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Developing efficient solutions for POC diagnostics is a topical issue in bio-
medicine since reliable POC testing safes laboratory capacities and helps 
treating infections more quickly. POC tests can be realized in single chips 
that exploit the mechanisms of microfluidics and bring all laboratory steps 
to a single chip for quantifying a specific molecule. In magnetic systems, the 
final detection is accomplished by magnetoresistive sensors that detect the 
magnetic stray field of a label, biochemically connected to the molecule to 
enhance the magnetic stray field. For labels in the nanometer range, a low-
noise approach is essential due to the weak magnetic stray field. 

Accordingly, this work presents a sensor concept that enables low-noise 
detection of labels assigned to the nanometer range. A standard GMR struc-
ture is upgraded with magnetic vortex structures to minimize any noise 
contributions. Using micromagnetic simulations fundamental effects are 
analyzed and the sensor response is approximated for different label con-
figurations. The results reinforce the intention to implement such a sensor 
concept in a microfluidic system for the detection of superparamagnetic 
labels.
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AAbstract 

Developing efficient solutions for point-of-care (POC) diagnostics is a topical issue in bio-

medicine since reliable POC testing is required to safe laboratory capacities and treat dis-

eases and infections more quickly. In this context, POC tests can be realized in single chips 

that exploit the mechanisms of microfluidics and bring all necessary laboratory steps to-

gether to a single chip for quantifying a specific molecule. The key role of such a system is 

taken by the sensor unit that executes the final detection step generating a changing electri-

cal signal. In micromagnetic systems, this is accomplished by magnetoresistive sensors that 

detect the magnetic stray field of a superparamagnetic label, which is biochemically con-

nected to the molecule enhancing the magnetic stray field. For molecules in the nanometer 

range, a low-noise detection is essential to ensure reliable detection of the label that is also 

assigned to the nanometer range.  

Accordingly, this work presents a sensor concept that enables low-noise detection of super-

paramagnetic labels assigned to the nanometer range. The sensor concept is based on the 

Giant Magnetoresistance (GMR) effect upgraded with magnetic vortex structures to mini-

mize any noise contributions. Modeling the sensor concept is done by micromagnetic sim-

ulations based on the finite element method to analyze the fundamental effects and approx-

imate the sensor response for different label configurations. The magnetic stray field of the 

label causes an orthogonal movement of the magnetic vortex in the free layer of the GMR 

sensor. The resulting magnetization change leads to significant changes in the sensor’s re-

sponse provided that the label moves parallel and antiparallel to the magnetization orien-

tation of the magnetically fixed layer. Here, voltage changes up to 3 mV are simulated ac-

companied by a relatively low noise voltage. As magnetoresistive sensors are already part 

of several industrial sectors, CMOS techniques are available for the low-cost production of 

such a sensor concept. Consequently, the results of this thesis reinforce the intention to im-

plement such a sensor concept in a microfluidic system for the detection of superparamag-

netic labels.  



6                                                                                                                                              Abstract 

Part of this work has already been published in the following peer-reviewed journal arti-

cles: 

L. Wetterau, C. Abert, D. Suess, M. Albrecht and B. Witzigmann, „Micromagnetic 

Simulations of Submicron Vortex Structures for the Detection of Superparamagnetic 

Labels”, Sensors, vol. 20, 5819, 2020 

L. Wetterau, C. Abert, D. Suess, M. Albrecht and B. Witzigmann, “Extended Micro-

magnetic Model for the Detection of Superparamagnetic Labels Using a GMR Vor-

tex Sensor”, Journal of Physics Communications, vol. 5, 075017, 2021 



Zusammenfassung                                                                                                                           7 

ZZusammenfassung 

Die Entwicklung von effizienten Lösungen für Point-of-Care (POC) Diagnoseverfahren 

wird in der Medizin ein immer bedeutsameres Gebiet. Durch die Anwendung sicherer 

POC-Testung sollen Laborkapazitäten gesichert und Krankheiten und Infektionen schnel-

ler behandelt und diagnostiziert werden. Solche POC Tests können auf Basis der Mikroflu-

idik in einem einzelnen Chip realisiert werden, der alle notwendigen Schritte zur Detektion 

eines bestimmten Moleküls enthält. Im Herzen eines solchen Systems sitzt die Sensorein-

heit, in der der letzte Schritt der Detektion, die Erzeugung eines sich änderten elektrischen 

Signals, vollzogen wird. In mikromagnetischen Systemen werden hierfür magnetoresistive 

Sensoren verwendet, die das magnetische Feld eines gesättigten superparamagnetischen 

Markers detektieren, der zur Verstärkung des magnetischen Feldes biochemisch mit dem 

Molekül verbunden ist. Bei Molekülen im Nanometerbereich muss diese Detektion mög-

lichst rauscharm erfolgen, um eine verlässliche Wahrnehmung des gleichgroßen Markers 

zu gewährleisten.  

Dementsprechend wird in dieser Arbeit ein Sensorkonzept vorgestellt, das eine rauscharme 

Detektion von superparamagnetischen Markern im Nanometerbereich gewährleisten 

kann. Das Sensorkonzept basiert auf dem Riesenmagnetowiderstand (GMR), der mit Vor-

texstrukturen kombiniert wird, um etwaige Rauschkomponenten zu minimieren. Dieses 

Sensorkonzept wird mittels mikromagnetischer Simulationen auf Basis der Finiten-Ele-

menten-Methode modelliert, um die grundlegenden Effekte zu analysieren und die Senso-

rantwort für unterschiedliche Marker-Konfigurationen zu approximieren. Es zeigt sich, 

dass das magnetische Streufeld des Markers eine orthogonale Bewegung des magnetischen 

Vortex in der freien Schicht des GMR Sensors hervorruft. Die damit verbunden Magneti-

sierungsänderung ruft merkliche Änderungen der Sensorantwort hervor, sofern sich der 

Marker parallel und antiparallel zur Magnetisierungsrichtung der magnetisch fixierten 

Schicht bewegt. Dadurch werden für bestimmte Marker-Konfigurationen Spannungsände-

rungen von bis zu 3 mV hervorgerufen, die von einer verhältnismäßig geringen Rausch-
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spannung überlagert werden. Da magnetoresistive Sensoren bereits in anderen Industrie-

bereichen etabliert sind, stehen CMOS-Techniken zur kostengünstigen Produktion eines 

solchen Sensorskonzepts zur Verfügung. Folglich bestärken die Ergebnisse dieser Arbeit 

das Vorhaben, ein solches Sensorkonzept in ein mikrofluidisches System zur Detektion von 

superparamagnetischen Markern zu implementieren. 

Ein Teil dieser Arbeit wurde bereits in den folgenden begutachteten Zeitschriftenartikeln 

veröffentlicht: 

L. Wetterau, C. Abert, D. Suess, M. Albrecht and B. Witzigmann, „Micromagnetic 

Simulations of Submicron Vortex Structures for the Detection of Superparamagnetic 

Labels”, Sensors, vol. 20, 5819, 2020 

L. Wetterau, C. Abert, D. Suess, M. Albrecht and B. Witzigmann, “Extended Micro-

magnetic Model for the Detection of Superparamagnetic Labels Using a GMR Vor-

tex Sensor”, Journal of Physics Communications, vol. 5, 075017, 2021 
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11 Introduction  

Global demographic changes vary widely by region and increase the challenges to local 

health systems. Intensified by population shifts and economic discrepancies, the pressure 

on biomedical research grows to present developments that relieve the burden on 

healthcare systems. Lastly, the corona pandemic implies the significance of developing 

“Point-of-Care” (POC) solutions to fight a global health crisis with rapid testing. In this 

regard, POC diagnosis intends to provide tests that can be easily used at home, in the office 

or at school and to help reducing the operating grade of local laboratories [1]. In POC in-

struments, all steps required for complete testing in a conventional laboratory are com-

pletely included. This reduces the diagnostic and therapeutic turnaround time for patients. 

Furthermore, patients can operate the POC tests themselves and the working time of med-

ical staff is saved for more specialized activities. Thereby, the processing speed in healthcare 

systems increases allowing a better monitoring of disease outbreaks and a faster treatment 

of diseases [2].  

1.1 Microfluidic Systems 

POC instruments can be realized in lab-on-a-chip devices that bring all required steps of a 

macroscopic laboratory together in a single chip. These devices are designed as so-called 

microfluidic systems and exploit the microfluidic principles to process a human sample 

passively or actively. While the fluid’s passive movement is feasible applying capillary 

structures, active control is realized using microvalves or micropumps [3].  

In general, the final step in such a microfluidic system is sensing the target molecule that is 

captured and characterized or counted, see figure 1.1. In this context, sensing techniques 

are basically subdivided into “label-free” and “labelled” techniques. Although “label-free” 

techniques provide a high sensitivity, the target's selection is a major challenge since most 

targets exhibit similar characteristics to the sample matrix and microfluids have many con-

stituents. Hence, an elaborate processing of the human sample is needed to avoid false pos-

itive detection. In contrast, a “labelled” technique offers a higher selectivity since signals 

from specifically designed labels are detected, which are coupled to the target via a specific 
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antibody-antigen bounding. Although the use of labels limits the sensitivity, it simplifies 

the sample processing to such an extent that the benefit introduced by the labels outweighs 

the sensitivity drawback [4]. 

With regard to “labelled” detection techniques, the optical community proposed sensing 

platforms that detect several molecules using optical labels like photonic crystals [5], fluo-

rescent dyes [6] and quantum dots [7]. Although these optical techniques perform excellent 

in terms of a biomedical application, the integration of optical sensing components like fil-

ters, objectives, light sources and spectrometers into a compact system for low-cost produc-

tion is still a technical challenge [8]. At this point, an approach based on magnetic labels 

offers a suitable alternative. Excited by external magnetic fields, magnetic labels provide 

magnetic stray fields that can be detected electronically by a magnetoresistive sensor ele-

ment. With regard to other technologies, this provides a multitude of advantages. In con-

trast to detection techniques based on fluorescence signals, no interference appears with 

most biological samples using magnetic stray fields [9]. Furthermore, the strong coupling 

of the label’s stray field to an external magnet offers the opportunity to separate and 

transport the label/target bundle efficiently within the microfluidic system [10].  

Figure 1.1: Basic principle of a magnetic sensing platform introduced to a microfluidic 

system. Here, the magnetic label bound to a target biomolecule of a human sample is sep-

arated and detected. 
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In this context, so-called microtubulars were introduced to ensure an accurate transport of 

the label to the surface area of the magnetoresistive sensor element [11]. Moreover, magne-

toresistive sensors are already implemented in several industrial sectors for different appli-

cations [12]. Therefore, low-cost CMOS techniques are already available that can be applied 

to the development of such a biosensor as well. It turns out that such a magnetic sensing 

concept is a promising approach for the detection and quantification of a biomolecule in a 

microfluidic system [13]. 

11.2 Magnetic and Superparamagnetic Labels 

The design of magnetic labels is a science itself. Many research groups around the world 

design magnetic labels in the micron and submicron range for different applications in 

wastewater treatment [14], magnetic resonance imaging [15] and cancer therapy [16]. In this 

context, classical ferromagnetic labels provide a permanent magnetic moment and enable 

the detection of the magnetic stray field at any process step in the microfluidic system. Nev-

ertheless, due to their permanent magnetic moment, ferromagnetic labels tend to aggregate 

and a lump of several labels is detected as one label. This leads to reduced accuracy in the 

sensing platform since fewer labels are detected or counted. Concerning a rapid test for a 

disease, less viral or cellular load is detected resulting in an undershooting of the defined 

threshold for a positive test result. Hence, a disease is possibly misdiagnosed. Furthermore, 

label aggregation can cause health issues. In in-vivo concepts, where labels are injected into 

the human body, the formed label lumps can congest blood vessels. This can provoke cir-

culatory disturbances and embolism [17].  

Preventing such health or accuracy issues, superparamagnetic labels represent a remedy. 

Superparamagnetic labels are assigned to the submicron range and provide only a magnetic 

moment in the presence of external excitations. Such an excitation can be either a thermal 

stimulation or an external magnetic field. For application in a sensing platform, this allows 

the magnetic moment to be switched on when required and prevents the labels from stick-

ing together. More precisely, the labels are guided to the sensor structure via a microtubular 
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and an external magnetic field is present to activate their magnetic moment when they 

reach the magnetoresistive sensor structure [18].  

11.3 Standard Magnetoresistive Sensors  

The term “magnetoresistive sensors” covers all sensor structures that change their electrical 

resistance with an external magnetic field. At this stage, they are usually based on the ani-

sotropic magnetoresistance effect (AMR), the giant magnetoresistance effect (GMR) or the 

tunnel magnetoresistance effect (TMR). Since the magnetoresistance ratio is low for AMR 

sensor concepts, GMR and TMR sensor concepts are typically used for many applications. 

For instance, they have entered the automotive market for steering angle measurement, 

rotor position measurement, speed sensing and position sensing. Furthermore, they have 

been used in space sector applications like planetary magnetometers, magnetic encoding 

and angle sensing during different satellite missions. Apart from other applications like 

electric current measurement, eddy current testing and several magnetic detection meth-

ods, they are already part of biomedical laboratories. Here, concepts have been proposed 

that enable DNA analysis and the detection of proteins, viruses, bacteria and cells [12]. In 

general, the success of the magnetoresistive sensor development depends on the resulting 

signal-to-noise ratio. In this context, the relevant contributions to the total noise depend on 

the choice of sensor technology. Although TMR sensors provide a higher magnetore-

sistance ratio, they are usually subject to a higher total noise indicated by the tunneling 

effect [19]. As the magnetic stray field of the labels becomes smaller due to decreasing sizes 

of interesting targets, the response generated in the magnetoresistive sensor element de-

creases as well. Hence, the GMR technology is a more convenient choice for detecting or 

counting labels in the submicron range. In this regard, magnetic vortex structures can up-

grade the GMR technology leading to additional noise reduction due to vanishing magnetic 

switching processes [20]. 

1.4 Micromagnetic Modeling 

In development of a sensor system that detects single nanolabels, theoretical investigations 

allow a better understanding of the intended micromagnetic systems. Additionally, they 
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facilitate experiments in discovering proper parameter spaces that are otherwise expensive 

and difficult to explore. In this context, numerical methods complement analytical ap-

proaches that are often only treatable using substantial simplifications. For characterizing 

the ferromagnetism on different length scales, numerical tools have evolved significantly 

in the last decades. They supported numerous developments in sensors, logic spintronics 

and memory devices [21]. The introduced magnetoresistive detection of a nanolabel is as-

signed to the submicron range. Therefore, the micromagnetic theory is an appropriate tool 

to model the label’s effect on a magnetoresistive sensor element. In general, the micromag-

netic theory closes the gap between quantum mechanical theory and domain theory, see 

figure 1.2.  

In contrast to atomistic approaches, the micromagnetic theory enables a numerical treat-

ment of comparatively large systems. Furthermore, it allows resolving the inner structure 

of magnetic domain walls and thus the simulation of low-noise magnetic vortex structures 

[22]. The underlying equation of the micromagnetic model is the Landau-Lifshitz-Gilbert 

(LLG) equation that describes the magnetization dynamics in a ferromagnetic domain. This 

equation is solvable using various numerical methods. Apart from the well-known and 

usually used finite difference (FDM) and finite element (FEM) methods, other methods like 

non-uniform Fourier transform (FFT) methods [23] and fast multipole methods [24] are 

available.  

Figure 1.2: Ferromagnetism characterized by different models depending on the consid-

ered length scale [194].  
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However, the pure micromagnetic model does not characterize the occurrence of spin-po-

larized currents and thus the GMR. Accordingly, it was extended by different approaches 

in [25], [26] and [27]. For the calculation of the GMR, the self-consistent spin-diffusion 

model presented in [28] is very suitable since it allows a direct calculation of the GMR from 

the simulation model. Moreover, it takes the effect of the magnetization on the applied elec-

tric current into account. Using and extending this model for the simulation of a GMR vor-

tex sensor that detects superparamagnetic labels in the nanometer range is the purpose of 

this thesis. In this context, a magnetic vortex free layer characterizes the sensor structure to 

reduce noise and ensure reliable detection in the nanometer range. 

11.5 Thesis Organization 

The forthcoming thesis starts in chapter 2 with introducing the micromagnetic theory ac-

companied by the self-consistent spin-diffusion model that is required for modeling the 

GMR effect. Additionally, the basics of vortex formation, sensor noise and superparamag-

netism are presented.  

Subsequently, chapter 3 contains the simulation model that is used in this thesis. Here, the 

3D FEM is defined for the micromagnetic model followed by an explanation of the time-

integration procedure for the LLG equation. The chapter ends with benchmarks executed 

for testing the used magnum.fe tool and the introduction of the developed methods to 

model the GMR detection of superparamagnetic nanolabels.  

In chapter 4, the nanolabel detection is simulated using an external z-field for the activation 

of the superparamagnetic label. Here, the basic effects on the magnetic vortex are presented, 

which provoke different GMR changes for different label sizes and positions.  

The affiliated chapter 5 comprises the simulation of the GMR nanolabel detection in the 

absence of an external magnetic field. At this point, the superparamagnetic label is activated 

by the out-of-plane vortex field, which is modeled by an extended micromagnetic model.  

In chapter 6, the simulated results are classified into existing theoretical and experimental 

results that were explored for other GMR technologies. Additionally, this chapter includes 
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estimations on the noise of the simulated sensor and some considerations about the scala-

bility of the simulated detection into the micrometer range.  

Finally, chapter 7 summarizes the major results and gives a brief outlook. 
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22 Magnetism on the Micron Scale 

The purpose of this chapter is to give an overview of the basic principles that are relevant 

to this theoretical investigation. At first, the micromagnetic theory is introduced since it 

covers magnetic physics on the micron scale. As the spin-dependent transport accounts for 

the GMR effect, the second section deals with spintronics. Here, the origin of spin-polarized 

currents and their impact on the magnetization of a magnetic system are explained. Subse-

quently, the appearance of magnetic noise and corresponding models are introduced, 

whereas the chapter is closed with a description of the extraordinary phenomena of mag-

netic vortex formation and superparamagnetism. 

2.1 Micromagnetic Theory 

Magnetic properties in matter arise from the atomic magnetic moment, mostly induced by 

the electron's orbital movement and the electron's angular momentum known as the elec-

tron's spin [29]. On the atomic level, the theory of quantum mechanics describes the physics 

accurately modeling the magnetic interaction of several atoms with so called N-body prob-

lems. Since the complexity of those N-body problems overgrows with the number of in-

volved bodies N, quantum mechanical calculations are limited to tiny systems [30]. In this 

regard, the micromagnetic model is beneficial to approximate the properties of ferromag-

netic matter on the micron scale. 

2.1.1 Main Assumptions 

The local magnetic moment of an ion at position ix is connected to the spin angular mo-

mentum S via 

where e  denotes the electron charge, m  the electron mass, the reduced Plank constant 

and g the Landé factor [29]. For metal systems, the Landé factor is defined by g 2 , 

whereas the Bohr magneton follows 24 29.274 10 AmB  [31]. The basic assumption of 

the micromagnetic model is that all magnetic moments i of a ferromagnet align locally in 

( ) ( ) ( )
2

B

e

m
x S x S xi i ig g , (2.1)
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parallel as long as a length scale well above the lattice constant a is considered. Hence, it 

is stated that 

with ix and kx being the positions of the magnetic moments i and k  [32].  

Accordingly, a homogeneous density of i k/ is locally assumed, and the continuous mag-

netization ( )M x approximates the distribution of magnetic moments i k/ by  

where 1 represents the indicator function of volume  with sizes of 3 and larger [32]. 

As the density of spins is homogeneous, the continuous magnetization ( )M x has a con-

stant norm 

with ( )m x being the unit magnetization vector field and sM the spontaneous magnetiza-

tion [33]. For micromagnetic modeling, the constant saturation magnetization replaces the 

spontaneous magnetization, as both exhibit similar values considering temperatures well 

below the Curie temperature cT  [34].  

22.1.2 Energy Contributions 

In general, several physical phenomena affect the magnetization configuration of a ferro-

magnet, which is reflected in the total energy of the system. In this context, the micromag-

netic model combines quantum mechanical effects like the exchange interaction with clas-

sical magnetostatic effects like the demagnetization energy and is thus assigned to the semi 

classical theory [32].  

As they are essential for this theoretical investigation, the exchange energy, the demagnet-

ization energy, the anisotropy energy and the Zeeman energy are introduced in sections 

2.1.2.1, 2.1.2.2 and 2.1.2.3. Here, each phenomenon is defined by an individual energy con-

tribution, which is assumed to be a continuum in the micromagnetic theory. 

i k for i k ax x , (2.2)

i
i i( )d 1 ( )M x x x . (2.3)

( ) M s ( )=M x m x     with ( ) 1m x , (2.4)
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22.1.2.1 Exchange Energy 

According to classical electrodynamics, neighboring spins prefer an antiparallel alignment 

and magnetic materials are expected to have a vanishing magnetization in the absence of 

an external magnetic field [35]. As ferromagnetic materials exhibit exactly the opposed 

property, the theory of quantum mechanics is required to explain the parallel spin align-

ment by the exchange interaction. For this purpose, a system of two electrons is initially 

considered to explain the parallel spin alignment based on their wave functions. 

In the atomic shell, two electrons considered in an orbital feature two wave functions  

depending on the positions 1x and 2x and the spins 1S and 2S .  

Using 1 2x x x , the wave functions 1 and 2 superpose to one wave function for 

both electrons given by 

Here, ( )x represents the orbital wave function and 1 2( , )S S the spin function of the two 

electron system [36]. According to the Pauli exclusion principle, the wave function of a two 

electron system is antisymmetric since both electrons cannot occupy the same state.  

Consequently, either the orbital wave function ( )x or the spin function 1 2( , )S S must 

be antisymmetric, provided that the respective other function is symmetric. Referred to [29], 

the expectation value of the electron distance is higher for an antisymmetric orbital wave 

function leading to a lower expectation value of the Coloumb energy. Hence, an antisym-

metric orbital wave function is energetically favored, which requires a symmetric spin func-

tion within the overall wave function in equation (2.6). This complies with a parallel spin 

alignment, as the spin function 1 2( , )S S is symmetric provided that 1 2S S . Therefore, 

neighboring spins prefer a parallel alignment [30]. One level higher, the total atom spin 

results from superposing the spins of the elementary particles. Here, Heisenberg’s model 

1 1 1( , )x S  and 2 2 2( , )x S (2.5)

1 2 1 2( , , ) ( ) ( , )x S S x S S . (2.6)
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describes the quantum mechanical exchange interaction. For two localized atoms, the ex-

change energy is given by  

At this point, exJ describes the exchange integral of the atom spins iS and kS , which is 

equal for all spins iS and kS assuming an ideal cubic metal [37]. 

For micromagnetic modeling, the magnetization vector field ( )m x of equation (2.4) substi-

tutes the spin moment S in equation (2.7) using the continuous field S ( )m x

Here, S denotes the spin quantum number [33].  

Introducing the distance vector k k k ka b c( , , )a , k i kx = x +a connects the spins iS and

kS  and equation (2.8) yields to 

According to [29], only the next neighbors contribute significantly to the exchange energy. 

Therefore, the exchange energy of one unit cell in an ideal cubic lattice is calculated by 

summing up over the six nearest neighbor atoms, as demonstrated by figure 2.1.  

ex
ik ex i kE 2 J= -  S S . (2.7)

ex
ik ex i kE 2J S2 ( ) ( )= - m x m x . (2.8)

ex
ik ex i i kE 2J S2 ( ) ( )= - m x m x a . (2.9)

Figure 2.1: Simplified cubic lattice for the calculation of the exchange energy applying the 

nearest neighbor approach. Note that a monocrystalline structure is considered. 
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By doing so, the term i k( )m x a of equation (2.9) is expanded in a Taylor series up to the 

second order by  

Applying equation (2.9), the dot product i i( ) ( ) 1m x m x is neglected since it does not af-

fect the variation of the exchange energy [37]. As the vectors k k k ka b c( , , )a contain values 

of a( ,0,0) , a(0 , , 0) and a(0 , 0 , ) each vector a has a respective vector - a . Hence, the 

first spatial derivatives of equation (2.10) vanish as well. By summing up over the six near-

est neighbors and applying the simplified term i k( )m x a to equation (2.9), the exchange 

energy of a unit cell in a cubic lattice is given by 

Using  

and factorizing a, the exchange energy of the overall crystal is given by the sum over all 

atoms 

Here, the division by factor 2 avoids a twice count of each atom pair [37].  

i k i

i i i
k k k

i i i
k k k

a b c
x y z

a b c
x y z

2 2 2
2 2 2

2 2 2

( ) ( )
( ) ( ) ( )

( ) ( ) ( )1 ....
2

m x a m x
m x m x m x

m x m x m x
(2.10)

6 6

1 1

6

1

2 2 2
2 2 2 2

2 2 2

2 2 2
2 2

2 2 2
2 .

k k

k

i i i
ik i k i k i k

i i i
i i i

( ) ( ) ( )E JS ( ) a ( ) b ( ) c
x y z

( ) ( ) ( )a JS ( ) ( ) ( )
x y z

m x m x m xm x m x m x

m m x m xm x m x m xx (2.11)

i i
i

( ) ( )
x x

22

2 2
( ) m x m xm x      (2.12)

k

ex i i i( ) ( ) ( )JSE a
a x y z

6

1

22 22
3 m x m x m x

. (2.13)
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As the micromagnetic model is assigned to the continuum theory, the discrete equation 

(2.13) is integrated over the entire crystal volume V

where exA is the exchange constant, which is usually determined experimentally and de-

fined as 

Within equation (2.15), c represents the number of atoms per unit cell characterizing sim-

ple cubic, body-centered cubic and face-centered cubic lattices using c =1, c = 2 and c = 4,

respectively [33].  

Applying the operator, the exchange energy defined in equation (2.14) is rearranged to 

its well known form 

which approximates the quantum mechanical exchange energy for localized spins and iso-

tropic lattices in the context of micromagnetic modeling [37]. 

22.1.2.2 Demagnetization Energy 

Due to the dipole-dipole interaction, the dipole field generated by one single magnetic mo-

ment affects all remaining magnetic moments i of a magnetic body. This interaction is 

well described by the dipole formula of classical electrodynamics, where the magnetic flux 

density ( )iB x of a single magnetic moment i at position x is defined by 

ex i i i
ex

V

( ) ( ) ( )E A dV
x y z

22 2m x m x m x , (2.14)

ex
ex

J SA c
a

2
. (2.15)

ex
ex x y z

V

ex
V

E A m m m dV

A dV

22 2

2m

,
(2.16)

i i
i

x

x
0

2

5
3

( )
4

x x
B x . (2.17)
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Here, 0  abridges the vacuum permeability [38].  

According to [38], the resulting discrete magnetic energy is given by the local Hamiltonian

ijH

leading to the dipole energy for the overall magnetic body defined as 

At this point, ijx follows ij i jx x x and a division by two is applied to avoid the twice 

count of each magnetic moment pair. On the atomic level, the exchange energy dominates 

the dipole energy, and thus the dipole energy is negligibly in order to calculate the impact 

of interaction effects on neighboring atoms [38]. However, the dipole-dipole interaction is 

long-ranged and becomes relevant considering magnetic bodies on the micron scale. In this 

context, it is derived from classical electrodynamics and named the demagnetization en-

ergy, as it describes the tendency of a magnetic system to favor a demagnetized state. Start-

ing from the macroscopic magnetostatic Maxwell's equations, the absence of electric current 

densities e 0j is assumable since the magnetic field energy determined over the entire 

magnetic body vanishes in the case of a ferromagnet [39].  

Therefore, the Gaussian law for magnetism and Ampere's law reduce to 

where the continuous magnetization ( )M x connects the magnetic flux density ( )B x and 

the demagnetization field demagH via 

Concerning equation (2.20) and its property to be nonrotational [37], the demagnetization 

field demagH has a scalar potential U expressed as 

Hij j i( ) ( )x B x (2.18)

i ij j iji jdipol
ij

ij ijij
E

x x
0

3 5

3 x x
.

(2.19)

= 0B

= 0demagH ,

(2.20)

(2.21)

= demag( ) ( )0B x H M x . (2.22)
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Using this definition, equations (2.20) and (2.22) merge and rearrange to Poisson's equation  

which is resolvable applying the well known Green's function. The Green's function fulfills 

the open boundary condition, which prescribes a potential drop down to zero at infinity. 

Accordingly, the scalar potential U( )x is defined as  

where the integration is performed over the entire space of the magnetic body [32]. Assum-

ing an ideal magnetic body, the magnetization ( )M x exists only on a finite space . 

Hence, discontinuities on the boundary may appear, and a boundary limiting process 

is required to solve the equation (2.25). For this purpose, a finite region b is introduced, 

which surrounds the boundary and includes a continuous decay of the magnetization

( )M x , see figure 2.2 [22].  

Using this definition, equation (2.25) enlarges to 

=demag U-H . (2.23)

=U ( )M x , (2.24)

=-U( ) d1 ( )
4

M xx x
x x

, (2.25)

=-
b

U( ) d + d1 ( ) ( )
4

M x M xx x x
x x x x

, (2.26)

Figure 2.2: Boundary limiting process for the magnetization ( )M x during the calculation 

of the demagnetization field. Outside the magnetic body, a continuous decay of the mag-

netization ( )M x avoids discontinuities [22]. 
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where Green's identity modifies the integral part of b leading to equation (2.27). 

Here, n is the outward normal vector and ds' the corresponding surface element to x' . As 

outlined in figure 2.2, the magnetization ( )M x decays rapidly within region b . Hence, 

region b can be assumed to be infinitely small without affecting the result of equation 

(2.27). Consequently, the volume integral of the region b vanishes and equation (2.27) is 

well approximated by  

Furthermore, the boundary of region b is split into an inner boundary and an outer 

boundary. Except its orientation, the inner boundary accords with the boundary of the mag-

netic region  [32]. In contrast, the right-hand side of equation (2.28) vanishes for the outer 

boundary as the magnetization ( )M x decays rapidly in region b . Therefore, equation 

(2.28) leads to 

where the sign change adapts the orientation discrepancy between the boundary of the 

magnetic region and the inner boundary of region b  [22]. Finally, the scalar potential

U( )x is defined as  

where Green's identity is adjuvant to rewrite the scalar potential U( )x again.  

b b b

d = d - d( ) ( ) 1( )M x M x nx s M x x
x x x x x x (2.27)

b b

d d( ) ( )M x M x nx s
x x x x

.  (2.28)

b

d d( ) ( )M x M x nx s
x x x x

,  (2.29)

=-

= -

U( ) d d

d

1 ( ) ( )
4

1 ( )
4

M x M x nx x s
x x x x

M x x ,
x x

(2.30)
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Using this definition for the scalar potential U( )x and equation (2.23), the demagnetiza-

tion field is given by 

where )(N x x represents the demagnetization tensor defined by expression (2.32) [32]. 

In order to obtain the demagnetization energy, the continuum definition of equations (2.18) 

and (2.19) is given by  

Referred to [39], equation (2.22) is applied to equation (2.33), which leads to the demagnet-

ization energy in its typical form 

At this point, the constant term originated by the squared magnetization ( )M x in using 

equation (2.22) is negligible since it does not depend on the spatial configuration of the 

magnetic system [35]. 

22.1.2.3 Zeeman Energy 

As introduced by sections 2.1.2.1 and 2.1.2.2, the exchange energy and the demagnetization 

energy characterize the internal interaction of the magnetic moments in a ferromagnetic 

system. The magnetization configuration of a magnetic body is possibly disturbed by an 

external field, which has to be considered in the total energy of the magnetic system as well.  

= -

=

demag d

( d

1 ( )
4

) ( ) ,

M x x
x x

N x x M x x

H

(2.31)

1 1)
4

(N x x
x x

. (2.32)

=-demagE d1 ( ) ( )
2

M x B x x . (2.33)

demag demagE d0 ( ) ( )
2

M x H x x . (2.34)
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In this context, the Zeeman energy describes the reaction of a magnetic system to an exter-

nal magnetic field, which leads to a splitting of the spectral lines in the emission spectrum. 

This splitting occurs due to the additional energy consumption that is necessary to align 

the magnetic moments in the direction of the magnetic field [38]. Since not all magnetic 

moments are orientated equally, different energy amounts are required to align the mag-

netic moments in the direction of the magnetic field. Consequently, the varied energy con-

sumption becomes visible through a splitting of the energy levels in the emission spectrum. 

The additional energy consumption is considered locally by the Hamiltonian iH

concerning the magnetic moment i , which is subject to the magnetic flux density B  [38].  

Applying the definition of the continuous magnetization ( )M x in equation (2.3) yields the 

continuous Zeeman energy for the entire magnetic domain

where zeemanH represents the external magnetic field [32]. 

22.1.2.4 Anisotropy energy 

Apart from external fields, magnetic anisotropies affect the magnetization orientation in 

ferromagnetic materials as well. Caused by anisotropic crystals or crystal deformations, the 

ferromagnetic material favors a magnetization alignment parallel to a certain axis or to a 

certain plane.  

Accordingly, these favored directions are the so-called easy axes or easy directions, whereas 

the not favored directions are named hard axes or hard directions. In general, the crystal 

anisotropy energy describes the energy provided by an external field that is necessary to 

sway the magnetization away from the easy direction [37]. For a cubic crystal, the anisot-

ropy energy yields from its density, which is expanded in a power series of the direction 

cosines concerning the magnetization m through 

i iH B , (2.35)

zeeman zeemanE d0 ( )M x H x , (2.36)
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where 1a , 2a and 3a denote the unit vectors along the axes of the crystal and K0 , K1 and

K2 the anisotropy constants that characterize the strength of the crystal anisotropy. Note 

that the crystal symmetry helps to reduce the number of coefficients K in equation (2.37), 

and that K0 is neglected since only the change of energy with respect to the magnetization

m concerns [37]. Furthermore, the power series is usually truncated after the second-order 

due to a rapid decay of the anisotropy constants for an increasing series order [40].  

The simplest anisotropy case is the occurrence of one easy axis called uniaxial anisotropy, 

which arises typically in hexagonal and tetragonal crystal structures. Here, the anisotropy 

energy density is typically formulated using trigonometric functions as performed in [37]. 

Equivalently, the power series of the crystal anisotropy density can be written as 

that just includes the unit vector a parallel aligned to the single easy axis. At this point, the 

negative sign results from a sine conversion also derived in detail in [37].  

Since the equations (2.37) and (2.38) describe only the local anisotropy density, the crystal-

line anisotropy energy of the ferromagnetic domain is given by integrating equations (2.37) 

and (2.38) over the entire volume leading to 

The definitions of equations (2.37) to (2.39) are valid for anisotropies considered in bulk 

material. For magnetic anisotropies that only arise at interfaces, equations (2.37) and (2.38) 

are similar, but the integration has to be only performed over the boundary of the mag-

netic domain [32]. In the case of a uniaxial anisotropy, a commonly used material parameter 

cubic( ) K

K

K

e 0
2 2 2 2 2 2

1 1 2 2 3 3 1

2 2 2
2 1 2 3 ...,

m

a m a m a m a m a m a m

a m a m a m
(2.37)

uniaxial ( ) K K Ke 2 4
0 1 2 ...m a m a m (2.38)

anisoE e( )dm x . (2.39)
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is the so-called critical anisotropy field Hc , which describes the magnetic field that is re-

quired to saturate the magnetization in the direction of the hard axis. The critical anisotropy 

field Hc is derived truncating equation (2.38) after the second order, which leads to 

Here, the identity  

is useful to rewrite the equation (2.51) to  

where represents the angle between the easy direction and the changing direction of the 

magnetization m due to an external field. Note that the constant terms K0 and K1 are 

neglected since both are independent of the magnetization m [37]. Due to the external field, 

the magnetization m rotates out of the easy axis. Here, the crystalline anisotropy induces 

a torque that backs the magnetization m down to the easy axis. The torque magnitude of 

the critical anisotropy field Hc must be equal to this backward torque to keep the magnet-

ization in the hard direction. In this context, the energy density of the magnetization m

within the critical field Hc is defined in [37] to be  

Referred to [41], the torque itself is the result of the density derivative concerning the angle

as the energy densities of equations (2.42) and (2.43) only depend on this angle. Hence, 

it holds 

uniaxial( ) K Ke 2
0 1m a m . (2.40)

2 2
)(sin 1 a m (2.41)

uniaxial ( ) Ke 2
1 sin ( )m , (2.42)

c S cHe M0 cos( ) . (2.43)

eT . (2.44)
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Applying definition (2.44) to equations (2.42) and (2.43) and equalizing both torques leads 

to 

where sin( ) is cancelled and cos( ) is treated by the small value approximation leading 

to the final formulation of the critical anisotropy field Hc for an uniaxial anisotropy 

Although this formulation is just an approximation for small angles between the easy and 

the hard direction, it gives an estimate for the external field that is necessary to saturate an 

anisotropic ferromagnet beyond the easy direction. 

22.1.3 Landau-Lifshitz-Gilbert Equation 

After defining the phenomena that affect the magnetization of a ferromagnetic body, this 

section provides the derivation of the LLG equation, which describes the magnetization 

dynamics in the micromagnetic theory. Chronologically, Landau and Lifshitz initiated the 

Landau-Lifshitz equation in 1935, expressing the magnetization dynamics through a pre-

cessional motion and a phenomenological damping in an effective field [42]. This formula-

tion was complemented by Gilbert, who introduced a damping term that depends on the 

time derivative of the magnetization, see [43] and [44]. In this manner, ferromagnets with a 

large damping were better represented, leading to the currently used formulation of the 

LLG equation [45].  

As extensively performed in [32], [22], [43] and [44], the LLG equation can be derived by 

applying the Lagrange formalism. In this regard, the magnetization ( )m x can be written in 

spherical coordinates due to its rotating motion as 

S cHK M1 0sin( )cos( ) sin( )2 , (2.45)

S
c

KH M0

12
. (2.46)

cos

sin

cos

( ) ( )
( ) ( ) ( )

( )

sin
sin

x x
m x x x

x

, (2.47)
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where and are the polar angle and the azimuthal angle, respectively. According to [44], 

the model of a rotating rigid body coincides with the motion of the magnetization m x( ).  

Consequently, the angular velocity of (2.47) follows  

where the conversion is taken from [46] and represents the temporal derivative of the 

rotation angle . Without losses of generality, the rotation axis of the magnetization vector 

is assumed to point exclusively in the z-direction, such that ( ) = T(0,0,1)m x  [32]. Hence, 

the self-rotation of the resulting symmetric stick body can be neglected ( 0 ) and the 

angular velocity leads to 

According to Lagrangian mechanics, the Lagrangian of a dynamic system is given by 

where T denotes the kinetic energy and V the potential energy. The potential energy V

compounds of energy contributions defined in section 2.1.2. The kinetic energy T is de-

rived by applying the angular velocity in equation (2.49) to the kinetic energy of a rotat-

ing rigid body, which is depicted in detail in [32] and [43]. However, Gilbert proposed the 

kinetic energy T in [43] to follow 

with being the gyromagnetic ratio 52.2128 10 m / As . This formulation of the ki-

netic energy is discussed in detail in [47], where the authors confirm that the kinetic energy 

is adequately represented by equation (2.51). 

Referred to the Langrangian formalism, the equation of motion yields to 

cos

cos sin

cos

sin sin
sin , (2.48)

cos

sin . (2.49)

=T -V ,  (2.50)

T=- SM
cos (2.51)
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Here, f represents the functional derivative concerning the generalized coordinates 

,( )q =  and D is a dissipative term that describes the energetic losses of the dynamic 

system [22]. Using the Lagrangian  

and applying equation (2.52), leads to the following individual terms 

Thereby, equations (2.58) and (2.59) arise, which describe the magnetization dynamics in 

terms of the Euler angles ( )x and ( )x . 

For a description in cartesian coordinates, the derivative of the magnetization in cartesian 

coordinates follows 

+ = 0
Dd

dt i i iq q q
.  (2.52)

= SM
Vcos ( , ) (2.53)

d 0
dt (2.54)

SM Vsin (2.55)

SMd sin
dt

(2.56)

V
(2.57)

=
S

V D
M

sin (2.58)

=
S

V D
M sin (2.59)
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Assuming an unit magnetization field 1m x( ) , the variations of the Euler angles are 

extracted of equation (2.60) as 

and equations (2.58) and (2.59) can be rewritten to equations (2.63) and (2.64). 

Equivalently, equations (2.63) and (2.64) are merged to equation (2.65) applying the vector 

product, which yields to 

According to [32], the dissipative term D  is well described by  

where denotes the so-called Gilbert damping.  

Applying this relation to equation (2.65) yields to the well-known form of the LLG equation  

with effH being the effective field, which follows  

0
0
1 0cos

=
sin

sinm m . (2.60)

m1 sin (2.61)

m2 (2.62)

=
S

V Dm
M m m1

2 2
(2.63)

=
S

V Dm
M m m2

1 1
(2.64)

=
S

V D
M

m m
m m

. (2.65)

= SM
D ( )m 2

2
,  (2.66)

= effm m H m m (2.67)
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The effective field effH consists of the magnetic fields specified in section 2.1.2. Depending 

on the problem, the demagnetization field, the exchange field, the Zeeman field and the 

anisotropy field contribute to the effective field effH employing superposition.  

The LLG equation combined with the effective field effH is a non-linear partial differential 

equation in space and time. Without substantial simplifications, the resulting system of 

equations is analytically unsolvable. Thus, a numerical approach is needed, which is intro-

duced in terms of the finite element method in chapter 3. Opposed to the quantum mechan-

ical description of a ferromagnet, the micromagnetic model introduces simplifications to 

characterize the magnetization dynamics on the micron scale. Central assumptions are the 

all-over normalization of the magnetization and the homogeneous saturation magnetiza-

tion SM . They are justified by the accurate parallel alignment of the magnetic moments 

originated by the exchange interaction in section 2.1.2.1. Additionally, the micromagnetic 

model neglects thermal effects on the magnetization dynamics. Usually, thermal fluctua-

tions disturb the motion of local magnetic moments and rupture the homogeneity of the 

magnetization. Those effects become relevant when approaching the Curie temperature cT

and are considered by the Landau-Lifshitz-Bloch equation that allows changes of the mag-

netization modulus [48]. However, the application of the introduced micromagnetic model 

is adequate as temperatures well below the Curie temperature cT are considered. Finally, 

the basic LLG equation is unable to reflect the origin of spin-polarized currents. For this 

purpose, spintronic models are available, extending the LLG equation to describe the origin 

of spin-polarized currents and their effect on magnetization dynamics. 

22.2 Spintronics 

During the last decades, the consideration of the spin accessorily to the charge of the elec-

trons pushed the development of magnetic storage devices and magnetic sensing technol-

ogies. Here, effects essentially indicated by the spin of the electrons rather than the charge 

are summarized by the term spintronics. One impressive discovery in this field was the 

eff

S

V
M

H
m0

1 . (2.68)
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Giant Magnetoresistance (GMR) effect in 1980, discovered by the physicists Albert Fert [49] 

and Peter Grünberg [50]. This effect is fundamental for the investigated sensor concept in 

this work and is introduced in the following section 2.2.1. 

22.2.1 Giant Magnetoresistance Effect 

In general, the band structure of a transition metal shows an overlap of the valence band 

and the conduction band. Hence, small electric fields suffice to elevate electrons in a higher 

energetic state, where they can contribute simply to the electric current. According to [51], 

the electrons located in the s-orbital and the p-orbital of a transition metal are the main 

carriers of the electric current. The scattering of the s-p-electrons into the free places of the 

partly occupied d-orbital dictates the electrical resistance R . Above the Curie temperature

cT , the orientation of the electrons is diffuse and ferromagnetic properties disappear. Thus, 

ferromagnetic and paramagnetic materials exhibit similar resistance values. However, well 

below the Curie temperature cT , the resistance of a ferromagnetic material decreases com-

pared to the resistance of a paramagnetic material. This is originated by the partly filled d-

orbital since it is split in dependency of the spin direction, which is explained phenomeno-

logically by the stoner model [51]. As shown by the simplified density of states in figure 

2.3, the scattering of the spin-down s-electrons into the d-orbital is only possible for tem-

peratures above the Curie temperature cT . 

Figure 2.3: Simplified sketch of the spin-dependent d-orbital splitting in a transition 

metal, qualitatively taken from [191]. As outlined, only the spin-up s-electrons can scat-

ter into the d-orbital, leading to a lower resistance of the ferromagnetic material. 
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Hence, the scattering of the spin-down s-electrons into the d-orbital decreases significantly, 

reducing the overall electrical resistance R. It becomes apparent that the transport of the 

electric current within a ferromagnet is spin-dependent. Furthermore, the preferred con-

duction of spin-down electrons results in a current leaving the metal that consists of a larger 

extend of spin-down electrons. Here, the electric current is denoted to be a spin-polarized 

current. The spin-dependency of the electric current is extensively investigated in [51] and 

[52], where Mott, Campbell and Fert have introduced two-current models to consider both 

spin orientations separately. At this point, details on those models are omitted since the 

following focuses on effects merely exploiting the spin-dependent transport. In this context, 

an electric current can be applied to stacks of alternating magnetic and non-magnetic thin 

films. Those stacks show either a parallel or an antiparallel magnetization alignment. As 

outlined in figure 2.4, an antiparallel alignment causes a scattering of both spin orientations.  

The spin-down s-electrons, as well as the spin-up s-electrons, are scattered in the layer with 

the respective reverse magnetization orientation. As a result, an increase in electrical re-

sistance R is expected. In contrast, a parallel magnetization alignment allows the spin-

down electrons to pass the stack without being scattered. Only the spin-up electrons are 

decelerated in both ferromagnetic layers and the electrical resistance is lower compared to 

Figure 2.4: Spin-dependent electron scattering in alternating stacks of ferromagnetic (FM) 

and non-magnetic (NM) layers. The parallel magnetization orientation leads to a lower 

electrical resistance R compared to the antiparallel magnetization alignment. The depic-

tion of the density of states is taken from [191]. 
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the antiparallel magnetization configuration. This change in resistance is called the GMR 

effect and was essentially initiated by publications [49] and [50]. In [50] Binasch and co-

authors discovered the antiferromagnetic coupling of layer stacks consisted of alternating 

ferromagnetic and non-magnetic layers. They found out that the ferromagnetic layers show 

bich and co-authors used external magnetic fields in [49] to urge the ferromagnetic layers 

to a parallel alignment and observed that the electrical resistance of the overall layer stack 

decreases due to the lower spin-dependent electron scattering. The strength of the GMR 

effect is defined as the difference of the parallel resistance PR and the antiparallel re-

sistance APR normalized to the parallel resistance PR of the GMR structure. It is given by 

equation (2.69) [18]. 

Even though single publications proposed structures reaching GMR values up to 65% [53],  

the GMR response ranges typically from 5% to 15% at room temperature conditions [54]. 

However, the GMR magnitude depends on many parameters like the layer thicknesses, the 

temperature and the geometry. Regarding the geometry, a distinction is made between a 

current-in-plane (CIP) and a current-perpendicular-to-plane (CPP) design. In the case of a 

CIP design, the electric current is applied parallel to the layer plane, whereas the CPP de-

sign shows an electric current perpendicular to the structure, see figure 2.5. 

AP P

P

R - RRGMR = =
R R (2.69)

Figure 2.5: Design strategies for GMR structures. a) Current-in-plane (CIP). b) Current-

perpendicular-to-plane (CPP). 
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With respect to the GMR magnitude, both design strategies cause a different GMR re-

sponse. Within the investigations [55], [56] and [57], the CPP design emerges through a 

higher GMR. Nevertheless, the stipulated application must be considered, as the CPP con-

figuration fails in some usages like the read head structure examined in [58]. Apart from 

classical multilayer structures, so-called spin-valve structures have proven to be reliable for 

GMR applications as well. According to figure 2.6a, a spin-valve consists of a so-called free 

layer, a spacer layer and a fixed layer. Implied by its name, the magnetization direction of 

the latter one is pinned utilizing the exchange bias effect by placing an antiferromagnetic 

layer adjacent to the fixed layer. Connecting the antiferromagnetic layer to the ferromag-

netic layer provokes the spins on the surface of the antiferromagnetic layer to align in par-

allel with the spins of the ferromagnetic layer. If the layer system of the antiferromagnetic 

layer and the ferromagnetic layer is cooled down below the Neel temperature, the spin di-

rection within the antiferromagnet will be frozen. Hence, the antiferromagnet now exhibits 

a magnetic anisotropy. As a result, the spins on the surface of the ferromagnet are coerced 

inversely to align in parallel to the antiferromagnet and the magnetization direction in the 

fixed layer remains against small external disturbances [59].  

Due to an external field, the magnetization in the free layer rotates and the tilting of the 

magnetization direction between the free and the fixed layer results in resistance changes 

Figure 2.6: Qualitative sketch of a GMR spin valve structure. a) Basic layer stack. b) Ex-

emplary GMR response of a spin valve structure for a rotating magnetization direction 

within the free layer. Here,  represents the tilting angle between the magnetization ori-

entation of the free and the fixed layer.
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of the overall spin valve structure, see figure 2.6b.The spin-valve structure was introduced 

in [60]. Thereupon, further investigations concerning the effect of the layer thickness on the 

GMR response were performed. In [61], the layer thickness of the non-magnetic layer is 

varied. An increase of a copper spacer from 5 nm to 20 nm reduces the GMR response from 

around 6% to 4%. Furthermore, the effect of the ferromagnetic layer thickness is investi-

gated in [62]. Here, a layer thickness of nearly 10 nm is optimal concerning the GMR re-

sponse. Accordingly, equation (2.69) can be retyped in dependency of the ferromagnetic 

and the non-magnetic layer thicknesses, NMd and FMd , respectively [61, 62].  

Here, equations (2.70) and (2.71) include the electron mean free paths NM  and FM  as well 

as the corresponding electrical conductances NMG and FMG multiplied by the electrical re-

sistivities NM and NM .  

Nowadays, both GMR configurations are part of many technical applications. They are im-

plemented in several industrial sectors and act as read and write heads in hard disks just 

as position sensors in automotive devices. Furthermore, the research on applying those 

structures in the fields of flexible electronics [63], human-computer interactions [64] and 

biomedicine [65] is still ongoing and shows the significance of this technology. For model-

ing such GMR structures, the transport of the electric current through a magnetic region 

must be considered in the LLG equation (2.67). This includes the appearance of spin-polar-

ized currents and their impact on the magnetization configuration, which will be addressed 

in the following section 2.2.2. 
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22.2.2 Modeling the Spin Transfer 

Due to the spin-dependent scattering introduced in section 2.2.1, a ferromagnet acts as a 

spin-polarizer for an electric current. Impinging another magnetic region, such a spin-po-

larized current exerts a torque on the magnetization called the spin-transfer torque. In sev-

eral models, this spin-transfer torque is defined differently depending on its origin, but all 

coincide by respecting it through an additive term T in the extended LLG equation (2.72) 

[32]. 

The spin-transfer torque arises on the one hand in multilayer systems of magnetic and non-

magnetic layers and on the other hand in single ferromagnets with magnetization gradi-

ents, so-called domain walls. The former is described by the model of Slonczewski [26] and 

the latter by the model of Zhang and Li [25]. Both models are introduced in the following 

as prior approaches since the newer, more general approach of the spin-diffusion [27] co-

vers both phenomena and is thus applicable for the investigated GMR structure in this 

work.  

Apart from the spin-transfer torque, the so-called spin-orbit torque describes the torque on 

the magnetization, which results from the polarization-dependent scattering of the elec-

trons at material inhomogeneities [32]. For instance, this effect is exploited in Magnetic Ran-

dom Access Memory (MRAM) devices [66], but will be not part of this work since it is dom-

inated by the spin-transfer torque in the case of CPP-spin-valve applications [67]. For de-

tailed insights on the theory and the applications of the spin-orbit torque, the publication 

[68] and the review articles [67] and [69] can be consulted. 

2.2.2.1 Prior Approaches 

The model of Slonczewski is often used to examine the spin-transfer torque in multilayer 

systems. According to the basic setup in figure 2.7a, most electrons of the electric current 

pass the so-called polarizing layer FM1 and show a spin polarization characterized by the 

three-dimensional magnetization vector field m1 . Note that some electrons with a strongly 

= effm m H m m T (2.72)
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opposed orientation to m1 are backscattered at the interface of the polarizing layer [32]. The 

central assumption of the model is that the magnetic region FM2 subject to the spin torque 

is represented by a single spin (macrospin approach) and thus exhibits a homogeneous 

magnetization m2  [26]. When reaching the surface of FM2, the polarized electrons exert a 

torque on the magnetization m2 indicated by the orientation difference between the mag-

netization vector fields m1 and m2 . As demonstrated by figure 2.7b, the resulting spin-

transfer torque T consists of a field contribution Tfield and a damping contribution Tdamp . 

Hence, the spin transfer torque term T of the extended LLG-equation (2.72) leads to 

At this point, the field contribution Tfield describes the precessional damped motion of the 

magnetization and the damping contribution dampT accounts for the rotation of magnetiza-

tion 2m towards the magnetization m1  [26]. In a simplified view, the damping contribu-

tion dampT covers the retroactive force of the polarization layer to keep the electrons in the 

previous magnetization orientation m1 . Both contributions are specified in equations (2.74) 

and (2.75) 

= field dampT T T . (2.73)

Figure 2.7: Sketch of the current-induced spin torque. a) An unpolarized current im-

pinges a ferromagnet FM1. The magnetization of FM1 causes a spin polarization of the 

current. On the surface of FM2, the difference between the magnetization orientation of 

FM1 and FM2 provokes a torque on the magnetization and the electrons are polarized in 

the direction of the FM2 magnetization. b) The torque consists of a dampinglike contribu-

tion and a fieldlike contribution characterizing the electron’s tendency to stay in the origi-

nal direction and the precessional damped motion of the magnetization in the direction 

of the current conduction, respectively [32]. 
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where ej describes the electric current density and ( )damp and ( )field denote the 

torque strengths dependent on the tilting angle between the magnetization orientations

1m and m2  [26]. Due to the macrospin approach, the model of Slonczewski is adequate for 

tiny systems close to the exchange length, which is usually a few nanometers. In this range, 

the model is accurate since the exchange interaction becomes predominant and ferromag-

netic systems act more like a single spin. In this context, the model is often known to de-

scribe the spin-transfer torque as a surface effect, which is justified below the exchange 

length due to the vanishing volume of the ferromagnet [32]. However, as introduced in 

section 2.1.2.2, the demagnetization energy becomes relevant in larger systems, where fer-

romagnets exhibit magnetic domains. Here, the model of Slonczewski fails since the as-

sumption of an entire homogenous magnetization loses its correctness. The spin-transfer 

torque in magnetic domains is described by the model of Zhang and Li [25]. In ferromagnets 

with domain walls, a spin-polarized current affects the local magnetization gradients lead-

ing to a motion of the magnetic domain walls that describe the transition between two re-

gions of differently aligned magnetic moments.    

= T m m2 1
0

( )
2

e
field field

S

j
e M (2.74)
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0
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damp damp
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j
e M

, (2.75)

Figure 2.8: Spin-transfer torque in magnetic domain walls for an electric current flow 

from left to right [32]. While passing the magnetic region, the electrons take the local 

magnetization orientation and carry it conducting through the material. As the local mag-

netic moment varies, they exert a torque on the local magnetization orientation. 
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As outlined in figure 2.8, the electric current receives the local magnetization orientation 

and holds it while conducting through the magnetic region. Due to the existence of mag-

netic domain walls, the local magnetization changes leading to a difference between the 

magnetization orientation of the spin-polarized current and the local magnetization. As a 

result, a torque on the local magnetization occurs. 

In order to model this current-induced domain wall motion, Zhang and Li proposed the 

torque contribution T given by equation (2.76). 

Here, denotes the degree of nonadiabacity as proposed in [25] and b is defined by 

where describes the polarization rate of the electric current. The model of Zhang and Li 

is suitable to describe the domain wall motion induced by an electric current. Since this 

description is only local, it neglects the transport of the spin polarization into other do-

mains. Consequently, the model is not applicable to describe the spin torque in multilayer 

systems, where the spin is carried through a non-magnetic layer [32].  

In summary, the Slonczewski model and the Zhang-Li model only perform well in their 

specific problem setting. As a result, both models misfit modeling a spin-valve structure, 

which employs magnetic vortex structures for low-noise operation since multilayer spin-

torque as well as current-driven domain-wall motion must be considered. In this context, 

the following spin-diffusion model provides a more general approach. 

22.2.2.2 Self-Consistent Spin Diffusion Model 

The spin-diffusion model describes the spin-torque by means of a vector field s known as 

the spin accumulation. The spin accumulation s represents the excess of one spin orienta-

tion caused by the magnetization orientation of a ferromagnetic material. In the spin-diffu-

sion model, the spin-torque contribution T is given by 

= - e eb j b jT m m m m m . (2.76)

=
21

B

S

b
eM (2.77)
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where J characterizes the coupling strength of the magnetization m and the spin accumu-

lation s  [70]. According to [70], the diffusion of the spin accumulation s follows the equa-

tion of motion  

Here, sf denotes the spin-flip relaxation time, the material-dependent time needed to re-

align the electron’s spin. Moreover sj describes the spin current density indicated by the 

motion of the spin accumulation s primarily in the direction of the electric current [32].  

In contrast to the mere LLG equation that is only defined in the magnetic region, the spin 

accumulation relations also hold in non-magnetic regions. This includes, for example, the 

spin-diffusion through electrical contacts or through a non-magnetic spacer layer in spin-

valve systems and requires a spatial variation of the material parameters sf and J . The 

spin current density sj in equation (2.79) itself is linked to the electric field E and given by  

with D0 being the material-dependent diffusion constant and C0 directly connected to the 

electric conductivity via C02  [32]. Here, denotes the dyadic product.  

For a known electric potential u , the system of equations (2.78) up to (2.80) combined with 

the LLG-equation is resolvable for extracting the dynamics of the spin accumulation s and 

the magnetization m by applying  

Provided that the electric potential u is unidentified and only the distribution of the electric 

current density is known, the electric current density ej is defined by  

=
S

J
M

T m s , (2.78)

s
sf

J
t
s s s mj . (2.79)

B
s C D

e0 02 2j m E s (2.80)

uE . (2.81)
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where ' is another dimensionless parameter of the polarization rate as introduced for the 

polarization parameter in section 2.2.2.1 [70]. Using equation (2.81) to rewrite equations 

(2.80) and (2.82) in dependency of the electric potential u and inserting equation (2.82) into 

equation (2.80) leads to the spin current density sj depending on the distribution of the 

electric current density ej

This enables computation of the magnetization and spin accumulation dynamics for a given 

electric current density distribution ej .  

In most systems under investigation, the magnetization dynamics m is of higher interest 

than the dynamics of the spin accumulation s . As proposed in [27], the spin accumulation

s undergoes temporal changes two orders of magnitude smaller than the magnetization 

dynamics m . Hence, it can be assumed that the spin accumulation s is always in equilib-

rium when the magnetization m changes. Accordingly, the spin accumulation s is time-

independent and equation (2.79) simplifies to 

Combined with equation (2.83), equation (2.84) leads to a partial differential equation of 

second order with respect to the spin accumulation s .  

An example for the solution of the spin accumulation s is given in figure 2.9 assuming a 

standard multilayer system. Here, the antiparallel magnetization orientation is achieved by 

aligning the first ferromagnetic layer in the positive x-direction and the second ferromag-

netic layer in the negative x-direction. In this setup, the spin accumulation s in the y-and 

z-direction is not affected since electrons are only flipped into the x-direction. Hence, the 

T
e

B

eC D0 02 2 'j E s m , (2.82)

TB
s e D

e 02 'j m j s m s m . (2.83)

s
sf

+ J 0s s mj . (2.84)
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overall spin accumulation s in those directions remains constantly at zero across the mul-

tilayer stack, see figure 2.9b. 

In the ferromagnetic layer with the magnetization orientation in the positive x-direction, 

more spins flip into the local magnetization direction and thus, the spin accumulation in-

creases in the x-direction. Guiding through the stack and reaching the reversely aligned 

ferromagnetic layer inverts this gradient, as an increasing number of electrons takes the 

alignment of the second ferromagnetic layer. Note that the spin accumulation s decays ex-

ponentially within the non-magnetic contact layers.  

In figure 2.9c, the two ferromagnetic layers align orthogonally to each other. Here, the first 

ferromagnetic layer coerces the spins to flip in the y-direction and the spin accumulation s

in the y-direction rises. This is modified in the second ferromagnetic layer, where the spins 

are coerced to flip in the x-direction increasing the spin-accumulation s in the x-direction 

and reducing the spin accumulation s in the y-direction. Furthermore, the spin accumula-

tion s in the z-direction increases slightly due to the rotational erecting of the spins in 

Figure 2.9: Spin accumulation s in a typical multilayer stack. a) Structure of a typical 

multilayer stack. b) Spin accumulation s for an antiparallel magnetization orientation of 

the two ferromagnetic layers aligned positive and negative x-direction, respectively. c) 

Spin accumulation s for an orthogonal magnetization orientation of the two ferromag-

netic layers. 
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changing the alignment from the y-direction to the x-direction characterized by equation 

(2.78). 

The spin-diffusion model introduced so far requires a prescribing of the electric current 

density ej . Therefore, the simultaneous computation of the LLG equation and the spin-dif-

fusion relations neglects the effect of the magnetization m on the electric current density

ej . However, in GMR spin-valve systems, the GMR effect is subject to changes in the mag-

netization orientation between the fixed and the free layer. Hence, modeling the GMR effect 

should consider the magnetization effect on the electric current density ej , which means 

that the electric current density, as well as the electric potential u , should be solution var-

iables of the system of partial differential equations. Such a self-consistent model yields by 

inserting the current definitions (2.80) and (2.82) into equation (2.84) and the continuity 

equation for the electric current density ej given by  

This calculation step leads to the system of linear partial differential equations in (2.86) and 

(2.87), which is resolvable for the solutions variables of the electric potential u and spin 

accumulation s for a given magnetization m determined by the LLG-equation. 

In order to solve this system of equations uniquely without prescribing the electric current 

density ej or the electric potential u in the simulation domain, boundary conditions on 

the interfaces of the simulation domain are essential. For this purpose, the contact regions 

according to figure 2.9 are treated differently from the lateral edges of the single layers. On 

the contact regions, a Dirichlet boundary condition is suitable to simulate a constant electric 

potential 0u . Hence, it applies exemplary 

e 0j . (2.85)
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with 1 describing the surface of contact 1. 

Furthermore, a Neumann condition simulates the perpendicular inflow of the electric cur-

rent. Here, the Neumann condition leads exemplary to  

where n represents the outward normal to the surface 2 of contact 2. In contrast, regions 

that are not used as electrical contacts receive the homogenous Neumann condition speci-

fied as  

After completing the set of boundary condition for the electric potential u , a boundary 

condition for the spin accumulation s is required. As proposed in [27], the spin accumula-

tion s only fulfills the homogeneous Neumann  

at the boundary of the complete simulated structure in cases of a vanishing magnetization 

or a vanishing current inflow at the boundary. Since systems as depicted in figure 2.9 utilize 

non-magnetic contacts for the current inflow, the assumption of a vanishing magnetization 

at the boundary is valid as long as the thickness of the non-magnetic contact is large against 

the spin-diffusion length. In this case, the spin accumulation is approximately zero at the 

boundary of the electrical contact. Considering systems where the electrical contact is small 

or the magnetic region is contacted directly, the following Robin condition should 

characterize the spin accumulation at the boundary  

which includes the exponential decay of the spin accumulation s in the non-magnetic 

region of the electrical contact [32]. 
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22.3 The Magnetic Vortex 

In ferromagnetic nanostructures and thin films assigned to the submicron range, so-called 

magnetic vortex structures arise as one topologically protected configuration. After the first 

experimental observation in [71], these magnetic vortex structures were extensively ex-

plored concerning its fundamental theory and possible applications in the last decades. 

Several applications in magnetic recording [72], biomedicine [73] and sensing [74] were re-

ported exploiting different properties of the magnetic vortex structure. In this context, the 

simplest geometry that favors a vortex formation is a circular thin film with a specific aspect 

ratio. Here, the lateral extension must be much larger than the thickness of the so-called 

nanodisk to ensure a stable vortex appearance [75]. In general, the magnetic vortex results 

from competition of the demagnetization energy demagE and the exchange energy exE  [32]. 

The nature of the demagnetization energy demagE is to prefer a parallel magnetization 

alignment with respect to the layer edge. Otherwise, surface charges would appear that 

increase the demagnetization energy demagE and counteract the energetic minimum of the 

ferromagnetic system. Consequently, a curl configuration occurs as outlined in figure 2.10.  

In contrast, the exchange energy exE prefers a parallel alignment of the magnetization 

leading to magnetic domains, where spins are coerced to align in the same direction. In the 

Figure 2.10: Formation of the magnetic vortex in a ferromagnetic nanodisk. Due to the 

rivalry of the demagnetization energy demagE and the exchange energy exE , the mag-

netization curls up in the in-plane direction with an out of plane magnetization in the 

center of the disk (vortex core). a) The surface color shows the normalized x-magnetiza-

tion. b) The surface color shows the normalized z-magnetization 
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center of the nanodisk, both contributions are in rivalry. As the demagnetization energy
demagE favors the curl configuration, the parallel spin alignment in the very center of the 

nanodisk is impossible and the exchange energy exE possesses a singularity [32]. Conse-

quently, the magnetization rotates out-of-plane and the magnetic vortex arises in its well-

known form. Here, the area where the magnetization rotates out-of-plane is called the vor-

tex core. In the vortex core, the portion of the out-of-plane magnetization decreases contin-

uously towards the edge of the vortex core [75].  

For a specific aspect ratio, the magnetic vortex arises as the ground state of the nanodisk. 

Here, only the demagnetization energy demagE and the exchange energy exE contribute to 

the total energy of the system. Applying an external field leads to an additional Zeeman
zeemanE contribution, which decreases for increasing magnetic fields [76]. Hence, rising 

the external magnetic field reduces the Zeeman energy zeemanE and also the exchange en-

ergy exE since more spins start to align in parallel to the applied external magnetic field. 

In contrast, the demagnetization energy demagE becomes maximum reaching the saturated 

state since it counteracts entirely to the arising magnetization [76].  

Figure 2.11: a) Qualitative hysteresis curve of a magnetic vortex structure. The vortex nu-

cleates at the nucleation field nH and annihilates at annihilation field aH . Between the 

positive and the negative nucleation field a linear hysteresis curve is provided.                 

b) A magnetic field in positive x-direction causes a vortex shift in positive y-direction.                

c) A magnetic field in negative x-direction causes a vortex shift in negative y-direction. 
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Starting from the magnetic vortex as a ground state and increasing the external magnetic 

field leads to an increase of nanodisk magnetization in the direction of the applied magnetic 

field. According to figure 2.11, the magnetic vortex moves orthogonally until it reaches the 

edge of the nanodisk [77]. At the edge, the magnetic vortex disappears and the saturated 

state occurs, which is called the annihilation of the magnetic vortex. At the annihilation 

field aH ,  the demagnetization is maximum exceeding the Zeeman energy zeemanE and the 

exchange energy exE essentially stored in the vortex core [78]. 

Starting from the saturated state, the reverse energy transition takes place. While the de-

magnetization energy demagE decreases, the Zeeman energy zeemanE and the exchange en-

ergy exE increase. As examined in [78], the demagnetization energy demagE does not de-

crease linearly at this point since it must exceed an energy barrier to coerce the spins to 

align in parallel to the edge of the nanodisk. Reaching the so-called nucleation field nH , 

the demagnetization energy demagE drops abruptly and the magnetic vortex arises. Due to 

this behavior of the demagnetization energy demagE , the nucleation field nH and the an-

nihilation field aH differ from each other, where the nucleation field nH is always lower 

than the annihilation field aH  [75]. One analytical model characterizing this competition 

of the energy contributions is the so-called Rigid Vortex model proposed in [77]. The Rigid 

Vortex model assumes the vortex to be rigid during its displacement. Considering cylindri-

cal geometries, it allows an analytical calculation of the total energy depending on the dis-

placement of the vortex core. In general, the magnetization obeys the external magnetic 

field linearly between the positive and the negative nucleation field. The nature of this 

unique hysteresis curve and the magnitude of the nucleation and the annihilation field 

highly depend on the aspect ratio and the material parameters [75]. This was already ex-

amined in a wealth of theoretical and experimental investigations and the forthcoming lines 

only include a few aspects relevant to this work. One crucial parameter is the exchange 

length of a ferromagnetic material. The exchange length describes the length below which 

the exchange energy exE dominates the demagnetization energy demagE . Thereby it char-

acterizes the width of domain walls that confine regions where spins align in the same di-

rection. The exchange length is given by 
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depending on the saturation magnetization sM and the exchange constant exA of the fer-

romagnetic material [37]. The aspect ratio determines whether the magnetic vortex occurs 

as the magnetic ground state of the nanodisk or not. In the range of a few nanometers for 

the diameter ld and the thickness lt of the nanodisk, different magnetic ground states are 

possible. For nanodisks of a large thickness, the out-of-plane single domain state appears, 

whereas very thin nanodisks exhibit the in-plane single domain state, see figure 2.12. Ac-

cordingly, the aspect ratio should lie in a range between the limit of these two ground states 

to achieve a magnetic vortex ground state.  

Note that the border between the three ground states is not sharp and other stable states 

like the c-state or the s-state occur during the transition from the single-domain state to the 

vortex state [79]. In this context, a minimum thickness lt was obtained in [80] to ensure a 

stable vortex appearance, which follows the inequality 
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Figure 2.12: Vortex formation depending on the aspect ratio of the circular thin film. a) 

Definition of the diameter ld and the thickness lt . b) Qualitative phase diagram of the 

magnetic ground states in ferromagnetic thin films depending on the diameter ld and 

the thickness lt that range from a few nanometers to a few hundred of nanometers [171]. 
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depending on the material-dependent exchange length exl and the diameter ld . According 

to these conditions, the magnetic vortex occurs as the magnetic ground state up to thick-

nesses lt and diameters ld of a few micrometers. Beyond this range, the ground state of 

the nanodisk degenerates and several states of magnetic domains can coexist like the mag-

netic vortex and its antivortex [81]. 

Apart from its property to generate a linear transfer curve, the magnetic vortex exhibits a 

bistable nature. This means that the magnetization within the vortex core can align in the 

positive and negative z-direction with the same probability [75]. This is called the polarity 

p of the magnetic vortex, which is p = 1 for an alignment in the positive z-direction and p = 

-1 for an alignment in the negative z-direction. Additionally, the chirality c specifies the 

magnetic vortex structure. Here, it is distinguished between the clockwise (c = -1) and the 

counterclockwise (c = 1) direction [75]. Both bistable characteristics can be locked experi-

mentally, introducing external magnetic fields [82] or magnetic anisotropies [83] and are 

thus suitable for encoding binary information in magnetic data storage devices [84]. How-

ever, for the development of a sensor for the detection of nanolabels, magnetic vortex struc-

tures combined with the GMR technology offer a relatively low noise [20]. This is specified 

in the following section 2.4. 

22.4 Noise in Magnetoresistive Sensors 

The purity of the sensor response essentially governs the performance of a sensor system. 

In this context, a sensor response like a voltage or an electrical resistance is subject to fluc-

tuations around its average value originated by atom displacements and random charge 

carrier oscillations [19]. With respect to sensing applications, the term noise summarizes all 

fluctuation effects and reducing the noise is a major challenge during the development of 

an efficient sensor system. In magnetoresistive sensors, different noise types contribute to 

the total noise. Besides white noise effects like the thermal noise and the shot noise, 1/f-

noise and magnetic noise provoke a blurring of the sensor response as well. At this point, 
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shot noise is exclusive to TMR sensors and magnetic noise vanishes using magnetic vortex 

states in the free layer of the sensor structure [20]. 

22.4.1 Thermal Noise 

Since it does not depend on the frequency, thermal noise appertains to white noise effects. 

As introduced by Johnson [85] and Nyquist [86], thermal noise originates from the random 

motion of the charge carriers in an electrical conductor. This non-directional random mo-

tion causes charge inhomogeneities leading to voltage oscillations, which are even gaugea-

ble in the absence of a circuit voltage as the so-called noise voltage [19]. The thermal noise 

only depends on the temperature and the resistance of the conductor and is thus not elim-

inable. It can be only limited by reducing the operating temperature or reducing the elec-

trical resistance of the sensor system. For thermal noise, the voltage noise power is given 

by 

where R denotes the sensor’s electrical resistance and T the operation temperature [87]. 

2.4.2 Shot Noise 

Like thermal noise, shot noise is also frequency independent and thus a white noise effect. 

Shot noise occurs when an electric current has to cross a potential barrier. Here, each single 

charge carrier transcends the potential barrier, which does not happen homogeneously and 

is characterized by a stochastic process [88]. On the macroscopic level, this stochastic cross-

ing provokes fluctuations of the electric current. For zero temperature, these current fluc-

tuations are considered in the electric current noise power given by  

which includes the elementary charge e and the applied electric current I  [19]. For increas-

ing temperatures, the shot noise expression considers thermal fluctuations since the inten-

sified random motion also affects the charge carrier crossing at the potential barrier [19]. 

V th BS k T R2
, 4 , (2.95)

I SS e I2
, 2 , (2.96)
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This leads to a combined expression of the shot and the thermal noise using the cotangent 

hyperbolic 

with cn and V being the number of charge carriers and the applied voltage, respectively 

[87].  

In the basic setup of a GMR sensor, a non-magnetic metal connects two ferromagnetic met-

als. Thus, there is virtually no potential barrier for the electric current and shot noise is not 

present here [19]. In contrast, TMR sensors are characterized by an insulating intermediate 

layer, e.g. magnesium oxide, in order to exploit the tunnel effect. This introduces a potential 

barrier that stimulates the appearance of considerable shot noise. Consequently, TMR sen-

sors generally exhibit a higher noise compared to GMR sensors, which is confirmed theo-

retically and experimentally in [87], [89] and [90]. 

22.4.3 1/f-Noise 

Apart from the previously introduced white noise effects, 1/f noise also known as pink noise 

characterizes the frequency-dependent fluctuation of the electrical resistance. These fluctu-

ations usually decrease for higher frequencies and are only observable in the presence of an 

electric current. The exact origin of this resistance noise is not fully discovered. Individual 

investigations tried to explain it by surface effects [91], lattice defects [92] or thermal fluc-

tuations within the resistant material [93]. However, the phenomenological formulation  

proposed in [94] is still state-of-the-art to characterize the voltage noise power of the 1/f-

noise. Here, H denotes the empiric Hooge parameter that decreases with increasing sen-

sor area [95]. Therefore, it can be rewritten as 

V S
c c B

e V R eVS
n n k T

2
, coth

2
2

, (2.97)
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where N is the number of single sensor elements connected in series and A the area of one 

sensor element [87]. From equations (2.98) and (2.99) it is apparent that the sensor size, the 

frequency and the applied voltage affect the 1/f noise. This is exemplary demonstrated in 

figure 2.13, recognizing that the 1/f-noise decreases for high frequencies and large sensor 

areas. The latter effect can be understood as an averaging effect since the resistance fluctu-

ations satisfy a stochastic process and their arithmetic mean is zero. Enlarging the sensor 

area increases the number of individual resistance sources that contribute to the total re-

sistance. Hence, the number of fluctuation signals increases, which are progressively aver-

aged away [19]. Consequently, the individual fluctuation signal is more dominant at very 

small sensor sizes and a large sensor area helps to reduce the total 1/f-noise. 

22.4.4 Magnetic Noise 

Magnetic noise is a type of noise based on the Barkhausen effect and specific to magnetic 

materials. As outlined in figure 2.14, it characterizes the discontinuous change of the mag-

netization due to changing external magnetic fields. This stepwise curve originates from 

the discrete change in the size or rotation of domain walls by altering the strength or direc-

tion of an external magnetic field [96].  

In general, magnetic domains consist of several magnetic moments that exhibit a parallel 

spin. Their rotation is indicated by magnetic moments near the domain wall, which start to 

Figure 2.13: Calculated 1/f-noise for a sensor array consisted of ten single circular sensor 

elements in series assuming H = 2.0 · m². a) Variation of the frequency f .             

b) Variation of the single sensor element area A . 
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adopt the spin of the neighboring domain. As a realistic crystal lattice exhibits defects, this 

realignment is jerkily since the defects represent a temporary barrier for the changing spin 

and hinder the domain wall for a while. Achieving a certain field strength, a group of spins 

exceeds the barrier and flips the spin collectively resulting in a sudden magnetization 

change. This delayed response of the magnetization to the external magnetic field induces 

a kind of phase noise that varies depending on the material type and composition [19]. 

In GMR sensors designed as spin-valves, this phase noise occurs essentially in the free layer. 

As introduced in section 2.2.1, only the free layer rotates regarding the external field, while 

the other layers receive a constant magnetization configuration. Accordingly, the appear-

ance of magnetic phase noise is preventable if the free layer will be designed in such a way 

that it is not subject to the described magnetic switching processes. For this purpose, mag-

netic vortex structures were examined in [20], where noise measurements showed that the 

phase noise indeed vanishes, applying them to the free layer of a GMR sensor. As intro-

duced in the previous section 2.3, the vortex structures introduce a linear response and 

magnetic domains increase and decrease equally in size, applying external fields between 

the positive and the negative nucleation field nH . During this uniform change, the mag-

netic moments have to reorient themselves only slightly. Thus, no or only very small barri-

ers are created at defects since the magnetic moments do not have to reorient themselves 

completely. As a result, only very small delays occur at defects and the magnetic phase 

Figure 2.14: Barkhausen effect causes magnetic phase noise [193]. Due to the change of an 

external magnetic field, the ferromagnetic domains change discontinuously leading to 

magnetization jumps. 
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noise virtually disappears [19]. For the detection of nanolabels with sizes in the range of 

tens of nanometers, the sensor element’s size should be chosen comparably to get a gauge-

able sensor response [97]. For the development of such a small sensor structure, it is essen-

tial to minimize the number of noise contributions since the 1/f noise becomes dominant for 

small sensor areas. Although the TMR effect outperforms the GMR effect in terms of the 

resistance change [98], TMR sensors provide additional shot noise that blurs the sensor re-

sponse as well. Accordingly, the GMR effect combined with magnetic vortex structures em-

bodies the most suitable technology to detect nanolabels with low noise, see figure 2.15.  

For this technology, the theoretical model for considering the noise is composed of the ther-

mal noise contribution and the 1/f noise contribution [87]. Thus, the total noise voltage 

power is given by 

The total noise voltage power in equation (2.100) describes the noise depending on the fre-

quency f and is thus a spectral quantity. For a noise classification, it is often desirable to 

know the effective value of the noise voltage. It can be obtained by integrating as follows 

where f1 and f2 confine the considered frequency range [19]. Subsequently, the signal-to-

noise ratio (SNR) can be calculated through the quotient of the squared voltage values 

H
V total V th V f B

V
S = S S k T R

N A f

2
2 2 2

, , ,1/ 4 . (2.100)

f
noise V totalf

u = S df2

1

2
, , (2.101)

Figure 2.15: Noise types in GMR and TMR sensors. Applying magnetic vortex structures 

to GMR sensors represents the best case regarding the total sensor noise.  
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where a low frequency range is assumed [99]. 

22.5 Superparamagnetism 

The phenomenon superparamagnetism is a particular type of magnetism that arises in tiny 

ferromagnetic particles, which provide a single-domain magnetization. As introduced in 

section 2.1.2, the exchange energy and the demagnetization energy represent the internal 

interaction of the magnetic moments in a ferromagnetic domain. While the exchange inter-

action favors a parallel alignment of the magnetic moments, the long-ranged demagnetiza-

tion energy generates demagnetized states and the competition of both effects causes the 

origin of domain walls as demonstrated in the previous section 2.3. In tiny ferromagnetic 

particles, the exchange energy outweighs the demagnetization energy and thus, the mag-

netic moments favor a parallel alignment resulting in a single-domain magnetization [100]. 

Here, the nanoparticles usually exhibit a uniaxial anisotropy in such a way that the single 

domain magnetization prefers an alignment in the direction of the easy axis. Accordingly, 

the critical diameter below which a nanoparticle serves as a single-domain particle can be 

approximated by 

where exA , sM and 1K demonstrate the strong dependency on the material composition 

[101]. Basically, the energy barrier E

including the nanoparticle’s volume V describes the barrier that must be exceeded to sway 

the magnetization uniformly away from the original direction [100]. 
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In tiny nanoparticles, this energy barrier is vincible by thermal excitations characterized by 

where Bk represents Boltzmann’s constant [102]. For increasing temperatures T, the ther-

mal energy exceeds the energy barrier E and thermal fluctuations provoke a random 

change of the single-domain magnetization orientation, see figure 2.16a. 

Consequently, the time-averaged magnetization yields zero and the nanoparticle does not 

provide a net magnetic moment [101]. Here, the relaxation time normalized by the char-

acteristic relaxation time of the material 0 defines the average time that is necessary to 

perform such a spin-flip [103, 104]. 

For decreasing temperatures T , the random spin-flip slows down and the nanoparticle ex-

hibits a constant single-domain magnetization depending on the considered measurement 

time m . According to figure 2.16, this blocked state is reached for temperatures below the 

so-called blocking temperature BT , which strongly depends on the material composition 

and usually lies in temperature regions below T

th BE  = k T , (2.105)

B

E
k T = e0

(2.106)

Figure 2.16: Two states of a superparamagnetic particle depending on the temperature 

[192]. a) Above the material dependent blocking temperature BT the spins flip randomly 

and the net magnetic moment is zero. This is called the superparamagnetic state. b) Be-

low the blocking temperature BT the spins stop flipping randomly and a single domain 

magnetization occurs leading to giant magntic moment. This is named the blocked state. 
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Besides thermal effects, external magnetic fields can coerce the spins to stop flipping ran-

domly as well. Similar to a common paramagnetic material, the magnetic moments start to 

align alongside the applied magnetic field and a net magnetic moment appears, see figure 

2.17. This is contrary to ferromagnetic materials since the magnetic moment is not perma-

nent. 

In the absence of the external magnetic field, the net magnetic moment vanishes as long as 

temperatures above the blocking temperature BT are present. In general, the giant satu-

rated magnetic moment of the superparamagnetic nanoparticle occurs after reaching an 

external field SH , which usually takes values from SH  80 kA/m [107]. In this context, the 

magnetizationM correlates with the external field H via the Langevin function L  pro-

vided that E < Bk T  [108]. 

The correlation between the magnetization M and the external field H depends strongly 

on the material and the synthesis procedure of the corresponding nanoparticle. Therefore, 

the saturation field SH as well as the saturation magnetization M can vary in a wide 

range.  

i
i

B

H
M(H) = L

k T
0 (2.107)

Figure 2.17: Qualitative comparison of the behaviour in an external field. a) Ferromagnetic 

material with a classical hysteresis loop. b) Paramagnetic material with a linear correlation 

between the magnetization M and the external magnetic field H . c) Superparamagnetic 

behavior in tiny nanoparticles. The loop characteristic vanishes and the giant magnetic 

moment arises for a small saturation field SH . 
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Here, magnetite nanoparticles serve as an example since they are state-of-the-art concern-

ing a biomedical application [107, 109, 110, 111]. For different particle sizes, they offer a 

saturation magnetization in the range of 20 Am²/kg to 90 Am²/kg using external fields from 

around SH  100 mT. This confirms the strong dependency of the superparamagnetic 

characteristics on the material composition and the synthesis procedure, which is also ob-

served for other types of superparamagnetic nanoparticles [111].  

A complete numerical model of the superparamagnetic nature should include the effect of 

the temperature on the magnetization configuration. This is not accomplished by the LLG 

equation since temperatures well below the Curie temperature are assumed. In this regard, 

the Stoner-Wohlfarth model describes the variation of the magnetization with respect to an 

external field considering a uniaxial single-domain ferromagnet. For including thermal ef-

fects, [112] extended the Stoner-Wohlfarth model through a temperature-dependent anisot-

ropy field and thus introduced a temperature-dependent energy barrier E T( ) . The ex-

tended Stoner-Wohlfarth model is only applicable for the pure modeling of the nanoparticle 

affected by external fields and thermal fluctuations. It does not allow modeling the detec-

tion of a nanoparticle by a GMR element since it requires single-domain magnetization con-

figurations.  

At this point, the Landau-Lifshitz-Bloch (LLB) equation connects the LLG equation for low 

temperatures and the Bloch equation valid for high temperatures [113]. For the presented 

GMR vortex sensor concept, an external field is used to saturate the magnetic moment of 

the nanoparticle. Accordingly, temperature dependence plays a minor role and can be ne-

glected to some extent. Therefore, the nanoparticle is considered to be ferromagnetically 

activated within the introduced micromagnetic model. However, for gaining further in-

sights into the theory of the LLB equation, references [48], [113] and [114] can be consulted. 
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33 Simulation Model  

After completing the extraordinary phenomena that are important for this work, chapter 3 

includes the introduction of the simulation model. Here, the representation of the micro-

magnetic model and the self-consistent spin-diffusion model within the finite element 

method is introduced. 

The micromagnetic model connected to the self-consistent spin-diffusion model includes a 

system of partial differential equations. In this context, the pure micromagnetic model rep-

resented by the LLG equation and the effective field contribution in section 2.1 features a 

nonlinear nature in space and time. Accordingly, analytical methods are only adjuvant for 

substantially simplified problem settings and thus, the use of numerical methods is ines-

capable to model a GMR based sensor system entirely.  

In order to solve the micromagnetic equations, a multitude of numerical methods is avail-

able characterized by different approaches for time and space discretization. Here, the FDM 

and the FEM dominate the choice of the spatial discretization dividing the magnetic region 

into cells merged to a collective mesh. Both methods differ in the basic structure of their 

single mesh cells. While the FEM method works on tetrahedral cells enabling an irregular 

mesh, the FDM method requires a regular mesh consisted of cuboid cells. This limits the 

FDM method to simple geometries, even though several FDM algorithms are significantly 

faster than respective FEM algorithms. However, the self-consistent spin-diffusion model 

is only formulated for the FEM method so far [27]. Since this model provides the most ac-

curate representation of the GMR effect for a spin-valve system, the FEM discretization 

method is applied to this work.  

In addition to spatial discretization methods, time discretization methods are required to 

extract the magnetization dynamics from the LLG equation. In this context, several meth-

ods have been proposed to integrate the LLG equation efficiently. The most common meth-

ods can be subdivided into single-step methods like the explicit Runge-Kutta method and 

multi-step methods like the implicit backward differentiation formula (BDF) methods. Due 

to the high stiffness of the LLG equation introduced by the exchange interaction through 



66                                                                                                                           Simulation Model 

its second order in space, single-step methods may run into problems because of their low 

numerical stability [32]. Although the computation effort for a single time step is extensive, 

BDF methods are more robust and the appropriate choice for many problem settings in-

cluding this work. 

The forthcoming chapter introduces the finite element method for the spatial discretization 

of the demagnetization field, the exchange Field, the anisotropy field and the self-consistent 

spin-diffusion model. Furthermore, it includes the description of the BDF method applied 

to the LLG equation and contains the Benchmark results for the used 3D FEM tool mag-

num.fe. The chapter closes introducing a new procedure based on standard micromagnetics 

and a new extended micromagnetic model both valid for simulating the GMR vortex de-

tection of a superparamagnetic label. 

33.1 The Finite Element Method 

The FEM is a numerical tool that allows solving partial differential equations by fragment-

ing the solution space into so-called finite elements. In this context, the variational problem 

substitutes the original problem before any discretization takes places. At this point, Pois-

son’s equation  

serves as an example. Following the Galerkin method, the original problem turns into a 

variational problem by multiplying both sides of equation (3.1) with a test function v and 

integrating over the entire solutions space . This leads to 

where the solution function U and the test function v are elements of the function space

V .  Applying Green’s first identity leads to 

U f (3.1)

U v d f v dx x , (3.2)

U vd f vd U d+x x n s , (3.3)
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where denotes the boundary of and n the outward normal of the surface element

ds  [32]. Here, equation (3.3) represents the so-called weak formulation of equation (3.1) 

since it simplifies the original problem to a once differentiable problem.  

The derived weak formulation is complemented by mixed boundary conditions. As U n

characterizes a Neumann boundary condition, the space of the solution function U is addi-

tionally restricted to functions that fulfill the Dirichlet boundary condition. Consequently, 

the test functions v become zero in the Dirichlet boundary region as a constant solution

DU U is predefined there. After deriving the variational formulation, the discretization 

procedure starts choosing a discrete functions space in V . Commonly, piecewise affine, 

globally continuous functions are used to enable the construction of a tetrahedral mesh as 

outlined in figure 3.1. 

During the discretization procedure, each mesh node jx corresponds to a basis function

iN with node values ijy such that 

On the way to the entire discretization, the basis functions supersede the solution function

U and the test function v following the definitions (3.5) and (3.6). 

i j ijN ( ) = yx . (3.4)

d i i
i

U = U N (3.5)

Figure 3.1: Spatial Discretization of a multilayer stack using the 3D Delaunay 

algorithm in the Gmsh tool 
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where the index d characterizes the discrete nature of the respective function. Applying 

those definitions to the weak formulation (3.3) and neglecting the boundary term on the 

right side leads to 

which can be rewritten to a linear system of equations in terms of 

with 

where ijA only depends on the basis functions iN and jN and thus only on the mesh ge-

ometry. Consequently, this method referred to as Galerkin method is usable in a multitude 

of problems and helps to investigate a large number of applications using the FEM [32]. 

33.1.1 Demagnetization Field  

As introduced in section 2.1.2.2, the demagnetization field is a long-range contribution that 

accounts for the dipole-dipole interaction. Due to the long-range property, the computation 

of the demagnetization field underlies an extensive computational effort rapidly increasing 

with the number of cells [22]. According to equation (2.24), Poisson’s equation describes the 

potential of the demagnetization field. Opposed to the treatment of Poisson’s equation in 

the previous section, the demagnetization field underlies open boundary conditions. Ac-

cordingly, Poisson’s equation has to be solved in the complete three-dimensional space of 

d i i
i

v = v N , (3.6)

i i j j
i

U N N d f N dx x , (3.7)

ij i j
i

A U b (3.8)

ij i jA N N dx (3.9)

j jb f N dx , (3.10)
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all real numbers, which is not possible applying the FEM. In this regard, the so-called trun-

cation approach, the shell-transformation method and the hybrid finite-element-boundary-

element method (FEM—BEM) approximate the open boundary conditions [32]. Consider-

ing a finite magnetic region m, the truncation approach and the shell transformation 

method introduce outer regions where the potential U decays into an external region e . 

While the truncation approach applies a large exterior region to represent the potential de-

cay appropriately, the shell transformation method utilizes a small exterior shell region s

that is subject to a transformation [32]. In contrast, the FEM-BEM method considers only 

the magnetic region by introducing the following jump conditions at the boundary of the 

magnetic region m

determined from the Gauss theorem and equation (2.24). In this context, inU and outU

describe the potential value within and outside the magnetic region m , respectively. In-

troducing the potential splitting 

calls for specific definitions on U1 and U2 . Here, U1 follows 

and 

in the magnetic region m and becomes zero outside the magnetic region m  [32]. Alt-

hough this definition is conform to equation (3.12), it does not apply to equation (3.11). 

Hence, U2 has to mend equation (3.11) and keep equation (3.12) correctly. This is achieved 

by the defining U2 as follows 

in outU U 0 (3.11)

in out
sU U Mn m n (3.12)

U U U1 2 , (3.13)

SU M1 m (3.14)

S
U

M1 n m
n

 for m (3.15)
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Consulting the potential theory, those requirements are fulfilled by the so-called double 

layer potential specified as 

In general, equation (3.18) is executable over the entire space of the magnetic region m . 

This leads to an extensive computational effort and thus, equation (3.18) is only used to 

compute U2 on the boundary of the magnetic region m via the boundary element 

method. Within the magnetic region m , U2 is extractable out of the FEM and the previ-

ously computed values for U2 on m are treated as Dirichlet boundary conditions [22]. 

In a nutshell, the scalar potential U of a magnetic region m is computed by combining 

the FEM for Poisson’s equation with a boundary element method for the double layer po-

tential on the boundary of the magnetic region m . With respect to the truncation ap-

proach and the shell transformation method, this is beneficial since only the magnetic re-

gion m has to be discretized. However, the complete definition of the demagnetization 

field is given by the negative gradient of the scalar potential U in equation (2.23). Due to 

the FEM treatment, the scalar potential results in a piecewise affine function. As the gradi-

ent of a piecewise affine function is a constant discontinuous function, the weak formula-

tion  

projects the scalar potential U onto the function space V and approximates the demagnet-

ization field demagH in order to apply the FEM [32]. Following the discretization procedure 

leads to the linear system  

in out inU U U2 2 1 (3.16)

in outU U2 2
0

n n
. (3.17)

m

U U d2 2
1 x

n x x
 [32]. (3.18)

m m

demag d U dH v x v x , (3.19)
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with ijM being the system matrix according to 

that only depends on the mesh geometry of the magnetic region m . At this point, the 

demagnetization field demagH is computed with the same discretization as the magnetiza-

tion to perform a complete evaluation of all contributions on each mesh node. 

33.1.2 Exchange Field 

In contrast to the demagnetization field, the exchange field is treated as a local field contri-

bution. According to [32], the differential for the exchange energy defined in equation (2.16) 

is given by 

accompanied by the boundary term 

Similar to the previous treatment of the scalar potential gradient, the weak formulation of 

the exchange field results in 

where the integration by parts leads to 

Using the boundary condition defined in equation (3.23), the boundary integral of equation 

(3.25) can be neglected. Furthermore, the equation (3.25) is multiplied with SM0 to 

demag
ij i iji

i i
H M U M , (3.20)

m
ij i jM N N dx . (3.21)

ex

ex
E A2 m
m

(3.22)

exA2 mG
n

. (3.23)

m m

ex
ex

S
d A d

M0

2H v x m v x , (3.24)

m m m

ex ex
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S S

A
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M M0 0
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avoid a divergence of the third order test function v for discontinuities of the saturation 

magnetization SM at material interfaces [115]. This results in the final weak formulation  

Subsequently, the discretization procedure yields 

with  

and  

representing the linear system for the computation of the exchange field [32]. 

33.1.3 Uniaxial Anisotropy Field 

Following the procedure in the previous section 3.1.2, the weak formulation of the uniaxial 

anisotropy field is given by 

Using the simplified uniaxial anisotropy definition (2.40) and multiplying with SM0 leads 

to  

where a denotes the unit vector of the easy axis [32]. This equation is discretized via 

m m

ex
S exM d A d0 2H v x m : v x . (3.26)

ex
i ij i ij

i i
H N m B (3.27)

m
ij S i jN M N N d0 x (3.28)

m
ij ex i jB A N N d2 : x (3.29)

m m

uniaxial uniaxial

S

e
d d

M m0

1H v x v x . (3.30)

m m

uniaxial
SM d K d0 12 ( )H v x a a m v x , (3.31)
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where ijN follows equation (3.28) and ijC is given by 

With the definition of the anisotropy field, the energy contributions are completely pre-

pared to apply the finite element method. The Zeeman field is often used to represent ex-

ternal fields. In this work, these external fields are constant. Therefore, they provide a con-

stant field contribution zeeman
iH at each mesh node, which points in one spatial direction, 

predominantly the z-direction. 

33.1.4 Self-Consistent Spin-Diffusion 

In the previous sections, the energy contributions with respect to the magnetization m

were discretized and thus, it was sufficient to consider only the magnetic region m. In 

contrast, the self-consistent spin-diffusion model also includes non-magnetic regions to per-

mit modeling of magnetoresistive effects like the GMR effect. Here, the solution variables 

of the non-magnetic region are the spin accumulation sand the electric potential u. How-

ever, considering non-magnetic regions alternated with magnetic regions in GMR stacks 

leads to a discontinuous distribution of material parameters like the exchange constant exA

, which are specific to magnetic regions. Furthermore, the magnetization m also behaves 

discontinuously at these interfaces since it vanishes outside the magnetic region m . These 

discontinuities are considered within the discretization procedure by using piecewise con-

stant functions to discretize the material parameters and piecewise affine, globally contin-

uous functions for the discretization of the magnetization m  [32]. During this discretiza-

tion procedure, all integrals that include the magnetization m are restricted to the magnetic 

region m leading to an abrupt drop of the magnetization m outside the magnetic region

m . In contrast to the magnetization m , the spin accumulation sand the electric potential

uniaxial
i ij i ij

i i
H N mC( ) (3.32)

m
ij i jC K N N d12 ( )a a x . (3.33)
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u are assumed continuous within the entire solution space . Accordingly, they are rep-

resented by piecewise affine, globally continuous functions. Using Galerkin’s method and 

applying the integration by parts leads to the weak formulation of equations (2.82) and 

(2.85) 

where I characterizes all interfaces on that serve as electrical constants where a con-

stant electrical current e
0j n is introduced according to (2.89) [32]. Moreover, the weak for-

mulation of equations (2.80) and (2.84) is given by  

with u being an external interface with a prescribed electric potential u0 referred to equa-

tion (2.88) [32]. Additionally, the spin accumulation sfulfills the homogeneous Neumann 

boundary condition given by equation (2.91). According to [32], the discretization of equa-

tions (3.34) and (3.35) results in a single linear system that is sparse and exhibits a dimension 

of 4x 4x , where x  denotes the number of mesh nodes. 

33.1.5 Backward Differentiation Formula 

In micromagnetics, the spatial discretization and the time discretization are usually sepa-

rated in order to perform the numerical integration of the LLG equation. Since the magnet-

ization m  and its time derivative tm are characterized by vectors, k coupled initial 

value problems  

m
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of the first order arise for the time-dependent resolving of the LLG equation (2.67) with  

being the initial value of the magnetization m at time t0 . At this point, the effective field 

contributions are computed as introduced in the previous sections 3.1.1, 3.1.2 and 3.1.3 and 

the right-hand side of the LLG equation is computed nodewise to evaluate the time deriv-

ative iy t( , )m  finally [32]. In general, a discrete time-integration method gives an approx-

imation of the magnetization dynamics. This is achieved by interpolating a series of mag-

netization values  

at times it t i t0 . For the computation of these magnetization values, a multitude of 

methods is available. Due to the high stiffness of the LLG equation introduced by the ex-

change energy, the BDF method has proven efficient for many micromagnetic problems 

[116]. In contrast to single-step methods like the explicit Runge-Kutta methods or the im-

plicit midpoint scheme, the BDF method considers several past values of the solution and 

is thus assigned to the multistep methods. According to [116], the BDF scheme is given by 

where ia and 0 are constant values that depend on the order of the time integration and 

the previous time step size [116]. The nonlinear system of equation (3.39) is resolvable ap-

plying the Newton iteration, where a tangent’s root is exploited to approximate the root of 

the solution function. This is repeated for a specific number of iteration steps until the 

proper root is approximated adequately. The Newton iteration is given by  
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with k being the iteration step number. At this point, the variational derivative iF m

is defined by  

including the notation tw m . The inversion of the variational derivative in equation 

(3.41) is numerically extensive. Here, i k i k i k, , 1 ,m m m is introduced and equation 

(3.40) is solved in iterative steps. Furthermore, a preconditioner P helps to reduce the num-

ber of iterations steps leading to  

where P enables converting the linear system while preserving the accuracy of the solution

i k,m . In this context, established preconditioning procedures are so-called Krylov sub-

space methods or ILU decomposition procedures [117]. The introduced BDF scheme is part 

of the so-called CVODE code that was proposed in [118] and [119] and is known to be an 

efficient solver for the time integration of the LLG equation [116]. Therefore, the CVODE 

solver is used for our simulations, which are performed using the magnum.fe simulation 

code.  

3.1.6 Magnum.fe 

The magnum.fe simulation code is a finite-element code based on the FEniCS package, 

which is written in C++ language [115]. For the design of the simulation script, FEniCS in-

cludes a python interface to define weak formulations. The so-called FFC compiler picks 

up the weak formulations in the unified form language (UFL) and generates C++ code to 

assemble the system matrix and solve the linear system of equations. Here, the interface 

between the python script language and the C++ language is the simplified wrapper and 

interface generator (SWIG) [22]. The magnum.fe tool delivers the micromagnetic methods 

like the FEM—BEM for the computation of the demagnetization field or the presented BDF 

scheme for the time integration, which are specific for micromagnetic problem settings. At 
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this point, magnum.fe also makes use of the SWIG interface since some algorithms imple-

mented in magnum.fe require features that are not included in the FEniCS package. One 

example is the meshing routine in magnum.fe. Here, externally generated meshes, e.g. by 

Gmsh, are converted in the required xml-format so that the final xml-file contains infor-

mation about different material regions. In the state-of-the-art FEniCS mesh routine, this 

information is included in separate files, which complicates the python script organization 

[120]. Apart from the magnum.fe tool, several other micromagnetic FEM packages like Fin-

Mag [121], FEELLGOOD [122], NMag [123], magpar [124]and FEMME [125] are available. 

Although these packages include the spin-diffusion model, the self-consistent spin-diffu-

sion model is unique in magnum.fe at this stage [28]. In magnum.fe, the self-consistency 

between the electric current density ej and the magnetization m is realized introducing 

the SpinTorque class to the field contributions of the LLG equation and applying the 

SpinAccumulationForPotential class for the computation of the spin accumulation s and 

the electric current density ej  [120]. The SpinAccumulationForPotential class picks up the 

current magnetization m from the LLG equation and computes the spin accumulation s

and the electric current density ej using the boundary conditions defined by equations 

(2.88) to (2.92). Subsequently, the SpinTorque class computes the spin torque given by equa-

tion (2.78) that affects the magnetization dynamics in the LLG-equation. This procedure is 

iterated for each time step and enables an accurate computation of the self-consistent rela-

tion between the magnetization m and the electric current density ej . Accordingly, it is 

used in this work to calculate the GMR effect directly from the simulations. 

33.2 Benchmarks 

This section includes the functionality test of the magnum.fe simulation code regarding 

micromagnetic problems. For this purpose, the simulation of a magnetic vortex motion is 

compared to a corresponding analytical solution. Moreover, the GMR calculation is tested 

simulating a submicron GMR stack and comparing the simulated GMR curve qualitatively 

to already published experimental results. 
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33.2.1 Motion of a Magnetic Vortex Core 

The motion of a magnetic vortex in a rectangular thin film is one of the standard micromag-

netic problems proposed by the Micromagnetic Modeling Activity Group ( MAG). These 

problems are used in micromagnetic simulations to check the benchmark. Known as the 

standard problem #5, a rectangular thin film with an edge length l of 100 nm and a thick-

ness t of 10 nm is introduced characterized by an exchange constant exA of 13 pJ/m and a 

saturation magnetization sM of 800 kA/m [126].  

In the problem setting, the magnetic vortex starts oscillating from the center deflected by 

an x-directed electric current density ej of 1 TA/m and damped by a Gilbert damping

of 0.1. The applied electric current density ej in x-direction causes a torque on the magnet-

ization of the rectangular thin film and the magnetic vortex shifts in a precessional damped 

motion in the y-direction, see figure 3.2. In order to model this motion of the magnetic vor-

tex, [127] solved the extended LLG-equation of Zhang-Li defined by equations (2.72) and 

(2.76) analytically. With substantial simplifications, a harmonic oscillator for the time evo-

lution of the magnetization in x-, y-and z-direction yields and the magnetization vector 

within the rectangular thin film leads to 

Figure 3.2: Simulation of the vortex motion in a rectangular thin film (standard problem 

#5). Due to an electric current density ej applied in x-direction, the magnetic vortex starts 

oscillating reaching its steady state after 8 ns. a) Start position. b) Maximum shift from the 

center during the oscillation. 
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where c denotes the chirality and p the polarization of the magnetic vortex [128]. Addi-

tionally, k represents a dimensionless fit parameter that converts the vortex core position 

into the spatially averaged magnetization and considers the finite size of the domain walls 

[128]. The x and y describe the actual position of the vortex core. Due to the time-de-

pendent oscillation in the x-and y-plane, the actual vortex core position is given by 

with end endA y i x / 2 and end endB y i x / 2 . Here, the final position of 

the vortex core follows 

where and denote the damping constant of the vortex and the frequency of the vortex 

core gyration, respectively. Both parameters are chosen as proposed in [127], whereas the 

degree of nonadiabacity and the parameter b are predefined by the standard problem #5 

to be 0.05 and 72.17 m/s, respectively. For the self-consistent spin-diffusion model, an equiv-

alent parameter set for the standard problem #5 was introduced in [28], which is also ap-

plied to this benchmark. The analytical solution is compared to numerical simulations 

based on the Zhang-Li model and the self-consistent spin-diffusion model introduced in 

sections 2.2.2.1 and 2.2.2.2. As outlined in figure 3.3, the numerical simulation based on the 

Zhang-Li model coincides very well with its analytical solution. The self-consistent spin-
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diffusion model provides good accordance with both graphs for the averaged x-magneti-

zation. In contrast, the averaged y-magnetization shows a slight offset.This is indicated by 

the inhomogeneous treatment of the electric current density ej caused by the self-con-

sistent fashion contrary to the constant assumption in the Zhang-Li model [28]. However, 

the effect of the spin-transfer torque on the motion of the magnetic vortex is well character-

ized by the self-consistent spin-diffusion model. Therefore, the simulation model intro-

duced in section 3.1 is able to represent the oscillation of the magnetic vortex affected by 

external disturbances.  

33.2.2 Giant Magnetoresistance of a Multilayer Structure 

For the verification of the GMR calculation, a multilayer structure as outlined in figure 2.9a 

is simulated. Here, the multilayer structure consists of two 5 nm thick ferromagnetic layers 

separated by a 1.5 nm thick non-magnetic layer. This example was also computed in [28] to 

verify the self-consistent spin-diffusion model initially introduced in this publication. Ac-

cordingly, the material parameters that feature the self-consistent spin-diffusion model are 

extracted from [28]. At this point, the coupling strength between itinerant and localized 

spins J  is set to 0.013 eV. Except an entire numerical modeling, the GMR is usually repre-

sented by a trigonometric function. As examined in [60], a sine parametrization like 
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Figure 3.3: Simulation results of the vortex motion ( mag standard problem #5) for differ-

ent models. a) Time evolution of the averaged x-magnetization. b) Time evolution of the 

averaged y-magnetization. 
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with a and b being fit parameters, is adequate to approximate the GMR curve. As outlined 

in figure 3.4, this approximation can be optimized by adding a higher-order sine term lead-

ing to 

with an additional fit parameter c . This parametrization was proposed in [129] to correct 

the more narrow GMR curve compared to the sine approximation (3.46). It shows a good 

agreement with the simulated GMR structure in figure 3.4a and the experimentally inves-

tigated GMR structure in figure 3.4b that was also published in [129].  

Note that the simulated GMR structure and the experimentally investigated GMR structure 

differ in geometry and dimension. However, the qualitative GMR curve is well represented 

by the self-consistent spin-diffusion model and the self-performed simulations in figure 

3.4a also coincide with the simulations published in [28]. Hence, the executed simulations 

code of magnum.fe characterizes the GMR effect adequately and enables an appropriate 
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Figure 3.4: Qualitative verification of the GMR simulation. a) Simulation results com-

pared to state-of-the-art fits for the GMR in case of multilayer structures as outlined in 

figure 2.9a. b) Experimental results compared to state-of-the-art fits to verify the GMR 

progression. The experimental results are extracted from [109]. 
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calculation of the GMR change indicated by the magnetic stray field of a saturated super-

paramagnetic nanolabel. 

33.3 Modeling the Detection of Superparamagnetic Labels 

Section 3.3 presents two methods based on the introduced FEM and developed in this thesis 

to simulate the detection of the superparamagnetic labels using a GMR vortex sensor. Ini-

tially, a two-step procedure is implemented, where the superparamagnetic label is assumed 

to be activated by an external magnetic field enabling the use of standard micromagnetics 

within the magnum.fe tool. Secondly, the micromagnetic model is extended to include the 

effect of the vortex stray field onto the superparamagnetic nanolabel while simulating the 

label detection. The last part contains the discussion of the standard material parameters 

that complete both simulation models. 

3.3.1 Using Standard Micromagnetic Methods 

In general, a typical GMR spin-valve system is fabricated as an array that comprises hun-

dreds of single GMR elements. As introduced in section 2.2.1, every single element consists 

of a magnetic free layer and a magnetic fixed layer separated by a non-magnetic spacer 

layer. The homogenous magnetization in the fixed layer is achieved by an adjacent antifer-

romagnet exploiting the exchange bias effect. This antiferromagnetic coupling also stabi-

lizes the fixed layer’s magnetization configuration against external fields [59]. Hence, it can 

be assumed that the label’s stray field only affects the free layer’s magnetization configura-

tion. Following this assumption, the label’s effect on the free layer’s magnetization config-

uration is computed in the first step of the simulation. Due to the need for low-noise oper-

ation, the free layer receives a magnetic vortex structure that prevents the appearance of 

magnetic phase noise [20]. The superparamagnetic label is assumed to be activated by an 

external magnetic field and is thus treated as a ferromagnetic domain. Since the magnetic 

vortex is sensitive to magnetic fields applied in the in-plane direction, the external magnetic 

field aligns in the z-direction to avoid vortex motion independent of the label, see figure 

3.5a.  
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Accordingly, the effective field effH of the LLG equation is given by 

In the FEM magnum.fe tool, the LLG equation (2.67) is solved simultaneously for both fer-

romagnetic regions coupled by a geometric translation. During the first simulation step, the 

label’s height z is varied between 10 nm and 100 nm. Additionally, the horizontal and the 

lateral position ( x and y ) are defined as the label’s shift from the free layer’s center in 

the x-or y-direction, respectively. They receive values between 0 nm and 75 nm in steps of 

25 nm. The diameter pd of the label characterizes its size. Since several crucial biomarkers 

are related to the nanometer range, the size of the label should be comparable [17]. Thus, 

the label diameter pd varies between 20 nm and 100 nm. Initially, the label is aligned 

entirely in the x-direction and the magnetic free layer starts relaxation in the magnetic 

vortex ground state. Since only the steady-state magnetization is used to compute the GMR 

effect, the damping constants p and l are set to 1.0. Then, the time-dependent LLG 

relaxation is executed until the magnetization in both magnetic systems converges. As it 

includes the effect of the label, the free layer’s steady-state magnetization configuration is 

eff demagex zeemanH H H H . (3.48)

Figure 3.5: Two-step procedure during the simulations. a) First step: Simulation of the 

label’s effect on the magnetic vortex. b) Import of the converged vortex magnetization 

into the GMR spin valve stack to calculate the resulting GMR.  
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imported during the second simulation step to the self-consistent spin-diffusion model for 

the GMR calculation as outlined in figure 3.5b. Here, equations (2.86) and (2.87) are 

initialized with the free layer’s magnetization and the homogenoeus fixed layer 

magnetization, which is pinned in the x-direction. Assuming a standard spin-valve stack 

according to figure 3.5b, the corresponding boundary conditions (2.88) to (2.92) are applied 

including an electric current in the CPP direction. This electric current is CPPI = 8 mA.  

33.3.2 Extending the Micromagnetic Model 

Using standard micromagnetic methods, the label is assumed to provide a magnetic stray 

field that affects the magnetization in the vortex free layer. However, the magnetic vortex 

provides an out-of-plane field that affects the nanolabel itself, which must be considered 

when placing the label close to the sensor surface. Furthermore, the label’s superparamag-

netic nature concerning external magnetic fields is characterized by the Langevin function 

introduced in section 2.5. Therefore, it is desirable to calibrate an experimentally deter-

mined Langevin function into the simulations to represent the superparamagnetic label as 

closely as possible to experimental results. In order to realize both requirements, the stand-

ard micromagnetic model is extended by a fixed point iteration that treats the magnetic 

vortex and the superparamagnetic label represented by its Langevin function in a self-con-

sistent fashion. In this context, the demagnetization field demagH in equation (3.48) usually 

contains the magnetic stray field of the label and the magnetic vortex. In contrast, the ex-

tended model treats the label’s magnetic stray field differently by introducing a fixed point 

iteration that initially computes the stray field of the magnetic vortex according to the def-

inition in equation (2.31). As a second step, an average total field totH is computed that 

includes the average vortex stray field demag vortex,H and the applied external field
zeemanH according to 

Note that this total field totH is only evaluated at the position of the label as demonstrated 

by figure 3.6a [130]. This total field totH contains all field contributions that affect the label. 

demag vortextot zeeman,H H H . (3.49)
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Hence, it is exploited to determine the magnetization configuration of the label applying 

the label’s characteristic Langevin function qualitatively displayed in figure 2.17c. 

Accordingly, the label’s saturation magnetization results from  

with totH being the magnitude of the total field totH . Moreover, the direction of the la-

bel’s magnetization is characterized by the vector pm that is given by the direction of the 

total field in equation (3.51). 

The label vector pm causes a relaxation of the magnetic vortex. After reaching the steady-

state, the evaluation of equations (3.49) to (3.51) is repeated until the magnetization in both 

systems converges. At this point, the time-dependent relaxation of the magnetic vortex can 

tot
s pM L, H (3.50)

tot

p tot
Hm
H

(3.51)

Figure 3.6: Extended two-step simulation model. a) First step: Self-consistent evaluation 

of the label and the magnetic vortex [130]. b) Import of the converged vortex magnetiza-

tion into the GMR spin valve stack to calculate the resulting GMR.  
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slowly proceed in time steps of 0.01 ns in parallel to the self-consistent label/vortex-evalu-

ation since the vortex relaxes one order of magnitude slower assuming a damping constant 

of l = 1.0.  

Typically, both magnetic systems reach their steady-state magnetization after a simulation 

time of 0.2 ns, which can be observed in the simulation results presented in chapter 4. In 

particular, this parallelization saves computation time that is often an issue in 

micromagnetic simulations due to the extensive assembling resulting from the 

demagnetization field demagH computation [32].  

33.3.3 Standard Material Parameters 

Completing both simulation models, the forthcoming section describes the choice of the 

material parameters that are used for the superparamagnetic label, the free layer including 

a magnetic vortex structure and the typical GMR spin-valve stack. Since the magnetization 

configuration of the free layer is determined in a pure LLG-Simulation as a first step, the 

former regions receive only material parameters that characterize their magnetic properties. 

In contrast, the GMR effect of the entire spin-valve stack is calculated via the self-consistent 

spin-diffusion model that calls for parameters characterizing the conducting properties. 

Therefore, each layer region has to be equiped with a more extensive parameter set. 

3.3.3.1 Superparamagnetic Labels 

For biomedical applications, superparamagnetic labels should provide a high biocompati-

bility and chemical stability to preserve their nature in fluidic systems. Such labels are based 

on different material compositions and depend strongly on the synthesis procedure [131, 

132, 133]. Apart from the already introduced magnetite labels (section 2.5), other suitable 

and well-investigated material compositions are carboxyl [134], hexagonal close-packed 

(hcp) cobalt compositions [135] and so-called Heusler alloys [136]. Especially the latter com-

position is examined currently regarding an application in a microfluidic system since it 

offers a high magnetic moment at external fields of a few mT [137, 138].  



Simulation Model                                                                                                                           87 

In [137], these labels provide a saturation magnetization s pM , up to 1200 kA/m for an exter-

nal magnetic field of 10 mT. In contrast, standard magnetite labels usually offer only a sat-

uration magnetization s pM , in the range of 100 kA/m to 450 kA/m for an external magnetic 

field of 100 mT [107]. At this stage, magnetite labels are typically chosen for a microfluidic 

system [139, 140, 110, 111]. Therefore, the performed simulations, where the label is as-

sumed to be activated by an external magnetic field, adhere the material parameters of 

magnetite labels and the saturation magnetization s pM , is initially set to 312 kA/m deter-

mined from a mass magnetization of 60 Am²/kg in [107] assuming a density of 5.2 g/cm³ 

[141].  

Nevertheless, the label properties, especially the saturation magnetization s pM , , is also var-

ied in the parameter space of already published experimental results for other label mate-

rials to demonstrate potential effects on the sensor response. At this point, the Langevin 

functions calibrated into the extended micromagnetic model are extracted from the litera-

ture as outlined in figure 3.7. In the LLG simulation, the exchange constant ex pA , com-

pletes the magnetic properties of the superparamagnetic label since anisotropy effects can 

be neglected due to the saturation by an external magnetic field [108]. Here, the literature 

proposed an exchange constant ex pA , of 10 pJ/m for magnetite labels [142, 141]. 
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Figure 3.7: Langevin functions that are calibrated into the simulations using the extended 

micromagnetic model [130]. The magnetite Langevin function is extracted from [107] and 

the Heusler alloy Langevin function is extracted from [138]. 
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33.3.3.2 Free Layer Materials 

The magnetic free layer of the GMR spin-valve stack is typically made of a soft ferromag-

netic material that magnetizes easily in an external magnetic field. Such materials are iron 

(Fe), cobalt (Co), nickel (Ni) or compositions of these metals. The material decision has to 

take a lattice mismatch into account with respect to the non-magnetic spacer layer. Possibly, 

this lattice mismatch leads to defects that provoke a stronger electron scattering and thus, 

a lower GMR. In this context, Co compositions combined with copper (Cu) or Fe composi-

tions combined with chromium (Cr) have proven to be beneficially [143]. Furthermore, 

permalloy (Py) essentially composed of Ni and Fe matches with Cu and is used in standard 

GMR spin-valve structures as well [144]. In [20], the magnetic free layer consists of a CoFe 

composition, which performs excellently in the proposed standard GMR vortex sensor. 

Therefore, the free layer material parameters in the simulations are based on already pub-

lished experimental data on CoFe thin films. The saturation magnetization of the CoFe thin 

film s lM , typically ranges from 1.0 T [145] to 2.4 T [146], which corresponds to 800 kA/m to 

1910 kA/m. Based on the experimental results in [147], the free layer’s saturation magneti-

zation s lM , is assumed to be 2.0 T. Additionally, the exchange constant of the CoFe layer

ex lA , is chosen to be 15 pJ/m according to [20] completing the set of material parameters 

necessary for the simulation of the label’s effect on the magnetic vortex free layer. Here, the 

tetrahedron mesh receives an element size of 3 nm considering the exchange lengths of the 

label ( ex pl , = 12.8 nm) and the vortex free layer ( ex ll , = 3.1 nm). 

3.3.3.3 GMR Spin-Valve Stacks 

In a GMR spin-valve system, the fixed layer material is chosen similar to the free layer ma-

terial to avoid further lattice mismatches [143]. When using a CoFe free layer, CoFe and 

CoFeB represent suitable material compositions, where B abbreviates the boron element. 

The fixed layer’s pinning is usually realized by antiferromagnets based on manganese al-

loys like iridium manganese (IrMn) and platinum manganese (PtMn). Another possibility 
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is using so-called synthetic antiferromagnets, where the fixed layer is coupled antiferro-

magnetically to another ferromagnetic layer through a thin ruthenium (Ru) layer [148]. Both 

methods block the fixed layer’s magnetization efficiently and are established for fixed lay-

ers composed of CoFe or CoFeB [149, 150].  

Using a CoFeB fixed layer, the saturation magnetization s flM , = 1.75 T and the exchange 

constant ex flA , = 20 pJ/m are extracted from [151]and [152], respectively. In order to calcu-

late the GMR using the self-consistent spin-diffusion model, additional material parameters 

are required, namely, the polarization parameters and ' , the coupling strength J , the 

spin-flip relaxation time sf , the conductivity C0 and the diffusion constant D0 . While the 

conductivities of CoFe, CoFeB and the copper (Cu) spacer layer are assumed to be 2.5 

MA/Vm [153], 0.3 MA/Vm [154] and 30 MA/Vm [155], respectively, the residual parameters 

are taken from [28] and defined as displayed in figure 3.8. 

For the spacer layer, copper, silver (Ag) and gold (Au) are typically in use due to their ex-

cellent conducting properties. Among these materials, Cu outperforms Ag and Au concern-

ing the GMR ratio as it induces a lower lattice mismatch with the common materials used 

for fixed and free layer, a higher transmission at the magnetic/non-magnetic layer interface 

and a lower spin-flip scattering within the material [143]. 

Figure 3.8: Material parameters completing the self-consistent spin-diffusion model [28]. 
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44 Detecting Nanolabels Using an External z-Field 

In Chapter 4, the detection of a superparamagnetic nanolabel using a GMR vortex sensor is 

simulated using an external z-field for the saturation of the label. Initially, the vortex for-

mation is investigated to ensure that the vortex appears as the magnetic ground state in the 

considered composition of the free layer.  

In the following sections, the magnetization change in the free layer provoked by the label 

is determined using the standard micromagnetic model and the extended micromagnetic 

model. The last part of this chapter contains the calculated GMR of a typical spin-valve 

stack that varies due to different sizes and positions of the label. 

4.1 Vortex Simulations 

In general, label detection is possible as long as the size of the GMR sensor is similar to the 

size of the used labels [97]. Hence, the diameter ld of the circular sensor structure should 

not exceed or undershoot a diameter of ld = 100 nm significantly, considering label sizes 

between 20 nm and 100 nm. As introduced in section 2.3, the vortex ground state appears 

depending on the free layer’s aspect ratio. Here, the free layer’s critical thickness lt for a 

stable vortex appearance according to equation (2.94) yields to lt = 8.5 nm using ld  = 100 

nm. In order to verify the stable formation of the vortex ground state, thin films of different 

diameters ld and thicknesses lt are simulated. The LLG relaxation is executed for 10 ns, 

including the demagnetization field demagH and exchange field exH .  

Starting from the saturated state in the positive x-direction, three different ground states 

appear depending on the thickness lt and the diameter ld of the CoFe layer, see figure 4.1. 

For a CoFe layer with a diameter ld of 80 nm and a thickness lt of 6 nm, the single-domain 

state occurs. Here, the demagnetization energy demagE and the exchange energy exE re-

main constant during the time-dependent relaxation of the LLG equation, see figure 4.2. In 

contrast, a CoFe layer with a diameter ld of 90 nm and a thickness lt of 8 nm provides the 

C-state as its magnetic ground state characterizing a transition state between the single-

domain state and the vortex state [79]. 
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According to figure 4.1c, the spins start to align parallel to the edge of the circular CoFe 

layer. Nevertheless, the local exchange interaction is large enough compared to demagnet-

izing effects to prevent a total spin alignment parallel to the edge of the layer. This is indi-

cated by figure 4.2, where the exchange energy exE is still lower compared to demagneti-

zation energy demagE . This energy distribution changes for a CoFe layer with a diameter

ld of 100 nm and a thickness lt of 10 nm. After approximately 5 ns, the exchange energy

exE exceeds the demagnetization energy demagE  and the magnetic vortex appears. Due 

to the increasing parallel spin alignment to the edge of the circular CoFe layer, the exchange 

energy leaves its original minimum since the spins relinquish their parallel alignment to 

each other. 

Figure 4.1: Ground state formation in a circular CoFe layer. a) Start condition: Saturation 

in the positive x-direction. b) Single-domain-state in a CoFe layer with ld = 80 nm and lt

= 6 nm. c) C-state in a CoFe layer with ld = 90 nm and lt = 8 nm. b) Vortex-state in a 

CoFe layer with ld = 100 nm and lt = 10 nm. 
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In contrast, the favored alignment parallel to the edge of the CoFe layer leads to a lower 

energy minimum of the demagnetization energy demagE . This energy contribution is only 

achieved for specific aspect ratios tested according to figure 4.3. Based on figure 2.12, the 

simulated aspect ratios are located at the crossing of the in-plane single-domain state and 

the vortex state. Here, CoFe layers with a diameter ld lt of 6 nm 

behave single-domain. The transition between the in-plane single-domain state and the vor-

tex state is characterized by the C-state that appears for label thicknesses lt

diameters ld lt ld

ratios that are tested during the ground state simulations.  

It becomes apparent that a CoFe layer with a thickness of lt = 10 nm and a diameter ld = 

100 nm provides a magnetic vortex as the magnetic ground state and is thus a suitable free 

layer for a GMR spin-valve stack that detects labels with a diameter ld in the range of 20 

nm and 100 nm. Hence, such a vortex free layer is applied to the simulated GMR spin-valve 

stack to investigate the label’s effect on the free layer magnetization, the change of which 

results in a GMR change of the entire sensor structure. 

Figure 4.2: Demagnetization energy demagE and exchange energy exE in the time-

dependent LLG simulation of the CoFe layer’s magnetic ground state. 
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44.2 Magnetization Change Simulated Using the Standard Micromagnetic 

model 

During the simulations of the label’s effect on the vortex free layer, where the label is as-

sumed to be activated in an external z-field of zeemanH = 100 mT, the label’s effect on the 

free layer magnetization configuration splits into two primary effects.  

Due to their magnetized state, both bodies attract each other. This is reflected in the out-of-

plane magnetization of the magnetic vortex. Furthermore, the label’s stray field affects the 

magnetization in the x-y-plane when moving across the layer surface. The forthcoming sec-

tion includes a detailed description of both effects. 

4.2.1 Out-of-Plane Vortex Field 

In particular, the attraction of the vortex free layer and the magnetized label is evident when 

placing the label centrally above the free layer. Here, the label’s stray field acts symmetri-

cally on the free layer and the vortex core does not move since it is sensitive to stray fields 

in the x-y-plane. Accordingly, only the free layer’s averaged z-magnetization changes de-

pending on the height z and the size of the label characterized by its diameter pd . With-

out a magnetized label, the magnetic vortex exhibits a z-magnetization of z l s lM M, , = 

0.01. In the presence of a magnetized label, the z-magnetization increases up to z l s lM M, ,

Figure 4.3: Simulation of the CoFe layer’s magnetic ground state depending on the aspect 

ratio of the layer. The critical thickness is calculated using equation (2.94). 
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= 0.118 for the largest label with a diameter pd of 100 nm in the height of z = 10 nm. Ac-

cording to figure 4.4, the minimum z-magnetization of z l s lM M, , = 0.075 occurs for the 

tiny label with a diameter pd of 20 nm in the height of z = 100 nm. In this context, the z-

magnetization decays exponentially increasing the height z of the label.  

In general, the z-magnetization becomes maximum for large labels in short distances. This 

effect results from the increasing magnetic moment as a result of the growing volume of 

the label. Due to the larger volume, more spins contribute to the label’s magnetic moment. 

These spins are coerced to align in the z-direction due to the external magnetic field applied 

in the z-direction. Therefore, the setup of the label and the out-of-plane magnetization of 

the free layer can be understood macroscopically like two ferromagnets oriented in the z-

direction that attract each other. One of the ferromagnets representing the label increases 

and decreases in size and thus, the attraction of both ferromagnets increases and decreases 

likewise.  

Additionally, a lower distance z stimulates the attraction of the two ferromagnets since 

the strength of the label’s stray field enhances due to the dipole-dipole interaction. In gen-

0,07

0,08

0,09

0,10

0,11

0,12

0 20 40 60 80 100

M
z,

l /
 M

s,
l

z [nm]

d = 100 nm

d = 80 nm

d = 60 nm

d = 40 nm

d = 20 nm

Figure 4.4: Simulation of different label diameters and heights z centered above the 

free layer [195]. a) Averaged z-magnetization of the free layer. b) Magnetization orienta-

tion of the magnetic vortex and the magnetized label reaching the steady state configura-

tion.  
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eral, the dipole-dipole interaction implies an increasing interaction of two magnetic mo-

ments in reducing their distance. At this point, the two magnetic moments are macroscop-

ically represented by the magnetized label and the magnetic vortex. 

The changed z-magnetization accompanies with a change of the vortex core’s dimension 

since only the vortex core exhibits magnetization components in the z-direction. Neverthe-

less, the changed z-magnetization will not affect the GMR of the spin-valve stack since the 

GMR is usually sensitive to magnetization changes in the x-y-plane of the free layer.  

Accordingly, the z-magnetization is only detectable applying a different design for the 

stack’s fixed layer. In this regard, the fixed layer’s pinning should align out-of-plane or 

provide a pinned magnetic vortex to calibrate the z-magnetization in the GMR stack for 

changes of the free layer’s z-magnetization. The former pinning design is already investi-

gated in [156] for spin-torque oscillators. However, the spin-valve stack investigated in this 

work contains a typically fixed layer pinning in the in-plane direction. Thus, in-plane mag-

netization changes in the free layer are essential. In particular, the free layer’s magnetization 

changes in the in-plane direction when shifting the label above the sensor structure in the 

negative or positive x-or y-direction, x and y , respectively. 

44.2.2 In-Plane Vortex Field 

According to figure 4.5, an x-shift of the label results in a magnetization tilting in the center 

of the label. Here, the out-of-plane magnetization in the vortex core pulls the magnetization 

in the label back similar to the attraction effect in the previous section 4.2.1. As a result, the 

label provides magnetization vectors that slightly tilt in the x-direction, more generally in 

the direction of the label shift. This initiates a slight x-magnetization in the label that en-

hances the net x-magnetization of the free layer surface. This leads to an orthogonal shift of 

the vortex core in the y-direction provoked by enhancing the free layer magnetization in 

the x-direction. As introduced for label shifts in the x-direction, the magnetization in the 

free layer changes vice versa for label shifts in the negative x-direction and both y-direc-

tions.  
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In this regard, the magnetization orthogonal to the label shift does not change significantly 

and can be assumed to remain constant. This is illustrated in figure 4.6 and observed during 

the simulations when reaching the converged magnetization state in both regions 

Figure 4.5: Sketch of the vortex movement in the free layer [195]. a) For a centered label, 

the vortex core remains in center of the free layer. b) By shifting the label in the positive 

x-direction, the label shift coerces the spins to align more in the positive x-direction. Thus, 

the magnetization in the positive x-direction increases and the magnetic vortex moves 

orthogonally. 

Figure 4.6: Orthogonal movement of the magnetic vortex core with respect to the label 

shift [195]. The movement of the vortex core provokes resistance changes across the 

GMR sensor stack. Here, the maximum resistance is achieved for label shifts in the posi-

tive x-direction. 
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According to figure 4.7 and figure 4.8, the transfer curve of the magnetization change shows 

a sinusoidal function depending on the label shift.  
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Figure 4.7: Magnetization change in the free 

layer due to the label’s x-shift x. a) Label 

diameter pd = 100 nm. b) Label diameter    

pd = 80 nm. c) Label diameter pd =  60 nm. 

d) Label diameter pd = 40 nm. e) Label di-

ameter pd  = 20 nm. 
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Figure 4.8: Magnetization change in the free 

layer due to the label’s y-shift y . a) Label 

diameter pd = 100 nm. b) Label diameter    

pd = 80 nm. c) Label diameter pd =  60 nm.  

d) Label diameter pd = 40 nm. e) Label diam-

eter pd  = 20 nm. 
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Here, a label shift of 0.5 ld causes the highest interaction since the label’s entire magnetic 

stray field acts on one flank of the free layer. In the direction of the center, the interaction is 

reduced since the label stray field acts more in all spatial directions of the free layer. The 

interaction is also reduced towards the edge, as the label disappears successively from the 

free layer’s surface.  

In general, the amount of the free layer’s magnetization change can be manipulated by the 

height z and the diameter pd of the label. As displayed in figure 4.7 and figure 4.8, large 

labels in short distances provoke magnetization changes up to x l x lM M, , = ± 0.16 for 

shifts in the x-direction. The amount of the magnetization change is equal for label shifts in 

the y-direction due to the cylindrical symmetry of the free layer. In this context, labels with 

a diameter of pd = 20 nm corresponding to 0.2 ld cause a barely noticeable magnetization 

change independent of the distance to the free layer surface. 

4.3 Magnetization Change Simulated Using the Extended Micromagnetic 

Model 

Unlike the previous section, the extended model implements the label saturation based on 

the Langevin function and the total field totalH . For magnetite labels with a Langevin func-

tion as displayed in figure 3.7, the label saturation is achieved by applying an external field
zeemanH of approximately 100 mT orientated in the z-direction. This label characteristic is 

verified in figure 4.9a, where the label’s saturation magnetization s pM , is plotted with re-

spect to different external fields zeemanH applied in the z-direction. Initially, the label’s 

saturation s pM , is set to zero and starting relaxation, it receives successively the saturation 

magnetization s pM , that corresponds to the applied external magnetic field according to 

the Langevin function. Note that the simulations are executed in time steps of 0.01 ns and 

thus, 20 iterations are typically required reaching the steady-state magnetization in the label 

and the magnetic vortex. The actual label saturation magnetization s pM , of 280 kA/m is 

only achieved for external magnetic fields zeemanH

tic Langevin function is accurately calibrated into the simulations as the simulations reflect 

this property very well. According to figure 4.9b, the label saturation does not depend on 
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the label’s size. At this point, both labels are simulated at position x = 50 nm in a height

z of 10 nm. For larger label’s, in this case a label with a diameter pd of 100 nm compared 

to a label with a diameter pd of 60 nm, the label’s saturation is achieved by the same field 

strength. This results from the label’s treatment in the extended micromagnetic model, 

where the label’s orientation is determined by the total magnetic field totalH consisted of 

the constant external field zeemanH applied in z-direction and the stray field of the mag-

netic vortex demag vortex,H . 

Here, the label will align entirely in the z-direction if the total field totalH provides a net 

orientation in the z-direction. Thus, the direction of the label’s magnetic moment is defined 

by the orientation of the total field totalH .  

Applying an external magnetic field zeemanH of 100 mT in the z-direction that corresponds 

to approximately 80 kA/m outweighs the contribution of demag vortex,H to the total field

total ,H  see figure 4.10b to figure 4.10d. Here, the demagnetization field of the magnetic 
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vortex demag vortex,H evaluated at the label position only ranges from 0.35 kA/m to 3.5 kA/m 

considering all spatial components of demag vortex,H . Hence, the label aligns entirely in the 

z-direction for external magnetic fields zeemanH in the range of 100 mT. 
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Figure 4.10: Magnetization change and vortex stray field at the position of the label in the 

extended micromagnetic model. a) Simulated magnetization change in the free layer’s x-

direction due to label shifts x in different heights z . b) Demagnetization field of the 

vortex dem ag vortex
x

,H evaluated at the label position and averaged in the x-direction.    

c) Demagnetization field dem ag vortex
y

,H of the vortex evaluated at the label position 

and averaged in the y-direction. d) Demagnetization field dem ag vortex
z

,H of the vortex 

evaluated at the label position and averaged in the z-direction. Note that the results of b) 

to d) are generated for a label with a diameter pd of 60 nm at position x = 50 nm in a 

height z of 10 nm. 
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In general, the components of the vortex stray field evaluated at the label with a diameter

pd of 60 nm placed at position x = 50 nm in different heights show different magnitudes 

depending on the spatial direction. Due to the label’s shift in the x-direction, the label is 

affected by an x-stray-field component demag vortex
x

,H of approximately 3 kA/m for a label 

placed in a height z of 10 nm. This reduces rapidly increasing the label’s height z , 

which is also observed for the y-stray-field component demag vortex
y

,H and the z-stray-field 

component dem ag vortex
z

,H , see figure 4.10c and figure 4.10d, respectively. The short-term 

rise of the y-stray-field component demag vortex
y

,H in figure 4.10c results from the preces-

sional damped motion of the magnetic vortex, where the magnetization of the magnetic 

vortex provides components in the y-direction for a short period before reaching the steady-

state magnetization. 

However, the field components in figure 4.10b to figure 4.10d are plotted for an x-shift of 

the label. The y-stray-field component demag vortex
y

,H changes one order of magnitude lower 

compared to the x-stray-field component demag vortex
x

,H and the z-stray-field component

dem ag vortex
z

,H . 

In contrast, for y-shifts of the label, the y-stray-field component demag vortex
y

,H increases and 

the x-stray-field component demag vortex
x

,H decreases likewise, while the z-stray field com-

ponent demag vortex
z

,H remains constant. Here, the magnetic vortex moves orthogonally in 

the x-direction due to an increasing magnetization in the y-direction. 

The label’s entire alignment in the z-direction leads to the same mechanisms for the free 

layer’s z-magnetization and the free layer’s in-plane magnetization introduced in sections 

4.2.1 and 4.2.2 and determined using the standard micromagnetic model. As displayed in 

figure 4.10a, the magnetization change also follows a sinusoidal function with its maximum 

and minimum at x = ±50 nm = ± 0.5 ld , respectively, when shifting the label horizontally 

above the layer surface. Furthermore, the amount of the magnetization change reduces 

when placing the label in a higher distance z to the sensor surface. Consequently, the ex-

tended micromagnetic model generates qualitatively the same results as the standard mi-

cromagnetic model when assuming a label saturation via an external magnetic field applied 

in the z-direction. According to figure 4.11, comparing both models for one label size ( pd
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= 60 nm) shows an increasing deviation when rising the magnetization change due to a 

decreasing height z of the label. This small difference results from a slight difference in 

the label’s saturation magnetization s pM , . 

While assuming a saturation magnetization s pM , of 312 kA/m using the standard micro-

magnetic model, the Langevin function in the extended micromagnetic model provides a 

saturation magnetization s pM , of approximately 280 kA/m. This difference comes into 

play when generating significant magnetization changes in the free layer. However, both 

models adequately represent the interaction of the free layer and the superparamagnetic 

label activated by an external field in the z-direction. Using both models, the magnetization 

change generated by the label in the free layer can be determined. However, the extended 

model provides a valuable feature calibrating the label’s characteristic Langevin function 

into the simulations. 
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44.4 GMR Response 

The determined free layer magnetization configuration is introduced to the self-consistent 

spin-diffusion model according to section 3.1.4 to compute the GMR response of the entire 

spin-valve stack. At this point, it is irrelevant whether the magnetization configurations are 

taken from the standard micromagnetic model or the extended micromagnetic model since 

the progressions according to the previous section only differ in the assumed label satura-

tion magnetization and not in a qualitative fashion. Accordingly, the magnetization config-

urations are taken from the standard micromagnetic model outlined in figure 4.7 and figure 

4.8. 

Since the fixed layer is pinned in the x-direction, magnetization changes in the negative x-

direction lead to the maximum sensor voltage u demonstrated by the simulation findings 

in figure 4.12 and figure 4.13. As a result of the more antiparallel alignment between the 

free and the fixed layer, the sensor voltage u enhances by 0.9 mV compared to the no label 

or centered label configuration. This maximum sensor voltage u is achieved by placing the 

largest label ( pd = 100 nm) at position x = -50 nm = -0.5 ld . In contrast, the sensor voltage

u is reduced by 0.9 mV at position x = 50 nm = 0.5 ld due to the more parallel alignment 

of the free and the fixed layer. The amount of the sensor’s voltage change depends signifi-

cantly on the labels diameter pd and its distance to the sensor surface z . Here, label di-

ameters pd z

changes. The label displacement orthogonally to the fixed layer’s pinning, which is charac-

terized by y , provides a similar voltage distribution, but the amount of the voltage change 

decreases remarkably. The maximum voltage change yields to ±0.1 mV for the largest label 

( pd = 100 nm) at position y = ±50 nm = ± 0.5 ld . As a result of the label’s orthogonal move-

ment, the magnetization in the y-direction (orthogonal to the pinning of the fixed layer) 

increases since more spins align in the y-direction. This affects GMR only weakly since the 

GMR is sensitive to magnetization changes that appear antiparallel or parallel to the fixed 

layer’s pinning found to be also valid using magnetic vortex structures in the free layer, see 

figure 4.6.  
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Figure 4.12: Electric potential u of the GMR 

spin valve stack due to the label’s x-shift x . 

a) Label diameter pd = 100 nm [195]. b) Label 

diameter pd = 80 nm. c) Label diameter pd = 

60 nm. d) Label diameter pd = 40 nm. e) Label 

diameter pd  = 20 nm. 
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Figure 4.13: Electric potential u of the GMR 

spin valve stack due to the label’s y-shift y . 

a) Label diameter pd = 100 nm [195]. b) Label 

diameter pd = 80 nm. c) Label diameter pd =  

60 nm. d) Label diameter pd = 40 nm. e) Label 

diameter pd  = 20 nm. 
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For labels placed in the center above the sensor structure, only the z-magnetization changes 

according to figure 4.4 since the magnetic vortex does not move and thus, no in-plane 

magnetization changes are observed. Hence, a label placement in the center above the 

sensor structure is equivalent to the setup without a label, which is confirmed by the 

interpolated voltage response in the entire x-y-plane as displayed in figure 4.14. Here, the 

detection of a label with a diameter of pd = 100 nm is simulated. Furthermore, it becomes 

apparent that the best sensitivity is accomplished for label shifts parallel and antiparallel to 

the fixed layer’s magnetization direction, in this case the x-direction.  

Demonstrated by the color contrast in figure 4.14a to figure 4.14e, labels up to a height of

z

hancing the label’s saturation magnetization s pM , that enlarges the range of the GMR re-

sponse, which is considered in section 4.4.1. In general, an entire sensor array consists of 

several hundreds of single GMR elements. Due to the sinusoidal voltage response, one can 

consider a balancing of the sensor response in the presence of several labels. To compensate 

for this drawback, the fixed layer of neighboring sensor elements can align differently. 

Consequently, neigboring sensor elements provide their appreciable response in a different 

coordinate that additionally enables an accurate readout of the label’s position within the 

entire sensor array and allows distinguishing signal changes provoked by a small height 

z or shifts in x-or y-direction.    

However, the complete detection mechanism requires a proper channeling of the label to 

the sensor surface. This is realized by so-called three-dimensional microtubulars that were 

investigated for several applications also for Lab-on-a-Chip devices [11]. The analyte or the 

label enters the tubular and is guided based on light interaction [157], electrical signals 

[158], capillary forces [159] or magnetic fields [160]. In the latter case, simple magnetic fields 

are complemented by magnetoresistive effects that are also exploited to guide the label to 

the surface of the sensor structure [2]. This offers further possibilities to ensure accurate 

label channeling in developing a magnetism based microfluidic system. 
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Figure 4.14: Electric potential u in 

the sensor’s x-y-plane affected by a 

label with a diameter of pd = 100 nm. 

a) Label height z = 10 nm [195].    

b) Label height z = 20 nm. c) Label 

height z = 30 nm. d) Label height

z = 50 nm. e) Label height z = 

100 nm. 

a) b)

c) d)

e)
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44.4.1 Changing the Label’s Magnetic Moment Using Standard Micromagnetics 

The change of the sensor response is determined by the magnetic stray field of the label that 

varies depending on the label’s material composition. The stray field is initiated by the la-

bel’s magnetic moment characterized by the saturation magnetization s pM , . As introduced 

in section 3.3.3.1, the label’s saturation magnetization can vary between 100 kA/m and 450 

kA/m for magnetite labels and achieve 1200 kA/m using labels based on Heusler alloys. 

Thus, the label’s saturation magnetization s pM , is varied in figure 4.15 and figure 4.16 to 

exemplify the effect of different saturation magnetizations s pM , on the sensor response. 

Due to the increasing label saturation magnetization s pM , , the magnetic moment of the 

label increases and its robustness against external magnetic fields enhances. Hence, an ex-

ternal field of zeemanH = 100 mT is not strong enough to align the spins of the label com-

pletely in the z-direction exceeding a label saturation magnetization of s pM , = 500 kA/m, 

see figure 4.15a. As a result, the label exhibits magnetization components in the positive x-

direction as outlined in figure 4.15d for a label saturation magnetization of s pM , = 1000 

kA/m. Apart from the magnetic stray field that affects the left sensor flank due to the label’s 

shift in the negative x-direction, the appearing positive x-component counteracts the effec-

tive magnetic stray field. Consequently, the magnetization change in the free layer does not 

increase simultaneously with the saturation magnetization s pM , compared to the simula-

tion using a saturation magnetization of s pM , = 312 kA/m, where the label is completely 

aligned in the z-direction, see figure 4.15c. This leads to a saturation of the voltage u for an 

external magnetic field of zeemanH = 100 mT at s pM , = 500 kA/m since the magnetization 

change in the free layer remains constantly above this value.  

The saturation of the voltage u due to an increasing saturation magnetization s pM , can be 

prevented by enhancing the external magnetic field zeemanH . For saturation magnetiza-

tions up to s pM , = 1200 kA/m, an external magnetic field of zeemanH = 500 mT is required, 

which is demonstrated by figure 4.15b. Although the external field of zeemanH = 500 mT 

reduces the voltage u to some extent due to the enormous force that coerces free layer spins 

to also align in the z-direction, the voltage increases linearly. Therefore, the interaction of 
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the label’s saturation magnetization s pM , and the applied external field zeemanH must be 

taken into account when assuming the label to be activated by an external magnetic field
zeemanH in the use of standard micromagnetic methods.  

The label’s volume also determines the label’s magnetic moment. At this point, large labels 

provide a higher magnetic moment compared to smaller labels. Therefore, the label’s satu-

ration magnetization s pM , label is also varied for different label sizes with respect to their 
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Figure 4.15: Variation of the label’s saturation magnetization s pM , for a label with a di-

ameter pd in a height of z = 10 nm at position x = -50 nm. a) Label alignment in the z-

direction for different external z-fields zeemanH . b) Sensor response for different external 

z-fields zeemanH . Note that the saturation appears due to the imcomplete label alignment 

in the z-direction according to plot a). c) Label alignment for a label saturation magnetiza-
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alignment in an external magnetic z-field of zeemanH = 100 mT and the corresponding sen-

sor response, see figure 4.16. While increasing the label saturation magnetization s pM , , 

small labels with a label diameter of pd = 20 nm align entirely in the external z-field for all 

simulated saturation magnetizations in the range of s pM , = 100 kA/m to s pM , = 1200 

kA/m. This corresponds to a slight linear rise of the voltage u for an increasing label satu-

ration magnetization s pM , ,  as displayed in figure 4.16b.  

In contrast, large labels with a diameter of pd = 80 nm only align completely in the z-di-

rection up to a saturation magnetization s pM , = 600 kA/m. Similar to figure 4.15b, this cor-

responds to a saturation of the voltage u at s pM , = 600 kA/m. The changing GMR response 

due to the changing label alignment for different saturation magnetizations s pM , must be 

only taken into account when using the standard micromagnetic model, see figure 4.9b. In 

the extended micromagnetic model, the label’s saturation and the entire alignment in the z-

direction are defined by the Langevin function and the direction of the total field total .H

Hence, the orientation of the label’s magnetic moment in the external field is predefined 

independent of the size of the label. 
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In contrast, using the standard micromagnetic model only allows the definition of the la-

bel’s saturation magnetization s pM , and not the label’s orientation. Accordingly, the la-

bel’s alignment in an external magnetic field depends on the chosen label size and the la-

bel’s saturation magnetization s pM , that define the label’s magnetic moment and thus, the 

barrier that must be exceeded by an external magnetic field to change the label orientation 

from its original direction to the z-direction. Hence, larger saturation magnetizations s pM ,

require larger field strengths zeemanH to align the label entirely in the z-direction. 

For modeling the label detection close to experimental setups, the extended micromagnetic 

model is more suitable since the magnetic properties of the label like the saturation field are 

determined experimentally for a given label size. Thus, they can be easily calibrated into 

the simulations without considering the changing label alignment for certain boundary 

conditions. 

44.4.2 Changing Stack’s Layer Composition 

Apart from free layer properties, the composition of the entire layer stack affects its GMR. 

In this context, the thicknesses of the fixed and the spacer layer ( flt and spacert ) can be 

varied, while keeping the free layer’s thickness lt constantly. For this purpose, the free layer 

magnetization configuration of one label setup is introduced to the self-consistent spin-dif-

fusion model, where the remaining layer thicknesses ( flt and spacert ) are varied. Here, the 

magnetization configuration of a label with a diameter pd of 100 nm placed in the height 

of z = 10 nm at position x = -50 nm is used.According to figure 4.17a, the change of the 

spacer layer thickness spacert affects the sensor’s voltage u only barely changing in the sim-

ulations from 28.25 mV to 28.38 mV and saturating for spacer layer thicknesses spacert in 

the range of 5 nm. Further increasing spacert will reduce the voltage u since the magnetic 

coupling between the fixed and the free layer will decrease reducing the GMR [60].  

In contrast, the fixed layer thickness flt changes the sensor’s voltage significantly. Here, 

sensor voltages u from 16.9 mV to 47.8 mV arise changing the fixed layer thickness flt

from 2 nm to 14 nm, see figure 4.17b. For significantly thicker fixed layers than simulated, 
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the voltage u and thus the GMR will saturate since the electrons are predominantly scat-

tered at the layer interfaces [62]. Therefore, there will be no effect above a specific fixed 

layer thickness flt . Although the layer thicknesses of the spacer and the fixed layer ( flt and

spacert ) affect the sensor stack’s voltage level u , they do not affect the voltage change u

indicated by the stray field of the activated label since it is caused by the magnetization 

change in the free layer. Nevertheless, evaluation units placed after the magnetoresistive 

sensor in the microfluidic system may need a certain voltage level u , which can be manip-

ulated slightly using another fixed layer thickness flt . 
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Figure 4.17: Variation of the sensor stack’s layer composition using the free layer magnet-

ization configuration affected by a label with a diameter pd of 100 nm placed in a height 

of pd = 10 nm at position x = -50 nm. a) Variation of the spacer layer thickness spacert

with respect to the sensor’s voltage u . b) Variation of the fixed layer thickness flt with 

respect to the sensor’s voltage u . 
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55 Exploiting the Out-of-Plane Vortex Field for Label Activa-

tion 

The superparamagnetic nature of a nanolabel is characterized by its saturation in the pres-

ence of a magnetic field. Apart from the saturation using an external magnetic field intro-

duced in the previous chapter, magnetic vortex structures offer an out-of-plane field that 

can activate the superparamagnetic label in the absence of an external magnetic field. This 

is investigated in the forthcoming chapter 5. For this purpose, the strength of the out-of-

plane vortex field is initially examined, followed by the simulation of the label alignment 

in the out-of-plane vortex field using the extended micromagnetic model. The chapter ends 

with a consideration of the resulting GMR response. 

5.1 The Out-of-Plane Vortex Field 

Initially, the shape of the out-of-plane vortex field within the simulated CoFe layers provid-

ing a vortex ground state is investigated to estimate whether the out-of-plane field can be 

exploited for the saturation of a superparamagnetic label or not.  

The magnetic vortex structure exhibits an out-of-plane field in the region of the vortex core, 

where the magnetization points out-of-plane. Outside the vortex core, the magnetization 

components align exclusively in the in-plane direction and the out-of-plane field drops rap-

idly.  

Accordingly, the out-of-plane vortex field is sharply limited to the vortex core, as displayed 

in figure 5.1. Here, the out-of-plane field of a vortex ground state is plotted for a CoFe layer 

with a diameter ld of 100 nm and a thickness lt of 10 nm. The maximum of the out-of-

plane field is located in the center of the vortex structure. At this point, a maximum mag-

netic stray field demag
zH of approximately 400 mT is achieved that corresponds to 330 

kA/m. Hence, the label’s saturation in the center above the vortex free layer is feasible con-

sidering superparamagnetic labels with saturation fields in the range of 10 mT to 100 mT, 

as introduced by the experimental Langevin functions in figure 3.7. 
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Considering the label detection in different heights z , the decay of the out-of-plane field 

in the z-direction limits the number of accessible positions. The out-of-plane field drops 

exponentially reaching 3 mT at heights pd of 50 nm, see figure 5.2a and figure 5.2b. In this 

regard, the decay of the out-of-plane field can be reduced using thicker vortex layers. A 

CoFe layer with a diameter lt of 100 nm and a thickness lt of 20 nm still provides an out-

of-plane field demag
zH of approximately 30 mT in the height pd of 20 nm, whereas a CoFe 

layer with a diameter lt of 100 nm and a thickness lt of 10 nm can only offer an out-of-

plane field demag
zH of 15 mT in the height pd of 20 nm. In contrast, the enhancement of the 

diameter lt does not significantly affect the decay in the z-direction. This is demonstrated 

by figure 5.2b. 

In addition to the decay in the z-direction, the availability of the out-of-plane field in the x-

y-plane is relevant since only label shifts provoke significant changes in the GMR sensor 

response. Accordingly, figure 5.2c and figure 5.2d outline the width of the out-of-plane field 

and thus the width of the vortex core. Due to the sharp bell-formed curve, the out-of-plane 

field dem ag
zH shows a maximum width of 30 nm. At this point, a field strength of approx-

imately 10 mT is achieved being sufficient to saturate the superparamagnetic label based 

on Heusler alloys completely according to figure 3.7. 

Figure 5.1: Strength of the out-of-plane vortex field demag
zH evaluated on the surface of a 

CoFe layer with a diameter ld of 100 nm and a thickness lt of 10 nm that provides the 

magnetic vortex as the ground state, see figure 4.3. 
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It is apparent that labels with a low saturation field placed vertically close to the sensor 

surface and horizontally close to the vortex core can be activated by the out-of-plane vortex 

field. Nevertheless, it is vague which label sizes and positions can be exactly activated by 

the out-of-plane vortex field since the exchange interaction and the dipole-dipole interac-
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Figure 5.2: The out-of-plane vortex field of layers providing the vortex ground state ac-

cording to figure 4.3. a) Decay in the z-direction depending on the thickness lt of the 

vortex free layer. b) Decay in the z-direction depending on the diameter ld of the vortex 

free layer. c) Magnetic z-field profile for a cut in the x-direction on the surface of the vor-

tex depending on on the thickness lt of the free layer. d) Magnetic z-field profile for a 

cut in the x-direction on the surface of the vortex depending on the diameter ld of the 
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tion affect the label alignment in the vortex field. In this regard, the extended micromag-

netic model introduced in section 3.3.2 is a convenient framework to characterize the label 

alignment in the out-of-plane field since it considers the stray field of the magnetic vortex 

in the region of the label. For this purpose, different label configurations are tested again, 

where the external magnetic field is switched off. 

55.2 Label Alignment in the Vortex Field 

In the extended micromagnetic model, the converged label saturation magnetization s pM ,

reveals which label sizes pd and label positions can be entirely saturated by the out-of-

plane vortex field. The achieved label saturation magnetization s pM , can be compared 

with the value of the entire saturation in the Langevin function to verify how present the 

out-of-plane vortex field is at the label’s position.  

The simulations are executed using the Langevin function of Heusler alloy labels, whereas 

the label itself is moved in the positive and negative x-direction above the sensor surface. 

As displayed in figure 5.3a to figure 5.3e, the simulations imply that all label sizes can be 

completely saturated when vertically placed in heights pd of 10 nm and 20 nm and hori-

zontally placed in the center above the vortex core. As demonstrated in figure 5.2c and fig-

ure 5.2d, this is possible due to the intense magnetic field in the center of the vortex core. In 

contrast, labels placed in heights pd

field’s rapid decay in the z-direction, as outlined in figure 5.2a and figure 5.2b.  

Moving successively across the sensor surface, the label’s saturation using the out-of-plane 

vortex field becomes more difficult. At the edge of the free layer, the positions x = ± 75 

nm are out of the range, where an entire saturation according to the Langevin function is 

achieved. Nevertheless, there is still a low signal that generates a low label saturation mag-

netization s pM , especially for label sizes pd

not present in this region, as demonstrated in figure 5.2c and figure 5.2d.  
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This effect can be explained by the interplay of the exchange interaction and the dipole-

dipole interaction. While the label is partially located outside the range of the out-of-plane 

field, the long-ranged dipole-dipole interaction causes interaction of the out-of-plane field 

components with the spins of the label that are accessible by the out-of-plane field compo-

nents. For example, when a label with a diameter pd = 100 nm is placed at position x = - 

50 nm, the label’s right flank and the out-of-plane field interact intensively with each other 

and the spins located in the right flank of the label start to align along the out-of-plane field. 

0

200

400

600

800

1000

1200

1400

-100 -75 -50 -25 0 25 50 75 100

M
s,

p
[k

A
/m

]
z = 10 nm z = 50 nm
z = 20 nm z = 100 nm
z = 30 nm Langevin saturation

dp = 40 nm

d)

0

200

400

600

800

1000

1200

1400

-100 -75 -50 -25 0 25 50 75 100

M
s,

p
[k

A
/m

]

z = 10 nm z = 50 nm
z = 20 nm z = 100 nm
z = 30 nm Langevin saturation

e)

dp = 20 nm

Figure 5.3: Label saturation magnetization in the extended micromagnetic model pro-

voked by the vortex stray field in the label. The saturation magnetization in the Langevin 

function of the Heusler alloy label is approximately s pM , = 1000 kA/m.  a) Label diame-

ter pd = 100 nm. b) Label diameter pd = 80 nm. c) Label diameter pd = 60 nm [130]. d) La-

bel diameter pd = 40 nm. e) Label diameter pd  = 20 nm. 
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Due to the exchange interaction, more spins in the label flip in the same direction. The la-

bel’s alignment into the z-direction increases as well as its magnetization since more spins 

align in parallel. Accordingly, the label’s magnetization increases towards the saturation in 

the Langevin function, although the left flank of the label does not directly contact the out-

of-plane field. Moving the label away from the center and reducing the label diameter pd ,

this effect decreases since the right flank of the label does not touch the out-of-plane field 

components anymore. In particular, the latter effect is evident for a label with a diameter

pd = 20 nm. Here, only labels placed at the height of pd x = ± 25 nm 

can be entirely saturated outside the center above the free layer surface. In general, large 

labels with a diameter pd pd

in the horizontal direction up to x = ± 50 nm. All labels placed in the height pd

will receive a comparably low magnetization. For Heusler alloy labels, this magnetization 

is low but still produces a magnetization change in the free layer as caused by magnetite 

labels, whose effect on the free layer is discussed in chapter 4. Nevertheless, the saturation 

of magnetite labels using the out-of-plane vortex field is not feasible since larger fields are 

required to generate a sufficient label signal to provoke a significant magnetization change 

in the free layer of the sensor structure. The magnetization changes that are provoked by 

the Heusler alloy labels in the free layer are illustrated in figure 5.4a to figure 5.4e. The 

magnetization changes provoked by the Heusler alloy labels after activated by the vortex 

field differ slightly in their characteristic curve from the magnetization changes determined 

for a label saturation using an external z-field in chapter 4. In the simulations, the magnet-

ization changes at position x = ± 25 nm = ± 0.25 ld are often of similar magnitude like 

magnetization changes at position x = ± 50 nm = ± 0.5 ld  that was determined in chapter 

4 to be the position of highest interaction. This is evident for a label with a diameter pd of 

100 nm that is placed at the height pd of 20 nm, where x l x lM M, , = 0.34 and x l x lM M, ,

= 0.35 are achieved at position x = - 25 nm and x = - 50 nm, respectively. This asymmetry 

results from the significantly increased vortex field in the center of the free layer. 
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Even if the position x = ± 0.5 ld still causes the highest interaction, a label that is not en-

tirely saturated receives a larger magnetization s pM , when placed closer to the center of 

the free layer. Consequently, the stray field of the label increases and the magnetization 

changes of x = - 25 nm and x = - 50 nm receive similar values. In general, it is shown 

that the enormous saturation magnetization of the Heusler alloy labels leads to higher mag-

netization changes. While the magnetization changes in the free layer for magnetite labels 

in section 4.2.2 vary between x l x lM M, , = 0.17 and x l x lM M, , = -0.17, the determined 

magnetization changes here vary between x l x lM M, , = 0.46 and x l x lM M, , = -0.46. Ac-

cordingly, the sensor response provoked by the Heusler alloy label after activated by the 

out-of-plane vortex field will also provide a larger range. 

5.3 GMR Response 

The resulting sensor responses for the magnetization configurations determined in the pre-

vious section are shown in figure 5.5a to figure 5.5e on the forthcoming page depending on 

the label’s size characterized by its diameter pd . Here, the sensor response varies between 

25.8 mV and 30.3 mV. As already demonstrated in 4.4, the magnitude of the sensor response 

highly depends on the label’s size and position. Compared to section 4.4, the determined 

sensor response is stronger due to the higher magnetization change that results from the 

Langevin function of the Heusler alloy labels. In this regard, the asymmetry of the magnet-

ization change in section 5.2 is also reflected in the sensor response. In summary, the acti-

vation of the superparamagnetic label exploiting the out-of-plane vortex field works in the 

simulations, provided that labels are used featuring a high magnetic moment at small mag-

netic fields. Although some investigations examined such labels, the synthesis of such na-

noparticles is still an experimental challenge [137]. Accordingly, labels that provide a 

weaker magnetic moment at higher magnetic fields like the examined magnetite labels are 

typically considered in state-of-the-art microfluidic systems. Thus, the sensing principle 

only based on the out-of-plane vortex field is an exclusively theoretical consideration at this 

stage. Nevertheless, the results that were already published on labels that saturate at low 

magnetic fields [138] are hopefully concerning an application of this approach in the future. 
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66 Classification of the Results 

In chapter 6, the presented results of chapters 4 and 5 are discussed and classified into al-

ready existing theoretical and experimental investigations. After discussing the simulation 

results concerning vortex formation, the simulated out-of-plane vortex field is compared to 

simulations that were performed in another publication. Subsequently, the simulated re-

sponse of the GMR vortex sensor is compared to GMR responses that were measured for 

other GMR technologies. In the affiliated section, the noise of the GMR vortex sensor is 

approximated to give an estimate of the reliability of the simulated sensor response. Finally, 

the scalability of the simulations from the submicron range to the micron range is discussed. 

6.1 Vortex Simulations 

The theoretical background of vortex formation in submicron ferromagnetic disks was ini-

tially explored in a leading role by Kostyantyn Gusliyenko in the publications [77], [161] 

and [162] in 2001. Numerous publications complemented this work in the last decades in-

cluding numerical investigations in the range of aspect ratios transitioned from single do-

main to vortex state, where the magnetic vortex just appears as the magnetic ground state. 

As proposed in [81], [163] and [164], the simulations were performed primarily for permal-

loy (Py) compositions applying the finite difference method. These simulation results fit 

very well into the vortex simulations performed in section 4.1, which is demonstrated by 

figure 6.1. Especially in [81], it is shown that a soft ferromagnetic layer with a diameter ld

of 100 nm and a thickness lt of 10 nm will provide the magnetic vortex as the layer’s mag-

netic ground state in the absence of an external magnetic field. In order to image the mag-

netic domain structure of ferromagnetic nanodisks, different techniques of magnetic force 

microscopy, Lorentz electron microscopy and scanning electron microscopy represent suit-

able instruments [165]. The first experimental observation of the magnetic vortex as a mag-

netic ground state was proposed in [71] for a permalloy disk with a diameter ld of 1000 

nm and a thickness lt of 50 nm using magnetic force microscopy. In the submicron range, 

direct imaging of the magnetic vortex ground state for different aspect ratios has been per-

formed in [166], [167], [168] and [169] depending on the selected application. Here, different 
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material compositions like NiFe, pure Fe and pure Co were used exploiting the static and 

dynamic properties of the magnetic vortex. These results are also integrated into figure 6.1 

and arrange in between the simulated aspect ratios of section 4.1. 

All in all, the simulation results concerning the vortex formation are in good agreement 

with previously published theoretical and experimental results. Thus, the heart of the sim-

ulated GMR sensor structure, the free layer’s geometry and its composition, is based on a 

robust foundation to generate realistic simulation results for the entire sensor structure. 

66.2 The Out-Of-Plane Vortex field 

The out-of-plane vortex field is investigated numerically in [170] with respect to its out-of-

plane field strength. Here, layers with a diameter ld of 60 nm and 140 nm and a thickness

lt of 30 nm and 50 nm were investigated. The authors show that increasing the diameter

ld does not affect the width of the vortex field that was also observed in section 5.1. Hence, 

Figure 6.1: Simulated vortex states compared to already existing theoretical and experi-

mental data determined for different material compositions. The vortex state was ob-

served for the shown aspect ratio. 
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the vortex core remains constant and the relation of the vortex core width to the layer di-

ameter ld reduces. In contrast, the thickness lt does affect the vortex core’s nature. In 

section 5.1, it is shown that increasing the thickness lt enhances the field strength. Quali-

tatively, this confirms the results published in [170]. However, increasing the thickness lt

results in a broader width of the out-of-plane vortex field in [170] and thus a belling of the 

vortex core. This effect is not verified in section 5.1, where the width of the vortex core 

remains constant increasing the thickness lt . This qualitative difference in the simulation 

results may appear since this effect arises only reaching a certain layer thickness lt . Com-

pared to [170], layer thicknesses lt > 20 nm are not tested as such simulations would be 

numerically expensive using the FEM method and are not primarily in the interest of this 

work.  

The decay of the out-of-plane field in the z-direction is described in [171], where the out-of-

plane field of a permalloy disk with a diameter ld of 1000 nm and a thickness lt of 50 nm 

is examined using atomic force microscopy. Here, the out-of-plane field decreases from 1T 

to 1.3 mT reaching a height z of 90 nm. The presented results for the z-decay of the vortex 

field in section 5.1 contain a z-field decay to 3 mT reaching a height z of 50 nm. Consid-

ering the complete data set, z-field decays down to 0.3 mT, 0.3 mT, 0.4 mT and 0.6 mT are 

determined in the height z of 90 nm for CoFe layer thicknesses lt of 10 nm, 12 nm, 15 

nm and 20 nm, respectively. Thus, there is no perfect match of the simulated results with 

the experimental results in [171], but the order of magnitude of the achieved z-field decay 

in the height z of 90 nm fits, even though different dimensions and material parameters 

are considered. Another investigation on the z-field decay is published in [172] for a 

squared permalloy stripe with an edge length of 2000 nm and a thickness lt of 20 nm. 

Based on simulations using FDM, the authors show a rapid decay in the height z

In figure 6.2, this decay is compared to the determined z-decay in this work. It is apparent 

that the performed calculations in [172] contain a larger drop of the vortex field in the z-

direction. While a z-field of approximately 28 mT is obtained in the height z of 10 nm in 

[172], the simulations of this work suggest a z-field of 59 mT in the height z of 10 nm. It 
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is speculated that this discrepancy in the z-field decay can be also explained by the differ-

ence in geometry and material composition since a circular layer is more convenient for a 

stable vortex formation [75]. As already mentioned at the end of chapter 5, the activation of 

the superparamagnetic label via the out-of-plane vortex field is just a theoretical consider-

ation at this stage, as labels that saturate at low magnetic fields are not yet established and 

currently a subject of ongoing research. Nevertheless, the simulation results for the vortex 

field are in the range obtained from other theoretical and experimental investigations. 

66.3 GMR Sensor Response 

The detection of magnetic and superparamagnetic labels using a magnetoresistive sensor 

structure was experimentally investigated in several publications [13, 173, 174, 175, 176, 177, 

178, 179, 180, 181]. These publications mainly differ in the applied sensor principle based 

on the AMR, the GMR, or the TMR effect. Furthermore, some publications examined the 

detection of multiple labels, while others investigated the detection of single labels. How-

ever, in almost all the above-cited publications, magnetite compositions are used as the la-

bel’s material. For an adequate comparison with the GMR sensor structure simulated in this 

work, only the experimental investigations based on the GMR effect are consulted. They 

are briefly summarized in figure 6.3.  

Figure 6.2: Simulated decay of the out-of-plane vortex field compared to calculations per-

formed for a permalloy (Py) cuboid.  
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Technology
Mode 

(Label material)

Label di-
ameter 
[nm]

Technique
Sensor 

response 
[m ] 

Reference

GMR Spin-valve 
Single label
(Magnetite) 20 Simulations 8 This work 

GMR Spin-valve 
Single label
(Magnetite) 40 Simulations 27 This work 

GMR Spin-valve 
Single label
(Magnetite) 60 Simulations 48 This work 

GMR Spin-valve 
Single label
(Magnetite) 80 Simulations 64 This work 

GMR Spin-valve 
Single label
(Magnetite) 100 Simulations 89 This work 

GMR Spin-valve 
Single label

(Heusler alloy) 20 Simulations 13 This work 

GMR Spin-valve 
Single label

(Heusler alloy) 40 Simulations 75 This work 

GMR Spin-valve 
Single label

(Heusler alloy) 60 Simulations 163 This work 

GMR Spin-valve 
Single label

(Heusler alloy) 80 Simulations 263 This work 

GMR Spin-valve 
Single label

(Heusler alloy) 100 Simulations 363 This work 

GMR Spin-valve 
Single label
(Magnetite) 16 Experimental setup 20 [178] 

GMR Spin-valve 
Multiple labels

(Magnetite) 16 Experimental setup 100 [179] 

GMR Spin-valve 
Multiple labels

(Magnetite) 100 Experimental setup 500 [180] 

GMR Spin-valve 
Multiple labels

(Magnetite) 16 Experimental setup 200 [181] 

GMR Spin-valve 
Multiple labels

(Magnetic dextran) 250 Experimental setup 95 [13] 

GMR Wheatstone setup
Single label
(Magnetite) 20 Experimental setup 500 [182] 

GMR Wheatstone setup
Multiple labels

(Magnetite) 16 Experimental setup 500 [183] 

Figure 6.3: Classification of the simulated sensor response into experimentally deter-

mined sensor responses, which are extracted from the literature. Note that the men-

tioned experimentally investigated GMR spin-valves were fabricated as spin-valve 

stripes or integrated into a Wheatstone setup.  
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In [13], a microfluidic channel, a magnetic collection system and a GMR spin-valve stripe 

were integrated into a single chip. Here, different concentrations of labels were detected by 

the GMR element, where the single labels featured a diameter pd of 250 nm. The authors 

labels. In [177], a nanolabel was placed in different positions above the sensor surface via a 

specific liftoff process. The label positioning is illustrated in this paper through scanning 

electron microscopy images. In contrast to the simulated GMR vortex structure, the GMR 

spin-valve stripe features its position of highest interaction in the center of the stripe. Here, 

pd

of approximately 16 nm. 

Labels of the same size were detected in [178] as a lump of multiple labels. At this point, 

the placement of the labels was also realized by a specific liftoff process. A lump of approx-

this paper, the authors tried to obtain a linear correlation between the label number and the 

sensor response. In [181], the sensor system is built as a Wheatstone bridge that detects the 

magnetic stray field of a single magnetite label. The detection in the microfluidic system 

was simulated by dispersing a mixture of labels and a carrier fluid on the sensor’s surface. 

The authors detected a single label with a diameter pd of approximately 20 nm through a 

label concentrations were detected as in [13] and [178]. On average, the used magnetite 

labels exhibit a diameter pd of 16 nm. At this point, it is unclear how many labels were 

precisely detected. Hence, the sensor response is specified depending on a rough label con-

labels. Note that Ohm’s law is applied to calculate the GMR from the sensor voltages pre-

sented in chapter 4 and chapter 5. These results are determined for single label detection 

using labels with diameters pd between 20 nm and 100 nm. As outlined in figure 6.3, the 
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simulated sensor responses are in the range of already published experimental data. Even 

though the comparison is based on different GMR technologies and detection modes, the 

order of magnitude of the simulated resistance changes fits with experimentally deter-

mined resistance changes. In contrast to spin-valve stripes, the position of highest interac-

tion is not located in the center of the sensor structure, but at position x = 0.5 ld . This 

results from the circular structure and radial symmetry of the magnetic vortex structure. 

Nevertheless, the direction in which the maximum sensor response appears can be speci-

fied by the direction of the fixed layer’s pinning. This is valid for spin-valve stripes and the 

simulated circular structure. In a nutshell, the simulated GMR sensor response agrees with 

already published experimental results performed for other GMR technologies and can be 

considered in preparing an experimental setup of such a sensor system. 

66.4 Assessment on Noise 

The performed simulations demonstrate possible sensor responses when detecting super-

paramagnetic labels in the submicron range using a GMR vortex sensor. These numerically 

determined sensor responses serve as a first estimation for a potential experimental setup. 

However, the quality of such a sensor response can be only estimated when considering 

the possibly arising noise that blurs the sensor response. For this purpose, the noise model 

introduced in section 2.4 is applied to the simulated GMR vortex structure. At this point, 

sensor parameters, namely the sensor’s surface A , the operating temperature T  the num-

ber of sensor elements N connected in series, the sensor’s voltage V and resistance R are 

needed. The sensor’s surface A is determined by the surface area of a circle to be A = 

7.854·10-3 T of 293.15 K, ten sensor elements are 

connected in series, which is also assumed for noise calculations and measurements in [87]. 

The sensor’s voltage V is assumed to be 27.8 mV that is in the range of the simulations 

results presented in chapter 4 and chapter 5 and leads to a resistance R

electric current I of 8 mA. The empiric Hooge parameter H is determined for GMR and 

TMR vortex sensors in [20], [87], [183] and [184]. Here, the diameter ld of the respective 

free layers is in the range of a few micrometers and thus, the Hooge parameter cannot be 
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exactly adopted for the sensor structure simulated here. Accordingly, the Hooge parameter 

is assumed to decrease linearly with an increasing aspect ratio of the free layer, as approx-

imately observed in [87], and is varied between 1.0·10-12 -14 

lated total noise voltage power V totalS , is displayed in figure 6.4 depending on the fre-

quency f and the empiric Hooge parameter H . It is apparent that an increasing empiric 

Hooge parameter H leads to increasing total noise voltage power V totalS , , which was 

already illuminated in [185]. As the detection of a label is assigned to the low-frequency 

range [178], a frequency f of 100 Hz is assumed to obtain the noise amplitude noiseu ap-

plying equation (2.101). For the empiric Hooge parameters H = 1.0·10-12 
H = 1.0·10-

13 
H = 5.0·10-13 

H = 1.0·10-14 noiseu yields to

noiseu = 21 nV, noiseu = 68 nV, noiseu = 151 nV and noiseu = 214 nV, respectively. From 

these noise calculations, the SNR can be estimated to range from 70 dB to 90 dB assuming 

signalu = 900 V. This suggests an acceptable relation between the noise and the signal and 

reinforces the idea that the simulated sensor structure enables reliable label detection. 

Figure 6.4: Estimated noise for the simulated GMR vortex sensor using the noise model 

defined by equation (2.100). The empiric Hooge parameter H  is varied in a range 

corresponding approximately to a linear decay with increasing free layer aspect ratio. 
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In order to verify the calculated noise for the simulated GMR vortex sensor, noise measure-

ments published for larger GMR vortex sensors, GMR spin-valve stripes and TMR vortex 

sensors are consulted. The measurement results are extracted from the publications [87] 

and [186] and compared to the self-determined graphs, see figure 6.5. In [87], GMR and 

TMR vortex sensors are investigated that feature layer diameters ld of 1000 nm and 2000 

nm. The authors highlighted the significant higher noise using the TMR technology than 

the GMR technology, whereas both sensor systems received a vortex free layer.  

As shown in figure 6.5, the self-calculated noise and the measured noise for the GMR vortex 

sensor are approximately assigned to a similar range, although the simulated GMR vortex 

sensor is considerably smaller than the GMR vortex sensor examined in [87].  

The GMR spin-valve stripe investigated in [186] exhibits a noise between the high TMR 

vortex noise and the GMR vortex noise. Here, the sensor’s dimension is also assigned to a 

few micrometers. In general, the GMR vortex sensor outperforms the TMR vortex and the 

GMR spin-valve stripe technology concerning the appearing noise. In particular, this is es-

sential when detecting labels in the low-frequency range, where the overall noise increases 

Figure 6.5: Estimated noise compared to noise measurements for different sensor magne-

toresistive technologies. The measurement results are extracted from the linked reference.  
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due to an increasing 1/f noise [20]. Approximately, the calculated noise agrees with meas-

urements performed for larger sensor structures. Thus, the noise calculations provide a re-

alistic estimate concerning the reliability of the simulated sensor response. 

66.5 Scalability 

With a layer diameter ld of 100 nm, the simulated GMR vortex sensor is assigned to the 

lower range limit, where the micromagnetic model just applies. However, many already 

fabricated GMR sensors feature dimensions that are in the range of several hundred na-

nometers [2, 12, 20, 87, 186]. This raises the question for transforming the simulation results 

to the upper range limit of the micromagnetic model. Such a transformation would save a 

lot of computational effort, as simulations for micrometer structures based on magnum.fe 

would take several months. For this purpose, graphics processing unit (GPU) computing 

combined with FDM could be applied, but then using the self-consistent micromagnetic 

model is impossible at this stage. Consequently, the calculation of the sensor response 

would be more inaccurate since a sine approximation must be introduced for the voltage 

curve. 

Basically, the effective magnetic field effH introduces a non-linearity to the LLG equation 

and thus, it cannot simply assumed that the simulation results can be transformed exactly. 

In particular, the superparamagnetic label nature is predominantly observed for label as-

signed to the simulated size range ( pd

enable the design of superparamagnetic microlabels were already investigated in several 

publications [187, 188, 189]. For an increasing label diameter pd , the label’s magnetic mo-

ment increases due to the increasing volume of the label. Thus, a larger magnetic moment 

acts on the vortex free layer. In this case, the vortex structure must be enlarged to the same 

order of magnitude on the one hand to generate an appreciable sensor response [97]. On 

the other hand, the label would be detected simultaneously by several elements arranged 

in an entire sensor array when conspicuously exceeding the dimension of one single GMR 

element. As introduced in section 2.3, the vortex nucleates depending on the layer’s aspect 



Classification of the Results                                                                                                         135 

ratio. Accordingly, the fundamental effects like the orthogonal vortex motion and the si-

nusoidal transfer curve of the magnetization change and the sensor’s voltage will also ap-

pear qualitatively for larger GMR vortex sensors. In contrast, the level of the sensor re-

sponse and the resulting magnetic noise will significantly change, as both parameters 

highly depend on the layer dimensions, as specified by equations (2.70), (2.71) and (2.100) 

and the simulation findings in section 4.4.2. In this context, even smaller noise contributions 

are expected since the 1/f noise generally decreases for larger sensor structures [186]. 

All in all, the simulation results can be qualitatively consulted in considering larger sensor 

structures. The nonlinear nature of the LLG equation and the extraordinary phenomena 

that only arise on specific length scales do not allow a simple transformation of the results 

to the upper limit, where the micromagnetic model applies.  
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77 Conclusion and Outlook 

This thesis has presented the micromagnetic modeling of a GMR vortex sensor for the de-

tection of superparamagnetic labels. The major results can be subdivided into fundamental 

effects of the detection technique and the quantified device results according to the as-

sumed material parameters and device dimensions.  

7.1 Major Results 

A major part of this work focuses on the interaction of the label and the magnetic free layer 

including a magnetic vortex structure for low-noise detection. The label’s lateral and hori-

zontal movement across the free layer surface provokes an orthogonal movement of the 

magnetic vortex in the free layer. As a result, the sensor’s voltage response changes in a 

sinusoidal fashion depending on the label's height and size. Here, the sensor response 

achieves its maximum when moving the label parallel and antiparallel to the fixed layer 

and perching it between the center and the edge of the free layer. In this context, the mag-

netic moment of the superparamagnetic label can be mainly activated by an external mag-

netic field applied in the z-direction. Exploiting the out-of-plane vortex field for label acti-

vation requires labels that saturate at low magnetic fields and is just a theoretical consider-

ation at this stage. 

Modeling the interaction of the label and the GMR sensor was executed in two steps. Ini-

tially, the LLG equation was solved to determine the magnetization change in the free layer. 

For this purpose, an extended micromagnetic model was developed that considers the stray 

field of the magnetic vortex and enables a calibration of the label’s characteristic Langevin 

function into the simulations. Subsequently, the modeling involved the calculation of the 

sensor response using the self-consistent spin-diffusion model. The simulation results re-

veal changes in the sensor’s voltage between 0.06 mV and 3 mV depending on the label’s 

position and size. These results accord with already published experimental investigations 

on other GMR technologies and a noise estimation provides a noise voltage in the range of 

a few hundred nV. Consequently, the simulation findings fortify that a GMR sensor system 
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including a magnetic vortex structure can ensure reliable detection of superparamagnetic 

nanolabels. 

77.2 Outlook 

After modeling the sensor system provided auspicious results, an experimental setup of 

such a sensor system should be aspired to further test suitability for magnetic microfluidic 

systems. For this purpose, the model confines a first parameter space and can be extended 

in collaboration with experimental groups through anisotropies and layer roughness effects 

occurring in the experimental sensor design. This will increase the power of the model and 

enable an even more successful theoretical support of experimental investigations.  

Apart from potential experimental investigations, other sensor approaches can be numeri-

cally examined as well. As the fixed layer of the GMR stack is commonly assumed to be 

magnetically fixed in one in-plane direction, other magnetization configurations for the 

fixed layer might be suitable as well. Hence, a pinned magnetic vortex structure could also 

be inducted into the fixed layer. In this case, the displacement of both vortices to each other 

would be detected. Another alternative would be the detection of the vortex z-component. 

As introduced in this work, the presence of differently sized labels changes the out-of-plane 

component of the magnetic vortex. Magnetically pinning the fixed layer in the z-direction 

could attempt to detect the vortex z-component. In principle, the vortex core would be de-

tected in such a configuration. Based on the model developed in this work, both configura-

tions can be simulated easily.  

Moreover, it would also be interesting to check whether label shape anisotropies affect the 

sensor response. That is possible by changing the spherical geometry for example to a na-

norod or a nanodisk geometry. 
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Developing efficient solutions for POC diagnostics is a topical issue in bio-
medicine since reliable POC testing safes laboratory capacities and helps 
treating infections more quickly. POC tests can be realized in single chips 
that exploit the mechanisms of microfluidics and bring all laboratory steps 
to a single chip for quantifying a specific molecule. In magnetic systems, the 
final detection is accomplished by magnetoresistive sensors that detect the 
magnetic stray field of a label, biochemically connected to the molecule to 
enhance the magnetic stray field. For labels in the nanometer range, a low-
noise approach is essential due to the weak magnetic stray field. 

Accordingly, this work presents a sensor concept that enables low-noise 
detection of labels assigned to the nanometer range. A standard GMR struc-
ture is upgraded with magnetic vortex structures to minimize any noise 
contributions. Using micromagnetic simulations fundamental effects are 
analyzed and the sensor response is approximated for different label con-
figurations. The results reinforce the intention to implement such a sensor 
concept in a microfluidic system for the detection of superparamagnetic 
labels.




