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Summary
Since the last few years, the usage of unidirectionally fiber-reinforced
composite (UD FRC) materials for structural components in the auto-
motive industry is increasing due to definite advantages in comparison
to traditional metallic materials. The most important advantage is the
weight of this material based on its low density with an accompany-
ing high specific modulus and high a specific strength as well as the
adaptability to specific applications. Also, their layer-wise processing
into laminates enables the realization of complex geometries with locally
strongly differing properties. Also, the dimensioning of fiber-reinforced
composite (FRC) laminates in terms of stiffness and strength is being
included into efficient, computer-aided engineering processes.

In the current work, composites made of filament winding are focused
on. This has become a popular construction technique in a wide variety
of industries for creating composite structures including high pressure
fuel storage tanks for hydrogen powered automobiles. This research will
develop impact and crash simulations of the next generation fuel-cell
vehicles with high pressure hydrogen storage vessels made of carbon fiber-
reinforced plastic (CFRP) material. In the present work, a computer
aided engineering (CAE) process chain is developed which consists of
the virtual composite vessel generation, three-dimensional explicit finite
element analysis of the composite vessel with multi-layered solid elements
and the constitutive model. The major focus is on the development
and implementation of material equations for the CFRP to capture the
intralaminar failure and post-critical behavior.

Presently, commercial finite element (FE) tools do not offer the pos-
sibility to represent a stack sequence of a composite material in solid
elements. Modeling each ply with one solid element leads to undesired big
models and, hence, the representation of several plies in one solid element
is desired. Solid elements are required to represent the three-dimensional
state of stress and impact direction normal to the outer vessel surface.
The goal of this thesis is to develop a multi-layered solid element to
represent several plies with their winding angle in one solid element.
The above new element formulation is presented in this thesis describing
simulation results for different patches and analytical solutions.

Also, this thesis presents a three-dimensional constitutive model for an-
isotropic damage to describe the elastic-brittle behavior of unidirectional
fiber-reinforced laminated composites. The primary objective of the
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thesis focuses on the three-dimensional relationship between damage of
the material and the effective elastic properties for the purpose of stress
analysis of composite structures, in extension to the two-dimensional
model in Matzenmiller, Lubliner, et al. (1995). A homogenized con-
tinuum is adopted for the constitutive theory of anisotropic damage
and elasticity. Damage initiation criteria are based on Puck’s failure
criterion for first ply failure. Progressive micro-crack propagation is
based on the idea of continuum damage evolution. Internal variables are
introduced to describe the evolution of the damage state under loading
and as a consequence the degradation of the material stiffness. Emphasis
is placed on a suitable coupling among the equations for the rates of the
damage variables with respect to the different damage modes. In order
to assess the predictive capabilities of the proposed constitutive model,
nonlinear finite element simulations are conducted. Thereby, different
material systems, various laminate layouts, complex loading scenarios
and the structural response are considered. The predictions are discussed
in detail and compared to experimental results. The agreement between
predictions and experimental results is shown to be good.



Zusammenfassung
Seit den letzten Jahren steigt die Nutzung von unidirektional faserver-
stärkten Verbundwerkstoffen für Strukturteile in der Automobilindustrie
im Vergleich zu herkömmlichen metallischen Materialien aufgrund deut-
licher Vorteile. Der wichtigste Vorteil ist das Gewicht des Materials
wegen dessen geringer Dichte mit gleichzeitig hohem spezifischen Elas-
tizitätsmodul und hoher spezifischer Festigkeit als auch wegen dessen
Anpassungsfähigkeit an spezielle Anwendungen. Auch die schichtweise
Verarbeitung zu Laminaten ermöglicht es, komplexe Geometrien mit lo-
kal stark unterschiedlichen Eigenschaften zu realisieren. Dieses nutzt das
Design-Konzept der integralen Konstruktion und kombiniert verschiedene
Aufgaben in nur einem Schritt. Auch wird die Auslegung der Faserver-
bundwerkstoffstrukturen in Bezug auf Steifigkeit und Festigkeit in die
effizienten, computergestützten Engineering-Prozesse (CAE-Prozesse)
einbezogen.

In der vorliegenden Arbeit wird der Schwerpunkt auf Faserverbund-
werkstoffe aus Wickelverfahren gelegt. Diese wurden zu einer beliebten
Konstruktionstechnik in vielen Industriebereichen zum Herstellen von Fa-
serverbundstrukturen einschließlich Hochdruckkraftstoffspeichertanks für
mit Wasserstoff betriebene Fahrzeuge. Diese Forschung konzentriert sich
auf die Aufprall- und Crashsimulationen der Brennstoffzellen-Fahrzeuge
der nächsten Generation mit Hochdruckwasserstoffspeicherbehälter aus
Kohlefaser verstärktem Kunststoff (CFRP). In der vorliegenden Arbeit
wird eine CAE-Prozesskette entwickelt, die einen virtuellen Druckbehälter
generiert. Dann wird eine dreidimensionale explizite Finite-Elemente-
Analyse des Druckbehälters mit mehrschichtigen Volumenelementen und
dem konstitutiven Modell durchgeführt. Der Schwerpunkt liegt auf der
Entwicklung und Implementierung von Materialgleichungen für CFRP,
um das intralaminare Versagen und das postkritische Verhalten zu erfas-
sen.

Gegenwärtig bietet die kommerzielle Simulationssoftware nicht die
Möglichkeit, mehrere Lagen in einem Volumenelement zu repräsentieren.
Wenn jede Lage mit einem Volumenelement modelliert wird, erhalten wir
unerwünscht große Modelle. Daher ist es wünschenswert, mehrere Lagen
in einem Volumenelement darzustellen zu können. Volumenelemente
sind erforderlich, um den dreidimensionalen Spannungszustand und die
Schlagrichtung senkrecht zur äußeren Behälteroberfläche abzubilden.
Das Ziel dieser Arbeit ist es, ein mehrschichtiges Volumenelement zu
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entwickeln, um mehrere Lagen mit unterschiedlichem Wickelwinkel in ein
Volumenelement zu packen. Der zuvor beschriebene neue Ansatz wird
hier dargestellt und Simulationsergebnisse für unterschiedliche Patchtests
und analytische Lösungen werden vorgestellt.

Außerdem stellt diese Arbeit ein dreidimensionales, konstitutives Mo-
dell für anisotrope Schädigung vor, um das elastisch-spröde Verhalten
unidirektional faserverstärkter Laminatverbundwerkstoffe zu beschrei-
ben. Das vorrangige Ziel der Arbeit konzentriert sich auf die dreidi-
mensionale Beziehung zwischen der Schädigung des Materials und den
effektiven elastischen Eigenschaften zum Zwecke der Spannungsanalyse
von Verbundstrukturen als Erweiterung des zweidimensionalen Modells
in Matzenmiller, Lubliner u. a. (1995). Schadensanfangskriterien basieren
auf Pucks Versagenskriterium für das erste Schichtversagen und die
fortschreitende Mikrorissausbreitung beruht auf der Idee der kontinuier-
lichen Schädigungsentwicklung. Interne Variablen werden eingeführt, um
die Entwicklung des Schadenszustands unter Belastung und als Folge die
Schwächung der Materialsteifigkeit zu beschreiben.

Um die Prognosefähigkeit des vorgeschlagenen mehrschichtigen Volu-
menelements und konstitutiven Modells zu beurteilen, werden nichtlinea-
re Finite-Elemente-Simulationen durchgeführt. Dabei werden verschiede-
ne Materialsysteme, unterschiedliche Laminat-Layouts, komplexe Belas-
tungsszenarien und daraus die folgenden Strukturänderungen betrachtet.
Die Vorhersagen werden im Detail diskutiert und mit, experimentellen
Ergebnissen verglichen um die Berechnungsmethode zu validieren. Wie
gezeigt werden wird, ist die Übereinstimmung zwischen Vorhersage und
experimentellen Ergebnissen gut.
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Chapter 1
Introduction and Objectives
1.1 Introduction
A composite material is defined as a combination of two or more materials
on the macroscopic scale. The mechanical performance and characteristic
properties of a composite are superior to those of its individual constituent
materials.

1.1.1 Materials of fiber-reinforced structures
Typically, composite materials are classified as a function of their rein-
forcement geometry, or as a function of the matrix material. The most
important matrix materials are plastics, metals, ceramics, and adhesive
materials. In the field of mechanical engineering, plastics are the most
commonly used matrix material. Polyester resins are highly resistant to
external aggression, whereas epoxides are characterized by higher failure
strains Schultz (1996).

To make fiber materials, plastics, metals, glass, carbon compounds,
and natural products are used. In the field of high-strength fibers, glass
fibers are used because of their high failure strain and low cost. However,
they have a low modulus of elasticity. Carbon fibers are characterized
by a high elastic modulus, but have only a low failure strain. Moreover,
synthetic Kevlar aramid fibers have a higher modulus of elasticity than
glass fibers, with a similar failure strain. Meanwhile, boron fibers show
similar high breaking strain and elastic modulus compared to Kevlar
aramid fibers, but they are insensitive to high temperatures.

Different options may be employed to arrange fibers within a matrix

unidirectional bidirectional multi-directionalquasi-isotrop knitted fabric

Figure 1.1: Possible arrangements of fibers inside a matrix material.
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(see Fig. 1.1). In addition to the arrangement of unidirectional long
fibers, the matrix may be reinforced by means of a bidirectional woven
fabric or scrim. The use of a three-dimensional (3D) multi-directional
amplification having oriented fibers is also possible. By strengthening
the matrix with non-directional short fibers, a quasi-isotropic composite
material is obtained. There are also a number of special shapes such as
knitted fabrics.

The application of advanced fiber-reinforced plastics (FRPs) has grad-
ually increased as a result of their good specific mechanical properties
and increased design flexibility. Composites are used in a wide spectrum
of industrial components, and the automotive and aerospace industries
are the largest consumers of advanced composite materials. In these
industries, laminated components made of composite materials include
both thin-walled as well as thick-walled structures.

1.2 Fuel cell vehicles
The increasing concerns about environmental issues, such as global
warming and greenhouse gas emissions, as well as the predicted scarcity
of oil supplies and the dramatic increase in oil price, have made energy
efficiency and reduced emissions a primary selling point for automobiles,
and a concern for many governments. As a consequence, fuel cell vehicles
(FCVs) have become an extremely popular technology of interest for
the authorities and industries. In fact, FCVs offer some important
advantages compared to conventional (engine-only) vehicles despite their
additional components, greater complexity, and increased cost. FCVs
run on hydrogen gas rather than gasoline, and they emit no harmful
tailpipe emissions. These vehicles are in the early stages of development,
and several challenges must be overcome before they can compete with
conventional vehicles. However, the potential benefits of this technology
are substantial.

While FCVs look like conventional vehicles externally, on the inside,
they contain technologically advanced components not found in conven-
tional vehicles. The most obvious difference is the fuel-cell stack, which
converts hydrogen gas, stored on-board along with oxygen from the air,
into electricity to drive the electric motor that propels the vehicle. The
major components of a typical GM HydroGen4 FCV are illustrated in
Fig. 1.2. Compared to metallic fuel tanks, filament wound-pressure tanks
have remarkable properties with respect to specific modulus, thermal
resistance and endurance. However, the modeling and analysis of such
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Figure 1.2: GM HydroGen4 Vehicle, see Fell and Schütz (2011).

tank systems is somewhat complex for the following reasons: In these
high-pressure fuel tanks, the fiber orientation varies in both the longi-
tudinal and thickness directions, and the wall thickness is in the range
of 40 to 60 mm. This composite tank system is an example of a thick
composite structure. An important aim of the thesis is to numerically
model these thick composite structures using an efficient multi-layered
solid element and a nonlinear rate independent material model that
describes the failure and damage. Both of these are implemented into
LS-DYNA® as part of the thesis, and are explained in Chapters 3, 4,
and 7.

1.2.1 Hydrogen storage system

The method used to store hydrogen is one of the important issues to
be addressed in order to realize practical application of FCVs because
the space required for hydrogen storage systems (HSSs) is very limited.
The storage system weight directly affects the total performance and
the energy efficiency, i.e., the system should be as light as possible. The
GM HydroGen4 has a tank system with three 700-bar high-pressure
tanks made from carbon-fiber composite material, which can hold 4.2 kg
of hydrogen. This provides an operating range of up to 320 kilometers.
The HSS of a GM HydroGen4 vehicle is illustrated in Fig. 1.3.
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Figure 1.3: GM HydroGen4 Vehicle-Hydrogen storage system, see Fell
and Schütz (2011).
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creel
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Figure 1.4: Filament-winding process.
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Figure 1.5: Section view of a high-pressure filament-wound composite
tank, see Fell and Schütz (2011).

1.2.2 Filament winding
In the filament-winding process, a band of continuous resin-impregnated
rovings or monofilaments is wrapped around a rotating mandrel, see
Fig. 1.4, and it is then cured either at room temperature or in an oven
to obtain the final product. This technique offers high speed, and is
a precise method for the placement of many composite layers. The
mandrel can be cylindrical, round or any shape that does not have a
re-entrant curvature. Among the applications of filament winding are
cylindrical and spherical pressure vessels, pipelines, oxygen and other gas
cylinders, and rocket motor casings. A sectional view of a high-pressure
filament-wound composite tank is shown in Fig. 1.5. This filament-
winding process is implemented as a computer aided engineering (CAE)
process chain, as explained in section 1.8.1.
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1.3 Failure of fiber-reinforced structures
The failure of fiber-reinforced structures is very complex, and remains
the subject of extensive research. In Fig. 1.6 according to Ochoa and
Reddy (1992), the failure processes are represented within the structure
of unidirectionally reinforced fiber composite material. The failure
processes are considered on the fiber-matrix level, single-layer level, and
laminate level. Transverse cracks within a layer are triggered by matrix
cracking, split fibers and the detachment of the fiber-matrix composite,
which eventually leads to the failure of the matrix to the layer boundary.
The failure of the boundary layer could then cause the delamination of
the laminate. Delamination between the layers leads to a premature
failure of the fiber-composite structure in the sub-critical load range due
to bumps or pressure-tensile failure of the laminate. All these failure
mechanisms are included in the developed material model, see Chapter 4
and Appendix B.

Fiber fracture

Fiber buckling

Separation of
fiber matrix

Fiber split

Matrix cracks

Fiber matrix

Fiber failure

Layer failure

Perpendicular
cracks

Single layer

Tensile failure

Compressive failure

Sublaminate
buckling

Delamination

Matrix failure at
layer boundaries

Laminate

Figure 1.6: Failure processes inside fiber-reinforced composite structures,
see Fiolka (2008).
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1.4 Aspects of modeling
In section 1.3, the failure processes of fiber-reinforced structures within
three levels (fiber-matrix, single-layer, and laminate) have been ex-
plained. These different measures of size are also referred to as micro,
meso, and macro levels of fiber-composite structures. The different size
scales (multiscale) complicate the mathematical description of the failure
processes.

The modeling at the micro level is very complex because in this case,
the fiber and the matrix must be modeled separately, see Fig. 1.8. By
using the micro-mechanical cell model according to Aboudi (1993), the
calculation effort can be reduced, see works by Matzenmiller, Gerlach,
et al. (2004). In their work, a model on the meso level is used, where the
properties of the fibers and the matrix in the single layer are described in
a homogenized way. That is, they are represented by effective mechanical
parameters.

LS-DYNA®, see Hallquist et al. (2014), offers several element types
to model multi-directional composite structures such as layered shell
elements, where several layers are modeled with several integration
points (IPs) across the thickness of a shell element, see Fig. 1.7(a),
solid elements, where each layer is modeled with one solid element, see
Fig. 1.7(b), and multi-layered solid elements, where several layers are
modeled with several IPs across the thickness, see Fig. 1.7(c).

The modeling at the macro level is state of the art, see Fig. 1.8. Here,
at this level of modeling, the laminated structure is modeled in a realistic
fashion. Depending on whether the structure is thin or thick walled, it
could be discretized with a layered shell or layered solid elements where
individual layers are stacked inside each element. As seen in Fig. 1.8,
the thick composite tank is modeled with layered solid elements that
consider the individual layers with their orientation and thickness. In
this modeling approach, intra-laminar failure can easily be described.

x1

x3
x2

(a)
x1

x3
x2

(b)
x1

x3
x2

(c)

Figure 1.7: Different element types for laminated structures.
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Fiber matrix Single layer Laminate

Heterogeneous
material

Transversal
isotropic

Composite
cross section

Construction part

Simulation of thick composite structures
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Figure 1.8: Modeling levels of fiber-composite structures, the tank image
is from Fell and Schütz (2011).
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1.5 Impact behavior of composite structures
It is well known that laminated composite structures have excellent
fatigue lives compared to metallic structures. However, they are particu-
larly susceptible to impact loadings.

An impact is a dynamic event where the contact of the collided bodies
generates forces that act in a very short interval of time, and which
initiate stress waves that travel away from the region of contact. Unlike
metallic components, which can yield and dissipate energy via plasticity,
composites dissipate energy by a variety of interacting damage modes.
The damage created often cannot be detected by visually, can grow under
loads, and can cause severe reductions in the stiffness and the strength.
A lack of knowledge about the effects of impacts on composite structures
is a limiting factor for the use of composite structures, see Abrate (1998).

Experimental evidence shows that the impact damage is directly
related to the nature of the impact behavior, which in turn is controlled
by the governing parameters. Therefore, it is useful to know the effects
of each governing parameter on the impact behavior, and, thus, to have
a qualitative understanding of the possible damage mechanism that
can occur. For example, under constant-energy impact conditions, a
quasi-static type of impact behavior will result mainly in delamination
whereas a dilatational wave-controlled type of impact behavior will result
mainly in permanent indentation and fiber rupture at the impact site,
see Christoforou (2001). An initial knowledge of the impact behavior
not only helps in assessing the possible type of damage that is induced,
but it is also useful for the development of efficient numerical models to
describe the impact event.

The governing parameters are typically classified into three sets: com-
posite parameters (thickness, in-plane size, lamina type, elastic and frac-
ture properties, density, stacking sequence, and boundary conditions),
impactor parameters (shape, size, elastic properties, mass, velocity and
incidence angle), and the environmental conditions, see González Juan
(2011).

Impacts are often classified in the literature as low-velocity impacts
(LVIs) or high-velocity impacts (HVIs), but there is no clear transition be-
tween categories, see Richardson and Wisheart (1996). Within the scope
of the current thesis, understanding the performance and mechanical
behavior of composite pressure vessels under LVI scenarios is necessary to
confidently deploy such structures to field applications. Generally, LVIs
are known to cause critical structural safety problems such as matrix
cracks and delamination, although they are non-penetrating impacts for
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Figure 1.9: Damage development inside composite structures, see
Richardson and Wisheart (1996).

which stress-wave propagation through the thickness plays no significant
role, see Abrate (1998). A physically based criterion to distinguish LVI
or HVI categories is proposed in Godwin and Davies (1988).

The impact damage process starts with localized matrix cracks and
fiber-matrix interfacial debondings, which are not normally detectable by
either the impactor load cells used during impacts or the use of typical
non-destructive inspection methods such as ultrasonic techniques. Two
types of matrix cracks can be observed: vertical and oblique cracks, see
Fig. 1.9. Vertical cracks are introduced by the flexural deformation of
the plate owing to tensile stresses, and consequently, they are located at
the bottom plies. Oblique cracks are formed by the high transverse shear
stresses that result from the contact load and the flexural deformation of
the composite. These cracks are typically located at the top and middle
plies.

Typically, in thick laminates, matrix cracking starts on the impacted
face of the specimen as a result of the high and localized contact
stresses. Damage propagates downward by the succession of intra-laminar
cracks and interface delamination, resulting in a pine-tree pattern, see
Fig. 1.10(a). For thin laminates, bending stresses on the back of the
laminate introduce tensile matrix cracks, and damage progresses from the
non-impacted face up toward the impactor, yielding a reverse pine-tree
appearance, see Fig. 1.10(b).

(b)(a)

Figure 1.10: Failure inside thin and thick composite structures, see
Abrate (1998).
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1.6 Motivation

The main features of unidirectionally fiber-reinforced composite (UD
FRC) laminates are the low weight-to-strength ratio and the individu-
ally adjustable constitutive characteristics. Along with comprehensive
experimental efforts, extraordinary durable designs of lightweight struc-
tures have been realized. Initially, the advantages of UD FRCs in terms
of strength, weight, and manufacturing outweighed the high necessary
safety factors owing to the lack of predictability of the material’s behav-
ior. In this context, numerical predictions have gained increasingly more
importance in order to eliminate the need for costly experiments. In
recent times, composites have been used to replace conventional materials
in automotive industry, which has begun to incorporate FRC accessories,
peripheral structural parts, crash boxes and car bodies.

Susceptibility to damage from concentrated out-of-plane impact forces
is one of the major design concerns of structures made of advanced FRPs
in the automotive industry. The development of virtual mechanical
testing models to analyze the impact damage resistance of a composite
structure is of great interest for the reduction of certification costs.
Further, the prediction of the residual strength of the impacted structure
is the most valuable information. However, this is a difficult task.

When an impact is performed on a composite structure, the description
of the problem is quite complex. Laminated composite structures are
heterogeneous materials owing to the presence of local flaws, such as
resin-rich zones, discontinuities of the fibers, and changes of the fiber
density. Accordingly, composite structures degrade owing to a large
variety of failure mechanisms that interact in a complicated manner,
especially when subjected to impact loading, see Fig. 1.6.

Considering the major recent advances in computational methods, the
detailed kinematic and material modeling of composite structures, and,
hence, the accurate deformation behavior and their failure mechanisms,
it is possible to realize virtual simulations of impact events by means of
numerical simulations using FE codes.

1.7 State of the art

This section discusses the state of the art in the modeling of composite
structures in terms of kinematics and materials.
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1.7.1 Efficient modeling of thick composite structures
with multi-layered solid finite elements

The limited quantities of fossil fuels, as well as global warming has led to
the need for the introduction of new powertrain concepts for road vehicles
with optimum efficiency and low greenhouse gas emissions. FCVs offer
the greatest potential for future sustainable mobility. One major compo-
nent of FCVs is the HSS. A promising approach that is currently used is
to store hydrogen in wet wound carbon fiber-reinforced plastic (CFRP)
vessels manufactured by a filament-winding process with an operating
pressure of up to 70 MPa (hereafter referred as H2 vessel). Because of
the inherent complexity and the 3D nature, the accurate behavior of such
thick, composite structures in impact simulations requires the adequate
representation of the composite plies.

The modeling of thick composite structures with two-dimensional
(2D) elements will produce inaccurate results in the transverse normal
direction. Therefore, 3D modeling should be used but the idealization
of each ply using one solid element leads to undesirably large models
and is impractical for large structures. A good summary of various 3D
modeling techniques is done in Bogdanovich et al. (1995). Kuhlmann
and Rolfes (2004) use two steps to calculate the full 3D stress tensor to
model thick multi-layer laminated composites. Layer-wise finite elements
from Robbins and Reddy (1993) are computationally expensive owing
to the large number of degrees-of-freedom (DoFs) per element, and are
comparable to stacks of 3D finite elements. In addition, the solid-shell
element from Parisch (1995) is used for each layer individually, and the
above problem still persists. Hence, the representation of several plies
in one solid element and more such elements across the thickness is
the goal. An improved multi-layered solid element showing excellent
efficiency of in terms of the CPU time is implemented in the code of
LS-DYNA®, see Chatiri, Schütz, and Matzenmiller (2010) and Hallquist
et al. (2014). Like any brick element, it resolves the 3D stress state
that is necessary for impact directions normal to the outer vessel surface.
The element allows the definition of multiple integration points through
the thickness in order to account for stacks of plies with arbitrary fiber
orientation. By defining several layers with different material properties
and ply orientations inside one multi-layered solid, the number of elements
through the thickness is significantly reduced, and the result is still close
to that, obtained from the detailed finite-element model of one brick
element per layer.
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1.7.2 Modeling failure and damage in composite
structures

Damage plays a vital role in many fiber-reinforced composite (FRC)
materials with non-ductile matrices. Their elastic brittle behavior is
characterized by the formation and evolution of micro-cracks (surface
discontinuities) and cavities (volume discontinuities). The pronounced
irreversibility of these defects is one consequence. These defects primarily
cause stiffness degradation, and only small permanent deformations
remain in the stress-free body after unloading as long as the material is
not close to complete deterioration. The main objective of this thesis is
the generation of a damage model for the numerical stress analysis of
FRC structures.

Several failure criteria for the description of first ply failure inside
composite structures are described in Nahas (1986). Strength-based
criteria are usually employed to predict the onset of failure events in com-
posite structures owing to their ease of use with the finite element (FE)
method. A large number of criteria relating stresses and the experimental
measures of material strength to the onset of failure have been proposed
over the past few decades. In addition, several failure criteria have been
proposed by Tsai and Wu (1971), Hashin (1980), and Puck and Schür-
mann (2004). The world wide failure exercise (WWFE) is conceived
and conducted by Hinton et al. (2004) in order to assess the prediction
capability of the available failure criteria. One important conclusion to
be made from this event is that the mechanisms that lead to the failure
of laminated composite materials were not fully understood at the time.
Meanwhile, new physically-based failure criteria have been developed
and proposed. These represent a step further in the quest to identify the
phenomena at the origin of the failure process. Phenomenological-based
criteria are widely applicable, as opposed to curve fitting-based criteria
whose applicability is restricted to the particular load cases from which
they are derived.

Failure criteria are not sufficient to predict the progressive failure
of composite structures that can accumulate damage before structural
collapse. Simplified models, such as the ply discount method, can be
used to indicate the onset of ultimate failure. However, they cannot
represent with satisfactory accuracy the process of brittle failure of lami-
nates resulting from the accumulation of several failure mechanisms. The
study of the nonlinear response of brittle materials due to the accumu-
lation of damage is important because the rate and direction of damage
propagation defines the damage tolerance of a structure and its eventual
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collapse, as discussed in Maimí et al. (2007). To model the phenomena
of damage propagation, in recent years, nonlinear constitutive models,
defined within the context of the mechanics of continuous media, have
been developed and implemented into finite-elements codes, as proposed
by Pinho et al. (2006a) and Williams et al. (2003). Modeling fracture
via plasticity and smeared crack approaches are proposed by Vogler
et al. (2013) and Camanho, Bessa, et al. (2013). The formalism of the
thermodynamics of irreversible processes serves as a guideline from which
the constitutive models may be developed, see Lubliner (1990).

The simplest way to describe damage is to utilize a single scalar dam-
age variable, as proposed by Kachanov, see Kachanov (1958). Damage
can be interpreted as the creation of micro-cavities and micro-cracks us-
ing a damage variable as a measure of the effective surface density of the
micro-defects. Such a mechanical interpretation of damage assumes that
the loads are resisted only by the undamaged ligaments in the material.
The stresses σ̂ in the ligaments, referred to as effective stresses, continue
to increase until all ligaments are severed and the ply has failed. The
tensorial representation of damage is a formal and general procedure in
continuum damage mechanics (CDM) to represent the directionality of
micro-cracks, which can take any direction in a homogeneous medium de-
pending on the load history, geometry, boundary conditions, and material
properties. After Kachanov’s pioneering work, several damage models
that describe damage as a second-order tensor, see Chaboche (1995), or as
a fourth-order tensor, see Simo and Ju (1987a) and Simo and Ju (1987b),
have been developed. Second-order tensors describe an initially isotropic
material as an orthotropic one when damage evolves, whereas fourth-
order tensor models can remove all material symmetries and provide a
more general procedure to simulate damage, as explained in Cauvin and
Testa (1999). The reduction of the elastic properties of a cracked ply,
which is predicted using the continuum damage mechanics model, can
also be seen in Talreja’s work, see Talreja (1985a) and Talreja (1985b).

The application of continuum damage models to orthotropic or trans-
versely isotropic materials, such as FRC, results in additional difficulties.
The nature and morphology of the material induce some preferred direc-
tions for crack growth, i.e., crack orientations are induced not only by the
loads, geometry, and boundary conditions, but also by the morphology
of the material. The interface between fiber and matrix is weaker than
the surrounding material, and interfacial debonding is normally the first
damage mechanism to occur. Furthermore, residual micro-mechanical
thermal stresses are initiated in the composite plies owing to different
coefficients of the thermal expansion of the fiber and matrix. Multiscale
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analysis and mesomodeling are two approaches used to evaluate the elastic
and inelastic response of a heterogeneous material. By using homogeniza-
tion methods, multiscale models define the relations between a mesoscale,
which is normally the scale of the finite elements, where the material is
considered as homogeneous, and the microscale, which is the level of fiber
and matrix constituents. The constitutive models may be defined on a
microscale and solved analytically, where strain or stress fields are related
to those of the mesoscale by transformation field tensors, which are de-
noted as concentration tensors. Alternatively, the representative volume
element (RVE) is analyzed numerically using finite elements, see Kurna-
towski (2010) and Kurnatowski and Matzenmiller (2012). To reduce the
number of computations that need to be performed, the periodicity of the
material is invoked. Another approach of modeling multiscale progressive
failure analysis is proposed in Ernst et al. (2010) and Czichon et al. (2011).

Mesomodeling is an alternative way of setting up damage models for
composite materials in the case of large-scale computations. Mesomodels
treat the composite lamina, see Matzenmiller, Lubliner, et al. (1995), or
sub-laminate, see Williams et al. (2003), as a homogeneous substitute
material. When diffuse damage localizes in a narrow band and becomes a
macrocrack, the response is dominated by the crack-tip formation and its
ability to dissipate energy. On the other hand, the material’s morphology,
which is the main basis of homogenization techniques, looses importance
for local failure analysis owing to the loss of periodicity. Therefore, in
structures exhibiting stable crack propagation, i.e., when the stresses
increase monotonically with strain, mesomodeling is more appropriate
than multiscale analysis for the prediction of the structural response up
to collapse.

An efficient design of composite materials and structures requires a
reliable failure prediction system under the general 3D states of stress.
Puck’s action-plane related failure criteria which are 3D formulations,
see Puck and Schürmann (2004), along with post-failure degradation
procedures based on continuum damage mechanics, as in Matzenmiller,
Lubliner, et al. (1995) and Ladevèze et al. (2000), should be able to pre-
dict lamina failure and post failure load redistribution in multi-directional
laminates. In the present work, the prediction of laminate failure is
treated within the framework of “first ply failure”, based on the Puck’s
failure criterion, and progressive damage, based on the idea of continuum
damage mechanics. The laminate is a stack of laminae having different
fiber orientations. An explicit finite-element analysis is applied to lam-
inates, and the material model formulation is developed at the lamina
level with unidirectional reinforcement (UD lamina). A homogenized
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continuum provides the theoretical basis for the constitutive model of
each UD lamina. The orthotropic nature of the lamina as a homogenized
continuum with invariant axes of symmetry planes is maintained through-
out the entire damaging process in the model. Linear elastic unloading
and no plastic (irreversible) deformations are assumed to occur. Damage
activation functions, which are based on Puck’s failure criteria, are used
to predict the different failure mechanisms that occur at the ply level.

The developed constitutive meso-level model with the three-dimension-
al Puck’s failure criteria and anisotropic continuum damage mechanics
is very effective in the analysis of thick multi-layered structures having
a large number of plies, see Chatiri and Matzenmiller (2013). The
developed constitutive model is also adapted for thin shell applications,
as discussed in Chapters 4, 7, and 8. Note that the effects of curing
stresses, fiber rotation due to large shear strains, and the increased
strength of thin plies are not considered (in-situ effect, see Camanho,
Dávila, Pinho, et al. (2006)).

1.8 Objectives and methodology
In this section discusses the objectives and methodology for the tools
developed in this study.

1.8.1 CAE tool chain
This section explains the CAE tool chain, see Chatiri, Schütz, Matzen-
miller, and Stelzmann (2014) and Chatiri and Schütz (2014), for high
pressure HSS for FCVs with an operating pressure of 70 MPa, and manu-
factured using CFRP material. Here, three aspects are important. First,
the vessel has to fit into the given package space of the vehicle. Secondly,
the vessel has to withstand a certain inner pressure, and third, the vessel
together with the integration features have to pass certain vehicle-crash
acceptance criteria. Thus, it is necessary to integrate the high-pressure
vessel into standard CAE processes in order to work on these aspects
during the early phase of FCV development. The aspect of the data im-
porting/exporting interface between individual tools, especially between
the wet-winding process simulation and the finite-element analysis (FEA)
tools, is performed efficiently in the current tool chain, see Table 1.1.

The starting point in the vessel pre-dimensioning phase is the given
package envelope of the vehicle. This envelope defines the maximum outer
dimensions of the vessel at the maximum allowable working pressure. In
the next step, the nominal outer dimensions of the vessel are determined
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Table 1.1: CAE process chain for thick-walled composite structures.

Netting
theory and

CLT PyWind

ANSYS
Composite
PrepPost LS-DYNA®

Design of the
cylindrical part

of the vessel

Virtual
manufacturing
of the vessel

Generation of a
FE model of the

vessel

FE model of the
HSS module

1 ➔ 2 ➔ 3 ➔ 4

Classical
laminate theory

using an estimation of the expansion of the vessel under pressure. An
iterative process is applied to determine the required number of helical
and hoop layers, the starting winding angle and the thickness of the
composite. The whole iterative process considers just the cylindrical
part of the vessel assuming a 2D state of stress, and applies netting and
classical laminate theory in a subsequent manner.

In the next step, a detailed geometrical representation of the fiber
lay-up inside the wall of a composite vessel is developed by using the
in-house tool PyWind. Each unidirectional (UD) layer of a composite
pressure vessel is considered individually with respect to its winding
angle, fiber properties and coefficient of friction.

In the third step, the PyWind data is imported into ANSYS Composite
PrepPost (ACP), and a detailed FE mesh of the wet-wound composite
vessel is generated. The output of the FE mesh is a multi-layered solid,
see Hallquist et al. (2014), which allows a very comfortable description
of composite layers using a ply-based concept. The FE solid model
consists of a multi-layered solid element (TSHELL type 5), which resolves
the 3D stress state necessary for impact directions normal to the outer
vessel surface. In addition, this element allows the definition of multiple
integration points through the thickness in order to account for stacks
of plies with arbitrary fiber orientation. In the final step, impact and
crash simulation models are generated in LS-PrePost and simulations
are performed using LS-DYNA® with the developed material model.

The CAE process chain that is developed for thick composite structures
is adapted to thin shell structures. The thin shell composite draping
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Table 1.2: CAE process chain for thin shell composite structures.

Netting
theory and

CLT Fibersim

ANSYS
Composite
PrepPost LS-DYNA®

Design/
definition of

composite shell

Draping
simulation

Generation of a
FE model

FE model of
thin shell

component

1 ➔ 2 ➔ 3 ➔ 4

Classical
laminate theory

simulation is done using FiberSim and this data is imported into ACP
to build the composite shell structure (see Table 1.2). The output of
the FE mesh is a multi-layered shell, see Hallquist et al. (2014), which
enables a good description of composite layers using a ply-based concept.
In addition, the 3D material model is adapted to thin shell structures.

1.8.2 Hierarchical approach of the methodology
Motivated by the Department of Defense (2002), GM Fuel Cell Activities
have focused on the development of a more fundamental and hierarchical
approach to the substantiation of CFRP vessel design and its integration
with vehicles. As depicted in Fig. 1.11, the hierarchical approach looks
like a pyramid, and consists of building blocks starting from simple
generic, UD CFRP specimens at the bottom of the pyramid (level 1),
and closes with the complex integration of an entire HSS in a vehicle on
the top of the pyramid (level 5).

Every hierarchical level from 1 to 5 of the pyramid comprises tests in
concert with FEA covering different load cases, such as static or crash
load cases. Following Fig. 1.11, this thesis proposes methodologies and
results obtained from tests as well as accompanying FE analysis covering
from level 1 to level 4.

In summary, the three important objectives of the thesis are (i) to
develop a multi-layered solid element that can incorporate various layers
with different material properties, varying fiber angles, and variable
thickness values for the different layers inside the solid and with multiple
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integration points through the thickness, (ii) to implement a nonlinear
rate-independent composite model into the explicit finite-element code,
LS-DYNA®, and (iii) to develop a CAE process chain for thick and
thin-walled composite structures.
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Figure 1.11: Methodology, see Fell and Schütz (2011).
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1.9 Outline
According to the objectives described previously, the thesis is structured
as follows:

Chapter 2: The basics of continuum mechanics and the finite-element
method is explained

Chapter 3: The new multi-layered solid element, its formulation, nu-
merical patch tests, and its potential for the analysis of thick,
composite structures are investigated.

Chapter 4: Based on Puck’s theory, nonlinear elasticity and failure
are implemented in the developed material model.

Chapter 5: The developed material model is further enhanced in terms
of post-failure based on Puck and complete failure of laminates is
discussed.

Chapter 6: Nonlinear elasticity, failure initiation, and the post-failure
of composite laminates are verified and validated using experimen-
tal results based on Puck’s theory.

Chapter 7: The developed material model is enhanced in terms of post-
failure based on continuum damage mechanics, and the complete
failure of laminates is discussed.

Chapter 8: Several verification and validation examples from available
literature and Opel’s test cases are simulated. The developed
material model is validated using several load cases.

Chapter 9: The work done in this thesis is concluded and the scope
for future work is proposed.



Chapter 2
Continuum Mechanics and Finite
Element Method
Continuum Mechanics is concerned with the mechanical behavior of solids
and fluids on the macroscopic scale, and ignores the discrete nature of
matter, utilizing the average values of physical quantities, which are de-
fined at intermediate scales, and treating them as continuous functions of
position and time. Continuum mechanics distinguishes between material-
dependent and material-independent laws. With the first category of
material-independent equations, the laws include the kinematics, kinet-
ics, and balance equations. Kinematics is concerned with the geometric
description of the movement and deformation of bodies, while kinetics is
the relationship between external forces and the stress response of mate-
rial bodies. Balance equations are laws of nature, and are established for
the mass, momentum and angular momentum in isothermal mechanics.
The second category includes material-dependent constitutive equations,
and describes how materials respond to various loadings.

2.1 Kinematics
The purpose of kinematics is the mathematical description of the motion
of material points, i.e., the deformation of material bodies. To this end,
the term motion and the concept of configuration are specified. The
deformation will be characterized locally by the deformation gradient,
from which several strain tensors can be derived. The time rates of
deformations can be measured by the spatial velocity gradient, which
will in turn be used to define appropriate strain rates.

2.1.1 Motion and configuration
In continuum mechanics, the notion material body B has been introduced,
see Haupt (2002). A material body B is a set of material points P for
which a set K of one-to-one mappings

χ : B → χ[B] ⊂ R3, P 7→ χ(P) = (x1, x2, x3) (2.1)
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X x = Φt0 (X, t)

u

Φt0 (X, t)

i1

i2

i3

Bt0 Bt

Figure 2.1: Configurations.

exists. Owing to the bijectivity of χ, P = χ−1(x1, x2, x3) holds. The
mapping χ is called a configuration (of the material body), see Fig. 2.1.
Furthermore, it is required that any composition of two configura-
tions χ1, χ2 ∈ K given by

χ2 ◦ χ1
−1 : χ1[B] → χ2[B] (2.2)

is continuously differentiable.
The motion of the material body is defined as a sequence of configura-

tions parameterized by the time t
χt : B → χt[B] ⊂ R3, P 7→ χt(P) = (x1(t), x2(t), x3(t)). (2.3)

The configuration at time t is called the current configuration. In order
to identify each material point P, reference configuration R ∈ K is
introduced

R : B → χt[B] ⊂ R3, P 7→ R(P) = (X1, X2, X3). (2.4)
Any configuration of the set K can be chosen as the reference configu-
ration; usually, the initial configuration χt0 is chosen as the reference
configuration:

R ≡ χt0 : B → χt0 [B] ⊂ R3, P 7→ χt0(P) = (X1, X2, X3). (2.5)
Accordingly, the motion of the material body is characterized by the
mapping

x = Φt0(X, t) with Φt0 = χt ◦ χ−1
t0 . (2.6)

In the reference configuration as well as in the current configuration, a
frame of reference (coordinate system) is introduced by the three basis
vectors G1, G2, and G3 for the reference configuration, and the three
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basis vectors g1, g2, and g3 for the current configuration. The three
numbers (X1, X2, and X3) are called the material coordinates and the
three numbers (x1, x2, and x3) are called the spatial coordinates. By
using the same frame of reference in the initial and current configuration,
the motion can be described alternatively by the displacement vector

u(X, t) = x − X = Φt0(X, t) − X. (2.7)

2.1.2 Deformation gradient
According to Eq. (2.6), the motion of a material body is defined by
the family of vector functions Φt0(X, t), with the family parameter t
representing the time. The difference in the motions of neighboring
material points is measured by the (material) deformation gradient

F = Grad Φt0(X, t) = ∂x
∂X = ∂xi

∂Xj
gi ⊗ Gj = F ij gi ⊗ Gj . (2.8)

Coefficients F ij of F are the coefficients of the Jacobi matrix of the
coordinate transformation induced by the vector mapping x = Φt0(X, t).
Because one of the basis vectors of F belongs to the reference config-
uration (Gj), and one belongs to the current configuration (gi), the
deformation gradient is sometimes called a two-field tensor, see Fig. 2.2.
However, for the description in the Cartesian coordinate system, where
the co- and contravariant base systems coincide, one may write

F = ∂xi

∂Xj
ei ⊗ ej = F ijei ⊗ ej . (2.9)

X x = Φt0 (X, t)

Φt0 (X, t)

Bt0

Bt

G1

G2

G3

g1
g2

g3

C(α) c(α)dX dx

Figure 2.2: Transformation of a material line, see Haupt (2002, page 55).
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Of greater importance is the geometrical meaning of the deformation
gradient F. The deformation gradient maps material line elements dX
(tangent vector of a material line in the reference configuration) into
material line elements dx (tangent vector of a material line in the current
configuration). To demonstrate this, a material line in the reference
configuration is defined by

X = C(α), (2.10)
where α is the curve parameter. The same material line in the current
configuration is then given by

x = c(α) = Φt0(C(α), t). (2.11)
The tangent vectors of the material line are

dX = C′(α) dα and dx = c′(α) dα (2.12)
in the reference and current configuration, respectively. The insertion of
(2.11) into (2.12)2 and the application of the chain rule yields

dx = c′(α) dα = d
dα Φt0(C(α), t) dα

=
(
Grad Φt0(X, t)|X=C(α)

)
︸ ︷︷ ︸

F

C′(α) dα
︸ ︷︷ ︸

dX

. (2.13)

The essential property of the deformation gradient
dx = F dX (2.14)

that is used to map tangents of material lines from the reference to
the current configuration contains all the information about the local
deformation, which will subsequently be used to introduce appropriate
strain tensors. From the property (2.14) of the deformation gradient F,
the equations

da = (det F) F−⊺ dA, dv = det F dV (2.15)
can be derived, which describe the deformation of a material surface (vol-
ume) element dA (dV ) from the reference into the current configuration.
The deformation gradient F is generally non-symmetric, and owing to its
invertibility and the continuity of the motion, det F > 0 holds. Although
F contains all the necessary information about the deformation, it is usu-
ally not used directly in constitutive equations because F itself is not in-
dependent of rigid body motions. To be more precise, F is independent of
rigid body translations, but it is not independent of rigid body rotations.
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Polar decomposition

As a non-singular (det F ≠ 0) second-order tensor, the deformation
gradient F can be decomposed multiplicatively into an orthogonal tensor
R (R⊺ = R−1, det R = +1) and a symmetric positive definite tensor U
(or V),

F = RU = VR. (2.16)
This decomposition is denoted as the polar decomposition of F. The
orthogonal tensor R describes the pure rotation of a material line ele-
ment dX, whereas U (or V) describes the pure elongation of the line
element dX (or R dX). The tensors U, called the right stretch tensor,
and V, denoted as the left stretch tensor, are related via the similarity
relation

V = RUR−1, (2.17)
which means that V and U have the same eigenvalues. The polar
decomposition is unique. With U and V two tensors have been found
which characterize the deformation, and which do not depend on rigid
body motions. In order to avoid the non-rational calculation of roots,
which is necessary to calculate U and V from F, the right Cauchy
Green tensor C and the left Cauchy Green tensor B are introduced

C = F⊺F = U2 and B = FF⊺ = V2. (2.18)
The tensor C operates on the reference configuration1 and the tensor B
operates on the current configuration.2 With the help of the introduced
kinematical quantities, a number of strain tensors can be defined, which
vanish in the case of pure rigid body motions, and characterize the state
of the strain.

2.1.3 Strain tensors

The Green strain tensor

E = 1
2(F⊺F − 1) = 1

2(C − 1) = 1
2(U2 − 1) (2.19)

operating in the reference configuration and the Almansi strain tensor

A = 1
2(1 − F−1F⊺) = 1

2(1 − B−1) = 1
2(1 − V−2) (2.20)

1Actually, C operates on the tangent space of the reference configuration.
2Actually, B operates on the tangent space of the current configuration.



26 Continuum Mechanics and Finite Element Method

operating in the current configuration are connected by the covariant
push forward F−⊺ (·) F−1

A = F−⊺EF−1 (2.21)
and pull back F⊺ (·) F

E = F⊺AF (2.22)
operations.3 The tensors E and A are embedded in a general class of
strain tensors that are defined with the help of the stretch tensors U
and V, for example, see Haupt and Tsakmakis (1989),

E(m) =
{

1
m (Um − 1) | m ̸= 0
ln U | m = 0

(2.23)

A(m) =
{

1
m (Vm − 1) | m ̸= 0
ln V | m = 0

. (2.24)

For m = 2, the Green strain tensor from (2.23) is obtained, and for
m = −2, the Almansi tensor from Eq. (2.24) is obtained. The tensor
E(0) = ln U; is known as the Hencky strain tensor (logarithmic strain
tensor). Alternative strain tensors, such as the Piola tensor e and
Finger tensor a,

e = 1
2(C−1 − 1) and a = 1

2(1 − B), (2.25)

which operate in the cotangent spaces of the reference and current
configurations respectively, can be defined. They are connected through
contravariant push-forward F (·) F⊺ and pull back F−1 (·) F⊺ operations,
details of which can be found in Haupt (2002).

2.1.4 Deformation velocities
The fundamental tensor that describes the rate of change of the material
line, area, and volume elements is the (spatial) velocity gradient

L = grad v(x, t) = ḞF−1, (2.26)
and is calculated from the velocity field v(x, t). The dot denotes the
material time derivative, i.e., the total derivative of a function f(X, t)

3The tensors E and A are termed covariant because they operate on the tangent
spaces of the reference and the current configuration, see Haupt (2002). Alternative
strain tensors that operate on the cotangent spaces can also be introduced as
their transformation contravariant push forward and pull back operations must
be used.
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with respect to time t. The material line, area, and volume elements
change over time according to

ḋx = L dx, ḋa =
(
(tr L)1 − L⊺)da, ḋv = (tr L) dv, (2.27)

where tr denotes the trace operator tr A = Aii. The spatial velocity
gradient decomposes additively in a symmetric part D and a skew
symmetric part W,

L = D + W with D = 1
2(L + L⊺) and W = 1

2(L − L⊺). (2.28)

The symmetric part D is denoted as the strain rate tensor and the skew
symmetric part is known as the spin or vorticity tensor.

2.2 Stress tensors
A loading condition arises inside a body B if an external force is applied.
The predominant stress represents the measure of the loading at a defined
point in the body. Appropriate material models connect these stresses
with the deformation and distortion rates.

The Cauchy stress tensor σ is defined by the Cauchy theorem
t = σn, (2.29)

where t is the stress vector and n is the surface normal of an arbitrary
current intersecting plane through body B in the current configuration,
see Haupt (2002). The definition of the spatial Kirchhoff stress tensor,

S := (det F)σ, (2.30)
depends directly on the determinant of the deformation gradient F and
the Cauchy stress tensor σ, see Bertram (2008) and Haupt (2002).

2.3 Balance relations
The balance relations of continuum (thermo)mechanics are formulations
of fundamental physical principles, in particular, the conservation of
momentum, angular momentum and energy. Furthermore, the conserva-
tion of mass is valid for the processes at hand considered in continuum
mechanics and a balance relation for the entropy will be given. The
balance of entropy has to be accompanied by an appropriate formulation
of the second law of thermodynamics, which states that the entropy of a
closed system never decreases. The balance relations can be formulated
either in the current (spatial) or in the reference (material) configuration.
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For open systems, they have the general form, see Haupt (2002, page 137,
Eq. 3.75),

d
dt

∫

χt[B]
ρ(x, t)Ψ dv =

∫

∂χt[B]
Φ(x, t) n da

+
∫

χt[B]
ρ(x, t)

(
φ(x, t) + p(x, t)

)
dv, (2.31)

d
dt

∫

R[B]
ρ(X, t)ΨR dV =

∫

∂R[B]
ΦR(X, t) nR dA (2.32)

+
∫

R[B]
ρR(X, t)

(
φR(X, t) + pR(X, t)

)
dV ,

where ρ and ρR represent the mass density of the material body in the
current and reference configurations, respectively. The physical quantity,
which is balanced, is represented by Ψ (ΨR), and the flux of the physical
quantity through the surface of the material body is denoted as Φ (ΦR),
whereas the volume distributed exchange of Ψ (ΨR) with the outside
world is represented by φ (φR) and the production density of Ψ (ΨR) is
given by p (pR) in the current (reference) configuration. To represent the
conservation laws by means of a balance relation, the right-hand side of
Eqs. (2.31) and (2.32) is zero. The physical quantity Ψ under considera-
tion may be scalar, vector, or tensor valued. If the physical quantity Ψ is
a tensor field of order n, the flux is accordingly a tensor of order (n+ 1).
Under sufficient conditions regarding the continuity and differentiability
of the fields, one can derive local forms of the balance relations with the
help of the divergence theorem. In the following, the balance of mass, mo-
mentum, angular momentum and energy as well as entropy will be stated.

2.3.1 Balance of mass

The mass m(B, t) of a material body B is a scalar quantity that measures
the resistance of the material body to accelerations (inertia) as well as
the strength of its gravitational interactions with other masses. Each
material point P is attributed a mass density ρ. Accordingly, the mass
of the material body is given by

m(t) =
∫

R[B]
ρR(X, t) dV =

∫

χt[B]
ρ(x, t) dv, (2.33)
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where ρR and ρ are the mass densities in the reference and current
configuration. The law of conservation of mass states that

d
dt m(t) = d

dt

∫

R[B]
ρR(X, t) dV = d

dt

∫

χt[B]
ρ(x, t) dv = 0. (2.34)

The local form in the reference configuration can be derived immediately,
because the volume integral over the material body in the reference
configuration is time-independent

∂ρR(X, t)
∂t

= 0 ⇔ ρR(X, t) = ρR(X). (2.35)

In order to obtain the local form in the current configuration, the
integral has to be transferred to the reference configuration, whereupon
the differentiation with respect to time can be exchanged with the volume
integral. Afterwards, the resulting expression is again stated in spatial
coordinates using the relation (2.15) between the infinitesimal volume
element in the current and reference configurations.

0 = d
dt m(t) = d

dt

∫

χt[B]
ρ(x, t) dv = d

dt

∫

R[B]
ρdet F dV

=
∫

R[B]

d
dt (ρdet F) dV =

∫

R[B]
(ρ̇det F + ρdet F F⊺ · Ḟ︸ ︷︷ ︸

div v=tr L

) dV

=
∫

χt[B]
(ρ̇+ ρdiv v) dv. (2.36)

Alternatively, the local balance of mass can be written as

ρ̇+ ρdiv v = 0 ⇔ ∂ρ

∂t
+ div(ρv) = 0, (2.37)

see Haupt (2002, page 82) and wherein the divergence of a vector quantity
is defined as:

div v(x) = v · ∇ = ∇ · v = ∂v

∂xk
gk (2.38)

Due to ρR dV = ρdv and (2.15) it can also be stated that
ρR = (det F)ρ. (2.39)

2.3.2 Balance of momentum

The momentum of a material body is the product of the mass density
and velocity integrated over the domain of the body. The derivative of
the momentum with respect to time is equal to the sum of the external
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forces exerted on the material body
d
dt

∫

χt[B]
ρ(x, t) v(x, t) dv =

∫

∂χt[B]
t(x, t) da+

∫

χt[B]
ρ(x, t) k(x, t) dv,

(2.40)
see Haupt (2002, page 90). The right-hand side of (2.40) represents the
external forces acting on the material body and the left-hand side is the
rate of its momentum. In Eq. (2.40), t(x, t) denotes the stress vector
acting on the surface of the material body. According to Cauchy’s
theorem, the stress vector t(x, t) is related to the stress tensor σ(x, t)
(Cauchy stress tensor) via

t(x, t,n) = σn, (2.41)
see Eq. (2.29). The volume-distributed force density acting on the mate-
rial body is ρ(x, t) k(x, t) in (2.40). Often, ρ(x, t) k(x, t) = ρ(x, t) k are
gravitational forces where the acceleration is approximately constant in
space and time. With the help of the divergence theorem, the surface
integral can be transformed into a volume integral. With the help of the
mass balance in the form ρ dv = ρR dV , the local form of the balance of
momentum reads, see Haupt (2002, page 96, Eq. 2.62):

ρ(x, t) v̇(x, t) = divσ(x, t) + ρ(x, t) k(x, t). (2.42)
In the reference configuration, the global form of the balance of momen-
tum reads:

∂

∂t

∫

R[B]
ρR(X) v̇t0(X, t) dV =

∫

∂R[B]
tR(X, t) dA

+
∫

R[B]
ρR(X) kR(X, t) dV , (2.43)

where the stress vector tR is introduced to represent the force per unit
area of the reference configuration. Similar to (2.41), the stress vector tR
is related to the stress tensor σR by

tR(X, t) = σR(X, t) nR, (2.44)
see Haupt (2002, page 93), which is known as the first Piola-Kirchhoff
stress tensor. The local form of the balance of momentum in the reference
configuration is given by, see Haupt (2002, page 96):

ρR(X) v̇t0(X, t) = DivσR(X, t) + ρR(X) k(X, t) (2.45)

The local form of the momentum equation for the current configuration,
see Haupt (2002), results from the global Eq. (2.40):

ρv̇ = divσ + kρ (2.46)
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with the material derivation of the velocity v:

v̇ = ∂v
∂t

+ (grad v)v = ∂v
∂t

+ Lv (2.47)

Note, Gaussians theorem, see Haupt (2002, page 97), is applied to
replace the surface integral in (2.40) and (2.43) by a volume integral to
derive Eqs. (2.42) and (2.53), see Haupt (2002) and Bertram (2008).

2.3.3 Balance of angular momentum
The balance of angular momentum (moment of momentum) states that
the temporal change of the rotational momentum with respect to any
fixed point in space c is equal to the sum of the external angular mo-
mentum due to forces acting on the material body. The spatial form of
the balance of angular momentum is, see Haupt (2002, page 99):

∫

χt[B]
(x − c) × v̇(x, t)ρdv =

∫

∂χt[B]
(x − c) × Tn da

+
∫

χt[B]
(x − c) × fρdv (2.48)

The local form of the balance relation (2.48), together with the balance
of mass and momentum, implies the symmetry of the Cauchy stress
tensor, see Haupt (2002, page 99):

σ
⊺ = σ. (2.49)

2.3.4 Balance of energy
In order to establish the balance of energy, the notion internal energy of
the material body is introduced.

E =
∫

χt[B]
eρdv, (2.50)

where e is the (mass) specific internal energy. E represents the total
energy content of the material body with the exception of the kinetic
energy K given by

K =
∫

χt[B]

ρ

2 v2 dv. (2.51)

The sum of the internal energy E and kinetic energy K represent the
total energy content of the material body. The temporal change of this
energy content is due to the power of the external forces, see Haupt



32 Continuum Mechanics and Finite Element Method

(2002, page 121):

Pa =
∫

∂χt[B]
v · (σn) da+

∫

χt[B]
ρk · v dv, (2.52)

acting on the material body, and it is also due to the non-mechanical
energy exchange, i.e., the heat flux Q, which is given by

Q =
∫

∂χt[B]
q da+

∫

χt[B]
rρdv, (2.53)

with q denoting the heat flux density and r representing a volume
distributed heat supply (similar to the volume-distributed acceleration k).
The balance of energy for the material body now reads:

d
dt (K + E) = Pa +Q (2.54)

With the help of q = −q · n, where q is the Cauchy heat flux vector,
the global form of the energy balance in spatial representation is given
by

∫

χt[B]

˙( 1
2 v2 + e

)
ρdv =

∫

∂χt[B]

(
(σv) · n − q · n

)
da

+
∫

χt[B]
(k · v + r)ρdv (2.55)

By applying the divergence theorem to the surface integral in (2.55),
and using the symmetry σ = σ⊺ together with the product rule in the
form div

(
σ⊺v

)
= (divσ) · v +σ · grad v = (divσ) · v +σ · D, the energy

balance is obtained as:∫

χt[B]
((ρv̇ − divσ − ρk) · v + ρė+ div q − ρr − σ · D) dv = 0 (2.56)

This form can be simplified with the help of the balance of momen-
tum equation giving the local form of the energy balance in spatial
representation, see Haupt (2002, page 124):

ė = −1
ρ

div q + r + 1
ρ
σ · D (2.57)

Alternatively the balance of energy can be formulated on the reference
configuration and reads in local form as, see Haupt (2002, page 124):

ė = − 1
ρR

Div qR + r + 1
ρR
σ̃ · Ė (2.58)
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2.3.5 Balance of entropy and dissipation inequality

In continuum mechanics the entropy content S of a material body is
defined as the volume integral of the entropy density s per unit mass
over the realm of the material body

S =
∫

χt[B]
sρdv. (2.59)

Every heat exchange of the material body with its surroundings is
considered as an exchange of entropy. The total exchange of entropy H
is the sum of the entropy exchange through the surface Σ of the material
body and a volume-distributed entropy exchange σ,

H =
∫

∂χt[B]
Σ da+

∫

χt[B]
σρdv. (2.60)

In addition to the exchange of entropy with the surroundings, a volume-
distributed entropy production within the material body is introduced
via

Γ =
∫

χt[B]
γρdv. (2.61)

The entropy flux Σ through the surface in (2.60) is Σ = −Σ · n, with
the entropy flux vector Σ, given by

Σ = q
T
, (2.62)

where T denotes the absolute temperature as a function of position x
and time t, T (x, t). Accordingly, the volume-distributed entropy supply
is

σ = r

T
. (2.63)

The entropy balance states that
Ṡ = H + Γ (2.64)

and the second law of thermodynamics demands that
Γ = Ṡ −H ≥ 0. (2.65)

This means that the entropy production within a material body during
all processes is always positive. The entropy production is a measure of
the irreversibility of the considered process. Under idealized assumptions,
the entropy production during a process may be at most zero, which
is equivalent to stating that the process is reversible. Considering the
assumptions on the entropy exchange of the material body with its



34 Continuum Mechanics and Finite Element Method

surroundings in Eqs. (2.62) and (2.63), Eq. (2.65) can be written in the
form

Γ = d
dt

∫

χt[B]
sρdv +

∫

∂χt[B]

q · n
T

da−
∫

χt[B]

r

T
ρdv ≥ 0, (2.66)

which is known as the Clausius-Duhem inequality in continuum me-
chanics, see Haupt (2002). The local form in spatial representation
reads:

γ = ṡ+ 1
ρT

(div q − ρr) − 1
ρT 2 q · g ≥ 0 (2.67)

with the spatial temperature gradient g = gradT . Using the energy
balance in local form (2.57), Eq. (2.67) can be rewritten to obtain

Tγ = −ė+ T ṡ+ 1
ρ
σ · D − 1

ρT
q · g ≥ 0. (2.68)

The term Tγ on the left-hand side of (2.68) is called internal dissipation,
see Haupt (2002, page 130). Later, the Clausius-Duhem inequality is
used to define a constitutive model that is a priori thermodynamically
consistent, i.e., it fulfills the second law of thermodynamics in all pro-
cesses. Instead of the internal energy e, the Helmholtz free energy
ψ = e− sT is used; introducing this into Eq. (2.68) yields

Tγ = −ψ̇ − sṪ + 1
ρ
σ · D − 1

ρT
q · g ≥ 0. (2.69)

This study focuses on isothermal processes (Ṫ = 0) and a uniform
temperature distribution (g = 0), Eq. (2.69) becomes

σ · D − ρψ̇ ≥ 0. (2.70)
All the above balance relations are used in the commercially available
finite element (FE) tools like LS-DYNA®, see Hallquist et al. (2006).
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2.4 Major stages in LS-DYNA® explicit
FEM code

A simple example problem is used to illustrate the procedure of the
explicit finite-element method (FEM) code, and the procedures described
above are shown in Fig. 2.3. It consists of a four-node shell element
and eight-node multi-layered solid with five integration points across a
thickness.

x1

x3
x2

n1

n2 n3

n4

x1

x3
x2

0°
0°
0°
0°

0°

x1

x2

(a) (b)

Figure 2.3: Continuum based shell and multi-layered solid element.

After time discretization of the equations of motion with an explicit
scheme, the major stages of the explicit LS-DYNA® FEM code for
continuum shell element can be explained in a general data flow diagram
for a time stepping procedure tn+1 = tn + δt as follows:

1. Displacement increment on each node
(∆dx,∆dy,∆dz,∆θx,∆θy)

see Hallquist et al. (2006, page 7.5), where ∆dx,∆dy,∆dz are
translational displacement increments and ∆θx,∆θy are angular
rotation increments. Also linear shell elements in LS-DYNA® have
an unconstrained rotational degree of freedom which is normal
to the midsurface of the shell often called as drilling degree of
freedom, see Hallquist et al. (2006, page 40.1). B is the strain
displacement matrix, which consists of shape function derivates
which are defined below:

Matrix B ⇐
= Strain-displacement

relationship
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B1I = ∂NI
∂x

B2I = ∂NI
∂y

∆ϵx = B1I∆dxI + zB1I∆θyI
∆ϵy = B2I∆dyI − zB2I∆θxI

2∆ϵxy = B2I∆dxI +B1I∆θyI
+ z (B2I∆dyI −B1I∆θxI)

2∆ϵxz = B1I∆dzI +NI∆θyI
2∆ϵyz = B2I∆dzI −NI∆θxI

2. Strain increment at integration point
(∆ϵx,∆ϵy,∆ϵxy,∆ϵxz,∆ϵyz)

UMAT ⇐
= Material constitutive

equations

3. Stresses calculated at each integration point
(σx, σy, σxy, σxz, σyz)

Resultant forces and moments of cross-section are integrated through
the thickness of the shell

fR
αβ =

∫ h/2

−h/2
σαβ dz mR

αβ = −
∫ h/2

−h/2
zσαβ dz

⇐
= Summation over

all elements
where the superscript R represents resultant force or moment and
the Greek subscripts emphasize the limited range of the indices for
plane stress plasticity, see Hallquist et al. (2006, page 7.5).

4. Internal forces on each node, see Hallquist et al. (2006, pp. 7.5
and 7.6)

(fxI , fyI , fzI ,mxI ,myI) = f int

fxI = A
(
B1If

R
xx +B2If

R
xy

)

fyI = A
(
B2If

R
yy +B1If

R
xy

)

fzI = Aκ
(
B1If

R
xx +B2If

R
yI

)

mxI = A
(
B2Im

R
yy +B1Im

R
xy − κ

4 f
R
yI

)

myI = −A
(
B1Im

R
xx +B2Im

R
xy − κ

4 f
R
xI

)

⇐
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5. Governing equation:
Mmman = f ext

m − f int
m

B.C. ⇒ an = M−1
mn

(
f ext
m − f int

m

)

⇐

6. Update nodal displacement
νn+½ = vn−½ + an∆t
dn+1 = dn + νn+½∆t

Central difference
method

The material constitutive model is required to proceed from stage 2
to stage 3. This is the place where users insert their user defined
material (UMAT) model.

The similar process for eight-node multi-layered solid is explained in
section 3.4 and Appendix A.1. In the following chapters, the procedure
to be followed when developing a UMAT for the desired composite
application in LS-DYNA® are explained for multi-layered solid element.





Chapter 3
Multi-Layered Solid
3.1 Summary
An improved multi-layered solid element showing excellent efficiency
of CPU time, which is implemented in the code of LS-DYNA®, see
Hallquist et al. (2014), is presented here. As with any brick element, it
resolves the three-dimensional (3D) stress state necessary especially to
capture stress components which are coming from Impact loads applied
in the direction, which is normal to the vessel outer surface, see Figs. 3.2,
3.3, and 8.18 for impact directions normal to the outer vessel surface.
The element allows the definition of multiple integration points through
the thickness in order to account for stacks of plies with arbitrary fiber
orientation. By defining several layers with different material properties
and ply orientations inside one multi-layered solid, the number of elements
through the thickness is significantly reduced. In Fig. 3.4, the complex
laminate configuration, which consists of 18 different plies with varied
fiber angles, is represented by one layered solid element.

In this chapter, the focus is on realizing an improved multi-layered
solid element that can incorporate various layers with different material
properties, varying fiber angles, and variable thicknesses for the different
layers inside the solid and with multiple integration points through
the thickness. An improved multi-layered solid element formulation is
presented that describes simulation results for both, different patches and
for thick composite structures such as for hydrogen storage H2 vessels.
The results, which are obtained using the present element, are comparable
with the values available in the literature and experiments.

3.2 Numerical modeling of composite
structures

3.2.1 Introduction
Laminates and laminate structures commonly have geometries with small
thicknesses compared to their lateral expansion. Accordingly, there is a
tendency in the past to represent the 3D continuum using a condensed
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two-dimensional (2D) structural model. The governing equations and
associated boundary conditions of the reduced model are then derived
based on the elimination of the thickness coordinates by integrating along
the thickness the partial differential equations of the 3D continuum. Over
the years, many theories and associated finite-element definitions have
been developed to achieve compliance with the basic requirements for the
stress, strain, and displacement fields over a laminate’s through-thickness
direction.

The considerations of the slope and boundary conditions of stress
and strain fields throughout the laminate’s thickness is based on the
perception of a laminate as a stack of different homogeneous and aniso-
tropic layers that are perfectly bonded together. Because the mechanical
properties of the interfaces are neglected, the interlaminar boundaries
are surfaces of abrupt discontinuities in the material properties. The per-
fect bond condition requires a continuous displacement field u over the
bi-material interface. In addition, continuous through-thickness stress
and shear stress fields σz, τxz, and τyz, are required for equilibrium.
This results in a discontinuity in the through-thickness strain and shear
strain fields ϵz, γxz, and γyz owing to the difference in elastic proper-
ties of the adjoining layers. As a consequence, the through-thickness
displacement uz has a slope discontinuity across the interface.

The continuous displacement field over the interface results in contin-
uous in-plane strains and shear strains ϵx, ϵy, and γxy, which result in
discontinuous in-plane stresses and shear stresses σx, σy, and τxy, respec-
tively, which is due to the difference in elastic properties of the adjoining
layers. Hence, through-thickness shear stresses τxz and τyz generally
have a slope discontinuity in their through-thickness distribution for
equilibrium reasons. On the contrary, the continuity of the interlaminar
through-thickness shear stresses τxz and τyz force the through-thickness
stress σz to have a continuous derivative along the through-thickness
coordinate.

The family of equivalent single layer (ESL) models comprises those
models that are to be regarded as direct extensions of approaches estab-
lished for homogeneous structures to multi-layered structures. Without
explicitly considering the characteristics induced by bi-material inter-
faces, these models commonly introduce through-thickness assumptions
for the displacement field. The resulting differential equations are solved
by the principle of virtual displacement (PVD) in which the equilibrium
equations are fulfilled in a weak sense only.

The classical laminate theory (CLT) is a first-order approximation
that relies on the Kirchhoff-Love hypotheses at which linear bending
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strains are assumed and all transverse deformation effects are neglected.
The main characteristics of the CLT are (1) the straight cross-section
of a laminate under bending deformation remains perpendicular to the
mean surface, and (2) no transverse shear stresses appear.

The first-order shear deformation theory (FOSDT) retains the re-
striction of a vanishing transverse normal deformation and of a planar
cross-section, but considers the transverse shear deformability typical of
fiber-reinforced composite (FRC) materials. Based on a kinematic model
originally proposed by Reissner and Mindlin, a constant shear defor-
mation is included, resulting in additional degrees-of-freedom (DoFs),
which refer to the rotations of the cross-section with respect to the nor-
mal of the mean surface. The induced through-thickness shear stresses
are then interlaminar discontinuous and layer-wise constant.

The higher-order shear deformation theory (HOSDT) releases the
restrictions of a planar cross-section by the incorporation of additional
DoFs in order to represent the through-thickness distribution of the in-
plane displacement field ux(z) and uy(z). A parabolic through-thickness
distribution of the through-thickness shear strains is included, and enables
the warping of the cross-section. This induces layer-wise parabolic z-
distributions of the through-thickness shear stresses, whereas the required
shear stress conditions at the top and bottom surfaces of the laminate
can be satisfied by an appropriate choice of the thickness polynomials.
In particular, third-order shear deformation theories have received broad
acceptance.

3.2.2 C0
Z continuity requirements in multi-layered

structures
Inside the multi-directional laminates, the layered construction intro-
duces complicated effects. Transverse discontinuous mechanical proper-
ties introduce the zig-zag form of the displacement field – see Fig. 3.1(a).
In addition, the in-plane stresses, see Fig. 3.1(b), may be discontinuous
although for equilibrium reasons, there is a need for the continuity of
transverse stresses, see Fig. 3.1(c). This is often referred to, in the litera-
ture as the interlaminar continuity of the transverse shear and normal
stresses. Fig. 3.1 shows that both the displacements and transverse
stresses due to compatibility and equilibrium reasons are C0 continuous
functions in the thickness direction. The above conditions are referred to
as C0

Z requirements. In summary, the C0
Z requirements are, see Carrera

(1997):
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Compatibility: Interlaminar continuity of the displacements
Zig-zag form of the displacement field due to the discontinuous me-

chanical properties of the thickness direction
Equilibrium: Interlaminar continuity of the transverse stresses
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Figure 3.1: C0
Z requirements inside a three-layered multi-directional lami-

nate: Displacement and stress fields in the thickness direction,
see Carrera (1997).

3.2.3 Different ways of modeling thick composite
laminates

The modeling of thick composite structures should not only involve the
global structural behavior, but should also include the complete 3D
stress state. Traditionally, different approaches have been used to model
thick composite structures as seen in Fig. 3.2.

Thick composite structures can be modeled with shell elements based
on the first- or higher-order shear deformation theory (FOSDT/HOSDT),
see Fig. 3.2(a), with an inextensible director vector, where the normal
stresses are neglected. Usually, these elements possess five nodal DoFs,
while elements with six or seven nodal DoFs are applied if thickness
changes have to be taken into account, see Wagner (2007). In the second
method, the transverse shear stresses are improved by introducing a
director for each layer (multi director formulation), see Robbins and
Reddy (1993), and Fig. 3.2(b). The third method is to use 3D solid shell
elements that have only displacement DoFs, see Fig. 3.2(c). In addition
to the convenient inclusion of 3D constitutive models, these elements
provide a straightforward extension to geometrically nonlinear problems,
particularly in the presence of large rotations, because only translational
DoFs are involved. An obvious discretization approach is therefore to use
one solid element for each layer, see Fig. 3.2(d). However, this approach



3.2 Numerical modeling of composite structures 43

(a) Equivalent
single layer shell

(b) Multi-layered
multi director shell

Linear
Higher order

• 1 shell element • 1 shell element
• 2D Theory → 3 or 5 • 3D Theory
• DoFs based on

FOSDT or HOSDT
• 6 or 7 DoFs/layer

(c) Solid like shell (d) Solid or hexahedron (e) Multi-layered solid

• 1 solid element • 1 solid element/layer • 1 multi-layered solid
• 3D Theory • 3D Theory • 3D Theory
• 3 DoFs • 3 DoFs • 3 DoFs

Figure 3.2: Kinematic modeling of layered composites with different
finite elements, see Chatiri, Güll, et al. (2009).

is not practical as it leads to large computational cost. Apart from the
above element modeling, different homogenization techniques, such as
CLT, which gives smeared properties for the laminate, have been used.
This approach helps to minimize costs and can be used to represent
the global structural behavior. However, it cannot be used to perform
detailed 3D stress-strain analyses, particularly with respect to the stress
resolution for σz, Gz, τxy in the thickness direction.

In this thesis, the focus is on the latter approach, where the new
multi-layered solid element, see Figs. 3.2(e) and 3.3, can incorporate
different material layers with varying fiber angles, variable thicknesses for
the different layers inside the hexahedron and with multiple integration
points through the thickness, see Fig. 3.4.

3.2.4 Constitutive behavior of single lamina
According to the multiscale character of the material properties, the task
of the stress analysis is related to the respective level. On the lamina
level, the stress analysis assigns a state of stress to any state of strain
or vice versa, i.e., this is the level where the constitutive behavior of
the individual lamina is interpreted. On the laminate level, the stress
analysis determines the distribution of the load between the involved
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Figure 3.3: Geometry of the eight-node volumetric multi-layered solid
element in the referential coordinate system with thickness
integration points.
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Figure 3.4: Eight-node linear multi-layered solid element in LS-DYNA®

representing a laminate configuration with 18 different plies.
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laminae, which is due to the loads that are applied to the laminate
material as a whole. This may occur as part of an analysis on the
structural level, whose task is the determination of the local states of
stress and strain at an arbitrary position of the structure due to loads that
are applied at specific positions in the form of forces or displacements.
The second important application of the stress analysis on the laminate
level is the determination of the generalized laminate behavior. In the
following sections, the focus is on theoretical and practical aspects of the
stress analysis, where the main focus is the application within a finite-
element analysis (FEA) – the commercial finite element (FE) package
LS-DYNA® in particular. Furthermore, the quality of the proposed FE
representations is determined by comparison with the analytical solution
following Pagano.

Transverse isotropy and orthotropy

Neglecting microheterogenous consideration on smaller scales, the individ-
ual lamina is regarded as a homogeneous but anisotropic material. In the
undamaged state, it behaves equally in the transverse 2- and the through-
thickness 3-directions, which enables us to reduce the general anisotropy
to a orthotropic behavior with only a fiber-parallel 11-direction and
fiber-perpendicular 22-direction. The elastic behavior, i.e., the material
model that relates the state of stress to the state of strain, is then defined
by the compliance matrix S in Voigt notation:



ϵ11
ϵ22
ϵ33
γ12
γ23
γ13




=




1/E1 −ν21/E2 −ν31/E3 0 0 0
−ν12/E1 1/E2 −ν32/E2 0 0 0
−ν13/E1 −ν23/E3 1/E3 0 0 0

0 0 0 1/G12 0 0
0 0 0 0 1/G23 0
0 0 0 0 0 1/G13







σ11
σ22
σ33
τ12
τ23
τ13



.

(3.1)
A 3D state of stress σ consists of three normal stress components σi

and three shear stresses τ ; accordingly, a 3D state of strain ϵ of three
normal strains ϵi and three shear strains γij . The material is character-
ized by common engineering constants, namely Young’s moduli Ei and
shear moduli Gij and the quantities νij . The latter have the physical
interpretation of Poisson’s ratios that characterize the transverse strain
in the j-direction, when the material is stressed in the i-direction.

Being a displacement-based approach, the FE analysis requires a
material description in the form of σ = C : ϵ (see Chapters 4 and 7),
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whereas the stiffness matrix C is the inverse of the compliance matrix S:



σ11
σ22
σ33
τ12
τ23
τ13




=




C11 C12 C13 0 0 0
C12 C22 C23 0 0 0
C13 C23 C33 0 0 0
0 0 0 C44 0 0
0 0 0 0 C55 0
0 0 0 0 0 C66







ϵ11
ϵ22
ϵ33
γ12
γ23
γ13



. (3.2)

Within the present work, Young’s moduli and shear moduli are ad-
dressed together using the term stiffnesses. The components of C are,
see Berthelot (1999, page 192):

C11 = E1(1 − ν23ν32)∆,
C22 = E2(1 − ν13ν31)∆,
C33 = E3(1 − ν12ν21)∆,
C12 = E1(ν21 + ν31ν23)∆ = E2(ν12 + ν32ν13)∆,
C13 = E1(ν31 + ν21ν32)∆ = E3(ν13 + ν12ν23)∆,
C23 = E2(ν32 + ν12ν31)∆ = E3(ν23 + ν21ν13)∆,
C44 = G12, C55 = G23, C66 = G13

with ∆ = (1 − ν12ν21 − ν23ν32 − ν13ν31 − 2ν21ν32ν13)−1 .

(3.3)

The stability restrictions on the engineering constants are
E1, E2, E3, G12, G23, G13 > 0,

|ν12| <
√
E1/E2 or |ν21| <

√
E2/E1,

|ν13| <
√
E1/E3 or |ν31| <

√
E3/E1,

|ν23| <
√
E2/E3 or |ν32| <

√
E3/E2,

1 − ν12ν21 − ν23ν32 − ν13ν31 − 2ν21ν32ν13 > 0,

(3.4)

see Berthelot (1999, pp. 192, 193).

3.3 Eight-node multi-layered solid element
Like any brick element, eight-node multi-layered solid element resolves
the 3D stress state. Different material models may be assigned to each
layer. The multi-layered solid element in its reference coordinate system
is shown in Figs. 3.3 and 3.5. Note that the multi-layered solid-element
formulation is based on solid-shell element formulation, and, hence, the
element normal direction is very important. Based on the element normal
direction, the layers are stacked in the thickness direction from bottom to
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Upper shell surface. The
numbering of the solid shell
determines its orientation.

ξ

η

ζ
Node ξ η ζ

1 −1 −1 −1
2 1 −1 −1
3 1 1 −1
4 −1 1 −1
5 −1 −1 1
6 1 −1 1
7 1 1 1
8 −1 1 1

Figure 3.5: Eight-node solid shell element, see Hallquist et al. (2006).

top, see Fig. 3.5. It also uses co-rotational formulation, see Hallquist et al.
(2006, page 13.7). The tri-linear solid element is the starting point for
the strain field, but enhanced assumptions about the strain field remove
shear and volumetric locking. Further, a modification to the thickness
strain is made for anisotropic materials and mixed materials to ensure
that the thickness stress is constant through the thickness. Zero-energy
modes, which result from reduced integration in layer directions, are
eliminated by the ASQBI method (assumed strain quintessential bending
incompressible) hourglass control based on Belytschko and Bindeman
(1993). It is possible to use the ASQBI strain fields with multiple
integration points without encountering locking because this strain field
maintains zero dilatation in the varying part of the strain field. For
isotropic materials with the same properties in each layer, this strain
field is used directly with a 3D stress update routine. For anisotropic
materials with principal directions that vary by layer, an additional
correction is needed for the thickness strain term because of Poisson’s
effect, which is directionally dependent, and they therefore vary by
layer. Similarly, mixing materials in the layers require a correction
owing to both Poisson’s effects and a variation in stiffness. These
modifications are implemented through the homogenization concept
explained in section 3.6.

3.4 Kinematics and interpolation
The element has the same isoparametric linear interpolation and kine-
matics as the standard eight-node hexahedral element. The coordinates
xi are interpolated from the nodal coordinates xiI using the linear
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isoparametric shape functions NI :

xi(ξ, η, ζ) =
8∑

I=1
NI(ξ, η, ζ)xiI . (3.5)

Throughout the entire thesis, lowercase indices i range from 1 to 3, and
represent the spatial coordinate directions (x, y, z ≡ x1, x2, x3). The
uppercase indices I range from 1 to 8, and represent the element’s nodes.

The displacement (ui) and velocity (vi) fields within the multi-layered
element are then expressed as

ui(ξ, η, ζ) =
8∑

I=1
NI(ξ, η, ζ)uiI , (3.6)

vi(ξ, η, ζ) =
8∑

I=1
NI(ξ, η, ζ)viI . (3.7)

3.5 Discretized gradient operator
The velocity interpolation Eq. (3.7) allows us to express the strain rate
as

ϵ̇ij = 1
2 (vi,j + vj,i). (3.8)

Using the classical linear interpolation functions
NI(ξ, η, ζ) = 1

8 (1 + ξIξ)(1 + ηIη)(1 + ζIζ) (3.9)
with ξ, η, ζ ∈ [−1, 1], I = 1, . . . , 8, i = 1, 2, 3

and Eqs. (3.5) and (3.7).
The velocity field within the multi-layered solid element can be ex-

pressed as a combination of the linear functions of the co-ordinates xi
and of the functions hα, as shown in the equation below:

vi = a0i + a1ix+ a2iy + a3iz + c1ih1 + c2ih2 + c3ih3 + c4ih4 (3.10)
with i = 1, 2, 3
and h1 = ηζ, h2 = ζξ, h3 = ξη, h4 = ξηζ,

where h1, h2, h3, and h4 are the hourglass vectors.
By evaluating the above equation at the element nodes, the following

set of three systems with eight unknowns is obtained:
ḋi = a0is+ a1ix1 + a2ix2 + a3ix3 + c1ih1 + c2ih2 + c3ih3 + c4ih4

with i = 1, 2, 3. (3.11)
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In the previous equations, ḋi and xi represent the nodal velocities and
the nodal co-ordinates, respectively

ḋ
⊺

i = (vi1, vi2, vi3, vi4, vi5, vi6, vi7, vi8), (3.12)
x⊺
i = (xi1, xi2, xi3, xi4, xi5, xi6, xi7, xi8). (3.13)

Vectors s and hα (α = 1, . . . , 4) are given by
s⊺ = (1, 1, 1, 1, 1, 1, 1, 1), (3.14)
h⊺

1 = (1, 1,−1,−1,−1,−1, 1, 1), (3.15)
h⊺

2 = (1,−1,−1, 1,−1, 1, 1,−1), (3.16)
h⊺

3 = (1,−1, 1,−1, 1,−1, 1,−1), (3.17)
h⊺

4 = (−1, 1,−1, 1, 1,−1, 1,−1). (3.18)

The discretized operator B, based on mean operators, see Belytschko
and Bindeman (1993), is given by

b̂
⊺

i = 1
Ve

∫

Ωe

Ni(ξ, η, ζ) dV with i = 1, 2, 3. (3.19)

Evaluation of the unknown constants in the expression of the velocity
field, see Eq. (3.10), within the element, leads to
vi = a0i + (x1b⊺

1 + x2b⊺
2 + x3b⊺

3 + h1Υ⊺
1 + h2Υ⊺

2 + h3Υ⊺
3 + h4Υ⊺

4) ḋi.
(3.20)

The velocity gradient then becomes
vi,j = (b⊺

j + h
⊺
α,jΥ̂α) ḋi (3.21)

with

aji = b⊺
j .ḋi, cαi = Υ̂α.ḋi, Υ̂α = 1

8

[
hα − (h⊺

αxj)b̂j
]
. (3.22)

It is observed that the velocity gradient contains two types of fields: a
constant field, which does not depend on the local coordinates, and a
varying field. The velocity gradient operator can be written as

∇sv = B̂ḋ with ∇sv =




vx,x
vy,y
vz,z

vx,y + vy,x
vx,z + vz,x
vy,z + vz,y




and ḋ =




ḋx
ḋy
ḋz


 . (3.23)

As discussed above, B̂ is the sum of constant term B̂ c, which does not
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depend on the co-ordinates, and a variable term B̂n

B̂ = B̂ c + B̂n, (3.24)
where

B̂ c =




b̂⊺
x 0 0

0 b̂⊺
x 0

0 0 b̂⊺
z

b̂⊺
y b̂⊺

x 0
b̂⊺
z 0 b̂⊺

x

0 b̂⊺
z b̂⊺

y



, B̂n =




X̂⊺
1234 0 0
0 Ŷ⊺

1234 0
0 0 Ẑ⊺

1234
Ŷ⊺

1234 X̂⊺
1234 0

Ẑ⊺
1234 0 X̂⊺

1234
0 Ẑ⊺

1234 Ŷ⊺
1234




(3.25)

with

X̂⊺
1234 ≡

4∑

α=1
hα,xΥ̂α, Ŷ⊺

1234 ≡
4∑

α=1
hα,yΥ̂α, Ẑ⊺

1234 ≡
4∑

α=1
hα,zΥ̂α.

(3.26)
In addition, the subscripts on X̂, Ŷ, and Ẑ indicate the terms in summa-
tion, and will be used subsequently to indicate fewer terms, for example

X̂ 24 = h2,xΥ̂2 + h4,xΥ̂4, X̂2 = h2,xΥ̂2. (3.27)
Removal of locking and hourglass stabilization for multi-layered solid

element are explained in Appendix A and Belytschko and Bindeman
(1993).

3.6 Meso-level homogenization of laminates
In this section, a meso-mechanical homogenization is introduced within
a 3D finite solid element comprising many thin laminae. Instead of
through-the-thickness integration for classical shell elements, a meso-level
homogenization of the laminate is proposed to derive the homogenized
through thickness elasticity modulus Eeff

3 and transverse shear modulus
Geff

13. These homogenized transverse normal modulus and transverse
shear modulus will ensure the continuity of the stresses in thickness
direction inside the multi-layered solid. In Fig. 3.4, a complex laminate
configuration, consisting of 18 different plies with varied fiber angles is
represented by one linear multi-layered solid element. This configuration
resolves the 3D stress state with special emphasis on transverse normal
and shear stress and strain.

The homogenized properties of the through thickness elasticity modu-
lus Eeff

3 and transverse shear modulus Geff
13 are bounded by Voigt (1889)

and Reuss (1929) assumptions.
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3.6.1 Transverse normal stresses and Young’s
elasticity modulus

The Reuss bound is close to the effective Young’s elasticity modulus in
transverse normal direction. It states that in the representative volume
element a homogeneous stress state prevails, which is identical to the
macroscopic stresses, see Reuss (1929). The Reuss bound applied to
multi-layered solid in thickness direction will lead to the transverse normal
stresses in the thickness direction, which are approximately constant in
all the plies inside the multi-layered solid element, see Eq. (3.28) and
Kurnatowski (2010, pp. 59 and 60). With the help of stress concentration
tensors B(i) and identity tensor I, Reuss bound is summarized as:

⟨σ(i)⟩ = B(i) : ⟨σ⟩ = I : ⟨σ⟩ (3.28)
and the following definition applies:

S∗
R =

N∑

i=1
v(i)S(i) : I =

N∑

i=1
c(i)S(i) (3.29)

The effective compliance tensor S∗ is identical to the volume average of
the compliance values.

SR∗ = 1
|VRVE|

∫

VRVE

S(x) dV (3.30)

Extending the Reuss approximation and Eq. (3.29) to the multi-
layered solid, shown in Fig. 3.6, the effective compliance of the two-layer
laminate solid is computed according to Eq. (3.31).

Seff
33 = t1

ttot
S1

33 + t2
ttot

S2
33 (3.31)

The above explanation of the Reuss approximation is also similar to
springs in series as in Fig. 3.6. Here each spring is identical to the ply
inside the multi-layered solid. Hence, the elastic constant is similar to
Young’s modulus, which is similar to E3 Young’s modulus in thickness
direction of the ply, see Eqs. (3.32) and (3.33). Following the above
explanation, the effective normal compliance is computed according to
Eq. (3.34), see Reuss (1929).

F = E1
3xa or xa = F

E1
3

(3.32)

F = E2
3xb or xb = F

E2
3

(3.33)
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Figure 3.6: Transverse normal stresses are constant in thickness direction
of multi-layered solid, similar to springs in series based on
Reuss bound.

F
Eeff = F

E1
3

+ F
E2

3
=⇒ 1

Eeff = 1
E1

3
+ 1
E2

3
(3.34)

Eqs. (3.31) and (3.34) are similar compliance definitions based on
Reuss bound. From the above equations, the homogenized stiffness in
thickness normal direction is computed according to Eq. (3.35). This
homogenized stiffness is used in the computation of stresses inside the
multi-layered solid, see section 3.6.3, for the integration and stress
resolution.

Eeff
3 = ttot∑N

j=1
tj

Ej
3

(3.35)

3.6.2 Transverse shear stresses and shear moduli

As an upper limit, the Voigt bound, see Voigt (1889), approximates
the transverse shear modulus of the laminate tightly. This means that
the transverse shear strains in thickness direction are constant in all the
plies inside the multi-layered solid, see Eq. (3.36) and Kurnatowski (2010,
pp. 59 and 60). With the help of strain concentration tensors A(i) and
identity tensor I, Voigt bound is summarized as:

⟨ϵ(i)⟩ = A(i) : ⟨ϵ⟩ = I : ⟨ϵ⟩ (3.36)
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Figure 3.7: Transverse shear strains are constant in thickness direction
of multi-layered solid, similar to springs in parallel based on
Voigt bound.

and the following definition applies:

C∗
V =

N∑

i=1
v(i)C(i) : I =

N∑

i=1
c(i)C(i) (3.37)

The effective stiffness tensor C∗
V is identical to the volume average of

the stiffness values:

CV ∗ = 1
|VRVE|

∫

VRVE

C(x) dV (3.38)

Extending the Voigt approximation and Eq. (3.37) to the multi-
layered solid, shown in Fig. 3.7, the effective stiffness of the two-layer
laminate solid is computed according to Eq. (3.39):

Ceff
z = t1

ttot
C1

33 + t2
ttot

C2
33 (3.39)

The above explanation of the Voigt approximation is also similar to
springs in parallel as in Fig. 3.7. Here, each spring is identical to the
ply inside the multi-layer solid. Hence, the elastic constant is similar
to shear modulus, which is similar to G13 shear modulus in thickness
direction of the ply, see Eq. (3.40). Following the above explanation, the
effective transverse shear stiffness is computed according to Eq. (3.41),
see Voigt (1889).

Fa = G1
13x, Fb = G2

13x (3.40)

Geffx = G1
13x +G2

13x =⇒ Geff = G1
13 +G2

13 (3.41)
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Eqs. (3.39) and (3.41) are similar stiffness definitions based on Voigt.
From the above equations, the homogenized shear stiffness in thickness
direction is computed according to Eq. (3.42). This homogenized stiffness
is used in the computation of stresses inside the multi-layered solid, see
section 3.6.3, for the integration and stress resolution.

Geff
13 = 1

ttot

N∑

j=1
tjG

j
13 (3.42)

3.6.3 Elastic stress strain relations for multi-layered
solid element

In this section, the homogenized stiffness, derived in the previous section,
is applied in thickness normal and transverse shear directions to the
computation of stresses inside the multi-layered solid as discussed in
sections 3.6.1 and 3.6.2. For layer j, the stress-strain relationships in the
layer coordinate system are
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(3.43)

where:
Ej1 = Young’s modulus of layer j in the layer x-direction
Gj12 = shear modulus of layer j in layer x-y plane
νj12 = Poisson’s ratio of layer j in x-y plane

To verify the continuity of stresses between the layers, Eq. (3.43) is mod-
ified according to the homogenized stiffness components, see Eqs. (3.35)
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and (3.42) to yield:
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, (3.44)

where
νeff

13 =
{
C if C < 0.45
νj13 if C ≥ 0.45

,

C = νj13E
eff
3 /Ej3,

Eeff
3 = ttot∑Nl

j=1
tj

Ej
3

,

This is homogenized stiffness as discussed in section 3.6.1.

[DG]j =
[
DG,j

11 DG,j
21

DG,j
12 DG,j

22

]
= (([T ]j)−1)⊺ [dG] ([T ]j)−1

= effective shear moduli in layer system from inverted
compliance tensor,

[dG] = 1
ttot

Nl∑

j=1
tj([Al]j)−1 = effective shear moduli after inversion

of compliance in element system
,

[Al]j = ([T ]j)⊺ [D3]j [T ]j ,
[T ]j = transformation matrix to convert from layer

to element systems
,

[D3]j =
[
Gj23 0

0 Gj13

]
, Gj23 is defined in Eq. (3.42).

This is homogenized stiffness as discussed in section 3.6.2.
tj = average thickness of layer j,

ttot = average total thickness of element, and
Nl = number of layers.
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3.7 Numerical examples

A practical approach is used to test the new multi-layered solid element
in Hallquist et al. (2006). Numerical testing is performed in three parts,
namely one-element tests, composite benchmark tests (as given in the
literature), and component tests (as performed for the Adam Opel AG in
Mainz-Kastel). In the context of this thesis, all the numerical examples
are performed under quasi-static analysis.

3.7.1 Single-element tests for verification of in-plane
stresses

Initially, the new layered solid element is verified using different one-
element tests, i.e., with and without layered configurations. A test matrix
is prepared that contains the new layered solid, shell, and conventional
solid elements with layer orientations for e.g., [0°/0°/0°/0°], [0°/90°]s, and
[+45°/−45°]s, see Fig. 3.9, as well as for comparison purposes. The new
layered solid element is tested in the tension, compression, shear, and
bending load case, both, in the longitudinal and transverse fiber direc-
tion. The results are compared with analytical solutions obtained from
structural mechanics and also with those ones obtained from standard
shell elements, and one-point integrated hexahedrons as in Hallquist
et al. (2006).

The multi layered solid in LS-DYNA® is defined with Keyword *ELE-
MENT_TSHELL_COMPOSITE, see Hallquist et al. (2014), which allows an
arbitrary number of integration points across thickness from element to
element, even within the same part. The material ID, thickness, and
material fiber orientation for each through-thickness integration point of
a composite solid are provided as per the below tabular keyword input
(up to two integration points per card). The integration point data should
be given sequentially starting with the bottommost integration point.
The total number of integration points is determined by the number of
entries on these cards. The thickness of each solid is the summation of
the integration point thicknesses. Many cards can be defined as needed.
This is “Optional Card” in *ELEMENT_TSHELL_COMPOSITE. This card is
required if composite layers are specified. For composite without any
layers this card will be zero.
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Card 1 2 3 4 5 6 7 8
Variable MID1 THICK1 B1 MID2 THICK2 B2
Type I F F I F F

Variable MID3 THICK3 B3 MID4 THICK4 B4
Type I F F I F F

For example, one multi-layered solid element, which has four layers with
fiber orientation 90° and with the thickness of 0.25 mm can be defined
with the following keyword definition in LS-DYNA®.

*ELEMENT_TSHELL_COMPOSITE
$# eid pid n1 n2 n3 n4

1 1 10178 14410 9044 10178
$# mid1 thick1 b1 mid2 thick2 b2

3 0.25 90 3 0.25 90
$# mid3 thick3 b3 mid4 thick4 b4

3 0.25 90 3 0.25 90

Non-layered configuration tests

To verify the numerical stability of the new multi-layered solid formu-
lation, first, the layered solid is verified with standard solid and shell
elements without layered configurations, see Fig. 3.8. To verify the
results obtained from the shell element for the “one-element” tests, a hex-
ahedron in the form of a regular 1 mm × 1 mm × 1 mm (length × width
× thickness) cube is used for solid and layered solid elements, as well as a
square plate of 1 mm by 1 mm edge length and with a thickness of 1 mm.
For all the simulation models, the indices 1, 2, and 3 refer to principal
material directions. The magnitude of the loading, which is applied by
means of force using boundary conditions with uniformly prescribed dis-
placements, is sufficiently small, and, a linear elastic material response is
therefore assumed. For all the iterations, the linear orthotropic elasticity
model is used without damage from Hallquist et al. (2006).

The material parameters of the linear orthotropic elasticity model for
all one-element tests are E1 = 1.32 × 105 MPa, E2 = E3 = 10 755 MPa,
ν12 = ν13 = 0.019, ν23 = 0.490, G12 = G13 = 5653 MPa, G23 =
3378 MPa.
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Figure 3.8: Uniaxial tensile test with load in the x1-direction.

In the post processing step, the analytical solution is used to verify the
internal strain energy density in Eq. (3.45), the energy ratio in Eq. (3.46),
the reaction forces, and the stresses and the strain.

Internal strain energy Einternal = 1
2

∫

V

(Cijϵj)ϵi dv (3.45)

Energy ratio e = Etotal
E0

kin + E0
internal +Wexternal

, (3.46)

where the total energy Etotal in each time step should be equal to
the initial kinetic and internal energies E0

kin, E0
internal plus the external

work Wexternal in order to exclude hourglassing of the under-integrated
elements:

Etotal = Ekin +Einternal +Erigidwall +Ehourglass +Edamping +Esliding =
E0

kin + E0
internal +Wexternal. (3.47)

Further, the results, obtained for the layered solid, with that of the
standard hexahedron and the shell-element simulation are compared. The
results from the uni-axial tensile loading in the x1-direction, see Fig. 3.8,
are clearly shown. Table 3.1 summarizes the results obtained for the
internal energy, the reaction forces, and the stress components. As seen
from the table, the various results obtained from the layered solid element
are in good agreement with the analytical reference solution for the shell
and solid elements. Similar tests and comparisons are carried out for the
compression, bending, and shear load cases.

Layered configuration tests

The above mentioned uniaxial tests are again performed using different
fiber orientations (Fig. 3.9) inside the multi-layered solid as per above
definition of *ELEMENT_TSHELL_COMPOSITE and results for the multi-
layered solid are compared with that for the layered shell element, and
the in-plane components are verified.
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Table 3.1: Results for uniaxial tensile test in the x1 direction.

Component
Analytical

solution
Solid

type 1
Shell

type 2
Layered solid
tshell type 5

Internal energy 26 N mm 26 N mm 26 N mm 26 N mm
Reaction force 2.64 kN 2.64 kN 2.64 kN 2.64 kN
In-plane stress (σ11) 2640 MPa 2640 MPa 2640 MPa 2640 MPa

Solid type 1, 2, and layered solid type 5 are different element types as per
Hallquist et al. (2014).

x1

x3
x2

0°
0°
0°
0°

0°
90°
90°
0°

45°
−45°
−45°
45°

0°

x1

x2
90° 45° −45°

Figure 3.9: Laminate configurations for one element test.

As an example, the results from the uniaxial tensile load case on
[0°/0°]s, [0°/90°]s, and [+45°/−45°]s laminate configuration with forces
in the x1-direction are presented in Table 3.2. The in-plane stress com-
ponent σx in the layer coordinate system are verified for the new solid
element using the analytical and layered shell-element solution. The
results of the layered hexahedron are in excellent agreement with those
of the laminate shell element.

Table 3.2: Comparison of in-plane stress σx in layer co-ordinate system.

Laminate
configuration

Analytical
solution

Shell
type 2

Layered solid
tshell type 5

[0°/0°/0°/0°] 2640 MPa 2640 MPa 2640 MPa
[0°/90°/90°/0°] 2640 MPa 2640 MPa 2640 MPa

[+45°/−45°/−45°/+45°] 355 MPa 355 MPa 355 MPa
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x1

x3
x2

Laminate configuration of [0°/90°/90°/0°]
defined by 1 layered solid element with
4 integration points across the thickness

x1

x3
x2

Laminate configuration of [0°/90°/90°/0°] defined by
4 solid hexahedrons with +element_solid_orthooption

Figure 3.10: Multi-layered solid and stacked one-point integrated solid
hexahedron element.

3.7.2 Single-element tests for verification of
transverse normal stress in the
through-thickness direction

In order to verify the thickness stress and strain components of the lay-
ered solid element, hexahedrons are stacked on top of each other in order
to compare their solution with the results of a single-layered solid element,
see Fig. 3.10. The uniaxial tension in thickness x3-direction is applied to
the single-layered solid element as well as to the four stacked hexahedrons,
see Fig. 3.11. In both cases, the layer configuration is [0°/90°/90°/0°].
One-point integration is used for the standard hexahedrons in the stack
as well as for each lamina in the new multi-layered solid (MLS).

The force-displacement curve of the multi-layered solid element and
the one of the four hexahedrons are plotted in Fig. 3.11 (right). As they
coincide, the through-the-thickness modeling approach in Hallquist et al.
(2006) may be considered as verified in this case.

As previously discussed about the constant thickness stresses for the
multi-layered solid element, Fig. 3.12 shows that the thickness stress
(σ33) is constant across the thickness in all the laminae [0°/90°/90°/0°]
inside the multi-layered hexahedron. Moreover, the thickness stresses
and strain are in excellent agreement with the result of the stacked
hexahedron model.
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Figure 3.11: Left, uniaxial tensile test in thickness 3-direction; right,
comparison of force-displacement.
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3.7.3 Cantilever beam
After the one element tests, the multi-layered solid element is investigated
at various composite benchmark examples from the literature. Fig. 3.13
shows a linear elastic cantilever beam with a point load at its end.

l=150 mm
w=4 mm

h=6 mm
x3

x1

F/2=20 N
F/2=20 N

x1

x3
x2

0°
90°
90°
0°

0°

x1

x2
90°

Figure 3.13: Problem description for cantilever beam subjected to point
load.

Orthotropic material parameters for the cantilever test are E1 =
146.9 GPa, E2 = E3 = 10.9 GPa, ν12 = ν13 = 0.028, ν23 = 0.776,
G12 = G13 = 10.89 GPa, G23 = 6.4 GPa.

The above cantilever bending problem is simulated with two models.
The first one is to check the bending behavior of a normal orthotropic
material without the layer configuration, and the second one is with
the [0°/90°/90°/0°] layer configuration. According to the structural
mechanics, deflection at the end of the beam would be w = Fl3/(3EI) =
4.25 mm. However, this formula cannot be used for comparison here
because of the presence of the orthotropic material. With the convergence
studies, it is possible to obtain a converged solution of 4.30 mm, measured
at the lower nodes of the right corner.

The second model is simulated with one-layered solid element across
the thickness with the [0°/90°/90°/0°] configuration, and the displacement
of 5.01 mm is achieved. Note that the converged displacement solution
in Sun (2006) is 4.83 mm, measured at the lower nodes of the element.

3.7.4 Plate under uniform load
In this example, a simply-supported square cross-ply laminated plate
(Fig. 3.14) is subjected to a uniform pressure po and the center deflection δ
(Z-direction) of the plate is determined due to the pressure load. The
stacking sequence of the plies is symmetric about the middle plane. This
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Figure 3.14: Problem description for plate under uniform pressure load-
ing.

problem has been verified by Reddy (1984) and in ANSYS Inc. (2010).
In addition, the same problem has been simulated in ANSYS Inc. (2010)
with layered elements. The multi-layered solid element from Hallquist
et al. (2006) is in good agreement with the expected results (Table 3.3)

The orthotropic material parameters for the above test are E1 =
25 MPa, E2 = E3 = 1 MPa, ν12 = ν13 = 0.028, ν23 = 0.776, G12 =
G13 = 0.5 MPa, G23 = 0.2 MPa. The geometric properties are a = 10 m,
h = 0.1 m, and t = 0.025 m. The loading is p0 = 1.0 N m−2.

Table 3.3: Comparison of results with various layered elements.

Element type

Center deflection
“w” according to

Reddy (1984) [mm]
Obtained

value [mm]
ANSYS layered solid 46 68.3 67.6
ANSYS layered solid 185 68.3 67.6
ANSYS layered shell 181 68.3 68.1
Multi-layered solid 68.3 65.9

3.7.5 Pinched cylinder
The pinched cylinder example is a severe benchmark test, used to check
shear locking in thin-shell structures. Fig. 3.15 shows a pinched cylin-
der that is subjected to a pair of concentrated loads; both ends of the
cylinder are assumed to be free, see Guo (2000). The parameters for the
above test are E = 7.24 GPa, ν = 0.3125, l = 262.89 mm, r = 25.4 mm,
t = 2.39 mm, p = 45.36 kg.
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Figure 3.15: Pinched cylinder with dimensions, see Guo (2000).

The analytical solution for the displacement at the loading point of
the pinched cylinder is computed as wmax = 0.1137. The problem is
simulated with the two different mesh densities, as shown below.

Table 3.4 shows that shear locking can be prevented by using the
multi-layered solid element to a certain extent, but layered solid elements
based on ASQBI hourglass control, see Belytschko and Bindeman (1993),
tend to be stiffer for thin shell applications, and should, thus, be avoided.

Table 3.4: Displacement at loading point of pinched cylinder.

Mesh 16 × 16 × 1 20 × 20 × 1
Layered solid solution [mm] 1.30 1.65

3.7.6 Cantilever beam under pressure loading
The cantilever beam of Fig. 3.16 is modeled with five multi-layered
solid elements each with five integration points in thickness direction,
20 elements in the length direction, and five elements in the width direc-
tion. 5 multi-layered solid elements with 5 integration points through the
thickness is based on the conclusion from convergence studies considering
both CPU efficiency and numerical accuracy. By increasing the number
of elements through the thickness (see Fig. 3.16), the multi-layered solid
element mesh approximates the analytical solution for the distribution of
the transverse normal stresses, see Fiolka (2008). The analytical solution
for transverse normal stresses is given by

σ33 = −q

2 + q

[
1
4

( z
h

)3
−
(

3z
4h

)]
. (3.48)
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Figure 3.16: Cantilever beam subjected to pressure loading.

3.7.7 Cantilever beam under end load
The cantilever beam of Fig. 3.17 is modeled with one multi-layered solid
element with ten integration points in thickness direction, 20 elements
in the length direction, and one element in the width direction. With an
increasing number of integration points (IPs) through the thickness (see
Fig. 3.17), the multi-layered solid element approximates the analytical
solution for transverse shear stresses in terms of jump function, see
Fiolka (2008).
The analytical solution for transverse shear stresses is given by

σ13 = 3Q
4B +

[
1 −

( z
H

)2
]
. (3.49)

In addition, the effect of the laminated shell theory (LST), which is
implemented in LS-DYNA®, see Hallquist et al. (2014), to improve the
transverse shear stress components for layered applications is shown in
Fig. 3.18.
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Figure 3.17: Top, cantilever beam subjected to point loading; right, trans-
verse shear stress through the thickness.
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Figure 3.18: Transverse shear stresses with laminated shell theory option,
see Hallquist et al. (2014).
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3.7.8 Thick-walled cylinder under internal pressure
A thick cylinder is considered with an internal radius ri and external
radius ro subjected to an internal pressure p. The finite-element model
of the axial symmetric field problem consists of a circular segment dis-
cretized with varying numbers of multi-layered solid elements in the
radial direction, see Fig. 3.19. The problem is subjected to plane strain
conditions. With the increasing number of elements in the radial direc-
tion, the multi-layered solid model approximates the analytical solution
for radial and hoop stress distribution, see Lekhnitskii (1981). The an-
alytical solution for the distribution of radial and hoop stresses through
the thickness of the tube is given by Lekhnitskii (1981) according to
Eq. (3.50). The radial stress distribution for both isotropic and aniso-
tropic materials is clearly shown in Fig. 3.20. Here, the converging
FE-approximation for the radial stress distribution (thickness normal
stress inside a multi-layered solid) can be seen as the number of elements
increases from 1, 2, 4, 8 and so on.

σr = p

[
ck+1

1 − c2k (ρk−1 − ρ−(k+1))
]
,

σθ = p

[
kck+1

1 − c2k (ρk−1 + ρ−(k+1))
]
,

(3.50)

where
ρ = r

ro
, c = ri

ro
, k =

√
β11
β22

, βij = Sij − Si3Sj3
S33

, (3.51)

wherein the components of the compliance matrix are defined as

S11 = 1
E11

S22 = 1
E22

S13 = −ν13
E11

S23 = −ν23
E33

. (3.52)

Orthotropic material parameters for the cantilever test are E1 =
146.9 GPa, E2 = E3 = 10.9 GPa, ν12 = ν13 = 0.028, ν23 = 0.776,
G12 = G13 = 10.89 GPa, G23 = 6.4 GPa, whereas for the isotropic case
E1 = 146.9 GPa and ν12 = 0.028.



68 Multi-Layered Solid

ri

ro

p
α

e1

e2

ri = 20 mm p = 1 MPa
ro = 40 mm α = 5◦

Figure 3.19: Sketch of thick-walled cylinder under internal pressure p.
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Figure 3.20: Distribution of radial stresses for isotropic (left) and aniso-
tropic (right) materials.
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3.7.9 Pagano’s analytical solution
The analytical solution for a multi-layered plate, see Pagano (1970),
is restricted to thin, rectangular, simply supported laminates under
a sinusoidal distributed load applied to the top surface Z = t/2, see
Fig. 3.21.
The load is described by:

q0(x, y) = 1 sin(πx/a) sin(πy/b) [N mm−2] (3.53)
The laminate plate is supported along all of its edges, whereas the whole
cross-sections along these edges are vertically fixed:

uz(x = 0) = uz(x = a) = uz(y = 0) = uz(y = b) = 0
for all z-positions.

(3.54)

In addition, no longitudinal displacement is allowed along the edges:
uy(x = 0) = uy(x = a) = ux(y = 0) = ux(y = b) = 0

for all z-positions.
(3.55)

a = 150
mm

b = 100 mm
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x3

x1

q0(x, y)
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ii

iii

iv

uy = 0
uz = 0

uy = 0
uz = 0

ux = 0
uz = 0

ux = 0
uz = 0

−t/2

t/2
0°

0.5
mm

90°
1.0

mm
0°

0.5
mm

Figure 3.21: Load distribution and displacement boundary conditions of
the reference laminate plate.
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The material properties are taken from Hexcel (2016):

Variable Unit Value
E1 GPa 165
E2 MPa 8.4
E3 MPa 8.4
G12 MPa 5.6
G23 MPa 5.6
ν12 – 0.34
ν13 – 0.34
ν23 – 0.5

The following stress results, see Fig. 3.22, provide the through-thickness
distribution of

a) σx(x = a/2; y = b/2), position i in Fig. 3.21,
b) σy(x = a/2; y = b/2), position i in Fig. 3.21,
c) σz(x = a/2; y = b/2), position i in Fig. 3.21,
d) τxy(x = a; y = b), position ii in Fig. 3.21,
e) τxz(x = a; y = b/2), position iii in Fig. 3.21, and
f) τyz(x = a/2; y = b), position iv in Fig. 3.21.

Converged solution of these stresses inside a multi-layered solid will be
seen as the number of elements increases.
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3.8 Conclusions
The use of multi-layered solid elements (TSHELL elform=5) enables mod-
eling thick composite lay-ups in detail with acceptable CPU run times
and model size. Individual fiber orientations and ply thicknesses can
be considered without the need for “smeared” material properties. In
addition, this element has several advantages such as the calculation of
thickness stress distribution, and it is also important for those problems
where the through-thickness deformations and strains are significant.



Chapter 4
Intra-Laminar Failure Analysis
Based on Puck’s Theory

4.1 Summary
The development of a physically based failure criterion for inter fiber
failure (IFF) in long fiber-reinforced polymer composites has been the
focus of many studies for several years. The first promising approach
has been proposed by Hashin (1980). Hashin developed failure criterion
for plane stress state based on the Mohr-Coulomb failure theory. The
criterion stated that failure is caused by the stress components acting
on an inclined fracture plane. However, Hashin did not pursue the
calculation of the orientation of that plane. Further, a sound physical
basis of the failure theory is posed by Puck, who extended the model,
and currently distinguishes between three IFF modes, see Figs. 4.1(c)
to (e). The first two modes are mode A, which is a tensile, and mode B,
which is a compressive shear matrix failure. In both of these modes, the
crack is perpendicular to the direction 2,⊥, see Fig. 4.3(b). The third
case is mode C. It is a more complex failure mode in which the fracture
plane rotates about the direction 1, ∥ to form a wedge that can cause fiber
failure in adjacent layers. Initially, Puck’s model is not well recognized
in the research community because of the large number of unknown
parameters and the computationally difficult search of the fracture-plane
orientation. In order to simplify the application of the failure model,
Puck proposed realistic solutions for some of the parameters. As the
theory is ranked very highly in the world wide failure exercise (WWFE),
the model attracted additional attention, and further development is
undertaken by Dávila and Camanho (2003), Pinho et al. (2006b), Pinho et
al. (2006a), and Greve and Pickett (2006). However, the computationally
difficult search for the angle of the fracture plane remains a limiting
factor. Further, the application of the model in explicit finite-element
analysis (FEA) requires a reliable and accurate, yet numerically efficient
fracture-plane orientation search algorithm. For the plane stress state,
analytical formulations are already available. However, the fracture
angle for three-dimensional (3D) states of stress cannot be expressed
in a closed form. Therefore, a numerical search procedure needs to be
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employed. This chapter explains intra-laminar failure analysis based on
Puck’s theory.

4.2 Failure of UD fiber-reinforced
composites

Composites are fixed assemblies of at least two phases of originally
separated materials. The present work deals with laminates that are
to be categorized as composites in two senses; they are a composition
of stacked laminae, which themselves are a combination of fibers and
an embedding matrix. The present work is based on, and is valid
for materials consisting of idealized infinite glass or carbon fibers and
polymer matrices. However, considering the physical mechanisms rather
than the empirical correlations, the presented findings are expected to be
transferable to different material systems with comparable setups. This
chapter provides a definition of terms, scales, and coordinate systems of
unidirectional (UD) fiber-reinforced composites, as well as an overview on
failure mechanisms in laminae and laminates. The relevance of material
models and failure analysis is discussed.

4.2.1 Scales and coordinate systems of material
According to the setup of UD fiber-reinforced composites, there are four
levels on which the composite can be analyzed.

Micro-mechanical level

On the smallest, the micro-mechanical level, the fibers and the matrix
are treated as separate materials with different constitutive behavior,
see Fig. 4.3(a). This is the level at which fiber-matrix and fiber-fiber
interactions are studied. For example, the bonding between individual
fibers and their surrounding matrix has been investigated experimentally
and numerically. Regarding Puck’s failure criteria, the micro-mechanical
level is not explicitly analyzed, but major mechanisms are condensed
and transferred to the lamina level.

Lamina level

One scale above – on the lamina level, the fiber-matrix composite is re-
garded as a homogeneous but anisotropic material, see Fig. 4.3(b). With
its two inherent directions, fiber-parallel (index ∥) and fiber-perpendicular
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Figure 4.1: Major failure modes considered in the model as in Knops
(2008).
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Figure 4.2: Failure mechanisms in fiber-reinforced composites, see Olsson
(1998).
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Figure 4.3: Definition of scales and coordinate systems of UD-fiber-
reinforced composite: (a) micro-mechanical level, (b) lamina
or meso-level and (c) laminate level.

(index ⊥), a UD lamina generally behaves in a transversely isotropic
manner. Using common orthotropic material models, this results in
an identical behavior in the transverse (index 2) and through-thickness
directions (index 3) as well as a differing behavior in the longitudinal
direction (index 1) of the lamina. The lamina’s constitutive behavior
and strength are either experimentally determined by performing coupon
tests, or are derived from the individual fiber and matrix behavior by
mixture rules, analytical micro-mechanical models, or representative
volume element (RVE) approaches. All the methods aim to characterize
of the lamina by homogenized stiffnesses (E1, E2, E3, G12, G13, G23)
and strengths. Most failure criteria, including Puck’s theory, are based
on the stresses or strains calculated on the lamina-level. This makes
them layer-wise criteria for intra-laminar failure.

Laminate level

On the laminate level, the material is regarded as a stacked composition of
several laminae, including their interfaces, see Fig. 4.3(c). The orientation
of the individual laminae is given by the angle β between a laminate-
related x-axis and the fiber-orientation (1-direction) of the respective
lamina. The task of a stress analysis on the lamina level is to provide inter-
and intra-laminar stresses of the individual laminae and interfaces due
to loads applied to the entire laminate. Hence, the stress analysis on this
level is also the basis for intra-laminar failure analysis and delamination
prediction.
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Structural level

On the structural level, whole components are considered, and these
may have complex geometry and local stacking sequence. Stress analyses
on the structural level provide the local state of stress at an arbitrary
position within the component due to the external load applied to the
component. The aim of any application-oriented failure analysis has to
be a reliable failure prediction within a structural level analysis.

4.2.2 Types of failure
Micro-damage

The disintegration of any material starts on the micro-mechanical level.
In the case of a fiber-polymer matrix, the manufacturing process of the
fiber-matrix composite implicates micro-damage. Because of the different
thermal expansion coefficients of the fiber and matrix, and owing to the
matrix shrinkage during polymerization, considerable residual stresses
already exist in the matrix after the curing. These stresses may lead to
flaws in the form of local fiber-matrix debonding and microscopic matrix
cracks and voids.

The micro-damage influences both the material’s stiffness and its
strength. In the present work, the influence on the stiffness is considered
using nonlinear constitutive material model. The influence on the matrix
strength is considered using two weakening factors: One covers the local
microscopic fiber-matrix debonding due to a high fiber-parallel load,
see Eq. (4.22), while another accounts for the way in which microscopic
matrix cracks merge to a macroscopic IFF, see Eq. (4.26).

Fiber fracture

The two visible, macroscopic types of failure of a fiber-matrix composite
appear on the lamina level: fiber fracture (FF), see Figs. 4.1(a), (b) and
4.2, and inter fiber failure, see Fig. 4.1(c), (d), (e). The former term
defines the fracture of most or all fibers of a lamina, and not the fracture
of individual fibers that statistically start to break at some 50 % to
70 % of the FF limit. Hence, the load case is defined by a fiber fracture
criterion, where the entire lamina abruptly separates due to loading in the
fiber-parallel direction. Regarding the lamina as a homogeneous material,
such criteria are defined by the homogenized bearable load in the fiber-
parallel, longitudinal direction of the material. In this direction, a lamina
behaves very differently whether subjected to tension or compression.
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Inter-fiber fracture

Loaded with fiber-perpendicular tension, fiber-perpendicular compression
or any type of shear, the lamina will eventually fail by inter fiber crack
called IF failure. This term defines a macroscopic crack running through
the matrix material or along fiber-matrix boundaries through an entire
lamina, see Fig. 4.1(c), (d), (e).

The significance of an inter fiber failure (IFF) for the load bearing
capacity of a laminate ranges from harmless to fatal, depending on the
fracture plane orientation and the transmitted load. IFFs are a central
part of this work and will be discussed in detail in later sections. Puck’s
theory is capable of distinguishing between FF and IFF and predicts
the orientation of the IFF plane as well as the stresses acting on that
plane. In the case of IFF, Puck has developed subsequent post-failure
degradation rules whereas an FF in one or more laminae is currently
defined as the application limit of the laminate.

Delamination

A laminate as a stacked composition of several laminae may fail by
the separation of two or more of these layers. Such a delamination
process is caused by interlaminar stresses, namely the through-thickness
tension, and the in-plane or through-thickness shear. Neglecting the
micro-mechanical aspects of delamination, a typical part of fracture
mechanics involves predicting the onset and growth of a crack in a
predefined plane depending on the local mixture of fracture modes I, II,
or III.

There are several analytical models for the onset and growth of de-
lamination, most of which are based on traction-separation models and
energy terms. Efficient and reliable models have been implemented in
finite element (FE) formulations, and are conveniently available in con-
temporary commercial FE packages. Delamination failure is explained
in more detail in Appendix B.

4.2.3 Successive failure
The failure of a composite material is a sequence of the described in-
dividual events, but interacting failure mechanisms through the whole
range of length scales. This section summarizes the history of events in
a damaging lamina and laminate, and introduces the relevant terms and
definitions regarding Puck’s theory.
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Figure 4.4: Successive IFF in a confined laminae, see Deuschle (2010).

Damage evolution in a confined lamina

Using layer-wise failure and post-failure prediction methods such as
Puck, the study of the successive IFF damage of a confined lamina
is of fundamental interest. In the present example, the 90° laminae
are confined between two 0° laminae, and the material is increasingly
loaded in the y-direction, see Fig. 4.4(a). At about half the bearable
load of the lamina, existing micro-defects start to grow and new ones
are initiated, see Fig. 4.4(b). At the same time, the material’s consti-
tutive behavior starts to become nonlinear and the lamina’s stiffness
continuously decreases. The quantity and growth of the micro-defects
depend on the load cases, see Fig. 4.1 for tensile and compressive loads.
But load cases, including the through-thickness load, generally create
more and faster-growing micro-defects than in-plane load cases. With
a further increased load, the micro-defects eventually merge to a crack
through the entire lamina, see Fig. 4.4(c). When loading an isolated
lamina, this is the load case at which it fails by its complete separation
and looses its entire load-bearing capacity. Consistently, a layer-wise
criterion such as the one of Puck defines an IFF to mean a macroscopic
crack through the entire lamina as the failure of a lamina. Although the
newly arisen fracture plane no longer transmits any load. In the case of
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a confined lamina, the neighboring laminae still induce a load into the
sound sections of the damaging lamina. The result is a growing number
of macroscopic cracks if an additional load is applied, see Fig. 4.4(d).
The amount of load that is induced into, and, hence, carried by, the
degrading lamina depends on the size of the sound sections. Accord-
ingly, with an increasing macroscopic crack density, the portion of the
applied load that is carried by the damaging lamina reduces, and an
increasing load is redistributed to the neighboring laminae. At a specific
crack density (the saturated crack density), the sound sections of the
damaging lamina have become so small that the induced load is no
longer sufficient for producing further cracks. At this point, the damage
development in the considered lamina is completed, even if additional
load is applied.

Following Puck’s theory, the prediction of the whole damage devel-
opment consists of two parts: the failure analysis and the post-failure
degradation analysis. The former evaluates the state of stress regarding
FF and IFF. The central parameter is the IFF stress exposure fE,IFF,
which runs linearly from 0 (unloaded) to 1 (IFF) with linearly increasing
stresses. Micro-damage starts at a value of fE,IFF ≈ 0.5, and its influ-
ence on the load-bearing capacity is regarded by weakening factors, see
section 4.3. The failure analysis is preferably based on a nonlinear stress
analysis which includes the effects of micro-defects on the material’s
stiffness. Having reached the IFF limit, in the subsequent post-failure
degradation analysis, the material’s stiffness is reduced according to the
applied load or the resulting crack density. A central measure is the
weakening factor η that develops from 1 (no stiffness reduction) to zero
at failure and exemplary 0.3 (residual stiffness) when having reached the
saturated crack density. With respect to the numerical realization, the
failure analysis is a postprocessing of calculated stresses, which means
that it can independently follow any type of stress analysis. However, the
degradation analysis constantly changes the material’s constitutive be-
havior, and, therefore, stress and degradation analyses are two mutually
interacting parts of a numerical prediction beyond IFF.
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4.3 Failure criteria for CFRP according to
Puck

The task of a failure criterion is to determine whether an arbitrary stress
state, acting on the lamina, leads to fracture. This is commonly achieved
by a fracture hypothesis, which comprehends the set of all possible states
of fracture. It is important to understand the fracture conditions as
hypothetical in the sense that they give statements regarding an infinite
number of states on the basis of very few known states of fracture. These
known (i.e., experimentally accessible), and, hence, determinable states of
fracture are referred to as basic strengths. In the case of unidirectionally
fiber-reinforced composites (UD FRCs), these are fractures that are due
to applied fiber-parallel or fiber-perpendicular tension and compression
(R+

∥ , R−
∥ ,R+

⊥, and R−
⊥), and are due to in-plane and out-of-plane shear

(R⊥∥ and R⊥⊥). These basic strengths may be expressed in terms
of stress or strain, but as Puck’s criteria are stress-based, no strain
thresholds are considered within this work. The fracture criterion defines
a closed surface in the six-dimensional stress space (σ11, σ22, σ33, τ12,
τ13, τ23), and in the best case, includes all the available experimentally
determined strengths, Further, it predicts reasonable fractures at all
other stress combinations. Considering this, it becomes evident that a
fracture criterion can never be more than a hypothesis – i.e., a model
representation – of what happens in cases that are not experimentally
proven. As a hypothesis, fracture criteria may be proven or contradicted
by further experimental results if the criterion is not sufficiently versatile
for adoption to subsequent findings. The hypothesis may be based
on pure mathematical considerations regarding a surface definition or
on mechanical fracture or physical considerations. However, the rising
number of experimental results indicates the advantage of physically-
based fracture conditions, of which Puck’s theory is the first and most
detailed one in the case of UD FRCs.

Fig. 4.5 is the well-known representation of Puck’s theory, the fracture
cigar. It visualizes a fracture condition for plane stress load cases.
The Puck’s fracture cigar results only from the actual action plane-
related criterion. The second and visible difference is that Puck’s
fracture cigar consists of two sub-surfaces, which represent two different
criteria for FF (end faces) and IFF (lateral surface). This allows Puck’s
theory to respond to the significant differences between both fracture
types regarding mechanical fracture aspects. Both fracture criteria are
described in detail.
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Figure 4.5: Puck failure criterion, see Puck (1996).

4.3.1 Application-oriented aspects of Puck’s inter
fiber failure criterion

In terms of application, the consequence of the action plane-related
fracture hypotheses is, that in isotropic or transversely isotropic materials,
an infinite number of action planes are all potential fracture planes.
Hence, the action plane with the highest risk of fracture has to be
identified prior to calculating the fracture stresses. While for 2D states
of stress, Puck developed an analytical solution, the general 3D state
of stress requires a numerical search for the fracture plane. For this
purpose, the stretch factor fS is calculated for a large number of sections
(normally 180) between θ = [−90°; 90°]. It is the factor by which the
actual stress vector σ⃗ = [σn(θ), τnt(θ), τn1(θ)] on the considered action
plane must be proportionally increased (stretched) to cause fracture of
that specific plane (see Fig. 4.6). In other words, fS is a reserve factor
between the norm of the stress acting on a specific action plane and the
stress state σfp at the fracture limit of the respective plane, see Eq. (4.1).

fE = 1
fS

= length of the actual stress vector σ⃗
length of the vector σ⃗fp of the stresses leading to fracture

(4.1)
The analysis results in the identification of that plane at θfp which
needs the lowest stretch factor fSmin to fracture. Obviously this plane
will exclusively reach its fracture limit, if the applied external stress is
increased by the factor fSmin while the rest of the planes with fS > fSmin

will stay below, see Fig. 4.8 (ii) and VDI-Fachbereich Kunststofftechnik
(2006).
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On action planes without stress or only compressive σn acting, fS would
take the numerically objectionable value ∞, see Fig. 4.8 at θ = −45° (i),
which depicts the stress exposure fE(θ) for an applied τ23 loading, as in
Fig. 4.8 (i). Thus, the reciprocal value of fS = 1/fE, which is called the
stress exposure fE, is more appropriate for both, analysis and graphical
representation. While the term stretch factor is intentionally similar to
a reserve factor, the stress exposure, which increases linearly with the
applied stress, is a direct measure of the risk of fracture.

Fig. 4.10 (left) shows the IFF failure surface effort, also called as the
stress exposure fE(θ), which is described as the ratio of actual loading
on the plane to the maximum capable loading and basically gives the
result of first failure plane under the applied load. The fracture plane
search is very expensive numerically and, hence, efficient algorithms can
also be used, see Wiegand (2008). The action plane with the maximum
failure effort is the fracture action plane, as in Fig. 4.9. The stresses τn1,
τnt, and σn are represented on the master fracture body with anchor
points, as in Fig. 4.10.
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Figure 4.10: Puck’s action plane stress for IFF failure and stress expo-
sure fE(θ), see VDI-Fachbereich Kunststofftechnik (2006,
pp. 37 and 44).

4.4 Fiber failure

FF is primarily caused by the stress σ11, which acts parallel to the fibers.
For (σ11, σ22, and τ12)-combinations of stress, the use of the simple
maximum stress formulation is sufficient:

f+
E,FF =

[
σ11

R+
∥

]2

− 1 = 0 with σ11 ≥ 0, (4.2)

f−
E,FF =

[
σ11

R−
∥

]2

− 1 = 0 with σ11 < 0, (4.3)

A more precise, micro-mechanical examination reveals, that with respect
to FF, the composite stress σ11 is not critical, but the stress σ1f of
the fibers is more important. The stress in the fibers does not in fact
depend solely on σ11, but also owing to Poisson’s ratio effects, on σ22
and σ33. This has a remarkable influence, especially if a hydrostatic
stress state exists. To consider this effect, the following advanced fiber
failure conditions should be used, see Fischer (2003):

f̂+
E,FF = σ11

R+
∥

−
[
ν⊥∥ − ν⊥∥FmσF

E∥

E∥F

]
σ22 + σ33

R+
∥

− 1 = 0 for σ11 ≥ 0,

(4.4)
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f̂−
E,FF = 1

2


∑L+

√
(∑

L
)2

+
(

2a
G⊥∥

)2
(τ2

21 + τ2
31)


− 1 = 0

for σ11 < 0

with
∑

L =
∣∣∣∣∣
σ11

R−
∥

−
[
ν⊥∥ − ν⊥∥FmσF

E∥

E∥F

]
σ22 + σ33

R−
∥

∣∣∣∣∣ . (4.5)

4.5 Inter fiber failure
The Puck IFF criterion has been published in the year 1996 as a fracture-
type criterion that is similar to the Hashin criterion. It is based on
the strength theory of Mohr. The Mohr theory is based on a two-
dimensional (2D) view of a mathematical model describing the yield
surface of brittle materials in terms of shear stress and normal stress. It
is also a piecewise polynomial theory, as the matrix failure mode is split
into three special modes. The fracture function is hence based on two
ellipse equations and one parable equation. The fracture-plane stresses
are obtained by rotating the 3D stress tensor from material coordinates
around the fracture plane.

IFF in the UD lamina is essentially caused by stresses σ22, σ33, τ23, τ31,
and τ21 because the matrix and the fiber/matrix-interface are affected
directly by these stress components which act on planes parallel to the
fibers.

The σ11 stress elongates the fibers and the matrix to the same extent.
Here the fibers, which are considerably stiffer, absorb significantly more
of the load acting in the direction of the fibers; however, the matrix is
also loaded to some extent. In the fracture conditions that follow, it
is assumed that the ultimate elongation of the matrix is considerably
greater than that of the fibers. Nevertheless, a certain influence of σ11
stresses on IFF is assumed in most IFF conditions.

4.5.1 Two-dimensional stress states
In general, the application of a new generation of IFF criteria is recom-
mended. These are the so-called action-plane related fracture criteria,
whose basis will be explained in the next section. With respect to the
case under examination here, which pertains to 2D (σ22, τ21) loading,
they may be expressed in the form of three IFF conditions formulated
with σ22 and τ21, and which can be derived from the general Eqs. (4.16)
and (4.17), which are developed for 3D stresses. Each of Eqs. (4.6)
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Figure 4.11: Fracture modes for 2D (σ22, τ21) stress state.

to (4.8) applies to a specific part of the (σ22, τ21) fracture curve, see
Fig. 4.11.
For mode A, σ22 ≥ 0:

fE|θfp=0° =

√[
τ21
R⊥∥

]2
+
[
1 − p+

⊥∥
R+

⊥
R⊥∥

]2 [
σ22

R+
⊥

]2
+ p+

⊥∥
σ22

R+
⊥
. (4.6)

For mode B, σ22 < 0,
∣∣∣ σ22
τ21c

∣∣∣ ≤ RA
⊥⊥
τ21c

:

fE|θfp=0° = 1
R⊥∥

[√
τ2

21 + (p−
⊥∥σ22)2 + p−

⊥∥σ22

]
. (4.7)

For mode C, σ22 < 0,
∣∣∣ τ21c

σ22

∣∣∣ ≤ τ21c

RA
⊥⊥

:

fE|θfp ̸=0° =



(

τ21c

2(1 + p−
⊥∥)R⊥∥

)2

+
(
σ22

R−
⊥

)2

 R−

⊥
−σ22

(4.8)

and for the angle of the fracture plane, see Puck and Schürmann (2002):

cos θfp =

√√√√ 1
2(1 + p−

⊥⊥)

[(
RA⊥⊥
R⊥∥

)2

·
(
τ21
σ22

)2
+ 1
]
. (4.9)

The variables p+
⊥∥ and p−

⊥∥ contained in these are slopes of the (σ22, τ21)
fracture curve at the location σ22 = 0, see Figs. 4.11 and 4.12. The
variable RA⊥⊥, which is contained in Eq. (4.8), is the fracture resistance of
an action plane parallel to the fiber direction against its fracture due to
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Figure 4.12: Action-plane stresses, see VDI-Fachbereich Kunststofftech-
nik (2006).

τ⊥⊥ stressing acting on it. For the application in Eq. (4.8), this resistance
must be calculated by the following equation:

RA⊥⊥ = R⊥∥

2p−
⊥∥



√

1 + p−
⊥∥

R−
⊥

R⊥∥
− a


 . (4.10)

From Fig. 4.11, it can be deduced which of the three Eqs. (4.6) to (4.8)
should be applied in an individual case. A check should be made to
see in which of the three sections – modes A, B, or C – the vector σfr
intersects the fracture curve:

p−
⊥⊥
RA⊥⊥

=
p−

⊥∥

RA⊥∥
and τ21c = R⊥∥

√
1 + 2p−

⊥∥. (4.11)

4.5.2 Three-dimensional stress states
The failure criterion, later shown in Eqs. (4.16) and (4.17), defines a
failure surface in a fracture-plane stress space, called the master-failure
surface , see Fig. 4.5. The assessment of failure therefore requires that a
critical orientation θ is found, see Fig. 4.13. The plane defined by this
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σ13σ13

t n

τn1τn1

τntτnt

σnσn
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σ23σ23

x2

x1

x3

θ

Figure 4.13: Transformation of 3D stresses to fracture plane stresses.
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critical angle θfp will become the plane of failure, called the fracture
plane. The angle θfp is called fracture-plane angle. The fracture-plane
tractions are obtained by the rotation of the 3D stress tensor about the
x1-axis, as seen in the following equation:




fracture
plane stresses︷︸︸︷

σ11
IFF → σn

σt
IFF → τn1
IFF → τnt

τt1




︸ ︷︷ ︸
σfp

=




Transformation matrix︷ ︸︸ ︷
1 0 0 0 0 0
0 c2 s2 2sc 0 0
0 s2 c2 −2sc 0 0
0 0 0 0 s c
0 −sc sc (c2 − s2) 0 0
0 0 0 0 c −s




︸ ︷︷ ︸
T1




3D
stresses︷︸︸︷
σ11
σ22
σ33
τ12
τ23
τ13




︸ ︷︷ ︸
σ

with c = cos(θ) and s = sin(θ). (4.12)

From Eq. (4.12), the fracture-plane tractions are computed according to

σn = c2σ22 + s2σ33 + 2scτ12, (4.13)
τnt = −scσ22 + scσ33 + (c2 − s2)τ23, (4.14)
τn1 = sτ23 + cτ13, (4.15)

which are used to compute the failure criteria as in Eqs. (4.16) and 4.17.
The new fracture criteria are termed action-plane fracture criteria.

Where they differ from all other fracture criteria previously employed
is that they are not initially formulated with the stresses σ22, σ33, τ23,
τ31, and τ21, but instead with the stresses σn, τnt, and τn1, which act on
parallel-to-fiber section planes inclined at an angle of θ with respect to
the thickness direction of the lamina, see Figs. 4.9 and 4.13.

These new criteria make it possible for the first time to determine
the direction of the fracture plane, see Eq. (4.9). These are of great
importance in estimating the consequences of failure. Depending on
the stress state and the application case, some forms of IFF may be
permissible, while others may not depend on the fracture angle θfp.

If the normal stress σn is a tensile stress, it assists the shear stresses τnt
and τn1 in bringing about IFF. On the other hand, if it is a compressive
stress, it will impede the IFF brought about by the shear stress τnt
and τn1. For this reason, depending on the case distinction of σn ≥ 0
or σn < 0, separate equations are used for IFF stress exposure. The
intersection-angle-dependent stress exposure fE(θ) is calculated in the
following way using a very adaptable seven-parameter model depending
on whether σn ≥ 0 or σn < 0.
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For σn ≥ 0:

f+
E,IFF(θ) =

√√√√
[

1
R+

⊥
−
p+

⊥ψ
RA⊥ψ

]2

σ2
n(θ)+

[
τnt(θ)
RA⊥⊥

]2
+
[
τn1(θ)
R⊥∥

]2
+
p+

⊥ψ
RA⊥ψ

σn(θ)−1 = 0,

(4.16)
for σn < 0:

f−
E,IFF(θ) =

√√√√
[
τnt(θ)
RA⊥⊥

]2
+
[
τn1(θ)
R⊥∥

]2
+
[
p−

⊥ψ
RA⊥ψ

σn(θ)
]2

+
p−

⊥ψ
RA⊥ψ

σn(θ) − 1 = 0,

(4.17)

where
p+

⊥ψ
RA⊥ψ

= p+
⊥⊥
RA⊥⊥

cos2 ψ +
p+

⊥∥

R⊥∥
sin2 ψ, (4.18)

p−
⊥ψ
RA⊥ψ

= p−
⊥⊥
RA⊥⊥

cos2 ψ +
p−

⊥∥

R⊥∥
sin2 ψ, (4.19)

cos2 ψ = 1 − sin2 ψ = τ2
nt

τ2
nt + τ2

n1
, (4.20)

RA⊥⊥ = R−
⊥

2(1 + p−
⊥⊥)

. (4.21)

For the limiting case (the “fracture condition”) where fE(θ), Eq. (4.16)
and Eq. (4.17) describe the so-called master-fracture body in (σn, τnt,
and τn1) space. In the half-space σn > 0, it resembles an ellipsoid, and
in the half-space σn < 0, it resembles a paraboloid, see Fig. 4.5. For
the form and size of the master-fracture body, important aspects are its
elliptical cross-section at σn = 0 and the slopes (at the point σn = 0)
of its longitudinal sections for the relations τnt/τn1 = tanψ = 0 and ∞.
The meaning of the parameters contained in Eq. (4.16) and Eq. (4.17) is
evident from Fig. 4.12.

It is essential that certain limits be observed when selecting the slope
parameters p+

⊥∥, p−
⊥∥, p+

⊥⊥, and p−
⊥⊥ Kopp (2000). Although the slope

parameters do not significantly affect the calculated stresses, if the limits
are not complied with, incorrect fracture-plane angles may be obtained
under certain circumstances. In the absence of experimental results, the
values in Table 4.1 are recommended.

To search the fracture plane with the aid of Eq. (4.16) or (4.17),
the angle-dependent stress exposure fE(θ) for the IFF of a large num-
ber (≈180) of intersections may be calculated under angle θ within a
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p−
⊥∥ p+

⊥∥ p+
⊥⊥ = p−

⊥⊥

GFRP 0.25 0.30 0.20 to 0.25
CFRP 0.30 0.35 0.25 to 0.30

Table 4.1: Recommended values for slope parameters. A detailed discus-
sion will be found in Puck, Kopp, et al. (2002).

range θ = −90° to θ = 90°. The section plane with the greatest stress
exposure fE(θ) is the fracture plane to be expected. The corresponding
angle of the fracture plane is θfp. If the numerical value of the greatest
angle-dependent stress exposure,

[fE(θ)]max = fE|θ=θfp ,

is known, then the (σ22, σ33, τ23, τ31, and τ21)fr fracture stress leading to
IFF can be stated. Here, all the existing stresses (σ22, σ33, τ23, τ31, and
τ21) that have been input into Eq. (4.12) must be divided by fE|θ=θfp or
multiplied by the stretch factor fS|θ=θfp .

The angle of the fracture plane θfp is important when assessing the risk
of failure. For example, the action-plane fracture criteria indicate the
danger of delamination if the angle of the fracture plane of θfp ≈ 90° or
under σ22 compressive stress, the angle of the fracture plane of |θfp| > 45°
(mode C) is calculated using them.

In the case of 3D stress states, the angle of the fracture plane is
determined numerically, as previously described. With respect to the
2D (σ11, σ22, and τ21)-stress state, the simple analytical solutions of
Eq. (4.6) to (4.8) may be cited, having been obtained with the help of
Eq. (4.16) and (4.17), while assuming that application of the “coupling
of parameters” p−

⊥⊥ · R⊥∥ = p−
⊥∥ · RA⊥⊥ is permissible. In such a case,

there is no need to numerically search for the angle of the fracture plane,
see also Eq. (4.9). The parameter coupling means that in this case, RA⊥⊥
should be calculated according to Eq. (4.10).

The 3D Puck failure criterion can be categorized, as stated below in
Table 4.2 in extension to Fig. 4.14.

As can be seen in Eqs. (4.16) and (4.17), the fiber-parallel tension
does not directly influence the inter fiber failure. However, at very
high fiber failure efforts, micro-cracks occur on the layer, reducing the
fracture resistances on the action level. This weakening is considered by
the degradation factor ηw < 1, see Kaiser et al. (2004), and causes a
geometrically similar reduction of the cross-section of the fracture body,
see Fig. 4.14.
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Table 4.2: Categorization of fracture modes in failure criteria of Puck
under 3D stress states.

Fracture angle Sign of σn Fracture mode
90° positive Delamination

0° to 89° positive A
−53° to 0° negative B

−90° to −53° negative C

0

τ21

0 ≤
∣∣∣∣
τ21
σ22

∣∣∣∣ ≤ |τ21c|
RA

⊥⊥
σ22

τ21c

R⊥∥

R+
⊥−RA

⊥⊥−R−
⊥

Mode C Mode B Mode A

Mode AMode BMode C

Figure 4.14: Schematic representation of failure modes and failure plane
based on Puck, as in Knops (2008).
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Figure 4.15: Fracture curve of σ11 and σ22 with the influence of σ11 on
the IFF expressed as a function of parameters s and m, see
VDI-Fachbereich Kunststofftechnik (2006).

ηw =
c
[
a
√
c2(a2 − s2) + 1 + s

]

(ca)2 − 1 . (4.22)

The factor m is the minimum degradation, s indicates the start of weak-
ening. The factors a and c can be calculated by Eqs. (4.23) and (4.24).
Here, a is the major axis of an assumed elliptical breakthrough curve
given by:

a = 1 − s√
1 −m2

, (4.23)

c = fE,IFF
fE,FF

for 1
s

≥ c ≥ m. (4.24)

This results in the inter fiber failure effort consider the tension parallel
to the fiber:

fE,IFF1 = fE,IFF
ηw

. (4.25)

This effect is clearly shown in Fig. 4.15.
In addition, the inclusion of micro-mechanical damage, and probabilis-

tic effects (m+ p effects) are included according to the equation below,
see VDI-Fachbereich Kunststofftechnik (2006) and Deuschle (2010):

fE,m+p =
fE(θfp)

ηm+p
, (4.26)

where fE,m+p is the stress exposure of the fracture plane considering the
(m+ p) effects, and ηm+p is the correction factor of the fracture stresses
considering the (m+ p) effects, as clearly shown in Fig. 4.16.
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Figure 4.16: Fracture curves for three stress combinations:
a) (σ22, τ13), b) (σ22, σ33), and c) (σ22, τ12).
The dotted lines represent the original fracture curves and
the solid lines the fracture curves with ηm+p-correction, see
VDI-Fachbereich Kunststofftechnik (2006).

4.6 Conclusions
In this chapter, composite-failure analysis and first-ply failure based on
Puck are discussed, and they are applied for both 2D and 3D stress states.
Recent enhancements to the Puck failure criteria are also highlighted.



Chapter 5
Post-Failure Analysis Based on
Puck’s Theory
5.1 Progressive failure of composite

materials
During the design of composite structures, it is necessary only to show
that the structure has no inter fiber failure and no fiber failure. In special
cases, it is necessary to simulate the behavior of the structure after the
appearance of inter fiber failures (IFFs). The analysis of the composite
will be continued with degradation. The aim of a degradation analysis
is to simulate the mechanical behavior of failure after the appearance
of IFFs and to show the influence of failure on one ply over the whole
laminate structure.

An analysis with degradation is necessary in the following cases:
• The static analysis of the structure should show if some reserves

exist during the appearance of IFF.
• It is used to prove whether the deformation is within the limit

range.
• It is used to prove whether an IFF affects the buckling behavior.
• With the degradation analysis, the fail-safe behavior can be simu-

lated and optimized.
In general, the concept of degradation of a composite material is based
on blurred cracks of a homogeneous continuum. This is similar to
the determination of material values for a composite material. The
matrix-fiber combination is homogeneous to one continuum, and the
degradation aims to incorporate the influence of macrocracks into the
analysis. This implies that the stress-concentration points on the crack
tip are neglected. In composite structures with thick plies, there may be
some inaccuracy. For common cases this method of blurred macrocracks
over the whole domain is a good possibility because the proceeding
for computing stresses and deformation ply-by-ply does not have to
be changed. The discontinuous layer with cracks is replaced by a ho-
mogeneous continuum. In general, with this method, the influence of
temperature, time (deterioration), and IFF can be simulated. For this
case, the degradation of the IFF is interesting. The primary method
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Figure 5.1: Progressive degradation of a multi-directional laminate.

used to introduce the influence of cracks in one layer to the multi-layer
structure is to reduce the stiffness values E2, G12. Chapter 4 shows that
there are three types of inter fiber failure (mode A, B, and C). Therefore,
three kinds of degradation have to be handled.

While metallic components depict a more distinctive plastic flow be-
havior before fracture occurs within the vehicle body, the laminate
behavior of fiber-reinforced structures is characterized by a rather brittle
heterogeneous and anisotropic behavior. A load path-optimized laminate
design is gained by multi-layer composite parts. These utilize several
unidirectional single layers with different angular orientations in order
to enable the multiaxial load capacity. Under crash loads the structural
response shows its highest stiffness at small deformations, as illustrated
by the elastic regime in Fig. 5.1. In the subsequent phase, the stiffness
of the part is reduced owing to the initiation of damage. Partial damage
defines the progressive concatenated failure of the laminate layers (see
Fig. 5.1). The failure and fracture of further layers leads to a total
laminate failure, which results in a brittle chaotic fracture evolution.
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5.2 Degradation according to Puck
If the fracture condition for IFF based on the previous chapter is sat-
isfied for a lamina, it will be necessary to determine whether the nor-
mal stress σn acting in the ensuing parallel-to-fiber fracture plane is a
transverse tensile or a transverse compressive stress. In the case of a
unidirectional (UD) lamina, which is under two-dimensional (2D) (σ11,
σ22, and τ21) stress, it will suffice to check whether σ22 > 0 or σ22 < 0,
see Eq. (5.4). Both cases will now be examined.

5.2.1 Transverse tensile stress in the lamina affected
by inter fiber failure

In the case where σ22 ≥ 0, as the load increases, more cracks run
transverse to the lamina plane, until under certain circumstances, the
lamina becomes “saturated” with cracks; in other words, the smallest
spacing between cracks has been reached. The contribution made by
the affected lamina to load-bearing is reduced by these opening cracks,
which for the purpose of further analysis, may be regarded as “smeared”.
To calculate the strains of the laminate above the IFF limit of a UD
lamina, this is done by using the elasticity values E⊥sk, G⊥∥sk, ν⊥∥k for
the lamina affected by IFF, reducing them by a factor η compared to
the values E∗

⊥sk, G∗
⊥∥sk, and ν∗

⊥∥k, which are valid when the IFF limit
is reached. Initially the values fall steeply from the values reached at the
IFF limit to approach asymptotically a residual value that corresponds
to the saturation state, see Fig. 5.2, left.

In the original papers on the influence of IFF on the stiffness, all three
elasticity values are reduced by the same amount with a factor ηk:

E⊥sk = ηkE
∗
⊥sk; G⊥∥sk = ηkG

∗
⊥∥sk; ν⊥∥k = ηkν

∗
⊥∥k. (5.1)

E∗
⊥sk, G∗

⊥∥sk, ν∗
⊥∥k are the secant modulus values of the kth lamina, and

apply when the IFF limit is reached.
The following empirical relationship is recommended for the reduction

factor Puck (1996):

ηk = 1 − ηrk
1 + ak(fE,IFF − 1)ξk

+ ηRk for fE,IFFk
> 1. (5.2)

Here, ηRk is the residual value of ηk, which ηk asymptotically approaches
at saturation with cracks. The reduction factor ηk in Eq. (5.2) depends
on the degree to which the IFF limit is exceeded.

fE,IFFk
− 1. (5.3)
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The IFF-stress exposure fE,IFF is used for this purpose because the
expression is the only one that describes quantitatively the interaction
of the different stresses producing the IFF.

In Puck (1996), E∗
⊥s, G∗

⊥∥s, and ν∗
⊥∥ are still reduced by the same

value for η. However, results obtained from more recent research, see
Knops (2003) and Knops and Bögle (2006), suggest that G∗

⊥∥s should
be reduced less than E∗

⊥s. This can be done, for example, by selecting a
value of ηR = 0.03 for E∗

⊥s, but for G∗
⊥∥s, selecting a value of ηR = 0.25

in the case of glass-fiber-reinforced plastic and even ηR = 0.6 for carbon-
fiber-reinforced plastic. A detailed treatment may be found in Knops
(2008).

5.2.2 Transverse compressive stress in the lamina
affected by inter fiber failure

Following an IFF, if σ22 < 0, transverse compressive stresses will continue
to be transmitted by the pressed-together crack sides. This also applies
if under stress ratios of |σ22/τ21| > RA⊥⊥/|τ21c| (see Fig. 4.11), there are
“oblique” cracks that are inclined at an angle of θfp to the thickness
direction. As the |σ22/τ21| ratio increases, the angle θfp also increases.
With purely transverse compressive stress, values from ±50° to ±55° are
found. However, if σ22 < 0, the normal stress σn on the fracture plane
will always remain a compressive stress because of

σn = σ22 cos2 θfp. (5.4)

This situation is considered in the deformation analysis of the laminate
above the IFF limit because even after the occurrence of the IFF, the
secant modulus E⊥s will still be used for the calculation, as previously
discussed, being taken from the (σ22, ϵ22)-compression stress-strain
diagram. In addition, under certain circumstances, the (σ22, ϵ22)-diagram
obtained for the “isolated UD lamina” may need to be extrapolated
beyond its end point. In the case σn > 0, even ν∗

⊥∥ will not be reduced
by η.

As a consequence of the pressure of shear stresses τ21, the crack sides
may shift locally with respect to each other despite the friction that arises
from the compressive stress σn. As far as strain analysis is concerned, a
certain reduction in G∗

⊥∥s above the IFF limit appears to be justified.
As a rule, the reduction in G∗

⊥∥s, does not have a marked influence on
the strains of the laminate, which is why η can be used for the sake of
simplicity in order to reduce G∗

⊥∥s, just as if σ22 > 0.
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Because of the solitary η reduction of G∗
⊥∥s, the stress ratio |σ22/τ21|

increases as the IFF limit is further exceeded. This means that cracks ap-
pearing at higher loads have a larger angle θfp of the fracture plane than
those that appear shortly after the IFF limit is crossed Puck, Kopp, et al.
(2002). Assuming that the “parameter coupling” p−

⊥⊥/R
A
⊥⊥ = p−

⊥∥/R⊥∥
holds, the following relationship is valid for the angle of the fracture
plane, see Puck, Kopp, et al. (2002):

cos θfp =

√√√√ 1
2(1 + p−

⊥⊥)

[(
RA⊥⊥
R⊥∥

)2

·
(
τ21
σ22

)2
+ 1
]
. (5.5)

Large fracture-plane angles θfp in relatively thick laminae with high
transverse compressive stresses σ22 are dangerous because they have an
“explosion effect” on the laminae to which they are adjacent. This is a
consequence of the wedge effect which arises when the inclined action-
planes slip over each other as a result of the compressive stress σ22, see
Puck and Schürmann (1998). This wedge effect may result in local de-
lamination, which may also lead to a danger of the collapsing or buckling
of neighboring laminae.

If in the case of σ22 < 0, exertions fE,IFF > 1.5 are obtained by
the method described, and it may become necessary to change to a
more sophisticated approach, see Puck, Kopp, et al. (2002). Here,
the stresses σ22 and τ21, which are used to determine the IFF stress
exposure, are calculated using the secant moduli that have been reduced
by different η values, and even the development of the angle of the
fracture plane θfp is taken into consideration. Unlike the procedure
previously described, the IFF stress exposure is then determined from
stresses σ22 and τ21, which are obtained using the reduced moduli. In
the case of the compressive stress σ22, only a minor reduction in E⊥s
becomes noticeable, which arises from progression in the (σ22, ϵ22)-
compression-strain diagram, which is extrapolated where necessary. On
the other hand, G∗

⊥∥s is rapidly reduced by a factor of η as the load
increases. Here η is determined by performing iterations such that a
stress exposure fE,IFF is calculated using the stresses obtained with E⊥s
and η · G∗

⊥∥s, which remains constant at fE,IFF = 1, see Puck, Kopp,
et al. (2002).
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5.2.3 Effect of fiber fracture
When, as the loading increases, the fiber fracture (FF) condition fE,IFFk

=
1 is satisfied for the first time in one lamina of the laminate, the loading
reached at that point should be regarded as the fracture loading for the
laminate. However, when a laminate has more than three fiber orienta-
tions, under certain condition, even FF in one lamina may not yet lead
to total exhaustion of the load-bearing capacity of the laminate. It is
possible to obtain an idea of the residual load-bearing capacity, which
may still be present after an FF occurs, by setting all stiffness values of
the affected lamina to zero, white retaining the geometrical dimensions.

5.2.4 Chronology of Puck degradation
Here, in this section, a brief chronology is presented. Fig. 5.2 is a summary
of how Puck’s degradation method has improved over the years, and it
is used in research forums such as world wide failure exercises (WWFEs).
The annual changes are presented below.

Degradation based on
fictive failure efforts

Method based on
fE,IFF = 1 = constant

Method based on
θfp degradation

0 2 4 6 80

1

fE,IFF

η

ηr = 0.03
ηr = 0.25

0 1 2 3 4 50

1

γ21
γ21(IFF)

fE,IFF

η

η

fE,IFF

Declining fE,IFF

Research progress

VDI 2014/3 WWFE-I WWFE-II and III

2D 2D 3D

Figure 5.2: Chronology of Puck degradation.
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1969

• No degradation for fiber failure
• IFF → Simple η function is visualized
• No mathematical equation is defined
• Surplus effort is treated as crack density
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0.6
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1

fE(IFF)

η

ση < 0
ση ≥ 0

Ref.: Puck and Schürmann (1998)

1996

• Mathematical function for η is defined
• Degradation of elastic properties with same η function
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(η
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η = 1 − ηr
1 + c(fE,IFF − 1)ξ + ηr;



E2
G12
ν12


 =



ηE2S
ηG21S
ην21S




Ref.: Puck and Schürmann (1998) and Puck and Schürmann (2002)
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1998

• Procedure used in WWFE-1
• Does not depend on experimental values
• Reduce η iteratively until fE,IFF = 1 = constant
• The above procedure will lead to nearly constant average stresses
σ22(η) and τ21(η).
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Ref.: Puck and Schürmann (1998) and Puck and Schürmann (2002)

2003

• Same as 1996 but improved by M. Knops
• Degradation of elastic properties with different η function
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ηE = 1 − ηrE
1 + cE(fE,IFF − 1)ξE

+ ηrE

ηG = 1 − ηrG
1 + cG(fE,IFF − 1)ξG

+ ηrG

ην = 1 − ηrν
1 + cν(fE,IFF − 1)ξν

+ ηrν



E2
G12
ν12


 =



ηEE2S
ηGG21S
ηνν21S




Ref.: Puck, Kopp, et al. (2002) and Knops (2008)

2007

• Compared to the fE,IFF = 1 = constant method, the linear function
is used to decrease fE

• The same linear function is also used to degrade the elastic moduli.

fE,IFF = 1 − αfE,IFFδ

E⊥S = E⊥0(1 − αEδ), G⊥S = G⊥0(1 − αGδ)

Ref.: Knops (2008)

2008

• Application of η function in 3D stress space

η = 1 − ηr
1 + c(fE,IFF − 1)ξ

ηc = η cos2(ρ) + sin2(ρ); ρ = arctan
∣∣∣∣
σ22
τ21

∣∣∣∣

Elastic moduli are degraded based on fracture plane angle θfp.

E2 → cos(θfp), E3 → sin(θfp)
G12 → cos(θfp), G13 → sin(θfp), G23 → 1
ν12 → cos(θfp), ν13 → sin(θfp), ν23 → 1

Ref.: Kröplin (2006)
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5.3 Stress computation
A nonlinear elastic material model is used to calculate the layer stresses.
For the shell elements, the stresses of the single layer are computed
before failure according to Hooke’s law for anisotropic materials based
on the strains:



ϵ11
ϵ22
γ12


 =




1/E1 −ν21/E2 0
1/E2 0

sym. 1/G12(γ12)





σ11
σ22
τ12


. (5.6)

The nonlinear shear modulus is computed according to the equation, see
Schultheis et al. (2008):

G12 = 5924 · e−γ12/0.0123 + 357.19 · e−γ12/0.4. (5.7)

Hooke’s law is used for three-dimensional (3D) anisotropic solids to
calculate the strains for solid elements, see Eq. (3.43). Based on this 3D
stress state, Puck’s failure criterion is evaluated according to Eqs. (4.2)
and (4.12).

Once the failure is detected, progressive failure is applied, which is
based on the idea of Puck and Schürmann (1998), which is explained
in section 5.2, to the material model for the corresponding lamina at
hand. The program algorithm explaining the above steps is depicted in
Fig. 5.3.

5.4 Conclusions
In this chapter, post failure based on Puck is discussed. Several methods
and their improvements over the years are explained and summarized. It
is concluded that post-failure analysis based on Puck is not phenomeno-
logically motivated, and it is an ad hoc way of performing degradation
analysis. Hence, in Chapter 7, A suitable degradation method based on
continuum damage mechanics (CDM) is presented.
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Figure 5.3: Flowchart for Puck failure criterion.





Chapter 6
Graphical Representation of Stress
Strain Behavior in Fiber-
Reinforced Composites
6.1 Material property testing for Opel

specimens
In order to derive an internal GM/Opel standard for future quasi-static
finite element (FE) vessel analysis, all the required material properties
are introduced with their corresponding test and associated test specimen,
as summarized in Table 6.1. The specimen sizes and tolerances are shown
in Fig. 6.1. As a matter of course, these level 1 definitions are selected
in accordance with ASTM (American Society for Testing and Materials)
standards whenever possible. The material testing is mainly based on
cylindrical specimens, which better reflect the structure of high-pressure
wet-wound vessels, and which do not have load transmission issues at
the mounting points. Moreover, it is possible to combine different load
cases (e.g., tension and torsion). To obtain the Young’s Modulus and
strength in the fiber direction, deviations from the ASTM standards
are made. Here, a newly developed test, called elastomer inner pressure
test (ELIP), see Schwarz and Schürmann (2005), is performed, which uses
an elastomer to apply the inner pressure. Furthermore, non-standardized
tests are applied to determine the inclination parameters that are unique
for Puck’s Action Plane Strength criterion.

The material properties E⊥∥, R+
∥ , and ν⊥∥ are obtained by carrying

out the ELIP test. The experimental set-up that is used to obtain the
shear modulus and shear strength is shown in Fig. 6.2, which is also
called the T/C-T test (tension/compression-torsion test). This paramet-
ric identification is performed by a torsion test using tapered tubes with
hoop winding transverse to the longitudinal axis. The normalized results
obtained are demonstrated by the tensile strength of the matrix and the
tensile strain at the fracture of the matrix given by the manufacturer.
The cross symbols represent the measurements at the fracture, the rect-
angular symbol is the mean of the values at the fracture, and the circles
are the measurements below the fracture.
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2 ± 0.2
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8 ± 0.2 2 ± 0.1
87°

110 to 115
6.3 ± 0.1

(c)

(b) 70 ± 0.1
2 ± 0.2

20 ± 0.587°

Figure 6.1: Specimen sizes and tolerances (dimensions are in mm), see
Schultheis et al. (2008).

The complete fracture curve has to be determined experimentally
in order to obtain real inclination parameters for Puck’s action plane
strength criterion. For this reason, it is important to carry out combined
tension/compression-torsion tests.

Table 6.1: Test matrix.

Symbol Test Synonym
E∥ ELIP E1
E⊥ ASTM D5450 E2, E3
G⊥∥ ASTM D5448 G12, G21, G13, G31
v⊥∥ ELIP ν12, ν13
R+

∥ ELIP Xt

R+
⊥ ASTM D5450 Y t

R−
∥ ASTM D3410 A Xc

R−
⊥ ASTM D5449 Y c

R⊥∥ ASTM D5448 S
a∥, a⊥ ASTM D696 a1, a2
p+

⊥∥, p
−
⊥∥,

p+
⊥⊥, p

−
⊥⊥

Combined ASTM D5448,
ASTM D5449, ASTM D5450

–
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Figure 6.2: Tension compression and shear specimen (dimensions are
in mm), see Schultheis et al. (2008).

6.2 Verification of elastic properties and
Puck’s failure theory

In this section, the simulation of simple homogeneous uniaxial one-
element load cases is presented, which is done to verify the elastic
properties, and predict the first ply failure based on Puck’s theory as
well as progressive failure based on Puck’s degradation theory.

The material properties obtained from open literature as well as from
Opel are verified. These are specified in Tables 6.2, 6.3, and 6.4. The
unit system is applied according to Table 6.5.

Table 6.2: GFRP and CFRP mode parameters.

GFRP mode A
Value ηr c ξ

E2 0.03 5.34 1.31
G12 0.25 0.7 1.53
ν12 1 0 1

GFRP mode B
Value ηr c ξ

E2 1 0 1
G12 1 0 1
ν12 1 0 1

CFRP mode A
Value ηr c ξ

E2 0.03 5.34 1.31
G12 0.67 0.95 1.17
ν12 1 0 1

CFRP mode B
Value ηr c ξ

E2 1 0 1
G12 1 0 1
ν12 1 0 1
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Table 6.3: Material properties for high pressure wet wound composite ves-
sels at Opel, see Bleier and Schürmann (2008) and Schultheis
et al. (2008).

Parameter Units Value
E1 MPa 135 718
E2 MPa 8907
E3 MPa 8907
G12 MPa 6281
ν12 – 0.19
R+

∥ MPa 2187
R−

∥ MPa 991
R+

⊥ MPa 46
R−

⊥ MPa 155
R⊥∥ MPa 96

Parameter Value
p+

⊥∥ 0.43
p−

⊥∥ 0.34
p+

⊥⊥ 0.13
p−

⊥⊥ 0.13
m 0.5
s 0.5

Table 6.4: Material properties from WWFE-I, see Hinton et al. (2004,
p. 36).

Variable Unit
T300/

BSL914C

E-glass
Gevetex/

LY556

E-glass
Silenka/
MY750

E1 GPa 138 53.48 45.6
E2 GPa 11 17.7 16.2
G12 GPa 5.5 5.83 5.83
E1F GPa 230 80 74
ν12 – 0.28 0.278 0.278
ν21F – 0.2 0.2 0.2
R+

∥ MPa 1500 1140 1280
R−

∥ MPa 900 570 800
R+

⊥ MPa 27 35 40
R−

⊥ MPa 200 114 145
R⊥∥ MPa 80 72 73
mσF – 1.1 1.3 1.3
p+

⊥∥ – 0.35 0.3 0.3
p−

⊥∥ – 0.3 0.25 0.25
p+

⊥⊥ – 0.275 0.225 0.225
p−

⊥⊥ – 0.225 0.225 0.225
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Table 6.5: Applied units.

Mass Length Time Force Stress Density Modulus
Units t mm s N MPa t/mm3 MPa

0 0.5 1 1.50

1

2

Strain parallel to fiber ϵ11 [%]

σ
11

[G
Pa

]

x1

x3
x2

0°
0°
0°
0°

0°
x1

x2

Figure 6.3: Stress vs. strain in tension parallel to the fiber direction.

6.2.1 One-element uniaxial verification test with
[0°/0°/0°/0°] laminate setup

Tension parallel to the fiber direction

A unidirectional (UD) multi-layered solid (MLS) is loaded in tension
parallel to the fiber direction. The material properties, which are verified,
are E1 and R∥, see Fig. 6.3. As can be seen, the Young’s modulus
in the fiber direction is linear and the strength in the fiber direction
according to Puck’s failure criteria.

Tension perpendicular to the fiber direction

Here, a UD MLS is loaded in tension in perpendicular to the fiber
direction. The material properties, which are verified, are E2 and R+

⊥,
see Figs. 6.4 and 6.5. As can be seen, the Young’s modulus in the
transverse fiber direction is linear, and the strength in the transverse
fiber direction is computed according to Puck’s failure criteria.

Compression transverse to the fiber direction

Here, a UD MLS is loaded in compression perpendicular to the fiber
direction. The verified material properties are E2 and R−

⊥, see Fig. 6.6.
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Figure 6.4: Unidirectional cube in tension perpendicular to the fiber
direction.
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Figure 6.5: Left, degradation of stress with respect to strain; right, degra-
dation of elastic modulus with respect to strain.
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Figure 6.6: Unidirectional cube in compression transverse to the fiber
direction.
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Pure shear

Here, a UD MLS is loaded in pure shear to the fiber direction. The
material properties, which are verified, are G12 and R⊥∥, see Figs. 6.7
and 6.8. As seen in the figure, the in-plane shear modulus is nonlinear,
and the shear strength is computed according to Puck’s failure criteria.
In addition, the stress in the post failure region is highly dependent on
the constants ηrG, cG, and ξG. Hence, the variation of post-failure stress
is computed using two sets A and B, and the variations are plotted in
Fig. 6.8. The degradation of the in-plane shear modulus with respect to
the strain is also shown.
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0°
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x2

ηrG cG ξG

Set A 0.00 8.31 1.31
Set B 0.00 0.95 1.17

Figure 6.7: Unidirectional cube under pure shear.
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Figure 6.8: Degradation of stresses and elastic modulus with respect to
the strain.

Pure shear under loading and unloading

Here, a UD MLS is loaded in pure shear to the fiber direction. The
loading function is explained according to Fig. 6.9. This loading function
is used in order to investigate the loading and unloading characteristics of
the material model. Further, the stress in the post-failure region is highly
dependent on the constants ηrG, cG, and ξG. Hence, the variation of
post failure stress is computed using two sets A and B, and the variation
is plotted in Fig. 6.10.
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Figure 6.9: Unidirectional cube under pure shear with respect to loading
and unloading function.
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Figure 6.10: Degradation of stresses with respect to the strain.

Through-thickness tension

Here, a UD MLS is loaded in tension in the thickness direction. The
material properties, which are verified, are E3 and the strength in the
thickness direction, see Fig. 6.11.

Through-thickness compression

Here, a UD MLS is loaded in compression in the thickness direction.
The material properties, which are verified, are E3 and the strength in
the thickness direction in compression, see Fig. 6.12.
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Figure 6.11: Unidirectional cube under tension in the thickness direction.
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Figure 6.12: Unidirectional cube under compression in the thickness
direction.

Fracture curve for combined loading of transverse tension and
pure shear

As seen in Fig. 6.13, the unidirectional cube is loaded with the combined
load of the transverse tension and pure shear. Therefore, when calculating
the fracture curve using a numerical fracture-angle search, the actual
measured base strength R−

⊥ and R⊥∥ are used. These are in very good
agreement with the measured values in the region of the fracture mode A,
and they are in good agreement in the field of fracture mode C. In the
area of fracture mode B, there are calculated border strains 10 to 20 MPa,
which are lower than the measured ones. This suggests that the used
p−

⊥∥ slope parameter is set too low. However, because there are only
two measurement points in this area, it is not possible to obtain an
accurate assessment of the calculated results in this area, see Fig. 6.14.
The experimental values are taken from Hinton et al. (2004, p. 55).
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Figure 6.13: Unidirectional cube under combined loading of transverse
tension and shear.

Alfalam is a Microsoft Excel based advanced layerwise failure analysis of
laminates nonlinear tool based on VDI 2014. This tool is developed by
KLuB TU Darmstadt, see Weber (2009).
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Figure 6.14: Fracture curve σ22 vs. τ12 based on the material properties
and experimental data from WWFE-I, page 55, Fig. 1, see
Table 6.4.

As seen in Fig. 6.15, which is used to compute the fracture curve
based on the material properties from Opel, see Table 6.3, the failure
points computed from the Puck failure criteria match perfectly with
the experimental data. The experimental results are obtained from the
tension/compression-torsion (T/C-T) test, as explained in section 6.1.
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Figure 6.15: Fracture curve σ22 vs. τ12 with material properties and
experimental data from Table 6.3 and Bleier and Schürmann
(2008).

6.2.2 Tension/compression-torsion
In order to compute the in-plane shear modulus and shear strength,
Opel has developed a new test called the T/C-T test. In this test, multi-
layered tube specimens can be loaded in pure tension perpendicular to the
fiber direction, pure compression, pure torsion, and also a combination
of tension and torsion. In the current load case, a multi-layered tube
specimen is loaded in pure shear in order to compute the nonlinear
in-plane shear modulus, see experimental set-up in Figs. 6.1(a) and 6.2.
The simulation results of the T/C-T test are shown in Figs. 6.16 and 6.17.
It can be seen that the nonlinear shear modulus computed from the
analytical Eq. (6.1) matches well with the test result.

G12 = 5924 · e−γ12/0.0123 + 357.19 · e−γ12/0.4. (6.1)
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Figure 6.16: Tension/compression-shear: pure shear test.
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Figure 6.17: Tension/compression-shear.

6.2.3 Laminate load cases
This example is a test case from the first world-wide failure exercise,
see Soden et al. (2004, pp. 30–51). Here, the laminate is simulated
with configuration [90°/30°/−30°]s. The material properties for E-glass
Gevetex/LY556 are from Table 6.4, see Hinton et al. (2004, page 36).
The thickness of the 90° ply is 0.172 mm and of the 30° ply is 0.414 mm.
This laminate is modeled with one multi-layered solid element with
6 layers. As seen in Fig. 6.18, the unidirectional cube is loaded both
along the fiber and transverse to the fiber direction. Different load
combinations are applied through different stress ratios in the laminate x
and y directions, and the fracture curve σy vs. σx is compared with the
experimental values, as shown in Fig. 6.19. The initial and final failure
points computed from the Puck failure criteria match well with the
experimental data. The initial failure points from simulation are based
on Puck’s inter fiber failure (IFF) mode A. The final failure points from
simulation are based on Puck’s mode for fiber fracture (FF).
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Figure 6.18: Laminate with configuration [90°/30°/−30°]s under com-
bined axial load.
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6.3 Conclusions
In this chapter, the material properties that are used in the characteri-
zation are explained in detail. The three-dimensional (3D) Puck failure
criterion is very effective in analyzing multi-layered structures that have
a large number of plies. It describes the onset of failure, and can repro-
duce the key physical aspects observed in the failure of fiber-reinforced
laminated composites. Several verification examples are discussed and
analyzed.

It is also concluded that the progressive failure based on Puck’s theory
is not effective in the simulation of degradation. Hence, progressive failure
analysis based on continuum damage mechanics (CDM) is proposed, and
this will be discussed in the next chapter.



Chapter 7
Proposed Damage Model

7.1 Limitations of the currently
implemented material models

The material models *MAT_ENHANCED_COMPOSITE_DAMAGE and *MAT_
LAMINATED_COMPOSITE_FABRIC, which are implemented in LS-DYNA®,
see Hallquist et al. (2014), distinguish between the basic failure modes
of fiber-reinforced plastic (FRP): Tension in the fiber direction, tension
in the matrix direction, compression in the fiber direction, compression
in the matrix direction, and shear failure. Both the material model
*MAT_ENHANCED_COMPOSITE_DAMAGE, which is based on the Chang-
Chang criterion, and the material model *MAT_LAMINATED_COMPOSITE_
FABRIC, which builds on the work by Hashin, use the stress components
directly from the material coordinate system, see Hashin (1980). While
*MAT_ENHANCED_COMPOSITE_DAMAGE does not enable the degradation
of the laminate after reaching the maximum strength, this is possible
with *MAT_LAMINATED_COMPOSITE_FABRIC. However, this degradation is
only by a numerical parameter, which makes it very difficult for it to be
justified using physics.

Both in *MAT_ENHANCED_COMPOSITE_DAMAGE and *MAT_LAMINATED_
COMPOSITE_FABRIC, an element failure is determined solely by numerical
parameters. Erosion is possible either by limiting the expansion or
by simulating a minimum time step. It is difficult to establish both
failure modes using a physical background. In addition, a costly and
time-intensive adjustment of the parameters on the basis of experimental
results is required in order to obtain a sufficiently validated material
map.

The works of Feraboli et al. (2011), Schweizerhof, Münz, et al. (1998),
and Schweizerhof, Weimar, et al. (1998) suggest a dependence of the
element size of both material models. In total vehicle simulations as
well as in component simulations such an element-size dependence is
undesirable.

A two-dimensional (2D) approach is sufficient in order to describe
the material behavior of moderately thin laminates. This enables us
to neglect the behavior in the thickness direction. However, from
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a certain laminate thickness, this assumption is no longer allowed.
Both in *MAT_ENHANCED_COMPOSITE_DAMAGE and in *MAT_LAMINATED_
COMPOSITE_FABRIC, the failure of the laminate is based on a plane-stress
state. Thus, no failure is considered in the thickness direction.

In the automotive industry, the discharge behavior plays an impor-
tant role, at impact loads because the loaded components also affect
other structures. It should be noted that *MAT_ENHANCED_COMPOSITE_
DAMAGE considers no degradation of the stiffness after an injury has oc-
curred in the laminate, and permanent deformation is within its scope. In
contrast, the curve returns to the origin in *MAT_LAMINATED_COMPOSITE_
FABRIC in the unloading case so that no deformation remains. Neither
curve describes the real behavior of FRP unloading in a post-critical
stress state, see Mildner et al. (2012).

Because both *MAT_ENHANCED_COMPOSITE_DAMAGE and *MAT_LAMI-
NATED_COMPOSITE_FABRIC must be adjusted by means of numerical
parameters, a realistic simulation of various load cases is extremely
complex. If sufficient experimental results are available, a compromise
should usually be made. The adaptation to a particular load case leads
to significant deviations between the experiment and simulation for a
second load case, which is dominated by other failure mechanisms, see
Holzapfel et al. (2008).

The description of the elasto-plastic shear behavior of FRP, which is
proven in physics, is not given by *MAT_ENHANCED_COMPOSITE_DAMAGE.
Instead, the shear failure follows a perfectly plastic behavior.

The summary of modeling composites in LS-DYNA® is illustrated in
Fig. 7.1, where the different elementary types along with the modeling
of different failure types are depicted.
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7.2 Requirements of new material models
The limits presented in section 7.1 of the material models *MAT_EN-
HANCED_COMPOSITE_DAMAGE and *MAT_LAMINATED_COMPOSITE_FABRIC
enable us to determine the requirements for new material models. These
requirements are listed below:

• Considering the state of stress in an assumed or iteratively deter-
mined fracture plane

• Realistic degradation of the laminate after reaching the maximum
strength, which is verified using physics

• Generality of the parameters, i.e., no adjustment of the failure by
numerical parameters for special load cases

• Required parameters of the material map are taken from experi-
mental studies

• Independence of element sizes

• Three-dimensional failure criteria

• Realistic illustration of the unloading behavior according to pre-
liminary damage in the laminate

• Realistic description of the elasto-plastic shear behavior

In order to achieve an effective simulation of FRP, which can also be
used efficiently in the overall vehicle simulation, the following condition
must be satisfied: The design engineer must be able to rely on a media
model that is independent of the element size and the load state, and
which produces results within a reasonable time.
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7.3 Thermodynamical approach
Continuum damage mechanics (CDM) is a relatively new discipline that
focuses on the prediction of the effects of the progressive degradation of
mechanical properties (damage evolution) on the macro-response and
failure of solids, see Kachanov (1986), Krajcinovic and Lemaitre (1987),
Lemaitre (1992), and Krajcinovic (1996). Damage evolution is related
to the nucleation and growth of micro-cracks and other micro-defects.
Because CDM is the adopted approach for the numerical model presented
in this thesis, in this section, an extensive description of the theoretical
background of CDM is provided.

CDM bridges the gap between traditional elasticity theory and fracture
mechanics. The CDM description of a defect-free material is equivalent
to the application of elasticity theory. The CDM and elasticity theories
will deviate as soon as micro-defects start to nucleate and grow with
increased loading. At the other end of the spectrum, when the growth
of one or at most a few micro-cracks becomes the dominant factor of the
deformation of the material, a CDM description will no longer suffice,
and fracture mechanics theory must be applied.

Continuum damage models are typically derived within the framework
of irreversible thermodynamics with internal variables, which provides
a qualitative measure of the effects that randomly distributed micro-
defects have on the macro-parameters of a structure, see Coleman and
Gurtin (1967), Lubliner (1972), Germain et al. (1983), Krajcinovic (1983),
Kestin (1992), Lemaitre (1992), Maugin (1992), and Krajcinovic (1996).
Assuming that there are no internal heat sources or heat fluxes, and
assuming infinitesimal deformations, the internal energy per unit mass,
e, at a local continuum point x is given by:

e = e[x, s(x), ϵ(x),ω(x)], (7.1)

where s is the entropy per unit mass, ϵ is the strain tensor, and ω is
a set of (mechanical) internal variables. The explicit notation of the
dependence on location x will be omitted below, but this dependency is
implied throughout the remainder of this section.

The internal variables are introduced in the thermodynamic formu-
lation to describe the irreversible (dissipative) rearrangements in the
micro-structure. Each internal variable describes a particular dissipative
mechanism of the micro-structural rearrangement. The plastic strain, or
an appropriate function of plastic strains, is an example of a commonly
used internal variable to describe the inelastic response of ductile mate-
rials. In CDM, common internal variables are parameters that indicate
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the extent, distribution, and orientation of the micro-cracks. One of the
central aspects of the theory of thermodynamics with internal variables
is related to the selection of the set of internal variables (in our case
damage variables).

Dissipation is governed by the second law of thermodynamics, which is
expressed by the Clausius-Duhem inequality, see Coleman and Gurtin
(1967):

ρθṡ ≥ ρė(s, ϵ,ω) − σ : ϵ̇, (7.2)

≥ ρ
∂e

∂ϵ
ϵ̇+ ρ

∂e

∂ω
ω̇ − σ : ϵ̇ = ρ

∂e

∂ω
ω̇ (7.3)

where ρ is the mass density, θ is the absolute temperature, σ is the
Cauchy stress tensor, and the symbol (:) represents the inner (scalar)
product of the two tensors. The substitution of Eq. (7.1) in (7.2) yields
the following expression for the dissipation rate:

D ≡ −ρ ∂e
∂ω

ω̇ ≥ 0. (7.4)

Using a Legendre transformation, the internal energy e can be
replaced by the Helmholtz free energy H:

H(θ, ϵ,ω) = e(s, ϵ,ω) − θs. (7.5)

Assuming isothermal processes only, the thermodynamic forces conjugate
to the damage variables are defined by:

Y = −∂H(ϵ,ω)
∂ω

. (7.6)

In CDM, the thermodynamic forces are the energy released per volume
due to the progression of damage. Lemaitre (1985) referred to Y as the
“energy release rate”, which is a term borrowed from fracture mechanics.
The dissipation rate inequality can now be viewed as the inner product
between the rates of the internal variables and the energy release rates

D = ρY : ω̇ ≥ 0. (7.7)

The kinetic equations for the internal variables are typically formulated
using the damage (dissipation) potential Q(Y,ω), which is an approach
similar to the use of a yield function (plastic potential) in plasticity
theory. These potential functions are constitutive equations that relate
the internal variables with their conjugate thermodynamic forces. The
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constitutive relations are usually based on relevant experimental data,
and are guided by the restrictions imposed by the principles of objectivity
and dissipation, see Eq. (7.7).

The state of damage is assumed to remain unchanged along a path of
strain in the interior of a well-defined region, called the elastic range, E .
It is further assumed that any state of stress or strain lies either inside E
or on the boundary ∂E of the elastic range, and is defined by the damage
(failure) surface. The damage surface is analogous to the yield surface
in plasticity theory, and defines the state and conditions that must be
satisfied for the onset or the continuation of the damage process.

The damage surfaces are defined in the thermodynamic force space, Y.
However, neither the forces, Y, nor their rates are directly controllable in
a loading process. Therefore, the damage surfaces are usually defined by
damage (failure) criteria in the stress space, fi(σ,ω, r), or strain space,
gi(ϵ,ω, r). The components of variable r are the damage thresholds,
which determine the size of the elastic region. In damage mechanics, the
damage thresholds, r, play a role that is similar to that played by the
yield stress in plasticity.

This section is organized as follows. First, the mechanical behavior
of laminated fiber-reinforced composite (FRC) materials is outlined in
section 7.4. Glass- or carbon-fiber-reinforced vinyl ester or epoxy resins
are considered to be in this class of materials. Special emphasis is given
to the interaction between fiber damage due to fiber stress and matrix
damage due to transverse and shear stresses on the basis of both the
elastic response and the ability to transmit various states of stresses. As
an outgrowth of various failure mechanisms, which is also denoted as
failure modes for fiber-composites in section 7.4, the loading surfaces in
the strain space for UD laminae are obtained by identifying them with the
corresponding failure surfaces in the stress space, see sections 7.5 and 7.6.
A set of “internal variables” is introduced, which are denoted as damage
variables, in order to indicate the state of anisotropic damage within
the limits of the theory for “homogenized continua”. These unknowns
are treated as phenomenological internal variables because they have no
direct relation to the micromechanics of crack and void growth.

A simple algebraic structure of the constitutive tensor for the dam-
aged lamina is proposed in section 7.5. Its dependence on the damage
variables gives rise to the application of the theory of internal variables
for irreversible mechanical processes. It provides the necessary kinetic
equations for the “internal (hidden) variables” of the damaged material.
For this purpose, a potential function – denoted as the damage potential
or dissipation potential – is introduced mainly for convenience.
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The Kelvin inequality of thermodynamics poses well-known restric-
tions on possible candidates for the dissipation potential. The second law
of thermodynamics is assumed to hold for the proposed set of internal
variables, despite the fact that the list may be incomplete. However, non-
negative dissipation should be an ingredient for any constitutive model if
the internal energy production is to be nonnegative. A family of growth
relations is then proposed next (see section 7.7) to complete the “rate-
independent” kinetic equations. The thesis is concluded by presenting nu-
merical examples for parameter identification, verification, and validation,
in the process describing a constitutive model with failure mechanisms
(intra-laminar failure: matrix cracks and fiber fractures) to predict the
onset and propagation of intra-laminar damage in laminated composites.

7.4 Failure mechanisms of fiber-reinforced
composites

In this work, the model, that is proposed for laminated composites,
predicts the intra-laminar failure mechanisms of matrix cracking in
tension, compression, and shear as well as fiber fracture in tension or
compression, see Hashin (1980). The concept of intra-laminar damage
modes is an extension of Hashin’s fiber fracture (FF) and Puck’s
inter fiber failure (IFF) criterion. The interfacial damage (interlaminar
failure) or delamination of individual layers is typically a failure form
of the laminate, and their mathematical modeling is beyond the scope
of this research topic. Intra-laminar failure mechanisms trigger the
structural collapse of unidirectional laminates almost immediately. In
matrix-dominated failure modes, the collapse of the unidirectional (UD)
laminate as a stack of laminae with the same direction angle occurs as
soon as a matrix crack is created. The failure of unidirectional laminates
loaded in the longitudinal (fiber) direction results from the accumulation
of fiber fractures, see Rosen and Dow (1972).

However, multi-directional laminates can sustain increasing amounts
of intra-laminar failure mechanisms before structural collapse occurs.
Considering the multi-directional laminate under uniform loading as a
representative volume element, intra-laminar failure mechanisms can
be regarded as damage mechanisms, i.e., distributed micro-cracks in a
laminate whose tangent stiffness tensor remains positive definite. When
the tangent stiffness tensor of the laminate ceases to be positive definite,
a macrocrack is formed and structural collapse ensues, see Maimí et al.
(2007).
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The main characteristics of the failure mechanisms occurring in lami-
nated composites are briefly described in the following sections. These
characteristics are the bases for the definition of the failure criteria and
damage variables used in this work.

7.4.1 Fiber failure or longitudinal failure
Stresses in the fiber direction are predominantly transmitted through the
fibers because of their high stiffness and strength in comparison with the
properties of the matrix material. The transmission of tensile stresses in
fibers is not significantly impaired by the state of damage in the matrix
because fibers straighten under high tension. The straightening of the
fibers may contribute to matrix damage in the absence of fiber rupture.
However, the load-carrying capacity of fibers in compression is severely
affected by the effective stiffness and strength of the surrounding matrix
phase. The matrix acts like an “elastic foundation” for the fibers, and is
treated in mechanical models as beams under compression. Both, fiber
rupture due to tension, and the buckling or kinking of fibers due to
compression cause damage evolution in resin matrices. As a consequence,
all the stiffness components of the constitutive tensor for the damaged
unidirectional lamina are typically degraded.

As explained above, fiber fractures are primarily caused by stress σ11
that acts parallel to the fibers. It expresses the physical idea that fiber
fractures under a multiaxial state of stress in a lamina with unidirectional
reinforcement (UD lamina) occur when its stress parallel to the fibers
σ11 is equal to or exceeds the stress necessary for fracture. The simple
Puck FF condition follows from this hypothesis, see Hashin (1980),
Knops (2008), Puck and Schürmann (2004), and Deuschle and Kröplin
(2012), and it describes by case distinction the tensile fiber mode

for σ11 ≥ 0: f+
E,FF =

(
σ11

R+
∥

)2

− 1
{

≥ 0 failed
< 0 elastic

(7.8)

and the compressive fiber mode

for σ11 < 0: f−
E,FF =

(
σ11

R−
∥

)2

− 1
{

≥ 0 failed
< 0 elastic

, (7.9)

where R+
∥ , R−

∥ denote the corresponding material strength parameters.
The coordinate system used above is according to Fig. 4.3. It can be
seen that a simple maximum stress criteria is used for fiber compressive
failure, which is generally verified by performing extensive experimental
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work, see Fischer (2003). More sophisticated fiber fracture criteria, see
Fischer (2003), Puck and Schürmann (2004), and Pinho et al. (2006a),
which describe the influence of transverse and shear stresses, are not
used in the present work owing to a lack of experimental data.

7.4.2 Inter-fiber failure or transverse failure
Normal stresses, that act transverse to the fibers and shear stresses
are transmitted through both the matrix and fibers. However, their
damaging effect mainly takes place in the matrix or in the fiber-matrix
interface, leading to debonding. Usually, the bond strength of the
interface zone between fibers and matrix is the lowest when compared
to data for the strength of the single constituents. Advancing cracks
in the matrix soon pass into the fiber-matrix interface and propagate
along the fibers without crossing into the fiber material. The progressive
opening of existing cracks is characteristic of tensile loading in the
transverse direction, whereas in the context of “fragmentation” of brittle
matrix materials, “crushing” is typical for compression in the transverse
direction. Under impact loading, brittle materials completely crumble
or pulverize in extreme cases. Following FF, see Figs. 4.1(a) and (b),
and IFF, see Figs. 4.1(c) to (e), observations outlined above, the failure
modes considered in the proposed model are schematically represented
in Fig. 4.1.

Experimental results have shown that moderate values of transverse
compression positively affect the strength of a ply, see Soden et al. (2004):
when the in-plane shear stress is large; compared to the transverse
compressive stress, the fracture plane is perpendicular to the mid-plane
of the ply. However, increasing the compressive transverse stress causes
a change in the angle of the fracture plane. Normally, for carbon-epoxy
and glass-epoxy composites, which are loaded in the pure transverse
compression, the fracture plane is at an angle (fracture angle) of 53° ± 3°,
see Puck and Schürmann (2004). Therefore, matrix cracking does not
occur in the plane of the maximum transverse shear stress under an
angle of 45°.

For the transverse failure described above, the Puck IFF criteria are
most promising for brittle, plastic UD laminates, see Fig. 4.14. The
UD-ply behaves transversely isotropic in both cases, i.e., elasticity and
failure. Puck assumes a Mohr-Coulomb type of failure criterion for
loading transverse to the fiber direction. Failure is assumed to be caused
by the normal and shear components operating on the action plane of
stresses σn, τn1, τnt, see Fig. 4.14 and Hashin (1980). A positive normal
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stress on this plane promotes fracture while a negative one increases the
material’s shear strength, thus, impeding fracture. Puck’s stress-based
failure criteria enable the computation of the material exposure fE,IFF(θ)
as a failure indicator, where θ is the orientation angle.

The values of fE,IFF(θ) range from 0, where the material is unstressed,
up to 1, denoting the onset of IFF. The material exposure fE,IFF(θ)
is a function of the stress state σ and the orientation angle θ of the
stress action plane with respect to the transverse direction x2, as in
Fig. 7.5 right. The fracture plane stresses are obtained by rotating the
three-dimensional (3D) stress tensor from material coordinates to the
preferred axes of the fracture plane, which is also designated as the
action plane of stresses. The master failure surface on the fracture plane
is defined in terms of the Mohr-Coulomb stresses, thus yielding the
following failure criteria by case distinction in tension and compression,
for σn ≥ 0:

f+
E,IFF(θ) =

√√√√
[

1
R+

⊥
−
p+

⊥ψ
RA⊥ψ

]2

[σn(θ)]2 +
[
τnt(θ)
RA⊥⊥

]2
+
[
τn1(θ)
R⊥∥

]2

+
p+

⊥ψ
RA⊥ψ

σn(θ) − 1
{

≥ 0 failed
< 0 elastic

(7.10)

and for σn < 0:

f−
E,IFF(θ) =

√√√√
[
τnt(θ)
RA⊥⊥

]2
+
[
τn1(θ)
R⊥∥

]2
+
[
p−

⊥ψ
RA⊥ψ

σn(θ)
]2

+
p−

⊥ψ
RA⊥ψ

σn(θ) − 1
{

≥ 0 failed
< 0 elastic

(7.11)

The only unknown parameters in these equations are p±
⊥ψ, RA⊥ψ, and

RA⊥⊥, which depend on the shear stresses τnt and τn1 according to the
following equations:

p±
⊥ψ
RA⊥ψ

= p±
⊥⊥
RA⊥⊥

τ2
nt

τ2
nt + τ2

n1
+
p±

⊥∥

R⊥∥

τn1
2

τnt2 + τn12 (7.12)

and RA⊥⊥ = R−
⊥

2(1 + p−
⊥⊥)

, (7.13)

where R+
⊥, R⊥∥, and R−

⊥ denote the corresponding material strength
parameters, and p±

⊥⊥ andp±
⊥∥ are constants introduced by Puck, see Puck
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and Schürmann (2004). The action plane with the greatest failure effort
fE(θ) (where θ = −90° to + 90°) is the fracture plane to be expected,
[fE(θ)]max = fE|θ=θfp . Once the failure plane with maximized fE(θ)
is found, the fracture angle as θfp is kept constant in the model, and
progressive failure, which is based on the idea of continuum damage, is
applied to the material model for the corresponding lamina at hand, as
explained below.

The failure criteria may be interpreted as loading criteria, which is a
terminology encountered in strain-space plasticity. The role played by
the yield stress in plasticity will be taken by the threshold variables ri
in damage mechanics. As proposed by Kachanov in classical con-
tinuum damage mechanics, only the undamaged (whole) part of the
cross-section A (net-area) for the uniaxial case is supposed to carry
loading, i.e., transmit stresses. Consequently, the stresses σij in the
failure criteria should be interpreted as effective stresses σ̂ij , and they
refer to the net area. This means that the failure criteria are assumed
to hold in terms of the effective stresses rather than the nominal ones.

7.4.3 Interlaminar failure (delamination)
As described previously, a laminate, as a stacked composition of several
laminae, may fail by the separation of two or more of its layers. Such
a delamination process is caused by interlaminar stresses acting on the
interface, namely the through-thickness tension, and in-plane or through-
thickness shear. However, delamination modeling is beyond the scope of
this chapter, and is discussed in Appendix B.
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Figure 7.2: Section of a laminate [0°/90°/90°/0°] under increasing load:
(a) first ply failure IFFs in the 0°-laminae, (b) second ply
failure IFFs in the 90°-laminae and (c) ply failure by FFs in
the 90°-laminae and complete rupture of laminate.

7.4.4 Qualitative example showing progressive failure
of cross ply laminates

The failure of a composite material is a sequence of the described indi-
vidual but interacting failure mechanisms. The progressive damage of a
symmetric [0°/90°/90°/0°] cross-ply laminate, loaded in the y-direction,
(see Fig. 7.2) is representative of the complex and interacting failure pro-
cess of UD-fiber-reinforced composites. Loaded in-plane by a tensile force,
the first damage occurs in the 0°-laminae, where the fiber-transverse
tensile stress σ+

22 ⊥ produces first ply failure in the form of vertical micro-
cracks, IFFs (θfp = 0°). Increasingly loaded, the 0°-laminae develop
more and more IFFs, see Fig. 7.2(a), going along with the decrease
of the stiffness, which is denoted as the degradation of these laminae.
The result is a load redistribution from the damaging laminae to the
neighboring ones. Accordingly, the tensile stress σ+

11 ∥ in the 90°-laminae
increases together with the laminae’s lateral contraction, which is known
as Poisson’s effect. Impeded by the fibers of the 0°-laminae (they
carry compressive σ−

11 ∥), the result is a fiber-transverse tension σ+
22⊥ in

the 90°-laminae producing the second ply failure: vertical IFFs in the
90°-laminae, see Fig. 7.2(b). Still capable of bearing load, the laminate
may be increasingly stressed until the subsequent fiber fractures in the
90°-laminae mark the complete ply failure and the final breakdown of
the laminate, see Fig. 7.2(c). This example proves the importance of
the distinction between fiber fracture (FF) and inter fiber failure (IFF)
regarding progressive failure analysis in a damage-tolerant design process.
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x3 x2

n
ω̄ = ωn

Figure 7.3: Description of damage normal vector.

x1

x2

n⊥, nIFF

n∥ = nIFF

Figure 7.4: Failure planes with their damage normal vectors, see Matzen-
miller, Lubliner, et al. (1995).

7.5 Damage variables, effective stresses and
compliance tensor

7.5.1 Damage variables and the concept of effective
stresses

As already indicated at the outset, the orthotropic nature of the me-
chanical response is maintained at all states of damage for treating the
lamina as a homogenized continuum. This assumption permits the mod-
eling of damage by macrocracks, coinciding with the failure planes, as
in Fig. 4.1. The orientation of each set of cracks for fiber and inter fiber
damage is given by the unit normal vector n, see Fig. 7.3, which is also
denoted as the damage normal. A nonnegative scalar-valued damage
variable ω is introduced that measures the degradation of the elastic
material properties as stiffness loss or flexibility increase. It may be
identified as the void area density. According to Fig. 7.3, the damage
vector ω̄ may be defined as:

ω̄ = ωn. (7.14)
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Figure 7.5: Left, action plane with max IFF in laminae coordinate system
(x1, x2, x3); right, coordinate system (x1, xn, xt) on inter fiber
fracture plane, as in Knops (2008).

By considering two different arrays of oriented cracks for FF and IFF,
their normals nFF and nIFF need to be defined, see Fig. 7.4. The normal
vector nFF, which is perpendicular to the fiber fracture plane is defined
as nFF = [1 0 0]⊺. This vector transformed to lamina coordinate system
from fracture plane will be n∥ = TnIFF. Similarly, the fiber damage
vector is defined as ω̄∥ = ωFFn∥. The normal vector nIFF, which is
perpendicular to the fracture plane, see Fig. 7.5 right, is then defined in
the fracture plane coordinate system (x1, xn, xt) as:

nIFF =




0
1
0


 (7.15)

This vector, if transformed to the lamina coordinate system, with the
orthogonal transformation matrix T from fracture plane coordinates
(x1, xn, xt) to lamina coordinates (x1, x2, x3) can be written as:

n⊥ = TnIFF =




0
cos θfp
sin θfp


 (7.16)

Similarly, the transverse damage vector is defined as:

ω̄⊥ = ωIFF




0
cos θfp
sin θfp


 (7.17)
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For IFFs with vertical micro-cracks, it is θfp = 0. Hence, substituting
the same in Eq. (7.17) yields:

ω̄⊥ = ωIFF




0
1
0


 (7.18)

If the degradation is described in the sense of Cauchy’s stress concept,
six different nonnegative damage parameters ω11, ω22, ω33, ω12, ω23,
and ω13 are defined in order to quantify the relative size of macrocracks
projected onto the coordinate planes, and they are assembled in the
rank-four damage operator M, given in the Voigt notation of Eq. (7.21).
In CDM, the effective normal stresses σ̂ are related to the damage
parameters ωij because for the uniaxial case, only the undamaged part
of the cross-section A is supposed to carry loading. Consequently, the
stresses σij in the failure criteria should be interpreted as effective stresses
σ̂ij , which refer to the net area:

σ =




σ11
σ22
σ33
τ12
τ23
τ13



, σ̂ =




σ̂11
σ̂22
σ̂33
τ̂12
τ̂23
τ̂13



, ω =




ω11
ω22
ω33
ω12
ω23
ω13




(7.19)

A simple relationship between effective stress σ̂ and the nominal one σ
holds:

σ̂ = Mσ, (7.20)

where M represents the rank-four (uncoupled) damage operator given in
Voigt notation as:

M =




1
1 − ω11

0 0 0 0 0

0 1
1 − ω22

0 0 0 0

0 0 1
1 − ω33

0 0 0

0 0 0 1
1 − ω12

0 0

0 0 0 0 1
1 − ω23

0

0 0 0 0 0 1
1 − ω13




(7.21)
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7.5.2 Constitutive tensor of damaged UD laminae
The nonlinear elasticity behavior for in-plane shear is modeled according
to the Ramberg-Osgood type of material equation for the estimation of
an equivalent stress function corresponding to an equivalent strain state:

σ = G12ϵ
[
1 +

(
G12ϵ
σ0

)n] 1
n

(7.22)

where G12 is the elastic modulus, σ0 is the stress-like material param-
eter, and exponent n is the degree of nonlinearity, see Ramberg and
Osgood (1943). To keep the incremental aspect of the implementation
in LS-DYNA®, the stresses are computed according to the Eqs. (3.2)
and (3.3), where the stiffness parameter G12 and G13 are replaced by
the instantaneous tangential stiffnesses depending on the current strain
state, being expressed by:

dσ
dϵ = G12

[
1 +

(
G12ϵ
σ0

)n]1+ 1
n

(7.23)

In the undamaged state, a lamina behaves equally in the transverse
2-direction and the through-thickness 3-direction, enabling us to re-
duce the general anisotropy to a transversely isotropic behavior with
only a fiber-parallel ∥ (1) and fiber-perpendicular ⊥ (2) direction, see
Fig. 4.3(b). The constitutive behavior, i.e., the material-equation that
relates the states of stress to states of strain, is then defined by the
transversely isotropic compliance matrix S in Voigt notation for the
UD laminae prior to the damage initiation, see Eq. (7.21). As dis-
cussed above, only the in-plane shear modulus G∥⊥(ϵ12) is modeled
according to the Ramberg-Osgood type of nonlinear material equa-
tion:



ϵ11

ϵ22

ϵ33

γ12

γ23

γ13




=




1
E1

−ν21

E2

ν31

E3
0 0 0

−ν12

E1

1
E2

−ν32

E3
0 0 0

−ν13

E1
−ν23

E2

1
E3

0 0 0

0 0 0 1
G12(γ12) 0 0

0 0 0 0 1
G23

0

0 0 0 0 0 1
G13(γ13)







σ11

σ22

σ33

τ12

τ23

τ13




(7.24)
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For the pure failure analysis of a UD-fiber-reinforced composite, the
transversely isotropic material description is generally adequate, but
within the post-failure degradation process, the lamina starts to behave
truly orthotropic if not completely anisotropic. After the onset of crack-
ing, the lamina’s elastic behavior is assumed to be orthotropic with
obvious planes of symmetry and privileged axes (x1, x2, x3), as given in
Fig. 7.5.

Instead of taking the elasticity constants themselves as unknowns, see
Ortiz (1985) and Ju (1989), the components of the constitutive tensor
are represented as functions of the vector ω, comprising all internal
damage variables as well as the material parameters of the undamaged
lamina. The constitutive tensor C(ω) is derived by physical arguments
and using information of the dependencies between the effective elastic
properties and individual damage variables. Generally, for a given ar-
bitrary damage operator, the postulate of strain equivalence yields an
unsymmetrical constitutive tensor, which should be rejected as a model
for the elastic behavior. Here, this hypothesis serves as a first guidance
together with physical arguments to set up the constitutive tensor C(ω)
for the damaged lamina. To incorporate the dependence on damage in
the constitutive assumption, the compliance relationship is more easily
accessible in order to relate the material parameters to the mechanical
response in the coordinate system with privileged axes. The compliance
relationship for orthotropic elasticity in terms of effective stresses σ̂ is
given as:

ϵ= H0σ̂, (7.25a)

H0 =




1
E1

−ν21

E2
−ν31

E3
0 0 0

−ν12

E1

1
E2

−ν32

E3
0 0 0

−ν13

E1
−ν23

E2

1
E3

0 0 0

0 0 0 1
G12(γ12) 0 0

0 0 0 0 1
G23

0

0 0 0 0 0 1
G13(γ13)




, ϵ=




ϵ11

ϵ22

ϵ33

γ12

γ23

γ13




.

(7.25b–c)

Note that Eq. (7.25b) is symmetric. Equations (7.20) and (7.25a)
result in:

ϵ = H0σ̂ = H0Mσ. (7.26)
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The final relationship of the compliance tensor for the damaged lam-
inae H(ω) takes the following form after Poisson’s ratios ν12(ω) and
ν21(ω) are adjusted according to the qualitative arguments presented in
Matzenmiller, Lubliner, et al. (1995):

H(ω)=




1
(1−ω11)E1

−ν21
E2

−ν31
E3

0 0 0

−ν12
E1

1
(1−ω22)E2

−ν32
E3

0 0 0

−ν13
E1

−ν23
E2

1
(1−ω33)E3

0 0 0

0 0 0 1
(1−ω12)G12(γ12)

0 0

0 0 0 0 1
(1−ω23)G23

0

0 0 0 0 0 1
(1−ω13)G13(γ13)




(7.27)

As explained earlier, the orthotropic nature of the lamina as a homog-
enized continuum is maintained throughout the damaging process, and
the shear coupling terms are neglected. Therefore, the symmetry class
of the UD lamina remains the same for all states of damage. Further,
its inverse always exists as long as the damage variables are less than
one (ωij < 1). Hence, the material stiffness tensor is given by, see
Matzenmiller, Lubliner, et al. (1995):

C(ω) = [H(ω)]−1. (7.28)

7.6 Loading surfaces and loading conditions
7.6.1 Loading criteria
The state of damage is unchanged along a path of strain in the interior of
a well-defined region, called the elastic range E . Further, it is supposed
that any state of stress or strain lies either inside E or on the boundary
∂E of the elastic range, and is defined by the loading criterion in the
stress space f(σ,ω, r) or strain space g(ϵ,ω, r) in terms of either σ or
ϵ, and the damage variables ω as well as the threshold r. If the elastic
range is bounded by several surfaces fi or gi, each surface can have its
own threshold ri. The vector of damage thresholds r measures the size
of the elastic region. Here, it is assumed that their evolution is governed
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by the consistency condition ġ = 0, which relates the evolution of the
thresholds r to that for the damage variables assembled in ω. Therefore,
the thresholds r are no longer independent internal variables.

After formally replacing the stress components σij in the failure criteria
by effective ones σ̂ij , the loading surfaces f±

1 is derived for the fiber
mode (FF) and f±

2 for the matrix IFF mode using case distinctions:

for σ11 ≥ 0: f+
1 = σ2

11
(1 − ω+

11)2(R+
∥ )2 − r+

1 = 0 (7.29)

and for σ11 < 0: f−
1 = σ2

11
(1 − ω−

11)2(R−
∥ )2 − r−

1 = 0, (7.30)

where r+
1 and r−

1 are the threshold variables, which vary from 1 to ∞
for tension and compression.

The fiber-loading criterion in stress space may be written by case
distinction as:

f±
1 = σ

⊺F±
1 σ − r±

1 = 0, (7.31)
where

F±
1 =




[
(1 − ω±

11)R±
∥
]−2 0 0 0 0 0

0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0




(7.32)

It is well known that the stress-strain relationship in softening branches
of its graph is stable under strain control only. Hence, to transform the
f (stress space) into g (strain space), the constitutive tensor is employed
to change the defining spaces.

For fiber-failure (parallel) mode:

for σ11 ≥ 0: g+
1 =

(
E1ϵ11

(1 − ω+
11)R+

∥

)2

− r+
1 = 0 (7.33)

and

for σ11 < 0: g−
1 =

(
E1ϵ11

(1 − ω−
11)R−

∥

)2

− r−
1 = 0. (7.34)

The above equations Eq.(7.33)and Eq.(7.34)may be written conveniently
as

gi = ϵ
⊺Giϵ− ri = 0. (7.35)
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with Gi = CFiC, where i = 1, 2 are the two different modes.
Similarly, for the IFF matrix mode, for σn ≥ 0:

f+
2 =

√√√√
[

1
R+

⊥
−
p+

⊥ψ
RA⊥ψ

]2

σ2
n +

[
τnt
RA⊥⊥

]2
+
[
τn1
R⊥∥

]2

+
p+

⊥ψ
RA⊥ψ

σn − r+
2 = 0

(7.36)

and for σn < 0:

f−
2 =

√√√√
[
τnt
RA⊥⊥

]2
+
[
τn1
R⊥∥

]2
+
[
p−

⊥ψ
RA⊥ψ

σn

]2

+
p−

⊥ψ
RA⊥ψ

σn − r−
2 = 0.

(7.37)

f±
2 = σ

⊺F±
2 σ − r±

2 = 0, (7.38)

where

F±
2 =




0 0 0 0 0 0
0 ((1−ω22)R±

⊥)−2 0 0 0 0
0 0 ((1−ω33)R±

⊥)−2 0 0 0
0 0 0 ((1−ω12)R⊥∥)−2 0 0
0 0 0 0 ((1−ω23)R⊥∥)−2 0
0 0 0 0 0 ((1−ω13)R⊥∥)−2




(7.39)

Also, g±
2 = ϵ

⊺G±
2 ϵ− r±

2 = 0. (7.40)

G2 = CF2C =



0 0 0 0 0 0
0 ((1−ω22)R±

⊥)−2 0 0 0 0
0 0 ((1−ω33)R±

⊥)−2 0 0 0
0 0 0 ((1−ω12)R⊥∥)−2 0 0
0 0 0 0 ((1−ω23)R⊥∥)−2 0
0 0 0 0 0 ((1−ω13)R⊥∥)−2




(7.41)
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7.6.2 Loading conditions
The present model is derived within the framework of irreversible thermo-
dynamics, see Lubliner (1990) and Matzenmiller, Lubliner, et al. (1995),
with internal variables that provide a qualitative measure of the effects
of randomly distributed micro-defects on the macro-parameters of a
structure. The boundary ∂E in the strain space moves (at least locally)
“outwards” with increasing strains, if the strain rate forms an acute angle
with the gradient ∇ϵgi at the given state of strain on the loading surface.
The damage state changes under these conditions, and is called

loading gi = 0 and ∂gi
∂ϵ

ϵ̇ > 0, (7.42a)

neutral loading gi = 0 and ∂gi
∂ϵ

ϵ̇ = 0, (7.42b)

unloading gi = 0 and ∂gi
∂ϵ

ϵ̇ < 0. (7.42c)

Besides the damage variables ω and the damage thresholds r =[
r±

1 r±
2
]⊺, no other internal variables have been introduced to describe

the location of the loading surface in the strain space. The origin is
contained in the elastic range E at all states of damage. Therefore, E
has to expand at least locally when its boundary moves ∂E “outwards”
during loading, and the time derivative of the damage threshold ṙ must
be nonnegative ṙ ≥ 0. The consistency condition in the strain space
has to provide a monotonically increasing threshold r for a meaningful
loading surface g = 0 in the strain space.

ġi = ∂gi
∂ϵ
ϵ̇+ ∂gi

∂ω
ω̇ − ṙi = 0. (7.43)

7.7 Kinetic assumption
Damage growth ω̇ > 0 will occur when the strain path crosses the
updated damage surface gi − ri and the strain increment has a non-zero
component in the direction of the normal to the damage surface, i.e.,

∑

i

∂gi
∂ϵ
ϵ̇ > 0. (7.44)

For simplicity, no case distinctions are made in the following subsection
for the damage variables ω, for which active and passive states may be
evenly distinguished.
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7.7.1 General form of damage rule
In the presence of strain softening, the rate of evolution of the damage
ω̇(σ,ω, ϵ̇) is supposed to be locally controllable under the strain rate ϵ̇.
Under these conditions, the rate-equations are:

ω̇ =
∑

i

φiqi = φ1q1 + φ2q2. (7.45)

The scalar functions φi(σ,ω, ϵ̇) are multiple damage functions that con-
trol the amount of growth, and the vector-valued functions qi(σ,ω)
represent multiple damage coupling vectors that accommodate the cou-
pling of growth for the individual damage variables in the various damage
modes. In addition, φi must be linear in ϵ̇ for a rate-independent process,
see Matzenmiller, Lubliner, et al. (1995).

7.7.2 Growth functions
The strain increment ϵ̇ dt indicates the direction of the loading path ϵ(t)
as it attempts to cross the loading surface g = 0 in the strain space.
The scalars φi ≥ 0 have to be associated with each loading direction ϵ̇
in relation to the orientation of the normal ∇ϵgi, and they must be in
accordance with the loading conditions:

φ̇i = 0 if gi = fi ≤ 0. (7.46)

The strain path is either in the interior of the elastic range E or comes
into contact with the boundary ∂E to yield in the the case of loading:

φ̇i > 0 if gi = fi = 0+. (7.47)

The strain path crosses the loading surface fi = gi = 0, which is indicated
by the “+” sign at the end of the criterion in Eq. (7.47). The strain
increment has a non-zero component that points in the direction of the
gradient ∇ϵgi.

Without loss of generality, the interacting damage parameters lIFF τn1

and lIFF τnt
for the IFF damage mode are assembled in the coupling

vector qIFF in the fracture-plane coordinate system (x1, xn, xt):

qIFF =
[
0 1 0 lIFF τn1 0 lIFF τnt

]⊺
. (7.48)

The coupling of the rate-equations for the fluxes ω̇ is controlled by the
vectors l∥ for FF and l⊥ for IFF, which may be different for tension
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θfp = 0° θfp = 0° θfp = 45° to 53° θfp = 90°

Inter fiber failure Inter fiber failure Inter fiber failure Inter fiber failure

Figure 7.6: Schematic representation of fracture angle θfp for various
IFF, as in Knops (2008).

and compression. The following proposal satisfies the physical aspects
of interacting coupling variables for the FF coupling vector q1 in the
lamina coordinate system (x1, x2, x3):

q1 = l∥ =
[
1 l∥σ22 l∥σ33 l∥τ12 l∥τ23 l∥τ13

]⊺
. (7.49)

The components l∥σ22 , l∥σ33 , l∥τ12 , l∥τ23 , and l∥τ13 indicate coupling of
the damage variables ω22, ω33, ω12, ω23, and ω13 for matrix cracking
due to the progressive fiber-breakage damage variable ω11. They may be
estimated from experimental observations and according to the various
failure modes of Puck, see Fig. 4.1 and Fig. 7.6. The vector qIFF, which
is transformed to the lamina coordinate system, becomes the vector q2
in Eq. (7.45).

The local coupling vector qIFF is transformed to the lamina coordinate
system as a function of the fracture angle θfp Hence, without loss of
generality, the evolution of damage variables ω̇ in the lamina coordinate
system will be according to Eq. (7.45):

ω̇ =




ω̇11
ω̇22
ω̇33
ω̇12
ω̇23
ω̇13




= φ1




1
l∥σ22

l∥σ33

l∥τ12

l∥τ23

l∥τ13




+ φ2




0
l⊥σ22

l⊥σ33

l⊥τ12

l⊥τ23

l⊥τ13




(7.50)

In the softening range of post-critical stress states, the damage growth
functions φi can be obtained in the form of

Φi =
∫ t

0
φi dt̄ = 1 − e

1
mi

(1−[ri]mi ), ri ≥ 1, (7.51)

see Gama et al. (2009), where mi is the strain-softening parameter and
ri is the damage threshold for the criterion gi at hand, see Matzenmiller,
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Figure 7.7: Degradation of stresses with respect to strain with different
softening parameters.

Lubliner, et al. (1995). The damage threshold can be expressed as the
ratio between the current total strain ϵ and the corresponding yield
strain ϵy in the uniaxial case:

r = ϵ

ϵy
. (7.52)

At the onset of failure, which is triggered by the failure criteria, the
value of Φi is zero. As the damage progresses, the growth function Φi

increases with the damage variables ωij . Therefore, the stiffness of the
material is eventually diminished until a final value of zero is reached.
The degradation of stresses with respect to the strain with different
strain-softening parameters is clearly shown in Fig. 7.7.

The degradation procedure according to the continuum damage me-
chanics method, which is explained in the previous section is depicted in
the flowchart in Fig. 7.8. First, the failure criteria are computed in the
stress space, and is then converted into strain space. Here, in the strain
space, the damage evolution is computed and updated. Based on the
damage increment, the respective elastic moduli are degraded and the
stress state is updated.
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Figure 7.8: Flowchart for progressive damage simulation.
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7.8 Implementation of user-defined material
in LS-DYNA®

The failure mode theory, described above for FRP in LS-DYNA®, are
implemented as a “user-defined material”, because LS-DYNA® does
not distinguish between the material model and the failure criterion.
Material models 41–50 are defined in LS-DYNA® for these user-defined
material models. A total of two material models is implemented, one for
shell elements and the other for solid elements.

7.8.1 Program structure
User-defined material models in LS-DYNA® are programmed in the
language FORTRAN. The material model is directly integrated as a
subroutine in the source code of LS-DYNA®. The routine receives the
variables, which are listed in Table 7.1, from the main program. The
variables required for this work are described in more detail below.

The vector cm may contain up to 48 values for isotropic materials,
and is limited to 40 values for orthotropic materials. Further values,
which are unlimited by number, can be read from a file. The incremental
strain tensor eps(x) contains strains ∆ϵ and shears ∆γ of the material
in material coordinates. The stress vector sig(x) contains the stresses of
the previous time step tn−1, also in material coordinates. The x-axis in
the material coordinate system is placed in the direction of the fiber, see
Fig. 4.3. The results of the stress calculation at time tn are also returned
via vector sig(x) to the solver, and are written in the result file. The
mapping of index x to the corresponding stresses and strains is given in
Table 7.2.

Table 7.1: Input parameters.

Variable Meaning
cm Vector defining user-defined material parameters
eps Incremental strain tensor
sig Stress vector
hisv History variable vector
dt1 Time step size
etype Element type
time Current Simulation time
temp Temperature
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Table 7.2: Mapping of the index to stresses and strains.

Index x Strains Stresses
1 ϵ11 σ11
2 ϵ22 σ22
3 ϵ33 σ33
4 γ21 τ21
5 γ32 τ32
6 γ31 τ31

The vector hisv contains additional results that are defined by the user,
e.g., the failure modus and failure angle. The vector of the previous time
step is given to the routine in the same way as the stress vector sig(x),
and the value, which is calculated for the current time step, is written
to the result file.

Variable etype passes the element type to the routine, “shell” is used
for shell elements, and “brick” is used for solid elements.

7.8.2 Input parameters and history variables
A total of twenty-four parameters from the keyword file are passed to
the material model. The parameters passed are each divided so that
only logically related parameters in a row of eight columns stand, as this
increases the clarity of the input. The passed parameters are divided
into one row for material stiffness, one for line strengths, one row for the
parameter of the failure criteria, and a fourth row for other parameters,
so a total of 32 values must be entered. For readability and to increase
the maintainability of the code, the variables cm(x) are passed to variables
whose name describes its content at the beginning of the subroutine. The
assignment of the transfer parameters to the variables and parameters is
shown in Table 7.3. Exceptions are the values cm(31) and cm(32), which
contain parameters for the calculation of the contact stiffness and the
time step control required by LS-DYNA®, see Hallquist et al. (2014). A
complete material map for a *MAT_USERDEFINED_MATERIAL is represented
in Table 7.4. The key results, which are computed from the material
model are stored in sixteen history variables, as described in Table 7.5.

The number of investigated action planes num_ap for IFF must al-
ways be odd in order to ensure the detection of a possible zero degree
intermediate fiber fracture. It is essential that a sufficient number of
sectional planes be specified in order to obtain good results. Values
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Table 7.3: Input parameters and variables.

Parameter Variable Symbol
cm(1) E1 E∥

cm(2) E2 E⊥
cm(3) E3 E⊥
cm(4) nu_12 ν⊥∥

cm(5) nu_23 ν⊥⊥
cm(6) nu_13 ν⊥∥

cm(7) G_12 G⊥∥

cm(8) G_23 G⊥⊥
cm(9) G_13 G⊥∥

cm(10) e_p_f E∥F
cm(11) pr_sp_f ν⊥∥F
cm(12) r_p_pl R+

∥
cm(13) r_p_mi R−

∥
cm(14) r_s_pl R+

⊥
cm(15) r_s_mi R−

⊥
cm(16) r_sp R⊥∥

cm(17) p_sp_pl p+
⊥∥

cm(18) p_sp_mi p−
⊥∥

cm(19) p_ss_pl p+
⊥⊥

cm(20) p_ss_mi p−
⊥⊥

cm(21) num_ap number of action planes
cm(22) m_s_f mσF

cm(23) s s
cm(24) m m
cm(25) aff Switch between advanced (aff = 1) and simple

fiber fracture (aff = 0)
cm(26) apc Switch between puck failure criteria and

simple failure criteria
cm(31) B Bulk modulus
cm(32) G Shear modulus
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Table
7.4:Input

param
eters

for
user

defined
m

aterialm
odel.

*MAT_USER_DEFINED_MATERIAL_MODELS
$#

mid
ro

mt
lmc

nhv
iortho

ibulk
ig

1
1.5280E-6

43
32

40
1

31
32

$#
ivect

ifail
itherm

ihyper
ieos

lmca
unused

unused
0

1
0

0
1

0
$#

aopt
mafc

xp
yp

zp
a1

a2
a3

3.000000
1.000000

0.000
0.000

0.000
0.000

0.000
0.000

$#
v1

v2
v3

d1
d2

d3
beta

ievts
0.000

1.000000
0.000

0.000
0.000

0.000
90.000000

0
$#

p1
p2

p3
p4

p5
p6

p7
p8

135.71800
8.907000

8.907000
1.2000E-2

1.2000E-2
0.370000

6.281000
3.251000

$#
p1

p2
p3

p4
p5

p6
p7

p8
6.281000

230.00000
0.200000

2.187000
0.991000

4.6000E-2
0.155000

9.6000E-2
$#

p1
p2

p3
p4

p5
p6

p7
p8

0.430000
0.340000

0.130000
0.130000

7.000000
1.100000

0.500000
0.500000

$#
p1

p2
p3

p4
p5

p6
p7

p8
1.000000

1.0000E-3
0.000

0.000
0.000

0.000
34.234341

31.578939
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Table 7.5: Description of history (results) variables.

History
variable Variable Value
hisv(1) Fiber failure tension 0 to 1: elastic

≥1: failure criterion reached
hisv(2) Fiber failure compression 0 to 1: elastic

≥1: failure criterion reached
hisv(5) Damage fiber failure tension 0: no damage

1: fully damaged
hisv(6) Damage fiber failure

compression
0: no damage
1: fully damaged

hisv(7) Damage inter fiber failure 0: no damage
1: fully damaged

hisv(9) Not used Not used
hisv(10) Inter fiber failure tension 0 to 1: elastic

≥1: failure criterion reached
hisv(11) Inter fiber failure compression 0 to 1: elastic

≥1: failure criterion reached
hisv(12) Angle of fracture plane (most

critical)
−90° to 90°

between 91 and 181 are recommended, i.e., an increment of 1° to 2°. If
the variable af is set to zero, then the simple maximum stress criteria is
used for the fiber fracture. For any other value, the failure criterion is
used for the spatial state of stress at the fiber level. The compression
and the quasi-isotropic shear modulus required by LS-DYNA® from E∥
are calculated according to

B = E∥

3(1 − 2ν⊥∥) , G = E∥

2(1 + ν⊥∥) . (7.53)

These moduli are required for contact and stability purposes inside
LS-DYNA® solver.

7.9 Numerical examples for failure analysis
7.9.1 Verification example: One element test
In this verification example, a tension test under loading transverse to
the fiber direction on a UD-reinforced laminated composite is presented.
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Figure 7.9: Left, evolution of damage variable ω22 in the original 2D
model and the current 3D model and right, transverse stress-
strain curve in both of the models.

The lamina material properties for elasticity are: E1 =126 GPa, E2 =
11 GPa, E3 = 11 GPa, ν12 = 0.28, ν23 = 0.40, ν13 = 0.28, G12 = 9 GPa; and
for strength: R+

⊥ =45 MPa, R⊥∥ =79 MPa, R+
∥ =1950 MPa. The load

is applied in the transverse (to fiber) direction until complete fail-
ure.

Fig. 7.9 represents the evolution of the damage variables in both the
original 2D model and the current 3D extension of the model for the
strain-softening exponent m = 1.0. Unlike in the original 2D model from
Matzenmiller, Lubliner, et al. (1995), where the damage variables affect
the stress-strain curves over the entire strain range, in the current model,
the damage variables are only applicable to the post-failure part. To
avoid strain localization, a smeared formulation should be utilized similar
to Kurnatowski (2010). The basic principle of the smeared formulation
is the introduction of a length parameter in the damage constitutive law
in order to achieve a constant energy release per unit area of the crack,
generated independently of the element dimensions.

Fig. 7.10 and Fig. 7.11 represent the evolution of the damage variable
and stress vs. strain relationship from the numerical simulation at differ-
ent values of exponent m from the current model. It can be seen that
the deformation behavior in the loading path remains unchanged with
various values of the damage exponent m. After reaching the maximum
stress, the rate of damage progression increases with increasing m, thus
representing a more brittle behavior.
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Figure 7.10: Evolution of damage variable ω22 with different expo-
nents m.

0 0.5 1 1.5 2
0

20

40

Strain ϵ22 [%]

St
re

ss
σ

22
[M

Pa
]

m = 0.1
m = 1.0
m = 4.0

x1

x3
x2

0°
0°
0°
0°

0°
x1

x2

Figure 7.11: Effect of exponent m on the transverse stress-strain curve.
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7.9.2 Verification example: Thin-walled tube

The thin-walled, single-layered composite tube in Fig. 7.12 serves as a
second verification example for the meso-level approach with the multi-
layered solid element, see Chatiri, Schütz, and Matzenmiller (2010),
Fiolka and Matzenmiller (2007), and Kurnatowski, Chatiri, et al. (2011).
The inner and outer radii of the tube are ri = 16.5 mm and ra = 18.5 mm
with a tube length of lx = 100 mm. The angle of the filament winding
relative to the cylinder axis x3 is denoted by Θ. The composite consists
of the E-glass-fiber-reinforced epoxy resin MY750 with a fiber-volume
content of νf = 60 %. The strength parameters, Puck constants in
the failure criteria of Eq. (7.10) or Eq. (7.11), and the elasticity moduli
of the E-glass-fiber-reinforced epoxy resin MY750 are taken from the
world wide failure exercise (WWFE), see Soden et al. (2004, pp 36),
as well as from Puck and Schürmann (2004, pp 846), and they are
also added to Table 7.6. The material parameters for nonlinear elastic
in-plane shear behavior, which is modeled according to the Ramberg-
Osgood equation, are identified as σ0 = 107 MPa and n = 9. The
exponent parameter m = 1.0 is used for all the simulations below. These
parameters are obtained by fitting the numerical stress-strain response
to the corresponding experimental data of the UD-composite material by
performing similar one element UD-simulations, as in section 7.9.1. The
finite element (FE) mesh consists of 36 elements in the circumferential
direction and one element through the thickness of the layer. The tube
is discretized by 10 elements in the axial direction. Along the boundary
at x3 = 0, the degrees-of-freedom for u3 and uφ are suppressed, where
u3 is the axial- and uφ the tangential-displacement component. The
load is applied in terms of prescribed displacements versus time up to a
final value of u3(l) = 0.3 mm at the far end of the tube along the edge at
x3 = l in the axial direction. The fibers run in circumferential direction
(Θ = 90°). Hence, the normal stress caused is perpendicular to the fibers.

Fig. 7.13(a) depicts the tensile stress σ33 versus the strain ϵ33 =
u3(100)/l due to the prescribed displacement relative to the tube length
u3(l)/l. Up to the failure point at the stress level of σ33

max = 40 MPa,
the normalized load-displacement is linear. After reaching the strength
limit, the stress-strain diagram gradually falls after failure. The results
are in agreement with the experimental data obtained from WWFE,,
see Soden et al. (2004).

In load case 2, a path-controlled torsional deflection is applied at the
far end of the tube. The prescribed deformation causes a homogeneous
shear stress in the tube. Hence, the composite is exposed to an axial
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Table 7.6: Parameters for E-glass, epoxy resin MY750 composite.

Composite
strength
parameters

R+
⊥ [MPa] R⊥∥ [MPa] R−

⊥ [MPa] R+
∥ [MPa] R−

∥ [MPa]
40 73 145 1280 800

Puck
constants

p+
⊥∥ p−

⊥∥ p±
⊥⊥

0.25 0.3 0.13

Elasticity
moduli

E1 [GPa] E2 [GPa] G12 [GPa] ν12 ν23

45.6 16.2 5.83a 0.278 0.4
a Nonlinear behavior and stress strain curves and data points are provided.

l = 100 mm

u3(l = 100)

Θ x3

x2

x1

r
φ

Figure 7.12: Geometry of thin-walled tube.
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Figure 7.13: (a) Tension stress σ33 vs. strain ϵ33 (load case 1)
(b) Shear stress τφ3 vs. torsion uφ/r (load case 2)
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Figure 7.14: Comparison of fracture curve.
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shear loading owing to the fiber orientation. The load-bearing capacity
of the tube under torsional loading is reached for the shear stress at
τ3φ ≈ 70 MPa in the implemented meso-level material model compared
to an experimental axial shear strength value R⊥∥ of 73 MPa.

In load case 3, combined tension/shear stress loadings are applied, and
the computed fracture curves are compared to experimental results, see
Figs. 7.13(b) and 7.14. The experimentally measured strength data for
E-glass-fiber-reinforced epoxy resin MY750 with a fiber-volume content
of νf = 60 % is only available for pure tension and pure shear. For mixed
states of biaxial stress, the experimental data points, marked by stars,
show the stress points (σ22, τ12) at failure of the composite material
E-glass/LY556 (νf = 62 %). Both of these experimental data sets are
plotted together in Soden et al. (2004) to describe the experimental
fracture curve of the composite material E-glass-fiber-reinforced epoxy
resin MY750 under mixed loading. The numerical results for the failure
stress points, which are obtained by the current model, are close the
to experimental results. The meso-level material model results closely
match the coupled multi-scale material model results from Kurnatowski,
Chatiri, et al. (2011).

7.9.3 Cross-ply laminate under uniaxial tensile
loading

The cross-ply laminate with four UD-fiber layers [0°/90°/90°/0°] in
Fig. 7.15 is made of E-glass/MY750 epoxy resin with νf = 0.62, and
is used to validate the present model. The test specimen’s length is
lx = 200 mm, the width ly = 25 mm, and the total thickness lz =
4×0.475 mm = 1.9 mm. The fiber orientation in the outer layers coincides
with the loading direction. The strength parameters, namely the Puck
constants in the failure criteria of Eq. (7.10)or Eq. (7.11)and the elasticity
moduli of the E-glass-fiber-reinforced epoxy resin MY750, are taken from
the WWFE, see Soden et al. (2004, pp 36), as well as from Puck and
Schürmann (2004, pp 848). The FE model for the meso-level approach
uses one eight-node (linear) multi-layered solid (MLS) element with four
integration points in order to incorporate the various fiber orientations
given above. The option of representing several plies in one solid element
as well as more of such elements across the thickness is implemented into
the explicit code, see Hallquist et al. (2014). Like any linear brick element,
the MLS resolves the 3D stress state, but it may contain n-layers from
the composite laminate. It is assumed to be small in comparison to the
overall size of the composite thickness. Its in-plane behavior is treated
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Figure 7.15: FE model of cross-ply laminate: longitudinal view, cross-
section and fiber angles, see Kurnatowski (2010).

by through-the-thickness integration, whereas the transverse properties
in the shear and normal mode for the hexahedron element must be based
on the concept of a homogeneous substitute material because the under-
integrated linear element relies on a uniform membrane stress state.
Hence, homogenization of the layer dependent properties is required
through the thickness of the element. The homogenization result is
bounded by Voigt’s and Reuss’s hypotheses, see Voigt (1889) and
Reuss (1929). The Reuss bound for laminae, which is connected in
series, is close to the effective elasticity modulus in the transverse normal
direction, whereas the Voigt bound for laminae, which is assembled
in parallel, serves as an upper limit and approximates the transverse
shear modulus of the laminate tightly, see section 3.6. Both bounds are
implemented into the code to compute the transverse stresses from the
strains.

The boundary conditions, which are imposed on the nodal displace-
ments, do not constrain lateral extensions of the specimen. The simu-
lation is controlled by the displacement ux given at the right end with
lx = 200 mm. In Fig. 7.16, the average laminate stress σxx is plotted
versus the average strain ϵxx = ux/lx as well as the lateral average strain
ϵyy = Uy/ly as verified by tests published in Gotsis et al. (2004). At the
average longitudinal stress σxx = 116 MPa, by performing experiments,
first cracks are observed perpendicular to the loading direction in the
embedded layer with fibers in the 90°-direction, causing a slight reduction
of the laminate’s tensile stiffness, as represented by the small kink in
the stress-strain diagram. At σxx = 325 MPa, cracks occur parallel to
the loading direction at the outer layers in the test. The damage is
due to the tensile stress σyy resulting from the lateral strain ϵyy, which
is obstructed by the large stiffness of the inner layers in the loading
direction. At σxx = 600 MPa, final failure of the laminate occurs by
tensile fiber fracture in the upper and lower layers.
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Figure 7.16: Average stress (σxx) vs. longitudinal (ϵxx) and transverse
strain (ϵyy) in meso-level model compared to experimental
results obtained from Gotsis et al. (2004).

In the meso-level model, the first transverse cracks in the 90°-layers
appear at an average stress level of σxx = 120 MPa, and longitudinal
cracks in the 0°-layers appear at σxx ≈ 340 MPa. At σxx ≈ 640 MPa,
final failure of the laminate is computed by the tensile fiber fracture in
the upper and lower layers. It is generally accepted that the constitutive
behavior of a single UD-layer differs from that of the same layer being
part of a laminate structure, Cuntze (2006). Experiments reveal that
the embedded lamina withstands higher loading than the isolated one.
Hence, underestimating the stiffness and strength of the laminate is not
unexpected, if UD-parameters from a single laminae are used for the
prediction of the overall behavior of a multi-layer composite.
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7.10 Summary and concluding remarks
The meso-level model with the 3D Puck failure criteria and anisotropic
continuum damage mechanics is very effective in the analysis of multi-
layered structures having a large number of plies. The developed material
model describes both the onset and progression of damage. It can repro-
duce the key physical aspects observed in the failure of fiber-reinforced
laminated composites. The failure-model implementation is 3D, and
allows nonlinear in-plane shear behavior. To avoid strain localization, a
smeared formulation is utilized. The numerical implementation is veri-
fied by analyzing a single-layered thin-walled tube under homogeneous
tensile and shear stress loading. The cross-ply laminate under uniaxial
tension is used as the first example for the validation. In general, the
simulation results are shown to accurately predict failure envelopes and
trends. Further validation is required using test data obtained from
non-homogeneous states of stress in multi-layered composites.



Chapter 8
Verification and Validation
The capabilities of the proposed constitutive model is assessed by com-
paring its predictions to experimental measurements. For this purpose,
Laminates are considered subjected to homogeneous loading conditions,
coupon tests, and other components. Emphasis is placed on studying
various loading conditions that lead to pronounced damage accumulation.

Verification and validation (V&V) are two processes that are required
to confirm that the results from computational models used to solve
complex problems are sufficiently accurate, and that they indeed solve
the intended problem. The V&V in this thesis is followed according to
Schwer (2010).

8.1 Verification

8.1.1 UD laminate cube under tension

In this verification example, a uniaxial tensile test under loading is
presented in a direction that is perpendicular to the fiber direction on a
UD-reinforced laminated composite. The lamina material properties for
elasticity are: E1 = 126 GPa, E2 = 11 GPa, E3 = 11 GPa, ν12 = 0.28,
ν23 = 0.40, ν13 = 0.28, G12 = 9 GPa; and for strength: R+

⊥ = 45 MPa,
R⊥∥ = 79 MPa, R+

∥ = 1950 MPa. The load in the transverse direction
(relative to the fibers) is applied until complete failure of the mate-
rial occurred, and the results are compared with the available material
models in LS-DYNA®, as seen in Fig. 8.1. *MAT_COMPOSITE_DAMAGE
is a linear orthotropic material model with a brittle failure behavior.
*MAT_ENHANCED_COMPOSITE_DAMAGE is also a linear orthotropic ma-
terial model, and post failure can be modeled as ideal plastic. The
implemented material model can predict nonlinear orthotropic elasticity
and failure, based on the work by Puck. The post failure behavior of
the model is based on the three-dimensional (3D) continuum damage
mechanics (CDM) as described in Chapters 4 and 7.
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Figure 8.1: UD laminate cube under tension, comparison with different
material models in LS-DYNA®.

8.1.2 Predicted modulus change

The damage model has also been used to predict the change in modulus
of an HYE 9082Af/Fiberite laminate with a [0°/±40°4/0°½]s-layup under
an axial loading. As the ply thickness is not given in the literature,
it is assumed to be 0.15 mm, based on similar material properties, see
Kaddour, Hinton, et al. (2008). The simulation results are plotted along
with experimental data obtained for two specimens taken from Varna
et al. (1999), as shown in Fig. 8.2.
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Figure 8.2: Reduction of elastic modulus with respect to strain.
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8.2 Validation
8.2.1 Inner pressure of a [±20°2/90°4/±20°2/90°4]-ring
In this section, a multi-layered ring is subjected to inner pressure. The
test results are compared to the simulation using finite-element analysis
(FEA) computations. The following Table 8.2 shows the finite element
(FE) geometry, layup properties, loading and boundary conditions that
are used to compute the laminate response. The material properties are
from Table 8.1 and Bleier and Schürmann (2008).

Table 8.1: Opel material properties, see Bleier and Schürmann (2008).

Parameter Units Value
E1 MPa 135 718
E2 MPa 8907
E3 MPa 8907
G12 MPa 6281
ν12 – 0.19
R+

∥ MPa 2187
R−

∥ MPa 991
R+

⊥ MPa 46
R−

⊥ MPa 155
R⊥∥ MPa 96

Parameter Value
p+

⊥∥ 0.43
p−

⊥∥ 0.34
p+

⊥⊥ 0.13
p−

⊥⊥ 0.13
m 0.5
s 0.5

Fig. 8.3 and Table 8.3 show the results of the FEA computation in
comparison with the test results, and there is a very good agreement
between both sets of results. Using the developed material model,
the initial stiffness of the specimen can be precisely predicted. The
inner pressure at failure is 107 MPa. All the results are close together.
The ±20°-layers do not contribute much to the circumferential stiffness.
That means that the fiber-volume fraction assigned to the hoop plies
is too large. There are minor stress redistributions after inter fiber
failure (IFF), which imply that IFFs – and therefore the degradation –
do not significantly affect the circumferential stiffness of the laminate.
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Table 8.2: Inner pressure test on a multi-layered ring.

pi

Rigid plates fixed
in all directions

Loading: inner pressure (pi)
Inner diameter: 70 mm
Height: 20 mm
Lay-up: [±20°2/90°4/±20°2/90°4]
Thickness of each fiber orientated layer: (1.1/0.83/1.2/0.92) mm
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Figure 8.3: FEA computation of a multi-layered ring subjected to inner
pressure in comparison with test results.
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Table 8.3: Summary of FEA results of a multi-layered ring subjected to
inner pressure.

Test [MPa] Simulation [MPa]
First IFF 90°-ply 82 (72–91) 92
First IFF ±20°-ply n.d. 25
Failure pressure 105 (100–111) 99

n.d. = not detectable

8.2.2 Tension of a [90°4/±20°2]-tube
The tension test is performed on a [90°4/±20°2]-tube. The material prop-
erties are taken from Table 6.3 and Bleier and Schürmann (2008). The
finite element model of this tension test is shown in the Figs. 8.4 and 8.5.
The tube is fixed at one end and the quasi velocity boundary conditions
are applied in the simulation via the continuous function

ṽ = 1
2 ṽSim[1 + tanh(b t− π)], (8.1)

wherein ṽSim is the maximum value of the velocity and t is the computa-
tion time. Parameter b will be used to set the speed of the transition
to the maximum velocity value. In the context of the thesis, b is set to
6000 s−1. By using the above equation, the velocity is applied up to the
velocity value ṽSim continuously, so that there are no discontinuities in
the acceleration time history. In the current simulation ṽSim is 20 mm s−1

and is shown in Fig. 8.6.
The tension tests on a [±20°2/90°4] layered tube revealed that after

delamination, the ±20°-layers fail under compression in transverse direc-
tion relative to the fiber. This behavior can be prevented by changing
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r
φ

Figure 8.4: Experimental tensile test of a [90°4/±20°2]-tube (dimensions
are in mm).
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Figure 8.5: Tension test on a multi-layered tube.

the stacking sequence to [90°4/±20°2]. This is the same mechanism as
bonding, except that bonding fails much earlier.1 Even if delamination
grows, the ±20°-layers are constrained radially. The stress states in the
±20°-layers still consist of tensile stresses in transverse direction relative
to the fiber direction and of in-plane shear stresses. Again, two strain
gauges are applied on the facing sides to measure the strain while testing.

Loading: tension
Inner diameter: 70 mm
Tube length: 400 mm
Lay-up: [90°4/±20°2]
Thickness of each fiber direction: (2.1/1.2) mm
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Figure 8.6: Velocity over time as quasi static boundary condition.

1The radial stresses change from tensile to compressive stresses. Very thin inner
90°-plies have to be investigated for buckling.
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Figure 8.7: Tensile test: force vs. strain.

Table 8.4: Summary of FEA results of a [90°4/±20°2]-tube loaded with
tension.

Test [kN] Simulation [kN]
First IFF 90°-ply ≈110a 122
First IFF ±20°-ply n.d. 394
Failure force 503a 591

a Bending imposed n.d. = not detectable

In addition, the simulation model is shown in Figs. 8.4 and 8.5 and the
computed beginning of IFFs is depicted in Fig. 8.7. They agree well
with the test results. The developed material model, which can predict
first ply failure based on Puck and post failure based on CDM gives
122 kN against 110 kN from the test (cf. Table 8.4). The stiffness of the
specimen decreases continuously with the beginning of IFFs in 90°-plies.

Conclusion

• After IFFs, the stiffness reduction has to be taken into account.

• The nonlinear FEA computation with degradation best describes
the real F -ϵz-curve.
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8.2.3 Four-point bending of a
[±20°2/90°4/±20°2/90°4]-tube

The following Fig. 8.8 and table shows the FE model, geometry, loading
and boundary condition in the simulation that are used to compute the
laminate response. The material properties are taken from Table 6.3
and Bleier and Schürmann (2008).

Loading: four-point bending
Inner diameter: 70 mm
Tube length: 900 mm
Lay-up: [±20°2/90°4/±20°2/90°4]
Thickness of each fiber orientation: (1.1/0.8/1.2/0.9) mm

The velocity boundary condition is applied according to section 8.2.2.
Fig. 8.8(a) shows the experimental setup of the bending test. Fig. 8.8(b)

shows the FE model presenting the four-point bending loading. Fig. 8.8(c)
shows the quarter symmetric model used in the simulation. Fig. 8.9
shows the final failure from test. Table 8.5, Figs. 8.10 and 8.11 show
the results of the FEA computation in comparison with the test results
recorded on the tension side of the specimen. It is evident that the FEA
computation and the test results agree well. The small difference in
the global stiffness is partially due to the adaption of the fiber-volume
fraction and ply thicknesses from the elastomer inner pressure test (ELIP)
specimen.

Using the developed material model with nonlinear material properties,
the first IFF is computed to be about 17 kN. Point of failure is at the
center of the tube shown in Fig. 8.11 which is also comparable with the
experimental failure in Fig. 8.9. The exact beginning of IFFs cannot
be determined by strain gauges as there is a discontinuity in the strain
gauge signal at 19 kN. At 26 kN, a break occurs in the signal of the
strain gauge. Such a break is indicative of IFFs directly under the
strain gauge or a change in the global stiffness of the structure. During
testing, there is a load bang at 26 kN, which implies a delamination in
the specimen. Furthermore, the gradient of the test results after 26 kN is
slightly lower than before. Consequently, it is deduced that the break in
the strain gauge at 26 kN resulted from a reduction in the global stiffness
(delamination). Since delamination is not modeled in the current model
set-up, this phenomenon and the final failure cannot be investigated
here.
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Figure 8.8: Load case of the bending test.
(a) Real bending test with boundary and loading conditions.
Strain gauge 1 is attached to the tension side and strain
gauge 2 to the compression side.
(b) Schematic representation of the loading case.
(c) Quarter symmetric model used in the simulation.
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Point of final failure

Figure 8.9: Four-point bending test on a multi-layered tube, see Bleier
and Schürmann (2008).
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Figure 8.10: Four-point bending test: force vs strain.

Table 8.5: Summary of FEA results of a multi-layered tube loaded with
a bending moment.

Test [kN] Simulation [kN]
First IFF 90°-ply 19 17
Failure force 44 no data
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Figure 8.11: FEA computation of a multi-layered tube subjected to four-
point bending loading. Contour plot of Puck inter fiber
fracture is shown on a quarter symmetric model.

Conclusion

A quasi-static analysis of the cylindrical part of a pressure vessel can
be realistically computed using FEA, and both IFFs and fiber fractures
(FFs) can be accurately computed.

An exact computation of the real structure behavior makes it necessary
to apply the dominant nonlinear material properties with individual fiber-
volume fractions per ply and degradation. The ELIP test and tensile
test demonstrated clearly that this approach is suitable for obtaining an
exact computation, and the strength and deformation can be computed
accurately. In addition, it should be noted that the dome of a pressure
vessel is usually responsible for burst failure, and not the cylindrical
region. The dominant stress state in the dome is tension parallel to
the fiber direction with imposed bending and shear. Nonlinearities have
to be considered, and this makes it necessary to perform computations
using nonlinear material properties and degradation. It is recommended
that nonlinear material properties with degradation be used, and the
degradation approach that involves keeping the transferable stresses
constant appears to be realistic.

The tensile test clearly shows that the lay-up of a pressure vessel has to
begin with a hoop ply, and this ply prevents the balanced laminate from
delaminating. In general, there is no need to implement a delamination
criterion into the FEA for a quasi-static analysis of typical pressure-vessel
loadings.
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8.2.4 Ring impact test

Test setup

To verify the stability, required CPU time, as well as pre- and post-
processor handlings of the new multi-layered solid element, simulations
are performed with an H2 vessel. Cylindrical segments that are cut out
of the H2 vessels are impacted, and the intrusion of the impactor and
the contact force are measured. Fig. 8.12 shows the principal setup of
the test. The test conditions are chosen to perform “test to failure”, and
do not represent loads that are measured in vehicle crash simulations.
The material properties are taken from Bleier and Schürmann (2008)
and captured in Table 6.3.

Sled test device
with impactor

Ring segment
H2 vessel

High speed
cameras

Figure 8.12: Test setup H2 vessel segment impact – picture by courtesy
of Ernst-Mach-Institut, Freiburg.

Different models used in LS-DYNA®

The test results are analyzed – see Fig. 8.12 – using the finite-element
method (FEM). The measured data are compared with the results of
three different models, which are explained below.
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(a) (b)

Figure 8.13: Test setup of the impact on an H2 vessel segment: (a) one
solid element for each ply and (b) model with multi-layered
solid elements.

Model with multi-layered solid element

This model uses the new multi-layered solid elements (tshell type 5), as
defined and explained in section 3.7.1, with an orthotropic material model.
Delamination is represented with TIEBREAK contacts, see Appendix B
and Hallquist et al. (2006). 100 plies of carbon fiber are represented with
multi-layered solid elements in the thickness direction, see Fig. 8.13(b).
This model with the multi-layered solid elements is accurate in terms of
numerical results and also CPU efficiency which is really important in full
car crash simulations. Also, it has to be noted that the material properties
required for modeling delamination growth needs more investigation
which is not the focus of this thesis. Hence, it can be seen in Figs. 8.14
and 8.15 that the simulation results from all the three models deviate
from the experimental results for time t greater than 1 ms.

One solid per ply model

This model uses default solid elements with one integration point per
ply, see type 1 in Hallquist et al. (2006). The ply direction for 100 plies
is represented individually in the orthotropic material model. For every
fiber direction, a separate material card with an applicable orientation
vector is required, see Fig. 8.13(b). This model with the solid elements
is the most accurate in terms of numerical results but the disadvantage
with this model is that it takes lot of CPU time and, hence, is not a
useful model for full car crash simulations.
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Table 8.6: Comparison of simulation models.

Model type # elements

CPU time [h]
of Windows XP

with 3 CPUs
One solid per ply 1.9 × 106 81.5
Layered solid (tshell elform 5) 35 000 13.5
Engineering constants 35 000 5

Model with engineering constants

This model uses “smeared” (homogenized) stiffness properties calcu-
lated with the classical laminate theory. 100 plies of carbon fiber are
represented with 5 default solid elements, see type 1 in Hallquist et al.
(2006).This is the most inaccurate model because of homogenized mate-
rial properties and, hence, cannot be used for detailed failure analysis.

Simulation results

In a crash event, all three models can detect the onset of failure for an
H2 vessel. Failure due to delamination is modeled with the TIEBREAK
option, see Hallquist et al. (2006). The authors did not encounter any
numerical instabilities. Table 8.6 presents the number of elements and
the CPU time required for three FE models, namely for one solid per
ply, for the multi-layered solids with several plies per element, and for
the one with homogenized stiffness properties.

The intrusion history diagram of the impactor into the ring segment of
the H2 vessel is shown in Fig. 8.15. The force and intrusion results shown
below in Fig. 8.14 and Fig. 8.15. It is to be noted that this simulation
was performed to check the stability and CPU time comparison using
different element types. Detailed qualitative comparison of simulation
results with experimental test are performed in the subsequent examples.
From force and intrusion results, it can be concluded that the model with
multi-layered solid is the best in terms of accuracy and CPU efficiency.
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Figure 8.14: Result H2 vessel segment impact: measured force obtained
over time for different element types.
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Figure 8.15: Result H2 vessel segment impact: measured intrusion ob-
tained over time for different element types.
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8.2.5 Fall-tower impact test on an ambient pressure
vessel

Fig. 8.16 shows the test setup of the vessel impact. The test conditions
are chosen to perform “test to failure”, and do not represent loads
that are measured in vehicle crash simulations. The pressure vessel is
impacted with an impactor having an initial velocity of 6.88 m s−1. This
amounts to an impact energy of 4.5 kJ. The material properties are
taken from Table 6.3 and Bleier and Schürmann (2008). In addition, the
pressure inside the vessel is ambient pressure, which represents a worst-
case scenario for such impact tests. The FEA model is built according
to the computer aided engineering (CAE) process described in the
section 1.8. The pressure vessel tank FE model shown in Fig. 8.17 with
varying thicknesses and fiber directions is based on the virtual filament
winding process as explained in section 1.8.1. The dynamic deformation,
damage progression, and energy dissipation of the composite cylinder
are evaluated in detail under impact loading as a function of the impact
energy. This model uses the new multi-layered solid elements (tshell
type 5) with an orthotropic material model. Delamination is represented
with TIEBREAK contacts, see Hallquist et al. (2006). Because the weight
of the impactor is fixed, it is necessary to calculate the required velocity
in order to obtain the desired energy level. The impact velocity v can
be written as:

v =
√

2E/m = 6.88 m s−1. (8.2)

Fig. 8.18 shows the impact in test and simulation. Fig. 8.19 is a
comparison of the force vs. displacement in the tests and simulations.

Fig. 8.20 shows the matrix damage as a post-processing result.
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Figure 8.16: Geometrical representation of fall-tower impact test.
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Figure 8.17: Import of thickness and fiber directions from virtual filament
winding process, see section 1.8.

Impactor hitting the tank with
an initial velocity of 6.88 m s−1
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Figure 8.18: Fall-tower impact test: (a) experiment and (b) simulation.
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Figure 8.19: Result H2 vessel segment impact: measured force over in-
trusion.
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Figure 8.20: Matrix damage distribution on thick composite tank.
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8.2.6 Three-point bending of a thin shell structure

To investigate the applicability of the developed material model to thin
shell structures, a three-point bending simulation is performed on a thin
shell structure. The material properties are from Table 6.3 and Bleier and
Schürmann (2008), and the laminate has the [0°/90°/−45°/+45°]s layer
set-up. The thickness of each layer is 0.25 mm. The model with boundary
conditions is shown in Fig. 8.21. The velocity boundary condition is
applied according to section 8.2.2. Fig. 8.22 shows the damage in fiber
compression. Figs. 8.23 shows the damage in the matrix. The force
vs. displacement plot, measured at the loading point, is also shown in
Fig. 8.24. In the future, Opel will perform experimental test on this
specimen.

Supporting pins

Loading pin Force

230m
m 630 mm

0° 90°

x1

x2
45° −45°

Figure 8.21: Three-point bending test setup of a thin shell structure.
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Figure 8.22: Damage in fiber compression.
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Figure 8.23: Matrix damage distribution.
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Figure 8.24: Three-point bending test simulation results.

By using the history variables of the correspondent material model,
the individual laminate loading and the corresponding damage states
can be verified. For the user-defined material model, the damage vari-
ables “damage in the fiber compression” and “damage in the trans-
verse direction” depict the damaged areas accurately. For the user
defined material (UMAT), the damage variable “damage in the trans-
verse direction” shows a better resolution of the laminate effort, and
can be used as an indicator of the delamination prediction and ten-
dency.
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8.2.7 World-wide failure exercise
In this section, test cases of the 1st and 2nd world wide failure exercises
(WWFEs) are studied focusing on the nonlinear laminate behavior. The
test cases consider laminates with different layups made of the material
properties from Table 6.4 and Kaddour and Hinton (2012b, pp. 2595–
2634) and Kaddour and Hinton (2012a, pp. 2295-2312) subjected to
uni-axial or biaxial loads.

Bi-axial failure example from WWFE-1

In this example, the combined loading of σy and σx is performed on
a [±54.75°]s cube. The thickness of each layer is 0.25 mm. In the
simulations, the computed stress vs. strain perpendicular to the fiber
direction are compared with experimental data. The results are shown
in Fig. 8.25. The simulation results agree well with the experimental
results. The first IFF in both the simulation and test in the 54.75° ply
is around 198 MPa.
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Figure 8.25: Stress vs. strain in bi-axial tensile loading.

Test case 8 from WWFE-II

In this load case, the biaxial failure envelope (σy vs. σz) is simulated for
a [±35°]s E-glass/MY750 laminate under triaxial loading (σx = σz). The
thickness of each layer is 0.25 mm. A comparison between the predicted
biaxial failure envelope and the experimental data for a [±35°]s layup of
E-glass/MY750 is shown in Fig. 8.26. The failure predictions most closely
match the data for the case of uniaxial loading in the Y-direction (for both
tension and compression). The tensile test data fall within the predicted
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Figure 8.26: Stress vs. strain in multi-directional laminate loaded with
pressure.

initial and final failure curves, while the predicted response for the
compressive data is slightly less than the experimental response. For all
triaxial load data with σx = σy > 0, the predicted ultimate failure stress
is conservative when compared to the experimental response, although
it is only underestimated by 10 % to 25 %. As previously mentioned,
in this case, a failure criterion that accounts for inherent strengthening
under triaxial compression would offer more accurate predictions.

Test case 9 from WWFE-II

This load case simulates stress-strain curves (σy vs. ϵx and σy vs. ϵy)
for a [±35°]s E-glass/MY750 laminate with initial σx = σy = σz =
−100 MPa loading, followed by σy compression loading until failure. The
thickness of each layer is 0.25 mm. A plot, comparing the predicted
stress-strain curves (σy vs. ϵx and σy vs. ϵy) to the experimental data of
a [±35°]s layup, is shown in Fig. 8.27. E-glass/MY750 laminate, which is
first subjected to 100 MPa of hydrostatic pressure and then compression
loading in the Y-direction, is shown in Fig. 8.27(left). There is good
correlation between both of the predicted stress-strain curves and the
experimental data through the hydrostatic loading stage and up until the
predicted failure point (σy = −250 MPa). Ply-level failures of transverse
compression cause the predicted ultimate failure of the laminate at
−2.1 % strain in the Y-direction. The failure load prediction is somewhat
more conservative than the experimental data, while significant nonlinear
softening in the prediction correlates well with the measured response.
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Figure 8.27: Results of test case 9 indicating stress vs. strain.

8.2.8 Conclusions
The capabilities of the proposed constitutive model are assessed by
comparing its predictions to experimental data. To do this, laminates
are considered subjected to homogeneous loading conditions, coupon
test, and other components. Most of the predicted responses show
good agreement with the experimental results. This holds true for
different loading scenarios, which in turn lead to very different ply
loading conditions. Finally, the responses of the considered laminates,
which are highly nonlinear in some cases, are predicted well using the
proposed constitutive model. This increases the confidence in the model
predictions, which is very advantageous because improved prediction
reliability is a major prerequisite for the exploitation of the weight-saving
potential of modern composite material systems.



Chapter 9
Conclusions and Future Work
9.1 Summary
Modeling thick composite laminates with three-dimensional (3D) multi-
layered solid elements, 3D verification of Puck’s theory, the development
of a 3D continuum damage model, and the implementation within a
commercial finite-element analysis (FEA) package have been extensively
studied and significant knowledge has been gained in the field of 3D pro-
gressive failure analysis, FEA, and representative volume element (RVE)
application to unidirectionally fiber-reinforced composite (UD FRC)
laminates regarding the following aspects:

Stress analysis with multi-layer solid
In terms of the 3D stress analysis of laminates and laminate structures,
the use of numerical FEA has been shown to be efficient and suffi-
ciently reliable to keep up with any conceivable spatial extension to
existing analytical methods. The modeling of stacking sequences and
laminate structures is convenient, efficient, and transparent using three-
dimensional multi-layered solid element in contemporary commercial
FEA packages like LS-DYNA®.

The quality of stress analyses, accomplished by the different approaches
employed in commercial FEA packages, has been evaluated. An analyti-
cal solution by Pagano and Lekhnitskii which has been reconstructed
and applied to a multi-layered solid, serves as a reference. The com-
parison shows that multi-layered solid elements provide fully 3D stress
results accurately.

Puck’s failure theory
The physical and fracture mechanical basis, together with the spatial
character of Puck’s fiber and inter fiber fracture criteria have been
thoroughly approved by the present work.

It is shown that an applied 3D stress state may result in a significantly
larger number of highly loaded action planes compared to what may be
possible using a two-dimensional (2D) problem. Accordingly, Puck’s
ηm+p-extension to Mohr’s fracture hypothesis becomes more important.
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This accounts for stress exposures on all action planes by adding a
portion to the stress exposure of the fracture plane.

Despite the noted differentiation between fiber and inter fiber fracture,
Puck’s theory accounts for mutual influences between fiber-parallel and
fiber-perpendicular loads. The ηw1-extension accounts for the influence of
fiber-parallel stresses on inter fiber fractures. Thus, a σ11-loading close to
the longitudinal strength of a laminate significantly lowers its inter fiber
failure (IFF) resistance. The extended fiber fracture criterion accounts
for the influence of transverse and through-thickness stresses on the fiber
fracture. Both Poisson’s effects and the local stress concentrations
around the fibers are included.

Three-dimensional post failure degradation analysis
Existing degradation processes based on Puck have been shown to be
inadequate for the application within fully 3D post-failure degradation
analyses. Having several Young’s moduli and shear stiffnesses available
for degradation, the appropriate 3D procedure should be related to the
fracture-plane orientation.

The meso-level model with the 3D Puck failure criteria and aniso-
tropic continuum damage mechanics (CDM) is very effective in analyzing
multi-layered structures having a large number of plies. The developed
material model describes both the onset and progression of damage. It
can reproduce the key physical aspects observed in the failure of fiber-
reinforced laminated composites. The failure-model implementation is
3D, and allows for nonlinearity of the in-plane shear. To avoid strain lo-
calization, a smeared formulation is used. The numerical implementation
by analyzing a single-layered thin-walled tube is verified under homo-
geneous tensile and shear stress loading. The cross-ply laminate under
uniaxial tension is used as the first example for validation. In general,
the simulation results are shown to accurately predict failure envelopes
and trends. Further validation is required using test data obtained from
non-homogeneous states of stresses in multi-layered composites.

Implementation into finite-element analysis
The implementation and application of Puck’s action plane-related
fiber and inter fiber fracture criteria in combination with 3D CDM for
progressive failure analysis in the frame of the commercial FE-package
LS-DYNA® has been shown to be straightforward. Being a stress-based
and 3D theory, the calculation of the additional stress exposures, in-
cluding the corrections ηw1 and ηm+p may be carried out within a user
material sub-routine.
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Application
The implementation of Puck’s theory and degradation based on CDM
into FEA has resulted in a consistent method for the analysis of all test
cases from publicly available literature, WWFE, and experiments were
performed at the GM FCA center.

Although it is an action plane-related fracture criterion, it requires
fewer experimentally determined parameters than competing approaches.
CDM and Puck’s theory includes many additional parameters for ad-
justment purposes, whose recommended values are primarily based on
existing experimental data.

In summary, Puck’s theory in combination with CDM has shown to
be a promising failure and post-failure prediction approach in terms of 3D
application. Its modular structure enables user-friendly implementation
within FEA despite the fact that it is stress-based and that the degra-
dation procedures rely on strain. The presented results clearly justify
the use of Puck’s theory in combination with CDM within FEA. The
present work reveals an extraordinary positive ratio between additional
effort and added knowledge of the failure and post-failure processes
within the analyzed lamina.

9.2 Future work
In future, the material model will be further validated using test data
obtained from non-homogeneous states of stresses in multi-layered com-
posites. In addition, the material model for thin-shell applications will
be validated with experimental data.





Appendix A
Belytschko and Bindeman: Eight
Node Solid Hexahedral Element
A.1 Removal of locking
The discretized B̂ is projected onto the assumed strain field, which
is defined by B̄, in order to remove shear and volumetric locking for
incompressible materials,, see Belytschko and Bindeman (1993). Only
the non-constant part of the strain field will be projected. Thus, B̄ is
simply defined by:

B̄ = B̂ c + B̄n, (A.1)

where B̄n is the appropriate non-constant projected operator.
Now, the assumed strain quintessential bending incompressible or

assumed strain quintessential bending incompressible (ASQBI) strain
field, see Belytschko and Bindeman (1993), is defined as

B̄n =
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with ν = Poisson’s ratio and ν̄ = ν

1 − ν
. (A.2)

The motivation for B̄n can be explained by comparing the first columns of
B̂n and B̄n. Different terms are added and removed to avoid volumetric
locking and shear locking.
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A.2 Hourglass modes and stabilization
Next, the discretized strain matrix B̂ is considered, see (3.24). This
expression gives us the key to the origin observation of the hourglass
mode. The under-integrated eight-node multi-layered solid element in
Fig. 3.4 uses one integration point per layer. The required hourglass
control is based on the assumed strain stabilization method ASQBI
(assumed strain quintessential bending incompressible), as described
in Belytschko and Bindeman (1993). The ASQBI hourglass control is
designed for brick elements with twelve zero-energy deformation modes.
In the multi-layered solid element with more than one integration point
through its thickness, four of these modes – two that correspond to
bending and two that correspond to torsion – result in non-zero strains
and disappear, so only eight zero-energy modes remain. Each of these
modes can be identified as contents of the ASQBI strain field, and only
the eight ones are used. In this way, the hourglass control is orthogonal
to the strain field in the element. The physical interpretations of the
modes are listed in Table A.1.

With just one point integration inside the hexahedron, all these modes
are zero-energy or hourglass modes, and the appropriate nodal forces
are added to match the energy of the assumed physical modes. Within
a multi-layered brick, there are at least two integration points on the
z-axis (thickness) such that two bending terms, qx2 and qy1, and two
torsion terms. qx1 and qy2, are no longer zero-energy modes. Therefore,
some of the terms in the quintessential bending incompressible (QBI),
see Belytschko and Bindeman (1993), “stress” computations are omit-
ted. The hourglass modes of the multi-layered solid (MLS) element are
sketched in Fig. A.1.

Table A.1: Physical interpretations of hourglass modes.

x-axis y-axis z-axis

h1: qx1 = torsion
about x-axis

qy1 = bending
about y-axis

qz1 = bending
about z-axis

h2: qx2 = bending
about x-axis

qy2 = torsion
about y-axis

qz2 = bending
about z-axis

h3: qx3 = bending
about x-axis

qy3 = bending
about y-axis

qz3 = torsion
about z-axis

h4: qx4 = non-physical qy4 = non-physical qz4 = non-physical
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h3 → bending about z (qx3) h4 → non physical (qx4)

Z

X

Y

Figure A.1: x-hourglass modes for an eight-node linear multi-layered
solid.





Appendix B
Modeling Delamination in
Composite Materials Using
LS-DYNA®

B.1 Introduction
This chapter discusses interlaminar failure, which is referred to as de-
lamination failure inside composites.

Lamina separation is caused by the failure of bonds between plies
due to normal and shear stresses in composite laminates. The crack is
assumed to run along the seam of two plies, although it often splits one
ply near the fibers and may even jump from one ply to another. The
fracture mechanics-based cohesive zone modeling (CZM) approach is
suitable for delamination studies, see Loikkanen et al. (2008).

All the methods in LS-DYNA® follow the fracture mechanics-based
separation law. The well-known and commonly used virtual crack closure
technique (VCCT) is not implemented in LS-DYNA® because it requires
an area that is initially delaminated. The fracture mechanics-based
CZM approach is implemented in LS-DYNA®. In this approach, the
user requires the fracture toughness and some other material data for
both tensile mode I and shear mode II. However, these may not be
readily available. The dynamic fracture toughness is measured using
standard methods, but those are not included in any ASTM (American
Society for Testing and Materials) specifications.

σn = Knun(1 − dm), σs = Ksus(1 − dm) (B.1)

Interlaminar failure, which is also referred to as delamination, is nu-
merically modeled, as in Fig. B.1. The stresses responsible for normal
and shear failure are expressed in Eq. (B.1). There, K and u are the
stiffness and displacement, respectively, and d is a variable that reduces
the stresses once the delamination failure criterion is satisfied according
to the options defined in Table B.1.

LS-DYNA® offers three basic ways to model delamination, and these
are explained below:
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X

Y

Z

X

Y

delaminationdelamination

}

layered shell

layered shell

cohesiveelement

Figure B.1: Interlaminar failure modeled with cohesive elements, see
Olsson (1998).

(a) (b) (c)

Figure B.2: Delamination modeled with tied contact and cohesive ele-
ments.

1. The contact tie-break definition between the plies according to
*CONTACT_AUTOMATIC_SURFACE_TO_SURFACE_TIEBREAK with differ-
ent options are defined in Table B.1, see Fig. B.2(a).

2. Use solid (interface) elements to explicitly model the bonding ma-
terial between the plies, see Fig. B.2(c), and use cohesive material
models, such as

• *MAT_COHESIVE_MIXED_MODE (*MAT_138)
• *MAT_COHESIVE_ELASTIC (*MAT_184)
• *MAT_COHESIVE_GENERAL (*MAT_186)
• *MAT_COHESIVE_TH (*MAT_185)

3. Delamination can also be modeled with solid elements and a three-
dimensional material model to describe failure, e.g., *MAT_ARUP_AD-
HESIVE (*MAT_169), see Fig. B.3.

Cohesive elements with and without thickness are shown in Figs. B.2(b)
and (c), respectively. The cohesive element without thickness is used to
model the delamination between two solid composite parts, see Fig. B.2(b)
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Figure B.3: Delamination modeled with solid elements.

and the cohesive element with some thickness is used to model delami-
nation between two shell composite parts, see Fig. B.2(c). Failure inside
cohesive elements is controlled by 2 × 2 in-plane integration points. Co-
hesive elements are integrated in-plane by four integration points, which
can also be used as failure parameter INTFAIL.

For a tie-break contact between solid-to-solid elements or tshell-to-
tshell elements, see OPTION = 6, 7 and 9 in Table B.1. For a tie-break
contact between shell-to-shell elements with offset, see OPTION = 8, 10,
11 in Table B.1. There, NFLS is the normal failure stress and SFLS is
the shear failure stress. OPTION = 6 and 8 are not based on the Dycoss
discrete crack model.

The Dycoss discrete crack tie-break model is invoked via automatic
tie-break OPTION = 7, 10 (Dycoss discrete crack model) and 9, 11 (Dycoss
model with power law and Benzeggagh-Kenane damage).

The input variables in *CONTACT_AUTOMATIC_. . . _TIEBREAK OPTION =
9/11 correspond to the input variables in *MAT_COHESIVE_MIXED_MODE
(*MAT_138) as follows:

*CONTACT *MAT_138 Comments
NFLS T Normal stress at failure
SFLS S Shear stress at failure
ERATEN GcI Fracture energy mode I (tensile)
ERATES GcII Fracture energy mode II (shear)
PARAM XMU Negative: Power law,

positive: Benzeggagh-Kenane law
CT2CN ET/EN Ratio of tangential to normal stiffness
CN EN CN, if given, overrides default contact

stiffness

The ASCII file for Dycoss automatic tie-break contact options 9 and 11
is activated by using *DATABASE_ATDOUT (automatic tie-break damage).
First, the total delaminated area and energies are written for each inter-
face, followed by slave node data (damage, mode mixity, and stresses).
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Figure B.4: Comparison of peak forces with respect to cohesive and tied
contact modeling techniques: left, shell elements and right,
solid elements.

With *MAT_COHESIVE_MIXED_MODE, *MAT_COHESIVE_TH, and *MAT_CO-
HESIVE_GENERAL, eight-node solids can be used to model the finite
thickness of the bonding layer, or the solid elements can also repre-
sent zero-thickness layers. However, when the bonding layer is so thin
such that there is no need to consider the mass of the bonding layer,
*CONTACT_TIEBREAK with options 7, 9, or 11 is preferred. These op-
tions have the cohesive traction separation laws built into the contact
definition. This reduces the input data significantly and simplifies the
modeling.

*CONTACT_TIEBREAK option 6 with failure stress is also sometimes used
for delamination. The separation occurs as soon as the contact stresses
reach the user-specified values. This option is a rough approximation,
and should be used only when little or no experimental data are available.

Fig. B.4 shows clearly a comparison of forces between different for-
mulations, i.e., cohesive elements and tied contacts modeled with shell
and solid elements. It can be seen that the force vs. time obtained is
identical when using different formulations and with different elements.

B.2 Cohesive zone
The cohesive zone (CZ) is the area in front of the crack tip, shaded
in Fig. B.5, where the bonding material undergoes deformation. At
some point, the damage starts to develop, and ultimately, the two plies
are fully separated. The figure shows separation due to tension only,
i.e., in the direction normal to the plies or mode I, but the relative
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Figure B.5: Cohesive zone.
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Figure B.6: Bilinear constitutive model.

displacement in the two tangential (shear or mode II) directions will
cause separation as well. Compression does not cause separation. The
energy dissipated in separating the plies is called the “fracture energy”,
and it is the most important variable that has to be computed correctly
in the finite-element analysis.

For typical graphite-epoxy composite materials, the length of cohesive
zone is from one to two millimeters, or even less. Various authors give
the cohesive zone length as

lcz = ME
Gc

(τ0)2 (B.2)

where M is a multiplier ranging from 0.21 to 1.0 depending on the author,
E is the material elastic modulus, and τ0 is the peak traction/stress
that develops in the cohesive zone (point 2 in Fig. B.6). This formula is
useful in estimating the CZ length.

Numerical studies have suggested that at least three elements are
needed to span the cohesive zone in order to adequately capture the
fracture energy Turon et al. (2005) and Benzeggagh and Kenane (1996).
In other words, the elements size in the direction of the crack growth
would have to be no more than 0.5 mm. This severely limit the use of the
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cohesive zone method in any practical engineering analysis. However, a
practical solution to this problem exists, and is presented in section B.6.

B.3 Constitutive model
The traction-separation law between the plies describes the cohesion
zone behavior and the energy release during the separation process. The
linear elastic/linear softening (bilinear) model is the simplest as well as
the most commonly used. Fig. B.6 shows the bilinear constitutive model
in tension (mode I), see Dávila and Camanho (2001). The diagram at
the bottom shows the stress-strain assumption with key points, and
the top diagram shows the corresponding points in the delamination
progression.

*MAT_COHESIVE_MIXED_MODE (*MAT_138) and *CONTACT_AUTOMATIC_-
SURFACE_TO_SURFACE_TIEBREAK, options 7, 9, and 11 use the bilinear
constitutive model, see Lemmen and Meijer (2001), Camanho, Dávila,
and Moura (2003), and Turon et al. (2005). With option=11, _ONE_WAY
SURFACE_TO_SURFACE_TIEBREAK is recommended, see Hallquist et al.
(2014).

Other alternative material models in LS-DYNA® are *MAT_COHE-
SIVE_ELASTIC, *MAT_COHESIVE_TH, *MAT_COHESIVE_GENERAL, *MAT_ARUP_-
ADHESIVE, and *MAT_SAMP, see Hallquist et al. (2014).

In Fig. B.6, point 1 is in the elastic part of the material response. The
material has not suffered any damage, and the unloading at this point
would follow the elastic line. Point 2 represents the onset of damage,
and material softening (the damage growth) begins. Once the loading
has progressed to point 3, the material has suffered some damage (the
damage parameter is greater than zero, but less than one), but the plies
have not yet separated. If unloading occurs at this point, it is assumed to
follow the straight line from point 3 to point 0. The shaded area (points
0, 2, 3) represents the energy dissipated to partially damage the bonding,
and is not recordable. At point 4, the plies separate permanently (the
damage parameter has reached unity). The total area under the triangle
(points 0, 2, 4) represents the energy it takes to delaminate two plies,
and this is called the fracture energy. In LS-DYNA®, the fracture energy
is the input parameter or “fracture toughness” or the “energy release
rate” G, and has units of energy/area. In addition, the elastic stiffness
(slope) and the peak stress (point 2) are required to completely define the
bilinear law. Numerical studies have shown that the fracture toughness
has to be accurate; however, the initial stiffness and the peak stress
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need not be accurate, i.e., they can be changed without affecting the
overall result. Camanho, Dávila, and Moura (2003) use the constant
value 10 × 106 for all materials and call it “penalty stiffness”. Then,
in order to maintain the correct fracture toughness (area under the
triangle), the peak stress has to be adjusted accordingly.

B.4 Mixed modes
The above description of the constitutive law is shown for tension loading
and ply separation in the normal direction. For general behavior, the
relative normal and tangential displacements are computed, and the law
for three-dimensional (3D) deformation is extended, i.e., modes I and II
are “mixed” for the 3D analysis.

The relative displacements between the two plies (δ1, δ2, δ3) are com-
puted. Then, the two tangent displacements are combined into one shear
displacement:

δII =
√
δ2

1 + δ2
2 (B.3)

As stated earlier, mode I is governed by the normal displacement

δ1 = δ3 (B.4)

The total mixed-mode relative displacement between the plies is then
found as

δm =
√
δ2

I + δII2 (B.5)

and mode “mixity” is then defined as

β = δII
δI

(B.6)

The mixed-mode concepts are illustrated in Fig. B.7. T and S are the
peak tractions in tension and shear, respectively. The shaded triangle
shows the damage initiation, growth, and separation under general 3D
loading. The damage initiation δ0 and the mode mixity β can, thus, be
determined.

The mixed-mode delamination propagation (running crack) is most
commonly predicted in terms of the “power law”:

(
GI
GcI

)α
+
(
GII
GcII

)α
= 1.0 (B.7)
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Figure B.7: Mixed-mode traction-displacement interaction, see Hallquist
et al. (2006).

As previously mentioned, subscripts I and II refer to normal and shear,
and subscript C refers to “critical”. The critical values are input to
LS-DYNA®. The ratio GI/GcI is the ratio of the area of the shaded
triangle to that of the whole triangle in Fig. B.3. The exponent alpha
is usually set to 2 (especially when the user does not have data to do
other vice) and occasionally 1. Benzeggagh and Kenane have devised
the so-called Benzeggagh-Kenane interaction law, which captures the
dependence of fracture toughness as a function of the mode ratio better
in epoxy composites. (Again, the user should be careful to have accurate
data). Both the power law and Benzeggagh-Kenane law are available
in LS-DYNA®.

B.5 Simulation of mode I and mode II in
LS-DYNA®

The mode I and II simulations are performed in LS-DYNA® using dif-
ferent methodologies and element types, as discussed in the previous
sections.
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Figure B.8: Experimental setup of DCB specimen, see Thielicke et al.
(2008).

h = 3

b = 20

l = 140

a0 = 50

F

F

teflon sheet

Figure B.9: Model setup of DCB specimen.

B.5.1 Double-cantilever beam test
double cantilever beam tests are carried out to determine the mode I
delamination energy GcI following the ASTM D 5528-01 standard. The
dimensions of the DCB-samples are (140×20×3) mm3 with an initial
crack length of about 50 mm (length of the insert). The loading principle
of DCB specimens is shown in Fig. B.8, and it is explained in detail
in Thielicke et al. (2008). On the left-hand side, the loading blocks
are visible. These are glued onto the surfaces of specimens. A special
mounting fixture (not pictured here) is constructed and used in order to
achieve an exactly parallel and perpendicular orientation of the loading
blocks relative to the edges of the specimens, i.e., parallel to the loading
axis. The load transfer onto the blocks is realized by freely rotating
bolts to avoid undesirable transverse forces. The marks “A” and “B”
are used on the surface of each specimen (left) to label both sides for
crack-length measurements. Furthermore, a paper scale is mounted at
the top of the specimen to read off the crack length during loading. The
specimen dimensions are shown in Fig. B.9, and the material properties
are taken from Table 6.3.

Fig. B.10 shows the interface contour of interfacial forces at different
times. This is the delamination front in mode I. Fig. B.11 shows
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Figure B.10: Simulation model of DCB specimen.
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Figure B.11: Force vs. displacement of DCB setup.

a comparison of the force vs. displacement, which is obtained from
simulation and experiments. The simulation results using LS-DYNA®

match the experimental results.

B.5.2 End-notched flexure test
end notched flexure tests are carried out to determine the mode II
delamination energy, GcII, following the ASTM D 790 standard. The
dimensions of the ENF-samples are (110 × 20 × 3) mm3 with an initial
crack length a0 of about 10 mm (length of insert). The support dis-
tance (l) is 110 mm, which corresponds to a distance-to-height ratio
of l/h = 36.67. The loading principle of end notched flexure (ENF)
specimens is shown in Fig. B.12, and is explained in detail in Thielicke
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Figure B.12: Experimental setup of ENF specimen, see Thielicke et al.
(2008).

a0 = 10 mm

h = 3 mm
b = 20 mm

l/2

l/2

l = 110 mm

F

Figure B.13: Simulation model of ENF specimen.

et al. (2008). The white line on the left-hand side of the specimen surface
marks the end of the insert, i.e., the area of the initial crack tip, and
marks “A” and “B” are used to differentiate between the sides of the
specimen in the crack-length measurements. The material properties are
taken from Table 6.3. Fig. B.13 shows the specimen dimensions and the
finite element (FE) simulation model of the ENF specimen. Fig. B.14
compares the force and displacement obtained from both simulations and
experiments. It can be clearly seen that the simulation results obtained
using LS-DYNA® match the experimental results.
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Figure B.14: Force vs. displacement of ENF setup.

B.6 Mesh dependency

In section B.2, it is reported that the cohesive zone is about 1 to 2 mm
long, and for accurate modeling, at least three elements are needed in
the cohesive zone. This means that the element size would have to be
0.3 to 0.6 mm long along the direction in which the crack runs, which
is not practical. Turon, Dávila, Camanho, and Costa developed a
technique to allow larger elements without sacrificing the overall accuracy,
see Turon et al. (2005). They demonstrated that their technique can
yield results with element size 4 mm which are as accurate as those
obtained with very fine meshes, element = 0.25 mm.

As pointed out in section B.3, the energy-release rates GIC and GIIC
are very important for successful analysis, while the interface (penalty)
stiffness and the peak tractions for tension (T) and shear (S) are not,
and can be varied without significantly affecting the overall results as
long as the fracture toughness is correct.

If the peak traction is lowered (Fig. B.15), the failure strain (point 4 in
Fig. B.6) needs to be increased to ensure that the area under the curve is
still correct. Consequently, the “effective” element length increases and
fewer elements are needed. This is a useful exercise that works because
the overall energy balance is maintained as correct.

Fig. B.16 shows two mesh sizes for the end notched flexure (ENF)
analysis. The element size on the top part is 1 mm, and on the bottom
specimen, it is 2 mm. (this is the FE model of the mode II fracture
toughness testing).
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Figure B.15: Lowering peak traction increases the element effective
length.

Figure B.16: ENF mode II analysis. Mesh on the top has 1 mm elements,
and on the bottom the elements are 2 mm.

Here, the cohesive zone length is about 1.25 to 1.50 mm, so five to six
0.25 mm elements should suffice for modeling the cohesive zone correctly.

In order to scale down the peak traction for a given element size, i.e.
1 mm and 2 mm, a trial-and-error method is employed, as outlined by
Hallquist et al. (2014).

If the real load-displacement plot is available from tests, this is the
“correct (converged) solution”, and the scaling of the peak traction is
adjusted so that the results match the converged solution for selected
element sizes (1.0, 2.0, 3.0 and 4.0 mm). The correct scaling is found by
trial and error. If the test plot is not available, Eq. (B.2) can be used to
estimate the cohesive zone length and refine the mesh progressively until
it is converged. This plot and the peak load then become the “correct
(converged) solution”. Then, the scaling factor is found by trial-and-error
until the desired element sizes match the converged solution. The nor-
malized element size vs. scaling factors for both mode I and mode II are
input as load curves to LS-DYNA®. A typical load curve scaling factor
plot is shown in Fig. B.17.

By using the above trial-and-error methods, the results are now inde-
pendent of the element size, as seen in Fig. B.18.
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Figure B.17: Scaling factor vs. the element size for the peak traction.
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Figure B.18: Load-displacement curves for different meshes without cor-
rection (left) and with correction (right).
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B.7 Conclusions
In this chapter, the initiation and propagation of interlaminar failure
(delamination) in carbon fiber-reinforced plastic (CFRP) are investigated.
This investigation is of paramount importance when predicting the
failure of composites. Delamination failure, which is primarily a lamina
separation, is caused by the bonding failure between plies due to the
normal and shear stresses in composite laminates. The crack is assumed
to run along the seam of two plies, although it often splits one ply near
the fibers, and may even jump from one ply to another. The fracture
mechanics-based cohesive zone modeling (CZM) approach is appropriate
for studying the delamination. All the methods in LS-DYNA® follow
the fracture mechanics-based traction-separation law. Two different
modeling approaches in LS-DYNA®, namely, cohesive finite elements
and tied contacts, which are based on CZM, are used to predict the
delamination initiation and propagation in CFRP materials. In this
chapter, these different modeling methodologies are presented to describe
and analyze simulation and experimental results. The critical energy
release rate correlation between numerical simulations and experimental
data is presented. Both of the methods are tested for reliability and
robustness, and tied contact-based method is found to be more robust
and efficient for delamination analysis using LS-DYNA®.
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