
their large MAE that are useful for the heat assisted magnetic recording technique in
order to achieve high-density storage devices.60–66 Furthermore, the results and analysis
to be presented in the following will be most useful for our understanding of rolled-up
nanostructures to be presented in Secs. 4 and 5.
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Chapter 3. Planar FePt and CoPt Bilayers

3.1. Details on the Ab Initio Calculations

The first-principles calculations on ferromagnetic (FM), antiferromagnetic (AFM) and
spin-spiral states in magnetic nanostructures have been performed in the framework of
Hohenberg-Kohn-Sham’s density functional theory167;168 as implemented with periodic
boundary conditions (PBCs) in the Vienna ab initio simulation package (VASP).169;170 An
augmented plane-wave basis set is used to solve the spin-polarized Kohn-Sham equations,
in which the interaction between valence electrons and ionic cores is described by means
of the projector-augmented wave (PAW) method.223 The exchange and correlation energy-
functional is treated in the generalized-gradient approximation (GGA) by Perdew and
Wang together with the interpolation formula by Vosko, Wilk and Nusair.189;224–226 In
order to achieve the desired numerical convergence and stability of the calculations, we
use Fermi smearing of the spin-polarized Kohn-Sham orbitals. The width of the smearing
is decreased stepwise in the range 0.100 eV ≥ σ ≥ 0.002 eV until the entropy contribution
to the free energy is less than 10−4 eV/atom. Concerning the integration in the Brillouin
zone, the Monkhorst-Pack scheme with a k mesh of kxN × 1 × kzN points is used. For
instance, we have chosen the meshes 15 × 1 × 41 for N = 4, 13 × 1 × 41 for N = 6
and 7× 1× 41 for N = 15, where N is the number of Fe or Co atoms in the supercell
[ see Fig. 3.1 ]. The accuracy of the chosen meshes has been verified for representative
examples by considering denser k meshes. For example, in the case of the CoPt bilayer
having N = 4 Co atoms in the supercell we have increased kxN to 31 (i.e., 31× 1× 41 k
mesh) or kzN to 71 (i.e., 15× 1× 71 k mesh). The thus obtained free energy differences
are less than 0.1meV/atom, which confirms the validity of our choices. Concerning the
expansion of the Kohn-Sham orbitals, a cut-off energy of Emax = 500 eV for the plane
wave basis set has been add in all calculations. The convergence criteria for the electronic
degrees of freedom has been set to 10−5 eV, which is perfectly sufficient for our purposes.

Noncollinear magnetic calculations have been performed within a fully unconstrained
formalism as implemented in VASP by Hobbs et al.227 In order to impose the constraint
that the local magnetic moments µi at each atom i point in a specific direction M 0

i

(|M 0
i | = 1), we add to the usual Hohenberg-Kohn energy functional the penalty function∑

i

ζ
[
µi −M 0

i

(
M 0

i · µi
)]2 (3.1)

with the weight ζ ∈ R.228 The local magnetic moments µi at the different atoms i
are obtained by integrating the magnetization density m within the corresponding
Wigner-Seitz sphere Ωi, i.e.,

µi =

∫
Ωi

m(r) dr3 . (3.2)

Finally, the spin-orbit interactions are taken into account fully self-consistently using a
method implemented by Lebacq and Kresse.229;230
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3.1. Details on the Ab Initio Calculations

The FePt and CoPt bilayers are located in the ZX plane as shown in Fig. 3.1. The
location of the Fe or Co layer on top of the Pt layer is such that the Fe (Co) atoms
are above the centers of the squares of nearest neighbor (NN) Pt atoms. Structural
relaxations using automated volume scan and ionic relaxation have been performed
keeping the Fe and Co atoms above the center of the NN Pt squares. A force smaller
than 1meV/Å is taken as converge condition for the ionic relaxation of the distance
between the Fe (Co) atoms and the NN Pt atoms.

One of the main objectives in this section is to quantify and understand the local
magnetocrystalline anisotropy and the effective exchange interactions in FePt and CoPt
bilayers, namely, the anisotropic Heisenberg interaction and the DM interactions. To
this aim, as a tool of investigation, we perform ab initio calculations on spin-spiral states
and obtain the corresponding frozen-magnon dispersion relations [ see Fig. 3.1 ]. More
precisely, we constrain the directions of the local magnetic moments µi at each Fe or Co
atom i and calculate the resulting total electronic energy per Fe or Co atom. Note that
the modulus of the local magnetic moments µi are not constrained in this process. In
fact, in the case of elements such as Fe and Co, the spin-polarized charge redistribution
and Stoner excitations, which could change the size of µi, are known to involve rather
high energies. The intra-atomic exchange energy ∆EX (which are of the order of 3 eV for
Fe, for example) is significantly larger than the inter-atomic exchange coupling constants
Jij (∼ 100meV for Fe), which control the orientations of µi.150;159;162;165;166;200 These
trends are confirmed by our explicit calculations, where we observe that the moduli
of µi are, for the most part, independent of their orientation (see Sec. 3.2). This also
justifies the analysis of our ab initio results within the classical Heisenberg-like model, as
discussed in Sec. 2.5.

The present methodology allowing the modulus of µi to adopt to the orientation of
the magnetic moment µi is often called adiabatic approximation, since the electronic
translational degrees of freedom are optimized for each orientation of the magnetic
moments leaving the electronic system closest to the ground state.231;232 This approach
is analogous to the Born-Oppenheimer approximation, where the dynamics of the lighter
electrons takes place on a different time scale as the heavier nuclei and can therefore
be treated separately.153 The applicability of this approach certainly depends on the
considered 3d TM element. For instance, it would be less appropriate in the case of Ni,
where the Stoner excitations play an important role even in the low-energy excitation
spectrum.150;162–166

Furthermore, notice that the magnetic moments µPt of the Pt atoms are not constrained
at all in our calculations, since we are mainly interested in the magnetic order within the
Fe and Co layers and in the effective exchange couplings among the Fe and Co atoms.
Nevertheless, it is important to remark that local magnetic moments µPt are indeed
induced at the Pt atoms as a result of the proximity with the magnetic 3d TMs (see
also Sec. 3.3). Moreover, the size and orientation of µPt depends on the magnetic order
within the 3d TM layer and thus on the wave vector and chirality of the considered
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Chapter 3. Planar FePt and CoPt Bilayers

( )

(+)

a

X

Z

Figure 3.1.: Illustration of an Fe or Co monolayer (ML) on top of a Pt ML as in the L10

structure. The orange spheres correspond to 3d transition-metal (TM) atoms (Fe or Co) and
white spheres to the Pt atoms. The dashed lines indicate the boundaries along the X and
Z axes of the two supercells labeled with (+) and (−) containing 6 Fe or Co atoms and 6
Pt atoms. The arrows at the Fe or Co atoms indicate the direction of the local magnetic
moments µi. Furthermore, notice that the induced local magnetic moments at Pt atoms are
also displayed by the corresponding arrows. The two different chiralities of the spin-density
waves (SDWs) are shown in the upper (+) and lower (−) figures. From left to right the spins
are rotated counterclockwise (+) or clockwise (−) in the ZX plane. This example corresponds
to a wavenumber q = π/3a, where a is the NN distance between Fe or Co atoms.
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3.2. Relaxed Geometries and Local Magnetic Moments

SDWs. Consequently, taking them into account is highly relevant for our study. On the
one hand, the Pt atoms break the inversion symmetry of the Fe and Co layers enabling
thus the appearance of DM interaction among Fe and Co atoms.120 On the other, the
Pt atoms, being heavy, exhibit a large SOC which enhances all magneto-anisotropic
phenomena and in particular the DM couplings.120;123;135

In Fig. 3.1 two supercells marked with (+) and (−) containing 6 Fe or Co atoms and
6 Pt atoms are presented as representative examples for spin-spiral states. These two
supercells, which are periodically repeated along the X and Z axes, correspond to
independent calculations. The length of the supercell in the vacuum direction Y is chosen
to be large enough so that the repeated images are separated by at least 16Å. In this
way, any potentially disturbing interactions between them is negligible. In practice, the
present choice represents a good compromise between computational effort and numerical
accuracy.

The spin-spiral states are characterized by a wave vector q = (qx, qy, qz) and a rotation
plane, in which the rotation of the Fe and Co local magnetic moments µi is constrained
[see Fig. 3.3]. The absolute value |q| = q, i.e., the wavenumber q, is related to the
wavelength λ of the spin wave by q = 2π/λ. The angle ϕ between nearest neighbor (NN)
magnetic moments separated by the the vector a is given by ϕ = q · a. The direction
of q specifies the planes with constant phase which are perpendicular to q and thus
the propagation direction. In our ab initio calculations we study spin-spiral states with
q = (q, 0, 0) with counterclockwise (+) and clockwise (−) rotations of µi within the
XY , Y Z or ZX planes ranging from q = 0 (FM state) to q = π/a (AFM state) [see
Fig. 3.3]. This systematic study will allow us to achieve a comprehensive analysis of the
magnetic properties of the CoPt and FePt bilayers.

3.2. Relaxed Geometries and Local Magnetic
Moments

Structural relaxations using automated volume scan and ionic relaxation have been
performed keeping the Fe and Co atoms above the center of the NN Pt square [ see
Fig. 3.1 ]. In the case of the FePt (CoPt) bilayer one obtains an Fe-Fe (Co-Co) and Pt-Pt
NN distance aFe = 2.65 Å (aCo = 2.64 Å). The Fe-Pt (Co-Pt) NN distance is found to
be dFe-Pt = 2.62 Å (dCo-Pt = 2.57 Å). These relaxed values for a and d appear to be a
compromise between the larger Pt NN distance 2.77 Å and the smaller Fe (2.48 Å) and
Co (2.50 Å) NN distances in the corresponding solids. The effect of SOC on the relaxed
geometric structure is found to be negligibly small. Indeed, spin-orbit (SO) interactions
result in changes in the NN distances that are less than 0.01 Å. Therefore, the same
geometrical structures have been used in our calculations with and without SOC.
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The size of the calculated Fe local magnetic moments excluding SOC are found to be in
the range µFei ' 2.96− 3.01µB depending on the SDW length, where bigger values are
found for spin waves having smaller wavenumbers q. Similar results have been obtained
in our tight-binding calculations on FeN chains deposited on Pt(111)200 and in other
ab initio calculations.159;160 As discussed in Sec. 2.1, the reduced dimensionality of the
system and the rather large NN distances result in a particularly narrow local density
of states at the Fe atoms. Along with the large exchange splitting, this leads to nearly
saturated local magnetic moments corresponding to Fe atoms holding approximately
seven electrons in the valence 3d-band.

In the case of the CoPt bilayer, the Co local magnetic moments are in the range
µCoi ' 1.87− 2.02µB. As before, larger magnetic moments are found in the case of spin
waves with smaller wavenumbers q. Physically, this reflects some degree of frustration
of the electronic system when a ferromagnetic material is excited with a SDW with
increasingly shorter length. In comparison to Fe, the Co atoms hold one more electron in
the valence 3d-band, which naturally leads to smaller yet nearly saturated local magnetic
moments.

The SO interactions, which are at the center of our discussions on magnetic anisotropy,
has a very minor effect on the size of the local magnetic moments. We find that SOC
slightly reduces the size of the local magnetic moments to µFei ' 2.94 − 2.99µB and
µCoi ' 1.84− 2.0µB. In strongly magnetic 3d TMs such as Fe and Co this effect can be
regarded as perturbation to the spin orbitals, which is of the order of ξ/∆EX ∼ 10−2. The
fact that the exchange splitting ∆EX is orders of magnitude larger than the SOC matrix
element ξ explains the small quantitative importance of this effect in comparison with the
large local magnetic moments. Nevertheless, this small contribution is strongly anisotropic
and therefore plays an important role in properties like the magnetic anisotropy energy
(MAE), or the anisotropy of the exchange interactions, or the anisotropy of the spin and
orbital magnetic moments.

3.3. Isotropic Frozen-Magnon Dispersion Relations

The purpose of this section is to discuss the ab inito calculations performed on FePt
and CoPt bilayers (L10) without taking into account SOC. In Fig. 3.2 (a) results for
the frozen-magnon dispersion relations are shown. As expected the lowest-energy state
corresponds to the FM arrangement (q = 0). Furthermore, the spin-wave energy increases
monotonically with q until the AFM order (q = π/a) is reached. Notice that the spin-wave
stiffness is larger in the CoPt bilayer, in agreement with our studies on Fe and Co linear
chains deposited on Pt substrate [see App. B].

The extracted Heisenberg coupling constants J0δ between δ-th NNs are shown in
Fig. 3.2 (b). In both cases, the coupling constants J0δ between first, second, fourth
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FePt bilayer (L10)
CoPt bilayer (L10)
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Figure 3.2.: (a) Isotropic frozen-magnon dispersion relations of FePt and CoPt bilayers (L10)
as obtained excluding SO interactions. The energy difference ∆E(q) = [E(q)− E(0)] /N per Fe
atom (red squares) and Co atom (green circles) are shown for various wavenumbers ranging
from q = 0 (FM state) to q = π/a (AFM state). The symbols are derived from independent ab
initio calculations, whereas the lines connecting the symbols in Fig. (a) represent the fits to the
generalized classical Heisenberg model. Note that the quality of the fits is similarly good if the
interaction is restricted to δ ≤ 6 nearest neighbors. (b) Heisenberg coupling constants between
δ-th Fe and Co nearest neighbors derived from the frozen-magnon dispersion relations shown in
(a). The inset in (b) illustrates the different nearest neighbors δ of the atom 0.

and seventh NNs are found to be relatively strong and FM, whereby the couplings
between the Co atoms are found to be somewhat stronger than the couplings between
Fe atoms. Only the couplings between eighth NNs are found to be strongly AFM. The
remaining couplings are weak and AFM. Qualitatively similar competitions between
effective Heisenberg and Ising coupling constants have been obtained in calculations on
free-standing and deposited MLs, chains and clusters.159;160;162;195;200

A closer look to the isotropic Heisenberg coupling constants J0δ obtained without SOC
reveals an interesting tendency. In both cases, the FePt and CoPt bilayers, it is not
the coupling J01 between first NNs which is the strongest, but rather the second NN
coupling J02. Most often, and in particular for deposited linear Fe and Co chains the
shortest distance (δ = 1) yields the strongest effective magnetic interaction [see App. B].
In fact, J01 is only the fifth largest coupling. It is even weaker than the AFM coupling
J08 between eight NNs. Furthermore, we observe that among the weakest couplings we
find the couplings between first, third, sixth and ninth NNs that are arranged along the
X and Z axes [see Fig. 2.4]. This means that the coupling strength |J0δ| does not only
depend on the distance between the interacting atoms, but most importantly on the
relative positioning of the corresponding atoms within the bilayer, in other words on
the direction of the vector R0δ connecting the interacting moments in the lattice. This
strong directional dependence is partly at the origin of the strong variations of J0δ shown
in Fig. 3.2 (b) as a function of δ. A more precise picture of the interactions J0δ and their
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Chapter 3. Planar FePt and CoPt Bilayers

dependence on both, distance and relative position, is obtained from the Fig. 2.4, where
the locations of the various NNs are illustrated.

It is interesting to observe that the SDW on the Fe and Co atoms for different values of
q induces a significant SDW-like polarization of the otherwise non-magnetic Pt atoms
[see also Fig. 3.1]. More precisely, Pt moments are induced, which tend to be parallel to
the sum of the magnetic moments at the nearest Fe or Co atoms. This kind of mapping
of the q dependent SDW order is preserved when SOC is included. In the case of the
FePt (CoPt) bilayer the size of the Pt moments reaches values up to µPti ' 0.33µB
(µPti ' 0.37µB ). Moreover, µPti is largest in the FM case (q = 0) and decreases with
increasing q down to µPti = 0 in the AFM arrangement (q = π/a), where the four Fe or
Co magnetic moments around the Pt atoms cancel each other. It is interesting to note
that the Co induces larger Pt magnetic moments than Fe, although µCoi is significantly
smaller than µFei . The larger induced µPti might be at the origin of the stronger FM
Heisenberg couplings J0δ in the case of Co.

Before closing this section it is important to point out that the form of the frozen-magnon
dispersion relations ∆E(q) shown in Fig. 3.2 (a) is independent of the rotation plane
and the rotation direction of the local magnetic moments µi, since the corresponding
ab initio calculations have been performed without SOC. In this case the anisotropy is
absent and the total energy of a SDW is independent of its relative orientation with
respect to the geometry of the nanostructure. In the following sections we focus on our
ab initio calculations including SOC, which reveal exciting magnetic effects, such as the
anisotropy of the Heisenberg couplings, DM interaction and the local magnetocrystalline
anisotropy.

3.4. Frozen-Magnon Dispersion Relations with SOC

This section presents a systematic analysis of the relativistic ab initio calculations
performed on FePt and CoPt bilayers (L10) by including SOC. The focus is therefore
on the DM interaction, the anisotropy of the Heisenberg interaction and the local
magnetocrystalline anisotropy. In Fig. 3.4 results are given for the relativistic frozen-
magnon dispersion relations in FePt and CoPt bilayers. The symbols indicate the results
of independent ab initio calculations while curves are the obtained fits to the generalized
classical Heisenberg model. SDWs are considered, in which the rotation of the Fe and Co
local magnetic moments µi is constrained within the XY , Y Z and ZX planes and the
sense of rotation is either counterclockwise (+) or clockwise (−) [see Figs. 3.1 and 3.3].
In addition, for the sake of comparison results are also given in Figs. 3.4 (a) and (c) for
frozen-magnon dispersion relations obtained without SOC. The results are the same as
those already presented in Fig. 3.2 (a). It is important to note that as a result of SOC
the energy of the FM state (q = 0), which is always taken as the reference energy of
∆E(q), depends on the rotation plane of the local magnetic moments µi. In the case of
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Rotation Planes and Rotation Directions

Figure 3.3.: Illustration of three different rotation planes including two different rotation
directions of the Fe and Co magnetic moments µi. The orange spheres correspond to 3d TM
atoms (Fe or Co) and white spheres to the Pt atoms. The dashed lines indicate the boundaries
along the X and Z axes of the supercells containing 5 Fe or Co atoms and 5 Pt atoms. The
arrows at the Fe or Co atoms indicate the direction of the local magnetic moments µi. From
left to right the spins are rotated counterclockwise (+) or clockwise (−) in the XY , Y Z or ZX
plane. This example corresponds to a wavenumber q = 0.4π/a, where a is the NN distance
between Fe or Co atoms and q is the wavenumber.
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Figure 3.4.: Frozen-magnon dispersion relations with and without SOC obtained in ab initio
calculations (symbols) in the case of an FePt (left) and CoPt (right) bilayer (L10). The
lines connecting the symbols represent the fits to the generalized classical Heisenberg model
[GHM] [ see Eq. (2.105) ]. The energy difference ∆E(q) = [E(q)− E(0)] /N per Fe or Co
atom is given for a rotation of the local magnetic moments µi within the XY , Y Z and ZX
plane with a counterclockwise (+) and clockwise (−) rotation direction [ see also Figs. 3.1
and 3.3 ]. Note that the reference energy E(0)/N = EX,Y,Z/N corresponds to the energy of a
FM alignment along the X, Y and Z axis in the case of XY , Y Z and ZX plane, respectively.
Thereby, the off-plane magnetocrystalline energies (MAEs) are (EY −EX)/N = −1.54meV and
(EY − EX)/N = 1.21meV for FePt and CoPt bilayer (see Tab. 3.1).

a rotation within the XY , Y Z and ZX plane the corresponding FM reference state and
the AFM state are aligned along the X axis, Y axis and Z axis, respectively. This is an
important detail because, due to SOC, the FM and AFM configurations along the X, Y
and Z axis generally have different energies [see also Sec. 3.4.3].

3.4.1. Dzyaloshinsky-Moriya Interactions

As discussed in Sec. 2.5.4, T. Moriya derived five symmetry rules in order to identify
possible constraints on the orientation of the DM coupling vectors Dij between local
magnetic moments µi and µj.120 Let us first review which of these five symmetry rules
apply to the interactions between the Fe and Co magnetic moments in the case of the
FePt and CoPt bilayers (L10). The first and fifth symmetry rules are not fulfilled due to
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Figure 3.5.: DM coupling vectors and anisotropy of Heisenberg couplings in the case of an
FePt (left) and CoPt (right) bilayer (L10) derived from frozen-magnon dispersion relations
shown in Fig. 3.4. (a), (c) Components of the DM coupling vectors D0δ between δ-th NNs.
The inset in (a) illustrates the different nearest neighbors δ of the atom 0. (b), (d) Difference
between the anisotropic Heisenberg coupling constants Ju,v,w0δ and the isotropic Heisenberg
coupling constants J0δ between δ-th NNs shown in Fig. 3.2 (b), i.e., ∆Ju,v,w0δ = Ju,v,w0δ − J0δ.
Ju,v,w00 = Ku,v,w

i represents the local magnetocrystalline anisotropy.
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Figure 3.6.: Chirality energy difference ∆E(∓)(q) = ∆E(−)(q)−∆E(+)(q) per Fe or Co atom
between SDWs having clockwise (−) and counterclockwise (+) rotation directions of the local
magnetic moments µi as a function of the wavenumber q. Results are given for the total energy
difference ∆E(∓)(q) per 3d TM atom as well as for the change ∆E

(∓)
SOC(q) of the local spin-orbit

(SO) energy at the Fe, Co and Pt atoms in (a) the FePt bilayer and (b) the CoPt bilayer.
All local magnetic magnetic moments are oriented within the XY plane [see also Figs. 3.4 (a)
and (c) and Fig. 3.3]. The lines connecting the crosses represent the fits to the generalized
classical Heisenberg model [GHM]. Notice the dominant role played by the changes in the local
Pt SO energy.

the Pt layer, which breaks the inversion symmetry. The second and the third symmetry
rules are fulfilled for couplings between δ = 1, 2, 3, 5, 6, and 9 NNs [ see Fig. 2.4 ]. In
these cases the u and v components of the DM coupling vectors D0δ are zero. Finally, the
fourth symmetry rule is fulfilled for all considered couplings between δ-th NNs requiring
the v components Dv

0δ always to be zero. Taken together, no restriction are imposed on
the w components Dw

0δ. In contrast, the v components Dv
0δ must always be zero, and

the u components Du
0δ may only be different from zero when δ = 4, 7 and 8. As will be

discussed further below our calculations are consistent with the T. Moriya’s symmetry
rules.

Let us consider in detail the rotation of the Fe local magnetic moments µi within the XY
plane of the FePt bilayer including SOC. Our results for the corresponding frozen-magnon
dispersion relations ∆E(q) are given in Fig. 3.4 (a). We observe that the form of the
dispersion relation depends significantly on the rotation direction of the local magnetic
moments µi along the SDW, i.e., on the chirality of the latter. A counterclockwise (+)
sense of rotation is energetically more favorable throughout the whole range 0 < q < π/a
of the wavenumber q, where the FM (q = 0) and AFM (q = π/a) states as collinear
configurations are naturally independent of the rotation direction. Starting from the
FM state, the energy difference ∆E

(∓)
Fe (q) = ∆E

(−)
Fe (q)−∆E

(+)
Fe (q) per Fe atom between

clockwise (−) and counterclockwise (+) SDWs strongly increases reaching its maximum
∆E

(∓)
Fe ' 34.7meV/atom at q = 0.57π/a followed by a strong decline [see Fig. 3.6 (a)].
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3.4. Frozen-Magnon Dispersion Relations with SOC

From all three interactions included in the generalized Heisenberg-like Hamiltonian
introduced in Sec. 2.5, only the DM interaction may explain an energy dependence of a
SDW on the sence of rotation of the magnetic moments µi. As shown in Fig. 3.6 (a), the
total energy difference ∆E

(∓)
Fe has a sinusoidal shape with a maximum located near the

center of the Brillouin zone. This indicates a strong DM interaction between first and
second NNs, since their contribution to the energy difference ∆E

(∓)
Fe (q) is proportional

to sin (qa) [ see Eq. (A.3) ]. Note that in the present case only the w components Dw
0δ of

the DM coupling vectors contribute to the energy difference ∆E
(∓)
Fe , since all the local

magnetic moments µi lie within theXY plane. As shown in Fig. 3.5 (a), the corresponding
w components of the DM coupling vectors Dw

01 ' 4.5meV and Dw
02 ' 6.3meV between

first and second NNs are the strongest. They are and positive and therefore favor
counterclockwise (+) sense of rotation of the magnetic moments throughout the whole
wavenumber range 0 < q < π/a. The next strongest DM couplings are Dw

04 ' 2.3meV and
Dw

08 ' −2.1meV between fourth and eighth NNs. The absolute values of the remaining
coupling constants are |Dw

0δ| ≤ 1.7meV. Thus, the strong DM interaction found in the
case of a rotation of Fe local magnetic moments µi within the XY plane is indeed mainly
due to the couplings between first and second NNs.

As a consequence of the large energy difference ∆E
(∓)
Fe resulting from SOC, the SDW

having a reduced wavenumber q = 0.13π/a with a counterclockwise (+) sense of rotation
of the local magnetic moments µi and an energy difference ∆E(q) = −3.4 meV per
Fe atom with respect to a FM alignment along the X axis is the lowest-energy state
among all considered states in the frozen-magnon dispersion relations. Without the DM
interaction the lowest-energy state is the FM alignment along the Y axis [see Tab. 3.1].
This important result shows unequivocally that the DM interaction has a qualitatively
strong influence on the magnetic properties of the ground state and low-lying energy
states of the planar FePt bilayer.

Results for the SDWs in CoPt bilayers with Co µi within the XY plane are shown
in Fig. 3.4 (c). Here, too, we find that the energy of a SDW depends on the rotation
direction of the Co magnetic moments. In comparison to the FePt bilayer, however, the
energy difference ∆E

(∓)
Co has a fundamentally different shape as shown in Fig. 3.6 (b). It

is significantly flatter and the favored rotation direction of the local magnetic moments
µi changes twice going from counterclockwise (+) to clockwise (−), and then back to
counterclockwise (+) as q is increased from q = 0 to q = π/a. The corresponding energy
difference ∆E

(∓)
Co between different chiralities shows a minimum ∆E

(∓)
Co ' −0.7meV/atom

located at q = 0.57π/a surrounded by two maxima ∆E
(∓)
Co ' 5.5meV/atom at q =

0.22π/a and ∆E
(∓)
Co ' 2.6meV/atom at q = 0.8π/a. Thus, the dominant DM interactions

between first and second NNs alone, resulting in sinusoidal shape of ∆E(∓) as found in
the case of FePt bilayer, cannot explain the shape of ∆E

(∓)
Co . Clearly, in the Co case

DM interactions beyond first and second NNs must play an important role. This is
reflected by the associated DM couplings Dw

0δ obtained by fitting ∆E(q) as shown in
Fig. 3.5 (c). One observes that the couplings between first and second NNsDw

01 ' 0.26meV
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and Dw
02 ' 0.37meV are positive, favoring a counterclockwise (+) rotation of the

Co magnetic moments for all q. However, also the DM couplings Dw
04 ' 0.31meV,

Dw
07 ' 0.4meV and Dw

08 ' 0.25meV between fourth, seventh and eighth NNs exhibit
comparable values. According to these couplings the favored rotation direction alternates
between counterclockwise (+) and clockwise (−) as a function of q [see Eq. (A.1)]. Taken
together, in the case of CoPt bilayer also the DM couplings beyond second NNs play an
important role. They define the characteristic shape of the energy difference ∆E

(∓)
Co in

CoPt bilayer. Taking into account only NN couplings, as reported by Yang et al.123is
clearly insufficient. Similar values of the coupling parameters Dw

0δ have been also observed
by Meyer et al..233

Let us now focus on the SDW dispersion relations corresponding to rotations of µi
within the Y Z plane, which are shown in Figs. 3.4 (b) and (d). In this case only the u
component Du

0δ of the DM coupling vectors contribute to the energy difference ∆E(∓).
As discussed above, due to symmetry considerations only the components Du

0δ between
δ = 4, 7 and 8 NNs may be different from zero. Thereby, much weaker DM effects
are expected. Indeed, one observes that the shape of the corresponding frozen-magnon
dispersion relations are nearly independent of the rotation direction of the Fe and Co
µi. The calculated ∆E(∓) < 0.01meV/atom is negligibly small for all q. The associated
DM coupling constants |Du

0δ| < 0.001meV are extremely small for all atoms. Probably,
the constraint of vanishing DM interaction between the closest neighbors [δ = 1, 2, 3]
prevents the development of DM interactions between the more distant ones [δ = 4, 7, 8].

A similar behaviour is found in the dispersion relations corresponding to rotations of
µi within the ZX plane [see Figs. 3.4 (b) and (d)]. No significant dependence on the
chirality is observed. The calculated energy differences ∆E(∓) < 0.02meV/atom is
negligibly small for all q. Here, only the v component Dv

0δ of the DM coupling vectors
contribute to ∆E(∓). The DM coupling parameters |Dv

0δ| < 0.003meV obtained from
fitting the dispersion relations are found to be negligibly small. This is consistent with
Moriya’s fourth symmetry rule, which requires that all v components Dv

0δ are exactly
zero. This means that the small values obtained for ∆E(∓) in the case of a µi rotation
within the ZX plane and the corresponding values for Dv

0δ result from the numerical
inaccuracies. Incidentally, the fact that the calculated Dv

0δ are not strictly zero as they
should, provides a useful estimate of this accuracy of our results, which are based on
independent fully self-consistent calculations. From this perspective, the estimated
numerical accuracy of the calculated DM couplings is better than 10−2 meV. Of course,
this numerical accuracy does not take into account the possible fundamental limitations
of the considered exchange-correlation functional or the SO treatment of relativistic
effects.
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3.4. Frozen-Magnon Dispersion Relations with SOC

3.4.2. Microscopic Origin of Dzyaloshinsky-Moriya Interactions

So far we have discussed our ab initio results on the DM interaction in FePt and CoPt
bilayers (L10) without paying much attention to the microscopic origin of it. Still, the
sources of the DM interaction are of great interest. A proper understanding of this
relativistic effect from a theoretical point of view should provide a useful guidance for
experiments and technological applications. In this context, the Fert-Levy model135 is
often used, which regards the DM coupling as an indirect 3-site interaction between two
magnetic atoms with local magnetic moments µi and µj (for example Fe or Co) and
a third often non-magnetic atom exhibiting strong SOC (for example Pt). According
to this picture a relative canting of the local magnetic moments µi and µj results in a
change of the SOC energy, which take place for the most part at the heavy non-magnetic
atom. This dependency is regarded as the driving force behind the DM interaction.123
From another point of view, the DM interaction is regarded as the result of spin-flip
hoppings of conduction electrons between the magnetic moments µi and µj, whereby
the spin-flips are triggered by spin-orbit scattering in non-magnetic compounds.234

Previous theoretical studies on 3d chains, monolayers and multilayers deposited on 5d
substrates show that a change of chirality within the 3d structures leads to a corresponding
change of SOC energy, which originates mainly at the adjacent 5d atoms.124;135;140;234
These results are consistent with the Fert-Levy model. However, reasonable doubts
remain whether the 5d substrates take the dominant role in the determination of the
chiral properties of the 3d coatings.140

In order to clarify this matter we have analyzed our ab initio results from a local
perspective in order to identify the origin of the changes in the SOC energy ∆E

(∓)
SOC(q)

as the sense of rotation of the SDWs changes from counterclockwise (+) to clockwise
(−). In Fig. 3.6 results for the XY rotation plane with non-vanishing DM interactions
are presented. In the case of the L10 FePt bilayer [Fig. 3.6 (a)] we find that inverting
the chirality leads to changes in the SOC energy, which is mainly located within the Pt
layer. These results are similar to the theoretical studies mentioned above124;135;140;234
and are consistent with the Fert-Levy model. At this point it is worth noting that the
total energy difference ∆E(∓) is not only composed of the SOC energy difference ∆E

(∓)
SOC.

The contributions of the kinetic and Coulomb energy to ∆E(∓)(q) must be also taken
into account. The size of these contributions depends on the wavenumber q, the rotation
plane, as well as the chemical composition and the geometry of the nanostructure.

In the CoPt bilayer, the situation is found to be similar to the FePt bilayer at smaller
wavenumbers q < 0.5π/a. As displayed in Fig. 3.6 (b) the change of the SOC energy
∆E

(∓)
SOC(q) is dominated by the Pt contribution. However, at larger wavenumbers q ≥

0.5 π/a one observes that ∆E
(∓)
SOC within the Pt layer is sort of decoupled from the total

energy difference ∆E(∓). In this range of larger wavenumbers the contribution of ∆E
(∓)
SOC

at the Co layer as well as the remaining kinetic- and Coulomb-energy contributions
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become increasingly important. These results represent a deviation from the simplest
Fert-Levy picture and demonstrate that a proper description of chiral magnetic properties
cannot be reduced to the change of SOC energy ∆E

(∓)
SOC at the non-magnetic components.

In order to complete this discussion, we would like to refer the reader to our results on
infinite, linear Fe and Co chains deposited on Pt substrates which are summarized in
App. B. Here we also reveal both agreements and limitations of the Fert-Levy interpre-
tation [ see Tab. B.1 ]. For example, in the case of a rotation of the Fe local magnetic
moments µi within the XY plane of the Fe chain on Pt stripes, we find that the change
of the SOC energy ∆E

(∓)
SOC associated to an inversion of the chirality is predominantly

located at the Pt substrate. However, in the case of a rotation of the Fe local magnetic
moments µi within the ZX plane the SOC energy difference ∆E

(∓)
SOC at the Fe layer is

found to be similar to or significantly greater than energy differences at the Pt substrate.

Before closing the discussion on the DM interaction, we would like to comment on the
predictions by Belabbes et al.234 on the relative strength of the DM interaction in different
3d-5d ultrathin films, which are derived from Hund’s first rule. In this study, the DM
interaction is predicted and shown to be in general stronger in Fe layers in comparison
to the Co layers, since Fe is closer to a half 3d band filling which leads to a "high spin
state". It is argued that this should facilitate the spin-flip transitions between interacting
magnetic moments. As displayed in Fig. 3.6 this prediction is correct in the case of
the FePt and CoPt bilayer. However, the opposite trend is found for Fe and Co chains
deposited on Pt stripes [see App. B]. In this case the DM interaction is found to be
stronger in the case of the Co chain on Pt stripe. Our results demonstrate, that, besides
the chemical properties of the substrate and the coating, also the band filling and in
particular the geometry and the dimensionality of the lattice structure play a major role
in the magnetic properties of 3d-5d TM nanostructures.

3.4.3. Anisotropic Heisenberg Interactions and Local
Contributions to the Magnetocrystalline Anisotropy

Besides the more exotic antisymmetric DM interactions the symmetric yet anisotropic
contributions to the magnetic interactions are a priori equally important in order to
determine the magnetic behaviour of low-dimensional systems and nanostructures. In
this section we therefore focus on the anisotropic Heisenberg interaction and on the local
magnetocrystalline anisotropy. In Tab. 3.1 results are shown for the magnetocrystalline
anisotropy energy (MAE) per Fe or Co atom, which is naturally independent of the DM
coupling since only collinear configurations are considered. In addition, the corresponding
contributions to the MAE by the local magnetocrystalline anisotropy HLMA and the
anisotropic Heisenberg interaction HA

H are specified.

The MAE is defined as the dependence of the energy of a magnetic material as a
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function of the orientation of the net magnetization in ferromagnets or of an appropriate
sublattice magnetization in antiferromagnets and ferrimagnets. It is an important
magnetic property in order to characterize the magnetic behaviour in small clusters,
low-dimensional nanostructures and macroscopic bulk materials. However, the origin
of MAE is not always easily identifiable, since the total-energy differences involved in
calculating the MAE are multiple and often competing. It is therefore remarkable that
within the framework of our GHM [see Eq. (2.105)], the effects of the anisotropy of the
Heisenberg interaction HA

H and of the local magnetocrystalline anisotropy HLMA, both
of which affect the MAE, can be analysed separately. In particular, it is interesting to
elucidate whether the MAE, which ultimately originates from intra-atomic single-electron
SOC, is dominated by the local contributions to the magnetic energy, which might sound
reasonable and is often assumed in simple models, or if, in contrast, it is dominated by
the anisotropy of the interactions among the local magnetic moments.

Let us first consider the results for the off-plane MAE in the case of FM orders (FMAE)
along the X and Y axes, whereby the Y axis is perpendicular to the bilayer [ see
Fig. 3.7 ]. In the case of the FePt bilayer the negative value of the energy difference
(EFe

Y − EFe
X )DFT/N = −1.54meV per Fe atom indicates that the favored orientation of

the magnetization, i.e., the easy-axis, is out of plane. Using the parameters extracted
from ab initio frozen-magnon dispersion relations [see Figs. 3.4 and 3.5] the GHM yields
a value for the FMAE equal to (EFe

Y − EFe
X )GHM/N = −1.80meV per Fe atom, which

Table 3.1.: The cells indicate the ab initio magnetocrystalline anisotropy energies [MAE ]
(EY − EX)DFT/N and (EZ − EX)DFT/N per Fe or Co atom given in meV for the two studied
cases of FePt and CoPt bilayers (L10). Eγ/N stands for the total energy per Fe or Co atom in
the case of a FM or AFM order of the Fe or Co magnetic moments along the γ = X, Y or Z
axis [ see also Fig. 3.7 ]. Thereby, the Y as well as the v axis are oriented perpendicular to the
bilayer [ see also Sec. 2.5 ]. In square brackets the corresponding MAEs (EY − EX)GHM/N and
(EZ − EX)GHM/N resulting from the generalized classical Heisenberg-like model [GHM] are
presented using the effective coupling constants extracted from the frozen-magnon dispersion
relations [see also Figs. 3.4 and 3.5]. In round brackets at the bottom of each cell are the
contributions to the MAE from the local magnetocrystalline anisotropy HLMA (left) and the
anisotropic Heisenberg interaction HA

H (right).

FM
(EY − EX)/N

FM
(EZ − EX)/N

AFM
(EY − EX)/N

AFM
(EZ − EX)/N

FePt BL (L10)
−1.54

[−1.80 ]
(0.12/− 1.92)

−0.03
[ 0 ]

(0/0)

−0.42
[−0.58 ]

(0.12/− 0.70)

−2.15
[−1.74 ]

(0/− 1.74)

CoPt BL (L10)
1.21

[ 1.33 ]
(0.02/1.31)

0.10
[ 0 ]

(0/0)

−4.22
[−4.33 ]

(0.02/− 4.35)

−5.79
[−6.02]

(0/− 6.02)
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X

Z

(a) AFM order along the      
global X-axis    

(b) AFM order along the      
global Y-axis    

(c) AFM order along the      
global Z-axis    

Figure 3.7.: Illustration of AFM alignments along the X, Y and Z axis in the case of FePt and
CoPt bilayers (L10). Dark spheres correspond to Fe or Co atoms and light spheres correspond
to Pt atoms. Dashed line represents the boundary in X and Z directions of the supercell
containing 2 Fe or Co atoms and 2 Pt atoms. Arrows point in the constrained direction of the
local magnetic moments µi at each Fe or Co atom.

yields the same easy axis and is qualitatively not far from the ab initio result.

In order to identify the macroscopic origin of the FMAE, we have determined the
corresponding contributions to the MAE due to the anisotropy ∆Ju, v, w0δ = Ju,v,w0δ − J0δ of
the effective Heisenberg couplings Ju, v, w0δ (δ ≥ 1) and due to the local magnetocrystalline
anisotropy Ku,v,w

i = Ju, v, w00 [see Fig. 3.5 (b)]. The results for FePt and CoPt bilayers are
given by the round brackets in Tab. 3.1. One observes that the local magnetocrystalline
anisotropy (EFe

Y − EFe
X )HLMA/N = 0.12meV per Fe atom is very small in comparison

to the FMAE. Moreover, the local magnetocrystalline anisotropy favors an in-plane
orientation of the magnetization in contrast to the actual FMAE. In other words, the
local contribution to the magnetic energy yields a qualitatively wrong trend. In contrast,
the anisotropy of the Heisenberg interaction tends to strongly stabilizing the out-of-plane
magnetization direction, in agreement with the FMAE. Thus, the local magnetocrystalline
anisotropy and the anisotropic Heisenberg interaction are competing with each other
in order to define the stable orientation of the magnetization. The anisotropy energy
resulting from the anisotropy of J0δ is equal to (EFe

Y − EFe
X )HA

H
/N = −1.92meV per Fe

atom, which is close to the full Heisenberg-model MAE (∆E = −1.80meV/Fe atom).
Due to its particularly strong anisotropy, the Heisenberg interaction is dominating the
FMAE. Notice that there is some degree of magnetic frustration among the Heisenberg
interactions for different NNs. For a stable FM out-of-plane (in-plane) magnetization
large (small) values of the coupling constants Jv0δ with δ ≥ 0 along the local v axis
compared to Ju0δ and Jw0δ are needed. Bear in mind that in the case of FePt and CoPt
bilayers the v axis and Y axis are chosen to be identical to each other [see Sec. 2.5.6]. As
shown in Fig. 3.5 (b), the largest difference between Jv0δ and J

u,w
0δ is found for δ = 4 and 5

(δ = 9) which favor out-of-plane (in-plane) magnetization. The coupling between fourth
NNs is particularly important. Besides its large anisotropy Jv04 − Ju04 = 0.51meV and
Jv04 − Jw04 = 0.33meV, each Fe atom is coupled to 8 fourth (δ = 4) NNs. In comparison,
each Fe atom is coupled to only 4 fifth (δ = 5) and 4 ninth (δ = 9) NNs. In conclusion,
in the case of the FePt bilayer the FMAE is found to originate mainly from interactions
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between the local Fe magnetic moments, which are not limited to NNs but which are
extended up to ninth NNs. Qualitatively, the local magnetocrystalline anisotropy is
found play only a minor role.

In the CoPt bilayer the ab initio FMAE is equal to (ECo
Y − ECo

X )DFT/N = 1.21meV per
Co atom. This positive value implies a stable in-plane magnetization which contrasts
with the FePt result. As for the cause of the FMAE, the explanation is similar to
that of the FePt bilayer. The energy difference resulting from the GHM is equal to
(ECo

Y − ECo
X )GHM/N = 1.33meV, where N stands for the number of Co atoms. Thereby,

only a negligibly small proportion (ECo
Y − ECo

X )HLMA/N = 0.02meV is due to the local
magnetocrystalline anisotropy. The largest proportion, (ECo

Y − ECo
X )HA

H
/N = 1.31meV,

comes from the anisotropy of the Heisenberg interaction. One concludes that the
anisotropy of the Heisenberg interactions are the dominant source of FMAE. As in the
FePt bilayer some degree of magnetic frustration among the Heisenberg interactions
between different NNs is observed. The coupling between neighbor pairs corresponding
to δ = 1, 2, 4, 7 and 9 favor an in-plane magnetization [see Fig. 3.5 (d)]. In contrast, the
couplings between eighth NNs favor the out-of-plane direction. The contributions to the
FMAE of the remaining couplings (δ = 3, 5 and 6) are found to be negligible.

In both cases, namely the FePt and CoPt bilayers, the local contribution to the magne-
tocrystalline anisotropy turns out to be very weak in comparison to the anisotropy of the
Heisenberg interactions. The relative importance of these two contributions to the MAE
will certainly vary for different nanostructures having various chemical compositions and
geometries. Yet the trend observed here appears to be on general validity. According to
an important number of density functional calculations we may state that the easy axis
of TM nanostructures is most often the direction along which the interactions among the
local magnetic moments are strongest. Note that this observation contrasts profoundly
with the local models of uniaxial magnetic anisotropy (i.e., ∆E ∝ K2 sin2 θ) which are
so often used in the literature. As a complementary example of first principles local
analysis of MAE the reader may refer to our results on Fe and Co chains deposited
on Pt stripes which are summarized in App. B. In this case the local contributions to
the magnetocrystalline anisotropy are not negligible. However, the anisotropy of the
Heisenberg interaction remains dominant [see Tab. B.2 in App. B].

Concerning FM orders along theX and Z axes, our calculations yield (EFe
Z −EFe

X )DFT/N =
−0.03meV for the FePt bilayer and (ECo

Z −ECo
X )DFT/N = 0.10meV for the CoPt bilayer.

The C4 rotational symmetry of the FePt and CoPt bilayers (L10) implies that there
should be no energy difference between the two in-plane FM orders along the X and
Z axes. Therefore we conclude that these small calculated energy differences must be
a result of numerical inaccuracy. Consequently, the estimated accuracy of the in-plane
MAE is at best 0.1meV.

In this context, let us now consider the in-plane MAE for AFM alignment (AFMAE)
along the X and Z axis [i.e., for q = π/a] as illustrated in Figs. 3.7 (a) and (c), which
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is also interesting from a theoretical perspective. The ab initio calculations result in
a rather large energy difference equal to (EFe

Z − EFe
X )DFT/N = −2.15meV per Fe atom

[ (ECo
Z − ECo

X )DFT/N = −5.79meV per Co atom ] in the case of FePt [CoPt ] bilayer
between the two in-plane configurations. These are the largest ab initio energy differences
presented in Tab. 3.1. Unlike in the FM case, the AFM alignments along the X and Z
axis correspond to different states from the point of view of the anisotropic Heisenberg
interaction. For example, if we consider only the couplings between first NNs, then the
anisotropic Heisenberg energy difference is proportional to the in-plane anisotropy of the
Heisenberg coupling constants Ju01 and Jw01, i.e., (EZ − EX)HA

H
/N = 2 (Jw01 − Ju01) per Fe

or Co atom. In fact, as shown in Figs. 3.5 (b) and (d) we often find that Ju0δ 6= Jw0δ for
δ ≥ 1. Consequently, we observe an energy difference (EFe

Y − EFe
X )HA

H
/N = −1.74meV

per Fe atom [ (ECo
Y − ECo

X )HA
H
/N = −6.02meV per Co atom ] in the case of FePt [ CoPt ]

bilayer resulting from anisotropic Heisenberg interaction. From the point of view of the
local magnetocrystalline anisotropy, on the other hand, the two AFM alignments along
the X and Z axis correspond to the same state. Here, the relative orientations of the
local magnetic moments µi are irrelevant. Therefore, the in-plane ab initio AFMAE
(EZ − EX)DFT/N is entirely independent of the local magnetocrystalline anisotropy and
thus represents a simple way to demonstrate the in-plane anisotropy of the non-local
Heisenberg exchange coupling between local magnetic moments µi and µj at different
atoms with low numerical effort.

Results for the out-of-plane AFMAE are shown in Tab. 3.1. One obtains (EFe
Y −

EFe
X )DFT/N = −0.42meV per Fe atom [ (ECo

Z − ECo
X )DFT/N = −4.22meV per Co atom ]

in the FePt [CoPt ] bilayer. As for the out-of-plane FMAE, the particularly strong
anisotropy of the Heisenberg interaction dominates, whereas the local magnetocrystalline
anisotropy is rather negligible. In fact, according to the Heisenberg model, the local
contributions to the magnetocrystalline anisotropy energy differences in the out-of-plane
FMAE and AFMAE are exactly the same. Thus, the difference between these two ab
initio out-of-plane MAEs is exclusively the result of the out-of-plane anisotropy of the
Heisenberg coupling constants Ju, v, w0δ .

The anisotropy of the Heisenberg interaction HA
H and the local magnetocrystalline

anisotropy HLMA not only characterize the MAEs shown in Tab. 3.1, which correspond
to a few selected magnetic configurations, but also shape the entire magnetic energy
spectrum. For example, similar to the DM interaction, the anisotropic Heisenberg
interaction and the local magnetocrystalline anisotropy favor a certain rotation plane for
the SDWs with a given wavenumber q. Of course, they provide no information on the
sense of rotation of the µi, since this is defined by the antisymmetric energy contributions
(DM coupling). In order to illustrate the impact of HA

H and HLMA, let us for simplicity
consider SDWs within the XY and ZX planes with wavenumbers that are either very
small or near the zone boundary (q → 0 or q → π/a). While from a global perspective
the local magnetic moments µi are rotated within the corresponding plane, from a local
perspective the neighboring magnetic moments are aligned almost collinear to each other.
Thus, the energy per atom of these SDWs are given in good approximation by the half of
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the corresponding MAEs shown in Tab. 3.1. For example, in the case of FePt bilayer, the
favored rotation plane is the XY plane for very small wavenumbers q → 0 and the ZX
plane for very large wavenumbers q → π/a. In the case of the CoPt bilayer, the favored
rotation plane is the ZX plane for both very small and very large q.

The MAE also manifests itself in the frozen-magnon dispersion relations shown in Fig. 3.4.
A closer look reveals discontinuities or jumps near q = 0 and q = π/a of the fits done
with the GHM. Here, the states q = 0 and q = π/a represent collinear alignments of the
local magnetic moments µi along the X, Y and Z axes. In contrast, the nearby states
q → 0 with q 6= 0 or q → π/a with q 6= π/a represent spin waves, which can be regarded
as linear combinations of different collinear alignments. Consequently, the jumps near
q = 0 and q = π/a are about half of the corresponding MAEs.

In conclusion the FePt and CoPt bilayers are striking examples of the important role
played by the influence of the SOC on the magnetic properties of TM nanostructures. The
ground state as well as the entire excitation spectrum are shaped in an impressive way
by the local magnetocrystalline anisotropy, the anisotropy of the Heisenberg interaction
and the DM interaction which all originate from the SO interactions.
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4. Rolled-Up Transition-Metal
Nanostructures

The purpose of this chapter is to investigate the magnetic properties of rolled-up nanos-
tructures made of FePt and CoPt bilayers and stripes in order to quantify the effects
of curvature on the microscopic interactions between the local magnetic moments as a
function of the diameter d of the nanorolls. The parameters Dij, Ju, v, wij and Ku,v,w

i of
the generalized Heisenberg model [see Sec. 2.5] are useful means of understanding the
magnetic behaviour of nanostructures. For example, in the previous section we have
used them to clarify the origin of the MAE and explain the dependence of the energy of
spin-density waves (SDWs) on the plane and direction in which the noncollinear order
of the local magnetic moments µi unfolds. Furthermore, in chapter 5 we will use the
generalized anisotropic Heisenberg model [see Eq. (2.105)] in order to identify the local
minima and transition states of the magnetic energy landscapes (ELs). In this way, we
can take advantage of the high predicting power of the electronic theory preserving the
characteristic features that are specific to the geometry and composition of the system
under study, without being forced to impose serious symmetry restrictions, often dictated
by limited computer resources.

The determination of the Heisenberg parameters, however, involves a significant numerical
effort which has to be carried out for each individual nanostructure having its own chemical
composition and structure. For example, in the case of planar FePt and CoPt bilayers
(L10) discussed in the previous chapter, the electronic energy of multiple SDWs with
different wavenumbers, rotation planes and rotation directions had to be calculated in
order to determine the corresponding Heisenberg parameters. For rolled-up bilayers,
a similarly exhaustive ab initio analysis must be carried out independently for each
considered diameter d, since the changes in the distances and relative positions of the
atoms within the cylinder as a function of d are likely to alter (at least for not too large
d) the Heisenberg interactions. At some point, as the diameter d increases, the local
environment of the atoms in rolled-up structures becomes more and more similar to their
planar counterparts. Therefore, beyond a certain diameter dT, the difference between
the Heisenberg interactions in cylinders and planar structures should be insignificant.
Determining the value of dT, which can depend on the specific material under study and
is not obvious a priori, remains a challenge of electronic theory. Once convergence to the
d→∞ limit is achieved with reasonable accuracy, the Heisenberg parameters extracted
from a planar bilayer may be safely used for the rolled-up bilayers with diameters d > dT.
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In this way an excessive numerical effort in the electronic calculations on small cylinders
or rings, which are only possible to a limited extend, is avoided.

The remainder of this chapter is organized as follows. In Sec. 4.1 the considered structures
of the rolled-up bilayers and rings are presented together with a brief discussion of their
practical and scientific importance. In Sec. 4.2 magnetic phase diagrams of FePt and
CoPt cylinders are analyzed on the basis of the generalized classical Heisenberg model
[ see Eq. (2.105) ] including only NN interactions. These simplified phase diagrams are
useful since they provide first insights on the interplay between the various interactions
among the local magnetic moments and curvature. Finally, in Secs. 4.3 and 4.4, our
ab initio calculations on rolled-up FePt and CoPt bilayers and stripes are presented
and discussed. The energies of representative magnetic configurations are determined
in the framework of density functional theory (DFT) as a function of the diameter d
of the nanorolls. These results are compared with the predictions by the generalized
classical Heisenberg model using the coupling parameters extracted from the planar
nanostructures up to ninth NNs. In this way, a deeper insight on the role of curvature
on the magnetic moment interactions and on the resulting magnetic properties of the
nanorolls is achieved, which allows us to estimate the convergence diameter dT for FePt
and CoPt bilayer nanostructures.

4.1. Geometries of Rolled-Up Nanostructures

A significant challenge faced by the theory of magnetic nanorolls is the large diversity of
interesting geometrical arrangements of the atoms which can in principle be considered.
Therefore, it is important to meaningfully narrow down this diversity and focus in a
sensible set of geometries and compositions. Two considerations are particularly important
here. First, the structure of the nanorolls should be as realistic as possible in order that
the calculations are relevant to current experiments. Moreover, the geometry of the
nanorolls should be as close as possible to their planar counterparts from a local point
of view in order to clearly identify the role of curvature in magnetism. In this way a
direct comparison between ab initio and model results using the coupling parameters of
planar nanostructures is justified. Previous studies on Fe chains by Tanveer et al. have
shown that the isotropic Heisenberg coupling strongly depend on the NN distance.159;160
Moreover, my own calculations including SOC effects show that the anisotropic Heisenberg
couplings as well as the DM interactions also are very sensitive to changes in the NN
distances. We have therefore adapted the most important NN Fe-Fe (Co-Co) and Fe-Pt
(Co-Pt) distances in rolled-up FePt and CoPt bilayers and stripes from their planar
counterparts. In other words, the bilayers and stripes are rolled-up into cylinders and
rings, whereby the NN Fe-Fe (Co-Co) and Fe-Pt (Co-Pt) distances are the same as in
their planar counterparts.

Notice that the NN distance within the inner (outer) layer of the nanoroll tends to
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(a)

(b)

(c)

(d)

Z Z
Figure 4.1.: (a) Illustration of a segment of an infinite rolled-up FePt or CoPt bilayer, having
the L10 structure [ see also Fig. 3.1 ]. The orange spheres correspond to Fe or Co atoms and
white spheres correspond to Pt atoms. (b) Inner view of the rolled-up L10 bilayer. The dashed
lines indicate the boundaries of the supercell in Z direction which contains a Pt ring, and an Fe
or Co ring. (c) Illustration of a rolled-up Fe or Co chain on top of a Pt stripe [see also Fig. B.1].
(d) Inner view of the ring shown in (c).

decrease (increase) when a planar nanostructure is rolled up into a nanoroll. Knowing
that Pt atoms are bigger than TM ones and therefore have bigger NN distances, it is
reasonable to position the Pt atoms at the outer layer of the nanorolls and the Fe or Co
atoms at the inner layer.1 Based on these considerations, we consider in the following
the rolled-up bilayer and stripe nanostructures which are illustrated in Fig. 4.1.

4.2. Simple Magnetic Phase Diagrams of Rolled-Up
FePt and CoPt Bilayers

The topography of a rolled-up nanostructure varies with its diameter d since the mutual
distance between as well as the relative positioning of the atoms depends on the curvature
of the rolls. This has two main effects on the magnetism of the nanostructure which
deserve to be examined separately. On the one hand, the changes in the local topography

1For example, the NN distance in solid Pt is equal to 2.77Å, whereas in solid Fe (Co) the NN distance
is equal to 2.48Å (2.50Å).
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FMZ   FMY  hedgehog (HH)ring road (RR)

Representative Magnetic Configurations

Y 

Z 

Figure 4.2.: Four representative magnetic configurations of nanorolls used in our analysis of the
magnetic properties of FePt and CoPt cylinders and rings. The arrows indicate the direction
of the magnetization. Similar magnetic states have been experimentally realized in nanorolls
( see for example Ref. [5 ] ). These four magnetic states represent a minimum of oversimplified
high symmetry magnetic structures, which can also be considered in DFT. The states FMZ and
FMY represent collinear configurations, whereas the states ringroad (RR) and hedgehog (HH)
represent noncollinear configurations. In the case of FMZ and RR [HH ] the local magnetic
moments µi are oriented tangentially [ perpendicularly ] to the surface of the nanoroll. In the
state(s) FMY [RR and HH ] the local magnetic moments µi perform a spin-wave with respect
to the surface of the nanoroll [ with respect to each other ]. Furthermore, in the cases of FMY,
RR and HH [ FMZ ] the local magnetic moments µi are oriented perpendicular [ parallel ] to
the rotational symmetry axis of the cylinder, which is chosen to be the Z axis.

are likely to affect the Heisenberg parameters Ju,v,wij , Ku,v,w
i and Du,v,w

ij which are central
to the magnetic behaviour. Moreover, folding a film into a cylinder results in a profound
qualitative change in the geometry, symmetry and topology of the nanostructure. For
example, in the case of DM interaction Moriya’s symmetry constraints may not apply to
the rolled-up geometry. On the other hand, even if the Heisenberg parameters were not
modified significantly as in the large d limit, the energy of the magnetic configurations
are still expected to depend on d, since the orientation of the local magnetic moments
relative to each other and with respect to the nanostructure changes with curvature.

In order to illustrate the consequences of these two effects, we have determined simplified
magnetic phase diagrams of rolled-up FePt and CoPt bilayers in the framework of
generalized Heisenberg model with NN interactions. The results are presented in Fig. 4.3.
For simplicity, only four representative magnetic configurations are considered. They are
shown in Fig. 4.2. The corresponding energies are

EFMZ = {−Ju01 − Jw01 −Kw
i } , (4.1)

EFMY =

{
−1

2
Ju01 − Jv01 −

1

2
Jw01 −

1

2
Ku
i −

1

2
Kv
i

}
, (4.2)

EHH =

{
+Ju01 sin2

( π
N

)
− Jv01

[
1 + cos2

( π
N

)]
−Dw

01 sin

(
2π

N

)
−Kv

i

}
(4.3)
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and

ERR =

{
−Ju01 cos2

( π
N

)
+ Jv01 sin2

( π
N

)
− Jw01 −Dw

01 sin

(
2π

N

)
−Ku

i

}
, (4.4)

where N is the number of Fe or Co atoms in a circumference of the cylinder or the unit
cell [see Fig. 4.1 (b)]. The interaction graphic presented in Fig. 2.4 has been used for the
derivation of these energy functions. Note that only NN interactions among the local
Fe or Co magnetic moments have been considered. As a result taking into account that
Ju,v,w01 > 0 in the case of FePt and CoPt bilayers, the anisotropic Heisenberg interaction
HA

H tends to overestimate the energies of SDWs since possible AFM Heisenberg couplings
Ju,v,w0δ < 0 with δ > 1 are ignored. Notice, moreover, that the values of the effective NN
coupling constants Ju,v,w01 , Ku,v,w

i and Du,v,w
01 entering Eqs. (4.1)−(4.4) differ from those

presented in Figs. 3.2 and 3.5, since the latter were obtained including interaction up to
ninth [ δ = 9 ] NNs.

At this point it is meaningful to comment on the local contributions to the magnetocrys-
talline anisotropy:

HLMA = −
∑
i

{
Ku
i (µ̂ui )

2 +Kv
i (µ̂vi )

2 +Kw
i (µ̂wi )2} . (4.5)

In the case of cylinders and rings the local coordinates u, v and w appearing in Eq. 4.5
for HLMA are the following. The local w axis is chosen to be identical to the Z axis,
which is the symmetry axis of the cylinders or rings [see Fig. 4.1]. The local u axis is
tangential to the cylinder surface and perpendicular to the Z axis. Thus, the remaining
v axis is along the radial direction, perpendicular to the cylinder surface. The crucial
point, in contrast to planar bilayers, is that the parameters Ku

i and Kw
i are no longer

identical in the rolled-up structures, since the in-plane rotational symmetry is lost upon
rolling. This has qualitative consequences which will be addressed again in Secs. 4.3
and 4.4. In this section, however, we neglect these differences for simplicity and assume
that Ku

i = Kw
i as in the planar bilayers.

The results for the rolled-up FePt bilayers are shown in Fig. 4.3 (a) and (b). Using
the numerical values for the effective NN coupling constants Ku,w

i = −Kv
i = 0.92meV,

(Ju01, J
v
01, J

w
01) = (50.14, 51.49, 49.46)meV and (Du

01, D
v
01, D

w
01) = (0, 0, 16.13)meV ex-

tracted from the ab initio calculations on the planar FePt bilayer one obtains the HH
as the lowest-energy magnetic order among the considered ones for all diameters d.
This is consistent with the off-plane magnetization of the FePt planar bilayer. The
dashed lines in the phase diagrams indicate the numerical values Jv01 = 51.49meV and
Dw

01 = 16.13meV found in planar FePt bilayer. Fig. 4.3 (a) shows that an increase of
the Heisenberg exchange coupling Jv01 preserves HH as the lowest-energy state, since
increasing Jv01 enhances the stability of a collinear alignment of neighboring local mag-
netic moments µi oriented perpendicular to the surface of the cylinder [rose region in
Fig. 4.3 (a)]. In contrast, decreasing Jv01 destabilizes the HH configuration, as well as the
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Heisenberg Phase Diagrams
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Figure 4.3.: Magnetic phase diagrams for rolled-up FePt and CoPt bilayers (L10) as obtained
using the generalized Heisenberg model with NN interactions [see also in Fig. 4.1 (a) and (b)].
The colors indicate the most stable magnetic configuration among the four representative
ones depicted in Fig. 4.2. The color coding is indicated in the right inset. The effective
coupling constants Ju,v,w01 , Ku,v,w

i and Du,v,w
01 entering Eqs. (4.1)−(4.4) are extracted from the

ab initio calculations on planar FePt and CoPt bilayers discussed in chapter 3. Note that these
values differ from those presented in Figs. 3.2 and 3.5, since the latter were obtained including
interaction up to ninth [ δ = 9 ] NNs. On each diagram the vertical axis on the left indicates
the coupling constant which is varied and the horizontal dashed line its value derived from
the electronic calculations. The horizontal axis at the bottom of the diagrams gives the total
number N of Fe or Co atoms in the circumference of the cylinder as well as the corresponding
diameter d.
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FMY configuration, in favor of the RR configuration [green region in Fig. 4.3 (a)], in
which the magnetization is in plane [see Fig. 4.2].

A further interesting point in this context is that the anisotropic exchange-coupling
energy HA

H of the HH state increases (becomes less negative) as the diameter d decreases,
since then the tilt between neighboring µi and µj becomes greater in the noncollinear
states. Thus, as shown in Fig. 4.3 (b), if the DM interaction is neglected, the FMY
state [yellow region in Fig. 4.3 (a)] becomes the lowest-energy magnetic configuration
at small diameters d ≤ 30Å [N ≤ 36 ]. However, Fig. 4.3 (b) also shows that a large
enough DM interaction, with a positive value of Dw

01, lowers the energy of the noncollinear
configurations HH and RR. Thereby, the contribution of the DM interaction increases
with noncollinearity or tilt between neighboring local magnetic moments µi. As a result,
the HH configuration remains the lowest-energy one for large values of Jv01 even at small
diameters d [rose region in Fig. 4.3 (b)].

Let us also analyse the case of a reduced value of the Heisenberg parameter Jv01. Then
the stability of an in-plane collinear alignment is enhanced. In particular, without the
DM interaction, the FM in-plane magnetization FMZ becomes the lowest-energy state
for all d if the out-of-plane Heisenberg parameter Jv01 is reduced below Jv01 < 50.8meV.
However, the strong DM interactions favor noncollinearity. Therefore, the in-plane RR
configuration, where the local magnetic moments µi are slightly tilted relative to each
other, is stabilized by the DM coupling and eventually becomes the most stable state for
all d for reduced values of Jv01.

As discussed in chapter 3, the DM interaction HDM is considerably weaker in CoPt
bilayer than in the FePt bilayer. In contrast, the anisotropic Heisenberg interaction HA

H is
significantly stronger in CoPt [see also Figs. 3.2 and 3.5]. This suggests a generally stronger
tendency to collinearity in CoPt cylinders as compared to FePt cylinders. Indeed, as shown
in Figs. 4.3 (c) and (d), the numerical values Ku,w

i = −Kv
i = −1.1meV, (Ju01, J

v
01, J

w
01) =

(75.59, 73.05, 72.92)meV and (Du
01, D

v
01, D

w
01) = (0, 0, 1.74)meV extracted from the

ab initio calculations performed on planar CoPt bilayer yield that the FMZ is the
lowest-energy state [purple regions in Figs. 4.3 (c) and (d)], among the considered ones
for d < 113Å [N ≤ 134 ]. Thereby, the dashed lines indicate the numerical values
Jv01 = 73.05meV and Dw

01 = 1.74meV found in planar CoPt bilayer. Interestingly, if the
diameter d of the CoPt cylinder is further increased, then the noncollinear state RR
becomes the lowest-energy state. Note that without the DM interaction the lowest-energy
state would remain FMZ even at larger diameters d > 113Å [N ≥ 135 ]. Besides, in the
case of an increased value of the out-of-plane Heisenberg parameter Jv01 > 73.15meV a
similar result is observed. Here, cylinders with smaller diameters d exhibit the collinear
state FMY as the lowest-energy state, whereas cylinders with larger diameters d exhibit
the noncollinear state HH as the lowest-energy state.

The overall situation in the case of the CoPt cylinders is found to be as follows. At large
diameters d > 113Å [N ≥ 135 ] the DM interaction energy, which is proportional to
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sin (2π/N), leads to a noncollinear state RR or HH as the lowest-energy state similar to
the case of the FePt cylinders discussed above. Here, the relation between the strengths
of in-plane couplings Ju01 and Jw01 on the one hand, and the out-of-plane coupling Jv01 on
the other hand determines which of the two noncollinear configurations has the lowest
energy. However, as the diameter d decreases, the energy of the anisotropic Heisenberg
coupling HA

H in the case of noncollinear states RR and HH, which is proportional to
sin2 (π/N) and cos2 (π/N), increases faster than the rather weak DM energy decreases
[ see Eqs. (4.3) and (4.4) ]. Thus, at smaller diameters the system switches to a collinear
state FMZ or FMY as the lowest-energy state. Thereby, the critical value of the diameter
dC or number of atoms NC in the circumference at which the system switches between
a collinear and a noncollinear state as the lowest-energy state depends on the value of
the DM coupling constant Dw

01. As shown in Fig. 4.3 (d) a larger (smaller) value of Dw
01

reduces (increases) the diameter dC at which the lowest-energy state switches between a
collinear and noncollinear configuration.

Let us make an estimation of the critical number NC . To this end let us ignore the local
magnetocrystalline anisotropy as well as the anisotropy of the Heisenberg couplings, i.e.,
Ku,v,w
i → 0 and Ju,v,w01 → J01. In this case the Heisenberg energies of the two collinear

FMZ and FMY configurations and the two noncollinear RR and HH configurations
are equal, i.e., Ecollinear = EFMZ = EFMY and Enoncollinear = ERR = EHH . The energy
difference between collinear and noncollinear configurations resulting from Eqs. (4.1)–(4.4)
is given by

Enoncollinear − Ecollinear = 2 sin(π/N)
[
J01 sin(π/N)−Dw

01 cos(π/N)
]
. (4.6)

Using the Taylor series of sine and cosine up to first order yields

NC = π
J01

Dw
01

(4.7)

for the critical size of N , where the cylinder changes its favored configuration from
collinear (N < NC) to noncollinear (N > NC). In the case of FePt [CoPt] cylinders
the thus estimated value is NC = 10 [NC = 133], which is in good agreement with the
magnetic phase diagrams shown in Fig. 4.3. Alternatively, from Eq. 4.7 the critical
diameter dC can be derived

dC =
a

π
NC = a

J01

Dw
01

(4.8)

using the NN distance a, where the cylinder changes its favored configuration from
collinear (d < dC) to noncollinear (d > dC).

In conclusion, the magnetic phase diagrams of FePt and CoPt cylinders demonstrate
how sensitive the energy landscape is to changes of the diameter d of the nanorolls as
well as on the interacting parameters Ju,v,w01 , Ku,v,w

i and Du,v,w
01 . In order to gain a deeper

quantitative insight in the role of the curvature on the magnetic properties of nanorolls,
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we have performed ab initio calculations on rolled-up FePt and CoPt bilayers and stripes,
which are presented in the following sections. In particular, this will allow us to contrast
the results obtained using the Heisenberg model with parameters extracted from planar
bilayers and stripes, with the rigorous system specific ab initio approach.

4.3. Ab Initio Study of Rolled-up FePt and CoPt
Bilayers

The electronic calculations on rolled-up FePt and CoPt bilayers (L10) have been per-
formed using Hohenberg-Kohn-Sham’s density functional theory (DFT) as implemented
with periodic boundary conditions (PBCs) in the Vienna ab initio simulation package
(VASP).169;170 Most technical details are the same as for planar FePt and CoPt bilayers
as discussed in Sec. 3.1. In the case of the cylinders the k mesh of the Brillouin zone
needed to be adjusted. It has been chosen to be equal to 1 × 1 × 61 [ 1 × 1 × 31 ] for
N ≤ 30 [N ≥ 35 ], where N is the number of Fe or Co atoms in the circumference of
the cylinder. The geometric structures of the FePt and CoPt cylinders are shown in
Figs. 4.1 (a) and (b).

The electronic energy of the four representative magnetic configurations shown in Fig. 4.2
have been determined as a function of the diameter d of the cylinders both with and
without SOC. The energy per Fe or Co atom E(FMY ) of the FM state along a direction
Y perpendicular to the symmetry axis Z of the cylinder is taken as reference in order
to determine the relative stability of the various magnetic orders. Thus, we consider
∆E = E(α) − E(FMY ) per Fe or Co atom of the states FMZ, ringroad (RR) and
hedgehog (HH). The ab initio results are compared with those obtained from the
generalized classical Heisenberg model introduced in Sec. 2.5 by using the interaction
parameters Ju,v,w0δ , D0δ and Ku,v,w

i fitted to the dispersion relations of planar FePt or
CoPt bilayers (L10) including couplings up to ninth NNs [ see Chap. 3 ]. The direct
comparison between these two approaches allows us to quantify the predicting power
of the Heisenberg model with parameters appropriate for d → ∞ and reveal possible
modifications of the Heisenberg parameters Ju,v,w0δ , D0δ and Ku,v,w

i resulting from the
curvature of the cylinders. An interesting question is to estimate the diameter dT beyond
which the effective Heisenberg coupling constants of the FePt and CoPt cylinders having
d > dT have converged to a good approximation to the coupling constants extracted
from planar bilayers.

Before discussing the ab initio calculations, let us shortly examine the size of the local
magnetic moments µi in the FePt and CoPt cylinders. The size of the Fe (Co) local
magnetic moments µi in the FePt (CoPt) cylinders are in the range µFei ' 3.00− 3.07µB
(µCoi ' 2.02 − 2.09µB), where the case without SOC tends to give somewhat larger
values of µi. The size of the Pt local magnetic moments µPt

i in FePt (CoPt) cylinders is
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µPti ' 0.32− 0.42µB (µCoi ' 0.36− 0.49µB). Similar to the case of the planar bilayers we
find that Co tends to induce larger magnetic moments at Pt atoms than Fe. The induced
Pt moments always tend to be parallel to the neighboring Fe and Co atoms. Larger
Fe, Co and Pt local magnetic moments µi are found in the case of smaller diameters d,
where the distances between Fe and Co atoms are increased leading to band narrowing
and higher local density of states at the Fermi energy. One may furthermore note that
the size of the local magnetic moments hardly depends on the magnetic configuration.

4.3.1. Rolled-Up FePt Bilayers

Scalar Relativistic Results

In Fig. 4.4 (a) results are given for the ab initio calculations on rolled-up FePt bilayers
which were performed excluding SOC effects. First of all, it is important to note, that the
energy differences E(FMY )− E(FMZ) between the collinear configurations FMY and
FMZ, as well as energy differences E(HH)− E(RR) between the noncollinear HH and
RR configurations are extremely small, less than 0.003meV per Fe atom for all considered
diamerters d. This is a consequence of neglecting SOC since without SOC the electronic
energy is independent of the relative orientation of the magnetic moments with respect
to the geometry of the nanostructure. These small obtained energy differences provide
us therefore with an estimate of the accuracy of our ab initio calculations concerning
magnetoanisotropic effects.

One observes that ∆E(HH) ' ∆E(RR) > ∆E(FMZ) for all considered diameters d.
In other words, the collinear FM orders are more stable when SOC is ignored. This is in
accordance with the behaviour of planar FePt bilayer, where FM states (q = 0) are found
to have the lowest energy in the frozen-magnon dispersion relations [see Fig. 3.2 (a)].
Moreover, one obtains that the energy differences ∆E(HH) and ∆E(RR) between
collinear and noncollinear configurations decrease with increasing d. This was expected,
since the HH and RR states converge towards FM configurations from a local point of
view, as d increases.

The dashed green curve in Fig. 4.4 (a) shows the energy difference of the two noncollinear
configurations with respect to the two collinear configurations, as obtained from the
generalized classical Heisenberg model, where the isotropic coupling constants J0δ were
fitted to the magnon dispersion relations of the planar FePt bilayer without SOC [ see
Fig. 3.2 (b) ]. The Heisenberg calculations exhibit a similar behaviour as the ab initio
results. In both cases the noncollinear states have a higher energy than the collinear
states and the energy difference between them decreases with increasing d. Quantitatively,
there is a good agreement, although the model calculations tend to underestimate the ab
initio energy differences. In particular, for d ≥ 30Å the ab initio and the Heisenberg
results are quite close to each other. In this case the deviations between the Heisenberg
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Figure 4.4.: Magnetic energy ∆E(α) = E(α) − E(FMY ) per Fe atom for the magnetic
configurations α = FMZ, hedgehog (HH) and ring road (RR) with respect to the FM order
along the Y axis denoted by FMY (see Fig. 4.2). Results are given as a function of the number
of Fe atoms N in the circumference of the cylinder and the corresponding diameter d. The
electronic ab initio results [DFT] are compared with the outcome of the generalized classical
Heisenberg model [GHM] given by Eq. (2.105) and including interactions up to 9th NNs, which
are fitted to the frozen-magnon dispersion relation of planar FePt (L10) bilayers (dashed curves)
[see Figs. 3.2, 3.4 and 3.5]. The dashed-dotted purple curve in (b) is obtained by adjusting
the value of local anisotropy constant Kw

i describing the local anisotropy along the Z axis,
which is the symmetry axis of the cylinders. The left figure (a) corresponds to scalar relativistic
calculations (i.e., excluding the SOC) whereas the right figure (b) corresponds to full vectorial
results (including SOC).
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model and the ab initio approach are in the range of 0.3−0.7 meV per Fe atom. However,
these small energy differences do not necessarily mean that the values of the isotropic
Heisenberg coupling constants J0δ in planar and rolled-up FePt bilayers are similar for
d ≥ 30Å. First of all, in the case of noncollinear HH and RR configurations the angle ϕ
between NN magnetic moments µi in the circumference is equal to 2π/N , where N is the
number of Fe atoms in the circumference of the cylinder. Second, the isotropic exchange
energy difference between a state where µi and µj are tilted by an angle ϕ and a state
where µi and µj are parallel to each other is Jij [ 1− cos (ϕ) ]. Based on this information
one may estimate the contribution of the interactions at different distances to the total
exchange energy and in particular to the relative stability of collinear and noncollinear
configurations. For d ≥ 30Å or N ≥ 35 the exchange energy differences corresponding to
first, third, sixth and ninth NN are smaller than 0.02 J01 , 0.07 J03 , 0.15 J06 and 0.25 J09,
respectively. Therefore, changes in the coupling constants J0δ for interactions between
nearby local magnetic moments are of small significance for the total exchange energy
difference ∆E. In other words, for larger d the energies of the two collinear and the
two noncollinear configurations naturally converge, even if the values of the Heisenberg
coupling constants J0δ in planar and rolled-up bilayers are different. Notice, however,
that this arguments are no longer valid when SOC effects are taken into account. In this
case, in addition to the effect of the curvature, the anisotropic Heisenberg interaction
HA

H and the local magnetocrystalline anisotropy HLMA lead to an energy splitting of the
four representative configurations. A similar behaviour is observed in the MAE of planar
FePt and CoPt bilayers [ see Tab. 3.1 ].

Spin-Orbit Effects

We turn now our attention to the SOC effects in FePt cylinders. The corresponding ab
initio and Heisenberg-model results are presented in Fig. 4.4 (b). Let us first examine
only the ab initio results. As a consequence of SOC, the energies of the two collinear
configurations and of the two noncollinear configurations split up for all d. These
energy differences may be regarded as magnetocrystalline anisotropy energies [MAE] as
those examined for planar FePt and CoPt bilayers in Sec. 3.4. Indeed, ∆E(FMZ) =
E(FMZ)−E(FMY ) represents the total energy difference per Fe atom between the FM
alignments of the local magnetic moments µi oriented parallel and perpendicular to the
symmetry axis of the cylinder [ Z axis, see Figs. 4.1 (a) and (b) ]. Fig. 4.4 (b) shows that
this energy difference, which we will refer to as FMAE as in Sec. 3.4, depends heavily on
d. Starting with ∆E(FMZ) = 0.5meV per Fe atom at d = 9Å, the FMAE increases
reaching its maximum value ∆E(FMZ) = 2.4meV per Fe atom at d = 25Å, and then
decreases towards ∆E(FMZ) = 1.8meV at d = 51Å. In order to better understand
the significance of these values, it is useful to compare the corresponding magnetic
configurations in cylinders and planar bilayers. Note that the FMZ state corresponds to
an in-plane FM alignment in the planar bilayer and that the FMY state corresponds to a
combination of in-plane and out-of-plane FM alignments. In other words, the FMY state
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is similar to a SDW within the XY plane with a very small wavenumber q → 0. Based
on this analogy and recalling the results on MAE found for the FePt bilayer (L10) [ see
Tab. 3.1 ], the energy difference between the states FMZ and FMY cab be estimated to
be of the order of ∆E(FMZ) = [E(in-plane)− E(out-of-plane) ] /2 = 0.77meV per Fe
atom. This simple estimation is up to 1.6 meV per Fe atom smaller than the actual DFT
result for the cylinder. The reason for this deviation will be examined below, taking into
account the predictions of the generalized classical Heisenberg model. Nevertheless, one
may already say that ∆E(FMZ) of FePt cylinders converge towards the planar bilayers
result in the limit of d→∞. The decrease of ∆E(FMZ) observed for d > 25Å can be
explained as an approach towards this limiting value.

Let us next examine the energy difference between the two noncollinear HH and RR
magnetic configurations. In these cases the local magnetic moments µi are oriented
perpendicular or tangential to the surface of the cylinder, whereby the relative angles
between µi and µj are the same. Moreover, since the magnetic moments µi are always
perpendicular to the symmetry axis (Z axis) of the FePt cylinders, the cross products µi×
µj are the same in both states. Thus, the MAE between the HH and RR configurations
is independent of the DM interaction HDM. It results exclusively from the anisotropy
of the Heisenberg interaction HA

H and the local contributions to the magnetocrystalline
anisotropy HLMA. The dependence of this MAE on d is shown in Fig. 4.4 (b). For
the smallest cylinders, with the diameter 9Å≤ d ≤ 17Å , E(HH) − E(RR) varies
strongly between −0.7meV and −2.0meV per Fe atom. In contrast, for 21Å≤ d ≤ 51Å
E(HH) − E(RR) lies between −1.68meV and −1.92meV per Fe atom. As before,
comparison with the results on planar FePt bilayer is useful. The RR (HH ) configuration
corresponds to an in-plane (out-of-plane) FM alignment in the limit of a planar bilayer.
Based on this analogy, and taking into account our results on the FePt bilayer [ see
Tab. 3.1 ], the energy difference between the HH and RR states can be estimated to be
E(HH)− E(RR) = E(out-of-plane)− E(in-plane) = −1.54 meV per Fe atom, which is
in fairly good agreement with the results for cylinders with diameters d ≥ 21Å. This is
consistent with the fact that the MAE converges to the ab initio calculations on planar
FePt bilayers in the limit of d→∞.

The results shown in Figs. 4.4 (a) and (b) reveal further interesting information on the
impact of SOC on the magnetic properties of the FePt cylinders. In contrast to the
case without taking into account SOC, one observes that, according to the relativistic
calculations (including SOC), the noncollinear configurations are in general more stable
than the collinear ones. In addition, after an initial fast decrease, the energies of
the noncollinear configurations increase almost linearly with respect to the collinear
configuration FMY as a function of the diameter d. Therefore, one may say that SOC
not only rearranges the energies of the four representative configurations, but it also
changes completely the development of their energies as a function of curvature. One
concludes that SOC has dramatic consequences on the ground state as well as on the
entire energy spectrum defining the magnetic properties of the FePt cylinders.
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Generalized Heisenberg Model

The Heisenberg model provides a useful complementary insight into the properties of the
rolled-up layers. From a qualitative perspective it is interesting to consider the model
with only NN interactions and the magnetic phase diagrams derived from it. As shown
in Figs. 4.3 (a) and (b) the NN Heisenberg model with interaction parameters fitted to
the planar FePt bilayers predicts that for all diameters d the HH configuration is the
most stable one among the considered ones [see Fig. 4.2]. This is in agreement with the
explicit finite d DFT calculations which is remarkable taking into account the simplicity
of the NN model and the use of coupling parameters derived from the planar bilayer
case. Moreover, this indicates that the NN couplings play a dominant role in FePt planar
and rolled-up bilayers and that their bending-radius dependence is not so strong as to
qualitatively alter the most stable magnetic order.

In order to examine the accuracy of the Heisenberg model and the transferability of its
interaction parameter for different diameters d in more detail we compare in Fig. 4.4 (b)
the ab initio results (symbols) with the predictions by the generalized classical Heisenberg
model (dashed lines) including interactions between up to ninth NNs. As before, the
interaction parameters of the model have been extracted from DFT calculations of the
frozen-magnon dispersion relations of the planar FePt bilayer [ see Figs. 3.2, 3.4 and 3.5].
A number of important points stand out. First, for small cylinders with 9Å≤ d ≤ 17Å ,
there are significant discrepancies between the ab initio results and the predictions
by the Heisenberg model. Not only the absolute values but also the non-monotonous
dependence of the energies of the various magnetic configurations are not correctly
reproduced by the Heisenberg model. This strongly suggests that there are significant
differences between the coupling constants Ju,v,w0δ , Du,v,w

0δ and Ku,v,w
i in the small FePt

cylinders and in the planar FePt bilayer. Moreover, the non-monotonous dependence of
the ab initio energies also indicates that the effective interaction parameters between the
local moments depend strongly on the curvature or cylinder diameter d. As discussed
above, changes in the topology of a nanostructure often lead to modifications of the
effective Heisenberg parameters, which are known to be sensitive to the geometry of
the nanostructure. Clearly, these modifications are strongest for the smallest cylinders,
where the local topography is most affected by the strong curvature.

While a variation of the diameter d gradually changes the distances and the relative
positions between the atoms, the transition from a planar to a rolled-up geometry affects
the symmetry properties dramatically. This has an important effect, particularly on
the symmetry rules of the DM interaction. Some of the symmetry conditions which are
fulfilled in the planar case [ see Sec. 3.4 ] no longer apply to rolled-up bilayers. For example,
this is the case for Moriya’s second and third rules concerning the couplings between
δ = 2 and 5 NNs. Indeed, in cylinders the u and v components of the corresponding DM
vectors D0δ need no longer vanish.

Another important consequence of folding films into cylinders is the breaking of the
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in-plane C4 rotational symmetry of the L10 layers. This symmetry reduction affects all
three terms of the Heisenberg Hamiltonian. As already discussed in Sec. 4.2, the meaning
of the local anisotropy parameters Ku

i and Kw
i in HLMA are not identical anymore. The

difference between them is expected to depend on curvature. In the planar bilayer Ku
i and

Kw
i define the in-plane local anisotropy. In contrast, in the cylinders Ku

i determines the
stability of the magnetization in the direction of the strongest curvature (perpendicular
to the Z axis), while Kw

i determines the stability in the direction without curvature at
all (parallel to the Z axis) [see Fig. 4.1]. Concerning the two-particle interactions HA

H
and HDM it might be relevant how the connecting line between the interacting atoms
(i.e., the local u axis) is oriented with respect to the rotational symmetry axis Z of the
cylinder, i.e., the direction without curvature. In other words, in addition to the distance
δ between the interacting local magnetic moments the in-plane coupling parameters
Ju,w0δ and Du,w

0δ in cylinders a priori depend on the orientation of the interacting pair
with respect to the rotational symmetry axis Z, which indicates the curvature along the
connection line of the interacting moments. For example, in-plane interactions along
or perpendicular to the Z axis should be a priori different. Since this would lead to
significantly more Heisenberg parameters in total and a more complicated numerical
implementation, this approach has not been implemented.

In the larger FePt cylinders with 21Å≤ d ≤ 51Å the ab initio energies of the three
configurations FMY, HH and RR are reproduced remarkably well by the generalized
classical Heisenberg model with planar geometry interaction parameters. In particular, for
29Å≤ d ≤ 51Å the differences between the ab initio and Heisenberg results are less than
0.2 meV per Fe atom. These three magnetic configurations have in common that the local
magnetic moments µi are oriented perpendicular to the Z axis. The corresponding energy
expressions within the Heisenberg model involve all parameters Ku,v

i , Ju,v,w0δ and Dw
0δ but

not Kw
i . The latter defines the local magnetocrystalline anisotropy contribution along

the Z axis, which is the direction without curvature (symmetry axis of the cylinders).
This can be easily verified in Eqs. (4.2)−(4.4), where the interactions between local
magnetic moments are limited to first NNs. The good agreement between the ab initio
approach and the Heisenberg model found in these three cases implies that the used
Heisenberg parameters, which have been extracted from planar FePt bilayer, agree very
well with the corresponding parameters of the FePt cylinders in the case of d ≥ 21Å. This
is an important non-trivial result which justifies the use of the generalized Heisenberg
model with planar geometry parameters in order to pursue extensive explorations of the
magnetic energy landscapes of FePt rolled-up nanostructures without imposing symmetry
constraints. These investigations have been indeed performed. They are discussed in
chapter 5.

The FMZ configuration deserves special consideration. In this case the Heisenberg model
yields an energy difference ∆EGHM(FMZ) = 0.9meV for 9Å≤ d ≤ 51Å , which is
nearly independent on the diameter d. This value is close to the corresponding MAE
∆EMAE(FMZ) = 0.77meV of the planar FePt bilayer. However, the result obtained with
the Heisenberg model is well below the energy differences ∆EDFT(FMZ) = 1.8−2.4meV
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per Fe atom obtained in the ab initio calculations for 21Å≤ d ≤ 51Å . This discrepancies
can be qualitatively explained as follows. In the FMZ state the local magnetic moments
µi are all oriented along the symmetry axis of the cylinder (Z axis). Therefore, in
contrast to the other three considered magnetic configurations the energy of the FMZ
state depends on the local anisotropy parameter Kw

i [ see Eq. (4.1) ]. Given the above
discussed very good transferability of all other interaction parameters Ku,v

i , Ju,v,w0δ and Dw
0δ

we conclude that the discrepancies between the ab initio and Heisenberg-model results
must be attributed to a modification of Kw

i upon folding. The effects of curvature and
broken in-plane rotational symmetry remain significant, even for the largest considered
d = 51Å . In order to improve the predictions of the Heisenberg model, the dependence
of Kw

i on d has to be taken into account. Using Kw
i = −0.81meV instead of the value

Kw
i = 0.06meV derived from fitting the magnon-dispersion relations of the planar FePt

bilayer one obtains that ∆E(FMZ) calculated in the Heisenberg model matches the
ab initio result for the largest considered d = 51Å . Taking into account this cylinder
specific Kw

i improves quite significantly the agreement between Heisenberg and ab initio
results for ∆E(FMZ) for all d ≥ 13Å, as shown by the dashed-dotted purple line in
Fig. 4.4 (b). This indicates that once the films are folded and the C4 symmetry of the L10

layers is broken the dependence of the Kw
i on the curvature is relatively weak, except of

course for very small diameters. In this context it is important to recall that the changes
of Kw

i upon folding do not affect the remaining model energy differences ∆EGHM(HH)
and ∆EGHM(RR). It is interesting to see how the local magnetocrystalline anisotropy
gains in significance, since it is negligibly small in the case of the planar FePt bilayer [see
Fig. 3.4 (b)]. This is probably a consequence of the broken C4 symmetry.

4.3.2. Rolled-Up CoPt Bilayers

Scalar Relativistic Results

The results of our scalar relativistic DFT calculations on rolled-up CoPt bilayers, excluding
SOC, are presented in Fig. 4.5 (a). The general trends are found to be very similar to
the FePt cylinders. In the absence of SOC the energy differences between the collinear
configurations or between the noncollinear configurations are found to be less than
0.014 meV per Co atom for all considered diameters d. Furthermore, the noncollinear
configurations are always less stable than the collinear ones, with energy differences
that decrease with increasing d. In comparison with the FePt cylinders, however, CoPt
cylinders exhibit a stronger tendency to collinearity. The same trend is found in planar
FePt and CoPt bilayers [ see Fig. 3.2 ]. The greater stability of FM alignment in CoPt
bilayer is preserved upon folding.

Figure 4.5 (a) also shows our results for the energy difference between the collinear
and noncollinear configurations as obtained from the generalized classical Heisenberg
model (dashed green curve) by using isotropic Heisenberg coupling constants J0δ which
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Figure 4.5.: Magnetic energy ∆E(α) = E(α) − E(FMY ) per Co atom for the magnetic
configurations α = FMZ, HH and RR with respect to the FM order along the Y axis denoted
by FMY (see Fig. 4.2). Results are given as a function of the number of Co atoms N in
the circumference of the cylinder and the corresponding diameter d. The electronic ab initio
results [DFT] are compared with the outcome of the generalized classical Heisenberg model
[GHM] given by Eq. (2.105) and including interactions up to 9th NNs, which are fitted to the
frozen-magnon dispersion relation of planar CoPt (L10) bilayers (dashed curves) [see Figs. 3.2,
3.4 and 3.5]. The left figure (a) corresponds to scalar relativistic calculations (i.e., excluding the
SOC) whereas the right figure (b) corresponds to full vectorial results.
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were fitted to the DFT magnon-dispersion relations of the planar CoPt bilayer [ see
Fig. 3.2 (b) ]. The Heisenberg model results are qualitatively similar to the ab initio
ones. For the smallest cylinders (d ≤ 25Å) the discrepancies between the two approaches
range from 8meV per Co atom at d = 9Å to 1.6meV per Co atom at d = 25Å . Only
for larger diameters (d ≥ 29Å) we find that the differences fall below 0.7 meV per Co
atom, reaching a value of only 0.25meV per Co atom in the case of d = 50Å. As already
discussed in the case of FePt cylinders, this does not necessarily mean that the values of
the isotropic Heisenberg coupling constants J0δ in planar and rolled-up CoPt bilayers are
similar for d ≥ 29Å . In other words, for larger d the energies of the two collinear and
the two noncollinear configurations naturally converge, even if the values of the isotropic
Heisenberg coupling constants J0δ in planar and rolled-up bilayers are different, since the
tilt between local magnetic moments in noncollinear configurations becomes negligible.

Spin-Orbit Effects

The results of full vectorial calculations on the CoPt cylinders (with SOC) are shown in
Fig. 4.5 (b). The FMAE given by ∆E(FMZ) = E(FMZ)− E(FMY ) gives a measure
of the relative stability between the FM alignments where the µi are oriented parallel or
perpendicular to the symmetry axis of the cylinder (Z axis). The smallest CoPt cylinders
exhibit a very large negative ∆E(FMZ) [e.g., ∆E(FMZ) = −10.3meV per Co atom
for d = 9Å] which indicates that the magnetization along the cylinder is particularly
stable. However, the absolute value of ∆E(FMZ) decreases monotonically as d increases,
which means the stability of the FMZ state decreases, until ∆E(FMZ) = −2.3meV
is reached for d = 50Å. These values should be compared with the corresponding
results on planar CoPt bilayers, presented in Tab. 3.1. In the planar case we find
∆E(FMZ) = [E(in-plane)− E(out-of-plane) ] /2 = −0.6 meV per Co atom whose
absolute value is significantly smaller than in the cylinders (d ≤ 50Å). Qualitatively, this
is consistent with the enhancement of |∆E(FMZ)| as the curvature increases.

A few similarities and differences can be identified by comparing CoPt and FePt nanos-
tructures. In the planar CoPt bilayer the easy axis is in plane whereas in the FePt bilayer
it is out of plane (see Tab. 3.1). The same holds in the cylinders where ∆E(FMZ) is
further enhanced. Thus, the ferromagnetic anisotropy (FMA) observed in the planar case
is further enhanced upon the roll-up process. Let us recall that in the planar bilayers
the FMA is mostly driven by the anisotropy of the Heisenberg exchange interactions
Ju,v,w0δ , whereas in FePt cylinders the local magnetocrystalline anisotropy also plays an
important role.

The relative stability of the HH and RR configurations varies strongly as a function
of the diameter d. Starting from E(HH) − E(RR) = 3.2 meV for d = 9Å the MAE
decreases with increasing d reaching the local minimum E(HH)− E(RR) = 1.1 meV at
d = 25Å . This is followed by an increase to E(HH)− E(RR) = 2.3 meV at d = 50Å .
These values are in general far from the results found in the planar CoPt L10 bilayer [ see
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Tab. 3.1 ], where E(HH)− E(RR) = 1.21 meV. The origin for this discrepancy will be
analyzed below, by taking into account the results of the generalized classical Heisenberg
model.

Generalized Heisenberg Model

Figure 4.5 (b) shows that according to the DFT calculations, the FMZ configuration is
the most stable one among the four representative configurations for all considered d.
This is in agreement with the magnetic phase diagrams presented in Figs. 4.3 (c) and (d),
which were obtained using the Heisenberg model with NN interactions. However, this is
probably only a fortunate coincidence, considering how strongly the ab initio ∆E(FMZ)
changes as a function of d. In addition, the results of the Heisenberg model depend on
the considered range of NN interactions. For example, taking into account interactions
up to ninth NNs the Heisenberg model predicts that the most stable configuration
switches from FMZ to RR at d = 19Å and that the energy difference between these two
configurations remains below 0.5 meV per Co atom for larger diameters [ see Fig. 4.5 (b) ].
This inaccuracy is most probably due to the small energy difference between the FMZ
and RR states for larger d.

It is interesting to compare the ab initio results given by the symbols in Fig. 4.5 (b),
with the predictions of the generalized classical Heisenberg model including planar CoPt
interactions up to ninth NNs (dashed curves). For the smallest considered diameters
(9Å≤ d ≤ 21Å) the Heisenberg-model and ab initio results differ significantly. The
differences between the two approaches range from 1.5 meV to 9.6 meV per Co atom.
Most important, the Heisenberg model fails completely to reproduce the enhancement of
|∆E(FMZ)| with decreasing d, which is predicted by the DFT calculations. As in FePt
cylinders, this comparison is a clear indication of the intrinsic curvature dependence of
the effective interaction parameters Ju,v,w0δ , Du,v,w

0δ and Ku,v,w
i between the local magnetic

moments in CoPt cylinders.

For d ≥ 25Å the Heisenberg-model results are significantly closer to the ab initio
∆E(HH) and ∆E(RR). The differences are at most 1 meV per Co atom in these cases.
This is a manifestation of the convergence to planar geometry interaction parameters for
d ≥ 25Å. The values of Ju,v,w0δ and D0δ are very close to the values found for the planar
CoPt bilayer. In contrast, in the case of ∆E(FMZ), the deviations remain well above
1 meV per Co atom, ranging between 1.6 meV and 4.2 meV per Co atom. This shows
that Ku,v,w

i still deviate strongly from the values found in planar CoPt bilayer, even for
the largest considered diameter d = 50Å.

In conclusion, the trends observed in FePt and CoPt cylinders are qualitatively similar.
The Heisenberg parameters Ju,v,w0δ and D0δ corresponding to the two-particle interactions
(i.e., the anisotropic Heisenberg coupling HA

H and the DM interaction HDM) converge
to the values found in planar bilayers for dT ≥ 21 − 25Å. The local contributions to
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the magnetocrystalline anisotropy and Ku,v,w
i , on the other hand, are found to deviate

strongly from the planar case even for the largest considered cylinders having d = 50Å.
This is a consequence of the fact that the in-plane C4 rotation symmetry of the L10

layers is broken upon folding the film into a cylinder. Nevertheless, some incipient signs
of convergence of Ku,v,w

i to the large d limit can be recognized in the DFT calculations
performed for d ' 50Å.

4.4. Ab Initio Study of Rolled-up FePt and CoPt
Stripes

In the previous sections we have analysed the topological effects of curvature on the
magnetic properties of FePt and CoPt cylinders which are formed out of two-dimensional
bilayers. The purpose of this section is to address the role of the dimensionality in the
discussion of magnetism in curved nanostructures. To this end we have examined the
magnetic properties of FePt and CoPt rings that are formed out of one-dimensional Fe
and Co chains deposited on Pt stripe [ see Figs. B.1, 4.1 (c) and (d) ]. Thereby, we follow
the structure of the previous Sec. 4.3. The electronic calculations on FePt and CoPt rings
have been performed using Hohenberg-Kohn-Sham’s density functional theory (DFT)
as implemented with PBCs in the Vienna ab initio simulation package (VASP).169;170
Most technical details are the same as for planar FePt and CoPt bilayers as discussed in
Sec. 3.1. In contrast to the FePt and CoPt bilayers only the gamma point is used, since
the rings have a finite extension in all directions. The geometric structure of the FePt
and CoPt rings is illustrated in Figs. 4.1 (c) and (d).

The electronic energy of the four representative magnetic configurations shown in Fig. 4.2
have been determined as a function of the diameter d of the rings both with and without
taking into account SOC. The energy per Fe or Co atom E(FMY ) of the FM state along
a direction Y perpendicular to the symmetry axis Z of the ring is taken as reference
in order to determine the relative stability of the various magnetic orders. Thus, we
consider ∆E = E(α)− E(FMY ) per Fe or Co atom of the α = FMZ, ringroad (RR)
and hedgehog (HH). The ab initio results are compared with those obtained from the
generalized classical Heisenberg model introduced in Sec. 2.5 by using the interaction
parameters Ju,v,w0δ , Du,v,w

0δ and Ku,v,w
i fitted to the dispersion relations of infinite, linear

Fe and Co chains deposited on Pt stripes including couplings up to sixth NNs [ see
App. B ]. The direct comparison between these two approaches allows us to quantify
the predicting power of the Heisenberg model with parameters appropriate for d→∞
and reveal possible modifications of Ju,v,w0δ , D0δ and Ku,v,w

i resulting from the curvature
of the rings. An interesting question is to estimate the diameter dT beyond which the
effective Heisenberg coupling constants of the FePt and CoPt rings having d > dT have
converged to a good approximation to the coupling constants extracted from infinite,
linear chains. In addition, it is interesting to compare the estimated dT in the cases of
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the rings and cylinders.

Before discussing the ab initio calculations, let us shortly examine the size of the local
magnetic moments µi in the FePt and CoPt rings. The size of the Fe (Co) local
magnetic moments µi in the FePt (CoPt) rings are in the range µFei ' 3.20 − 3.26µB
(µCoi ' 2.14 − 2.19µB), where the case without SOC tends to give somewhat larger
values of µi. The size of the Pt local magnetic moments µPt

i in FePt (CoPt) rings is
µPti ' 0.32− 0.43µB (µCoi ' 0.29− 0.48µB). The induced Pt moments always tend to
be parallel to the neighboring Fe and Co atoms. Larger Fe, Co and Pt local magnetic
moments µi are found in the case of larger diameters d, where the distances between Fe
and Co atoms are increased leading to band narrowing and higher local density of states
at the Fermi energy. One may further note that the size of the local magnetic moments
hardly depends on the magnetic configuration.

4.4.1. FePt Rings

Scalar Relativistic Results

In Fig. 4.6 (a) the DFT and the generalized classical Heisenberg-model results on FePt
rings without taking into account SOC are presented. Since SOC is absent, the calculated
ab initio differences between the two collinear configurations FMZ and FMY and between
the two noncollinear configurations HH and RR is less than 0.002meV per Fe atom
for all considered diameters d. For d ≤ 50Å the ab initio energy of the noncollinear
configurations oscillates with respect to the collinear configurations energy between
∆E = −4.7meV and ∆E = 2.7meV per Fe atom. Those oscillations, which become
flatter with increasing d, reveal that the Heisenberg couplings J0δ depend strongly on
the diameter d. In particular, the changes of sign of ∆E indicate strong variations
of the AFM couplings, which drive noncollinear configurations. One may furthermore
note the evident discrepancy between the ab initio results and the generalized classical
Heisenberg-model results, which confirms that the values of the isotropic Heisenberg
coupling constants J0δ in linear and rolled-up FePt stripes are considerably different.

In the case of larger rings (d ≥ 51Å) the ab initio and Heisenberg-model results for
∆E tend to converge. The energy differences between the two approaches remain below
0.4meV per Fe atom. However, in contrast to the ab initio calculations, the Heisenberg
model predicts that the noncollinear configurations are more stable than the collinear
configurations for all d. Furthermore, as already discussed in the case of cylinders, the
fact that differences in the ∆E calculated with the two approaches are small does not
necessarily mean that the isotropic Heisenberg coupling constants J0δ in linear and
rolled-up FePt stripes are similar, since the angles between neighboring local magnetic
moments µi in noncollinear configurations become negligibly small for large d.
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Figure 4.6.: Magnetic energy ∆E(α) = E(α) − E(FMY ) per Fe atom for the magnetic
configurations α = FMZ, HH and RR with respect to the FM order along the Y axis denoted
by FMY (see Fig. 4.2). Results are given as a function of the number of Fe atoms N in the
ring and the corresponding diameter d. The electronic ab initio results [DFT] are compared
with the outcome of the generalized classical Heisenberg model [GHM] given by Eq. (2.105) and
including interactions up to 6th NNs, which are fitted to the frozen-magnon dispersion relation
of linear FePt chains (dashed curves) [see App. B]. The left figure (a) corresponds to scalar
relativistic calculations (i.e., excluding the SOC) whereas the right figure (b) corresponds to full
vectorial results.
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Spin-Orbit Effects

Results of ab initio and Heisenberg-model calculations including SOC are presented in
Fig. 4.6 (b). The ferromagnetic anisotropy energy (FMAE) ∆E(FMZ) = E(FMZ)−
E(FMY ) between FM alignments of the local magnetic moments µi along (FMZ) and
perpendicular (FMY) to the CN symmetry axis of the FePt ring oscillates between 3
and 4.7 meV per Fe atom. In particular for the largest considered ring (d = 67Å)
∆E(FMZ) = 3.7 meV per Fe atom. Since ∆E(FMZ) is always positive, the FM
configuration within the plane containing the Fe ring is favored with respect to FM
order perpendicular to it. In order to put these numbers into perspective it is useful
to refer to the MAEs of the linear FePt stripe. The corresponding DFT result for
∆E(FMZ) in the linear case (d → ∞ limit) can be estimated as ∆E(FMZ) =
EZ − EY /2 − EX/2 = 4.5 meV, which is not too far from the values obtained for the
largest rings (∆E(FMZ) = 3.7 meV for d = 67Å). See Fig. B.2, Tab. B.2 and Fig. 4.6 (b).
Notice that the convergence of the MAEs of rings to the linear limit is not expected
to be fast. In fact, MAEs are very subtle symmetry sensitive properties. Besides the
changes in the electronic structure resulting from the finite length of rings, one should
take into account that folding a linear chain into a ring implies a discontinuous change of
the symmetry and topology of the system which affect the SO energy and its dependence
on the magnetization direction.

The relative stability of the noncollinear HH and RR configurations is quantified by the
MAE ∆E = E(HH)− E(RR). For d < 51Å ∆E varies between −6.0 and −0.4 meV
per Fe atom. After a change of sign at d ≈ 51Å the MAE remains between 0 and
0.5 meV per Fe atom for d ≥ 51 Å. For the largest considered FePt ring one obtains
∆E = 0.4 meV per Fe atom. Again, let us put these numbers into perspective with the
MAE determined in the case of linear FePt stripes [ see Tab. B.2 ]. The corresponding
DFT result for ∆E = E(HH)−E(RR) in the linear case (d→∞ limit) can be estimated
as ∆E = E(HH)−E(RR) = EY −EX = 1.5 meV, which is well above the values found
in the case of FePt rings with smaller diameters d < 51Å . However, similar to ∆E(FMZ)
a trend towards the predicted value may be observed in the case of larger diameters
d ≥ 51Å.

The comparison between ab initio and Heisenberg-model results shows strong differences.
Especially concerning the noncollinear configurations energy differences by up to 5.4meV
per Fe atom are found for d < 51Å. This reflects strong variations in the effective
interaction parameters as a function of d. In contrast, for d ≥ 51Å the predictions of the
Heisenberg model with linear stripe parameters appear to converge to the corresponding
finite d ab initio results. The differences between the two approaches remain below
1meV per Fe atom. Furthermore, the FMAE obtained with the Heisenberg model is
∆E(FMZ) = 4.3meV per Fe atom for all d, which is close to the value obtained for the
linear FePt stripe (d→∞).

Before closing this section it is interesting to compare the results for FePt rings and
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cylinders. One may observe that the Heisenberg parameters in FePt rings converge at
much larger diameters d towards the corresponding linear or planar d→∞ limits. While
in FePt cylinders all Heisenberg parameters except for Kw

i converge to the values in
planar bilayers for d ≥ 21Å, in FePt rings the convergence is estimated to be reached
only for d ≥ 51Å.

4.4.2. CoPt Rings

Scalar Relativistic Results

A DFT and model study of Co chains on a Pt-stripe support, which are folded into rings
of various diameters, has been performed in an analogous way as for the above discussed
FePt rings. In Fig. 4.7 (a) ab initio results are shown which were obtained excluding
SOC. Unfortunately, numerical instabilities preclude us from presenting reliable results
for diameters larger than d = 50Å. For 17Å≤ d ≤ 50Å , the energy difference between
the two collinear configurations or between the two noncollinear configurations are less
than 0.03meV per Co atom. These very small values are of course expected since in
the absence of SOC, these configurations should have been strictly degenerate. The
obtained spurious differences can be regarded as an estimation of the numerical accuracy
of our self-consistent calculations. The energy difference ∆E(noncollinear) of the two
noncollinear configurations with respect to the collinear ones oscillates between −0.4 and
3.9 meV per Co atom. Comparing these ab initio results with the outcome of Heisenberg-
model calculations reveals significant differences both in the values of the energy as well
as in the general trend concerning its dependence on d. This is a strong indication that
the isotropic Heisenberg parameters in CoPt rings are considerably different from those
derived from the magnon-dispersion relations of linear CoPt stripes [ see Sec. B ]. In
addition, the strong dependence of the ab initio results for ∆E(noncollinear) on the
diameter d indicates that the effective magnetic interactions in CoPt rings also depend
strongly on d.

Spin-Orbit Effects

In Fig. 4.7 (b) our DFT results for CoPt rings including SOC effects are presented. They
clearly indicate, that the magnetic properties of the CoPt rings differ significantly from
those of the linear CoPt chain in the considered range of the diameters 17Å≤ d ≤ 67Å.
This trend can be clearly illustrated by considering the various MAEs. For the linear
infinite CoPt stripe [ see Tab. B.2 ] the MAEs are ∆E(FMZ) = EZ − EY /2− EX/2 =
2.9 meV and E(HH) − E(RR) = EY − EX = 0.3 meV per Co atom. This should be
compared with the ab initio results on CoPt rings which are −1.7meV≤ ∆E(FMZ) ≤
1.0meV and −17.8meV≤ E(HH) − E(RR) ≤ −2.1meV per Co atom. No sign of
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Figure 4.7.: Magnetic energy ∆E(α) = E(α) − E(FMY ) per Co atom for the magnetic
configurations α = FMZ, HH and RR with respect to the FM order along the Y axis denoted
by FMY (see Fig. 4.2). Results are given as a function of the number of Co atoms N in the
ring and the corresponding diameter d. The electronic ab initio results [DFT] are compared
with the outcome of the generalized classical Heisenberg model [GHM] given by Eq. (2.105) and
including interactions up to 6th NNs, which are fitted to the frozen-magnon dispersion relation
of linear CoPt chains (dashed curves) [see App. B]. The left figure (a) corresponds to scalar
relativistic calculations (i.e., excluding the SOC) whereas the right figure (b) corresponds to full
vectorial results.
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convergence to the infinite d limit can be obtained for d ≤ 67Å.

A similar picture emerges when we compare the results from ab initio and Heisenberg-
model calculations. Even for the largest considered diameter (d = 67Å) the differences
between the two methods remain large: ∆E(FMZ) = −3.9 meV and ∆E(RR) = 1.7 meV
per Co atom. In the case of ∆E(FMZ) no convergence trend between Heisenberg-model
and DFT results can be identified. The only exception is ∆E(HH), in which case the
deviations between the two methods are below 1meV for d ≥ 46Å .

Finally, let us compare the present CoPt ring results with those results obtained for
cylinders. This contrasts with what we observed in cylinders. The magnetic properties
of the CoPt rings as well as the values of the corresponding Heisenberg parameters
Ju,v,w0δ , Du,v,w

0δ and Ku,v,w
i converge very slowly towards larger d or linear limit. A similar

behaviour was found in the case of FePt rings and cylinders. One concludes that the
dimensionality of the rolled-up nanostructures plays an important role in the curvature
dependence of the effective magnetic interactions between local magnetic moments. It
would be interesting to pursue the investigations of the role of dimensionality in rolled-up
nanostructures in more detail. A potentially important point in this context is that the
rolled-up two-dimensional bilayers have a direction in which the geometry is the same as
in the case of planar bilayers. Another interesting trend is that CoPt rings and cylinders
in general exhibit a larger transition diameter dT than their FePt counterparts. This
must be attributed to the different electronic properties of the compounds, in particular
the band structure which varies as a function of the geometry.
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5. Energy Landscapes of Planar and
Rolled-Up Transition-Metal
Nanostructures

The goal of this chapter is to investigate and characterize the energy landscapes (ELs) of
planar and rolled-up FePt and CoPt bilayers. To this end we consider the generalized
classical Heisenberg model (GHM) introduced in Sec. 2.5 with all different types of
interactions between pairs of local magnetic moments µi and µj up to ninth NNs, namely,
isotropic symmetric interactions, anisotropic symmetric interactions and anisotropic
antisymmetric interactions [ see Fig. 2.4 ]. The interaction parameters Ju, v, wij , Dij and
Ku,v,w
i defining the model are derived from accurate ab initio calculations of the frozen-

magnon dispersion relations of planar FePt and CoPt L10 bilayers which were presented in
Chap. 3. The flexibility and numerical efficiency of the GHM is fully exploited, in order to
achieve a most detailed characterization of the magnetic ELs, by considering a large unit
cell including up to N = 900 local magnetic moments µi of the 3d transition-metal (TM)
atoms. This allows us to describe relatively extended complex objects, such as skyrmions,
without imposing any restriction on the orientation of all the µi in the unit cell. Thus, we
consider the magnetic energy of the nanostructure E = E(µ̂) with µ̂ = {µ̂1, . . . , µ̂N} in
its full complexity as a function of the 2N angles defining the orientation µ̂i of the local
moments. Magnetic dipol-dipol interactions are not taken into account in the following
since, as addressed in Sec. 5.1 on p. 112, their contribution to the total energy is very
small for the considered ultra-thin films.

The ELs of planar FePt and CoPt bilayers have been explored by using a 2D square cell
including N = 30× 30 = 900 Fe or Co atoms and periodic boundary conditions (PBCs).
This corresponds to a side length of 79–80Å. This choice of the unit cell represents a good
compromise between larger flexibility, which allows to describe more complex phenomena
involving larger length scales, and numerical effort, which limits in particular the number
of LM and TS which can be handled in practice. To explore the ELs of FePt and CoPt
nanorolls these square cells are rolled up into segments of cylinders with a diameter
d = 25Å. The PBC along the X direction corresponds then to the physical matching
of the folded sheet whereas the PBC along the Z direction becomes a 1D PBC along
the symmetry axis of the nanorolls [see Figs. 4.1 and 4.2]. The GHM parameters Ju,v,wij ,
Dij and Ku,v,w

i are here the same as in the planar case. In this way, the curvature of the
cylinder takes the central role in our discussions, being the only difference between the

101



Chapter 5. Energy Landscapes of Planar and Rolled-Up Transition-Metal
Nanostructures

planar and rolled-up nanostructures. In other words, all the differences between physical
behaviour of FePt and CoPt bilayers and cylinders result exclusively from their different
topologies.

The analysis of the ELs includes the identification of the local minima (LM), which
represent the metastable magnetic states of the nanostructures, as well as the transition
states (TS) or first-order saddle-points (SPs) connecting them, which define the energy
barriers to be overcome in order to modify the magnetic order of the system. Furthermore,
the minimum energy path (MEP) or trajectory in configuration space from one LM,
over the TS, to another LM reflects the nature of the rearrangements of the magnetic
order occurring upon an elementary transition between these different metastable states.
Already in Sec. 2.6 the basic general principles of magnetic ELs have been recalled and
the physical relevance of LM and TSs has been discussed. The L-BFGS minimization
algorithm has been used for the localization of the LM. In addition, the Geodesic Elastic
Band (GEB) method has been used to determine the MEP connecting these LM, which
corresponds to the elementary relaxation process in Markovian dynamics.

In the following Secs. 5.1–5.4 the characteristics of the ELs of the planar and rolled-
up FePt and CoPt bilayers are presented and analysed in some detail. The focus of
our attention is the investigation of the effect of curvature on the magnetic ELs, the
geometrical characteristics of the metastable states, as well as the MEPs connecting
them.

5.1. The Planar FePt L10 Bilayer

5.1.1. Symmetry, Degeneracies and Energy Distribution of
Metastable States

The calculated energy spectrum of the LM of the EL of the planar FePt bilayer is shown
in Fig. 5.1 (a).1 This spectrum has been obtained by considering 240,000 magnetic
configurations µ = {µ1, . . . , µN}, where the orientations of all the local magnetic
moments µi are randomly chosen. Starting from each of these configurations the total
energy of the GHM has been minimized using the L-BFGS method [see Sec. 2.6.2]. In
8178 cases, the L-BFGS method led to a LM, i.e., to a configuration with a vanishingly
small gradient and a Hessian matrix with only positive eigenvalues. In the remaining

1The reported total excitation energies ∆Etot = E(µLM) − E0 and energy barriers for the various
magnetic configurations correspond to the total energy of the unit cell and therefore to the total
excitation energy involved in the corresponding change of magnetic order, for example, for creating a
skyrmion texture or for changing its spin configuration. In order to obtain energy differences per Fe
or Co atom, which can be compared with the often reported spin-orbit (SO) energy differences and
magnetocrystalline anisotropy energies (MAEs) per atom, our results for ∆E must be divided by the
number of Fe or Co atoms in the considered unit cell, which in the present case is 30× 30 = 900.
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Figure 5.1.: (a) Energy spectrum of the different LM in an FePt bilayer as determined by
minimizing a large set of random magnetic configurations using the L-BFGS method. The
total excitation energies ∆Etot = E(µLM) − E0 of the different metastable configurations
µLM =

{
µLM

1 , . . . ,µLM
N

}
are indicated by the horizontal lines, where E0 refers to the ground-

state energy. In total 30 different highly-degenerate energy levels are obtained. (b) Number of
energy levels found as a function of the number of considered random magnetic configurations.

cases the minimization lead either to a SP with at least one negative eigenvalue or
did not converge at all. The ensemble of converged minimizations corresponds to the
30 different energy levels displayed in Fig. 5.1 (a). Concerning the convergence of the
random-sampling procedure it is worth noting that the lowest 10 energy levels in the range
of 0 ≤ ∆Etot ≤ 303meV are already obtained from the first 4000 random configurations.

Each energy level displayed in Fig. 5.1 (a) is highly degenerate as a result of the high
point-group and translation symmetry of the L10 lattice. In this context it is meaningful
to distinguish between two types of degeneracies: the time-reversal degeneracy and the
geometric degeneracy. The time-reversal symmetry states that when all local magnetic
moments µi of a magnetic configuration µ = {µ1, . . . ,µN} are inverted, i.e., µi → −µi
for all i, the GHM energy

H = −1

2

∑
i,j

µ̂iM ij µ̂j . (5.1)

remains exactly the same, since the interaction parameters Ju, v, wij , Dij and Ku,v,w
i

defining the interaction matrix M ij are independent of µi and µj [see also Eq. (2.105)
on p. 40]. This is an intrinsic property of the ab initio Hamiltonian and of the GHM
which is independent of the considered nanostructure. It leads to a two-fold time-reversal
degeneracy of each energy level.

Translation symmetries and point-group symmetries (Cn rotations, reflections, inversions
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and rotation-reflections) lead to geometric degeneracies, which depend on the geometry of
the nanostructure. Translations by a NN distance between the Fe or Co atoms along the
X and Z directions leave the 2D lattice of the L10 bilayers unchanged. In our unit cell the
order of the translational group is 30× 30 = 900. The point-group symmetries that leave
the lattice of the L10 bilayers unchanged are the C4 rotations around the Y axis and the
reflections, across four mirror symmetry planes which are perpendicular to the FePt and
CoPt bilayers. Any inversion and rotation-reflection symmetries are broken by the Pt
layer and are therefore irrelevant. The C4 rotations and translations lead to geometrical
degeneracies of each energy level equal up to 4 · 30 · 30 = 3600. The reflection symmetries
can lead to additional geometrical degeneracies. In this context let us recall that the
local magnetic moments µi are pseudovectors. The direction of a reflected pseudovector
is opposite to its mirror image while its magnitude remains unchanged. Our calculations
have shown that the reflection symmetries gives us additional degeneracies only in a few
cases that cannot be obtained as a combination of time reversal transformations, C4

rotations and translations. The time-reversal degeneracies and analogous geometrical
degeneracies are also found in FePt cylinders, as well as in planar and rolled-up CoPt
bilayers.

The convergence of our sampling of initial configurations is demonstrated in Fig. 5.1 (b),
which illustrates how the total number of discovered energy levels grows as a function
of the number of minimized random magnetic configurations µ = {µ1, . . . , µN}. The
resulting curve shows how it becomes increasingly hard to find new energy levels, which
in general exhibit higher energies, since LM with higher energies have smaller basins
of attraction than low-lying LM, i.e., higher energy LM µ have a smaller volume in
configuration space where following the negative gradient leads to the LM µ.

5.1.2. Low-Energy Magnetic Configurations

In Figs. 5.2 and 5.3 representative magnetic configurations µ of the ground state and the
lowest seven excited energy levels with energies of up to ∆Etot = 288meV are displayed.
For ∆E = 124meV and 162meV two configurations belonging to the same energy level
are illustrated, which are related through reflection or time-inversion symmetry. The
ground state, as well as the first excited state with ∆Etot = 52meV, are spin waves.
Already the next excited energy level with ∆Etot = 124meV is a skyrmion, i.e., a localized
magnetic texture where the magnetization at the center is opposite to the magnetization
of its immediate surroundings.235 The observed skyrmions exhibit a so-called Néel-type
magnetic structure [see Fig. 5.4 (b)].235 This type of skyrmions are characterized by
a cycloidal progression of the local magnetic moments along the radial direction from
the center to the exterior of the magnetic texture. Fig. 5.4 gives a general overview
of different types of localized textures. Besides the spin waves and skyrmions we also
observe LM with more complex skyrmion-like configurations. For example, the LM with
∆Etot = 173meV exhibits a magnetic texture which is delocalized through the unit cell
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Figure 5.2.: Representative magnetic configurations of the ground state and of the lowest four
excited energy levels. The arrows indicate the directions of the local magnetic moments µi at
the Fe atoms. The colors of the arrows indicate their orientations with respect to the 2D layer
L10: Red (blue) arrows correspond to an upward (downward) orientation of µi, while in-plane
µi are green. In the upper left corner the coordinate system as well as the dimensions of the
unit cell are indicated. The total excitation energies ∆Etot = E(µLM)−E0 of the different LM
µLM =

{
µ̂LM

1 , . . . , µ̂LM
N

}
are shown, where E0 refers to the ground-state energy.
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Figure 5.3.: Representative magnetic configurations of the fifth to seventh excited energy levels.
The arrows indicate the directions of the local magnetic moments µi at the Fe atoms as in
Fig. 5.2. The corresponding total excitation energies ∆Etot = E(µLM)−E0 are indicated [see
also Fig. 5.2].
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Figure 5.4.: Zoo of representative topological spin textures: (a) hedgehog, (b) Néel-type
skyrmion, (c) Bloch-type skyrmion, (d) antiskyrmion, (e) skyrmionium, (f) biskyrmion, (g) ex-
ample of an in-plane skyrmion, (h) skyrmion in helical background, (i) chiral bobber, and
(j) combed anti-hedgehog formed around the Bloch point in panel (i). Reprinted with permission
from [235 ].

and whose shape is similar to the skyrmion with ∆Etot = 162meV. Remarkably, we
also observe that the FM out-of-plane configuration, where all local magnetic moments
µi are oriented parallel to the Y axis, is also a LM. In fact, it corresponds to the LM
with the highest calculated energy equal to ∆Etot = 1370meV. In contrast, none of
the FM in-plane configurations is a LM. Dipole-dipole interactions, which have been
ignored in the present calculations, would tend to further destabilize the out-of-plane
FM configuration with respect to the in-plane configurations. Nevertheless, as long as
the SO contributions to the energy dominate, this should not alter the fact that the
perpendicular FM configuration is locally stable (LM). Whether dipole coupling might
stabilize an in-plane FM-like LM seems very unlikely but would need to be confirmed.
In this context it is interesting to note that in our ab initio calculations, assuming FM
order (i.e., all µi parallel to each other) and varying the orientation of the magnetization,
we obtain that perpendicular magnetization direction yields the lowest FM energy [ see
also Tab. 3.1 on p. 69 ].

The Néel-type magnetic structure of the observed skyrmions is a direct consequence of
the DM interaction found in the case of planar FePt and CoPt bilayers. As displayed
in Figs. 3.5 (a) and (c) on p. 63, only the in-plane w component Dw

ij of the DM vectors
Dij is different from zero [ see Fig. 2.4 on p. 42 ]. Therefore, the orientation of the DM
vector Dij is not only always in-plane but also perpendicular to the vector connecting
the interacting local magnetic moments µi and µj. In other words, the DM vector Dij

is always parallel to the local w axis [ see Fig. 2.4 on p. 42 ]. This tends to stabilize
noncollinear magnetic configurations in which the local moments µi rotate out of the L10

plane. In this way µi × µj has a non-vanishingly in-plane component which, with the
appropriate sense of rotation, can take advantage of the DM coupling. This corresponds
precisely to the Néel-type magnetic structures. In fact, as may be observed in Figs. 5.2
and 5.3 the Néel-type magnetic order is not only found in the case of the skyrmions, but
also in the case of the spin waves and LM with skyrmion-like textures.
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Furthermore, it is interesting to observe that if one neglects the DM coupling, while still
taking into account the anisotropic Heisenberg interaction and the local magnetocrys-
talline anisotropy, one finds only one LM, which is the FM out-of-plane configuration. All
interesting LM disappear except the FM one which is independent of the DM interaction.
This is not the case, neither for the FePt cylinder nor for the planar and rolled-up CoPt
bilayers to be discussed in the upcoming sections. One concludes that in the planar FePt
bilayer the LM with noncollinear configurations are stabilized by the DM interaction.

5.1.3. The Ground-State Configuration

In Fig. 5.5 some interesting low-energy physical properties are shown. The ground-state
magnetic configuration, which is recalled in (a) for the sake of completeness, is a spin
wave whose wave vector points along the diagonal of the unit cell. The wavelength and
the wavenumber are equal to λ = 56.2Å and q = 0.09 π/a. This is consistent with the
ab initio calculations performed on FePt bilayer discussed in Chap. 3 [see Fig. 3.4 (a)
and (b) on p. 62] which predict a noncollinear ground state configuration. The fact that
the spin wave is oriented along the diagonal of the unit cell is the result of the favorable
wavelength λ, for this particular size of the unit cell and the PBCs, rather than the
consequence of the orientation of the spin wave with respect to the geometric structure of
the bilayer. Note that, due to the periodic boundary constraints imposed by the size of
the unit cell, the choice of wavelengths λ which match the PBCs is not only limited but
also depends on the orientation of the spin wave. For example, in the case of a smaller
square unit cell with 20 × 20 = 400 Fe atoms, the ground state is a spin wave with q
oriented parallel to the side edge of the unit cell with similar values of the wavelength
λ = 53Å and the wavenumber q ∼= 0.1π/a. This shows that the ground-state wavelength
λ = 53–56Å is not dictated by the boundary conditions of the unit cell. Concerning
the nature of the ground-state magnetic order, we observe that as we move across the
unit cell the local magnetic moments µi rotate in a plane parallel to the wave vector
q. In other words, we observe a cycloidal progression of the local magnetization with a
counterclockwise (+) rotation direction. This type of noncollinear order follows directly
from the DM interaction, as already discussed above.

Figure 5.5 (b) shows the total energy change ∆Etot of the unit cell along the minimum
energy path (MEP) associated to different translations and rotations of the ground-state
magnetic configuration. Let us recall that a MEP is a lowest-energy trajectory in the
configuration space connecting two LM [see Sec. 2.6.3]. For the sake of comparison we
also show the energy change along the brute force geodesic corresponding to a rotation
by 90◦ (blue curve). In contrast to the MEP a geodesic is a curve in the configuration
space representing the shortest path between two points. No attempt is here made to
minimize the energy increase. Simply the shortest path is followed. In the case of the
translations of the spin wave along the X and Z axes by one lattice constant aFe = 2.65 Å
(orange curve) the calculated energy barriers are vanishingly small (∆Eb < 10−7 meV).
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Figure 5.5.: (a) Illustration of the ground-state magnetic configuration of the planar FePt
bilayer. The arrows indicate the directions of the local magnetic moments µi at the Fe atoms
and the colors of the arrows the value of µYi as in Fig. 5.2 (∆Etot = 0). (b) Change in the
total energy ∆Etot(A) = Etot(A)− E0

tot of the unit cell along different paths in configuration
space corresponding to C4 rotations and translations by a NN distance as a function of the
reaction coordinate A. In all cases the initial and final states are symmetry-related equivalent
ground states. The orange curve is obtained by connecting a ground state with its translation
by an elementary lattice constant along the X or Z directions. The green (dashed violet) curve
corresponds to the MEP connecting a ground state with the one obtained by rotating it 90◦

(180◦) around a C4 symmetry axis. Here, the black dots indicate the energies of the images
which are connected by geodesics. The blue curve displays the energy change along a coherent
rotation of all µi following a 90◦ rotation. In this the final state is exactly the same as in the
90◦ MEP (green curve) but the path does not follow a gradient curve passing through TS.
(c) Seven intermediate states along the MEP describing a 90◦ rotation of the whole magnetic
configuration [green curve in (b)].
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This means that the ground-state spin wave can propagate almost freely within the Fe
layer. Furthermore, due to the high symmetry of the ground-state spin wave a rotation
by 180◦ may be achieved by a combination of translations along the X and Z directions.
Thus, the energy barrier for a 180◦ rotation is very small, the same as in the case of the
translations.

The translations along the X and Z axes, and the 180◦ rotation have in common that the
initial and final spin-wave configurations are very similar. Moreover, all local magnetic
moments µi within the unit cell change only marginally along the MEP and therefore
the magnetization-density distribution in the immediate vicinity of µi remains almost
intact all along the MEP and throughout the unit cell. Consequently, the involved
energy barriers are very small. In contrast, a 90◦ rotation of the spin wave implies a
significant modification of the magnetic configuration from a local point of view. Indeed,
depending on the location of µi the orientation of the local magnetic moment has to be
rotated by an angle varying between 0◦ and 180◦. Let us recall that upon a rotation
R, the local moment µi at the lattice site i in the rotated configuration is given by
µi = Rµold

j where µold
i refers to the spin configuration before the rotation at the lattice

j = R−1(i) which upon rotation is mapped on site i. First, we consider the energy
path for a rotation by 90◦ along the geodesic, which, by definition, corresponds to the
shortest path in configuration space. This means that every single local magnetic moment
µi is simultaneously rotated in a coherent way along its own single-particle geodesic.
Consequently, the magnetic transformation takes place everywhere in the unit cell, leading
to intermediate configurations which are energetically very unfavorable. This results in
an enormous energy increase ∆Etot = 1206meV. A transformation of the system along
the geodesic connecting two significantly different configurations is very unlikely. In
contrast, the MEPs involve significantly lower energies, actually the smallest possible
energy increase, and are therefore the statistically most probable transformation routes
between any pair of LM.

The total energy change for a rotation of the ground-state spin wave by 90◦ along the
MEP is displayed in Fig. 5.5 (b). In order to achieve a full 90◦ rotation of the ground-state
configuration the system passes through three intermediate LM separated by SPs with
energy barriers ∆Eb = 293, 221, 211 and 163 meV. These are less than a quarter of
the energy barrier involved in the geodesic. Knowing that 180◦ rotations are nearly
barrierless one concludes that the ground-state magnetic configurations form two distinct
subgroups of spin waves running along orthogonal diagonals of the unit cell, which are
separated by the just mentioned energy barriers. The wave vectors q corresponding to
different subgroups are perpendicular to each other. Transitions between these subgroups
require a very large energy inputs or an unrealistically high temperature of the order
of T ∝ ∆E/kB ' 3400K. Moreover, the transition rate between these two subgroups
is further reduced by the fact that the MEP passes through several intermediate SPs
and LM, which at finite T is likely to lead to scattering into other LM. One therefore
concludes that the subgroups of ground-state spin waves are topologically protected, i.e.,
the system cannot spontaneously break its topological properties.

110



5.1. The Planar FePt L10 Bilayer

The transformation of the magnetic configuration of the system along the MEP corre-
sponding to a 90◦ rotation of the ground-state is displayed in Fig. 5.5 (c). Here the
magnetic configurations µ of seven intermediate states at the LM and SPs along the
MEP are shown. Comparing the initial ground-state spin wave (A = 0) and the early
stages of transformation along the MEP (A = 0.32) one observes that the initial spin
wave is gradually deformed. The areas of out-of-plane magnetization are locally enlarged
or reduced, while at the same time the areas with in-plane magnetization are moved.
At the first intermediate SP having ∆Etot = 293meV (A = 0.32) the continuous red
stripe with out-of-plane magnetization is disconnected and a preliminary stage of a
skyrmion is already recognizable. Further along the MEP, at A = 0.37, a skyrmion
with an elongated shape and an upwards magnetization is formed. This corresponds
to the LM with ∆Etot = 124meV displayed in Fig. 5.2 on p. 105. As we move further
along the MEP out of this LM, we observe that a sidewall of the skyrmion begins to
open up. This can be seen at the SP having ∆Etot = 351meV at A = 0.43. Finally, at
A = 0.5 the skyrmion has evolved into an extended zigzag magnetic structure, which is
delocalized throughout the entire film. This corresponds to the LM having the excitation
energy ∆Etot = 138meV, which is also displayed in Fig. 5.2. Interestingly, the zigzag
magnetic order can be regarded as a sort of spin wave whose propagation direction
alternates between the two diagonals of the unit cell. The reminder of the MEP consists
in reversing the previous process now heading towards the rotated final spin wave. The
delocalized zigzag structure disconnects at different locations in the lattice forming a
localized skyrmion with a downwards magnetization at A = 0.63 with ∆Etot = 124meV,
which is now perpendicular to the skyrmion at A = 0.37. Finally, this skyrmion evolves
into an extended magnetic structure in order to form the rotated spin wave at A = 1.0.

The magnetic configurations µ of the intermediate states shown in Fig. 5.5 (c) illustrate
how the magnetic transformation along the MEP takes place locally. As we proceed along
the MEP the magnetization changes at certain areas of the unit cell, while it remains
intact at others. In the particular case of the 90◦ rotation of the ground state, one
observes that, in order to reshape the magnetic pattern, the green stripes with in-plane
magnetization are moved keeping their width approximately constant. At the same time
the blue and red areas with out-of-plane magnetization are enlarged or reduced. This
is consistent with the MAE deduced from ab initio calculations [ see Tab. 3.1 on p. 69 ]
which in the case of the FePt bilayer indicates an out-of-plane easy axis. Once the initial
local magnetic transformations are completed, the magnetization begins to change at
other localized areas within the unit cell. During this process, the magnetic configurations
along the MEP pass through low-lying excited LM. These two main properties, which
distinguish the MEP from the coherent path along the geodesic, result in a considerably
smaller energy barrier.

The mechanism for a rotation of the ground-state spin wave by 90◦ displayed in Figs. 5.5 (b)
and (c) suggests that from a local perspective the spiral magnetic order of the ground-
state spin wave is a source of skyrmions. In fact, the width of the low-lying skyrmions
is similar to the wavelength of the ground-state spin wave. Their length, however, is
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limited by the size of the unit cell. The lowest energy skyrmion with ∆Etot = 124meV is
formed mainly by disconnecting the continuous blue [ downwards magnetization ] or red
[ upwards magnetization ] stripe with out-of-plane magnetization, which represents the
inner part of the skyrmion. The adjacent in-plane magnetization displayed in green color
represents the edge of the skyrmion.

It is useful to make some general remarks on the numerical limitations of the calculated
MEPs. The energies of the 99 intermediate configurations or images used in the MEP
method are located at A ∈ {0.01, . . . , 0.99}. The corresponding energies along the MEP
are indicated by the black dots on top of the green curve in Fig. 5.5 (b). The reaction
coordinate A is a one-dimensional coordinate representing the process along the reaction
pathway. These images are connected by geodesics. As one can see, the images may be
found close to the LM and SPs. However, due to the numerical limitations and to the
impossibility to reach a full path optimization, the energies displayed in Fig. 5.5 (b) must
be considered to be upper bounds for the energies along the true MEP. For example,
the energies of the LM located at A = 0.37, A = 0.5 and A = 0.63 can be shown to
be overvalued by 6, 2 and 6meV, respectively, when compared with more accurately
determined energies displayed in Fig. 5.2. Furthermore, the energies of the SPs calculated
with the GEB method are likely overvalued by 10–20 meV, since these SPs are often
second, third or even fourth order. Despite the numerical limitations our calculated paths
are expected to reflect qualitatively the physical properties and transition mechanisms
that are import, since the numerical inaccuracies are considerably smaller than the
excitation energies of the LM and the energy barriers separating them.

The significance of the magnetic dipole-dipole interaction to the calculation of LM and
the MEP connecting them has been analyzed in the case of the ground state LM and the
SPs along the MEP corresponding to its 90◦ rotation [ see Fig. 5.5 ]. The dipole-dipole
interaction energy for the unit cell has been determined using periodically continued
100 × 100 unit cells. We find that the changes in the dipole-dipole interaction energy
along the MEP are in the range of µeV per unit cell. We conclude that the dipole-dipole
interactions have no effect on the energy barriers or on the shape of MEP in configuration
space and may be therefore neglected. The reason behind this is that the system under
study is an ultrathin layer. For example, previous studies of Pdn/Com/Pd(111) films
have shown that the dipole-dipole interaction becomes quantitatively important for the
calculation of MAE and the associated reorientation transitions as a function of film
thickness when the relevant nanostructures have several magnetic layers leading to a
higher number of interacting magnetic moments.236

5.1.4. Low-Energy Skyrmions and their Manipulations

In Fig. 5.6 several properties of the lowest-energy skyrmion with ∆Etot = 124meV are
reported. The magnetic order of this skyrmion is recalled in Fig. 5.6 (a). In Fig. 5.6 (b)
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Figure 5.6.: (a) Illustration of the lowest energy skyrmion with ∆Etot = 124meV [ see also
Fig. 5.2 ]. The arrows indicate the directions of the local magnetic moments µi at the Fe atoms.
As in Fig. 5.2 the color of the arrows indicates the value of the magnetic moment component µYi
which is perpendicular to the film plane. (b) Total energy change ∆Etot(A) = Etot(A)− E0

tot
of the unit cell along the MEP for selected transformations of the skyrmion as a function
of the reaction coordinate A. In all cases the initial and final states are symmetry-related
equivalent LM. The orange curve is obtained by connecting a skyrmion with its translation
by an elementary lattice constant along the X or Z directions. For illustrative purposes this
energy change has been multiplied by 106. The blue curve corresponds to the MEP connecting
a skyrmion with the one having a reversed magnetization. The green curve corresponds to the
MEP connecting a skyrmion with the one obtained by rotating it 90◦ around a C4 symmetry
axis. (c) Magnetic configurations along the MEP describing a magnetization reversal process.
(d) Magnetic configurations along the MEP describing a 90◦ rotation of the skyrmion.
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the energy changes along the MEP for selected magnetic transformations are displayed.
First of all, similar to the case of the ground-state spin wave, the translations along the X
and Z axes by one lattice constant aFe = 2.65 Å exhibits vanishingly small total energy
barriers (∆Eb < 2 · 10−4 meV). This is not surprising, since this skyrmion is formed on
top of the ground-state spin wave.

It is interesting to analyse how the magnetization within the skyrmion can be inverted
since this corresponds to the process of writing information in the nanostructure by
associating a bit to the orientation of the skyrmion magnetization. Quantifying the
stability of the skyrmion magnetization direction is particular important in this context.
This question is also of technological interest, for example in the case of storage devices.
The corresponding energy along the MEP is given by the blue curve in Fig. 5.6 (b). In
Fig. 5.6 (c) the magnetic configurations µ of three intermediate states at the LM and
SPs, as well as the final state of a skyrmion with inverted magnetization are displayed.
First, we observe that the initial skyrmion [A = 0, displayed in Fig. 5.6 (a)] which has
an upwards magnetization as indicated by red arrows, begins to evolve into an extended
spin wave along one of the unit cell diagonals. This process is well recognizable in the
case of the magnetic configurations µ corresponding to the first SP at A = 0.04. After
overcoming the first energy barrier ∆Eb = (291− 124)meV = 167meV the ground state
spin-wave is formed at A = 0.50. At this point the localized magnetic texture of the
initial skyrmion has disappeared and the net magnetization of the unit cell, now in the
ground-state spin wave, has vanished. The large energy barrier shows that the skyrmion
is protected against thermal fluctuations. Taking into account the net cell magnetization
in the skyrmion state [Fig. 5.6 (a)] is MSK = 346µB and the calculated energy barrier
for erasing the magnetization ∆Eb = 167meV one estimates that the corresponding
coercive magnetic field should be approximately HL = ∆E/MSK = 8.3T, what is at the
limit of what is technically feasible. As we pursue the transformation along the MEP
towards the revealed state we observe that the continuous blue stripe with downwards
magnetization in the spin-wave begins to disconnect, forming a preliminary state of a
skyrmion with downwards magnetization. Note, that in order to achieve the reversed
state a significantly larger upwards energy barrier ∆Eb = 291meV needs to be overcome.
This takes place at A = 0.96 before arriving to the final state of the skyrmion with
downwards magnetization at A = 1.0. In summary, the process of magnetization reversal
consists of erasing of the initial skyrmion by falling into the ground state followed by the
creation of a skyrmion with an opposite magnetization at a shifted position. Thereby,
the downwards energy barrier for erasing the magnetization is considerably smaller than
the upwards barrier involved in creating the skyrmion with reversed magnetization.

The energy changes along the MEP describing a rotation of the skyrmion by 90◦ without
inverting its magnetization is shown in Fig. 5.6 (b) (green curve). Representative
intermediate magnetic configurations µ are displayed in Fig. 5.6 (d). First we observe
that a sidewall of the initial skyrmion with A = 0 displayed in Fig. 5.6 (a) begins to open
up. This is displayed in the magnetic configurations µ corresponding to the first SP at
A = 0.44 with ∆Etot = 351meV. The corresponding energy barrier is equal to ∆Eb =
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(351− 124)meV = 227meV. After overcoming this barrier, the skyrmion has evolved into
a delocalized zigzag magnetic structure corresponding to a LM with ∆Etot = 138meV
displayed in Fig. 5.2. Note that the energy of this LM is only slightly higher than the
skyrmion energy ∆Etot = 124meV. Finally, the zigzag magnetic structure disconnects
forming a skyrmion rotated by 90◦ having the same magnetization as the initial skyrmion.
The corresponding energy barrier is equal to ∆Eb = (351− 138)meV = 213meV.

The 90◦ rotation process of the skyrmion is similar to the middle part of the MEP
corresponding to the 90◦ rotation of the ground state spin-wave illustrated in Fig. 5.5 (c)
for 0.37 ≤ A ≤ 0.63 exhibiting the same energy barriers ∆Eb. In contrast to the case
with the spin wave, however, the initial and final magnetization direction of the skyrmion
in Fig. 5.6 (d) is the same. In other words, the energy barriers ∆Eb along the MEP of
the rotation of the skyrmion displayed in Fig. 5.6 (a) are independent of whether its
magnetization is simultaneously reversed or not. The reason for this is the magnetic
configuration of the intermediate LM with ∆Etot = 138meV. This state exhibits a
symmetric zigzag upwards and downwards magnetization. Therefore, once the system is
in this state, the energy barrier is independent of the final magnetization of the skyrmion
with ∆Etot = 124meV perpendicular to the film. This brings us to an interesting point.
If one is interested in the magnetization reversal of the skyrmion regardless of its precise
orientation within the film then the process of rotation including magnetization reversal
is preferable to a simple magnetization reversal process without 90◦ rotation, due to lower
energy barriers ∆Eb in the case of 90◦ rotation process. Notice, however, that the first
energy barrier (∆Eb = 167meV) along the MEP of the simple magnetization reversal
without 90◦ rotation is smaller than the first energy barrier required for reversal with
90◦ rotation (∆Eb = 227meV). As a result, at finite temperatures the system may tend
to the path of the simple magnetization reversal.

5.1.5. Higher Energy Skyrmions

In the final part of this subsection we analyse the two next excited LM with a skyrmionic
magnetic structure: the elongated skyrmion with ∆Etot = 162meV displayed in Fig. 5.8 (a),
which is oriented parallel to the edges of the unit cell and the LM with ∆Etot = 217meV
shown in Fig. 5.9 (a), which exhibits two approximately circular skyrmions arranged
along the diagonal of the unit cell. The main purpose of the following discussion is
to reveal the effects of the different shapes and symmetries of the skyrmions on their
magnetic properties. Two different types of transformations are considered, namely, the
translations along the X and Z axes, and the magnetization reversal process. In Fig. 5.7
the transformation energies along the corresponding MEPs are displayed. In addition, in
Figs. 5.8 and 5.9 the magnetic configurations µ of the LM and TS encountered along the
MEPs describing the magnetization reversals are presented.

In the case of the elongated skyrmion with ∆Etot = 162meV the translations 1X [ 1Z ]
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Figure 5.7.: Total energy change ∆Etot of the unit cell along the MEP for selected trans-
formations of the skyrmions having ∆Etot = 162meV and ∆Etot = 217meV as a function
of the reaction coordinate A. In all cases the initial and final states are symmetry-related
equivalent LM. The orange and green curves are obtained by connecting the skyrmions with their
translation by an elementary lattice constant along the X or Z directions. The blue and dashed
violet curves correspond to the MEP connecting the skyrmions with the one having a reversed
magnetization. In Figs. 5.8 and 5.9 the magnetic configurations µ of LM and SPs encountered
along the MEPs in the case of the magnetization reversal transformation are presented.

along the X [Z ] axis by one lattice constant aFe = 2.65 Å exhibits a total energy barrier
∆Eb < 3 · 10−4 meV [∆Eb < 3 · 10−5 meV ]. A translation of this skyrmion along its
longer side involves a smaller modification of the local magnetic order than a translation
along the shorter side. In comparison, the energy barrier Eb < 1 · 10−4 meV involved
in the translation of the LM with ∆Etot = 217meV is independent of the displacement
direction since in this case the two skyrmions are nearly circular.

The energy changes along the MEP describing the magnetization reversal of the elongated
skyrmion with ∆Etot = 162meV is displayed in Fig. 5.7 (blue curve). In Fig. 5.8 the
magnetic configurations µ of three intermediate states at the LM and SPs along the
MEP, as well as the final state of a skyrmion with reversed magnetization are displayed.
First, we observe that the walls at the narrow edge of the initial skyrmion with A = 0
displayed in Fig. 5.8 (a) having an upwards magnetization (indicated by red arrows) begin
to open up. This process is well recognizable in the case of the magnetic configurations
µ corresponding to the first SP at A = 0.06 with ∆Etot = 332meV. After overcoming
this first energy barrier equal to ∆Eb = (332 − 162)meV = 170meV the spin-wave
corresponding to the LM with ∆Etot = 52meV is formed at A = 0.50. At this point
the initial skyrmion has been erased. Then, the continuous blue stripe with downwards
magnetization in the spin-wave begins to disconnect forming a preliminary state of a
skyrmion with downwards magnetization. At this point, the system has to overcome
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Figure 5.8.: Illustration of the magnetization reversal process of the skyrmion with ∆Etot =
162meV [ see also Fig. 5.2 ]. The total energy ∆Etot of the unit cell along the MEP is given
in Fig. 5.7. (a) Images of the initial state with upwards and final state with downwards
magnetization of the skyrmion. The arrows indicate the directions of the local magnetic
moments µi at the Fe atoms. The coloring of the arrows is the same as in Fig. 5.2. (b) Three
intermediate states at the LM and SPs along the MEP are displayed.
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a larger energy barrier equal to ∆Eb = (342− 52)meV = 290meV at A = 0.96 before
eventually arriving at the final state of the skyrmion with downwards magnetization at
A = 1.0. Note that the energy barriers at A = 0.06 and A = 0.96 differ by 10 meV. This
is a result of the numerical inaccuracy of our calculations.

This magnetization reversal process is analogous to the magnetization reversal for the
diagonally oriented skyrmion with ∆Etot = 124meV displayed in Fig. 5.6. Note however,
that the intermediate LM, namely the spin waves, are different. Starting from the
skyrmion with ∆Etot = 162meV the magnetic system does not simply relax towards the
ground-state spin wave. The magnetization reversal takes place within the same group
of states exhibiting the same orientation with respect to the unit cell. This follows the
general rule of avoiding strong energy changes when the energies of the initial and final
states are the same or very similar. Indeed, such changes may be at first favored by a
Markovian kinetic but necessarily involve higher energy barrier in the final rearrangements
[see, for example, Fig. 5.6 (b)].

The energy changes along the MEP for the magnetization reversal of the LM with
∆Etot = 217meV with two nearly circular skyrmions in the unit cell are shown in
Fig. 5.7 (dashed purple curve). The magnetic configurations µ of seven intermediate
states at the LM and SPs along the MEP, as well as the final state of the two nearly
circular skyrmions with inverted magnetization are displayed in Fig. 5.9. First, we
observe that the two nearly circular skyrmions with an upwards magnetization begin
to merge with each other. This corresponds to A = 0.05 and an energy barrier ∆Eb =
(395 − 217)meV = 178meV. Subsequently, the two nearly circular skyrmions merge
into the skyrmion with ∆Etot = 124meV. In the following the magnetic system passes
through the energy barrier ∆Eb = (280− 128)meV = 152meV arriving at the ground
state spin wave. Subsequently, the process runs backwards. Passing through the energy
barrier ∆Eb = (280− 5)meV = 275meV the skyrmion with ∆Etot = 124meV exhibiting
a downward magnetization is created at a different closely location. Finally, after passing
through the energy barrier ∆Eb = (400− 128)meV = 272meV, the skyrmion dissociates
into two nearly circular skyrmions with downward magnetization.

These magnetization reversals clearly illustrate, again, the already discussed typical
characteristics of the modifications of the magnetic configuration along the MEP. On the
one hand, the transformations of the magnetic order take place locally while the magnetic
structure remains intact in large parts of the unit cell. On the other, the magnetic
transformations take place within subgroups of states exhibiting similar symmetries and
orientations in the unit cell.

This concludes our discussion of the planar FePt bilayer. In the following we roll up
the planar FePt bilayer into a cylinder in order to study the effects of curvature on the
properties of the EL of these magnetic nanostructures.
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Figure 5.9.: Illustration of the magnetization reversal process of the skyrmions with ∆Etot =
217meV [ see also Fig. 5.3 ]. The total energy ∆Etot of the unit cell along the MEP is given
in Fig. 5.7. (a) Images of the initial state with upwards and final state with downwards
magnetizations of the skyrmions. The arrows indicate the directions of the local magnetic
moments µi at the Fe atoms. The coloring of the arrows is the same as in Fig. 5.2. The
configurations µ of the intermediate three LM and four SPs encountered along the MEP are
displayed in (b) and (c), respectively.
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Figure 5.10.: (a) Energy spectrum of the different LM in an FePt cylinder having a diameter
of d = 25Å as determined by minimizing a large number of random magnetic configurations
using the L-BFGS method. The total excitation energies ∆Etot = E(µLM)−E0 of the different
metastable configurations µLM =

{
µLM

1 , . . . ,µLM
N

}
are indicated by the horizontal lines, where

E0 refers to the ground-state energy. In total 22 different highly-degenerate energy levels are
obtained. (b) Number of energy levels found as a function of the number of considered random
magnetic configurations.

5.2. The Rolled-Up FePt L10 Bilayer

5.2.1. Energy Distribution of Metastable States and Low-Energy
Magnetic Configurations

In Fig. 5.10 (a) an overview of the energy distribution of LM in an FePt L10 cylinder
having a diameter of 25Å is presented. The LM have been determined in the same
way as in the case of the planar FePt bilayer, namely, by minimizing 240,000 random
magnetic configurations µ and subsequently verifying that all eigenvalues of the Hessian
matrix are positive. The ensemble of converged minimizations yielded the 22 different
highly-degenerated energy levels shown in Fig. 5.10 (a). Except for one LM, which
has the excitation energy ∆Etot = 453meV, the lowest 10 energy levels in the range of
0 ≤ ∆Etot ≤ 804meV are already obtained from the first 4000 random configurations.
The number of different energy levels which have been found is smaller than in the case of
the planar FePt bilayer where 30 different energy levels have been found [see Fig. 5.1 (a)].
The difference is even larger in the lower energy range 0 ≤ ∆Etot ≤ 500meV. Here, we
find 17 different LM in the planar FePt bilayer, while in the rolled-up FePt bilayer we
find only 5 LM. The convergence of our sampling of initial configurations is demonstrated
in Fig. 5.10 (b) which shows how the total number of observed energy levels grows as a
function of the number of starting random magnetic configurations µ = {µ1, . . . , µN}.
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As in the planar FePt bilayer the semi logarithmic scale in Fig. 5.10 (b) clearly shows
how it becomes increasingly hard to find new energy levels as the sampling tends to
exhaust the configuration space [ see also Fig. 5.1 ].

In Figs. 5.11, 5.12 and 5.13 representative magnetic configurations µ of the ground
state (∆Etot = 0meV) and the lowest seven excited energy levels with energies of up
to ∆Etot = 716meV are displayed. For the sake of clarity each LM configuration µ of
the cylinder is shown in both a rolled and an unrolled form. Thereby the orientations
of the µi with respect to the cylinder surface are preserved in the unrolled bilayer. An
interesting question to begin with, is whether the ground state of the FePt cylinder can
be obtained by simply rolling up the ground-state spin wave found for the planar FePt
bilayer [ see Fig. 5.2 ]. This would mean that the local ground-state magnetic order of
the planar bilayer, which is shown in Fig. 5.14, is preserved upon rolling. This is actually
not the case. In fact, the rolled-up planar ground state [ see Fig. 5.14 ] is a highly-excited
LM with ∆Etot = 716meV. Simply rolling-up the ground-state spin wave of the planar
FePt bilayer does not result in the ground state of the FePt cylinder. It is interesting to
note that this state is the lowest LM of the FePt cylinder, where the unrolled magnetic
configuration is oriented along the diagonal of the unit cell. Let us recall that in the
planar FePt bilayer the ground state and several low-energy LM exhibit a magnetic
configuration µ which is oriented diagonally with respect to the unit cell [ see Figs. 5.2
and 5.3 ]. One concludes that the rolling-up process induces a preference of a specific
symmetry of the magnetic configuration µ, which is oriented parallel to the edges of
the unit cell or perpendicular to the axis of the cylinder. The curvature induces an
additional effective spin wave which leads to larger angles between neighboring moments
significantly increasing the energy of diagonal configurations.

The ground-state configuration of the rolled-up FePt bilayer which is shown in Fig. 5.11
(∆Etot = 0meV) exhibits a spin wave along the symmetry axis of the cylinder. Notice
that the areas with out-of-plane magnetization [ red and blue colors ] are significantly
larger than the areas with in-plane magnetization [ green color ]. The latter can be
regarded as narrow domain walls between opposite out-of-plane domains. This is in
accordance with the MAE determined in the case of the planar FePt bilayer which favors
an out-of-plane magnetization [ see Tab. 3.1 ]. Furthermore, we observe that the curvature
of the cylinder leads to an effective spin wave, which is arranged around the cylinder
[ perpendicular to the symmetry axis ] since the µi are tilted with respect to each other
in the areas with out-of-plane magnetization. Therefore, from a local point of view, the
ground-state spin wave propagates along the diagonal of the unit cell with a wavelength
λ = 56.2Å. In this sense, from a local point of view, the ground-state configuration of
the planar and rolled-up FePt bilayers are qualitatively similar.

The first excited LM is a spin wave with ∆Etot = 32meV similar to the ground state
[ see Fig. 5.11 ]. Interestingly, this configuration µ can be obtained by rolling-up the first
excited LM of the planar FePt bilayer (∆Etot = 52meV in Fig. 5.2) provided that the unit
cell is rolled-up in such a way that the propagation direction of the spin wave is parallel
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Figure 5.11.: Representative magnetic configurations µ of the ground state and of the lowest
two excited energy levels of the FePt cylinder are shown in 3D representation (upper figures)
and in 2D projected or unrolled form, whereby the orientations of the µi with respect to the
cylinder surface are preserved. The arrows show the direction of the local magnetic moments
µi at the Fe atoms, with the colors indicating their orientations with respect to the cylinder
surface: Red (blue) arrows correspond to an inwards (outwards) orientation of the µi, while
in-plane µi are green. The total excitation energies ∆Etot = E(µ) − E0 of the different LM
µ = {µ1, . . . ,µN} are shown, where E0 refers to the ground-state energy. In the upper left
corner the diameter d = 25Å of the cylinder and the dimensions of the unrolled unit cell are
indicated. Note that the cross section of the cylinder is a regular polygon.

122



5.2. The Rolled-Up FePt L10 Bilayer

Figure 5.12.: Representative magnetic configurations µ of the lowest third and fourth excited
energy levels of the FePt cylinder are shown in 3D representation (upper figures) and in 2D
projected or unrolled form, whereby the orientations of the µi with respect to the cylinder
surface are preserved. The arrows indicate the directions of the local magnetic moments µi at
the Fe atoms as in Fig. 5.11. The corresponding total excitation energies ∆Etot = E(µ)−E0

are indicated.
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Figure 5.13.: Representative magnetic configurations µ of the lowest fifth and sixth excited
energy levels of the FePt cylinder are shown in 3D representation (upper figures) and in 2D
projected or unrolled form, whereby the orientations of the µi with respect to the cylinder
surface are preserved. The arrows indicate the directions of the local magnetic moments µi at
the Fe atoms as in Fig. 5.11. The corresponding total excitation energies ∆Etot = E(µ)−E0

are indicated.
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Figure 5.14.: Representative magnetic configurations µ of the seventh excited energy level of
the FePt cylinder are shown in 3D representation (upper figures) and in 2D projected or unrolled
form, whereby the orientations of the µi with respect to the cylinder surface are preserved. The
arrows indicate the directions of the local magnetic moments µi at the Fe atoms as in Fig. 5.11.
The corresponding total excitation energies ∆Etot = E(µ)− E0 are indicated.
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to the symmetry axis of the cylinder. An interesting follow-up question is whether this
spin wave is a source of skyrmions, as it has been observed in the planar FePt bilayer
discussed in the previous subsection. Remarkably, this is the case, which means that
the property of being a source of skyrmions is preserved upon the roll-up process. The
corresponding skyrmion of the FePt cylinder which is formed on top of this spin wave, has
an excitation energy ∆Etot = 357meV and is displayed in Fig. 5.11. This is illustrated
further below in Fig 5.15. The shape of this skyrmion is very similar to its planar
counterpart shown in Fig. 5.2 on p. 105 (∆Etot = 162meV). The width of the skyrmion,
which is imposed by the wavelength of the underlying spin wave, is similar. Furthermore,
in both cases the inner part of the skyrmion exhibits an out-of-plane magnetization [red
or blue arrows], which is bordered by an in-plane magnetization [green arrows]. However,
notice that the skyrmion in the FePt cylinder is considerably shorter than in the planar
counterpart. Another example of the possibility of constructing a localized skyrmion
starting from a delocalized magnetic structure is found in the case of the ground-state
spin wave (∆Etot = 0meV) and the skyrmion with ∆Etot = 478meV shown in Fig. 5.12.

5.2.2. Low-Energy Skyrmions and their Manipulations

In Fig. 5.15 the magnetic order in the lowest-energy skyrmion with ∆Etot = 357meV
is recalled [ Fig. 5.15 (a) ] together with energy and configurational changes involved
in its manipulation. The energy changes taking place along the MEPs describing i) a
translation along the symmetry axis of the cylinder (1Z), ii) a translation perpendicular
to it (1CF), which represents a rotation around the Z axis, iii) a magnetization reversal
process, and iv) the creation of an additional skyrmion are shown in Fig. 5.15 (b).

Let us first analyse the process of magnetization reversal. In Fig. 5.15 (c) several important
intermediate states consisting of LM and TSs along the MEP describing the reversal
of the most stable skyrmion [A = 0, Fig. 5.15 (a) ] are shown including the final state
[A = 1 ]. First of all we observe that the initial elongated skyrmion [A = 0] having an
outwards magnetization [blue arrows] begins to lengthen keeping its width approximately
constant. This is clearly recognizable in the magnetic configuration of the first SP
[A = 0.05] at which point one reaches the first energy barrier along the MEP which is
equal to ∆Eb = (501− 357)meV = 144meV. The subsequent downhill path from the TS
to the LM brings us to the spin-wave state with ∆Etot = 32meV at A = 0.50. At this
point the initial skyrmion has been replaced by a delocalized spin-density wave in which
the out-of-plane-magnetization region is where the initial localized magnetic structure
was also polarized out of plane [compare the magnetic order for A = 0 and A = 0.5 in
Fig. 5.15 (c)]. Notice that the presence of a significant first energy barrier implies that
the skyrmion is topologically protected. At this point we are half way along the MEP
[A = 0.5]. The evolution towards a skyrmion with inwards magnetization takes advantage
of or relies on the region in the spin-density wave where the magnetization points inwards
[red arrows in Fig. 5.15 (c)]. Starting from the spin wave at the LM [A = 0.5] the
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Figure 5.15.: (a) Illustration of the lowest energy skyrmion with ∆Etot = 354meV [ see also
Fig. 5.11 ]. The arrows indicate the directions of the local magnetic moments µi at the Fe atoms
as in Fig. 5.11. (b) Total energy change ∆Etot(A) = Etot(A)− E0

tot of the unit cell along the
MEP for selected transformations of the skyrmion as a function of the reaction coordinate A.
The orange curve is obtained by connecting the skyrmion with its translation by an elementary
lattice constant along the circumference (1CF ) or along the rotational symmetry axis (1Z ) of
the cylinder. The blue curve corresponds to the MEP connecting the skyrmion with the one
having a reversed magnetization. Finally, 1 Skyrmion → 2 Skyrmions indicates a transition
from the LM with ∆Etot = 357meV having one skyrmion to the LM with ∆Etot = 710meV
having two skyrmions. (c) Magnetic configurations along the MEP describing a magnetization
reversal process.
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red stripe with inwards magnetization begins to disconnect forming a preliminary state
showing a skyrmion with inwards magnetization. At this point [A = 0.96], the system
has overcome an energy barrier equal to ∆Eb = (508 − 32)meV = 476meV which is
significantly larger than the first barrier. Most of the difference is a consequence of the
fact that this is an upwards barrier from a LM [∆E = 32meV for A = 0.5] towards a SP
whose energy is larger than the one of the initial or final skyrmions [see also the blue
curve in Fig. 5.15 (b)]. From this last TS the downhill path leads us to the final state of
the skyrmion with inwards magnetization at A = 1.0. Notice that the energies of the first
and last SPs at A = 0.05 and A = 0.94 differ by 7 meV [∆E = 501meV for A = 0.05
and ∆E = 508meV for A = 0.94]. This is a result of the numerical inaccuracy of our
calculations.

If we compare this magnetization reversal process with the corresponding magnetization
reversal process in the case of the planar counterpart displayed in Figs. 5.7 and 5.8
on pp. 116 and 117 [∆Etot = 162meV], we conclude that the underlying mechanisms
in the planar and rolled-up FePt bilayers are very similar. First, the initial skyrmion
delocalizes, which leads to the underlying SDW. Subsequently, another skyrmion with
an opposite magnetization forms at a relocated position. Thereby, the transformation
of the magnetic configuration µ takes place at localized areas within the unit cell. In
addition we observe that the energy barrier ∆Eb for the transformation of the initial
skyrmion into a delocalized SDW, which measures the stability of the skyrmion, is very
similar the planar and rolled-up cases. The difference, 26 meV, is only minor. In fact,
a value of the energy barrier equal to ∆Eb ≈ 120 − 180meV, which corresponds to a
temperature T ∝ ∆E/kB ' 1400 − 2100K, when going from a skyrmion back to the
underlying SDW is found in the examined cases of the planar and rolled-up FePt bilayer
[ see Figs. 5.6 (c) and 5.8 ]. For example, in order to transform the skyrmion into a SDW
in the FePt cylinder with ∆Etot = 478meV shown in Fig. 5.12 an energy barrier equal to
∆Eb ≈ 128meV has to be overcome.

The energy barrier ∆Eb which needs to be overcome in order to create a skyrmion
starting from a SDW is significantly affected by rolling the film into a cylinder. In order
to clarify this matter let us consider again the skyrmion with ∆Etot = 357meV in the
case of the cylinder [ see Fig. 5.15 ] and compare the energy barrier ∆Eb along the path
SDW → skyrmion with the corresponding barrier in the planar film. In the latter case
the corresponding skyrmion has an excitation energy ∆Etot = 162meV [ see Figs. 5.7
and 5.8 on pp. 116 and 117 ]. One observes that the energy barrier ∆Eb for the creation
of the skyrmion [∆Etot = 357meV] in the FePt cylinder is 186 meV larger than in the
corresponding case of the FePt bilayer. This is approximately the same as the energy
difference between the corresponding skyrmion excitation energies 357meV and 162meV
of the cylinder and the film [195meV].

It is important to note that the magnetization reversal process displayed in Fig. 5.15
clearly demonstrates that the SDW is a source of skyrmions also in the FePt cylinder.
The same also holds, for example, for the ground-state SDW [∆Etot = 0meV in Fig. 5.11]
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when the skyrmion with ∆Etot = 478meV shown in Fig. 5.12 is created. In this
context we have made an interesting discovery. Let us consider again the SDW with
∆Etot = 32meV in the FePt cylinder [see Fig. 5.11]. As shown in Fig. 5.15, a skyrmion
with ∆Etot = 357meV is created starting from this SDW. The energy difference between
these two LM is equal to 325 meV and the energy barrier to be overcome is equal to
∆Eb = 476meV. In addition to that, we observe that a second skyrmion with the same
shape and size may be created next to the first one. The magnetic configuration of the
corresponding LM with ∆Etot = 710meV having two skyrmions is shown in Fig. 5.13 and
the associated MEP connecting the two LM with one and two skyrmions is displayed in
Fig. 5.15 (b) [green curve]. In order to create the second skyrmion nearly the same energy
barrier equal to ∆Eb = 476meV has to be overcome. In addition, the energy difference
between the LM with one and two skyrmions is equal to 353 meV, which is pretty much
the same energy difference as between the initial SDW [∆Etot = 32meV] and the LM
with a single skyrmion [∆Etot = 357meV]. Furthermore, the creation mechanism of the
second skyrmion is the same as that of the first one, namely, a localized reorientation
of the local magnetic moments µi leading to a disconnection of the proper continuous
magnetization stripe of the SDW. This suggests that the skyrmions exhibit the properties
of quasiparticles. They can move almost freely and barrierless across the cylinder, which
is discussed in the following paragraph. In addition, they do not seem to interact strongly
with each other, even at relatively short distances, since the energy required to create two
of them is almost the same as twice the energy to create one. It is therefore reasonable
to expect to use these magnetic structures in order to transport energy and information
across rolled-up films.

Results for the translations of the skyrmion with ∆Etot = 357meV are displayed in
Fig. 5.15 (b) [orange curve]. A translation 1CF of the skyrmion by one lattice constant
aFe = 2.65 Å along the tangent to the circumference perpendicular to the axis of the
cylinder (or equivalently a rotation of the skyrmion around the axis of the cylinder)
involves an extremely small almost vanishingly total energy barrier ∆Eb ≈ 1 · 10−5 meV.
A translation 1Z along the symmetry axis of the cylinder [the Z direction] exhibits a
considerably larger yet reasonably small total energy barrier ∆Eb ≈ 1.2 · 10−2 meV. The
former can be easily overcome at a temperature of the order of T = ∆Eb/kB = 0.1mK
while the latter is not relevant at temperatures higher than 0.1K, which are both
extremely low. Similar trends have been found in the case of the planar FePt bilayer,
where a translation of the elongated skyrmion along its longer side involves a smaller
modification of the magnetic structure and therefore involves a smaller energy barrier
compared to a translation along its shorter side.

An interesting point is that the magnetic configuration of the unit cell shown in Fig. 5.15 (a)
as a whole exhibits a non-vanishing total magnetization equal to M = 42µB, which
points roughly in the opposite direction as the skyrmion magnetization. The value
and orientation of the magnetization varies from case to case and depends on the
geometric characteristics of the skyrmion, in particular on its spatial extension. The total
magnetization can be exploited in order to move the skyrmion around the circumference of
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the cylinder using an external magnetic fieldB. In the specific case of the skyrmion shown
in Fig. 5.15 (a), an external magnetic field of the order of |B| = ∆Eb/M ≈ 4× 10−6 T
would be enough to overcome the corresponding energy barrier ∆Eb ≈ 1 · 10−5 meV. Such
small fields are easily accessible in experiment. Consequently, the skyrmions can be used
as magnetic field sensors as well as carriers, for example, of attached biomolecules. In this
context, let us also comment on the properties of the skyrmion with ∆Etot = 478meV
displayed in Fig. 5.12. In this case, the total magnetization of the unit cell is equal
to M = 89µB and is oriented parallel to the magnetization of the skyrmion. The
corresponding energy barriers for a translation of the skyrmion perpendicular [ 1CF ]
and parallel [ 1Z ] to the symmetry axis of the cylinder are equal to ∆Eb ≈ 2 · 10−5 meV
and ∆Eb ≈ 7 · 10−5 meV, respectively. The external magnetic field required to move
the skyrmion around the circumference of the cylinder is therefore of the order of
B ≈ 4× 10−6 T.

At energies comparable to the single-skyrmion energies [∆Etot ' 500meV] we also observe
that the LM with an out-of-plane uniform magnetization, which was found in the planar
FePt bilayer, remains a LM after the roll-up process [ see Fig. 5.12 ]. Interestingly, the
energy of this LM with respect to the ground state has drastically decreased by a factor
of three as a result of the roll-up process. While in the planar case the energy of the
out-of-plane uniform magnetization is ∆Etot = 1370meV, in the rolled-up case we find
∆Etot = 453meV. The reason behind this is probably the noncollinearity introduced by
the curvature of the cylinder. In the LM of the cylinder the local magnetic moments µi
are all perpendicular to the surface. Thus, the µi are tilted with respect to their NNs
which reduces the Heisenberg and the DM energy, which are quite important in the case
of the FePt nanostructures.

This concludes our discussion of the planar and rolled-up FePt bilayers. In the following
two sections we focus on the planar and rolled-up CoPt bilayers. In contrast to the
FePt bilayer, the CoPt bilayer is characterized by a weak DM interaction, a strong
Heisenberg exchange coupling and an in-plane easy axis [ see Chap. 3 ]. Consequently,
the properties of the ELs, the nature of the metastable magnetic orders and the nature
of the transformations among them are expected to be qualitatively different.

5.3. The Planar CoPt L10 Bilayer

5.3.1. Energy Distribution of Metastable States and Low-Energy
Magnetic Configurations

The calculated energy spectrum of the planar CoPt bilayer is presented in Fig. 5.16 (a).
A total number of 240,000 random initial magnetic configurations µ = {µ1, µ2, . . . , µN}
have been considered in the L-BFGS minimizations and subsequent verification that all
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Figure 5.16.: (a) Energy spectrum of the different LM in a CoPt bilayer as determined by
minimizing a large set of random magnetic configurations using the L-BFGS method. The
total excitation energies ∆Etot = E(µLM) − E0 of the different metastable configurations
µLM =

{
µLM

1 , . . . ,µLM
N

}
are indicated by the horizontal lines, where E0 refers to the ground-

state energy. In total 4 different highly-degenerate energy levels are obtained. (b) Number of
energy levels found as a function of the number of considered random magnetic configurations.

eigenvalues of the Hessian matrix are positive. The ensemble of converged minimizations
yielded only the 4 different highly-degenerated energy levels shown in Fig. 5.16 (a). This
is a small number in comparison to the 30 different energy levels determined in the case
of the planar FePt [ see Fig. 5.1 ]. We believe that this is probably due to the much
weaker DM interaction in CoPt bilayer. One may further note that in CoPt bilayer
several different metastable energy levels are found even without taking into account the
DM interactions at all. In contrast, in the case of the planar FePt bilayer without DM
interaction only one metastable LM was found. The convergence of our sampling of initial
configurations is demonstrated in Fig. 5.1 (b) which gives the total number of observed
energy levels as a function of the number of initial random magnetic configurations. As
in the FePt nanostructures, it becomes increasingly hard to find new energy levels.

Representative magnetic configurations µ corresponding to the different energy levels
are displayed in Fig. 5.17. The ground-state configuration µ [∆Etot = 0meV] is an
in-plane FM configuration. This is in agreement with the results derived from electronic
calculations in Sec. 3.4. As displayed in Figs. 3.2 and 3.5 (c) and (d) on pp. 59 and 63,
the planar CoPt bilayer generally exhibits a strong FM Heisenberg coupling and a weak
DM interaction between the local magnetic moments µi. Under these circumstances FM
order is strongly favored. In addition, as obtained in the ab initio calculations reported
in Tab. 3.1 on p. 69, the easy axis in the case of the planar CoPt bilayer is oriented
within the film plane.
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Figure 5.17.: Representative magnetic configurations of the ground state and of the three
calculated lowest excited energy levels. The arrows indicate the directions of the local magnetic
moments µi at the Co atoms. The colors of the arrows indicate their orientations with respect
to the 2D layer L10: Red (blue) arrows correspond to an upward (downward) orientation of
µi, while in-plane µi are green. In the upper left corner the coordinate system as well as the
dimensions of the unit cell are indicated. The total excitation energies ∆Etot = E(µ)− E0 of
the different LM µ = {µ̂1, . . . , µ̂N} are shown, where E0 refers to the ground-state energy.
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The magnetic configuration of the first excited energy level with ∆Etot = 338meV is a
nearly circularly symmetric skyrmion, where the inner magnetization points upwards or
downwards [red or blue arrows]. Notice, moreover, that in contrast with the planar FePt
bilayer this skyrmion does not emerge on top of a SDW, which would tend to impose
certain restrictions on the geometry of the skyrmion, such as its orientation, shape or size.
Therefore, the only external constraint to the geometry of the skyrmion can result from
the finite dimensions of the unit cell. In fact, as displayed in Fig. 5.17, the skyrmion has
a well localized inner core with upwards or downwards magnetization [red or blue arrows]
surrounded by a circularly symmetric domain wall which extends throughout the whole
unit cell. It is also noticeable that in comparison to the planar FePt bilayer, the inner
part of the skyrmion exhibiting an out-of-plane magnetization is rather small, whereas
the surrounding in-plane magnetization representing the edge of the skyrmion is rather
large. In other words, the magnetization changes uniformly from out-of-plane to in-plane
when going from the center of the skyrmion towards its edge. This may be attributed
to the fact that the easy axis of the CoPt bilayer is oriented in-plane. Furthermore,
the large extension of the domain wall surrounding the off-plane-magnetized core is a
consequence of the small magnetic anisotropy of the CoPt bilayer in comparison to the
Heisenberg exchange interactions [see Tab. 3.1 and Fig. 3.2 (b)].

5.3.2. Low-Energy Skyrmions and their Manipulations

The changes in the magnetic properties resulting from translations along the X or Z
axes and the magnetization reversal of the first excited LM having ∆Etot = 338meV are
shown in Fig. 5.18. The magnetic configuration of this LM is the skyrmion shown in
Fig. 5.18 (a). The corresponding transformation energies along the MEP are displayed in
Fig. 5.18 (b). In this figure, the green curve labeled as Magnetization reversal Geodesic
shows the energy change along the straightforward geodesic connecting the initial and
final skyrmion states with reversed local moments [A = 0 and A = 1]. One observes that
the total-energy barrier involved in a translation 1X or 1Z along the X or Z axis by one
lattice constant aCo = 2.64 Å is ∆Eb ≈ 5 · 10−5 meV. This value is vanishingly small
as already found in the planar FePt bilayer. Therefore, this skyrmion can move almost
completely free within the Co layer.

The energy change along the MEP for the magnetization reversal process of the skyrmion
having ∆Etot = 338meV is also displayed in Fig. 5.18 (b) [blue curve]. In Fig. 5.18 (c) the
magnetic configurations µ of three most important intermediate states along the MEP,
LM and SPs, are illustrated together with the final state of a skyrmion with inverted
magnetization [A = 1]. Starting from the initial skyrmion [A = 0] the energy increases
along the MEP until the SP is reached at A = 0.11 where ∆Etot = 607meV. At this point
one observes that the size of the skyrmion has become smaller and that the majority of
the local magnetic moments µi are now oriented in-plane. After overcoming this first
energy barrier, which is equal to ∆Eb = (607 − 338)meV = 269meV, and following
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Figure 5.18.: (a) Illustration of the lowest energy skyrmion with ∆Etot = 338meV [ see also
Fig. 5.17 ]. The arrows indicate the directions of the local magnetic moments µi at the Co
atoms as in Fig. 5.20. (b) Total energy change ∆Etot(A) = Etot(A)−E0

tot of the unit cell along
the MEP for selected transformations of the skyrmion as a function of the reaction coordinate
A. The orange curve is obtained by connecting a skyrmion with its translation by an elementary
lattice constant along the X or Z directions. The green (blue) curve corresponds to the path
along the geodesic (MEP) connecting a skyrmion with the one having a reversed magnetization.
(c) Magnetic configurations along the MEP describing a magnetization reversal process along
the MEP.
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the downhill path, the ground-state configuration with a FM in-plane magnetization
is formed at A = 0.5 with ∆Etot = 3meV. Subsequently, the energy increases again
and a skyrmion with upwards magnetization begins to form. The second energy barrier
∆Eb = (568 − 3)meV = 565meV, which needs to be overcome in order to form the
skyrmion with opposite spin polarization, is found at A = 0.90. Finally, a downhill
path leads to the final skyrmion with upwards magnetization at A = 1.0. Note that
the calculated energies at A = 0.11 and A = 0.90 differ by 39 meV, which is a result
of the numerical inaccuracy, particularly concerning the precise location of the SPs.
For the sake of comparison, the green curve in Fig. 5.18 (b) shows the energy change
along the geodesic for a magnetization reversal, which at its highest point [A = 0.5]
yields an excitation energy ∆Etot = 898meV. This corresponds to an energy barrier
∆Eb = (898 − 338)meV = 560meV, which is similar to the second energy barrier
∆Eb = 565meV found following the MEP.

The changes in the magnetic order along the magnetization reversal of a skyrmion in the
CoPt bilayer [Fig. 5.18] reveal both similarities as well as the differences with respect
to the case of the planar FePt bilayer discussed in the previous section. The similarity
is given by the fact that the initial skyrmion with downwards magnetization is erased
through a transition to the ground-state configuration which involves overcoming a
relatively small energy barrier. Subsequently, the skyrmion with reversed magnetization
is created. However, in contrast to the FePt bilayer, the magnetization reversal process
in the CoPt bilayer takes place non-locally. In other words, going from the first excited
LM towards the ground state and vice versa implies a reorientation of nearly all the
local magnetic moments µi in the unit cell. Thereby, the local magnetic moments µi
are reoriented within the plane, in order to form a spherical symmetric skyrmion, or
they are reoriented out-of-plane. This large-scale transformation leads to larger energy
differences between the ground state and the first excited LM, as well as to a larger
energy barrier between them. From this perspective it is comprehensible that the energy
barriers along the geodesic and the MEP are comparable, since in both cases the magnetic
transformation takes place across the whole unit cell simultaneously.

5.3.3. Higher Energy Skyrmions

The next two excited LM with ∆Etot = 1036meV and ∆Etot = 1802meV exhibit two
and three skyrmions within the unit cells, respectively [see Fig. 5.17]. These skyrmions
are smaller and slightly distorted due to the restriction imposed by the finite size of
the unit cell, which becomes a more serious constraint as compared to the case of only
one lowest-energy skyrmion [∆Etot = 338meV]. Nevertheless, the general geometric
properties, namely, the small inner area with out-of-plane magnetization and the larger
noncollinear halo with in-plane magnetization of the skyrmions are always preserved. In
fact, it is particularly striking to see that the energy differences between the first and
second excited LM, which is equal to 698 meV, and between the second and third excited
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LM, which is equal to 766 meV, are very similar. In other words, the energy of the unit
cell increases roughly by 700 meV each time a skyrmion is created. In this sense the
skyrmions exhibit the properties of quasiparticles. Qualitatively, the energy increase as
a function of the number of skyrmions within the unit cell may be attributed to the
corresponding increase of the average angle between the local magnetic moments µi,
taking into account that the ground state of the planar CoPt bilayer has a uniform FM
configuration.

This concludes our discussion of the planar CoPt bilayer. In the following section the
CoPt bilayer is rolled up into a cylinder in order to study the effects of curvature on the
magnetic properties of these nanostructures.

5.4. The Rolled-Up CoPt L10 Bilayer

5.4.1. Energy Distribution of Metastable States and Low-Energy
Magnetic Configurations

The energy spectrum of the CoPt cylinder is presented in Fig. 5.19 (a). A total number
of 240,000 random configurations µ = {µ1, µ2, . . . , µN} have been minimized using
the L-BFGS method and subsequently verifying that all eigenvalues of the Hessian
matrix are positive. The ensemble of converged minimizations yields the 5 different
highly-degenerate energy levels shown in Fig. 5.19 (a). This is comparable with the
planar case where 4 different energy levels have been found. The convergence of our
sampling of initial configurations is demonstrated in Fig. 5.19 (b) where the total number
of found energy levels is given as a function of the number of initial random magnetic
configurations. This behaviour is similar to the previously discussed planar case.

Representative magnetic configurations µ corresponding to the different energy levels
are shown in Figs. 5.20 and 5.21. As displayed in Fig. 5.20, the ground-state of the
CoPt cylinder [∆Etot = 0meV] is the ring road (RR) magnetic order already introduced
in Chap. 4 [ see Fig. 4.2 on p. 78 ]. In this magnetic configuration, which has been
experimentally realized in nanorolls ( see for example Ref. [ 5 ] ), the local magnetic
moments µi are tangential to the cylinder surface and perpendicular to its symmetry
axis [Z axis]. Notice, that the µi are tilted with respect to their NNs. Therefore, from a
local point of view, a spin wave is formed around the circumference whose wavelength is
λ = 79Å.

Interestingly, the ground state of the CoPt cylinder corresponds to rolling up the ground-
state configuration of the planar CoPt bilayer along the direction to which the in-plane
parallel local moments point [ compare Figs. 5.17 and 5.20 ]. Note, however, that there
are multiple ways to roll up the ground-state configuration of the planar CoPt bilayer,
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Figure 5.19.: (a) Energy spectrum of the different LM in a CoPt cylinder having a diameter
d = 25Å as determined by minimizing a large set of random magnetic configurations using
the L-BFGS method. The total excitation energies ∆Etot = E(µLM) − E0 of the different
metastable states µLM =

{
µLM

1 , . . . ,µLM
N

}
are indicated by the horizontal lines, where E0 refers

to the ground-state energy. In total 5 different highly-degenerate energy levels are obtained.
(b) Number of energy levels found as a function of the number of considered random magnetic
configurations.

corresponding to different rolling directions. Particularly interesting is the case where
the local moments point along the axis of the cylinder which corresponds to the FMZ
configuration [ see Fig. 4.2 on p. 78 ]. Here, the local magnetic moments µi exhibit an
in-plane FM arrangement oriented along the symmetry axis of the cylinder [Z axis ].
Among these two possibilities the FMZ configuration might seem a priori favorable
energetically since in this case all noncollinearity of the local moments is avoided. Thus,
the FMZ order appears to be a more reasonable guess for the ground state of the CoPt
cylinder, since the FMZ state and the ground state of the planar CoPt bilayer are both
in-plane FM configurations. This raises naturally the question why the CoPt cylinder
favors the noncollinear RR state rather than the collinear FMZ state. At this point it is
useful to recall the density functional electronic calculations performed on planar CoPt
bilayer, which were discussed in Chap. 3. As displayed in Figs. 3.4 (c) and (d) on p. 62,
the frozen-magnon dispersion relations indicate a strong tendency to a FM configuration
of the planar CoPt bilayer. In addition, we found that the easy axis is oriented in-plane
with a MAE equal to 1.21 meV per Co atom [ see Tab. 3.1 on p. 69 ]. This also favors
an in-plane FM order. However, it is also true that the planar CoPt bilayer exhibits
a non-negligible DM interaction which favors a noncollinear order [see Fig. 3.5 (c) on
p. 63]. Taking this into account, the noncollinear RR configuration takes advantage of
the DM interaction energy, while keeping the favored in-plane alignment. As a result, the
energy of RR state is lower than the one of FMZ state. Our calculations for the CoPt
cylinder with diameter d = 25Å using the Heisenberg model yield that the energy of RR
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Figure 5.20.: Representative magnetic configurations µ of the ground state and of the lowest
two excited energy levels of the CoPt cylinder are shown in 3D representation (upper figures)
and in 2D projected or unrolled form, whereby the orientations of the µi with respect to the
cylinder surface are preserved. The arrows show the direction of the local magnetic moments
µi at the Fe atoms, with the colors indicating their orientations with respect to the cylinder
surface: Red (blue) arrows correspond to an inwards (outwards) orientation of the µi, while
in-plane µi are green. The total excitation energies ∆Etot = E(µ) − E0 of the different LM
µ = {µ1, . . . ,µN} are shown, where E0 refers to the ground-state energy. In the upper left
corner the diameter d = 25Å of the cylinder and the dimensions of the unrolled unit cell are
indicated. Note that the cross section of the cylinder is a regular polygon.
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Figure 5.21.: Representative magnetic configurations µ of the lowest second, third and fourth
excited energy levels of the CoPt cylinder are shown in 3D representation (upper figures) and in
2D projected or unrolled form, whereby the orientations of the µi with respect to the cylinder
surface are preserved. The arrows indicate the directions of the local magnetic moments µi at
the Co atoms as in Fig. 5.20. The corresponding total excitation energies ∆Etot = E(µ)− E0

are indicated.
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order is 336meV lower than the energy of FMZ order for the complete unit cell. Our
interpretation concerning the crucial role played by the DM interaction in the stability
of the RR ground state is confirmed by the fact that without the DM interaction the
FMZ order is the ground state, the energy of RR being 846 meV higher.

The stability of the ground state of the CoPt cylinder impressively illustrates the effect
of curvature on the magnetic properties of low dimensional nanostructures. To be more
precise, the curvature of the cylinder enables a new kind of a magnetic configuration,
namely an in-plane spin-wave-like configuration, RR state, which is topologically adapted
ground state. However, this does not quite cover the full picture. Even though the
GHM is certainly enlightening, it may fail qualitatively if the underlying transferability
of the interaction parameters does not hold. As shown in Fig. 4.5 on p. 91, the electronic
calculations including SOC [Sec. 4.3.2] show that in the CoPt cylinder with diameter
d = 25Å the FM configuration FMZ has a considerably lower energy than the RR
configuration [4500 meV per unit cell]. As already discussed, this discrepancy between the
electronic calculations and the GHM is the result of changes in the Heisenberg parameters
Ju, v, wij , Dij and Ku,v,w

i in small cylinders with respect to their planar counterparts. This
is a consequence of the too strong curvature, the modified topography and broken in-plane
rotation symmetry.

Two examples of the magnetic configurations of the highly-degenerated first excited
energy level having ∆Etot = 636meV are shown in Fig. 5.20.2 This is a localized, in itself
closed spin-density-wave-like single oscillation of the spin-polarized density exhibiting an
inward and an outward magnetization. Notice that the regions with inward and outward
magnetizations have a slightly different shape. Moreover, notice that the magnetic
texture, whose dimensions are much smaller than the size of the considered unit cell,
is embedded in the in-plane FM order dictated by the ground-state [green arrows in
Fig. 5.20]. This configuration is sometimes referred to as an in-plane skyrmion [see also
Fig. 5.4 on p. 107].235 Interestingly, these in-plane skyrmions exhibit both clockwise (−)
as well as counterclockwise (+) rotation directions of the local magnetic moments µi. As
discussed in Sec. 3.4, the electronic calculations performed on planar CoPt bilayer revealed
that the generally favored sense of rotation is counterclockwise (+). [ see Fig. 3.6 (b)
on p. 64 ]. This trend is always fulfilled in the planar CoPt bilayer [ see Fig. 5.17 ].
However, the electronic calculations have also shown that for wavenumbers q in the range
0.5 π/a < q < 0.64 π/a [wavelengths λ in the range 3a < λ < 4a, where a is the NN
distance] the favored rotation direction is clockwise (−). This change between favored
rotation directions as a function of q is only possible when DM interactions beyond
second NNs are taken into account [see Eq. (A.1) on p. 154]. Therefore, the in-plane
skyrmions shown in Fig. 5.20 are an illustrative example of the relevance of DM couplings
beyond second NNs. Our explicit numerical verification shows that the energy per unit
cell of this in-plane skyrmions increases by 886 meV when the DM interaction is turned

2As already discussed, all energy levels corresponding to broken symmetry magnetic orders [in the
present case all excited LM] are highly degenerate as a result of the translational symmetries, the
point-group symmetries and time-inversion symmetry [see also Sec. 5.1.1].
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off, i.e., if we set D0δ = 0 for all δ = 1, . . . , 9.

5.4.2. Low-Energy Skyrmions and their Manipulations

Results for the transformation properties of the skyrmion with ∆Etot = 636meV, namely,
its rotations around [ 1C ] and translations along [ 1Z ] the symmetry axis of the cylinder
by a lattice constant a, and the magnetization reversal process are shown in Fig. 5.22.
In Fig. 5.22 (a) the magnetic structure of the skyrmion is recalled. In Fig. 5.22 (b) the
transformation energies along the corresponding MEPs are presented. The intermediate
LM and SPs along the MEPs, as well as the final magnetically reversed state are displayed
in Fig. 5.22 (c). One observes that the rotation of the magnetic structure around the
axis of the cylinder involves an extremely small total energy barrier ∆Eb ≈ 3 · 10−5 meV.
Moreover, the translation 1Z along the cylinder axis involves a somewhat larger yet
very small total energy barrier ∆Eb ≈ 6 · 10−5 meV. Similar results have been found
in the planar and rolled-up FePt bilayers. Notice, however, that in the present CoPt
case the difference between the 1CF and 1Z translations is very small. In this context,
it is also interesting to mention that the unit cell as a whole exhibits a total magnetic
moment equal to M = 449µB, which is considerably larger than the values M = 42µB
and M = 89µB observed in the case of the FePt cylinder. Consequently, much smaller
external magnetic fields of the order of |B| = ∆Eb/M ≈ 8 × 10−7 T are needed to
overcome the energy barriers ∆Eb ≈ 3 · 10−5 meV in order to move the skyrmion around
or along the CoPt cylinder.

Concerning the process of magnetization reversal of the skyrmion [A = 0 in Fig. 5.22] we
observe that the first steps consists in shrinking the magnetic texture. This is clearly
recognizable at the first SP which is already at A = 0.01 [see Fig. 5.22]. Once the
first energy barrier ∆Eb = (716− 636)meV = 80meV is overcome, the system evolves
towards the ground-state RR configuration through a relatively long barrierless downhill
transformation. Beyond the ground state, which is reached halfway along the MEP at
A = 0.5, the creation of a skyrmion with reversed magnetization requires an energy
increase equal to the excitation energy ∆Etot = 716meV of the first transition state.
One reaches then the second transition state which is the same as the first SP but
with all µi reversed. At this point [A = 0.99] the shape of the final skyrmion is clearly
recognizable, although somewhat shrunken. After overcoming the second energy barrier
∆Eb = 716meV at A = 0.99 the final state of the skyrmion with exchanged inward and
outward magnetizations is reached [A = 1.0].

5.4.3. Higher Energy Skyrmions

Finally, let us briefly comment on the higher excited LM displayed in Figs. 5.20 and 5.21.
These magnetic excitations consist basically in the creation of additional skyrmions with
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Figure 5.22.: (a) Illustration of the lowest energy skyrmion with ∆Etot = 636meV [ see also
Fig. 5.20 ]. The arrows indicate the directions of the local magnetic moments µi at the Co
atoms as in Fig. 5.20. (b) Total energy change ∆Etot(A) = Etot(A)−E0

tot of the unit cell along
the MEP for selected transformations of the skyrmion as a function of the reaction coordinate A.
The orange curve is obtained by connecting the skyrmion with its translation by an elementary
lattice constant along the circumference (1CF ) or along the rotational symmetry axis (1Z ) of
the cylinder. The blue curve corresponds to the MEP connecting the skyrmion with the one
having a reversed magnetization. (c) Magnetic configurations along the MEP at LM and SPs
describing a magnetization reversal process.
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the same characteristic shape and structure, namely, a locally in itself closed SDW-like
configuration showing an inward and an outward magnetization region. Remarkably,
the energy increases by nearly the same energy in the range 634− 781meV every time
an additional skyrmion is added to the unit cell. In this sense these skyrmions behave
as weakly interacting quasiparticles. This excitation mechanism and the corresponding
excitation energies are found to be very similar to what has been observed in the planar
CoPt bilayer [see Fig. 5.17]. The curvature of the CoPt cylinder, which certainly affects
the structural characteristics of the skyrmions seems not to affect significantly this
quasiparticle nature of the skyrmions.
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6. Conclusion and Outlook

This research developed a detailed microscopic understanding of the magnetic properties
of rolled-up transition-metal [TM] ultrathin films and stripes on the basis of an electronic
quantum theory. Novel quantum electronic investigations have been performed on how
the effective interactions between the local magnetic moments in metallic rolled-up films,
including isotropic and anisotropic exchange couplings, antisymmetric Dzyaloshinsky-
Moriya [DM] couplings and local anisotropies, depend on composition and rolling radius
R including the limit R→∞ of planar films as well as very small R. Using state of the
art ab initio approach within the density functional theory [DFT], which considers the
effects of the chemical properties of TM compounds arranged in a certain geometry on
the electronic structure, on the spin-polarized charge distribution and on the spin-orbit
interaction, is particularly important for our work, since it provides the framework
in which the accurate quantum mechanical calculations of the electronic structure of
magnetic TMs are performed. A generalized classical Heisenberg spin model [GHM] allows
us to interpret the results of the electronic calculations from a local perspective and to
establish the link between the accurate though highly demanding electronic calculations,
on the one hand, and the much more flexible statistical analysis of the energy landscapes
[ELs] on the other. The GHM was used in order to extract the effective interactions
between local magnetic moments µi at different 3d TM atoms i. The corresponding
parameters Dij, Ju, v, wij and Ku,v,w

i of the GHM are a useful means of understanding the
magnetic behaviour of nanostructures. Thus, the origin of magnetocrystalline anisotropy
energy and its dependence on the chirality of noncollinear arrangements of the local
magnetic moments in spin-density waves [SDWs] has been analyzed from a local point of
view. The present investigations show how an ab-initio derived classical spin model can
be used to characterize the magnetic ELs of magnetic nanostructures. The combination of
quantum mechanical and statistical methodologies represents a comprehensive multiscale
approach to the analysis of magnetism in nanostructures, which provides a solid theoretical
background in fundamental research and for technological applications.

The topography of a rolled-up nanostructure varies with its diameter d since the inter-
atomic distances and relative positions of the atoms depend on the curvature of the
rolls. This has two main effects on the magnetism of the nanostructure which have been
examined in this PhD project. On the one hand, the changes in the local topography
affect the Heisenberg parameters Ju,v,wij , Ku,v,w

i and Du,v,w
ij which are central to the

magnetic behaviour. Furthermore, folding implies qualitative changes in the geometry,
symmetry and topology of the system. For example, in the case of DM interaction, some
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of Moriya’s symmetry rules which condition the values of the DM vectors Dij no longer
apply to the rolled-up geometry. Moreover, the in-plane C4 rotational symmetry of the
planar L10 bilayers is lost upon rolling. This affects all three terms of the GHM, in
particular the local contribution to the magnetocrystalline anisotropy. On the other hand,
even if the qualitatively important interactions between the local moments were not
modified significantly, as in the large d limit, the energy of the magnetic configurations
still depends on d, since the orientations of the local magnetic moments with respect to
the other moments and to the symmetry axis of the nanostructure change with curvature.

In Chapter 3 quantum electronic calculations performed on planar FePt and CoPt bilayers
having an L10 structure were analysed. A complementary study on linear FePt and
CoPt stripes may be found in Appendix B. The analysis of the behaviour of 2D planar
L10 bilayers and 1D linear stripes, as well as the interaction parameters derived from
them, are extremely useful as a basis for exploring the properties of rolled-up films and
stripes. Moreover, the planar FePt and CoPt bilayers and stripes are most interesting
low-dimensional systems in their own right. The fundamental magnetic effects appearing
in 1D and 2D structures, such as the DM interactions and the anisotropy of the symmetric
exchange interactions, which are both a consequence of the spin-orbit coupling [SOC],
are of great current scientific and technological interest.

Our results show that the FePt L10 bilayer exhibits a large DM interaction which is
predominantly found between first and second nearest neighbors [NNs]. This is demon-
strated by the large energy differences ∆E

(∓)
Fe between clockwise (−) and counterclockwise

(+) SDWs, where the Fe µi lie within the XY plane, reaching ∆E
(∓)
Fe ' 34.7meV per

Fe atom for q = 0.57 π/a. In comparison, the CoPt L10 bilayer exhibits a rather weak
DM interaction with a maximum energy difference ∆E

(∓)
Co ' 5.5meV per Co atom. In

this case the effective DM couplings beyond first and second NNs play an important
role. As a result, the most favorable rotation direction of the Co µi changes between
counterclockwise (+) and clockwise (−) as a function of the wavenumber q. Regarding
the microscopic origin of the DM interaction our results reveal some limitations of the
Fert-Levy interpretation which regards the DM coupling as an indirect 3-site interaction
between two magnetic atoms mediated by a third often non-magnetic atom exhibiting
strong SOC. While in the FePt bilayer the change of the SOC energy ∆E

(∓)
SOC associated

to an inversion of the chirality takes place predominantly at the Pt layer, we find, in
the CoPt bilayer and in the 1D FePt and CoPt stripes, that the contributions of the
SOC energy at Fe and Co atoms, as well as the contributions of the kinetic and Coulomb
energy to ∆E(∓), must also be taken into account. Therefore, a proper description of the
chiral magnetic properties of these nanostructures cannot be reduced to the changes in
the SOC energy ∆E

(∓)
SOC at the heavier non-magnetic components.

The calculations of the magnetocrystalline anisotropy energy [MAE] have shown that the
most favorable orientation of a FM magnetization, i.e., the easy-axis, in the FePt [CoPt]
L10 bilayer is out of plane [in plane]. Regarding the microscopic origin of the MAE we
observe, as a general trend, that the easy axis of TM nanostructures is most often the
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direction along which the interactions among the local magnetic moments are strongest.
In contrast, the local contributions to the magnetocrystalline energy are found to play
only a minor role. Note that this observation contrasts profoundly with the local models
of uniaxial magnetic anisotropy (i.e., ∆E ∝ K2 sin2 θ) which are so often used in the
literature.

In the first part of Chapter 4 we have discussed the magnetic phase diagrams for FePt
and CoPt cylinders, which were obtained in the framework of the GHM including only
first NN interactions. Four representative magnetic configurations were considered which
represent a minimum of oversimplified high symmetry magnetic structures, which can
also be considered in DFT. Similar magnetic states have been experimentally realized
( see for example Ref. [ 5 ] ). These phase diagrams provided first insights on the role
of the values of the Heisenberg parameters and the curvature of the cylinders on the
magnetic properties of the nanorolls. One observes that even small changes in the
coupling constants can significantly alter the magnetic properties. One concludes that
it is particularly important to determine the Heisenberg coupling constants with high
precision from realistic electronic calculations in order to obtain accurate predictions on
the magnetic behaviour of nanostructures.

The determination of the Heisenberg parameters, however, involves an important numeri-
cal effort which has to be carried out for each individual nanostructure having its own
chemical composition and structure. Fortunately, beyond a certain nanoroll diameter
dT, the difference between the Heisenberg interactions in cylinders and planar structures
should be insignificant, at least for the dominant ones which have a limited range, since
the local environment of the atoms in rolled-up structures becomes more and more similar
to their planar counterparts. Once convergence to the d → ∞ limit is achieved with
reasonable accuracy, the Heisenberg parameters extracted from a planar bilayer may be
safely used for the rolled-up bilayers with diameters d > dT. In this way an excessive
numerical effort in the electronic calculations on small cylinders or rings, which are only
possible to a limited extend, is avoided.

In the second part of Chapter 4 our ab initio calculations on rolled-up FePt and CoPt
bilayers and stripes were presented and discussed. The energies of four representative
magnetic configurations were determined in the framework of DFT as a function of the
nanoroll diameter d. The results were compared with the predictions by the GHM using
the coupling parameters extracted from the planar bilayers (i.e., d = +∞) up to ninth NNs.
In this way the effects of curvature and dimensionality on the microscopic interactions
between the local magnetic moments has been quantified. The trends observed in FePt
and CoPt cylinders are qualitatively similar. For the smallest considered diameters
(9Å≤ d ≤ 21Å) the spin-model and ab initio results differ significantly. Not only
the absolute values but also the non-monotonous dependence of the energies of the
representative magnetic configurations are not correctly reproduced by the classical spin
model with planar bilayer couplings. This strongly suggests that there are significant
differences between the coupling constants Ju,v,w0δ , Du,v,w

0δ and Ku,v,w
i in the small FePt
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and CoPt cylinders and in the planar FePt and CoPt bilayers. Changes in the local
topography of a nanostructure often lead to modifications of the effective interaction
parameters, which are known to be sensitive to the geometry of the nanostructure.
Clearly, these modifications are strongest for the smallest cylinders, where the local
topography is most affected by the strong curvature.

In larger FePt and CoPt cylinders (21Å≤ d ≤ 51Å) the GHM predictions are significantly
closer to the DFT results, in particular in the case of FePt cylinders. One concludes that
the Heisenberg parameters Ju,v,w0δ and D0δ corresponding to the two-particle interactions
(i.e., the anisotropic Heisenberg coupling HA

H and the DM interaction HDM) converge
to the values found in planar bilayers for dT ≥ 21 − 25Å. The local contributions to
the magnetocrystalline anisotropy and the corresponding Ku,v,w

i , on the other hand, are
found to deviate strongly from the planar case even for the largest considered cylinders
having d = 51Å. This is a consequence of the fact that the in-plane C4 rotation symmetry
of the L10 layers is broken upon folding the film into a cylinder. Nevertheless, some
incipient signs of convergence of Ku,v,w

i to the large d limit can be recognized in the DFT
calculations performed for d ' 51Å.

Finally, we have addressed the role of the dimensionality in the magnetism of curved
nanostructures. To this end we have examined FePt and CoPt rings that are formed out
of one-dimensional FePt and CoPt stripes. The magnetic properties of FePt and CoPt
rings as well as the values of the corresponding Heisenberg parameters Ju,v,w0δ , Du,v,w

0δ and
Ku,v,w
i converge very slowly towards the large d or linear limit. In FePt (CoPt) rings the

corresponding transition diameter dT is estimated to be beyond d = 51Å (d = 67Å).
One concludes that the dimensionality of the rolled-up nanostructures plays an important
role in the curvature dependence of the effective magnetic interactions between local
magnetic moments. A potentially important point in this context is that the rolled-up
two-dimensional bilayers have a direction in which the geometry is the same as in the
case of planar bilayers. Another interesting trend is that CoPt rings and cylinders in
general exhibit a larger transition diameter dT than their FePt counterparts. This must
be attributed to the different electronic properties of the compounds, in particular the
band structure which varies as a function of the geometry.

In Chapter 5 we characterized the magnetic ELs of planar and rolled-up FePt and CoPt
bilayers as obtained within the framework of GHM whose interaction parameters Ju,v,wij ,
Dij and Ku,v,w

i between up to ninth NNs were derived from accurate DFT calculations
on the planar FePt and CoPt bilayers. In this way, the curvature of the cylinder takes the
central role being the only difference between the planar and rolled-up nanostructures.
In other words, all the differences between physical behaviour of FePt and CoPt bilayers
and cylinders result exclusively from their different topologies. Particular attention was
thereby paid to the geometrical shape and lifetime of noncollinear metastable states such
as skyrmions and minimum energy paths [MEPs] connecting them.

Symmetry plays an important role in the magnetic properties of metastable states. First
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of all, due to the high point-group and translation symmetry of the L10 lattice each
energy level in the determined energy spectrum of FePt and CoPt nanostructures is highly
degenerate. Any translation of a localized magnetic structure with broken translational
symmetry yields a new magnetic structure with the same energy. In addition, we found
considerably more energy levels in FePt than in CoPt nanostructures. While in planar
[rolled-up] FePt bilayers we found 30 [22] highly degenerate energy levels, in CoPt
nanostructures we found only 4 [5] energy levels. We believe that this is probably due
to the much weaker DM interaction in CoPt bilayer. Furthermore, in FePt bilayers and
cylinders the orientation of the magnetic configuration, which can be oriented parallel or
diagonal along the unit cell, affects the energies of the LM and their transformations along
MEPs. The rolling-up process induces a preference of magnetic configurations µ in FePt
cylinders, which are oriented parallel to the edges of the unit cell or perpendicular to the
axis of the cylinder. In other words, magnetic configurations oriented diagonally along
the unit cell exhibit considerably higher excitation energies. The curvature induces an
additional effective spin wave which leads to larger angles between neighboring moments,
thus significantly increasing the energy of diagonal configurations. Moreover, magnetic
transformations, such as rotations by 90◦ or magnetization reversals, take place within
subgroups of states exhibiting the same orientation of the magnetic configurations in the
unit cell. The transformations in planar and rolled-up FePt bilayers take place locally
while the magnetic structure remains intact in large parts of the unit cell. In contrast, the
magnetic transformations in planar and rolled-up CoPt bilayers have a strong non local
character, i.e., the transformation takes place across the whole unit cell simultaneously.

The ground-state configuration of the planar and rolled-up FePt bilayers are qualitatively
similar from a local point of view. These are SDWs along the diagonal of the unit cell
with a wavelength λ = 56.2Å. However, simply rolling-up the ground-state spin wave
of the planar FePt bilayer does not result in the ground state of the FePt cylinder due
to the above mentioned preference of specific symmetry of the magnetic configurations.
In fact, the rolled-up planar ground state corresponds to a highly-excited LM with
∆Etot = 716meV. Interestingly, this state is the lowest-energy LM of the FePt cylinder,
where the unrolled magnetic configuration is oriented along the diagonal of the unit cell.

The metastable noncollinear states in FePt nanostructures, i.e. SDWs, skyrmions and
skyrmion-like textures, exhibit so-called Néel-type magnetic structures characterized by
a cycloidal progression of the local magnetic moments, which is a direct consequence
of the DM interaction. Interestingly, from a local perspective the spiral magnetic
order of the SDWs is a source of skyrmions, i.e., starting from a SDW a skyrmion is
formed mainly by disconnecting the continuous stripe with out-of-plane magnetization,
which becomes the inner part of the skyrmion. In fact, the width of the skyrmions
is similar to the wavelength of the corresponding SDWs. Their length, however, is
limited by the size of the unit cell. Remarkably, SDWs remain being a source of
skyrmions upon the roll-up process. This property is clearly demonstrated by the
nature of magnetization-reversal process of skyrmions, which consists of erasing of
the initial skyrmion by falling into the corresponding SDW, followed by the creation
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of a skyrmion with an opposite magnetization at a shifted position. Thereby, the
downwards energy barrier ∆Eb ≈ 120− 180meV, which corresponds to a temperature
T ∝ ∆E/kB ' 1400 − 2100K, when going from a skyrmion [which is a topologically
protected excited spin configuration] back to the corresponding SDW is considerably
smaller than the upwards barrier ∆Eb ≈ 270−500meV involved in creating the skyrmion
with reversed magnetization. The later energy barrier is significantly affected by rolling
the film into a cylinder, since the energy differences between the skyrmion and the
corresponding SDW in FePt cylinders are larger than in the planar bilayer.

The ground-state spin order in planar CoPt bilayer is an in-plane FM configuration.
Interestingly, rolling-up this configuration along the direction to which the in-plane
parallel local moments point results in the ground state of the CoPt cylinder. This
configuration, denoted as the ring road [RR], has some degree of non-collinearity since the
local moments are tangential to the circumference of the cylinder. Among the multiple
rolling directions this non-collinear in-plane RR configuration is able to take advantage
of the DM interaction energy, while keeping the favored in-plane alignment. This simple
example impressively illustrates the effect of curvature on the ground state configuration.
To be more precise, the curvature of the cylinder enables a new kind of a magnetic
configuration, namely an in-plane spin-wave-like configuration RR, which thus becomes
the ground state. Still, this does not quite cover the full picture. Even though the
GHM is certainly enlightening, it may fail qualitatively if the underlying transferability
of the interaction parameters does not hold. In fact, electronic calculations show that
in the CoPt cylinder with diameter d = 25Å the FM configuration along the axis of
the cylinder [FMZ ] has a considerably lower energy than the RR configuration. This
discrepancy between the electronic calculations and the GHM is the result of changes
in the interaction parameters Ju, v, wij , Dij and Ku,v,w

i in small cylinders with respect to
their planar counterparts.

Similar to the FePt nanostructures we observe metastable skyrmions in planar and
rolled-up CoPt bilayers. In contrast to the FePt case, the curvature of CoPt cylinder
significantly affects the structure of the skyrmions. While in the planar CoPt bilayer
the skyrmions are nearly circularly symmetric, with the inner magnetization pointing
off-plane upwards or downwards, the excited LM in the CoPt cylinders are in-plane
skyrmions embedded in the in-plane FM order dictated by the ground-state.

A further important result of our investigations is that the skyrmions in planar and rolled-
up FePt and CoPt bilayers exhibit a number of characteristic properties of quasiparticles.
For one thing, the skyrmions do not seem to interact strongly, even at relatively short
distances, since the energy required to create two of them within a unit cell is almost
the same as twice the energy to create one. Furthermore, they can move almost freely
and barrierless across the bilayers and cylinders. A translation of a skyrmion by one
lattice constant involves only a small total energy barriers ∆Eb ≈ 10−5–10−2 meV, which
can be overcome at temperatures of the order of T = ∆Eb/kB = 0.1mK– 0.1K. One
should furthermore notice that each skyrmion carries a net magnetization, which renders
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it particularly sensitive to manipulation through external fields. The unit cell as a whole
exhibits a non-vanishing total magnetization M . For example, we found M = 42µB and
M = 89µB in FePt cylinder, and M = 449µB in CoPt cylinder. Therefore, external
magnetic fields of the order of |B| = ∆Eb/M ≈ 10−6–10−5 T would be enough to
overcome the corresponding energy barriers and move the skyrmions. Such small fields
are easily accessible in experiment. It is therefore reasonable to expect to use these
magnetic structures in order to transport energy and information across rolled-up films
or use them as magnetic field sensors as well as carriers, for example, of attached
biomolecules.

Our results motivate further studies of the effects of curvature on the magnetic properties
in rolled-up nanostructures. It is particularly interesting to review the predictions
made by the GHM on the magnetic structure and energies of metastable states such
as skyrmions, as well as the TSs connecting them from the perspective of quantum
electronic calculations. This could reveal possible weaknesses of the GHM or confirm the
predictions discussed in this work.

It would also be interesting to analyse theoretically the properties of thicker rolled-up
magnetic layers, which are closer to the typical experimental situations. In addition,
this would incorporate the role of thickness to the discussion of magnetism in curved
nanostructures, in particular, the question of how the effective exchange interactions are
altered by the curvature in thicker rolled-up layers. In this context, we expect that the
dipol-dipol interactions will become increasingly relevant and therefore should be taken
into account in the examination of the corresponding magnetic ELs.

The ability of extracting the coupling constants Ju, v, wij , Dij and Ku,v,w
i between local

magnetic moments µi and µj from accurate electronic calculations provides us with
a realistic generalized Heisenberg model within the quadratic approximation of the
effective spin-spin interactions191 which is versatile in use. The temperature dependence
of magnetic properties, such as magnetic order, internal energy U , heat capacity CV
and entropy S, can then be determined by using Monte Carlo methods within the
framework of this model, as demonstrated by our preliminary results shown in Appendix C.
Furthermore, the GHM can be used to analyse the response of the nanostructures to
an external magnetic field B. The resulting hysteresis curves constitute a magnetic
fingerprint of the nanostructures and are therefore of considerable fundamental and
technological importance. Some preliminary results on hysteresis loops in planar and
rolled-up FePt bilayer are shown in Appendix D. A more sophisticated way to determine
magnetization reversals, MEPs between the LM, and time dependence of the magnetic
order within magnetic nanostructures is to perform Landau-Lifshitz-Gilbert dynamical
simulations. This approach takes into account the coupled precessional spin motion of
all local moments µi around local effective magnetic field generated by the other local
magnetic moments and external magnetic fields. Therefore, it is a further promising
application of the realistic Heisenberg model with interaction parameters obtained in
this work.
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A. Calculation of the Heisenberg
Parameters

This section describes how the generalized classical Heisenberg-like model is used in order
to extract the effective exchange couplingsDij and Ju, v, wij as well as the magnetocrystalline
anisotropy constants Ku,v,w

i from ab initio calculations in the case of FePt and CoPt
bilayers (L10). Both the translational symmetry of the bilayers as well as the periodicity
of the spin-spiral states, are exploited in order to obtain the frozen-magnon dispersion
relations. Note that any coupling constants related to independent changes in the
orientation and resulting interactions between local magnetic moments µPt

i at the Pt
atoms are not taken into account in the analysis. This is justified by the following reasons.
First, we are mainly interested in the magnetic order defined by the Fe and Co layers
which largely dominate the spin-density distribution. Second, the magnetic order is
defined by the effective exchange couplings among the Fe and Co atoms. And finally the
local magnetic moments at the Pt are induced by the 3d spin polarizations. Therefore,
they follow the changes in the orientations of the 3d moments. From an electronic
perspective they correspond to the lowest possible energy for the given orientation of the
Fe or Co µi.

First we show how Eq. (2.102) is used in order to derive an expression for the extraction
of DM vectors D0δ between δ-th NNs from ab initio frozen-magnon dispersion relations
in the case of FePt and CoPt bilayers (L10). Let us consider two spin-waves having a
wavenumber q = 2π/λ with a counterclockwise (+) and clockwise (−) rotation of the
spins within the XY plane [ see Fig. 3.1 ]. The calculus for the Y Z and ZX planes is the
same. Note, that the axes of the global (local) coordinate systems are indicated by the
capital (small) letters X, Y and Z (u, v and w). Using the interaction scheme illustrated
in Fig. 2.4, we derived the expressions for the energies E(+)

X-Y (q) and E(−)
X-Y (q) = −E(+)

X-Y (q)
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per unit cell for a counterclockwise (+) and clockwise (−) rotation of the spins:

E
(+)
X-Y (q) = −µ2

i

N∑
i=1

{
Dw

01 sin(qa) +Dw
02

√
2 sin(qa) +Dw

03 sin(2 qa)

+Dw
04

2√
5

[sin(qa) + 2 sin(2 qa)] +Dw
05

√
2 sin(2 qa)

+Dw
06 sin(3 qa) +Dw

07

√
8

5
[2 + 3 cos(2 qa)] sin(qa)

+Dw
08

2√
13

[3 + 4 cos(qa) + 6 cos(2 qa)] sin(qa) +Dw
09 sin(4 qa)

}
+ ĒX-Y (q) . (A.1)

Here, N = N(q) is the number of Fe (Co) atoms of the FePt (CoPt) bilayer within
the unit cell for a given wavenumber q. For example, N = 6 in the case of q = π/3a
[ see Fig. 3.1 ]. The value of qa corresponds to the angle ϕ = q a between NN magnetic
moments along q, where a is the NN distance between Fe or Co atoms. Dw

0δ stands for
the w component of the effective DM coupling vector D0δ between δ-th nearest neighbors
with respect to the local coordinate system. Furthermore, we may write |µi| |µj| = µ2

i

in good approximation, since in our ab initio calculations the modulus of µi hardly
depends on its direction or the wavenumber q. In general, µ2

i is absorbed in the coupling
parameters Dij, Juij, Jvij and Jwij . However, for the sake of completeness we continue to
add µ2

i . Finally, the average energy

ĒX-Y (q) :=
[
E

(−)
X-Y (q) + E

(+)
X-Y (q)

]
/2 (A.2)

is the part of the total energy per unit cell that is independent of the rotation direction
of the local magnetic moments µi.

Combining E(+)
X-Y (q) and E(−)

X-Y (q) we obtain the final expression:

E
(−)
X-Y (q)− E(+)

X-Y (q)

2N
= µ2

i

{
Dw

01 sin(qa) +Dw
02

√
2 sin(qa) +Dw

03 sin(2 qa)

+Dw
04

2√
5

[sin(qa) + 2 sin(2 qa)] +Dw
05

√
2 sin(2 qa)

+Dw
06 sin(3 qa) +Dw

07

√
8

5
[2 + 3 cos(2 qa)] sin(qa)

+Dw
08

2√
13

[3 + 4 cos(qa) + 6 cos(2 qa)] sin(qa)

+ Dw
09 sin(4 qa) } . (A.3)
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Using this equation and the method of least squares we extract the effective DM coupling
vectors D0δ from the ab initio frozen-magnon dispersion relations. Let us clarify that
the energy difference between the two directions of rotation specified on the left-hand
side [ LHS ] of Eq. (A.3) is independent of the Heisenberg interaction HA

H and the local
magnetic anisotropy HLMA. Being symmetric, these two interactions depend only on
the absolute value of the angle between the local magnetic moments and the relative
orientation of these with respect to the geometry of the nanostructure. Thus, the energy
difference on the LHS of Eq. (A.3) corresponds to the total energy difference per Fe or
Co atom taken from ab initio calculations.

Finally, we discuss an expression for the determination of the effective exchange coupling
constants Ju, v, wij and the magnetocrystalline anisotropy constants Ku, v, w

i . Again, let us
consider spin waves with a rotation of the spins within the XY plane, where the calculus
for the Y Z and ZX planes is the same. Since the rotation direction of the magnetic
moments is only important for the DM interaction, we consider in the following only the
average energy ĒX-Y (q) for each wavenumber q defined in Eq. (A.2). Using Eq. (2.99)
and the interaction scheme illustrated in Fig. 2.4 we have derived the expression for the
anisotropic Heisenberg energy including local magnetocrystalline anisotropy per Fe or
Co atom as a function of the wavenumber q:

ĒX-Y (q)/N = µ2
i {−KuC(q)−Kv S(q)

− Ju01 cos(qa)C(q)− 2 Jv01 cos2
(qa

2

)
S(q)− Jw01C(q)

− Ju02 cos(qa)C(q)− 2 Jv02 cos(qa)S(q)− Jw02 cos(qa)C(q)

− Ju03 cos(2 qa)C(q)− 2 Jv03 cos2(qa)S(q)− Jw03C(q)

− 2

5
Ju04 [cos(qa) + 4 cos(2 qa)] C(q)− 2 Jv04 [cos(qa) + cos(2 qa)] S(q)

− 2

5
Jw04 [4 cos(qa) + cos(2 qa)] C(q)

− Ju05 cos(2 qa)C(q)− 2 Jv05 cos(2 qa)S(q)− Jw05 cos(2 qa)C(q)

− Ju06 cos(3 qa)C(q)− 2 Jv06 cos2

(
3 qa

2

)
S(q)− Jw06C(q)

− 1

5
Ju07 [cos(qa) + 9 cos(3 qa)] C(q)− 2 Jv07 [cos(qa) + cos(3 qa)] S(q)

− 1

5
Jw07 [9 cos(qa) + cos(3 qa)] C(q)

− 2

13
Ju08 [4 cos(2 qa) + 9 cos(3 qa)] C(q)

− 4 Jv08 cos2
(qa

2

)
[1− 2 cos(qa) + 2 cos(2 qa)] S(q)
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− 2

13
Jw08 [9 cos(2 qa) + 4 cos(3 qa)] C(q)

−Ju09 cos(4 qa)C(q)− 2 Jv09 cos2(2 qa)S(q)− Jw09C(q)
}
, (A.4)

where

C(q) =
1

2
{N + cos(2βX-Y + [N − 1] qa) csc(qa) sin(Nqa) } (A.5)

and

S(q) =
1

2
{N − cos(2βX-Y + [N − 1] qa) csc(qa) sin(Nqa) } . (A.6)

Here, βX-Y (βY -Z , βZ-X) is the angle between the first spin in the unit cell and the X
axis (Y axis, Z axis). In our calculations we set βX-Y = βY -Z = βZ-X = 0, since the
energy Ē(q)/N with 0 < q < π/a and the resulting values for Ju, v, w0δ and Ku, v, w

i are not
affected by β. Ju, v, w0δ for δ ≥ 1 correspond to the effective anisotropic Heisenberg coupling
constants between δ-th NNs and Ju, v, w00 = Ku, v, w

i describes the local magnetocrystalline
anisotropy. These effective Heisenberg parameters are extracted from ab initio calculations
by adjusting the energy difference Ē(q)/N− Ē(q = 0)/N to the frozen-magnon dispersion
relations including the magnetic anisotropy energies (MAEs) [ see Fig. 3.4 and Tab. B.2 ]
using the method of least squares and taking into account all three rotation planes at
ones.

In the case without SOC, the magnetocrystalline anisotropy, the anisotropy of the
Heisenberg interaction as well as the DM interaction are not existing. The energy of
a spin wave is independent of the rotation plane or the rotation direction of the local
magnetic moments µi. Thus, Eq. (A.4) transforms into

E(q)/N = µ2
i

{
−J01 [1 + cos(qa)]− 2 J02 cos(qa)− 2 J03 cos2(qa)

− 2 J04 [cos(qa) + cos(2 qa)]− 2 J05 cos(2 qa)

− J06 [1 + cos(3 qa)]− 4 J07 cos(qa) cos(2 qa)

−2 J08 [cos(2 qa) + cos(3 qa)]− 2 J09 cos2(2 qa)
}
, (A.7)

This equation is used in order to extract the effective isotropic Heisenberg coupling
constants J0δ from ab initio calculations without taking into account SOC [ see Fig. 3.2 ].
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B. Ab Initio Analysis of Infinite,
Linear Fe and Co Chains on Pt
Stripes

In this appendix we briefly summarize the results of our ab initio calculations performed
on infinite, linear Fe and Co chains deposited on a Pt stripe, as shown in Fig. B.1. The
purpose of this appendix is to provide a brief overview of the magnetic properties, in
particular concerning the coupling constants Ku,v,w

i , Ju, v, wij and Dij for the linear Fe and
Co chains on Pt, with regard to their rolled-up counterparts discussed in Sec. 4.4. In
addition, the linear and rolled-up chains are used for comparisons with the planar and
rolled-up FePt and CoPt bilayers.

The details on the first-principles calculations using VASP are described in Sec. 3.1. In
contrast to the FePt and CoPt bilayers, a different k mesh of kN × 1× 1 points is used,
where, for example, kN = 31 for N = 4 and kN = 11 for N = 15.237 Here, N is equal
to the number of Fe or Co atoms in the supercell. The remaining procedure is similar
to the case of FePt and CoPt bilayers. As a tool of investigation we perform ab initio
calculations on spin-spiral states with counterclockwise (+) and clockwise (−) rotations
of the local Fe and Co magnetic moments µi within the XY , Y Z or ZX plane ranging
from q = 0 (FM state) to q = π/a (AFM state) that are represented in frozen-magnon
dispersion relations. More precisely, we constrain the directions of the local magnetic
moments µi at each Fe and Co atom i and calculate the corresponding energy per Fe or
Co atom. The size of the local magnetic moments is not constrained. As representative
examples for spin-spiral states two supercells marked with (+) and (−) containing 6
Fe or Co atoms and 12 Pt are presented in Fig. B.1 corresponding to two independent
calculations, in which the supercells are periodically repeated along the X, Y and Z
direction.

Structural relaxations using automated volume scan and ionic relaxation have been
performed keeping the Fe and Co atoms above the center of the NN Pt triangle. As
a result of structural relaxation we obtain in the case of Fe on Pt stripe an Fe-Fe NN
distance equal to aFe = 2.65Å, and an Fe-Pt NN distance equal to dFe-Pt = 2.49Å. In the
case of Co on Pt stripe the results are equal to aCo = 2.63Å and dCo-Pt = 2.48Å. The
size of the local magnetic moments in Fe (Co) chain on Pt stripe is found to be equal to
µFei ' 3.25− 3.27µB (µCoi ' 2.04− 2.13µB ) depending on the wavenumber q.
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Stripes
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Figure B.1.: Illustrations of infinite Fe (Co) chains on top of a Pt stripe. Dark spheres correspond
to Fe (Co) atoms and light spheres correspond to Pt atoms. Dashed lines indicate the boundaries
in X direction of the two supercells labeled with (+) and (−) containing 6 Fe (Co) atoms and 12
Pt atoms. Arrows point in the constrained direction of the local magnetic moments µi at each
Fe (Co) atom. Going from left to right the spins are rotated counterclockwise (+) or clockwise
(−) within the ZX plane. The displayed examples correspond to a wavenumber q = π/3a,
where a is the NN distance between Fe or Co atoms. The DM vectors D0δ = Di,i+δ = −Di,i−δ
extracted from the ab initio calculations are presented with respect to the displayed numbering.
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Figure B.2.: (a) Isotropic frozen-magnon dispersion relations for a linear Fe and Co chain on
Pt stripe. The energy difference ∆E(q) = [E(q)− E(0)] /N per Fe atom [purple crosses] or Co
atom [red squares] obtained in ab initio calculations is given for various wavenumbers ranging
from q = 0 (FM state) to q = π/a (AFM state). (b) Heisenberg coupling constants between
δ-th Fe and Co NNs derived from the frozen-magnon dispersion relations shown in (a). The
lines connecting the symbols in (a) and (b) are a guide to the eye.
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Figure B.3.: (a), (d) Frozen-magnon dispersion relations with and without SOC obtained in ab
initio calculations [symbols] in the case of a linear Fe [left] and Co [right] chain on Pt stripe.
The energy difference ∆E(q) = [E(q)− E(0)] /N per Fe and Co atom is given for a rotation
of the local magnetic moments within the XY , Y Z and ZX plane with a counterclockwise
(+) and clockwise (−) rotation direction. Note that the reference energy E(0)/N = EX,Y,Z/N
corresponds to the energy of a FM alignment along the X, Y and Z axis in the case of XY , Y Z
and ZX plane, respectively. (b), (e) Corresponding components of the DM coupling vectors
D0δ = Di,i+δ = −Di,i−δ between δ-th NNs presented with respect to the numbering displayed
in Fig. B.1. (c), (f) Difference between the anisotropic Heisenberg coupling constants Ju, v, w0δ

and the isotropic Heisenberg coupling constants J0δ between δ-th NNs shown in Fig. B.2 (b),
i.e., ∆Ju, v, w0δ = Ju,v,w0δ − J0δ. J

u,v,w
00 = Ku,v,w

i describes the local magnetocrystalline anisotropy.
The lines connecting the symbols in (a) - (f) are a guide to the eye.
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Appendix B. Ab Initio Analysis of Infinite, Linear Fe and Co Chains on Pt
Stripes

Table B.1.: The top entry in each cell indicates the ab initio chirality energy difference
∆E(∓)(q) = ∆E(−)(q) − ∆E(+)(q) per Fe or Co atom for selected wavenumbers q between
spin-spiral states having clockwise (−) and counterclockwise (+) rotation directions of the local
magnetic moments µi within the XY or ZX plane in the case of Fe and Co chains deposited
on Pt substrate. In brackets below the corresponding changes of the ab initio SOC energy
∆EFe,Co

SOC (q) at the Fe or Co atoms (left) and ∆EPt
SOC(q) at the Pt atoms (right) are indicated, i.e.,

the lower entry of each cell contains ∆EFe,Co
SOC (q) /∆EPt

SOC(q). The energy differences ∆E(∓)(q),
∆EFe,Co

SOC (q) and ∆EPt
SOC(q) are given in meV per Fe or Co atom. The purpose of this table is to

investigate the origin of the energy difference ∆E(∓)(q) and the corresponding DM interaction.

FePt chain CoPt chain

XY , q = 0.25π/a
13.1

(−1.5 / 12.4)
16.1

(−1.3 / 11.9)

XY , q = 0.50π/a
5.4

(−1.6 / 10.0)
19.7

(−2.4 / 9.0)

XY , q = 0.75π/a
8.4

(1.4 / 6.6)
8.4

(−3.8 / 7.1)

ZX, q = 0.25π/a
−9.1

(−2.5 /− 2.3)
7.4

(4.1 / 8.8)

ZX, q = 0.50π/a
−3.2

(−5.3 /− 1.4)
10.1

(4.1 / 5.1)

ZX, q = 0.75π/a
−2.6

(−3.1 /− 1.0)
8.0

(0.1 / 3.6)

In Fig. B.2 the frozen-magnon dispersion relations without taking into account SOC and
the corresponding isotropic effective Heisenberg coupling constants J0δ are presented.
Furthermore, in Fig. B.3 the frozen-magnon dispersion relations including SOC, the
extracted DM coupling constants D0δ and the anisotropy ∆Ju, v, w0δ = Ju,v,w0δ − J0δ of
Heisenberg coupling constants Ju,v,w0δ are presented. Ju,v,w00 = Ku,v,w

i describes the local
magnetocrystalline anisotropy. Due to the effects of SOC, the coupling constants D0δ

and Ju,v,w0δ are in general given with respect to local coordinate systems defined for each
pair of interacting magnetic moments µi and µj at sites i and j or, in the case of Ku,v,w

i ,
for each magnetic moment µi at site i. In the present case the deposited, infinite linear Fe
and Co chains exhibit translational symmetry. Therefore, we choose the local coordinate
systems for all terms of the generalized classical Heisenberg-like Hamiltonian H [ see
Eq. (2.105) ] to be identical to the global coordinate system displayed in Fig. B.1.

The linear nanostructure presented in Fig. B.1 lack inversion symmetry and fulfills the
second symmetry rule by T. Moriya [ see also p. 39 ] in the case of all δ-th NNs. Therefore,
the DM vector D0δ is restricted to the Y Z plane, i.e., the u components Du

0δ must be
exactly zero for all δ. Furthermore, we have performed a review of our ab initio results in
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Table B.2.: The cells indicate the ab initio magnetocrystalline anisotropy energies [MAE ]
(EY − EX)DFT/N and (EZ − EX)DFT/N per Fe or Co atom given in meV for the two cases of
infinite linear Fe or Co chains on Pt stripe. Eγ/N stands for the total energy per Fe or Co atom
in the case of a FM or AFM order of the Fe or Co magnetic moments along the γ = X, Y or Z
axis. In round brackets at the bottom of each cell are the corresponding contributions to the
MAE by the local magnetocrystalline anisotropy HLMA (left) and the anisotropic Heisenberg
interaction HA

H (right).

FePt chain CoPt chain

FM
(EY − EX)/N

1.51
(−1.75/3.24)

0.28
(−4.13/4.41)

FM
(EZ − EX)/N

5.22
(−0.98/6.17)

3.05
(−2.41/5.5)

AFM
(EY − EX)/N

−1.64
(−1.75/0.22)

−4.01
(−4.13/0.13)

AFM
(EZ − EX)/N

−3.78
(−0.98/− 2.79)

−4.10
(−2.41/− 1.62)

order to locate the average change of the SOC energy as we inverse the rotation direction
of the local Fe and Co magnetic moments from counterclockwise (+) to clockwise (−).
Representative results for selected wavenumbers q and the two rotation planes with
non-vanishing DM interactions are presented in Tab. B.1.

In Tab. B.2 the results for the magnetic anisotropy energies (MAEs) per Fe or Co atom
resulting from ab initio calculations are presented. Furthermore, the corresponding
contributions by the local magnetocrystalline anisotropy and the anisotropic Heisenberg
interaction in the two cases of infinite linear Fe or Co chains on Pt substrate are shown.
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C. A Glimpse into Monte Carlo
Simulations of Finite
Temperature Properties of FePt
Cylinders

The purpose of this appendix is to illustrate the possibilities of exploring the temperature
dependence of magnetic properties of transition-metal [TM] nanostructures, for example
the magnetic order, internal energy U , heat capacity CV and entropy S, by using parallel-
tempering metropolis importance sampling Monte Carlo [MC] simulations within the
framework of the generalized classical Heisenberg model [GHM].238 This is an advanced
stochastic procedure relying on repeated random sampling of the orientation of each local
magnetic moment µi. As an example, results are given in Fig. C.1 for selected magnetic
properties of a rolled-up FePt L10 bilayer with a diameter d = 25Å. The dimensions of
the unit cell, on which periodic boundary conditions apply, are the same as in Sec. 5.2
[ see also Fig. 5.11 ].

The internal energy U = 〈H〉 is shown in Fig. C.1 (a), where H is the Hamiltonian of
the GHM and 〈. . .〉 indicates the canonical ensemble average. U rapidly increases at
temperatures T < 400K. The corresponding heat capacity CV , shown in Fig. C.1 (b),
initially increases reaching a maximum at T ' 260K, which is followed by a rapid
decrease. As already illustrated in Sec. 5.2, the total energy of the first excited LM
is equal to ∆Etot = 32meV = kB 372K. The probability of finding the system in this
state becomes relevant at temperatures above T > ∆Etot/2kB ' 180K. This leads to
an increase in the accessible configuration space and thus to a larger heat capacity
CV and entropy S [see Fig. C.1 (c)]. Other LM have much larger excitation energies
∆Etot > 350meV. Therefore, their contribution is negligible for T < 1500K.

The heat capacity CV has been obtained from the derivative of the internal energy U
[CV = (∂U/∂T ), green curve], as well as from the fluctuation of the internal energy U
along the MC simulations [CV = (〈H2〉 − 〈H〉2) /kBT

2, red curve]. The forms of these
two functions are in good agreement. For example, the peak of the heat capacity is
found at T ' 260K in both cases. However, one observes that the discrepancies between
the two functions become larger at lower temperatures. The reason for this is the lower
acceptance rate of new configurations during the MC simulations at lower temperatures,
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Monte Carlo Simulations
FePt Cylinder

Figure C.1.: Finite temperature properties of rolled-up FePt L10 bilayer as a function of
temperature T . A unit cell with periodic boundary conditions is considered as in Sec. 5.2 [ see
also Fig. 5.11 ]. (a) Internal energy U = 〈H〉 per Fe atom (dashed line) and its fluctuations,
which are indicated by the thickness of the purple curve. (b) Heat capacity CV per Fe atom
calculated either as the derivative of U [CV = (∂U/∂T ), green curve] or from its fluctuations
[CV =

(
〈H2〉 − 〈H〉2

)
/kBT

2, red curve]. (c) Configurational entropy change ∆S = S(T ) −
S(T0 = 200K) =

∫ T
T0

CV (T ′)
T ′ dT ′ per Fe atom as obtained by integrating the heat capacity CV ,

which was calculated from the derivative [green curve] or the fluctuation [red curve] of the
internal energy U . (d) Spin-correlation functions γ0δ = 〈µ0 · µδ〉, between a local moment at
site i = 0 and its δ-th NN.
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which results in a smaller total number of states considered for the average values. This
tends to enhance the amplitude of the fluctuations and thus tends to overestimate CV .

Finally, in Fig. C.1 (d) the correlation functions γ0δ = 〈µ0 ·µδ〉 between local moments at
atom i = 0 and its δ-th nearest neighbors (NNs) are presented. γ0δ is given by the average
dot product between δ-th NNs, which illustrates the magnetic order. The correlation
functions decrease rapidly at temperatures T < 400K. Thus, the couplings between
the local magnetic moments become significantly weaker due to thermal fluctuations at
temperatures T > 400K. This also suggests that significantly more disordered states
with higher energies become accessible at T > 200K. This is consistent with the fact
that increasing the accessible configuration space leads to a larger heat capacity CV and
entropy S. A more detailed analysis of magnetic orders and spin-correlation functions in
the ground and in the relevant low-lying excited metastable configurations is beyond the
scope of the present appendix.
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D. Exploring the Hysteresis Loops
of FePt L10 Bilayers and
Cylinders

It is interesting to analyse the response of the nanostructures to an external magnetic
field B within the framework of the generalized classical Heisenberg model [GHM].
Qualitatively, one may anticipate that the shape of the hysteresis loops, and in particular
the dependence of the reversal or coercive field strength as a function of the magnetic field
B should reflect the underlying ground-state order and the effective exchange couplings
between the local magnetic moments µi. Indeed, the shape of the hysteresis loops of a
magnetic material constitute a magnetic fingerprint of the nanostructure and are therefore
of considerable fundamental and technological importance.

The hysteresis curves in this appendix have been determined as follows. Starting from a
fully saturated state the absolute value |B| of the external magnetic field B is changed
stepwise, whereby the direction B/|B| of the magnetic field remains fixed. Alternatively,
the direction of the external magnetic field may be changed stepwise. After each step we
carefully follow the gradient towards the nearest local minima [LM] using a combination
of the algorithms of steepest descend and L-BFGS. In order to prevent the system from
getting stuck in a saddle-point [SP] or a local maximum, where the gradient is also zero,
we introduce a small perturbation to the current state at the beginning of each step.

Examples of the hysteresis loops of the FePt bilayer and FePt cylinder (L10) are presented
in Fig. D.1. The dimensions of the unit cells and the periodic boundary conditions are
the same as in Secs. 5.1 and 5.2. The effective coupling parameters Ju,v,w0δ , Du,v,w

0δ and
Ku,v,w
i are taken from electronic calculations performed on the planar FePt bilayer

(L10). In the case of the FePt bilayer one observes that the magnetization curve is
linear if the external magnetic field B is in-plane [αM = 0]. In contrast, if the external
magnetic field is out-of-plane [αM = 90◦] one observes a rectangular magnetization
curve. These behaviours are typical when the external magnetic field B is oriented
along the hard axis [linear shape] or the easy axis [rectangular shape]. In fact, in the
case of the FePt bilayer the electronic calculations have already shown that the easy
axis is out-of-plane [ see Tab. 3.1 ]. The corresponding energy difference per Fe atom is
equal to ∆E = Ein-plane − Eout-of-plane ≈ 1.5 meV= µB 26T. Therefore the strength of the
coercive and saturation fields B are in the range of tens of Teslas, which can only be
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Figure D.1.: Hysteresis loops for a FePt bilayer and an FePt cylinder (L10). The dimensions of
the unit cells and the periodic boundary conditions are the same as in Secs. 5.1 and 5.2 [ see
also Figs. 5.2 and 5.11 ]. αM indicates the angle between the external magnetic field B and
the plane of the FePt bilayer. αC indicates the angle between the external magnetic field B
and the symmetry axis of the cylinder. Full (dashed) curves show the magnetization M of the
unit cell as the magnetic field B is increased (decreased) starting from large negative (positive)
values. MS indicates the saturation magnetization.
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reached at large high-magnetic field facilities. In order to saturate the magnetization
it is necessary to overcome the large energy gap of several meV per Fe atom between
the ground-state spin-density wave and the ferromagnetic [FM] state. As discussed in
Sec. 5.1, the FM out-of-plane configuration is a LM with the highest observed energy
equal to ∆Etot = 1370meV per unit cell containing 900 Fe atoms.

It is interesting to analyse the origin of the different hysteresis loops of the rolled-up
FePt bilayers, taking into account the particular cylindrical shape. From a local point of
view the magnetization component MPAR is tangential to the cylinder surface and thus
corresponds to the magnetization component MIN in the case of a planar FePt bilayer.
This explains the similarities between the magnetization curves MPAR from the nanoroll
and MIN from the planar bilayer. Furthermore, the magnetization component MPERP,
which is perpendicular to the symmetry axis of the cylinder, involves local moment
contributions in which the magnetization is both parallel as well as perpendicular to the
surface of the cylinder. As a result, the magnetization curves for MPERP appear to be
a combination of the magnetization curves MIN and MOUT of the planar FePt bilayer,
exhibiting linear sections connected by steps. These are further interesting examples of
the central role of the topology of the nanostructure on the magnetic properties.
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E. Heitler-London Method

In 1927 Walter Heitler and Fritz London developed a very successful approximate method
in order to explain covalent bond between atoms. In the context of this work we want
to use this theory in order to demonstrate how the indistinguishably of electrons leads
to a dependency of the average Coulomb interaction energy on the relative orientation
of their spins. Furthermore, in this context, the Heisenberg model is motivated and
eventually the general form of the isotropic Heisenberg Hamiltonian is postulated. This
is an important point, since the Heisenberg model represents an essential tool for our
analysis of the magnetic properties of nanostructures.

Let us consider a H2 molecule, which is also illustrated in Fig. E.1.1 In the following
the positions of the two protons located at Ra and Rb are used as parameters, since
their masses mp are roughly 2000 times larger than the masses me of the electrons.
In other words, the dynamics of the light electrons and the heavy protons take place
on different time scales and are therefore treated separately. This corresponds to the
Born-Oppenheimer approximation.153 The Hamiltonian for the remaining two-electron
system is then given by

Ĥ =
2∑

k=1

p̂2
k

2me

− e2

4πε0

[
1

r1a

+
1

r2b

]
︸ ︷︷ ︸

Ĥ0

+
e2

4πε0

(
1

Rab

− 1

r1b

− 1

r2a

+
1

r12

)
︸ ︷︷ ︸

Ĥ1

. (E.1)

pk and rk indicate the moment operator and the position of electron k ∈ {1, 2}, respec-
tively. The remaining variables are defined as

rka = |rk −Ra| , rkb = |rk −Rb| , r12 = |r1 − r2| , Rab = |Ra −Rb| . (E.2)

Finally, e denotes the charge of an electron and ε0 is the vacuum permittivity.

The Hamiltonian H is spin independent, i.e., no direct interactions between the spins
of the electrons are taken into account. Therefore, the eigenfunctions Ψ of H can be
written as a product

Ψ(r1, σ1; r2, σ2) = Φ(r1, r2)χ(σ1, σ2) (E.3)

between of the coordinate wave-function Φ and the spin wave-function χ.
1In this section we follow closely Refs [173 ] and [174 ].
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Figure E.1.: Illustration of an H2 molecule with two protons p+
a and p+

b , and two electrons e−1
and e−2 . Adapted from [174 ].

At this point a brief introduction into the concept of indistinguishably of identical particles
and the resulting symmetry of the total wave function is useful. First of all, identical
particles are particles having exactly the same intrinsic properties, such as mass, charge
or spin. Therefore, under the same physical conditions identical particles behave exactly
the same. This property has far-reaching consequences. Let us consider an arbitrary
state of a many-body system of identical particles represented by a wave function

Ψ(. . . ; rk, σk; . . . ; rl, σl; . . .) . (E.4)

When the particles k and l are exchanged, i.e., (rk, σk)↔ (rl, σl), the physical state is
preserved, since the particles are identical. Then, the two wave functions correspond to
equivalent representations of the same physical state and, therefore, can only differ by a
phase factor α, i.e.,

Ψ(. . . ; rk, σk; . . . ; rl, σl; . . .) = αΨ(. . . ; rl, σl; . . . ; rk, σk; . . .) . (E.5)

Repeating the same interchange of particles leads to

Ψ(. . . ; rk, σk; . . . ; rl, σl; . . .) = α2 Ψ(. . . ; rk, σk; . . . ; rl, σl; . . .) , (E.6)

which means α = ±1. Thus, the total wave function of the many-body system of identical
particles must be either fully symmetric (α = +1) or fully antisymmetric (α = −1)
with respect to interchange of two particles. Therefore, there are two distinct groups of
identical particles:

• Bosons are particles with integer spin quantum number (s = 0, 1 , 2, . . .) and have
a fully symmetric total wave function Ψ with respect to interchange of two particles.
Examples are α-particles (s = 0), phonons (s = 1) and photons (s = 1).

• Fermions are particles with half-integer spin quantum number (s = 1/2, 3/2 , . . .)
and have a fully antisymmetric total wave function Ψ with respect to interchange
of two particles. Examples are electrons (s = 1/2), protons (s = 1/2) and neutrons
(s = 1/2).
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In our case we have two electrons, i.e., two identical fermions with s = 1/2. Thus, the
total wave function Ψ in Eq. (E.3) has to be fully antisymmetric. Two cases are possible:

i) symmetric Φ(r1, r2) and antisymmetric χ(σ1, σ2),

ii) antisymmetric Φ(r1, r2) and symmetric χ(σ1, σ2).

Let us first handle the spin-wave function χ. First, in the case of a system with two
electrons the two spin operators s1 and s2 of the electrons couple to a total spin operator
Ŝ = ŝ1+ŝ2 with the spin quantum number S = 0 or S = 1. Second, since the Hamiltonian
H is spin independent, H commutes with the square Ŝ2 and the z component Ŝz of the
total spin operator Ŝ, i.e.,

[Ĥ, Ŝ2] = [Ĥ, Ŝz] = [Ŝz, Ŝ
2] = 0 . (E.7)

Thus, the spin-wave eigenfunctions χ of Ĥ are given in terms of |S, mS〉, where

Ŝ2 |S, mS〉 = ~2S(S + 1) |S, mS〉 , (E.8)

Ŝz |S, mS〉 = ~mS |S, mS〉 , (E.9)

with the magnetic quantum number mS. In total there are four linear independent states.
The singlet state is given as

|S = 0, mS = 0〉 =
1√
2

(
| ↑ 〉1| ↓ 〉2 − | ↓ 〉1| ↑ 〉2

)
, (E.10)

which is antisymmetric with respect to the interchange of spin variables σ1 ↔ σ2. Here,
| · 〉k indicates the projection σ ∈ {↑, ↓} of the k-th spin.

The triplet state is given as

|S = 1, mS = 1〉 = | ↑ 〉1| ↑ 〉2 (E.11)

|S = 1, mS = 0〉 =
1√
2

(
| ↑ 〉1| ↓ 〉2 + | ↓ 〉1| ↑ 〉2

)
(E.12)

|S = 1, mS = −1〉 = | ↓ 〉1| ↓ 〉2 , (E.13)

which is symmetric with respect to the interchange of spin variables σ1 ↔ σ2.

Next, let us consider the coordinate wave-function Φ. In the unperturbed case with
Ĥ = Ĥ0, where the hydrogen atoms are separated far from each other, i.e., Rab → ∞,
the exact analytical solutions of the nonrelativistic Schrödinger differential equation(

p̂2
1

2m
− e2

4πε0

1

r1a

)
ϕa(r1) = Ea ϕa(r1) (E.14)(

p̂2
2

2m
− e2

4πε0

1

r2b

)
ϕb(r2) = Eb ϕb(r2) (E.15)
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are known and commonly referred to as atomic orbitals or hydrogen wave functions.

The exact analytical solution of the Schrödinger differential equation (E.1) with the full
Hamiltonian Ĥ = Ĥ0 + Ĥ1 and a finite relative distance Rab <∞ between the hydrogen
atoms is not possible. Heitler and London proposed to approximate the ground-state
wave function of the H2 molecule based on the combination of the ground-state wave
function

ϕ(r) =

√
1

π a3
0

e−r/a0 , (E.16)

of the hydrogen atom, where a0 = 5.29 × 10−11 m is the Bohr radius. The resulting
coordinate wave-function Φ is then given by

Φ(±)(r1, r2) =
1√
2

[
ϕa(r1)ϕb(r2)± ϕa(r2)ϕb(r1)

]
, (E.17)

where Φ(+)(r1, r2) is symmetric and Φ(−)(r1, r2) is antisymmetric with respect to the
interchange of electrons (r1 ↔ r2). ϕa and ϕb represent hydrogen wave functions centered
at the protons located atRa andRb, respectively. Due to the relations given in Eqs. (E.14)
and (E.15) the coordinate wave-functions Φ(±) are eigenfunctions of the unperturbed
part Ĥ0, i.e.,

Ĥ0 Φ(±)(r1, r2) =
(
Ea + Eb

)
Φ(±)(r1, r2) . (E.18)

Note, that the two states, where both electrons are located at the same proton, are
neglected. These configurations are expected to be energetically unfavorable due to the
increased repulsive Coulomb interaction between the electrons.

Next, the wave functions Φ(±) are used in order to calculate the corresponding expectation
value

E± =
〈Φ(±)|Ĥ|Φ(±)〉
〈Φ(±)|Φ(±)〉

(E.19)

of the full Hamiltonian Ĥ, which represents an upper bound for the ground-state energy
E0 of the hydrogen molecule H2. Before using an explicit form for the single-particle wave
functions ϕa and ϕb, we derive a general expression for E(±) in order to demonstrate
that the total energy of the hydrogen molecule H2 in general depends on the symmetry
of the coordinate wave-function Φ.

The denominator of Eq. (E.19) is given by

〈Φ(±)|Φ(±)〉 = 1± |L|2 , (E.20)

where

L =

∫
ϕ∗a(r)ϕb(r) dr3 (E.21)
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is referred to as the overlap integral.

In the case of 〈Φ(±)|Ĥ1|Φ(±)〉 two different terms arise. The so-called Coulomb integral
V is given by

V =

∫ ∫
|ϕa(r1)|2 Ĥ1 |ϕb(r2)|2 d3r1 dr3

2 (E.22)

=
e2

4πε0

(
1

Rab

−
∫
|ϕa(r1)|2

r1b

dr3
1 −

∫
|ϕb(r2)|2

r2a

dr3
2

+

∫ ∫
|ϕa(r1)|2 |ϕb(r2)|2

r12

dr3
1 dr3

2

)
. (E.23)

Taking into account that |ϕa(r1)|2 and |ϕa(r2)|2 represent densities of the two electrons,
this term may be interpreted from the point of view of classical electrostatics as Coulomb
repulsion between the two protons, the Coulomb attraction between the first (second)
electron with the proton located at site Rb (Ra), and the Coulomb repulsion between
the two electrons. In contrast to this, there is no classical counterpart for the so-called
exchange integral

X =

∫ ∫
ϕ∗a(r1)ϕ∗b(r2) Ĥ1 ϕa(r2)ϕb(r1)d3r1 dr3

2 (E.24)

=
e2

4πε0

(
|L|2

Rab

− Re

[
L∗
∫
ϕ∗a(r1)ϕb(r1)

r1b

dr3
1 − L

∫
ϕ∗b(r2)ϕa(r2)

r2a

dr3
2

+

∫ ∫
ϕ∗a(r1)ϕ∗b(r2)ϕa(r2)ϕb(r1)

r12

dr3
1 dr

3
2

])
. (E.25)

Note, that for example in the mean-field theory or the Stoner theory discussed above the
expressions Coulomb integral and exchange integral are exclusively referred to the terms
describing the electron-electron repulsion.

Taking into account all contributions, the total energy takes the form:

E(±) = Ea + Eb +
V ±X
1± |L|2

. (E.26)

From this equation one can see that the energy indeed depends on the symmetry of
the coordinate wave-function Φ, when the exchange integral X is different from zero.
Using the explicit form for the ground-state single-particle wave function ϕ given in
Eq. (E.16) Heitler, London and later Suguira showed that the singlet state Φ(+) has a
lower energy than the triplet state Φ(−), i.e., E(+) < E(−).239;240 Taking into account
that the single-particle wave function ϕ given in Eq. (E.16) is real, we may deduce from
Eq. (E.25) that the triplet state Φ(−) minimizes the electron-electron repulsion energy.
However, the singlet state Φ(+) minimizes the electron-proton attraction energy, which
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dominates the ground-state energy of H2. The prediction resulting from this model for
the equilibrium distance R(0)

ab = 0.87Å and the binding energy E(0)
binding = −3.14 eV are

remarkably close to the values R(0), exp
ab = 0.74Å and E(0), exp

binding = −4.73 eV observed in the
experiments.

At this point, let us again take into account the spin wave-function χ in our discussion.
As described above, the symmetry of the coordinate wave-function Φ determines the
symmetry of the spin wave-function χ and vice versa, since the symmetry of the total
wave function Ψ of the two electrons has to be fully antisymmetric. Thus, the energy
E(±) also depends on the symmetry of the spin wave-function χ. In particular, although
the Hamiltonian Ĥ in Eq. (E.1) is spin independent, the ground state and the excited
state exhibit different spin orders, i.e., magnetic configurations. Let us take a closer look
at this correlation. It holds for the two spin operators s1 and s2 of the electrons with
the spin quantum number s = 1/2

ŝ2
k = ~2sk(sk + 1) =

3

4
~2 . (E.27)

Then the square of the total spin operator Ŝ = ŝ1 + ŝ2 with the spin quantum number
S = 0 or S = 1 can be expressed as

Ŝ2 = (ŝ2
1 + ŝ2

2) = ŝ2
1 + ŝ2

2 + 2 (ŝ1 · ŝ2) =
3

2
~2 + 2 (ŝ1 · ŝ2) . (E.28)

Furthermore, taking into account that

Ŝ2 = S(S + 1) ~2 (E.29)

we can evaluate the scalar product ŝ1 · ŝ2 as

1

~2
ŝ1 · ŝ2 =

1

2
S (S + 1)− 3

4
=

{
−3/4, for S = 0

1/4, for S = 1
(E.30)

Taking together these relations, we can define an effective Hamiltonian

ˆ̃H = J0 − J12 ŝ1 · ŝ2 , (E.31)

where

J0 =
1

4

(
E(+) + 3E(−)

)
and J12 =

1

~2

(
E(+) − E(−)

)
=

2 (V L2 −X)

~2 (L4 − 1)
. (E.32)

In contrast to the initial Hamiltonian Ĥ given in Eq. (E.1), which exclusively acts on
the coordinate wave-function Φ, the effective Hamiltonian ˆ̃H exclusively acts on the spin
wave-function χ. In addition to that, the effective Hamiltonian ˆ̃H provides an equivalent
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description of the two-electron system in comparison to the initial Hamiltonian Ĥ, since
they have the same eigensystem:

ˆ̃H Ψ(singlet) = E(+) Ψ(singlet) = Ĥ Ψ(singlet) , (E.33)

ˆ̃H Ψ(triplet) = E(−) Ψ(triplet) = Ĥ Ψ(triplet) , (E.34)

where

Ψ(singlet) ≡ Ψ(r1, σ1; r2, σ2)(singlet) = Φ(+)(r1, r2) |S = 0, mS = 0〉 , (E.35)

Ψ(triplet) ≡ Ψ(r1, σ1; r2, σ2)(triplet) = Φ(−)(r1, r2) |S = 1, mS〉 . (E.36)
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