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Abstract

Weak approximation methods for stochastic partial differential equations (SPDEs) are con-
cerned with approximating the probability distribution of the solution process rather than the
realizations of the solution process itself. In this thesis, we provide new results and methods
concerning the weak error analysis of numerical approximations of path-dependent functionals
of solution processes of SPDEs. Two separate approaches to analyzing weak approximation
errors are considered: the It6 calculus approach and the Malliavin calculus approach. In the
context of the It6 calculus approach to weak error analysis, we develop and apply a novel
path-dependent mild It6 formula suitable for the analysis of path-dependent functionals of mild
solutions of SPDEs and their numerical approximations. In the context of the Malliavin calculus
approach to SPDEs, we analyze spectral Galerkin projections of mild solutions of SPDEs with
multiplicative noise and establish estimates for the corresponding weak approximation errors
for a general class of path-dependent functionals. The considered functionals are defined on the
Bochner space of paths that are g-integrable with respect to a given finite Borel measure, for a

suitable integrability parameter ¢ € (1,2].

Zusammenfassung

Schwache Approximationsverfahren fiir stochastische partielle Differentialgleichungen dienen der
Approximation der Wahrscheinlichkeitsverteilung des Losungsprozesses, wobei dessen einzelne
Realisierungen eine untergeordnete Rolle spielen. Diese Dissertation liefert neue Resultate und
Methoden im Hinblick auf die mathematische Analyse schwacher Approximationsfehler fiir nu-
merische Approximationen pfadabhéngiger Funktionale von Loésungsprozessen stochastischer
partieller Differentialgleichungen. Dabei werden zwei separate Ansétze zur Analyse schwacher
Approximationsfehler verfolgt: ein auf dem It6-Kalkiil basierender Ansatz und ein auf dem
Malliavin-Kalkiil fulender Ansatz. Im Kontext des auf dem It6-Kalkiil basierenden Ansatzes
entwickeln wir eine neuartige, pfadabhéangige milde Ito-Formel, die sich fiir die Analyse pfad-
abhangiger Funktionale milder Losungen stochastischer partieller Differentialgleichungen und
derer numerischer Approximationen eignet. Im Kontext des auf dem Malliavin-Kalkiil fulenden
Ansatzes untersuchen wir Galerkin-Projektionen milder Losungen stochastischer partieller Dif-
ferentialgleichungen mit multiplikativem Rauschen und leiten Abschétzungen fiir die entsprechen-
den schwachen Approximationsfehler fiir eine allgemeine Klasse pfadabhangiger Funktionale
her. Die betrachteten Funktionale sind definiert auf dem Bochner-Raum aller beziiglich eines
gegebenen endlichen Borel-Mafles g-integrierbaren Pfade, wobei ¢ € (1,2] ein geeigneter Inte-

grabilitatsparameter ist.
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Chapter 1

Introduction

Stochastic evolution equations (SEEs) such as stochastic ordinary differential equations (SODEs)
and stochastic partial differential equations of evolutionary type (SPDEs) are frequently used to
model stochastic dynamics of real-world systems in finite- and infinite-dimensional state spaces.
These systems range from physical phenomena over biological systems to finance. As the so-
lutions of SEEs are usually not known explicitly, numerical approximations are essential with
regard to, e.g., the extraction of relevant information from the models or statistical parameter

fitting.

Weak approximation methods for SEEs are concerned with approximating the probability dis-
tribution of the solution process rather than the realizations of the solution process itself. In
this context, the quantity of interest is typically some functional of the solution process. While
the majority of research on the analysis of weak approximation errors is focused on function-
als which depend only on evaluations of the solution process at a fixed time point, there has
been growing interest in path-dependent functionals in recent years. In this thesis, we provide
new results and methods concerning the weak error analysis of numerical approximations of

path-dependent functionals of solution processes of SPDEs.

In this introductory chapter, we first specify a suitable setting and introduce some notation
concerning SEEs and weak approximation errors in Section 1.1. We then briefly sketch two of
the main approaches to weak error analysis in the research literature in Section 1.2 and Section

1.3. The main results and the overall structure of this thesis are summarized in Section 1.4.
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1.1 Weak approximation of stochastic evolution equations

To set the stage, let us consider the SEE

dX(t) = [AX(t) + F(X(t))]dt + B(X(t))dW (¢), t €10,77,
X(0) =¢,

(1.1.1)

where T € (0,00) is a finite time horizon and the solution process X = (X(t))cjo,r) takes
values in a separable real Hilbert space H. Moreover, A: D(A) C H — H is the generator of
a strongly continuous semigroup (e*4);>o of bounded linear operators on H, W = (W (t))eepo,1]
is a cylindrical Idy-Wiener process, where U is another separable real Hilbert space, and the
mappings F': H — H and B: H — L(U, H) are assumed to satisfy certain measurability and
regularity properties. Here L(U, H) denotes the space of bounded linear operators from U to
H. The initial condition ¢ in (1.1.1) is an H-valued random variable that is assumed to satisfy
specific measurability and integrability properties as well. In this thesis, we follow the so-called

semigroup approach to SEEs, which amounts to reformulating (1.1.1) in the mild form

t t

X(t) = e + / e=DAF(X (s))ds + / eU=AB(X(s))dW (s), te[0,T]. (1.1.2)
0 0

A suitably measurable H-valued process X = (X(t))icpo,1) satisfying (1.1.2) is called a mild

solution of (1.1.1). Note that the precise definitions of all objects and concepts mentioned

above are presented in Chapter 2 below.

In the case where H is infinite-dimensional and the linear operator A is unbounded, SEE (1.1.1)
is well-suited to describe certain SPDEs in an abstract form. For example, H might be the space
L?(0O) of square-integrable real-valued functions on a convex domain @ C R? with polygonal
boundary and —A might be an elliptic second order partial differential operator with Sobolov
space domain D(A) = H2(O) N H(O). Our standard references for the semigroup approach to
SEEs in infinite dimensions are [16, 23, 49].

In the case where H = R is finite-dimensional, SEE (1.1.1) describes an SODE. In particular,
the linear operator A in (1.1.1) is always bounded with D(A) = H and can thus be included in
the function F. We can therefore set A = 0, so that in (1.1.2) we obtain that e!4 = Idy is the
identity operator for all t € [0,T].

Throughout this introductory chapter, the H-valued process X = (X' (t))te[O,T] denotes a given
numerical approximation of the solution process X = (X(t))co,7)- For example, X might
be a time-interpolated solution of an explicit or implicit Euler scheme in the SODE case or a
time-interpolated solution of a temporal, spatial, or spatio-temporal discretization scheme in
the SPDE case; see, e.g., Example 3.1.3 and Example 3.1.4 in Section 3.2 below. In this thesis

we mainly focus on the case where X represents a spatial semi-discretization of X in form of
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a Galerkin projection onto a finite-dimensional subspace of H, given by X (t) = PyX(t) with
discretization parameter N € N. Here we essentially assume that A is a diagonal operator with
eigenbasis (e, )neny C H and associated decreasing sequence of eigenvalues (A )nen C (—00,0)
and that the projection operator Py: H — H is given by Py(v) = Zi:/:l (€n,v) g €n, v € H.
Note that we follow the terminology in [13] and distinguish between Galerkin projections, which
are obtained by applying the projection operator Py to the solution process X of (1.1.2), and
Galerkin approximations, which are defined as solutions of projected SEEs that do not involve
the unknown solution X of (1.1.2); see, e.g., Example 3.1.4 below. While such partial discretiza-
tions are obviously not directly implementable and computable, Galerkin discretizations as well
as Galerkin projections play a key role as fundamental building blocks for the construction and

analysis of a large class of fully-discrete numerical approximation schemes for SPDEs.

In the context of weak approximation of SEEs, one is typically interested in approximating a
functional of the distribution of the state of the solution process at a fixed time point such as
E[f(X(T))], where f: H — R is a given mapping. For instance, E[f(X(T"))] could represent
the expected payoff for a financial derivative in the SODE case or spatial correlations of the
solution process of the form E[f(X(T))] = E[ (h1, X(T))y - (he, X(T)) | with test functions
hi,hy € H in the SPDE case. If we use the process X = (X(t))te[O,T] to approximate the
solution X = (X (t))scpo,r] of (1.1.2), then the corresponding weak approximation error is given
by

[ELF(X(T)] — BLF(R(T)]. (1.13)

The analysis of weak approximation errors is essential for the assessment of the consistency and
the efficiency of a given approximation scheme, and a particular interest lies in the derivation
of sharp upper bounds. It is worth noting here that even in the case where X stems from a
fully-discrete and directly implementable numerical scheme, the practical approximation of the
quantity of interest E[f(X (T))] further requires the approximation of the expectation operator
E[-] via, e.g., a suitable Monte Carlo method [25, 46]. This leads to an additional statistical
approximation error, the analysis of which does not lie within the scope of this thesis. The
analysis of weak errors of the type (1.1.3) is quite far developed in the SODE case; see, e.g.
[18, 34, 45, 55] and the references therein. Weak error analysis in the SPDE case has come into
focus in research in the last 10 to 15 years; see, e.g., [1, 8,9, 13, 15, 17, 19, 24, 37, 38, 44]. In both
cases it is typically found that for sufficiently regular test functions f the rate of convergence
to zero of the weak approximation error (1.1.3) as the discretization is refined is twice the rate

of convergence of the strong approximation error

(eixen - xenp]) 114)
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for certain integrability parameters p € [1,00). Knowledge of both weak and strong convergence
rates is important for a proper conceptualization and application of multilevel Monte Carlo
methods [25, 46].

As mentioned before, most research concerning the weak error analysis of numerical approxima-
tions of SEESs is focused on approximating functionals which depend only on evaluations of the
solution process at a fixed time point. In contrast, the analysis of weak approximation errors in-
volving path-dependent functionals of the form IE[f(X)] is not as well established. Here the map-
ping f is a functional defined on a suitable path space, e.g., the space C([0,T], H) of continuous
paths, and the solution X of (1.1.2) is identified with the random variable w — (X (w, t))te[o,T]
with values in the path space, where w € 2 is taken from the sample space of the underlying
probability space (2, A,P) and where X (w,?) = X (¢)(w) denotes a realization of the H-valued

random variable X (t). The corresponding path-dependent weak approximation error then reads

[ELf(X)] = E[f(X)]]. (1.1.5)

In this thesis, we provide new results and tools for the analysis of weak approximation er-
rors of type (1.1.5) concerning numerical approximations of path-dependent functionals of mild
solutions of SPDEs.

1.2 Ito calculus and weak error analysis

A by now classical approach to weak error analysis for numerical approximations of SEEs is
based on It6 calculus in combination with Kolmogorov equations associated to the SEE; see, e.g.,
[34, 55, 56]. In the sequel, we first sketch a variant of this approach for the well established case
of SODEs and weak errors of type (1.1.3), which depend only on evaluations of the solution
process at a fixed time point. Thereafter, we present available extensions of the described
strategy to the case of SPDEs and weak errors of type (1.1.3) and to the case of SODEs and
path-dependent weak errors of type (1.1.5).

Recall that in the SODE case we may assume e*4 = Idg in (1.1.2), so that the solution process

X = (X(t))efo,r) is an Ito process of the form

X(t):f—i—/o \I/(s)ds+/0 o(s)dW(s), te[0,T], (1.2.1)

where the H-valued and L(U, H)-valued integrand processes ¥ = (¥(s))sco,r] and
® = (®(s))sepo,r) are given by ¥(s) = F(X(s)) and ®(s) = B(X(s)), respectively. It6 cal-
culus extends the methods of calculus to It processes of type (1.2.1) and a central result in this

theory is It6’s change-of-variable formula [28, 29, 33, 54]. The standard It6 formula states that



Introduction 5

for sufficiently regular functions g: [0,7] x H — R and all ¢ € [0, 7] it holds almost surely that

(0 X(0) = 9(0.9)+ [ 019(s:X(5)) + g 5, X(5)) ()] ds
- g (s, X () (s) AW () (122)

t
+ % Z/O 82g(s, X(s)) (D(s)u, D(s)u) ds.
uelU

Here and below we denote for every (s,z) € [0,T] x H by 019(s,z) and 029(s,z) the partial
derivatives with respect to the first and the second argument of g, i.e., the time derivative and the
spatial derivative, and we interpret for every (s,z) € [0,T] x H the spatial derivatives dag(s, z)
and 93g(s,z) of first and second order in the usual way as linear and bilinear mappings from H
to R and from H x H to R, respectively. Moreover, Y C U denotes an arbitrary orthonormal
basis of the Hilbert space U associated to the driving Wiener process W. For a large class
of numerical approximation schemes for SODEs such as explicit or drift-implicit Euler schemes
and for suitable stochastic interpolations between the discrete time points, the time-interpolated
approximation process X = (X (t))tefo,r) can be represented as an It6 process of the form (1.2.1)
as well, with different integrand processes U, ® and possibly a different initial condition §~ in
place of ¥, @, and &, respectively. Under suitable technical assumptions, formula (1.2.2) then
remains valid with X, é, ®, and ¥ in place of X, & @, and V.

When it comes to analyzing the weak error (1.1.3) in the described SODE setting via It6 calculus,
a fruitful idea is to employ the specific function g(t,z) = E[f(X*(T —t))], (t,z) € [0,T] x H,
where X% = (X“(t))te[o 7]

&. Tt is well-known that under sufficient regularity assumptions on F', B, and f, this particular

denotes the solution of (1.1.2) with initial condition = € H in place of

choice of g represents the solution of the backward Kolmogorov equation with terminal condition
f associated to (1.1.2). Moreover, if we assume for simplicity that the given initial condition
¢ in (1.1.2) is non-random and thus an element of H, it follows directly from the definition
of g that the weak error (1.1.3) can be rewritten as |E[g(0,¢) — g(T,X(T))H. In combination
with an application of It6’s formula to the process X = (X (t))tefo,r) and the function g, this
leads to a useful weak error representation formula which may serve as a starting point for a
thorough weak error analysis. For details and further aspects of this approach with regard to
the Euler-Maruyama scheme for SODEs we refer to [34, Section 14.1] and [55, Sections 3.1-3.3].
Related results can be found, e.g., in [44, 45].

In the SPDE case, the solution process X = (X (t));c[o,7] in (1.1.2) is not a standard It6 process
anymore, so that the standard It6 formula cannot be applied. As a consequence, the approach
to weak error analysis based on It6 calculus described above cannot directly be extended to the
this case. In this context, a useful extension of It6 calculus to mild solutions of SPDEs and their

numerical approximations has been introduced in a systematic way in [15], where the authors
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analyze so-called mild It6 processes of the form
¢ t
X(t) = S(t,0)§+/ S(t,s)¥(s)ds —|—/ S(t,s)®(s)dW(s), te]0,T]. (1.2.3)
0 0

Here S = (S(t, s))o<s<t<T is a strongly continuous evolution family of bounded linear operators
on H and, as before, the integrand processes ¥ and ® take values in H and L(U, H), respectively,
and are assumed to satisfy suitable measurability and integrability conditions; see Definition
2.4.9 in Chapter 2 below for details. Comparing (1.2.3) with (1.1.2), it is clear that the solution
process in (1.1.2) is a mild Itd process of the form (1.2.3) with S(t,s) = =94 W(s) = F(X(s)),
and ®(s) = B(X(s)). The so-called mild It6 formula presented in [15] states that for any
sufficiently regular mapping ¢: [0,7] x H — R and all ¢ € [0, 7] it holds almost surely that

g(t, X(t)) = g(0,5(¢,0)¢) —i—/o [019(s,S(t, )X (s)) + Dag(s, S(t, s)X(s))S(t, s)¥(s)] ds
+ /0 Brg (s, S(t, 5)X () S(t, )B(s) AW (5)

+ % . /0 839(s, S(t,5)X (5)) (S(t, 5)P(s)u, S(t, 5)®(s)u) ds.

ueU
(1.2.4)

This generalization of the standard It6 formula involving the evolution operators S(t, s) € L(H),
0<s<t<T, where L(H) = L(H, H) denotes the space of bounded linear operators on H, is
well-suited for the analysis of both mild solutions of SPDEs and their numerical approximations.
Note that the difference between a general evolution family S = (S(¢, s))o<s<t<7 and the specific
family (e(t_s)A)ogsgtST associated to the operator semigroup (e/4);>q is that the operators of
the evolution family depend explicitly on both variables s and ¢, and not necessarily only on
the difference t — s as in the semigroup case. The motivation for this additional technical
complexity in the definition (1.2.3) of a mild It6 process is that numerical approximations of the
semigroup (etA)tZO often form only an evolution family and not necessarily a semigroup; see,
e.g., the discussion of the linear implicit Euler scheme in Example 3.1.3 in Chapter 3 below. In
particular, the approximation process X = (X (t))tefo,r) can typically also be written in the form
(1.2.3), with a different evolution family S, different integrand processes ¥, ®, and possibly a
different initial condition £ in place of S, ¥, ®, and &, respectively; compare Example 3.1.3 and
Example 3.1.4 in Chapter 3 below. Under suitable technical assumptions, formula (1.2.4) then

remains valid with X, §~, S, ¥, and ® in place of X, &, S, U, and ®.

The mild It6 formula (1.2.4) has been successfully employed, e.g., in [13] and [32], to extend
the It6 calculus approach for the analysis of weak approximation errors of the type (1.1.3) from
the SODE case to a large class of semilinear SPDEs. The origins of this extension lie in the

pioneering work [19], in which the authors study weak approximation errors for linear SPDEs



Introduction 7

with additive noise using Hilbert space-valued It6 calculus and Kolmogorov equations; com-
pare also the closely related articles [24, 36-38, 41]. In the case of semilinear SPDEs, weak
approximation errors have also been analyzed using a combination of the approach based on It6
calculus and Kolmogorov equations and the integration-by-parts formula from Malliavin calcu-
lus; see, e.g., [3, 8, 17]. It is worth noting here that in the special case where the approximation
X = (X(t))te[o,T} of the solution process X = (X(t))ic[o,7] is given by a Galerkin projection,
i.e., X(t) = PyX(t) for some N € N, neither Kolmogorov equations nor Malliavin integration-
by-parts are needed to derive sharp estimates for the weak approximation error (1.1.3) under
standard assumptions on the semilinear SPDE (1.1.2) and the function f. Instead, in this
simplified case it turns out to be sufficient to apply the mild It6 formula (1.2.4) directly with
g(t,x) = f(z), (t,z) € [0,T] x H; compare [13, Section 2]. Let us further remark that, besides
the mild It6 formula (1.2.4), further generalizations of the standard It6 formula to solution pro-
cesses of SPDEs have been presented in the research literature in the context of the variational
approach to SPDEs; see, e.g. [26, 27, 45]. However, these generalizations are typically concerned

only with specific functions g such as the squared norm g(z) = ||z||3;, = € H.

Next we return to the SODE case and consider path-dependent weak approximation errors of
type (1.1.5). The standard It6 calculus approach to weak error analysis for SODEs is obviously
not directly applicable in this case. Nevertheless, independently from questions concerning the
analysis of weak approximation errors, a useful extension of It6’s calculus to path-dependent
functionals has been established in [5, 11, 12, 20]. The key ingredient of this so-called functional
It6 calculus is a path-dependent It6 formula, which we present in a slightly simplified form
suitable for our purpose: Given an H-valued It6 process X = (X(t))ico,7] With continuous
sample paths of the form (1.2.1), we follow the notation in [5] and denote for every t € [0, 7]
by X; = (X (r At))rejo,r) the process stopped at time ¢, i.e., Xy(r) = X(r A t) for all r € [0, T].
Let C(]0,T],H) and D([0,T], H) be the spaces of H-valued continuous paths and of H-valued
cadlag (right continuous with left limits) paths, respectively, both endowed with the uniform
norm, and note that for every ¢t € [0,7] we may identify the stopped process X; with the
C([0,T], H)-valued random variable w +— (X (w,” A t))re[O’T],
sample space of the underlying probability space and where X (w,r At) = X (r A t)(w) denotes

where w € Q is taken from the

a realization of the H-valued random variable X (r A t). In particular, observe that the family
(Xt)tefo,r) thus represents a C([0, T, H)-valued stochastic process. In this setting, the so-called
functional It6 formula states that for sufficiently regular mappings g: [0,7] x D([0,T], H) — R
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and all ¢ € [0, 7] it holds almost surely that

t
gt X2) = (0, Xp) + / Drg(s, X,) ds
0

+/ D295, X5) (1a 7 (-)(s)) ds
O (1.2.5)
+ /0 D5, Xs) (Lps 27 ()B(3)) AWV (5)

t
#3323l X0 (e (OB Ly ()B()1) s
ueld
Here for every (s,x) € [0,T] x D([0,T], H) the spatial derivatives dag(s,z) and 02g(s,z) of
first and second order are assumed to be Fréchet derivatives and are interpreted as linear and
bilinear mapping from D([0,T], H) to R and from D([0,T], H) x D([0,T], H) to R, respectively.
Moreover, for every s € [0,T], u € U the terms 1[;7(-)¥(s) and 1, 7)(-)®(s)u appearing in
(1.2.5) denote the D([0,T], H)-valued random variables w — (L5 77(r)¥(w, s))re[O’T] and w
(]l[&T] (r)®(w, S)u)re[O,T}’ respectively. The functional It6 calculus introduced in [5, 11, 12, 20]

has been generalized and modified in the SODE case in various directions, e.g., in [14, 40, 48].

It has been shown in [35] that functional It6 calculus can be employed to extend the classical It6
calculus approach to weak error analysis of numerical approximations of SODEs to a large class
of sufficiently smooth path-dependent functionals. A generalization of functional It6 calculus to
1t6 processes with values in possibly infinite-dimensional Hilbert spaces has been presented in
[52]. However, this work is restricted to standard It6 processes of the form (1.2.1) without the
involvement of an operator semigroup or an evolution family, so that SPDEs are not covered.
To the best of our knowledge, there exists no path-dependent It6 formula for solution processes
of SPDEs and their numerical approximations so far. Consequently, the It6 calculus approach
to weak error analysis has not yet been extended to path-dependent weak approximation errors

for SPDEs. It is one of the contributions of this thesis to partially fill the gap.

1.3 Malliavin calculus and weak error analysis

Another useful toolbox for the analysis of weak errors of numerical approximations of SEEs
is provided by Malliavin calculus, which is a stochastic calculus of variations that extends
the classical calculus of variations from deterministic functions to stochastic processes [43, 47].
Malliavin calculus has been used in various different ways in the context of the analysis of
weak approximation errors of type (1.1.3), often in combination with the approach based on It6

calculus and Kolmogorov equations; see, e.g., [3, 6-8, 17].

In this thesis we focus on a duality approach that has been introduced in [10, 39] and does

not rely on Kolmogorov equations associated to the SEE. Instead, the basic ansatz is to start
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with a linearization of the weak error (1.1.3) in terms of a simple application of the mean value

theorem,

1
E[f(X(T))—f(X(T))}z/O E(f (0X(T)+ (1= 0)X(T)), X(T) - X(T)) do. (1.3.1)

Here we assume again that X = (X(t))ejo,r) is the solution of an SEE (SODE or SPDE)
of type (1.1.2), that X = ()N((t))te[oj] is a given approximation of X, and that f: H — R
is a sufficiently regular function. Moreover, for every x € H the Fréchet derivative f’(x) of
f at z, originally defined as a bounded linear functional f'(z): H — R, is interpreted as an
element f/(z) € H by means of the Riesz isomorphism. The crucial idea in the duality approach
to weak error analysis is to exploit the Malliavin regularity of the H-valued random variable
f(6X(T) + (1 — 0)X(T)) appearing in the integral on the right hand side of (1.3.1) and to
formally consider the integrand term E (--- ,--- ), on the right hand side of (1.3.1) as a duality
bracket between a Malliavin-Sobolev space with positive smoothness parameter and the dual
space thereof. The derivation of an upper bound for the weak approximation error (1.1.3) thus
essentially boils down to the derivation of an upper bound of the norm of X (T')— X (T') in a dual
space of a Malliavin-Sobolev space, which is a weaker norm than the corresponding LP-norm
defining the strong approximation error (1.1.4). This abstract point of view is, however, not

necessary for our purpose.

In order to indicate the duality approach to weak error analysis in some more detail, assume that
the solution process X is given as a mild It6 process of the form (1.2.3) and let the approximation

process X be given by

X(t) = t0£+/5ts ds+/Sts W(s), tel0,T],
where S = (S(t,8))o<s<t<r C L(H) is an approximation of the evolution family
= (S(t,8))o<s<t< C L(H) and where the integrand processes ¥ and ® take values in H
and L(U, H), respectively, and are assumed to satisfy suitable measurability and integrability

conditions. Observe that the difference X(T) — X (T) appearing in the integral on the right

hand side of (1.3.1) can now be rewritten as

T
X(T) — X(T) = S(T,0)¢ — S(T,0)¢ + / [S(T, s)W(s) — S(T,s)¥(s)|ds
T NO B
n /0 [S(T, $)®(s) — S(T, s)q>(s)} AW (s),

and that the stochastic integral term therein represents the bottleneck when it comes to deriving
sharp weak error estimates. Given that X and X are sufficiently regular in a Malliavin sense,

the Malliavin integration-by-parts formula in Lemma 4.2.3 in Section 4.2 below implies that the
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corresponding part of the weak error (1.3.1) can be simplified as

E K F, /0 ' [S(T,5)(s) = ST, 5)(s)] dW(5)>H} (132

T
—E| [ (D, S(T,5)0(s) - S(T,5)3(s)) d
i (T.)0(s) = STB), s
with F = f/(6X(T)+ (1 - O)X(T)) Here we denote by HS(U, H) the space of Hilbert-Schmidt
operators from U to H with inner product (-, ->HS(U7 H) and, loosely speaking, the Malliavin
derivative DF = (DtF)te[()’T]
tion 2.2 and Section 4.2 below for details. The application of the integration-by-parts formula

of F constitutes an HS(U, H)-valued stochastic process; see Sec-

(1.3.2) often allows for a proper handling of the crucial stochastic integral terms involved in

estimates of the weak approximation error (1.3.1).

The described duality approach to weak error analysis has been suggested in [10] for SODEs
and independently in [39] for linear SPDEs with additive noise. Extension to semilinear SPDEs
with additive noise can be found, e.g., in [1, 2, 4]. While the approach has originally been
applied to weak approximation errors of the type (1.1.3) involving functionals that depend only
on evaluations of the stochastic process at a fixed time point, the authors in [10] remark that
path-dependent functionals can potentially be treated as well. In the SPDE case, a specific class
of path-dependent functions of the form f(x) = Hfil oi fOT z(t) pi(dt)) and the corresponding
path-dependent weak error (1.1.5) have been analyzed in [1], with ¢; and u; being sufficiently
smooth functions from H to R and finite Borel-measures on [0, T, respectively. A similar class
of specific path-dependent functionals has been considered in [4]. So far the duality approach to
weak error analysis has not been extended to more general classes of path-dependent functionals.

One of the contributions of this thesis is a new result in this context.

In the SODE case, Malliavin calculus methods have also been used to analyze weak errors of
type (1.1.3) involving non-smooth functions f: H — R such as indicator functions of certain
subsets of H; see, e.g., [6, 7, 10]. The corresponding arguments are not directly applicable to the
SPDE case, in which only sufficiently smooth functions f have been treated in the literature;
a standard assumption is that f is at least twice continuously differentiable. Accordingly, non-

smooth functions f do not lie within the scope of this thesis.

To complete the picture, let us add that a further approach to weak error analysis different from
the approaches described in Section 1.2 and Section 1.3 can be found in [9]. Here the authors
analyze weak approximation errors of type (1.1.5) for a relatively general class of path-dependent
functionals and spectral Galerkin approximations of semilinear SPDEs. The approach makes
use of the regularity of an underlying It6 map and heavily relies on the fact that only additive

noise is considered.
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1.4 Contributions and structure of the thesis

In this section we briefly outline the main results concerning the analysis of path-dependent

functionals of SPDEs presented in this thesis.

In the context of the Ité calculus approach to weak error analysis reviewed in Section 1.2
above, we establish in Theorem 3.2.2 in Section 3.2 below a novel path-dependent mild It6
formula suitable for the analysis of path-dependent functionals of mild solutions of SPDEs
and their numerical approximations. To this end, we combine the ideas behind the mild 1t6
formula (1.2.4) presented in [15] in an SPDE setting and the path-dependent It6 formulas of
type (1.2.5) introduced in [5, 11, 12, 20] in an SODE framework. For the sake of a better
compatibility with (1.2.4) and (1.2.5) we present here a slightly different version of our path-
dependent mild It6 formula than the one formulated in Theorem 3.2.2; see Remark 3.2.5 for
details. Let X = (X(t))ejo,r) be a mild It6 process of the form (1.2.3) with continuous H-
valued sample paths, strongly continuous evolution family S = (S(¢,s))o<s<t<r C L(H), and
integrand processes U and & taking values in H and HS(U, H), respectively, satisfying the
technical conditions summarized in Assumption 3.1.1 in Section 3.1 below. For all s,t € [0,T]
with s < t let as before X; = X (- A t) be the C([0,T], H)-valued random variable given by
the process stopped at time ¢ and let further Sy s: D([0,7], H) — D([0,T], H) be the bounded

linear operator defined by

(St,sx) (7“) = ]1[0,8) (7’).%(7“) + ll[s,t) (T)S(Tv 8)1‘(7‘) + ]l[t,T] (T)S(tv 8)1‘(7‘)
= Ly 5)(r)x(r) + Lps 1y (r) S(r AL, 5)a(r),

x € D([0,T),H), r € [0,T]. Moreover, suppose that the mapping g: [0,7] x D([0,T],H) — R,
(t,z) — g(t,z) is continuously differentiable in ¢ and two times continuously Fréchet differen-
tiable in z and satisfies the regularity conditions formulated in Assumption 3.1.5 below with g
and R in place of f and V. In this situation our path-dependent mild It6 formula ensures that

for all ¢t € [0, 7] it holds almost surely that

t
gt X0) = 9(0, S10X0) + / D1g(s, SrsXy)ds
0
t
v / D5 514 X) e (s 71 ()T (5)) ds
° (1.4.1)
+/ D29(5, 51,6 X ) St,s (L 1y ()@ (5)) AW (5)
0

1 t
+2/0 1%;3229(8,St,sXs)<St,s(1[5,T](-)<I>(s)u),Sts(]l[s’T](.)q)(s)u))dS.

Note that our path-dependent mild It6 formula extends the mild It6 formula (1.2.4) to path-
dependent functionals f and extends the path-dependent It6 formula (1.2.5) to mild It6 processes
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X.

The main idea of the proof of (1.4.1) is to employ appropriate discretizations of the transformed
C([0,T], H)-valued process (StsXs)sc[o, in combination with a Taylor expansion of g. These
discretizations constitute a uniform approximation of (St sXs)seo,q) Over the time interval [0, ¢].
One of several technical difficulties involved in the proof lies in the well-known fact that the
Banach spaces C([0,T], H) and D(]0,T], H) are not suited as state spaces for the construction
of Banach space-valued stochastic integrals, so that we cannot work, e.g., with an underlying
C([0,T], H)-valued SEE for the C([0,T], H)-valued process (S;sXs)scpo- As a first applica-
tion of our functional mild It6 formula we investigate in Section 3.4.1 below the weak order of
convergence of spectral Galerkin projections of SPDEs with multiplicative noise for the approx-
imation of spatio-temporal covariances of the solution process. An example for possible further

applications is outlined in Section 3.4.2.

In the context of the Malliavin calculus approach to weak error analysis reviewed in Section 1.3
above, we establish in Theorem 4.4.3 below a weak error estimate concerning path-dependent
weak approximation errors of type (1.1.5) for the mild solutions X of SPDEs with multiplicative
noise of type (1.1.1), spectral Galerkin projections X of X, and a general class of path-dependent
functionals f: L(u; H) — R defined on the space LY (u; H) = Lq([O, T1,B(]0,TY)), H) of paths
that are g-integrable w.r.t. a given finite Borel-measure p on [0, 7] for a suitable integrability
parameter g € (1,2]. Here we assume that the linear operator A: D(A) C H — H in (1.1.1) is a
diagonal operator with eigenbasis (e, )nen C H and associated sequence of eigenvalues (\,,)nen
with sup, ey An < 0, that the mappings F' and B in (1.1.1) are Lipschitz continuous from H to
H_y and from H to the space of Hilbert-Schmidt operators HS(U, H_y /2), respectively for some
¥ € [0,1), and that the initial condition & in (1.1.1) satisfies { € H, for some p € [0,1 — ¥).
By H,, r € R we denote a family of interpolation spaces associated to —A such that H, =
D((—A)") for all 7 > 0; see Section 2.2 below for details. The spectral Galerkin projections
PyX = (PnX(t))epp,r; N € N, of X are defined by the orthogonal projection operators
Py: H — H given by Pyh = Zfl\[zl (h,en)p en, h € H, and the path-dependent test function f
is essentially assumed to be a twice continuously Fréchet differentiable mapping from L9(u; H)
to R with bounded first and second Fréchet derivatives, where ¢ € (1, 2] satisfies ¢ < 9%19/2' In
this situation, Theorem 4.4.3 below establishes that there exists a constant M € (0,00) such

that
E[f(X) — F(PvX)]| < M|1d—Pyl sy - (1.4.2)

Note that the term [[Id =Pyl g, H_,) in the inequality above is finite. In particular, if the

sequence (A, )nen of eigenvalues of A is decreasing with lim,,_,o, A\, = —00, we have

1d =Pyl pm_,y = (ZAn41) 7
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It turns out that the rate of weak convergence is as expected twice the rate of strong convergence;

compare Remark 4.4.4 below.

Compared with the path-dependent weak error results obtained within the duality approach
in [1, 4], the strategy of the proof of our weak error result in Theorem 4.4.3 allows to cover a
more general class of path-dependent functionals, but we focus on Galerkin projections instead
of implementable discretizations. The starting point of our proof is to replace the ansatz (1.3.1)
by

E[f(X) - f(X)] _/0 E(f'(6X +(1-0)X), X - X) do,

L2 (p;H)

with X = PyX. Here for every x € L?(u; H) the Fréchet derivative f'(x): L(u; H) — R,
is interpreted as an element f’(z) € L?(y; H) by means of the embedding L(L%(u; H),R) C
L(LQ(M; H ),R) and an application of the Riesz isomorphism. A challenging task is then to
derive suitable Malliavin regularity results for X to be considered as a random variable in the
path space. For this we extend the Malliavin regularity results in [22] in a way that fits our
purpose. Compared with the weak error analysis in [9], Theorem 4.4.3 covers a less general class

of functions but allows for multiplicative noise instead of only additive noise.

The structure of this thesis is as follows: In Chapter 2 we give a short review of mathematical
definitions and preliminary results from the literature. This chapter is divided in the topics
mathematical analysis, linear operators, Gateaux and Fréchet derivatives, and stochastic anal-

ysis.

Chapter 3 contains our path-dependent mild It6 formula. This chapter begins with our setting
and assumptions. In Section 3.2 we state our path-dependent mild It6 formula in Theorem
3.2.2. Then we discuss a comparison with related Ito-type formulas from the literature. In
Section 3.3, we prove our path-dependent mild It6 formula. As an exemplary application, we
show in Section 3.4.1 an upper bound for the weak error of approximations of spatio-temporal
covariances of the solution process of a semilinear SPDE with multiplicative noise. In Section
3.4.2, we discuss a possible further application of our path-dependent mild It6 formula to linear

SPDEs and the associated Kolmogorov equations.

In Chapter 4 we study the weak convergence rate for Galerkin projections of sample paths of
mild solutions of nonlinear SPDEs with multiplicative Gaussian noise via Malliavin calculus.
The approach applied in this chapter is inspired by [2] and [1]. Our setting in this chapter is
mostly based on [22, Section 3|. After a short review of Malliavin calculus in Hilbert spaces in
Section 4.2, we investigate the Malliavin regularity of mild solutions of SPDEs in Section 4.3.

In Section 4.4 we state our weak error result in Theorem 4.4.3.






Chapter 2

Preliminaries

In this chapter we state the necessary notations, definitions and preparatory results that we use
later in this thesis. We present the auxiliary results concerning mathematical analysis in Section
2.1 and concerning linear functions in Section 2.2 . In Section 2.3, we review the definitions
of Gateaux and Fréchet derivatives and we develop our setting regarding stochastic analysis in

infinite dimensions in Section 2.4.

2.1 Some concepts from mathematical analysis

For a set A we denote its power set by P(A). The Borel g-algebra associated to a topological
space (F, &) is denoted by B(FE). If n € N and A € B(R"), we denote by )\"|A: B(A) — [0, 0]
the Lebesgue-Borel measure on A. For the case n = 1 we simply use A instead of A!. A measure

won (A, B(A)) is called finite Borel measure if p(A) < oo.

For Banach spaces (E,|-||p) and (K, ||||x) we denote by C(E,K) the space of continuous
mappings from E to K. Recall that C(E, K) equipped with the uniform-norm, i.e., || f||,, =
sup,cp |f(@)ll g, f € C(E,K), is a Banach space. We denote by Lip(FE, K) the space of all
continuous mappings f: £ — K with

1f(x) = FW)llx

i) = s )
Lp(BK) = Chaty T —yllg

We also use the norm || fllip(z ) = 1/ Ok + [ flrip(e,r0)-

To define the integral of operator-valued functions, we first need the definition of strong mea-
surability. Roughly speaking, strongly measurable functions are those functions which can be
pointwise approximated by simple functions. Recall that simple functions are functions with

finite image set. For details see, e.g., Section 2.3 in [30].

15
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Definition 2.1.1. We call a real Banach space (E, ||-|| ;) separable if there exists countable set
A C FE such that the closure of A is equal to F.

Definition 2.1.2. Let (E,|-||z) and (K, |-||) be real Banach spaces and let (£2,.A) be a
measurable space. A function f: Q — E is called A-strongly measurable if it is A-B(E)-
measurable and f() C F is separable. Moreover, an operator-valued function F': Q — L(E, K)
is called E-strongly measurable if for all z € E, the K-valued mapping F(-)z: Q — K, w —

F(w)x, is A-strongly measurable.

The procedure of defining an integral for Banach space-valued functions, also called the Bochner
integral, is similar to the real-valued case, however, the measurability is replaced by strong
measurability. For details see, e.g., Appendix A in [42]. In the following we introduce the set

of Bochner-integrable functions.

Definition 2.1.3. Let (£, ||| ;) be a real Banach space, let (€2, A, 1) be a measure space and
let p € (0,00). Then we denote by .£P (Q, A, 1; E) the space of A-strongly measurable mappings

f: Q — E with the property that
|17 @I uida) < o0

Moreover, the space of equivalence classes of mappings f € .i”p(Q, A, 1 E), which coincide u-
almost everywhere is denoted by LP (Q, A, 1; E) or simply by LP (,u; E) if it causes no confusion.
Recall that for p € [1,00) the space LP (,u,; E) equipped with the norm

ey = ([ 15@I u@0)) " 7 € (s )

is a Banach space.

2.2 Linear functions in Banach spaces

Let (E,||-||z) and (K, ||-|[5) be real Banach spaces. We denote the space of linear operators
from U C F to K by Lin(U, K) and for the domain of a linear operator A we write D(A).
Moreover, we denote the space of bounded linear operators from E to K by L(E, K). We write
L(FE) for L(E, E) and Idg (or simply Id if no confusion arises) for the identity operator on E.

This section is mainly based on [30].

Definition 2.2.1. The mapping B: EF x F — K is called bilinear if for every z € E the
mappings B(z,-): F — K and B(-,z): E — K are linear. Moreover, B is called bounded if

1Bl = sup |1B(@1, z2)|| x < o0,
J?1,LE2€E,H.Z‘1||E:1:||1‘2||E
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so that
[B(x1,22)|l e < 1Bl |21l - |22l Va1,22 € E.

The space of all bounded bilinear mappings from F x F to K is denoted by L(Q)(E K.

Definition 2.2.2. The space E* = L(E, R) of all real-valued bounded operators on E is called
the dual space of E.

We usually identify, via Riesz-isomorphism, the dual space of a real Hilbert space (U Al s € >U)
with U itself.

Definition 2.2.3. Let (U, |||/, (-,-)y) be a real Hilbert space and A: D(A) C U — U be a
linear operator. We call the operator A symmetric if for all u,v € D(A) it holds that

(Au,v); = (u, Av)y .

Definition 2.2.4. Let (U, |||, (-,")y) and (H, |||/, (-,")) be real Hilbert spaces and A €
L(U, H). The Hilbert-adjoint operator of A, denoted by A* € L(H,U), is the bounded linear
operator that satisfies

(Au,h) gy = (u, A*h)y;, YueUheH.

Definition 2.2.5. Let (U, |||, (-,-);;) be a real Hilbert space and A: D(A) C U — U be an
linear operator. We call the operator A non-negative if (Au,u); > 0 for all w € D(A).

Definition 2.2.6. Let (U, |||, (-,-);;) be a real Hilbert space and let ¢ be an orthonormal
basis of U. Then we define the trace of A € L(U) by trA = Y, (Au,u)y;, given that the

series is convergent and its value does not depend on the choice of the orthonormal basis.

The definition of trace is not necessarily independent of the choice of the orthonormal basis.
In [51, Remark B.0.4], it is shown that the definition of trace for a special class of operators is
well-defined and independent of the choice of the orthonormal basis. This class of operators is

called the set of nuclear operators.

Definition 2.2.7. Let (U, |||, (-,)y) and (H, |||z, (-,-) ;) be separable real Hilbert spaces.
An operator A € L(U, H) is called nuclear if there exist sequences (a;)jen C H and (bj)jeny C U
such that

Az = Zaj (bj,z), Vxel,
j=1

and

(o.9]
> llaglly - 11bsly < oo

=1
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Definition 2.2.8. Let (U, |||, (,-);;) and (H, |||z, (-,-) ;) be separable real Hilbert spaces
and U be an orthonormal basis of U. A bounded linear operator A € L(U, H) is called a Hilbert-
Schmidt operator if }° -, HAUH%_I < 00. The space of Hilbert-Schmidt operators from U to H
is denoted by
HS(U, H) = {A € LW, H): Y |l Auf} < oo}.
uel

The Hilbert-Schmidt norm on HS(U, H) is then defined by

1/2
|l = (D I4ulfy ) vA € HS(U, ).
ueU

Note that the Hilbert-Schmidt norm does not depend on the choice of the orthonormal basis;
see, e.g., [51, Remark B.0.6]. Furthermore, it is well-known (see, e.g., [51, Proposition B.0.7])
that HS(U, H) equipped with the inner product <L,T>HS(U,H) = (Z <Lu,Tu>2U)1/2, with
L, T € HS(U, H), is a separable real Hilbert space.

ueU

Diagonal operators
Next we introduce a class of linear operators and associated interpolation spaces, which will be
used later in our weak error rate results.

Definition 2.2.9. Let (H, |||, ,(-,);) be a separable real Hilbert space. We call the linear
operator A: D(A) C H — H a diagonal linear operator on H if there exist a set Z C N, a family

of real numbers ()\;);ez, and an orthonormal basis (e;);ez of H such that

Av = Z)‘i (€i, V) €4,

1€L
forallv e D(A) ={ve H: Y .7 |Nl* (e, v) y [* < o0}

Definition 2.2.10. Let (H, |||/, (-,-) ) be a separable real Hilbert space, let A be a diagonal
operator on H, let (\;);ez with inf;c7 \; > 0 be the family of eigenvalues of A as in the definition

above, and let (H,, (-,-) |-l ), r € R, be real Hilbert spaces with the following properties

. VT,SGR,TZSZHTCHSCEHS,
o Vr e [0,00): (D(A"), (A" (), A" (D) MA™ Ol ) = (Hrs {50, -l ) and

e Vr € (—00,0],ve H: HU”HT = || A"v|| -

Then we call (H,, (-,-) ,|IIlz ), r € R, a family of interpolation spaces associated to A.
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Note that the functional powers A”: D(A") C H — H, r € [0, 00), of the operator A appearing
in Definition 2.2.10 above are defined in the usual way; see, e.g., [30, Section 3.6.3]. The existence

of interpolation spaces defined in Definition 2.2.10 above is shown in, e.g., [30, Theorem 3.6.29].

Semigroups of bounded linear operators

Definition 2.2.11. Let S: [0,00) — L(FE) be a mapping with the property that for all ¢1,¢s €
[0, 00) it holds that
S(O) =1Idg, and S(tl) S(tg) = S(tl + t2)_

Then we call S a semigroup of bounded linear operators on E.
There are different types of semigroups of bounded linear operators. For this work, however,
we need only the following type of semigroups.

Definition 2.2.12. A semigroup S of bounded linear operators on F is called a strongly con-

tinuous semigroup or Cp-semigroup if for all v € E it holds that lim;_,o S(t)v = v.

Definition 2.2.13. Let S be a strongly continuous semigroup on E. A linear operator A: D(A) C
E — E is called the (infinitesimal) generator of S if

D(A) = {v SR th(t);)—v exists},

N0
and it holds for all v € D(A) that
Av = 1im 2BV =Y
t\0 t

The proof of the lemma below can be found in, e.g., [30, Theorem 4.8.2] and [30, Theorem
48.5).

Lemma 2.2.14. Let (H, |||, (-,-) ;) be a separable real Hilbert space, let I C N, let (e;)icz C
H be an orthonormal basis of H, let A be a diagonal operator on H, and let (\;);ez be a family

of numbers with sup;c7 A\; < 0 and with the property that

D(A) = {v €H: Y INlP{es o)y | < oo}

i€

and such that for all v € D(A) it holds that Av = Y A; (€5, v) ; €;. Furthermore, let (H,, |||, () )
1€L
r € R, be a family of interpolation spaces associated to —A. Then
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(i) it holds for all r € [0, 00) that

r T
sup [|( —tA) etAHL(H) < {*

r
<o
te(0,00) €

(ii) it holds that A is the generator of the strongly continuous semigroup (et4)

it holds for all v € U,crH, and t € (0, 00) that

ety = Z e (e, v) 5y €

1€

t>0 OI1 H and

2.3 Differentiation of nonlinear functions on Banach spaces

Let (E,||-||z) and (K, ||-|| ;) be real Banach spaces. In this section, we review, mainly based on

[57], two types of derivatives defined for functions on Banach spaces.

Definition 2.3.1. We call a mapping f: £ — K Gateaux differentiable on F if for each z € F
there exists an operator 7, € L(E, K) such that

oy £+ ) — (@)
h—0 h

=Tyv Vv e E. (2.3.1)

We write f € 4 (E, K) if f is continuous, Gateaux differentiable and the mapping 7.: E —
L(E,K), x — T, is strongly continuous, i.e., for every v € E the mapping Tv: E — K,

x — Tpv, is continuous.

Definition 2.3.2. We call a mapping f: £ — K Fréchet differentiable at point = € E if the
convergence in (2.3.1) is uniformly on {v € E: |jv|; < 1}. We call the mapping f: £ — K
Fréchet differentiable on F if it is Fréchet differentiable for all x € E. In this case we denote
its Fréchet derivative by f': E — L(E,K). If f’is Fréchet differentiable as well, then for
every x € F the operator (f')(z): E — L(E, K) is a bounded linear operator, i.e., (f')'(z) €
L(E,L(E,K)). Therefore, for all v1,ve € E it holds that (f")(z)(v1) € L(E, K) and that

| @ @)@ < 1Y@ @D 4w 2l < 1@ oy Tolle - Tols-

Hence the mapping (vi,v2) — (f')'(z)(v1)(v2) is a bounded bilinear mapping from E x E to K,
ie., (f) € L®(E, K). We use the notation f” instead of (f’)’ for the second Fréchet derivative
of f and the identification

(f)(@)(v1)(v2) = f"(2)(v1,v2) Vo, 01,02 € E.

For more details see [58, Section 4.6]. By C?(E, K) we denote the set of all mappings f: E — K,

which are 2-times continuously Fréchet differentiable.



Preliminaries 21

Remark 2.3.3. If f € C?(E, K), then its second Fréchet derivative f” is a symmetric bounded

bilinear operator and by symmetry we mean that
f(@)(vr,v2) = f(2)(v2,01) Va,v1,v9 € E.

A proof can be found in [58, Problem 4.10].

The following lemma states a second-order Taylor formula for Fréchet differentiable functions

on Banach spaces. A proof can be found in, e.g., [58, Theorem 4.C].

Lemma 2.3.4. Let f € C*(E, K). Then it holds for all z,v € E that

1
fl@+v) = fz) + f'(x)(v) + %f”(w)(vvv) + /O (1 =0)[f"(z +0v) — f"(2)] (v,v) db.

2.4 Stochastic analysis in infinite dimensions

If T € (0,00) and (Q, F, (]:t)te[(),T]aP) is a filtered probability space, we call the o-field

Pr=o({F, x (s,]: 0< s <t <T,F, € F,} U {Fy x {0}: Fy € Fo})
=0 (Y: Q2 x[0,T] = R:Y is left-continuous and adapted to (]:t)te[O,T])-

the predictable o-field on 2 x [0, T'] and its elements are called predictable sets. A Pr-measurable

process will be called predictable.

2.4.1 Conditional expectation in Banach spaces

In [51, Section 2.2], it is shown that, analogously to real-valued random variables, the conditional
expectation for Banach space-valued random variables are well-defined as well because the real-

valued conditional expectation operator is a positive operator.

Lemma 2.4.1. Let (E, ||-||z) be a separable real Banach space, let (Q2, F,P) be a probability
space, let G C F be a og-algebra and let X be a Bochner integrable F-valued random variable.
Then there exists a unique, up to a P-null set, Bochner integrable E-valued random variable Z,

measurable with respect to G, such that

/XdIP:/Zd}P’ VAeg.
A A
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The random variable Z is denoted by IE}[X |g} and is called the conditional expectation of X
given G. Furthermore, it holds P-almost surely that

IE[X16]]|; < E[1X1[9].
Proof. See [51, Proposition 2.2.1]. O

The following result is taken from Proposition 2.2.2 in [51].

Lemma 2.4.2. Let (M, A;) and (M2, A2) be two measurable spaces, let ¥: M; x Ma — R be
a bounded measurable mapping, let X; and X5 be two random variables on a probability space
(Q, F,P) with values in (M;,.A;) and (Ma, Az), respectively and let G C F be an o-algebra.
Assume that X7 is G-measurable and X5 is independent of G, then it holds that

E[¥(X1, X2)|G] = U(X1),

where

\I/(.%') =K [\If(.%',Xg)] Vx € M.

2.4.2 Wiener processes and stochastic integration in Hilbert spaces

To develop our stochastic calculus, we review some definitions mainly from [51]. Our aim is to
introduce the stochastic integral with respect to a cylindrical Wiener process and then introduce
mild solutions of stochastic evolution equations. To do this, we first need to state the definition

of the stochastic integral with respect to a standard @-Wiener process.

In this section we assume that T € (0, 00), (Q,.F ) (}—t)te[o,T],P) is a filtered probability space,
and (U, (-, )y, [|ly) and (H, (-,-) g » ||| ) are infinite-dimensional separable real Hilbert spaces.

The finite-dimensional cases are then particular implications of the infinite-dimensional setting.

Standard ()-Wiener process

Definition 2.4.3. Let @: U — U be a non-negative and symmetric linear operator with finite
trace and let (uy)ren be an orthonormal basis of U consisting of eigenvectors of @) corresponding
to real eigenvalues (A)ken. We call the U-valued (F3)-adapted stochastic process (W (t))iecpo,1]

a standard Q)-Wiener process if:

o W(0)=0,

o for all ty,t5 € [0,T] with t; < tg, o(W(t2) — W(t1)) and F;, are independent,
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e forall t1,t2 € [0,7] with ¢; < t3 the random variable W (t2) — W (1) has Gaussian distribu-
tion with mean 0 and covariance operator (to—1t1)Q, i.e., W (ta) =W (t1) ~ N (0, (t2—11)Q).

A representation of a standard @-Wiener process is given in [51, Proposition 2.1.10].

Lemma 2.4.4. Let Q: U — U be a non-negative and symmetric linear operator with finite
trace and let (uy)ken be an orthonormal basis of U consisting of eigenvectors of @) corresponding
to real eigenvalues (Ax)ren. Then a U-valued stochastic process (W (t)).ejo,r) is a standard Q-

Wiener process on U if and only if

W(t)=> /A Brlt)u, (2.4.1)
keN
where (B (t))tcpo,r), K = 1,2, ..., are independent real-valued standard Brownian motions. The
series in (2.4.1) converges in L?(P; C([0,7T],U)) with the uniform norm on C([0,T],U).

Stochastic integration with respect to a standard ()-Wiener Process

Note that for every non-negative symmetric L € L(U), there exists a unique bounded linear

operator L'/2: U — U with L = L'/2 o LY/2. For more details see, e.g., [51, Proposition 2.3.4].

A predictable HS(Q'/2(U), H)-valued stochastic process ((I)(t))te[o 7
to a standard Q-Wiener process (W (t)).cpo,1] if P(fOT HCI)(S)H%{S(QUQ(U),H) ds < c0) = 1. Note
that the inner product of the subspace U = QY2(U) is given by

(o, vo)y, = <Q_1/2u0, Q_1/2v0>U, ug, v € Uy, where Q12 is the pseudo inverse of Q/2 in the

is integrable with respect

case that @) is not one to one. According to [21, Proposition C.3], (U, (-,");;) is a separable
real Hilbert space. The construction of the stochastic integral is explained in, e.g., [51, Section
2.3.2].

The following result is the aforementioned It6 isometry and is taken from [30, Theorem 6.3.29].

Lemma 2.4.5. Let @Q: U — U be a non-negative and symmetric linear operator with fi-
nite trace, let (W (t)),c,r] be a standard @Q-Wiener process defined on the filtered probabil-
ity space (,F, (ft)te[O,T]aIP) and let ®: Q x [0,7] — HS(Q'Y2(U), H) be predictable with
E [y 19(5)|lfis(1/2(w).) 48 < 00 Then it holds for all t € [0, 7] that

and E [fg o (s) dW(s)} —0.

t
E —E [/0 |!‘1>(5)||%{S(Q1/2(U),H) ds

2
H

/0 t B(s) dW (s)
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Cylindrical Wiener process

In many situations one is interested in cases where () does not have finite trace, for example the
identity operator. In such cases, the series in (2.4.1) is not convergent in L?(P; C([0,7],U)) any

more. This problem can be solved by introducing the concept of cylindrical Wiener processes.

Definition 2.4.6. Let @: U — U be a non-negative and symmetric linear operator, let Uy =
QY2U and let (ex)ken be an orthonormal basis of Uy. Suppose that there exists a further
Hilbert space (U1, (), » [Ill,) and a Hilbert-Schmidt embedding J: Uy — Ui. The operator
Q1 = JJ* is then non-negative and symmetric with finite trace. Then by a cylindrical @-Wiener
process we mean actually the standard Q;-Wiener process on Uy, and it can be represented (see,
e.g., [51, Proposition 2.5.2]) by

W(t)=> B(t) Jex, (2.4.2)

keN

with convergence in L*(PP; C([0,T],U1)). Note that (W (t));epo,r) takes values in the larger space
U, instead of U.

Moreover, note that (Ut, (-, )y, , ||'l7,) and J in the Definition 2.4.6 above always exist. For in-
stance, choose U; = U and (ap)keny such that >, yaf < oo and define
J(u) =D pen o (U, ex)y, ek, for all u € Up; see [51, Remark 2.5.1].

Stochastic integration with respect to a cylindrical Q-Wiener Process

Assume the setting in Definition 2.4.6. We say a predictable HS( }/2(U1), H)-valued stochastic

process ((I)(t))te[OVT]
P(Jfy 19(5)11 g g1 /2(0) 11 45 < °0) = L, and we basically integrate with respect to the standard

is integrable with respect to the cylindrical Q-Wiener process (W (t)):e(o,7) if

(Q1-Wiener process defined on Uj.

It is important to know that the definition of the stochastic integral [, ®(s)dW (s) is independent
of the choice of U; and J, see [51, Remark 2.5.3].

For this thesis, the cylindrical Idy-Wiener process is of most interest. In this case, Uy =
Idllj/z(U) = U and the representation in (2.4.2) reads

W(t)=> Bult) Jug, (2.4.3)
keN
with (ux)ren being an orthonormal basis of U and the series converging in L?(P; C([0,T7],Uy)).
The stochastic integral [; ®(s)dW (s) is then well-defined for all ®: Q x [0,T] — HS(U, H) such
that @ is predictable and IP’(fOT |]<I>(s)||12{S(U7H) ds < 00) = 1. Indeed, by [16, Proposition 4.7] it
holds that Q1/(Uy) = U.
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The representation in (2.4.3) and the definition in [51, Equation (2.5.2)] ensure that there exists
a family of independent real-valued Brownian motions (8(t)).ejo,r), ¥ € N such that for all
predictable (®(t)) with IP(fO | D(s) HHS i) ds < 00) =1 and all ¢ € [0, T] it holds that

[aon

where the series above converges in L?(IP; C([0,T], H)). If further IE)[fOT H(I)(S)HZHS(U,H) ds] < o0

t€[0,T]
=> / $)ug dBi(s), (2.4.4)
keN

then, analogously to Lemma 2.4.5, it holds that

[rome

E [/th)(s) dW(s)] =0 Vtelo,T).

E

[/ 966 sy ds] v € 0.71,

and

2.4.3 A class of stochastic evolution equations

Assumption 2.4.7. Let T' € (0, 00), let (Q, F, (ft)te[[)’T],IP’) be a filtered probability space, let
the filtration (F)eo, ) satisfy the usual conditions, and let (UMl ¢ ) and (H -l g € ) pr)
be separable real Hilbert spaces. Furthermore, let the stochastic process W = (W (t)).e(o,r) be
an (F;)-adapted cylindrical Idy-Wiener process, let A: D(A) C H — H be the generator of
strongly continuous semigroup (e*4);>0 C L(H) and let F: H — H and B: H — L(U, H) be

measurable and strongly measurable mappings, respectively.

This section is based on Chapter 2 in [21] and Appendix G in [42] and we introduce different
types of solutions of the following stochastic evolution equation

dX(t) = [AX(t) + F(X(t))]dt + B(X(t)) dW (¢), t€1[0,T]

(2.4.5)
X(0)=¢ e L*(Q,F,P; H).

Definition 2.4.8. Let Assumption 2.4.7 be fulfilled. We call an H-valued predictable stochastic
process X = (X (t))sepo,]

(i) an (analytically) strong solution of (2.4.5) if

(a) it holds P(dw) ® dt-almost everywhere that X (w,t) € D(A),

(b) (AX(%))iecpo,r) and (F(X(t)))iec(o,r) are P-a.s. Bochner-integrable and (B(X (t))):e(o,m)
is integrable with respect to the cylindrical Idy-Wiener process (W (t)).e(o,1),
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(c) for every t € [0,T1], it holds P-a.s. that

X(t):§+/0 [AX(s)+F(X(s))]ds+/0 B(X(s)) dW(s),

(ii) an (analytically) weak solution of (2.4.5) if for every h € D(A*) and t € [0,T] it holds
P-a.s. that

t
(X Oy = €+ [ XAy (PO g s

. (2.4.6)
+ [ BOX ) AW )
In particular, the integrals in (2.4.6) above have to be well-defined.
(iii) a mild solution of (2.4.5) if for all ¢ € [0, 7] it holds P-a.s. that
t t
X(t) = ete + / AR (X (s))ds + / U=)AB(X () dW (s). (2.4.7)
0 0

In particular, the integrals in (2.4.7) above have to be well-defined.

It is remarkable that every strong solution of (2.4.5) is also a weak solution. Moreover, if
(X (t))iejo,r 1s a weak solution of (2.4.5), B(X(t)):e[o,r] takes values in HS(U, H) and

T
P( [ IX i+ IFCE) L+ 1B sy s < o) = 1.

then the process is also a mild solution. For details see, e.g., [42, Proposition G.0.5].

Definition 2.4.9. Let T, (0, F, (Fi)ep,r):P), U, H, and W = (W (t))ejo,1) be taken from As-
sumption 2.4.7. Additionally, let S: {(,0) € [0,T]?>: ¢ < 7} — L(H) be a strongly measurable
mapping satisfying S(t,s)S(s,r) = S(t,r) forall 0 <r <s<t<T andlet ¥: [0,7] x Q@ - H
and strongly measurable ®: [0,7] x 2 — L(U, H) be two predictable stochastic processes with

t
el [ (156 9¥E)y+ 169 isrm) ds <0 Pas
Then a predictable stochastic process X : [0,7] x Q — H satisfying

Vi e [0,T]:  X(t)=S5(t,0)X(0) + /tS(t, s)U(s)ds + /t S(t,s)®(s)dW(s) P-as.,
0 0

is called a mild It6 process.



Chapter 3

On path-dependent It6 calculus in

infinite-dimensional Hilbert spaces

This chapter contains our path-dependent mild It6 formula and begins with our setting and
assumptions. In Section 3.2 we state our path-dependent mild It6 formula in Theorem 3.2.2.
Then we discuss a comparison with related Ito-type formulas from the literature. In Section 3.3,
we prove our path-dependent mild It6 formula. As an exemplary application, we show in Section
3.4.1 an upper bound for the weak error of approximations of spatio-temporal covariances of
the solution process of a semilinear SPDE with multiplicative noise. In Section 3.4.2, we discuss
a possible further application of our path-dependent mild Ité6 formula to linear SPDEs and the
associated Kolmogorov equations. In Section 3.5 we collect some technical results mostly used

in the proof of Theorem 3.2.2 below.

3.1 Preliminaries

For T € (0,00) and a separable real Hilbert space (H, |||z, (-,-) ), we denote by D([0,T], H)
the space of H-valued right-continuous with left limits (cadlag) paths endowed with the uniform-
norm ||| pgo,ry, ;) 8iven by [zl por,my = SuPseio.r) l2(s)l g, @ € D([0,T], H). If further
(E, |||l p) is a real Banach space, we denote by C ([0, T]x D([0,T], H), E) the set of all continuous
functions on [0, 7] x D([0, T, H) with values in E. Given a function f: [0,T]xD([0,T],H) — E,
then the mapping 9] f: [0,T) x D([0,7T], H) — E defined by

lim f(to+ h,z0) — f(to, x0)

ot f(to, o) = ,

(to,:l}o) € [OaT] X D([07T]7H)7

is the right-sided derivative with respect to time parameter ¢, if the above limit exists. By

Do f (to, xo) and 02 f(to, o) we denote, if they exist, the first and second Fréchet derivatives of

27
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the mapping f(to,-): D([0,T], H) = E at xo. Note that dsf(to,z0) € L(D([0,T],H),E) and
02 f(to, xo) € L(L(D([O,T],H), E), E) If the function f depends only on the variable x then
we denote its first and second Fréchet derivatives with the conventional notation f’ and f”,

respectively.

Setting and assumptions

In the following we introduce the assumptions employed throughout this chapter.

Consider the stochastic process X = (X (t));e[o,7] given by

X(t) :S(t,O)X(O)+/0tS(t,s)\Il(s)ds+/OtS(t,s)CI)(s)dW(s), te[0,7], (3.1.1)

where we assume the following;:
Assumption 3.1.1 (Process X).
(i) Let T € (0,00) and let (Q, F, (Fi)epo,r); P) be a filtered probability space such that the
filtration (F%)sc(o,r) satisfies the usual conditions.

(ii) Let U and H be separable real Hilbert spaces and let W = (W (t));¢[0,r) be an (F;)-adapted

cylindrical Idy-Wiener process.

(iii) Let S = (S(t,5))o<s<t<T be a strongly continuous evolution family on H, i.e., for all
0<r<s<t<T it holds that

S(t,s) € L(H), S(t,t)=1Idg, S(t,r)=1S5(ts)S(s,r),

and for all h € H the mapping (7,0) — S(7,0)h is continuous from {(7,c) € [0,T]?: 0 <
T} to H.

(iv) Let the stochastic processes ¥: [0, T]xQ — H and ®: [0,T]xQ — HS(U, H) be predictable
mappings such that the following assumption is fulfilled:

T
| (@l + 19 s ds <o Pas

(v) Let X(0): Q — H be Fp-measurable.

(vi) Assume that the process X defined by (3.1.1) admits a modification with continuous
sample paths [0,7] 3t — X(w,t) € H, w € Q.
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Note that, as a consequence of the uniform boundedness principle, we have that

sup  |[[S(t, $) |l gy < o0 (3.1.2)
0<s<t<T

Therefore, the integrals in (3.1.1) are well-defined. Indeed, for all ¢ € [0, T] we have that

| (1809% @l + 1590 fisuan ) ds <00 s

Moreover, note that, due to items (iii), (iv), and (vi) above, the H-valued processes
(f(f S(t,s)\lf(s)ds)te[o 1] and (fot S(t, s)@(s)dW(s))te[O 7] admit continuous modifications. In

the sequel, we will always consider these specific modifications without explicit mentioning it.

Example 3.1.2 (Mild solutions of SEEs). Let Assumption 2.4.7 be fulfilled and assume further
that F': H — H and B: H — HS(U, H) are globally Lipschitz continuous. Consider the

following stochastic evolution equation

dX(t) = [AX () + F(X(¢))]dt + B(X (t))dW (¢), t € 10,7

(3.1.3)
X(0) = ¢ € L2(Q, Fo, P; H).

In [42, proof of Theorem 6.2.3] it is shown that there exists a unique predictable mild solution
of SEE (3.1.3), i.e.,

X(t)=S(t)¢+ /0 S(t—s)F(X(s))ds + /O S(t — s)B(X(s))dW (s).

Moreover, due to [42, Lemma 6.2.9] and [42, Proposition 6.3.5], the process (X(t))co,7] has
a continuous modification. Therefore the conditions in Assumption 3.1.1 are fulfilled with
S(t,s) =S(t—s), U(s) = F(X(s)), and ®(s) = B(X(s)) for 0 < s <t < T in the notation of
Assumption 3.1.1.

Example 3.1.3. Assume the setting from Example 3.1.2 above. It is well-known; see, e.g.,

[15], that the linear implicit Euler approximations of the mild solution of the SEE (3.1.3),
N .
(Y (t))te{o,%,...,T}’ given by
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with YN(0) = ¢, n=0,1,..., N —1, N € N, have continuous interpolations

() :SN(t,0)§+/O SN, LSJN)F(YN(LSJN))ds+/O SNt Ls) ) B(Y N (Ls] )W (s)
:SN(t,O)§+/O SN (t,s) (1 As - LsJN)>_1F(YN(LsJN))ds
w57 (1= Al = 1s1) T BOV(Lsly)aw )

where (SN (¢, s)) C L(H) is given by

0<s<t<T

)

§V(t2,t1) = (T = (11 — 1)) A) (T = (12 - Lt2JN)A>_1(I_ Jz\;A><u1JN—Lt2JN>¥

for all t1, to € [O,T] with t; < t9, all N € N, and

T 2T N -1)T
]y : :max{s € {O,N,N,...,(N),T}: sgt},
for all + € [0,T]. Note that the semigroup (S™(t2,1))o<i,<t,<7 depends explicitly on both

variables t; and t9 instead of the difference t9 — 1.

Example 3.1.4. Let Assumption 2.4.7 be fulfilled. Furthermore, let (e, ),en be an orthonormal
basis of H, let (A\,)neny C (0,00) be an increasing sequence, and let the diagonal operator
A: D(A) C H — H be such that D(A) = {we H: ¥, .| nl?| (en, w) y [* < 0} and for
all n € N it holds that Ae, = —\,e,. For N € N, let (Py)nen C L(H) satisfy Py(v) =
SN (en,v) e for all v € H, and let XV: [0,T] x Q — Py(H) be a continuous analytically

strong solution of

axN (1) = [PNAXN(t) + PNF(XN(t))} dt + Py B(X™ (£))dW (¢),

XN (0) = Py¢.

The process XN = (XN(t))te[O T]

satisfies Assumption 3.1.1 with

is called spatial spectral Galerkin approximation [13], which

S(t,s) = ePNA=9) (s) = Py F (XN (s)), ®(s) = PvB(X"(s)), and X(0) = Pyé.

In the following we formulate our assumptions on the path-dependent functionals.
Assumption 3.1.5 (Functional f).
(i) Let (V,|]l;;) be a separable real Hilbert space and let f: [0,7] x D([0,T],H) — V be

a mapping, where T' € (0,00) and the separable real Hilbert space H are taken from

Assumption 3.1.1.
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(ii) Assume at each (t,x) € [0,T) x D([0,T], H), the right-sided derivative 9] f(¢,z) € V and
at each (t,z) € [0,T] x D([0,T], H) the Fréchet derivatives d2f (t,xz) € L(D([0,T],H),V)
and 93 f(t,z) € L@ (D([0,T],H), V) exist.

(iii) Let the mappings f: [0, T|xD([0,T], H) — V, 0] f: [0, T)xD([0,T], H) — V, 02 f : [0, T] x
D([0,T], H) — L(D([0,T], H),V) and 83f: [0,T] x D([0,T], H) — L (D([0,T), H),V)
be continuous and stay bounded on bounded subsets of [0, 7] x D([0,T], H).

(iv) If (hn)nen and (gn)nen are bounded sequences in D([0,7], H) and h,g € D([0,T], H) are
such that for all s € [0,7] it holds that ILm hn(s) = h(s) and ILm gn(s) = g(s), let it
hold for all (t,z) € [0,7] x D([0,T], H) that

n—o0

o f (t,x)hy, —— Oof (t,z)h (limit in V),

and
n—oo

O3 f(t,x)(gn, hn) == 95 f(t,2)(g,h) (limit in V).
Note that if a functional f satisfies the conditions in Assumption 3.1.5 above, then its second

Fréchet derivative 03 f is a symmetric bounded bilinear operator; for details see Remark 2.3.3.

Example 3.1.6. (i) Let T\, V and H be as in Assumption 3.1.5, and let g: [0,T]x H™ — V,
(t,(h1,y...,hm)) = g(t, (h1,...,hp)), be continuous and twice continuously Fréchet dif-
ferentiable with respect to (hi,...,hy,). Moreover, assume that the right-sided deriva-
tive 01 g(t, (h1,...,hy)) exists for all t € [0,T), (h1,...,hy) € H™, that the map-
ping 9; g: [0,7) x H™ — V is continuous, and that dsg, d3g and 0; g are bounded
on bounded subsets of [0,7] x H™ and [0,T) x H™, respectively. Then the functional
f:10,T7] x D([0,T],H) — V defined by

ft,z) =g(t,x(s1), ..., x(sn))
satisfies the conditions in Assumption 3.1.5. Indeed, note that

Otg(t, (z(s1),...,2(s5m)))

o f(t,x) = 5 :

for all (¢,2) € [0,T) x D([0,T], H) and that
hf(t,x)(y) = 829(75, (:U(sl), e ,x(sm))) (y(sl), ce y(sm)),
Q%f(t,x)(y, z) = 8§g(t,a:(sl), e ,x(sm))(y(sl), cosy(sm), 2(81), - - - ,z(sm)),
for all t € [0,7T], x, y, and z € D([0,T], H).

(ii) Let T, V and H be as in Assumption 3.1.5, let u be a finite Borel-measure on [0, 7], and
let g: [0,T] x [0,T] x H—V, (t,s,h) — g(t, s, h), satisfy the following conditions:
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(a) For all (¢,s) € [0,T]?, the function g(t,s,-): H — V is two times continuously
Fréchet differentiable.

(b) There exists a p-measurable function G: [0,T] x [0,7] — R such that for all s, t €
[0,T] and all h, hy, ho € H with max{||h1| 4, ||he|lz} < 1 it holds that G(¢,-) is
p-integrable and that

629((t,5,h)

H Og((t, s, h)
ox Ox?

(hl)H :

\%4

max 1 ||g(t, s, )y (h1,h2) < G(t, s).
14

Then the functional f: [0,7] x D([0,T], H) — V defined by
fto) = [ gltos,a(s)nlds
[0,7]

satisfies the conditions in Assumption 3.1.5. Indeed, note that

o fltr) = [ CHERIED g

for all (¢t,2) € [0,T) x D([0,T], H) and that

Daf (t,2)(y) = / 9g(t,,2(s))

[O,T] 81’

2 S, (S
s = [ P (0,0 s,

(y(s)) wu(ds), and

for all t € [0,T], =, y, and z € D(][0,T], H) as a consequence of the assumptions on g and

the dominated convergence theorem. See Lemma 3.5.4 below for details.

3.2 A path-dependent mild Ito6 formula

In this section, we introduce a path-dependent mild It6 formula in infinite-dimensional Hilbert
spaces. In order to prove our path-dependent mild It6 formula, Theorem 3.2.2 below, we

introduce a perturbation of the trajectories of X = (X(%));e(o,7), in (3.2.1) below.

Let Assumption 3.1.1 be given, let X = (X(t))sc[o,7] be the H-valued mild Ito process given by
(3.1.1), and set for all ¢, r € [0, T

X5 (r) = X(r) if r € [0,1), (3:2.1)
S(r, t) X (t) if r e [t,T].
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Then we have that
XtS(T) = S(r,0)X(0) + /07“ S(r,s)¥(s)ds + /07“ S(r,s)®(s)dW(s). (3.2.2)

It is clear that, under Assumption 3.1.1, for all ¢ € [0,7] and P-a.e. w € Q the trajectories
[0,7] 5 7+ X (r,w) € H of the H-valued process (X{(r)),e[o,7] are continuous, and therefore
X5 = (Xf)te[o’T] is a stochastic process with values in C([0,T], H) C D([0,T], H). Moreover,
note that X2 (r) = X (r) for all » € [0, 7.

Lemma 3.2.1. Let Assumption 3.1.1 be fulfilled, let the H-valued process (X(t))ejo,r) be
given by (3.1.1), and let the C([0,T], H)-valued process (X;)ie(or) be given by (3.2.2). Then
the trajectories [0,7] > t — X (-,w) € C([0,T], H), w € Q, are continuous. Here and below
we denote for every (t,w) € [0,7] x Q by X(-,w) € C([0,T], H) the mapping [0,T] > s
X7 (s,w) € H.

Proof. We show the continuity at a fixed point ¢y € [0,7]. To this end, we use the fact that for
all x € C([0,T], H) the mapping

{(t,s) €[0,T]*: s <t} > (t,s) — S(t,s)z(s) € H

is uniformly continuous, see Lemma 3.5.1 below for details. As a consequence, for ¢ > tg it holds

that

x5 = X = sup [|X7(r) = X ()]

HC([O,T],H)

rel0,T7]
< sup ||S(r,r)X(r) = S(r,to) X (t0)]|
rElto,t]
+ sup ||S(r,t)X () — S(r,t0) X (t0)]| ;
relt,T)

goes to zero as t decreases to tg. Therefore, the mapping ¢t — XtS (-,w) is right-continuous at g

for all w € Q. The left-continuity can be shown in the similar way: For ¢ < tg, observe that

HXig - XtSOHC([O,T],H) = SEI;] [S(r. )X (t) = S(r,r)X(r)]
relt,to
+ sup [[S(r )X (t) — S(r,to) X (t0)|
TE[to,T]
goes to zero as t increases to ty. This implies the assertion. O

We are now able to present our path-dependent mild It6 formula:

Theorem 3.2.2. Let Assumption 3.1.1 be fulfilled, let (X(t));c[o,r) be given by (3.1.1), and
let f:[0,7] x D([0,T],H) — V satisfy Assumption 3.1.5. Moreover, let the C([0, T], H)-valued
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process (X} )tcjo,r) be given by (3.2.2) and let U be an orthonormal basis of U. Then it holds
P-a.s. that

T
| {1086 X9 + 026,35 (11 OS99

+[[02£ 5, X5) (101 (VS (-, 9)8(5)) s o

(3.2.3)
+ Z H822f(37 Xf)(]l[s,T](')S('v S)(I)(S)uv ]I[S,T](')S('a 3)(1)(8)“) H\/}ds
ueU
< 0
and for all ¢ € [0, 7] we have P-a.s. that
t
0.5 = 50.55) + [ 07 F(5.X5) ds
/ Oaf(s, X ]l[sﬂ( )S( ,s)\ll(s)) ds
(3.2.4)

Remark 3.2.3. Note that all integrals in (3.2.4) exist due to the integrability property (3.2.3)
and the fact that the mappings

0,7] x Q3 (s,w) = I f(s, X5 (-,w)) €

[0,T] x Q3 (s,w) s O f (s, X5 w)( w11 ()S(, 8) 8 (s,w)) €V,

[0,7] x Q3 (s,w) > [U S urs Oof (s, X5 )(]1[8 71()S(, 8)B(s,w)u) € v} € HS(U, V),
0.7] x 23 (s,w) = 3 (s, X5 ,w>)(11[s 11()S (. 8)0(s, @), iy 19()S (-, 8)(s, w)u) € V

ueU

are Pr measurable. In particular, observe that for all (s,w) € [0,7] x 2, u € U we have
Lo (1)S(-8)¥(s,w) € D([0,T], H) and 1js7(-)S(-, s)®(s,w)u € D([0,T], H). Moreover, if the
second mapping listed above is denoted by Z: [0, 7] xQ — HS(U, V), then the stochastic integral
appearing in (3.2.4) can be rewritten as fo s)dW (s). See Section 3.5 below for details.

Remark 3.2.4 (Comparison with related results from literature). (i) In order to compare the
It6 formula (3.2.4) above with the functional It6 formula introduced in [12, 20], one can
set the spaces U, H, and V equal to the space of real numbers R and the evolutionary
family S(t,s) = Idg, for t,s € [0,T]. Then the path-valued random variable X defined
in (3.2.1) is simply the stopped It6 process X; = X (- At) and the formula in (3.2.4) can
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be rewritten as
t
£(6.X0) = 7(0.X0) + [ 0 7(s5,X) ds
0

+ [ 2l X) (1 () ds
0 (3.2.5)

—i—/o Do f (s, Xs) (L) (1) ®(s)) AW (s)
+;/O 031 (5, Xs) (Mo 1y () B(5), Loy (-)B(s)) ds.

Considering the "non-anticipativity” assumption on the functional f in [12], observe that
the right-sided time-derivative 95" f (s, X) and Fréchet derivatives 92 f (s, Xs) (115 79(-)h(s)),
h € H appearing in (3.2.5) correspond to the horizontal and vertical derivatives in [12],
respectively. Therefore, the formula (3.2.4) corresponds to the functional It6 formula
introduced in [12, 20].

(ii) The infinite-dimensional functional It6 formula, presented in [52], is similar to our Ito
formula in (3.2.4) if we set S(t,s) = Idy for all ¢,s € [0,7]. Note that the notation
and assumptions in [52] are slightly different than in our setting. For instance, in [52] a

left-sided time-derivative is used instead of right-sided time-derivative.

(iii) Let us finally compare Theorem 3.2.2 to the mild It6 formula in [15]. To this end let
in Theorem 3.2.2 above ¢t € [0,7] be fixed. If for all s € [0,7] and x € D([0,T],H) it
holds that f(s,z) = f(s,z(t)) with an f € C%2([0,T] x H,V), then f € C%2([0,T] x
D([0,T],H),V) and the formula (3.2.4) implies that

t
f(t,X(t)):f(o,S(t,o)X(o))+/0 OF f(s, S(t,s)X(s)) ds

t ~
+/ (92f(s,S(t,s)X(s)) (S(t, s)\I’(s)) ds
N (3.2.6)
+ /0 Do f (s, S(t, )X (s))(S(t, s)P(s)) AW (s)

5 | 3D OB (5 S0 X(0) (S 9)D(s)u S(t, ) (s)u) d.

uel
which coincides, for the fixed ¢, with the mild Ité formula introduced in [15].

Remark 3.2.5 (alternative version of the path-dependent mild It6 formula). Here we present
an alternative, slightly modified version of the path-dependent mild Ité formula (3.2.4) involv-
ing a suitable evolution family (S¢s)o<s<t<7 of bounded linear operators on the path-space
D([0,T), H).

To this end, let Assumption 3.1.1 be fulfilled and for every ¢ € [0,T] let X; = (X(r/\t))re[0 7] be
the process stopped at ¢, which we identify with the corresponding C([0, T, H)-valued random
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variable. Therefore (X¢).c(o,7] is a stochastic process with values in C([0,T], H) C D([0,T], H).
For all s,t € [0,7] with s <t let Sy, € L(D([0,T],H)) be defined by

(St,s2) (r) = L6 (r)x(r) + Lis 4 (1) S(r, 8)x(r) + Ly (1) S (L, 5)2(r)
= Tjo,0)(r)a(r) + Ljsm(r)S(r AL, s)a(r),

(3.2.7)

z € D([0,T],H), r € [0,T]. Note that (St s)o<s<t< C L(D([0,T], H)) is a strongly continuous
evolution family on D([0,7], H). To see this, let r,s,t € [0,7] with r < s < t and let = €
D([0,T], H). Observe that S;; = Idp(jo, 7],y and that for all u € [0,77] it holds that

(St,s8s,2) (u) = = 1g,)(u (Ssrz)(u) + L) (u)S(unt,s) (Ssrz)(u)
[]l[OT +]l[rT]( u)S (UAS»T)fC(U)}

)
_]l[Os u) )
oz (W) S(u A L) [Ty ()a(w) + L (w)S(

A s,r)x(u)}

w)z(u) + Lpp o) (w)S(u A s, r)a(u) + L gy (u)S(uAt,s)S(uA s, m)z(r)
Jx(u) + Ly g (w)S(u At )z (u) + L 7y (u)S(u Aty s)S(s,m)x(r)

= (St (u).

- ]l[O r)(
]l[Or)(u

(3.2.8)

The strong continuity of (St s)o<s<t<7 can be shown in a similar way as in the proof of Lemma
3.2.1. Next suppose that the mapping g: [0,7] x D([0,T], H) — V fulfills the conditions formu-
lated in Assumption 3.1.5 with g in place of f, and let U be an orthonormal basis of U. Then,
by reasoning along the lines of the proof of Theorem 3.2.2 one obtains that for all ¢ € [0,77] it
holds P-a.s. that

T
/0 {1167 95, S0, X |y + 19295, S0, X6) St (1 my (2 (3))

+ [|029(s, S, X:) S5 (M) (V2(5) s vy

(3.2.9)
+ Z Hagg(s’ St,sXS> <St,s (]I[S,T}(‘)(I)(S)U), St,s (]l[s,T](>(I)(S)u)> Hv}ds
ueU
< 0
and
¢
g(t, X¢) = g(0, St,0Xo) +/ 019(s, St,s Xs)ds
0
¢
n / 029(5, 15 X) S5 (s 1y () W (s5)) ds
(3.2.10)

/ 029 (5. S1.aX2)S1e (Lo ()B(s)) AV (5)

/ S (s 1.0 X0) (St (L (VB()u). St (L (VB(5)u) ) s,

ueld
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In particular, analogous measurability assertions to the ones in Remark 3.2.3 hold true.

To elucidate the relation of (3.2.10) and (3.2.4), let t € [0,7] be fixed, let the mapping
Ji: D([0,T], H) — D([0,T], H) be defined by Ji(z) = Ty (-)x(-) + Ly (-)S( t)z(-), = €
D([0,T], H), and observe that for all s € [0,¢] it holds that

Xf = u7t(St,sXs)7 (3.2.11)

where we use the notation introduced in (3.2.1). Thus, if : [0,7] x D([0,T], H) — V is a further
mapping satisfying the conditions formulated in Assumption 3.1.5, the identity (3.2.4) coincides
with (3.2.10) for the specific choice

g9(s,z) = f(s, Ti(x)),

s € [0,T], « € D([0,T],H). Indeed, it holds for all h € H that J;(Sis(Ljsi(-)h)) =
L5 7)(-)S(-;t)h and by Definition 2.3.2 that

D f(s,2)(y) = 0af (s, Te(2)) (T (), (3.2.12)

xz,y € D([0,T],H).

Remark 3.2.6 (simplified setting for the path-dependent mild It6 formula). The proof of
our mild It6 formula is significantly simplified if we work in the much more restrictive setting
obtained by replacing the Banach spaces C([0,T], H) and D([0,T], H) in the setting of Remark
3.2.5 above by the Hilbert space L?(u; H) = L%([0, 7], B([0,T)]), u; H), where p is some given
finite Borel-measure on [0,7]. To discuss this in some more detail, let Assumption 3.1.1 be
fulfilled and, as in Remark 3.2.5 above, for every ¢t € [0,T] let X; = (X(r A t))re[o,T] be the
process stopped at . We now interpret each X; as an L?(u; H)-valued random variable, so that
(Xt)efo,r) is an L?(p; H)-valued stochastic process. Similarly, the operators S; 5, 0 < s <t < T,
defined in (3.2.7) are now considered as operators on L?(u; H), i.e., Sts € L(L?*(u; H)). It then
follows that (S s)o<s<t<r is a strongly continuous evolution family on L?(w; H) and that the
L?(u; H)-valued process (Xt)iefo, is in fact an L?(; H)-valued mild It6 process which satisfies
for all t € [0, T that

thst,OXOJr/O St,s(]l[s,T](-)qf(s))der/o Sts (L1 (1)@(s))dW (s), (3.2.13)

P-a.s. as an equality in L?(u; H). Here the Bochner integral and the stochastic integral on the
right hand side are meant to be L?(u; H)-valued integrals; compare Lemma 4.4.1 in Section
4.4 below for related considerations. As the mild It6 process (3.2.13) essentially fits into the
framework in [15], we are now able to directly apply the “standard” mild It6 formula in [15] to

obtain that the identity (3.2.10) in Remark 3.2.5 above holds true for every g € C*2([0,7] x
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L(w; H), V). Note, however, that the simplified setting considered here is much more restrictive
than the setting considered in Remark 3.2.5 above. An example of a mapping g: [0,7] X
D([0,T],H) — V that can not be extended to a mapping from [0,T] x L?(u; H) to V is given
by

g(t,2) = E[0(1jp ()2() + 1pm ()X O () |, (3.2.14)

t€10,7)],z € D([0,T)], H), where ¢: D([0,T], H) — V is sufficiently regular and (X** (r))re[t oo
t €[0,7], £ € H, is a family of mild solutions (in a probabilistically strong sense) of a given
semilinear SPDE with respective starting time t and starting position £. Such functionals are

of interest in the context of path-dependent Kolmogorov equations; compare, e.g., [5, 35].

3.3 Proof of the path-dependent mild Ito formula

To present the proof of Theorem 3.2.2 we need some auxiliary results and one new notation.
For ] = %T, j€40,1,...,2"}, n € N, and r € [0,T] we define the H-valued random variables
Y (r) by

2TL
0 = X by (DX + Ly () XE ).
=1

Note that Y* = Y}'(-) is thus a D([0, T], H)-valued random variable,

k-1

-
VPO =3 L OXa () + Ly (OXE(D). (3.3.1)
k=1

The idea of the definitions of X;” and Y;" are illustrated in Figure 3.1 below.

T
T 777777777777777777 /7/‘
X5(r) = S(r, )X (¢) N
¥__/I : /// “
L SR RE SRR oY) = X5 ()
k 7 [ J
g BuinuEs _ ,I‘{
. .,
tn T

FIGURE 3.1: Perturbation of sample paths of X and its approximation via Y.
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Lemma 3.3.1. The D([0,T], H)-valued processes (Y}")j=o,.,2n, n € N, defined in (3.3.1), are

uniform approximations of (X; )telo,r] in the following sense:

max sup HYJ”(,w) - X7, 2220 forall w e Q.
J=002% gefen | tm)

W)HD([O,T],H)
Proof. The assertion follows from the fact that the mapping

0,7 > (t,7) = X2 (r,w) € H
is continuous, by Lemma 3.2.1, and therefore uniformly continuous. Indeed, it holds that

T AL T HX%t“ ~x$ H n=oe, ),
o WSE%(I)?T} ) () Lpg oy (1) | Xin (8) = X2 ()|

O]

The following auxiliary result is closely related to the so-called A-Lemma in [20]. It is crucial

that the value ¢ appearing in (3.3.2) below does not depend on t.

Lemma 3.3.2. Let T' € (0,00), let B be a real Banach space, and let H be a real Hilbert space.
If the mappings f: [0,7] x D([0,T]),H) — B and z.: [0,7] — D([0,T],H), [0,T] 5t — x4 €
D([0,T], H), are continuous, then it holds that

Ve > 036 >0: Vy € D([0,T],H), Vs,t €[0,T) : )
3.3.2
(|75 = sl +llze = yllpory,my < 0= 1f(tze) = fs,9)llp < 5)'

Proof. Assume that the assertion does not hold. Then there exist ¢ > 0, sequences (ty)nen,
($n)nen in [0, T], and (yn)nen in D([0,T], H) such that [t — sp| + |26, — Ynll po,r),m) < 1 and
| f(tn,2t,) — f(sn,yn)l|g > € for all n € N. Let (t,,)ren be a subsequence of (t,)nen Which

converges to some t* € [0,7T] and write

Hf(tnk:7xt"k:) - f(snkvynk)HB < Hf(tnkvxtnk) — f(t*, ) ’B (3.3.3)
£ 2e) = Fn )| -

Notice that

|t = S| + ||z — ymcHD([O,TLH) <[t =t | + |2 — Ltn, HD([O,TLH)
+ tn = s + [0, = 9mill po 27,1

n—oo

—=0,

1 *
< o T =] e, = e[ o 1y,
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by continuity of s — xzs. Now the continuity of f at (¢*,x4) implies that the right-
hand-side of the inequality in (3.3.3) goes to zero. This contradicts the assumption that
|\ f(tn, xt,) — f(sn,yn)|| g > € for all n € N, O

Proof of Theorem 3.2.2. For the sake of notational simplicity, we prove formula (3.2.4) for the

case t =T
T
(T, X5) = F(0.X§) + / o (s, X5) ds
0

T
+ /0 Do f (5, X5) (1011 (-)S (-, $)W(5)) ds

T (3.3.4)
+ / O f (5, X5) (1177 (S (-, 5)D(s) AW (s))

/ ST 0 £(5, X5) (L ()8 ()@ ()i, Ly (VS (-, 5)B(5)u) ds.

ueU

The proof for an arbitrary ¢ € [0, 7] is more complicated from a notational point of view but not
from a mathematical point of view. To simplify the exposition, we first describe the strategy
of our proof. The single arguments are carried out in Steps 1-3 below. We begin by showing
the integrability assertion (3.2.3) in Step 1. Further, a stopping argument in Step 2 shows that

without loss of generality we can assume that

T T
sup max<||X<o>||H, |1l ds, [ 106 s s
te[0,7) 0 0
t
/ S(t, $)B(s)dW (s)
0

for some N € (0,00). The main idea of our proof is to use the D([0, 7], H)-valued processes

(3.3.5)

> < N P-as.
H

(an)je{o,_”,zn}, n € N, defined in (3.3.1), in order to write

F(T.X5) = £0.X8) = (F(T.X5) - TY")+Z( (6, Y7) = F(t7-1,Y])
+ (F0,Y5) - 10, X5))
- (f(T,X%) F(T,Y™) ) +Z( FOYT) = F(E0, Y )) (3.3.6)
+§j( FE.Y7) = £, Y7 ) + (F0, ) = £(0.X5))

=A"+B"+C"+ D",
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where

A" = f(TﬂXTS) - f(Ter?)a

),
B =37 (FY]) ~ F(5 ),

]2:"1 (3.3.7)
ENCCR AR CRAN)]

j=1

D" = f(0,Y5") — f(0,X5).
A straightforward argumentation in Step 3 shows that for P-a.s. w € Q we have
AMw) =250,
T
Bw) "2 [ 07 (s, X5w)ds,
0
D™w) =2 0.
In order to handle the more complicated term C™ in (3.3.6), we set
AY'=Y/, =Y, j=0,...,2" -1, (3.3.8)

J

and observe that by (3.2.2) and (3.3.1), we have
AY" _Zn ) X () ) + Ly (O (X (T) — X5 (T)
1 k 1, t] {T} j j—1

:Z s /tw  $)(s)ds + /tt: S( g,s)cp(s)dW(s))

A k-1
t t;l
+ Ly (- < S(T s)ds + S(T, s)@(s)dW(s)) (3.3.9)
t? 1 t? 1
gn
(St OSE ) + 1y (ST )
k=j

x( " S sy w(s)ds + [ S(t?,s)(l)(s)dW(s)).

n n
tn_ tn_,

For the sake of better readability, we define for j € {0,1,...,2" —1}, n € N, the linear operators
I € L(H,D((0,T), H)) by

I"h = Zn Ly OSE AN+ 1y (VST R he H. (3.3.10)
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Therefore, we can rewrite (3.3.9) in the form

te tm

Aanlzf‘?< ’ S(t7,5)¥(s)ds + ’ S(t?,s)@(s)dW(s)). (3.3.11)

%11 t?fl
Looking back at the term C™ in (3.3.7), we see that, by the Taylor expansion presented in
Lemma 2.3.4, the following equalities hold:
271/
=3 (F, Y + AV - (8, V)

=1

n n 1 n n n n
= Z {aZf(t?,Yj—l)(AYj—l) + §8§f(tjvyj—1)(AYj—1, AY )

(3.3.12)
1
+/0 (1-0) [agf(t" Y+ 0AY ) — agf(t;zyj’zl)} (Aanl,AYj”l)de}
=C+Cy+Cy+ O + CF + CF,
where
tn
Z@gf (Y Iy S(t},s)¥(s)ds,
o
£
Cy —Zazf (7, Y2 Iy S(t” s)®(s)dW (s),
-
2n 1 t?
cy :Z§a2f Y, <F” / S(t s)ds, T'% a S(tg,s)xy(s)ds>,
]71 Jj— j—1
(3.3.13)

tm

cy _Za2ft" Y ( " tnj S(t7, s)¥(s)ds, I tnj S(tg,s)q)(s)dvv(s)>,
j—1 j—1

2n t?
Cp =S SRRV <r"/ St 5)®(s)dW (s),T S(t?,s)(l)(s)dW(s)),

j=1 t? 1

2n 1
Co = Z/O (1-0) [agf(ty, Y+ 0AY] ) — D5 f(L], Y;il)} (AY},, AY},)do.
We will later in Step 4 investigate the terms above and show that

T
Cp 2% / 0 (5, X5) (Uam1 ()S(, )W (s) ) ds P-as.
cp noe, / 0 f (5, X5) (Ljs1y()S(-,5)@(s)) AW (s) in probability,
Cng_ooH/ S 03 1(5, X5) (Ljs 1y ()S (- 8)B(s)u, Ly 77()S (- 5)®(s)u)ds  in probability,

ueU
Cr 220, 0= 3,4,6.
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Step 1: We begin by showing the integrability assertion (3.2.3). Due to Lemma 3.2.1, the
mapping [0,T] > t +— X7 (-,w) € C([0,T], H) is continuous for all w € . Therefore

sup HX
s€[0,T]

)HC([O,T],H) < 00,

and since 95 f, dof and 03 f are bounded on bounded subsets of [0, 7] x D([0,T], H), it follows
that

K<w>=£%{ua+f<sxs Dy 10 (X5 )

103 (5, X5 (o) | Lor om0 } =0

Now observe that it holds P-a.s. that

[Hlotsesxe)

+ Hazf(S, X5 (ﬂ[sﬂ(.)s(.? $)®(s)

| 225 X5 (1m (S 9w0) ) |

\4

) HHS(U,V)
#3086, (15 9006 1S )61 ), fas

ueU

T
<K / {1+ sup 8@ 00 12
0 0<u<v<T

+ K sup (ISt 120) 1Fis oy
0<r<t<T

+sup (180 ) 1203) s s < oo,
0<r<t<T

which shows the integrability property (3.2.3).
Step 2: As mentioned before, we would like to reduce the assertion (3.3.4) to the bounded case

(3.3.5). For each N € N, define the stopping times
t ¢ )
Ty =inf ¢t € [0,T]: maX(HX(O)”H7/0 II‘I’(S)IIHd&/O 1@ ()1, 1) A5

H /OtS(t, s)@(s)dW(s)HH> > N} AT

with inf () :== oo, and also the stochastic intervals

(3.3.14)

O, 78] = {(t,w) € (0,T] x Q: t < 7n(w)} € Pr,
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where the predictability follows from, e.g., [51, proof of Proposition 2.3.8]. Let XV (0) =

ﬂ{||X(0)||H§N}X(O)7 \I/N = ]1((0,77\7]]\1/’ (I)N = ]1((0,77\7]](1)' Then (XN(t)) ] given by

telo,T
XN(t) = S(t,00XxN(0) +/tS(t,s)\I/N(s)ds—|—/t S(t, s)®N (s)dW (s)
0 0

is well-defined. Due to Assumption 3.1.1, the processes (I(t )te[o 7] (fo ds)te[O,T]

and (J(t)) refor] = < fo (s)dW (s )) have continuous modifications, which im-

t€[0,T]

: N _ N N

plies that the processes (I (t))te[O,T] = (fo (t,s)¥ )ds)te[O’T] and (J (t))te[o,T]

( fo (t,5)®N( )dW(s))t o have continuous modifications as well. Indeed, for all ¢ € [0, T
€10,

we have

Nt = /t Lo,7n](8)S(t, 5)¥(s)ds = /MTN S(t,s)W(s)ds = S(t,t ATn)I(t ATy) P-as.
" " (3.3.15)

IV = /0 t Lo.ry1(5)S(t, )@ (s)dW (s) = S(t,t An)J(EATx) P-as., (3.3.16)

Note that, while the second equality in (3.3.15) is a consequence of [51, Lemma 2.3.9] and the
third equality in (3.3.15) follows from standard properties of the Bochner integral, the third
equality in (3.3.16) can be justified by approximating 7n by a series of simple stopping times
and verifying the equality for this simple stopping times first; see Lemma 3.5.10 below for
details. The latter verification is necessary since the operator S(t,¢ A 7y) involves a stopping
+[0.T] and (S(t,t A

™)J(EATN)) +e[0.7] have continuous modifications by Lemma 3.5.1 in Section 3.5 below. We fix

time and is thus a random operator. The processes (S(t,t A 7n)I(t A Tn))

continuous modifications of the H-valued processes IV and JV, N € N, once and for all.
Moreover, for N € N define the C(]0,T], H)-valued process X3V = (XtS’N)te[o’T} by

XN(r) if r €10,¢),

XN (r) =
S(r,t)XN(@)  ifrelt,T).

Then, for all N € N the assumptions of Theorem 3.2.2 are fulfilled by XV, UV &~ and X5V
in place of X, ¥, ® and X, respectively. Next note that

SN
P<]I{HX(0)||H§N}X1£ = 1{||X(0)\\HSN}X5\TN for all t € [O,T],N € N) =1. (3.3.17)
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Indeed, by [51, Lemma 2.3.9] it holds P-a.s. for all ¢, r € [0, 7] that
rAt t
XtS’N(r) = S(r,0) XN (0) + / S(r,s)®N(s)ds + / S(r,s)®N (s)dW (s)
0 0
(tATN) TAGATN)
= S(r,00 XV (0) + / S(r,s)¥(s)ds + / S(r,s)®(s)dW (s),

0 0

Since all considered processes are continuous we obtain that, with probability one,

Lx ), <my X (1) = Lix ), <v) Xirny (r) for all t,r € [0,T], N €N,

which implies (3.3.17). Assume that we have shown statement (3.3.4) for the process
(XN(t))te[o 770 1€ for all ¢ € [0, 7] it holds P-a.s. that

XYY = 0, X5 + / oF f(s, X5M)ds
/agst ) (L7 (1) S(, 5) TN (s))ds
T / 02 (5, X5V) (L1 (IS (-, 88 () AW (5)
/ S B A(, X5 (1 (IS ()8 (), 11y 1 (S, )@ (s)u)ds,

(3.3.18)

We would like to prove the statement for the process (X (t)) Observe that

tel0,T]"

F@,XPN) = £(0,X57N) = L{x )], <N} (f(T, XZnra) — f(()’Xég))
+ LX) 5>N) <f<T, X7 = £ (0, 0)), (3.3.19)

Ao £(7, X5) — £(0,X5) P-as.

due to (3.3.17), the fact that P({|| X (0)||; < N}) Ao, 1, 7n N2 7 Poas. and that f(T,)

is continuous from C([0,T], H) to V. For the same reason, we have

T T
/0 OF f(s, X5N)ds = ]l{X(O)HHSN}/O o7 f(s Xf/\TN)d
T
+]1{||X<0)||H>N}/O o f(s, X5 )ds (3.3.20)

T
Moo, / of f(s,X5)ds P-as.
0

S

SATN HV < oo P-a.s. due to the boundedness

where we also use the fact that sup H@f f(s, X
s€[0,T

of ( S (¢ ,w)) 0 T],N € N, in C([0,T], H) and the assumption that 9] f stays bounded on
sel0,
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bounded subsets of [0, 7] x C([0,T], H). Next, we use (3.3.17), the definition of UV = Lo,

N—oo

the fact that P({|[X(0)||; < N}) —= 1, and 7n N2 T Poas. and the continuity of the

Bochner-integral as a function of the upper limit, to obtain

T
| 02t 5. X3 (1 (S, 908 5))ds
0
TATN

= 1{X(0>||H<N}/ 02f (5, X3) (L1 (IS (-, )W (5) ) ds
’ T (3.3.21)
+]1{||X(0)||H>N}/O 32f(8,Xf’N)(]l[s,T}(')S(wS)WN(S)>dS

T

Nzoo, /0 (92f(s,XSS)<]l[S’T](-)S(-,s)\lf(s))ds P-a.s.

Similarly, using also [51, Lemma 2.3.9] we obtain P-a.s for all ¢ € [0, 7] that

T
/Oa2f(57X§7N)<]1[5,T](‘)S(‘a5)<I>N(S))dW(S)
TATN
= ]1{||X(0>H<N}/O 82f(3:X§)(]1[s,T](')S('a8)‘1’(8))dW(s)
T
+]1{|X<o>||H>N}/O an(SaXf’N)(ﬂ[s,T](')S(‘v5)(I)N(3)>dW(S)

Now, by choosing a continuous modification of the first stochastic integral on the right-side of
the equation above and the continuity of the stochastic integral as a function of the upper limit,

we have

T
| 2206 X5 (1 OS(.19% () aw (o)

. (3.3.22)
N—o00 S
2225 [ 00 (6,9 (1 (S, 92(5) JAW () Peas
0
With the same argument as for (3.3.21) we finally obtain
e 2 S,N N N
5 /0 > B F (5, XEV) (1 my (S 9) @Y (), Loy () S, )N () ) ds
ueu (3.3.23)

oo 1T
LQA 1%{8%f(s,Xf)<]l[s7T](')S(-,s)@(s)m]l[&T](o)S(-?S)(I)(s)u)ds P-a.s.

The combination of (3.3.18), (3.3.19), (3.3.20), (3.3.21), (3.3.22), and (3.3.23) implies (3.3.4).
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Step 3: From the previous step, we know that without loss of generality we can assume that

there exists an N € N such that inequality (3.3.5) holds. Under this assumption we obtain that

— S + S
V= s s (X5 gy 108 £ X 10060, X ooy
S

(3.3.24)
Ha2 5 X HL(2) (D([0,T),H),V) 70§§1§1£)§T ||S(t, 3)‘L(H)> < 0.
We are going to verify formula (3.3.4), by making use of (3.3.5) and (3.3.24) and analyzing the
terms appearing in (3.3.7) step by step. Without loss of generality we also assume that the
Hilbert spaces U and H are infinite-dimensional and (u;);en and (h;);en are orthonormal bases
of U and H, respectively. For each n € N and j € {0,1,...,2" — 1}, let th = j%, and Y}" and
'} be given as in (3.3.1) and (3.3.10), respectively. Furthermore, considering the boundedness

property (3.3.24), we assume without loss of generality that

sup. —supauae (97 gy 1085 )y 1025
Jj=1,...,2" se[tj )

neN (3325)

105 £ (s, Y}")HL@)(D([O,T],H),V)) <M.

Note that due to continuity of the functional f and by Lemma 3.3.1 it holds P-a.s. that

A" = f(T, X5) - f(T, V) 2= 0,
o0

D" = £(0,Y3) — £(0,X5) =% 0.

For the term B" in (3.3.7) note that it holds due to Lemma 3.5.3 below that

B"=>)" ’ oF f(s,Y]")) ds—/ Zn[tn mOy (s, Y7 )ds.

j=1"t1

Now observe that due to the continuity of ) f and Lemma 3.3.1 it holds P-a.s. for all s € [0, 7]
that

Zn[t $)0y (s, Y1) === of f(s, X5).

By the boundedness property (3.3.25) and the dominated convergence theorem, we obtain P-a.s.
that T
Bn / o f(s, X5)ds.
0

Step 4: Next, we analyze the third term in (3.3.7), C™. For that, we will analyze the terms
CT,...,Cg appearing in (3.3.13) above in Steps 4.1, ..., 4.6 below, respectively.
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Step 4.1: Using the fact that for fixed w € Q, o f(¢7,Y" (-, w))I'} is an element of L(H,V)

and f;{ ) S(t%,s)¥(s,w)ds is an H-valued Bochner-integral, we have that
"

on n

Zébft YOI [ S(t7, s)W(s)ds
t’ﬂ

j—1
2m tn

_ nj B f (12, YT T2S(t7, 5)W(s)ds

j=1"%-1

= | St @07 (U508 599 s

J

An application of the triangular inequality implies that

/ HZn(tn L ()02 (6, Y721) (T8 (7,5)9(5)) = 0o f (5, X5) (s my (VS (-, )W (s)) || ds

v

T 2"
< /0 Zntn (s {H(azf t",Yj’ll)—agf(s,Xf))(ﬂ{s,ﬂc)S(-,s)\D(s))H

v

" Hagf(t;?,Yj’ll)(F?S(t?vs)q’(s) — Lo () )H }
(3.3.26)

Now observe that (3.3.24) and (3.3.25) imply for all j € {1,...,2"}, n € N that
oot (57, ¥70) (T3 S8, 9)W(5) = 1S () W(s) )| < 201219 (5) |

and by Lemma 3.5.1 below, it holds P-a.s. that

n—o0

L2812, 8)W(s) — Loy ()S(, 5) (s neo .

) HD([O,T],H)

The dominated convergence theorem and the fact that fOT |W(s)|;ds < oo P-a.s. thus yield
P-a.s. that

/OTiL:l]l(ty1,ty}($)H32f(t?’1G”—1)(F?S(tyvs)‘lf(S)—H[ST] )H ds 12%% 0,

(3.3.27)
Moreover, Lemma 3.3.1 and Lemma 3.3.2 and a further application of the dominated convergence

theorem imply that

/Tin(tj o H(an t",an_l)—agf(s,X;g))(H[S,T](-)S(~,S)\I’(S))H ds "% 0. (3.3.28)
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Combining (3.3.24)—(3.3.28) gives

o n, / Do f(s, X5 )(Ii[ST]()S( )\If(s))ds P-as.

Step 4.2: Next we consider the term

n
t]l

Z@gf (Y, (r;.l K S(t;,s)q>(s)dW(s)>.

Analogously to Lemma 3.5.8, one can show for each j € {1,...,2"} that the mapping
[0,T] x 2 3 (s,w) — 82f(t?,an_l(-,w))(I‘?S(t?,3)<I>(s,w)) e HS(U,V) is Pr-B(HS(U,V))-
measurable, and due to (3.3.5) and (3.3.25) we have that

Zn n ()02 f (7, Y1) (1S (8, 5)(s)) € LA(P @ ds, Prs HS(U, V).
Moreover, due to the standard properties of the stochastic integral, we have that

T 2"
cg_/o Z]lu" L) (8)02f (£, Y1) (D7 S(£], 5)(5)) AWV ().

Basically by following a similar idea as in Step 4.1 we show that
Zn@n ()02 f (8, Y1) (DTSt} 5)D(5)) == 0af (5, X7) (Lo 1 (-)S (-, 9)®(s)), (3.3.29)

in L?(P® ds; HS(U, V)). For this we use the following triangular inequality to obtain pointwise
convergence and then apply the dominated convergence theorem. It holds by the triangular

inequality that

HZﬂ L ()01 (1, YT ) (TFS (8, 9)8(5)) = 0af (5, X5) (1o (VS (-, 5)0(5)) |

HS(U,V)
< Z ]l(t] 1 ;‘ H a?f tn’ }/;TL—I) - BQf(Sv Xf)) (]l[s,T]()S(v S)q)(S)) HHS(U,V)
+Z]l ! t"] H82f tnaijn—l)(F;LS(t;L’S)q)(S) _]l[s,T](')S("S)q)(s))HHs(va) :
=1

(3.3.30)

Next observe that (3.3.24) and (3.3.25) imply for all j € {1,...,2"}, n € N, that

02 (8, V) (D7 St 9)(5) = L 1y (VS )2(9)) sy < AM* 1R () Frsor
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and by Lemma 3.5.1 below it holds P-a.s. for all u € U that
n n 2 n—oo
HFj S(tj ,8)P(s)u — ]I[S,T](-)S(-, s)@(s)uHD([oyTLH) 70 .

The dominated convergence theorem and the fact that fOT HCI)(S)”%IS(U, gy ds < oo thus imply
that

% 75 5(t5, $)8(s)u = Ljo;7y ()S (- S)(I)(S)UHQD([O,TLH) =0

and consequently that

T 2”
/ () [0 (6, Vi) (TFS(67, ) (s) = Ly 2y () S, 8)D(5) [ ) ds 2 0.

(3.3.31)
Moreover, combining Lemma 3.3.1, Lemma 3.3.2, the boundedness assumption (3.3.25), and
the fact that

Z Hﬂ[s,T](')S('aS)CI)(S)UHQD([O’TLH) < M? ||(I)(S)||12{S(U,H) € Ll(]P)® d8)>
ueld

allows us to conclude that

T 2"
/ Zn(tn 1) [(@of (€, Y1) = 021 (5, X)) (Mamy (VS 9)(5) | g 11y A5 = 0.

(3.3.32)
Thus, as a consequence of (3.3.30), (3.3.31) and (3.3.32) we have that
2
/ | Zﬂ (08 V) (TS (17 9)2(5)) ~02f (5. XE) (2 OSC )2 | ds 2750

Consequently we obtain the following convergence that

cp noe, / 0 (5, X5) (Ljs1y()S(-.5)®(s)) AW (s) in probability.

Step 4.3: The next term in (3.3.13) that we analyze is

2" tn
n 1 n n n n J n
Cy = E 582]“ (7, YL (F / S(t7,s)¥(s)ds, I , S(tj,s)\ll(s)ds> .
j:l Jj— j—1
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A straightforward computation shows that

1
n 2 n yn 2
1Cs 1l < 5 j=r{1,%.},{2” H82f(tj ) Y}—I)HL(Z)(D([O,T],H),V) 03?2;2 1S (7, 7”)HL(H)

<T

neN

2n t;-l 2

<3 / S(t7, 5T (s)ds
j=1 1"t H
T tn
< M, / W)l gy dsjiqlaXQn | S(t,s)¥(s)ds

0 R j—1 H

g
< Mi-N max / sup ISy 19(5)]] 7 ds

J=Le2 Jin | 0<r<r<T
t? t?71 n—oo
<M -N-M max U(s)ds — U(s)ds| ——0 P-as.
J=1,.., n 0 0 H

where M is some positive constant independent of n, and N is from (3.3.5).

Step 4.4: The following equalities hold due to standard properties of the Bochner-integral:

on i i
Cp =D B3F(t. ) (F? S(ty,s)¥(s)ds, I [ © S(t], s)q>(s)dW(s)>
j=1 7 1 oy
on t:;L ) t;
=> | B Y[ TESE, ) (), T] [ St} r)@(r)dW (r) |ds
j=1"%-1 tn_)

T 2" e
- /0 Zn(t;_l,t;us)a%f(ty,ml)(r;s<t§,s>w<s>,ry S( 7,r><1><r>dw<r>>ds.
=1

Therefore we have that

tnj S(E7, 1) (r)dW ()

j—1

T
I1CY 1y §M1/ | (s)||y ds '_maxn‘
0 7=1,...,2

H

Here and below, M7 denotes a finite constant which does not depend on n and may change its

value with every appearance. Next note that

Ak
max TS, r)®(r)dW (r)
Jj=1,...,2n tn
j—1 H
K n n 4n N n n—r00
= x| [ S 9@aw ) - S50 /0 SR 250 Pas

where the convergence holds due to the continuity of the stochastic integral as a function of the

upper limit (see Assumption 3.1.1) and Lemma 3.5.1 below. Hence, it holds P-a.s. that

n M—00

cy —— 0.

Step 4.5: In this step we will use the conditional expectation of Hilbert space-valued random
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variables. Analogously to the real-valued case, one can show the existence of the conditional

expectation; see Section 2.4. Remember that

2m t;l
= S v (T / S(t], 9)2()AW (s).T5 | S(t7,5)2(5)dW (5)),
i=1 "

and that (u;);eny and (h;)ien are orthonormal bases of U and H, respectively. First we show
that, for j € {1,...,2"}, it holds P-a.s. that

tn
]E<82f .Y, I‘n/ S, s)®(s)dW(s),T’ ! S(ﬁ,s)@(s)dW(s)) ft;_1>
b ER (3.3.33)
_E</ 282 [GREE <I‘§‘S(t?,s) (8)ui, T7S(t7,5)P(s )ui>ds .7-}}1_1>,
t] 1 4=1
To this end, let first j € {1,...,2"} be fixed. We know, by (2.4.4), that

TS, 5) Z / S(£7, 5)®(s)u; dBi(s), (3.3.34)

tr, )

where (B;(t))¢eo,r), © € N, are a family of independent real-valued Brownian motions and the

infinite sum above converges in L?(P; H). Consequently, we have that

t;?’ . )
N i S(t%, s)®(s)dW (s) = Jim F”Z/t S(t},s)®(s)u;dBs(s) in L*(P; D([0,T],H)).
1
B (3.3.35)
The boundedness and bilinearity of 93 f (t?, Y/ ) thus imply that
) t;? t;l
aF(, Y 1)(rg S(t,5)2(s)AW (5), 75 | S(t?,s)(b(s)dW(s))
t? 1 ;z 1
N N/’
= S F, Y ) (07 3.3.36

n
tJ

L5 [ = S}, s)®(s)up dBr(s ))

n
tj—l
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with convergence in L'(P; V). Now the continuity of the mapping IE)( ’]:t}il) LY Q,F,P V) —
LY(9Q, Fn_ s V') hence implies that

t7 7
lE(@%f(t?,Y}"l)(F? S, 9)2(s)dW(s),TF | S<t?7s>@<8>dW<S>)\ft¢_1>
j—1 Jj—1
N N tn
— 1 : 2f(¢n Y n n ds; 3.3.37
ngnooNl,lgaoo;; E(%f(twn_l)(rg /t?_lsaj,s)@(s)uzdﬁz(s), (3.3.37)
ty
oy ) s, s)q>(s)ukd5k(s)) ‘ft?1>,
j—1

with convergence in L'(P; V). To continue with our computation, note that for all 4,k € N it
holds that

tm tn

B15 ¥) (0 [ 505 9)B()udBi(o) TF [ 7 (7, 9)B(s)usd i)

n
j-1 tia

= 1Y) (T2 (7 S )0()uidBils). b B (3.3.38)

With a similar argument as used in (3.3.37), one can show that

& o
E<822f(t?7anl><F? i S(tj, 8)®(s)usdfi(s), I n S(t?as)q’(é‘)uhdﬂk@))’ft?—l)
-1 "
MM ”
= i 1 2 noyn n n -d A
: ]\}gnoo ]\}}gool; Z1 E(aZf(tj,ifj_l) <F] < tn 1 S(t] ’ 5)¢($)Uzdﬁz(5), hﬂ>Hh/—L7
1= "
t
F;L< " S(t?,s)@(s)ukdﬁk(s),hl,>HhV) ]:t?1>’

j—1

(3.3.39)
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with convergence in L!(P; V). Further, due to the Fin_ -measurability of the V-valued random
variables 8%f(t?, Yﬂl)(l“?hu, F?h,,), i, v € N, we obtain that

t
E(a%f<ty,1g’zl>(ry< S(t?,s><1><s>uid5i<s>,hu> B
H

tn
7y,

j—1
n
= B (0, ¥ ) (T, T, ) ( S(E, ) ()uidBi(5), by
) H

< ; S(t},s)®(s)urdBr(s) > ’ft" 1) (3.3.40)

j—1

J

r;< S(t?,s)(b(s)ukdﬁk(s),hu> hl,>
H

n
t]l

n

= 05 ) W DB ( [ (S8, 8(s by 43

. /tt? (S(t],5)®(s)up, b)), ABr(s) ‘th1>

n
7j—1

= O3 f(t, Y] )Ty, T7hy)

E( /tj (S(E7, $)B(s)us, B - (S(EF, 8)B(s)u, ), dis G ]-'t?1>7

n
7—1

where the last equality holds by standard properties of stochastic integrals; see, e.g., [33, Propos-
tion 2.17], and d;; is the Kronecker delta function. Combining (3.3.37), (3.3.39), and (3.3.40),
we obtain the following identities in L(P; V),

t? t;L
E(@%f(ty,y;z 1)<r;.l R GOLOOR Y S(t?,s)@(s)dW(s))‘ft?1>

N N oo o

:J}gnmN;igleZZZaz FEY )T h, Thh,)

i=1 k=1 p=1v=1

E</t j <S<t?’s)¢)(s)ui’h“>1{ ’ <S(t?73)¢‘(3)uk;hu>g ds d;p, ft?—l)

n
j—1

mm NN/ o0 o0

= lim lim Z SN O3, Y ) (T hy, Thy) (3.3.41)

N—oo N'—o0
=1 p=1lv=1

.E(/tt? <S(t?75)¢(5)ui,hM>H . <S(t?,s)<1>(s)ui,h,,>Hd5 ‘]-‘t?1>

n
j—1

N oo oo

S W IRERIITITS
i=1 p=1v=1

n

: E(/tnj (S(E2,8)D(s)us, by, - (S, )B(s)uz, by ), ds ’]—"t;;_l) .

j—1

We continue with the computation above by using the linearity of 02 f (t;”, Yj’ll), linearity and
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continuity of the mapping IE)( ‘}};Ll) LY Q, F,P V) — LY(Q, .7-};_171 P V), ]-};_Lil—measurability
of 92 f (t;-l, Yj’ll), and the boundedness properties and obtain for every i € N that

n

ZZagf (t2, Y7 ) (TP, T, )E(/ﬂj
J—

pn=1v=1

<S(t§‘, $)P(s)uy, hu>H . <S(t§‘, s)P(s)uy, h,,>H ds ‘.7-};,1_1>

— E(@Sf(ty,yj" F"hu,l“?/ (S(t (s)uis hye)

=
Il
—

. i (St $)D(s)uis by ), huds) (@1)

oo: tn
_ ZE< 82f(tn Yn (I‘;L <S(t?,s)¢(8)ui,hu>H h/“

v=1
£ .
:E< tn 8§f t” Y” (F Z<S Uza M>Hh/L7F§LS( ) ( Ul>ds‘ftn )
i1 s
t
:E</tn GRS )( 1S(t7, )P (s)ui, LTS(t],5)P(s Uz>dS‘Ft” 1)

(3.3.42)

Combining (3.3.41) and (3.3.42) and using again the linearity and continuity of the mapping
]E( . "Ft’?,l) N L1(97f7 P, V) — Ll(Q7‘Ft;L,17P; V) we get that
ft?1>

— lim ZE< v B2 f( t",yjil)(ryS(t;L,s)cp( Jus, T2S (7, 5)® (s)ui)ds

N—oo L,

]E<82 £ Y rn / S(t", $)®(s)dW (s),T tnj S(t;-‘,s)@(s)dW(s))

]-"t?1> (3.3.43)

_E</tn Zﬁgft" v (T3S 5)® (s)us, TS (17 5)® ()ui>ds‘}}?l>.

j—1 i=1

This proves the equality in (3.3.33). On the other hand, we show that

( nyn ( n/tt? S(7, )0 (s )dW(s),F?/t:? S(t;‘,s)@(s)dW(s))
_Z_:E<8gf(t?,Yj” I‘"/ S(t?,s)®(s)dW (s), T’ t:? S(t;.l,s)@(s)dW(s)) .7-};;_1> i)
"% 0.

(3.3.44)
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To simplify notation, let G = ftn X YP(s)dW(s), j € {1,...,2"}, n € N and note that

“(I3

tn

s, s)@(s)dW(s))

n
)

Z@zf Y, ( ﬂ/tt? S(tf, s)®(s)dW (s), I

tm

_ZE<a§f(tg,Yj" r” / S(t7, 5)®(s)dW (s), I [ S(tg,s)¢(s)dW(s))

n
tn_y

7 )
2
)

Fin 1) ;

)

= ZE (Hazf t” Yn P"G” FnGn) - E (8§f(t?,§/j711)(FnGn PnGn)

Jr77 7070

Fir )

+Y E <<a§ FEL Y (TG TIGY) — B (0318, V) (TG T GY)
J7#k

Fy.) >v)-

O3 (13 Vi) (TRGR, TRGR) — B (93 £, Vi) (TG, TG

(3.3.45)

The second sum after the equality sign above is equal to zero due to simple properties of the

conditional expectation. Indeed, let k,j € N, k < j and observe that
B[ (98t v7) (TG T3Gy ) 035 (1, Vi) (TRGE TG )|
= B[B[(B8 15,7 (1567, 1367 ), 08 £t Vi) (TRGR. TRGE ) ) 1|
— B[ (B0}, v7o) ()G TG ) P, | 93 (e Vi) (TR TiGE) ),
and that

B[ (B[03/ (3, Vi) (ThGR TR ) 1Py ) 03, v (76 Ti6y )|
:]E{<]E[8§f(t§”,Yj”_1)(F"G?,F?G”)\]—};LJ B[02f (1], Y} 1)<F”G”,F"G">|J-}Z 1]>V]
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Moreover, note that for each j € {1,...,2"} it holds that

7770

E (Hag Y (TG, TIGT) — B (0371, V) (TG T GY)

)

< 4B (|3 (7, Vi) (TG, TIGH) 3, ) + 4 (H]E (837, v (3G, TG

)

7y

2 n (14
HL(Q)(D([O,T],H),V) sup HS(T? T)Hi(H)E (HG]HH)

< 4 _1nax Hagf(tznv }/;Tl)
1=1,...,2m 0<r<7<T

meN

+4FE (E (Hagf(t;?,an_l)(F”G?,FgG" [ ‘]:t" 1) )

m m 2 n
< Sizrf}.%ém Ha%f(tz ’Yifl)HL@)(D([O,T],H),V) 0<§27P<T HS(T, 7“)”%( (HG HH)
meN T
<sM°E ([l6;]3,) .
(3.3.46)

where M € (0,00) is the constant defined in (3.3.24). By Lemma 3.1 in [23] there exists a
¢ € (0,00) such that for all j € {1,...,2"}, n € N, it holds that

4 2
t? N t;-L " 9
E ‘ S, )(s)AW (s)]| | < cE (/ HS(QJ)@(S)HHSW’Mds) ,
i1 H i

which implies that

ZE (H@?f (3, Y7 (DG T3GY) = B (03785, V7)) (TG T3 GY)

7))

<8MS%.c- sup [IS(r, 7)o (3.3.47)
0<r<r<T

P /t" H‘I)(S)H?JS(U,H)dS‘/O H(I)(S)H?{S(U,H)d‘s] =0,
-1

by the boundedness assumption (3.3.5) on fOTHq)(s)HIQ{S(UH)dS, the fact that

tn
max;j—i,... on ft?]_1 H(I)(S)H?{S(U,H)d 7% 0, P-as., and the dominated convergence theo-

rem. Indeed, the uniform continuity of the mapping [0,7] > ¢t — fg ||<I>(s)||12{S(U7H) ds € Ris a
result of the continuity of the Lebesgue integral of an integrable function. Combining (3.3.33)
and (3.3.44) we obtain that

7 t
< 282 @7, Y, (F? S(t7,s)®(s)dW(s), '] S(t?,s)@(s)dW(s))
o, )
2
_ZE</ 282 @Y ) (TFS (A7, 8)®(s)us, TS (E], )@ (s)us) ds)]—"t?_l) ) 70
j=1 i—1 =1 14

(3.3.48)
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Let s € [0, 7] and (¢} )n>1 be such that s € (¢7,

and the bilinearity and symmetry of 92 f(¢? paY 1)(-, ), one can show for each i € N that

_1,t7 ], n € N. By using the triangular inequality
Ha2 PR Y (T S(ED, 5)®(s)us, T S, 5)(s)u;)
- 82f(8 X;g) (]l[s,T]()S<7 S)(I)(S)ui7 ]]‘[S,T}(.)S(.7 S)@(S)uz) v
< |8, Y2 = 83105, X5)) (Mo (VS )@ ()i, Loy (IS 8)B(s)us) |

—|—H62 G Y 1)(F S(tn )q)(s)uz‘—1[5,T}(~)S(-,s)®(s)ui,

% S(t7 ) ®(s)ui + Loy ()S(, s)fb(s)ui>

‘v'

Now, by following a similar idea as in the proof of (3.3.29) we obtain that

T 2"
IE(H/O Zn n (s Zant" V) (TFS (], )@(s)us, TS (], s)@(s)u;)ds
j=1

1700,
V)
7y )

(3.3.49)
/ 282 F(5, X8) (11 (VS $)® ()i, T (VS (-, 5)B(5)us) s

We use the above convergence to show that the following holds:

(1%

3111
V)

/ 282 F(5, X8) (11 (VS $)® ()i, T (VS (-, 5)B(5)us) s

o
gE( (/ 282]" A, Y7 ) (T7S(E, 5)®(s)us, TTS (£}, 5)D(s)u;)ds
=1 j—1 i=1
/ Za2fs X2 (L1 (DSC, 8)®(s)us, Ls 79 (-)S (-, 8)P(s)u;)ds ]—"t;;1> V)
j—1 1=1

HE(

_ZE(/ Zan 8, X5) (U ()S (-, 8)()us, Uy (S (-, 8)B(5)u;)ds

gl’Ll

I Za§f<svxﬁ>(n[s,ﬂ<'>s<-,s)@(s)ui,n[s,ﬂ<->s<-,s><b<s>ui>ds

L)
! v

(3.3.50)
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An application of the Jensen inequality on the first summand after the inequality sign above

and using (3.3.49) imply that

(1%
(|3

T o©
—/0 > 05 f(s, X5 (s 1y ()SC, 9)@()ui, Ly ()S (-, 8)@(s)us)ds
i=1

(/ Zazf (7, Y7 ) (TRS (7, 5)B(s)us, TS (12, 8)®(s)u;)ds

lel

S B X SR 1 (S 0 )

lel

Fin_ ) )
! v

(s Zazf (7, Y7 1) (TRS (7, 5)B(s)us, TS (L2, 8)D(s)u;)ds

170,
1%

(3.3.51)

(?1:

For the second summand in (3.3.50), we use the Jensen inequality, the martingale convergence

theorem, and the dominated convergence theorem to obtain that
IE)(H / 282]‘ s, X ]I[ST ()S(-, s)@(s)us, Ljg (1) S(-, s)@(s)ui)ds

- Z]E(/ Za2f (s,X2) (L (DS (-, 8)@(s)ui, D 77 (-) S (-, )P (s)us) ds

jll_

S/ Z]lay (8 (

- < > 05 f (5, X3 (Lsmy()S (5 )@ (s)uiy Lo 1y ()S (-, 5)D(5)ui)
=1

Ft?l) Hv)

(5, X7) (L52) ()8 (-, )@ (8)ui, Lo 1y () S (-, 5)D(5)uz)

ft;l_1> V> ds

0.
(3.3.52)

More details are given in Lemma 3.5.11 below. The combination of (3.3.48) and (3.3.50)—(3.3.52)
implies that

ap 222 2 / Zazst ) (LIS (9@ (s)us Lo (VS 8)@(s)ui ) s in L' (BiR),

and particularly in probability.
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Step 4.6: Finally observe that

B(lcgl,) = (

17 an (7, Y]y +0AYT ) — agf(t?,an_l)} (AinlAYf_l)de'D

2m 1
< ]E( /0 [agf(t" YL, 4 0AY ) — c‘)%f(t?,Yf_l)} (AY7 AV ,) d9>
Jj=1 \%
< - E 1 O3 f (2, Y| + OAY " 0. ave | do
- ; /0 ‘ 2 f(t5, Y7+ 1)~ 21005 i Yi- 1)HL(2>(D([0,:r’],H),V) ' H i-1 )D([O,T],H)
on )
< 2 (4 ym .n_2n.nH ’n’ ,
< E<12§UPQH ‘@f(tz YR+ 0AY" ) — 05 f (8, Y y) LO(D(0.TLH).V) Z; ‘A}/jfl DAOTLH)
0e[0,1] =
(3.3.53)
Moreover, by Lemma 3.3.1 and Lemma 3.3.2 we have that
2 n n n
H82f(tja}/jfl +O0AY,) - o3[t} 50 Yo 1)HL(2)(D([O’T]7H)7V)
2 n S vy
< H82f(t]7XJ> 8Zf( 70 ] 1)HL(2>( D(([0,T),H),V) (3354.)

2 n n n 2 n S n—o00
+H82ft Y 4+ 0AYT,) — B2 (7, X H ooy, 0 Pas

uniformly in # € [0,1] and j = 1,...,2". Indeed, by an application of Lemma 3.3.2 we set
B = L®O(D([0,T),H),V), H = H, f = 93f, and 2; = X in the notation of the lemma.

Furthermore, note that

t;} t;-l 2
AY}r, =E(|T? n )W n NP
(H ’ D([0,7),H )) (‘ J( e S, o)W e)ds + tg_ls(tj’s) (S)dW(S)>HD<{o,T1,H)>
t? 2
<2 sw Sl E(| [ se o
0<r<r<T tr, H
n 2
+' " S(t2, 5)®(s)dW () (3.3.55)
tr, H
A t? 2 A t? 9
< OM'E /t |(s)||,ds) | +2M'E /t [2(3)| gy ls )
j—1 j—1

where for the last inequality we used the Jensen inequality and the It6 isometry and M is the

constant defined in (3.3.24). Therefore for all n € N we have that

T
‘ Do, H)) < 2M4]E</0 H\IJ(S)HHds> -J maXQn/ H\If HHds

- (3.3.56)

T
+2M4E< / H(I)(S)HES(Uﬂ)ds) <.

<Z HAY”
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Indeed, the term max, fttgl |W(s)||;y ds is finite due to the assumption (3.3.5). Combining
J=1,...2"n "=
(3.3.53), (3.3.54) and (3.3.56), we obtain that

ﬁ
o 1, g,

in L'(P;R) and therefore in probability. O

3.4 Applications to weak error analysis for SEEs

3.4.1 Approximation of spatio-temporal covariances

In this section we mainly assume the setting in [13, Proposition 2.1] and analyze
the convergence rate for approximations of spatio-temporal covariances of the form
COV(<X(t1),h1>H, <X(t2),h2>H), where t1, to € [0,7T] and hy, hg € H. The employed ap-

proximations are based on Galerkin projections onto finite-dimensional subspaces of H.

Assumption 3.4.1. Let items (i) and (ii) in Assumption 3.1.1 be fulfilled. Moreover, let
(ei)ien C H, be an orthonormal basis of H, let A: D(A) C H — H be a diagonal linear operator
as in Lemma 2.2.14 with eigenvalues satisfying sup((Ai)ien) < 0, let (Hy, (-,) 5 Il ), 7 € R,
be a family of interpolation spaces associated to —A (see Definition 2.2.10), let F' € Lip (H, H),
and let B € Lip (H, HS(U, H)) Suppose that £ € H, with p € [0,1), and let also (Pn)nen C
L(H) be defined as Py(v) = Zivzl (en,v) ey for all v € H and N € N. Note that for
x € D([0,T],H) and N € N, by Pyxz we mean the path defined by

(Pnz)(s) = Pn(z(s)) s €[0,7).

The following existence and uniqueness result is well-known; see, e.g., [31, Theorem 5.1].

Lemma 3.4.2. Let Assumption 3.4.1 be fulfilled. Then there exists a unique (up to modifi-
cations) predictable stochastic process X: Q x [0,7] — H satisfying sup E [HX(t)H%I} < o0
te[0,7

and

X(t) = e + /0 t =94 (X (s))ds + /O t AR (X (s5))dW (s), (3.4.1)

P-a.s. for all ¢t € [0, 7.

Remark 3.4.3. Note that under above assumption, the conditions in Assumption 3.1.1 are
fulfilled with S(t,s) = e*=94, W(s) = F(X(s)), ®(s) = B(X(s)) for s,t € [0,T] in the notation
of Assumption 3.1.1. Indeed, the path-wise continuity of X follows from [42, Lemma 6.2.9] and
[42, Proposition 6.3.5].

For N € N, observe that it holds P-a.s. for all ¢ € [0,T] that PyX(t) = e!4Pyé +
fg e(t_s)APNF(X(s))ds + fg e(t_s)APNB(X(s))dW(s). Note that for all t € [0,7] and N € N

the operators Py and e*4 can commute due to the fact that A is a diagonal operator.
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Lemma 3.4.4. Let Assumption 3.4.1 be fulfilled, let X:  x [0,7] — H be given by Lemma
3.4.2 with continuous sample paths, and let N € N . Then, for every ¢1, t2 € [0, 7] it holds that

[B[(X (1), X (t2)) ; = (PN X (12), Py X(t2)) ] | < M ITd=Pull sy
where

2
M =2 sup. e oy ) IEI:,

rel0,T
T'r
+SL1EX82<28L1 e +5) — [|[Fly;
sE[OPT] [H ()HH} (re[O,pT]H HL(H) )1—p|| Iwip (.

T

+2 sup HerAHL(H) 1)

1BI2, ) |
TE[O,T] Lp(H,HS(U,H))

Note that the term |[Id —Py||(z 5_,) in the inequality above is finite. In particular, if (A;)ien

is a decreasing sequence then we have that

[1d _PN”L(H,H,F,) = (=An41) "

Proof of Lemma 3.4.4. Let ti, to € [0,T], with t; < t2 be fixed and the mapping
f: D([0,T),H) — R be given as f(z) = (z(t1),x(t2))y, for all z € D([0,T],H). Then f is
two times Fréchet differentiable with continuous derivatives and therefore Assumption 3.1.5 is
fulfilled. Indeed it holds for all x,y, z € D([0,T], H) that

F"(@)(y, 2) = (y(t1), 2(t2)) g + (2(t1), y(t2)) -

We denote by U the orthonormal basis of U. By Lemma 3.4.2 and Remark 3.4.3, the assumption
of Theorem 3.2.2 is fulfilled and we can apply our path-dependent mild It6 formula and obtain
that

E [f(X7)] - E[f(PyX7)] = E [f(X5)] - B [f(PxX5))]
T -
- /O (E P (L (e P )| = B[Py XE) (1em()e A PP (X @) )| )dt
1 T
3

/0 B[ 3 ) (1 (e OB (X (W), Ty ()el B (X (1)) ] i

TuelY

T
/0 B[ £(PxXE) (1 (et APy B(X (1) u, 1y ()l ™ Py B(X (8)u) | dt.
TuelU

(3.4.2)
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Next observe that due to the definition of X@g it holds that
|F(XS) — (P XE)| = (" (1d —Py)€, e22€) , + (e Pyg, e (1d —Py)€) |

< [le* (=) (1d =P ) (= A)¢] | - [|e">¢] |,
+ [l A Pue]l - [l (=A) 7" (1d =Pr) (= A)¢]|

2
= Q(Tg%pﬂ el oy ) N3, 1T =Pr oz,

Therefore we have that

2
E[|/(X5) — f(PnvX5)|] <2 Sup. He’"AHLH €17, 11d =Pl o) - (3.4.3)
it (1)

Next observe that for ¢ € [0, 7] it holds that
&) (Ll AP @) - £ (PrXE) (1,

7)(-
< |(£xF) = (Pyx)) (Mg (Ve A F(X (1))

(P XE) (1 () I F(X (D) = Ty (e DAPYF(X (1) |

et APy P(X (1))
|

Before we continue with the above computation, we need to write the term
F1(X5) (nm(-)e<-—t>AF(X(t))) explicitly. Observe that

) (L ()1 P(X (1))
<e<t1’t)AF(X(t)), e<t2*f>AX(t)>H + <e(t2’t>AF(X(t)), e(tl’t)AX(t)>H te0,t]
= <e<t2—t>AF(x(t)) ,X(t1)>H t€ (t,ta]
0 t € (t2, T).

Thus it holds that
(f’(XtS) - f/(PNXtS)) (]l[t,T]( )el TDAR(X (1)) )

(VAR (D), eV (1d—Py) X (D)) +< (2=DAP(X (1)), e 04 (1 —Py) X (1) t€[0,]

H
= <e<t2’t)AF(X(t)) ,(Td=Py) X (¢ )>H = <e (X(1)), P74 (1d —PN)X(t1)> t € (t, to]
0 te (t27T],

H

and that

P (PxXE) (M (e TIAF(X (1) = Loy (e APy F(X (1)) )
<e(t1’t)A(Id —Py)F(X (1), e<t2’t)APNX(t)>H +<e<t2*i>A(1d—PN)F(X(t)),e<f1*f>APNX(t)>H te0,t]
= <e(t2’t)A(Id —PN)F(X(t)),PNX(t1)>H t € (t, to]

0 t € (t2,T).
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Consequently, we obtain by straightforward computations that

/ "B [0 (1un et IFX )] ~ B [£(PaXE) (1 (e Py F (X (1) dt]

< sup B [1X()5] 1Flipqerany 114 =Pyl

s€[0,T7]

(2(1+ sup ||, H))/tl(tl—t)pdt+(2p+1) /tQ(tQ—t)pdt)

[0 T 0 t1

< sup B[ X ()5 ] [[1F1l 1d — Py
s€[0,T] { H} Lip(H,H) L(H,H_,)

T T

<2(1+ sup He”AHL(H))/ (T—t)pdt+(2+1)/ (T—t)pdt>
€lo,T] 0 0

< sup BIXOI] 1Pl — (2 up "y +5) WPl

€[0T P IL=p" repor ?

(3.4.4)

Next note that for each v € U it holds that

708 (1m () IAB(X (), Ly () I B(X () )

- {2 (e@=9AB(X(1))u, 2= B(X(1))u), t<h

0 otherwise.

Therefore, we have that

‘ / [Zf” (X7) (n[t,ﬂ(-)ef*tMB(X(t))u,n[m(.)e@ft)AB(X(t))u)]dt

ueU

-1 / [Zf” (PnX; )(1[t,T](‘)€('t)APNB(X(t))u,]l[t’T](-)e('t)APNB(X(t))uﬂdt’

ueU

< /Otl B| Y (e (1d—Py) B(X(1)u, € 1B(X(1)u) |

ueU

+ /Ot1 B[ Y (e Py B(X(1)u, e 04 (1 =Py) B(X(0)u) |

ueU

t1
< suw B [IXG)] 1310w =Pl | (=07 2= y)ar

t1
<2 SBPT]E [HX<3>H§-I} 1B sp s o,y 11 =Pl e, /0 (ty—t)~Pdt
se|0,

T'p

<2 sup I {HX(S)”?{} HBHiip(H,HS(U,H)) [1d *PN”L(H,H,F,) ’ m

s€[0,T
(3.4.5)

The combination of (3.4.2), (3.4.3), (3.4.4) and (3.4.5) proves the assertion. O
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In the following result we show the weak error rate for time approximations of covariances of
mild solution of a linear SPDE, i.e., we assume the Assumtion 3.4.1 and set the drift term

F =0. Then X: Q x [0,T] — H satisfies sup E [HX(t)H%I} < oo and
te[0,T]

X(t) = e e + /0 t e=IAB(X (s))dW (s), (3.4.6)

P-a.s. for all ¢t € [0, T7.

Lemma 3.4.5. Let Assumption 3.4.1 be fulfilled with F' = 0, let X: Q x [0,7] — H with
continuous sample paths be given by (3.4.6), and let N € N. Then, for every t1, to € [0,7] and
hi,ho € H it holds that

[Cov ((X (1), 1)y, (X (t2), h2) ) = Cov (P (1), B ) o (Pu X (t2),hz) )|

< M1d Pl -

where

2
V= Wil el (s ) e,

+2 sup E |:HX(S)”2] E B2, ) .
s€[0,7] u| 7=, IPlLipausw,m)

Proof. Let t1, to € [0,T], with ¢t; < to and hi,ha € H be fixed and let the mapping
f:D([0,T],H) — R be given as f(z) = (z(t1),h1)y - (x(t2), he)y, for all z € D([0,T], H).
Then f is two times Fréchet differentiable with continuous derivatives and therefore Assump-
tion 3.1.5 is fulfilled. Indeed it holds for all z,y, z € D([0,T], H) that

f@)(y) = (y(t), )y - (2(t2), ha) gy + (Y(t2), ho) gy - (@(t1), ha)y,  and
@)y, 2) = (y(tr), )y - (2(t2), ha) gy + (y(t2), ha) gy - (2(t1), h) gy -
We denote by U the orthonormal basis of U. By Theorem 3.4.2 and Remark 3.4.3, the assump-

tion of Theorem 3.2.2 is fulfilled and we can apply the path-dependent mild It6 formula and
obtain that
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Next observe that due to the definition of X@g it holds that

|F(X§) = F(PyXE)| < [(e"H(1d =Pn) &, ha) - (€26, ha) |
+ (e (1d = Pr) €, ha) - (e Prg a) |

2
<l el ( sup (€] )€, 150 =Pyl
rel0,77]
Therefore we have that

2
E [|£(X5) — F(Pw X)) < Il bl ( u el ary ) N3, 11d=Prll oy

re|l,

(3.4.8)

Next note that for each v € U it holds that

F1(X7) <11[t,T} (eI B(X (1) u, Uy (')e('_t)AB(X(t))U>
- {2 (et =9AB(X(#))u, b, - (e DAB(X(1))u, ho), t<t

0, otherwise.

Therefore we have that

‘;/fE%f”(xf)(n[t,ﬂc)e(-tMB(X(t))u,ﬂ[t,n(-)e('”AB(X@)“)]“

3 | B[ ) (1 Ot By B @) (e B (x 0t
uel

< [M B[S (0 =P B ), (OB ha) T

ueU

" /tl ]E[Z <e(t1_t)APNB(X(t))u, h1>H : <e(t2_t)A(Id —Py)B(X(t))u, h2>H]dt

0 ueU

< Wl ltallsy sup B (I | NI o iy 114 =Pl
s€|0,

. /Otl ((t1 — )P+ (t2 — t)fp)dt

<2lltully Il sup B [1X ()] 181wy 14 —Prllsgrn,
se|0,

t1
. / (t1 — t)fpdt
0

T
<2lltully Il sup B [1X ] 181wy 1 =Pallzorn ) - 7=
sel0,

(3.4.9)

The combination of (3.4.7), (3.4.8) and (3.4.9) proves the assertion. O
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3.4.2 Outlook on further applications

In this section, we discuss a possible further application of our path-dependent mild It6 formula
(3.2.4) to linear SPDEs. For this, let p be a finite Borel-measure, let A: D(A) ¢ H - H
be the generator of a strongly continuous semigroup (e/4);>o C L(H), and let B € HS(U, H).
Moreover, let Assumption 3.1.1 be fulfilled, where the strongly continuous evolution family S
is given by S(t,s) = =94 0 < s <t < T, U(s) =0, and &(s) = B, s € [0,T]. Consider the
mild solution

t
X(t) = e+ / =ABAW (s)  te0,T],
0

of the linear SPDE

dX(t) = AX(t)dt + BAW (), te[0,7T)
X(0)=¢ e H.

The following approach to weak error analysis for path-dependent functionals is analogous to
the approach in [38] in the non-path-dependent case. To simplify the exposition, we consider
here a simplified L?(u; H)-setting; as in Remark 3.2.6, however, we expect that the following
weak error representation can be extended to the D([0,T], H)-setting.

As in Remark 3.2.5, we define the strongly continuous evolution family (St s)o<s<t<7 on L?(u; H)
and the L?(u; H)-valued mild It6 process (Xt)iejo,r) by

St =g ()2 (-) + Dy (YN M2() Vo e L H),
Xe=X( A1),

so that .
X = S0+ / St,s(Ljs, 7y (+)B) AW (s), (3.4.10)
0

where we interpret £ as a constant H-valued path. Next let f € C’g (L2 (u; H), R) and define the
mapping ¢: [0,7] x L*(u; H) = R, (t,2) = ¢(t,z), by

T
Bt x) = E[f(x—i—/ St,s(Ljs,71(-) B) dW(s))]. (3.4.11)
t
Then it is not difficult to check that for all ¢ € [0,T], z,y, z € L?(u; H) it holds that

Br9(t, x)(y) =IE [f’ (w - /T Sts(1s(-)B) dW(S)) (y)} , ( |
t 3.4.12

030(.)0.2) <[ (+ [ 1.(10.m0)B) aW(9) 0:2)].
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Moreover, the following backward Kolmogorov equation holds for (t,2) € [0,T) x L?(u; H)

8r¢(t7 CC) = _% ZUEM 822¢(t7 .1‘) (ST,L‘ (]l[t,T](')Bu)> ST,t (]l[t,T] ()Bu)>7
O(T,z) = f(x).

(3.4.13)

To see that (3.4.13) holds true, note that the L?(u;H)-valued random variables
ftT St,s(Ljs,71(-)B) dW (s) and fOT_t Str—s(Lir—s11(-)B) dW (s) have the same distribution, so
that
T—t
ott.a) <Bs(o+ [ Srautpan(B) W ()], (3414

Now we can apply the It6 formula [16, Theorem 4.32] to the function y — f(z + y), with fixed
x, and the L?(u; H)-valued process (fg ST1—s (ll[T_SjT](-)B) dW(s)) o’ at time T — ¢, and
re

)

take expectations on both sides of the It6 formula to obtain that
T—t
E&@+A SWﬂWTﬂWWNW@ﬂ—ﬂm
1 T—t s
+ B /0 Z E [f// (g; + /0 ST T+ (ﬂ[Tﬂn,T}(-)B) dW(r))

ueU

(ST,T—s (]l[T—s,T} ()Bu) s ST,T—S (ﬂ[T—s,T] ()BU)):| ds.

Now use (3.4.14) and (3.4.12) to get

1 T—t
¢(ta x) = d)(T: J?) + 5 /0 Ee;{aggb(T - S, .%') (ST,T—S (]l[T—S,T](.)Bu)’ ST,T—S (]l[T—s,T](')Bu)>dS'
(3.4.15)

Taking a right-sided time-derivative from both sides of (3.4.15) implies the backward Kol-
mogorov equation (3.4.13).

To derive a weak error representation, let (X(t))c[o,r) be the mild solution of another linear
SPDE with initial value € and diffusion operator B € HS(U, H) and observe that

E[f(XT)] — E[f(X7)] = E[¢(T, XT)] — (0, S1,0€)
= (¢(0, 51,08) — (0, S1,08)) + E[o(T, X1) — (0, S1,06)]

and assuming sufficient regularity of ¢ apply the mild It6 formula to the L?(u; H)-valued mild It6
process (Xt)te[o,T} and the function ¢(¢,z). This leads to a weak error representation analogous
to [38, Theorem 3.1] involving d3¢(t, ), and the weak error can then be suitably estimated.
In the D([0,T], H)-setting, we expect that our path-dependent mild It6 formula (3.2.4) can be
applied in the procedure explained above, wherever an Ito formula was used, i.e., once to derive

the backward Kolmogorov equation and once to estimate the weak error.
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3.5 Technical proofs

In this section we collect some technical results mostly used in the proof of Theorem 3.2.2.

Readers who are not interested in these technicalities are welcome to skip this section.

Lemma 3.5.1. Let T' € (0,00), let (H,(-,").l|l-||y) be a separable real Hilbert space, let
S = (S(t,s))o<s<t<T be a strongly continuous evolution family on H as in Assumption 3.1.1
(iii) and let x € C([0,T], H). Then it holds that

{(t,s) €[0,T]*: s <t} > (t,s) — S(t,s)z(s) € H

is uniformly continuous.

Proof. Since {(t, 5) €[0,T)?: s < t} is a compact set, it suffices to show the continuity at an
arbitrary fixed (to,so) € {(t,s) € [0,T7]*: s <t}. For this note that it holds for all (1,0) €
{(t,s) €[0,T)?: s <t} and x € C([0,T], H) that

1S(7,0)x(s) — S(to, so)x(s0)ll g < 1S(7, 0)z(s) — S(7,0)z(s0) |
+ 15(7, 0)x(s0) — S(to, s0)x(s0) | &

< sup HS(%U)HL(H) |z(o) — 2(so)ll
o<u<ov<T

4 H(S(T7 U) — S(to, 50))33(50)”H'

If 0 — sp, the first term on the right-hand side goes to zero since z € C([0,T], H). More-
over, the second term goes to zero as (1,0) — (to,S0), by the continuity assumption on

S = (S(1,0))o<s<t<T O

Lemma 3.5.2. Let (V,|-||;;) be a real Banach space, let a,b € R with a < b and, let g: [a,b] —
V be continuous and right-differentiable with 8+gl(a’b) = 0. Then g is constant on [a, b].

Proof. Assume that the assertion does not hold. Then there exist r,s € (a,b) with r < s and
g(r) # g(s). We define

. Hg(;)(;_gg)!!v >0, and

c= inf{x e (r,s): lg(z) — gl > ela — r)}.

The definitions above and the continuity of g imply that ||g(c) — g(7)|l,, = e(c —r) and ¢ < s.
Due to the assumption that 9 g(c) = 0, it holds that

3d € (¢,s] st |g(z) —g(c)|ly <elx—c) V€ (c,d],
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and consequently that

lg(x) —g(m)lly < llg(x) — gl + llg(e) — g(r)lly, < e(z —7) vz € (c,dl,
which contradicts the definition of c. O

Lemma 3.5.3. Let (V, ||-||y/) be a real Banach space, let a,b € R with a < b andlet g: [a,b] = V

be continuous and right-differentiable with continuous right-derivative 9*g. Then it holds that

a) = /ab 0" g(x)dx

Proof. Define G(x f 9% g(s)ds, then by the fundamental theorem of calculus, [42, Proposi-
tion A.2.3], we have for all z € (a,b) that

G'(z) =0 g(x).

In particular 07 (G — g)|(a7b) = 0. Now Lemma 3.5.2 completes the proof. O

Lemma 3.5.4. Assume the setting in Example 3.1.6 (ii). Then it holds that

0uf(t,2)h) = | Dugl(t.5,0() (n(s)) (ds),

(0,7]

Proof. By the first-order Taylor formula [58, Theorem 4.C] , we have that

g(t,s,r+h)=g(t,s,r)+ d2g(t,s,r)(h) + /01(1 —0) <8gg(t, s, 7+ 0h) — O29(t, s, 7“)) (h)de.
Then we obtain
ftoem) = | glt.sas)+ h(s))u(ds)
[0,7]
T
:/ g(t s, x(s )) (ds) + / 8gg(t s, x(s )) (h(s))u(ds)
0,7]

/ / (1— [629 (t,s,2(s) + Oh(s)) — Dag(t, s, z(s) + h(s))} h(s)dOu(ds)
[0,7]
= f(t,x) + 02 f(t,z)(h)

/[OT / (1— [829 (t,s,2(s) + Oh(s)) — Dag(t, s, z(s) —l-h(g))}h(s)dgu(ds)’
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since

H%;ﬂénl—eﬂ@g@saﬁg+omg)—@g@&x@y+mgﬂh@m@4®)

\%

1
< HhHD([D,TLH) /[O’T} /0 Hagg(t,s,x(s) + 0h(s)) — dag(t, s, z(s) + h(s)) H y dfu(ds),

L(H,V)

and therefore

H f[o,T] fol(l —0) [829(t7 s,2(s) + 0h(s)) — Dag(t, s, x(s) + h(s))] h(s)dOu(ds)

lim 14
h—0 ||h||D([0,T],H)
1
<1l —
< lim /[O,T] /0 H@gg(t, s,x(s) 4+ 0h(s)) — Dag(t,s,z(s) + h(s)) HL(H,V)dQ,u(ds)

h—0 V)dgu(ds)

)

- /[O’T} /01 lim H(?Qg(t,s,w(s) + Qh(s)) — 8gg(t,s,ac(s) + h(s))HL(H
=0

as OJag is continuous in z and dominated by the u-integrable function G. O

Measurability of integrands in the functional It6 formula

Lemma 3.5.5. Let (E, ||-| ;) and (K, ||| ) be real Banach spaces, let (£2,.A) be a measurable
space, let f: Q@ — E be A-B(E)-measurable, let F': Q@ — L(E,K) be such that for all e € F
the mapping F(-)e: @ — K is A-B(K)-measurable, and assume further that at least one of the

following conditions is fulfilled:

(i) f(Q) C F is separable,

(ii) F is A-B(L(FE, K))-measurable and F(2) C L(E, K) is separable.
Then the mapping F(-)f(-): Q@ - K, w — F(w)f(w), is A-B(K)-measurable.

Proof. We first verify the assertion under assumption (i). In this case, let f,,: Q@ — E, n € N, be
a sequence of simple F-valued functions such that for every w € Q it holds that lim,, oo fn(w) =

f(w), see [51, Lemma A.1.4]. Observe that for every w € © we have

Fw)f(w) = lim F(w)fn(w) (3.5.1)

n—o0

as an equality in K. Moreover, note that for every n € N the mapping

FO)fa(): Q= K, wis F(w)fa(w) (3.5.2)
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is A-B(K)-measurable. Indeed, in order to verify it suffices to observe that for every B € B(K)

we have

(FOLD) B = U [(FOo) B N5 deh)] e A,

e€fn(Q)
due to the measurability assumption on F. Combining (3.5.1), (3.5.2) with the fact that the
set of A-B(F)-measurable functions is closed under the formation of pointwise limits; see, e.g.,
[51, Proposition A.1.3] yields the assertion under assumption (i).
Next we verify the assertion under assumption (ii). In this case, let Fj,: Q@ — L(E,K), n € N
be a sequence of simple L(E, K)-valued functions such that for every w € € it holds that

F(w) = lim F,(w) (3.5.3)

n—oo

as an equality in L(E, K); see [51, Lemma A.1.4]. Further, note that for every n € N the

mapping
F.()f(): Q= K, w— F,(w)f(w) is A-B(K)-measurable. (3.5.4)

Indeed, in order to verify (3.5.4) it suffices to observe that for every B € B(K) it holds that

(ROFO) B = U [Een ' ®nr (] ea

LeFn(Q)

due to the measurability assumption on f. Combining (3.5.3), (3.5.4) with the fact that the
set of A-B(FE) measurable functions is closed under formation of pointwise limits; see, e.g., [51,

Proposition A.1.3] yields the assertion under assumption (ii). O

Lemma 3.5.6. Assume the setting in Theorem 3.2.2 and let h € H. Then the mapping
0,T] > s+ g (-)S(-,8)h € D([0,T], H)
is B([O, T])-B(D([O, T|,H ))—measurable. As a trivial consequence, it holds also that the mapping
0, 7] x Q> (s,w) = L 7(-)S(-, 8)h € D([0,T], H)

is Pr-B(D([0,T], H))-measurable.

Proof. We test the measurability by considering the sets of a suitable generator of
B(D([O,T],H)). Let n € N, By,By,...,B, € B(H), and t1,...,t, € [0,7]. Denote by
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Ty,.tn: D([0,T), H) = H™ the projection m, . 4, () = (z(t1),...,2z(tn)) and observe that

(n[.,T]S)‘l(w;l}m,t"(Bl X...x By)) = {t €[0,T): my,.o (L) (1)S(t)R) € By x ... % Bn}

{t € [0,T]: Ty (t)S(tr, )b € By, ..o, Ly (tn)S(tn, t)h € Bn}

I

{t € 0.71: 1 (t)S(t: )R € B |

=1

eB([0,17])

€ B([0,77),
which proves the assertion. O

Lemma 3.5.7. Assume the setting in Theorem 3.2.2. Then the mapping
[OaT] x> (57("')) = an(va.;g(’ﬂc‘))) (1[87T}(‘)S(-,S)\D(S,w)) eV

is Ppr-B(V')-measurable.

Proof. Step 1: The mapping [0,7] x Q > (s,w) — (s5,X5(-,w)) € [0,T] x D([0,T],H) is
Pr-B(D([0,T], H))-measurable since the process (X5) selo,7] 18 (Fs)-adapted and has continu-
ous trajectories; see Lemma 3.2.1. The operator-valued mapping 0> f: [0,7] x D([0,T], H) —
L(D([O, T|,H), V) is continuous, therefore for all y € D([0,T], H) the composition [0,7] x >
(s,w) — 0af (s, X5 (-,w))y € V is Pp-B(V)-measurable.

Step 2: Note that the mapping
[OvT] x> (S,(,d) = ]l[s,T](')S('vS)\D(Saw) € D([O7T]7H)

is Pr-B(D([0,T], H))-measurable, due to the predictability assumption on (¥(t));e[o,7], Lemma
3.5.6, and Lemma 3.5.5 with £ = H and K = D([0,T],H), f = ¥, F = 1. 1S, and Q =
[0,T] x Q fulfilling assumption (i).

Step 3: Combining Step 1 and Step 2 and applying Lemma 3.5.5 once again with
E = D([0,7],H) fulfilling assumption (i), we obtain that the mapping (s,w)
O f (s, X5 (-,w)) (L (1)S(-,9)¥(s,w)) € V is Pr-B(V)-measurable. O

Lemma 3.5.8. Assume the setting in Theorem 3.2.2. Then the mapping
0, 7] x Q>3 (s,w) — agf(s,Xf(',w)) (L (1)S(-,9)@(s,w)) € HS(U,V)

is Pr-B(HS(U, V'))-measurable.

Proof. Let s € HS(U, H). With a similar argument as in the proof of Lemma 3.5.6, one can
show that the mapping

[0, T] x Q3 (s,w) = Ligm(-)S(-,8)2 € D([0,T], HS(U, H))
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is Pr-B(D([0,T],HS(U, H)))-measurable. Following an analogue idea as in Step 2 and Step 3
in the proof of Lemma 3.5.7 proves the assertion.
O

Lemma 3.5.9. Assume the setting in Theorem 3.2.2. Then the mapping

[0, T] x Q23 (s,w) — Z@%f(s,XSS(',w)) (1[57T1(~)S(-,s)@(s,w)ei, L7 ()S(, 5)<I>(s,w)e¢)
€N

is Pp-B(V')-measurable.

Proof. 1t suffices to show the measurability for only one summand. Let ¢ € N and y €
D([0,T],H). As in the proof of Lemma 3.5.7, one can show that the mapping [0,7] x Q2 >
(s,w) = Lis7(-)S(,8)®(s,w)e; € D([0,T), H) is Pr-B(D([0,T], H))-measurable. Now, by
Lemma 3.5.5 with E = D([0,T], H) and K = V fulfilling assumption (ii), we obtain that the
mapping

[0, 7] x Q253 (s,w) 8§f(s,Xf(-,w)) (v, L5 ()S(,8)P(s,w)e;) € V

is Pr-B(V')-measurable. A second application of Lemma 3.5.5 thus finishes the proof.
O

Lemma 3.5.10. Assume the setting in Theorem 3.2.2, let N € N, and let 7v: Q — [0,7] be
the stopping time defined in (3.3.14). Then it holds for all ¢ € [0, 7] that

tATN

/0 Lo, 7y (5)S(t, 5)@(s) dW (s) = S(t,t A TN)/O S({tATN,s)P(s)dW(s), P-as. (3.5.5)

Proof. In order to verify (3.5.5) above, we employ an approximation argument for stopping
times similar to the argument in the proof of [51, Lemma 2.3.9]. To this end, we define the

following sequence of simple stopping times

2" —1
Tk+1
T](\;L) = Z (2n) (gfyT(kqtl)] otny, n €N, (3.5.6)
k=0

(n)

with the property that 7'](\7) 1 7n, P-a.s. as n — oo. For each n € N, we can rewrite 75, as

2" -1

(”) Z ak:]lAk

T(’;;LI) and Ay = {7y € (1E, T(kH I} = {TN =ax}, k=0, — 1. Thus, it

where ap =

holds that
on_1

OT](\,”)] Z ]lAk Oak s € [OvT]
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Now note that for all ¢ € [0, T] the following equalities hold in L?(P ® X\; H)

t

/0 ]l((oﬂ_Nﬂ(S)S(t,S)q)(S) dW(s) = lim ]l((0 (")]}( $)S(t,s)®(s)dW (s)

n—o0 0
" (n) o),
= lim i kzo La L0, (8)St AT )SENATY, 5)D(s) AW (5)
t27l 1
= lim / S L L0 (8)S(EE A aR)S(E AT, 5)B(s) AW (s)
2" —1 t
= lim kzo S(t,t/\ak)/o Lay L (0.0,1(5)S(E AT, 8)B(s) AW (s).
(3.5.7)
We continue with our computation by using [49, Proposition 8.11]
2" —1 t (n)
Tim Z;) S(t,t A ay) /O L4, 10,0, (8)SEA TN, 8)B(s) AW (s)
2n—1 :
= Jim 3 s £ Ay / L4 L 00y (8)S(t A 70 5)B(s) AW (s)
2= 3.5.8
= lim S(t, tAT / Z DAL (0,01(5)S(E AT 8)®(5) AW (s) (3.5.8)
t
= lim S(t, mr}v))/ Lo £ (s $)S(E AT, 5)D(s) AW (s)
n (o) 0
oy [N (n)
:nlg]goS(t tATN )/0 S(tATN, 5)P(s)dW (s).

Next, observe that due to continuity of the mapping [0,7] >t — fg S(t,s)®(s)dW(s) € H and

Lemma 3.5.1, we have P-a.s. that
tATN tnr(M
S(htATy) / S(t A v, $)B() dW(s) = lim S(t,¢ A7) / S(t AT, ) D(s) AW (s).
0 oo 0

This together with (3.5.7) and (3.5.8) completes the proof. O

On time integrals of predictable processes

Lemma 3.5.11. Let T € (0,00), let (Q,]-", (]:t)te[o,T]aP) be a filtered probability space such
that the filtration (F;).c[o, satisfies the usual conditions, and let V' be a separable real Hilbert
space. Moreover, let Z = (Z(t));c(o,r) be a bounded V-valued Pr-measurable process and let

= 322;’ j€40,1,...,2"}, n € N. Then it holds that
n—o0 0'
14

E(‘ /OTZ(t)dt_iE</tjl Z(t)dt‘ft;1>
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Proof. Due to predictability of the process Z and by a similar argument as used in the proof of
[51, Proposition 2.3.8], there exists a sequence (Z(™),,cy of predictable simple processes of the

form

K(m)
7(m) (w7 t) = Z Z](“m)]lF,ém) X(tl(cm)ptém)} (w, t), (3.5.9)
k=1 N

where 2™ €V, F{™ ¢ Fym, 0< ty” < ... <% < T, such that

m—o0

- ! m )|
lim E/O HZ(t)—Zm (t)Hth:o.

In particular, (Z(™),,ey is a Cauchy-sequence in L2(\; L?(P;V)) and after passing to a subse-
quence it holds for A-a.e. ¢t € [0, 7] that

lim Z™ ()= Z(@t) in L*(P;V). (3.5.10)

m—r0o0

Forj € {1,2,...,2"}, n,m € N, let the function n?’m e 2% (Qx|o, T],ftﬁl@B([O,T]),P@)\; V)
be given by

K (m)
n7m J— (m)
" (w, t) = ; 2 IE(]IFémﬁ]-"t;Ll)(w)]l(tl(ﬁ)l () V(w,t) € Qx [0,7],

where by IE(]I F(m) }.7-}?_1) we mean a fixed version of the conditional expectation. Then it holds
k
for all ¢t € [0, 7] that
0" () = B(ZU ()| Fe ). (3.5.11)

Remember that (Z(™),,cy is a Cauchy-sequence in L2(\; L?(P;V)) and note that the condi-
tional expectation IE( : ‘.7-};»71): L2(Q,F,P;V) — LZ(Q,ftgzil,P; V) is a bounded linear oper-
ator and therefore the sequence (n?’m)meN is also a Cauchy-sequence in L%(\; L?(P;V)). For

J€{1,2,...,2"}, n €N, let 7 be given by

ny = lim 7"™ in L2(\ LQ(Q,}—t;le]P); V).

m—0o0

Then, after a passing to a subsequence it holds for A-a.e. t € [0, 7] that

np(ot) = lim g (6) i LX(Q, F P V). (3.5.12)

m— 00

The combination of (3.5.10)~(3.5.12) implies for A-a.e. £ € [0,T] and A € Fyn_ that

[ 2 p@e) = [ .2,

A
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Therefore, for \-a.e. t € (t]_;,1}] we get that

E (Z(t)\]—"t;;_1> — (1), (3.5.13)

as an equality in L(, Fen_ s V). Next we show that

tn tn
IE( / ! Z(t)dt’]—"t?_l> - / D op)dt Pas. (3.5.14)
t?, t?,

1 1

To this end, let A € Fy»_ and observe that

//t t)dtdP = /t /Q]IAZ(t)d]P’dt:/t /]lAn] t)dPdt = //t t) dt dP,

where for the second equality above we used (3.5.13). This proves (3.5.14). Therefore we obtain

that
Lo AL ot ) A oo L o
| [z [ S o], )
/T > CREALL (HZ — @), )at

Now let ¢ € [0,7] be fixed and let (jn)neny C [0,7] be such that lim, oot} ; =t, and t €
(7,

_1, 07 |, n € N. The martingale convergence theorem [50, Theorem 1.14] thus implies that

( e | F ): lim E(Z(t)\]—"t?Wl) — lim o2 (t) in L(P;V),

n—oo n—oo
s€[0,t)
which, by considering the predictability of Z can be rewritten as follows

Z(t) = lim n} (-,t) in L'(P;V). (3.5.15)

n—oo

Indeed, the definition (3.5.9) and the estimation (3.5.10) imply that

:E<Z(t)‘a( U }"S)) P-a.s.

s€[0,t)
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The boundedness assumption on (Z(t))co,7] allows us to apply the dominated convergence

theorem and obtain that
T 2"
n n—o0
| Xt (1260 - )] )ae .
j=1

This concludes the assertion of the Lemma. O



Chapter 4

Weak error analysis of
approximations of path-dependent
functionals of mild solutions of SEEs

via Malliavin calculus

In this chapter we develop a Malliavin calculus approach to analyze the weak error of spatial
approximations of path-dependent functionals of mild solutions of stochastic evolution equations
(SEEs). In order to do that we first introduce in Assumption 4.1.1 below the notation we use and
the setting we assume throughout this chapter. After mentioning some regularity results from
the literature, we state in Lemma 4.3.1 below a Malliavin regularity result for mild solutions of
SEEs of the type

dX(t) = [AX(t) + F(X(t))]dt + B(X(t))dW (¢), t€10,T]
X(0)=¢€H,

(4.0.1)

where H and U are separable real Hilbert spaces, (W(t)) te[0,T] is an Idy-Wiener process de-
fined on a filtered probability space (£, F, (.Ft)te[ng],P), and F: H— H and B: H — L(U,H)
are measurable mappings satisfying suitable regularity assumptions. Using results from [22],
we show in Lemma 4.3.1 that the mild solution of (4.0.1) is Malliavin differentiable and the
Malliavin derivative (DS(X(t)))s,te[O,T]

erties. For a finite Borel measure y, we show in Lemma 4.3.4 that the L?(u; H)-valued random

is continuous and satisfies suitable boundedness prop-

variable X (-), i.e., the random variable whose values are the sample paths of the stochastic pro-
cess (X(t))iefo,1], is also Malliavin differentiable. Moreover, we investigate the relation between
Malliavin derivative of (X (t));c[o,7] and of X (-), using a proper isometry introduced in Lemma

4.3.3 below. In the last section of this chapter, the main result is presented in Theorem 4.4.3.

79
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There we show an upper bound for the weak error IE)’ f(X) — f(X)|, where X is an approxi-

mation of X and f is a functional on the sample path space of X. Our approach to prove this

upper bound is based on Malliavin calculus and the regularity results proved in this chapter.

4.1 Preliminaries

We start this section with introducing a setting which we assume throughout this chapter.

Assumption 4.1.1 below is based on [22, Hypothesis 3.1]. Consider the following abstract SEE

dX(t) = [AX(t) + F(X(t))]dt + B(X(t))dW (¢), t€[0,7]

(4.1.1)
X(0)=¢eH,

where the following is assumed:
Assumption 4.1.1. Let Assumption 2.4.7 hold and additionally assume that

(i) the mappings F': H — H and B: H — L(U, H) satisfy for all s > 0, z € H, u € U that
F € Lip(H, H), e*AB(x) € HS(U, H) and that B(-)u: H — H is measurable. Moreover,
there exist constants L > 0 and ¥ € [0, 1) such that for all s > 0, 2,y € H it holds that

||€SAB($)HHS(U,H) < LS?WQ(l +llzllg ),

|e* B(z) - e B < Ls 2 |z —yll,

() HHS(U,H)
| B ) < L+ 2]l )-

(ii) for every s > 0 it holds that

Fe9'(H,H), €4Be9'(HHSU, H)).

Remember that by ¢! we denote the space of Gateaux differentiable mappings; see Definition
2.3.1.

Recall from Definition 2.4.8 that a mild solution of (4.1.1) is an H-valued predictable process
such that for all ¢ € [0, 7] it holds P-a.s. that

t t

X(t) = et e + / e=IAP(X (s))ds + / e =IAB(X (s)) dW (s). (4.1.2)
0 0

In particular, the integrals in (4.1.2) above have to be well-defined. According to [22, Proposition

3.2], Assumption 4.1.1 guarantees the existence of a unique mild solution X = (X (¢)) te[0.T] of

(4.1.1) with continuous sample paths such that (4.1.2) holds P-a.s. for all ¢ € [0,T]. Moreover,

for every p € [2,00) it holds that X € LP(P; C([0,T], H)) with

E[ sup HX(t)Hg} <C+ly)P (4.1.3)
t€[0,T
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for some constant C' € (0,00) depending only on p,J,T, F, B and M : = sup;c[o 1| HetAHL(H).

Lemma 4.1.2. Let Assumption 4.1.1 be fulfilled, let p > 2 and let X € LP(P; C(]0,T], H)) be
the mild solution of (4.1.1) with continuous paths. Then it holds that

X € C([0,T), LP(P; H)).

Proof. Let t € [0,T]. Observe that for every to € [0,T] it holds that || X(¢) — X(to)|l; <
2 supyeqo 1 1 X (s[5 and that E(sup,ep 711X (s)[5) < 0o. As a consequence, the dominated
convergence theorem implies that

lim E( || X (t) — X (to)|}; ) = 0.

t—to

4.2 Malliavin calculus in Hilbert spaces

In this section we review some definitions and auxiliary results from [39, Chapter 4] and [22,
Section 3.3]. Let U and H be separable real Hilbert spaces, let T' € (0,00), and let (W(t))te[O,T]
be an Idy-Wiener process defined on a filtered probability space (Q, F i (Ft)eefo,> ]P’). We denote
by .7 (H) the set of all smooth and cylindrical H-valued random variables F' of the form

F= Z [i(W(®1),-. o, W( @) Ry,

where m,n € N, ®; € L*([0,T], \; HS(U,R)), W(®;) = fOT ®;(t)dW(t), hj € H, and fj: R™ —
R is infinitely differentiable function with the property that f; and all its derivatives are at
most polynomially growing, ¢ = 1,...,m, j = 1,...,n. Then the Malliavin derivative DF of
F € .7(H) is defined by

n m
D.F = ;; aaxifj(W(CDl), s W( @) by @ ®4(7)  for T € [0,T7,

where hj ® ®;(7) denotes the tensor product of h; € H and ®;(r) € HS(U,R) and indicates the
operator U 3 u +— (®;(7))[u] - hj € H.

In [39, Propostion 4.2], it is shown that the Malliavin derivative opertor D: .(H) C L*(P; H) —
L2(Q2 x [0,T],P ® \;HS(U, H)) is well-defined. In particular, DF does not depend on the
representation of F' € ./ (H). It is well-known; see, e.g., [39, Proposition 4.4], that the Malliavin
derivative operator D: . (H) C L*(P; H) — L*(Q x [0,T],P ® \; HS(U, H)) is closable, i.e., if
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(Fu)nen C - (H) is a sequence with

lim F, =0, in L*(P;H),

n—oo

lim DF, =7, in L*(P® \;HS(U, H)),

n—oo

then ¥ = 0. We write D'2(H) for the closure of . (H) in L?(IP; H) with respect to the seminorm

1/2
1 lpragry = (1F 2@y + IDF |22 ponnsw.a )

and obtain a well-defined extension of the Malliavin derivative operator
D: DY (H) c L*(P; H) — L*(P® \;HS(U, H)).

We also remark that, for F € DY“2(H), DF can be interpreted as a stochastic process
(D+F)rejo,r) with values in HS(U, H). In particular, for 7 € [0,7] and v € U, (D, F)[u]
can be interpreted as an H-valued random variable. Note, however, that the distributions of
the HS(U, H)-valued random variables D.F, 7 € [0,T], are not uniquely determined for all
t € 10,7, since DF € L?*(P® \; HS(U, H)) is a P® A-equivalence class of functions on § x [0, T].

Remark 4.2.1. For & € L2([0 T], )\'HS(U R)) let the real-valued stochastic process
(X (t))ico,m) be defined by X(t fo (0), t € [0,7]. Obviously, it holds for all
t,7 €10,7T] that X(¢t) € (R )andthat

D (X (1)) = Ljpq(7) (7).

In particular, D, X (t) = 0, P ® dr-a.e. on Q x (t,T]. More generally, if F € DY2(H) is J;-
measurable, then it holds that D, F = 0, P®dr-a.e. on Q x (¢,T]. Indeed, for an F;-measurable
F € DY2(H) let (F,)nen be a sequence of Fi-measurable . ( H)-valued random variables such

that F,, — F in DY2(H), as n — co. For each n € N, let the following representation be given:

Np,
=30 10 (@), W) nl.
j=1

As the random variables F,,, n € N, are F;-measurable, we can replace each @gn), 1 €

{1,...,myn}, n € N with 1 ®}. Therefore we obtain for 7 € [0, 7] that

Nn, mn
D Fn—ZZaTCf(” (Lo @™), ., W (L g@5))) B @ T (1)@ (7).
7j=11i=1

This shows for each n € N that D, F,, = 0, P® dr-a.e. on  x (¢,7]. Consequently, it holds
that D, F =0, P® dr-a.e. on Q x (¢,7]. Compare with [22, page 1415].
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The following result is a particular case of the so-called chain rule for the Malliavin derivative

and the proof can be found in [39, Lemma 4.7].

Lemma 4.2.2. Let ¢: Hi — Hy be a continuously Fréchet differentiable mapping, where
(H1, ), ol gg,) and (Ha, () g, 5 |||l g, ) ave arbitrary separable real Hilbert spaces. Assume

that there exists a constant C' € (0, 00) such that

lo(W) g, < CQA+ 1Al ), ¢ Wl p, pyy <€ V€ Hi

Then for all F' € DY2(H;) it holds that ¢(F) € D?(Hy) and

The next result is the so-called Malliavin integration-by-parts formula and its proof can be

found in [39, Proposition 4.3].

Lemma 4.2.3. For all ® € L?(2 x [0,T],P® \;HS(U, H)) and all F € D2(H) it holds that

EKF /Och(t) dW(t)>H] = E[(DF,®) 0 0 1y s ) |

As an application of the Malliavin integration-by-parts formula, a short proof of the stochastic
Fubini theorem is given in [39, Theorem 4.18]. We will use the stochastic Fubini theorem later

in this chapter.

Lemma 4.2.4. Let (E, &, 1) be a measure space with finite measure p and let ®: Qx [0, T|xE —
HS(U, H) be a (Pr ® £)-B(HS(U, H))-measurable mapping. Under the condition

/E <E[/OT Hq)(t,x)HIQ{s(U’H) dt]) éM(dx) < 0

it holds P-almost surely that

/ / (t,z) p(dz)dW (¢ // (t,x) dW (t)p(dz). (4.2.1)

In particular, all integrals in (4.2.1) are well-defined.

4.3 Malliavin regularity of mild solutions of SEEs

In this section we investigate the Malliavin differentiability of the mild solution (X (t)).ejo,m)
of SPDE (4.1.1) and the regularity properties of its derivative. Moreover, we formulate the
relation between the Malliavin derivatives of the H-valued random variables X (t), t € [0,T],
and the Malliavin derivative of the L?(u; H)-valued random variable X (-), where y is a finite

Borel measure on [0, 7.
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The following result is based on [22, Proposition 3.5] and complements some of the assertions

therein in a way that is suitable for our purpose.

Lemma 4.3.1. Let Assumption 4.1.1 be fulfilled and let X € L% (P;C([0,7T], H)) be the mild

solution of (4.1.1) with continuous sample paths. Here and below we set % = o0 if ¥ = 0. Then
(i) it holds for every ¢ € [0, 7] that X (¢) € DY2(H),
(ii) the mapping [0,T] > t — X (t) € DY2(H) is continuous, and

(iii) there exists a measurable mapping 7: Q x [0,7] x [0,7] — HS(U, H) such that for all
t € [0, 7] it holds that

as an equality in L2(Q2 x [0, T],P ® \; HS(U, H)) and for all p € [2,2/9) we have that

sup B( sup (¢ — )7 (s, )
s€[0,T) te(s,T]

”%S(U,H) ) < co.

Proof. For the sake of clarity, we divide the proof into several steps.
Step I: Observe that item (i) is a direct consequence of [22, Proposition 3.5(ii)]. Next note

that [22, Proposition 3.5] further implies the existence of a measurable mapping
n: Qx[0,7] x [0,T] — HS(U, H)

and a Lebesgue null set N € B([0,7]) with the following properties:

(a) For all t € [0,T]\ N it holds that

as an equality in L2(Q2 x [0, T],P ® X\; HS(U, H)).

(b) For all 7 € [0,T], w € Q the mapping
(1,7] >t — n(w,7,t) € HS(U, H),

is continuous.

(c) For all p € [2,00) it holds that

sup E( sup (r — s)P?/? ||77(577’)H€15(U,H)) < oo.
s€l0.T)  re(sT]

The verification of items (ii) and (iii) above is based on item (i), items (a)—(c), and the auxiliary

results derived in Steps II-V below.
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Step II: We show that for all £ € [0, 7], p € [2,2/9) it holds that n(-,t) € LP(P ® \; HS(U, H))
and that the mapping
[0,T] 5t~ n(-,t) e LP(P® \;HS(U, H))

is continuous. First note that, since for all ¢ € [0, 7] it holds that D, (X (¢)) = 0 P ® dr almost
everywhere on Q x (¢,T] (see Remark 4.2.1 above), we can, without loss of generality, assume
that for all (w,7,t) € Q x [0,7] x [0,T] with 7 > ¢ it holds that n(w, 7,t) = 0. Therefore, for all
t €[0,7] and p € [2,2/9), we can write

T T
E/O I, t)H%S(U,H) dr = E/o H]I[O,t)(T)”(T7t)H%S(U,H) dr

T
< sup E( sup (T—S)pw2HU(S,T)H%S(U,H))/ ]1[070(7)@_7)7;)19/2(17
s€[0,T re(s,T) 0

T

< sup E( sup (r— 5" n(o )iy | (T 7) 7 s
s€0,T]  re(s,T) ’ 0

T1-p9/2

P G, s o ) T 7 < %

= sup E( sup (r—s)
s€[0,T] re(s,T)

(4.3.1)

by item (c) above. This proves that n(-,t) € LP(P® A\; HS(U, H)), for t € [0,T] and p € [2,2/9).
Now let tg € (0,T] and p € [2,2/9) be fixed. Next we prove that

T
lim ]E/O |In(r,t) — n(r, tO)H%S(U,H) dr = 0. (4.3.2)

t—to

Observe that, due to item (b) above it holds P-almost surely for all 7 € [0, 7] that

th_{% ]l[o,t/\to)(T) Hn(ﬂ t) —n(r, tO)HIIZIs(U,H) =0. (4-3-3)

In order to prove the continuity (4.3.2), we have to show the left- and right-continuity separately.

We start first with the right-continuity: For all ¢ € [ty,T] we have that

T

T
E [ nr.t) = nrsto) s 47 =B | Loa(™) It 0) = (. t0) sy 7
0 0 (4.3.4)

T
B [ 1000 (. 0) = 1(r10) sy 0
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Moreover, for all ¢ € [to, 7] and 7 € [0,T] it holds that

80,10y (7) (7, 8) = 17, 20) sy < Do) (7) 2 (1m0 Brggr iy + 1007 20) Wasor oy )

<o (M2 sup (=" Inr ) s )
re(r,

= T)7p§/2 + (to — T)fpﬂ/Q)

<127 sup (r = 712 n(r, ) sy )
re(r,T]
(to — T)7p§/2 € L'(P®dr;R),

(4.3.5)

by the fact that (¢t — 7)"PY/2 < (tg — 7)"Y/2 and item (c) above. Indeed, it holds that

T
E/ Loy (7 sup (= 7172 i (r, 1)l ) ) (b0 — 7)77/2ar
0 re(r,T]

T
< sup IE( sup (r — 3)1’”9/2 Hn(s,T)H%S(UH) ) / (T — T)*pﬂ/QdT < 0.
s€[0,T) re(s,T] ’ 0

The pointwise convergence in (4.3.3), the boundedness property (4.3.5), and the dominated

convergence theorem thus imply that

T
lim E/ ]1[0,t0)<'r) [n(r,t) —n(r, tO)HpHs(UH) dr = 0. (4.3.6)
t™\eto 0 ’

For the second summand in (4.3.4), observe that for all ¢ € (¢y, 7] we have that

T T
E [ () 17:0) = 06 0 sy 47 = B [ Lois () (. Ol

< sup E( sup (T—S)pﬁﬂHU(S’T)H%S(UH))
s€[0,7)  re(s,T) 7

T
- /O Ly () (= 7) 7" 2dr

p¥/2

= sup IB( sup (r — s) H’?(SJ")H%S(U,H))

s€[0,T) re(s,T]
_ 1-p9/2
. (t]:())p’l,w — 0 as t \ t().

(4.3.7)
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This together with (4.3.6) proves the right-continuity in (4.3.2). Now we show the left-continuity:
For all t € [, to] we have that

T T
E/o In(r,t) — n(r, tQ)H%S(U’H) dr = E/O ]1[072t7t0)(7—) In(r,t) —n(r, tO)HpHS(U,H) dr
T
+ E/o ]1[2t—t0,t0)(7') [n(7,t) — n(r, tO)H%S(U,H) dr.

(4.3.8)

Note that, since t € [%O, to], it holds for all T € [0, 2t —t¢) that tOT_T < t—7. Thus with a similar

argument as in (4.3.5), we obtain that

L0 2010 (7) (7 8) = 07, 0) By ) < L0200 (1) 27 ( sup (7= 7V () s )
re(r,

((t = 7)Y (tg — 7)P?)

<o) 27 (sup (r =) n(r, ) sy )

re(r,T)
to — T\ —p9/2 _
. <(OT) pY/ + (tO _7_) pﬂ/2>
<o ay ()27 sup (= )2 ln(r, ) s ) )
re(r,T]

(1 4+ 2892 (tg — 7) P2 € LY(P ® d7; R).
(4.3.9)

The pointwise convergence in (4.3.3), the boundedness property (4.3.9), and the dominated

convergence theorem thus imply that

T
lim ]E/ Lio,20—10)(7) [In(7, ) — (T, t0)||%S(U e dr =0. (4.3.10)
t,/to 0 ’

Finally, for the second summand in (4.3.8) observe that for all ¢ € [0,tp) it holds that

T
E/o Lot —t9,10)(7) [In(7: ) — (7, tO)H%s(U,H) dr

< or~1 sup E( sup (T - 5)1)19/2 H?7(8ﬂ“)\|%s(U,H))
s€[0,T) re(s,T)

T
: /0 []1[275—150,15) (r)(t—7)7P2 4 L2t—t0,40)(T) (t0 — T)_pﬁ/ﬂ dr (4.3.11)

=271 sup E( sup (r—s)P"/? In(s. ™) s o) )
s€[0,T) r€(s,T]

((to —t)l-P9/2 L Cto— 2t)1 P9/
1—p9/2 1—pY/2

)—)0 ast M.

This together with (4.3.10) proves the left-continuity in (4.3.2). Therefore the continuity (4.3.2)

is true.
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Step III: We show that for all ¢y € NN there exists a sequence (t;)jen C [0,7] \ N with

limjﬁoo t; =1o and

VE € DY2(H): lim (X (t;), F)piaggy = (X (t0)s F)pre (4.3.12)

j—00
Indeed, as a consequence of items (a) and (b), we have that

T
owp B [ DX s dr= s E [ DX 0 o
tefo, NN Jo €[0,T]\N

= sup E/ l[n(r,t ”HS (U,H) dr
€0, TI\N

t
< swp / E[(t—)" (t — 7)™ In(r.0) s )47
te[0,T\N

t
< swp B( swp (r= )" Intolfisaun) [ (6= ) 7ar
s€[0,T) re(s,T) 0

T
< sup E( sup (= )" lnfs M) [ (T—7)dr
s€[0,7) re(s,T) 0

< oQ.

This boundedness property together with Lemma 4.1.2 implies that

sup || X (t)[Ipre () < 00,
te[0,T\N

which means that the family X (t), t € [0,T]\ N, is bounded in D%?(H). Next let to € N be
arbitrary and choose (¢;)jen C [0,T]\ N with t; — to. As (X (¢;));en is bounded in D12(H), by
weak compactness in Hilbert spaces; see, e.g., [57, Theorem II1.3.7], there exists a subsequence
(X (tj,))keny and Y € DY2(H) with

VF € DY(H): T (X(t), Fhgregn = (Vs Fhprag - (4.3.13)
Due to Lemma 4.1.2 it follows that

| X (to) — YH%?(P;H) = (X(to) =Y, X(to) = Y) r2(p. 11
= (X(to), X(to) = Y) po(pypry — (Y, X(t0) = Y) p2p 1y
= lim (X (%), X(to) = Y) p2(ppr) — Hm (X (t,), X(t0) = Y) p2(p,)

i.e., X(to) =Y in L?(P; H). The equality holds even in D*2(H) as X (ty),Y € DY2(H). This
and (4.3.13) imply (4.3.12).
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Step IV: As an extension of property (a), we show that for all ¢ € [0, 7] it holds that
n(,t)=D.(X(t))  in L*(P® \HS(U, H)).

Due to property (a) it is enough to verify the equality above for ¢ € N. For this let ¢ € N be
arbitrary. By Step III there exists a sequence (t;)jen C [0,7]\ N with lim;_,o t; = ¢ and

VF € DLQ(H); lim <X(tj), F>]D)172(H) = (X(1), F>D1,2(H) .

J—00

Hence we obtain for all ® € L?(P ® \;HS(U, H)) that

lim (D(X(;))

Jj—00

Jj—00
= (X(t), D" ®)pragry = (D(X (), @) 12 pons (v, -
(4.3.14)

g (I>>L2(IP’®>\;HS(U,H))

where D* € L(Lz(]P’ ® X\ HS(U, H)),]D)LQ(H)) is the Hilbert-adjoint operator of D €
L(D“(H),L*(P ® \;HS(U, H))). On the other hand, for all ® € L*(P ® A\;HS(U, H)) it holds
that

lim (D(X(;)), ®)

joo rreeormswm) = (03 8) ®) L2 eeus,my)

o0 (4.3.15)
= <77('7 t), (I)>L2 (P@AHS(U,H))?

where the first equality above holds due to property (a) and the second equality due to the
continuity property proven in Step II. Combining (4.3.14) and (4.3.15) yields that

n(-t)=D.(X(t)  in L*(P® \HS(U, H)).

Step V: We are now able to verify items (ii) and (iii). First, observe that item (ii) is a
consequence of Lemma 4.1.2; Step II, and Step IV. Moreover, note that item (iii) follows from
item (c) and Step IV. O

The next result demonstrates the interchange of integration and the Malliavin derivative.

Lemma 4.3.2. Let Assumption 4.1.1 be fulfilled, X : Q x [0,7] — H be the mild solution of
(4.1.1) with continuous sample paths, let z be a finite Borel measure on [0, T], let ¢ € L?(u; H).
Furthermore, let 4 C U be an ONB, let u € U, and let n: Q x [0,T] x [0,T] — HS(U, H) be
a measurable mapping which satisfies the properties formulated in item (iii) of Lemma 4.3.1.
Then

(i) it holds that
/ (6(t), X(8))y n(dt) € DY2(R),
(0,17
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(ii) it holds P @ dr-a.e. that

[ 4600 () ) [ @t <
0,7

and

(iii) it holds P ® dr-a.e. that

(DT /[(m (o(t), X(t)) gy u(dt))[u} —/ (6(t), (n(r.8)) [u]), p(dt)

(0,7]

Proof. We start with item (ii). For this, note that

E/OT</[0’T} ’<¢(t), (n(r,1)) H‘M dt) )dr
< T ol /‘AHHWM |} wtatyar

<JW¢hp#H‘/ /’t—f (6= 00D o ) dr ) (4316)

sywwymﬂNAMTw[sm>E($m<r—$ﬂm@mwgwﬂn}
s€[0,T)  re(s,T]

T
/ (T — 7)7Ydr < oo.
0

This proves item (ii). Next note that due to the predictability of (X(t))te[o 1)’
Qx[0,7] 3 (w,t) = (¢(t), X (w, 1)) is measurable. Moreover, observe that

E((/M] [ (6(8), X ()| () > < ]E(/[OT] loOIZ, u(de) /[OT] X0 nan)

) )

=nw;me(A)nxumzma0

the mapping

)

nmumun/ (IX @I ) uldr) (43.17)

<nmpwﬂ%/ (s BOXOG))u)

€[0,7)

= ([0, 70) 10172 (umry sup E(IX(s)l[7) < oo,
s€[0,7T

where the last equality holds due to Lemma 4.1.2. On the other hand, due to the path-wise

continuity of X we know that (¢, X(w)) 2(,.p) exists for every w € €. Now Fubini’s theo-

rem implies that (¢, X) 2. ;) € L*(P;R). For n € N, let t; = %, Jj € {0,...,n} and let
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(X"(t))te[o,T} be defined as

n—1
Z L, 050 ()X () + Lipy () X(T).
7=0

Then it holds by Holder’s inequality that

2

/ (6(1), Xon(t) y pldt) - / (6(t), X () p(dt)
(0,7 [0,T]

L2(P;R)

- ]E(( 0,11 (9(t). Xalt) - X(t)>H”(dt))2>
. _ 2
<e( [ 1ol [ 10 - X0l )
< 10lagurn [, B(IX0(0 = XOU Ju) —0 a5 n o

(4.3.18)

Indeed, the convergence holds due to the definition of X, and the uniform continuity of the
mapping [0,T] >t — X(t) € L?(P; H); see Lemma 4.1.2. Moreover it holds that

1

n

/ (6(1), Xon(t)) g p(lt) = / (B(t), X (1) g wdt) + (T} (S(T), X(T))
(0,7 [t:ti+1)

I <.

_ O

< /[t N )¢(t)u(dt),X(tj)> + u({T}) ($(T), X(T)),, .

.

Hence, by Lemma 4.3.1(i), the fact that f[o,T} (p(t), Xn(t)) g u(dt) € DH2(R), and due to the
general properties of the Malliavin derivative it holds P ® d7-a.e. that

n—1

<DT( /[0 . {o(t), Xn(t)>Hu(dt))>[u] = < /[t ) ¢(1)p(dt), (DT(X(tj))>[u]>

J=0

T (o), (D (X(T)) 1) |
:i/t . 1)< (Do (X (1)) ), w(at)
u{T}) <¢<T> (- (x(0)) 1)

/0T]< Z]l[t i) ( ( (X(tj)))[u]> w(dt)
H
+u({T}) <¢>(T>, (D-(x())ul) -

H

H

_l’_
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To complete the proof of this lemma it remains to show that

i = T . in L? T, .

i (- L (900 X, ) 00 ) = L, (60, (1 0) 1) (@) in L@ HS(,B)
(4.3.19)

We show first that fo T] ), (n(T, ) [} i p(dt) € L*(P @ dr; HS(U, R)). Indeed we have anal-

ogously to (4.3.16) that

/Z /OT (n(7,6)) [u]) 5 u(dt))QdT

ueU

< E/ %Z:/{<‘¢)HL2 (uH /7T] H(n(T, t))[u]Hj{ (dt))dT (4.3.20)

ol [, [ (EX S [ )t o) <

Next note that the definition of X,, and the (uniform) continuity in Lemma 4.3.1(ii) imply that

2

HD.( /[0 60, X)) - | (60, () 1) et

[0.1] L2(PoXHS(UR))
T n—1 2
=k Z / < ) Z 1 t]vtﬁ-l) ( (X(tj)) —n(r, t)) [U]> p(dt)| dr
0 weu [0,7] j=0 "

SE/OTZ /[ lo(s)I1% M(dS)-/[O’T}S]l[tﬁtjﬂ)(t)H(DT(X(tj)) _U(T’t)>[“]Hj; u(dt) | ar
= 16l B [ Zz/t

= ||¢||2L2(M,H) /[0 T Zﬂ[tj7tj+1)(t)E/O HDT(X(tJ)) - 77(7—7 t)HilS(U,H) dTlu’(dt)
AT =0

2
(X(t;)) = n(r.H)[ul]|, w(at)dr

]7tj+1)

n—1 T
= ||¢||%2(M7H) /[0 T} Zﬂ[tj,tj+1)(t)EA HT/(T? t]) - n(T’ t)‘ﬁIS(U’H) dr IU’(dt) — 0.
AT =0

For the uniform continuity of the mapping [0, 7] > t + n(-,t) € L*(P® \; HS(U, H)) see Step 11
in the proof of Lemma 4.3.1. The combination of (4.3.18), (4.3.19), and the closedness of the

Malliavin derivative prove items (i) and (iii). O

Our next lemma introduces a useful isometry which we use later in this chapter to investigate
the situation when we apply the derivative operator on the square-integrable sample paths of
mild solutions of SEEs.

Lemma 4.3.3. Let T' € (0,00) and p be a finite Borel measure on [0,7]. Let U, H be sepa-

rable real Hilbert spaces and U be an orthonormal basis of U. Then there exists an isometric
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isomorphism i: HS(U, L?(u; H)) — L?(u; HS(U, H)) such that for any W € HS(U, L?(u; H)) it
holds that

Vu el : <(z(\I/)(r))[u] = (U[u])(r), p-a.e. v € [O,T]). (4.3.21)
Proof. Without loss of generality we assume that the Hilbert space U is infinite-dimensional
and that (u;)jen is a counting for the orthonormal basis ¢. First we show that the set H =
{30 ¢;®g; @ hy: ¢; € HS(U,R), g; € L*(u;R), hy € H,n € N} is dense in HS(U, L*(p; H)).
For this let € > 0 be given. For ¥ € HS(U, L?(y; H)) let n € N be such that

n

€
v LY@ U, H <& 4.3.22
H ; Wi Jo @ Pl ey < 2 (4.3.22)
Moreover note that, due to [51, Lemma A.1.4] and an application of the dominated convergence
theorem, we have that for each W[u;] € L?(u; H), j € {1,...,n}, there exist gi € L*(u;R),

hi € H,and n; € N, k€ {1,...,n;}, such that

€
o) < 2 (4.3.23)

nj
RIE Y
k=1
Now note that using the triangular inequality, (4.3.22) and (4.3.23) we obtain that

n Ny
. J J
H\IJ B ZZ (o )y ® 91 ® thHS(U,Lz(u;H))

j=1 k=1
< ||¥ — . Wl H
> H ]Z; (uj, )y © Wug) HS (U, L2 ()
n n N
—&—H wi, ) @ Ulu;] — Uiy )y @ ]®hJH
jz::1< il ] ;;< 32 lu @ G @ Py HS(U,L2 (1 H))
€ n "o .
— .. Ulu:l — J h] H
<3 + H Z<uj’ Ju ® ( [s] I ® k) HS(U,L2(1;H))
Jj=1 k=1
€ 1_ J o i
: 2 ! ]Z: H‘I’[U]] Z:gk “ k‘ L2(p;H)
2737

which proves that the set # is demse in HS(U, L?(u; H)). Let the mapping i: H —
L?(u; HS(U, H)) be defined as

(pRgRh)=gR¢Rh, for ¢ € HS(U,R), g € L*(u;R), h € H.

Obviously the mapping ¢ is continuous and injective and for each element of H the equality
(4.3.21) holds. Therefore it can be extended to an isomorphism between HS(U, L?(u; H)) and
L?(u; HS(U, H)), considering the fact that the image space i(H) is also dense in L?(u; HS(U, H)).
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Now let W € HS(U, L?(u; H)) be arbitrary. Then there exists a sequence (\I’n)nEN C H such
that it converges to ¥ in HS(U, L?(u; H)). In particular,we obtain that

Yuel: H\IJ[U]—\I'M[U]) — 0, ask — oc.

L2(u;H)

Therefore it holds that
YuelU: (EI(nZ)keN CN: Uu(r) = klim W lu](r) prae. re [0,T]>.
—00

Using a diagonal procedure for choosing above subsequences and due to countability of U one
can, without loss of generality, assume that there exists a sequence (\Ifn)n enCH such that for

all u € U and p-a.e. r € [0,7] it holds that

Ylul(r) = lim W, [u](r).

n—oo

On the other hand due to construction of the mapping ¢ we have that i(¥,,) converges to i(¥)
in L?(u; HS(U, H)) and one can analogously show (after passing to a subsequence) that for all
u € U and p-a.e. r € [0,7] it holds that

i(U)(r)[u] = lim (W) (r)[ul.

n—oo

Considering the fact that for all uw € U and p-a.e. 7 € [0,T], ¥y, [u](r) = i(V,)(r)[u] we obtain
for all w € U and p-a.e. r € [0,T] that

This together with the fact that the mapping 7 is an isometric isomorphism completes the

proof. O

The next lemma presents a relation between the Malliavin derivatives of mild solutions of SEEs

and the Malliavin derivative of its square-integrable sample paths.

Lemma 4.3.4. Let Assumption 4.1.1 be fulfilled, let X : Q x [0,7] — H be the mild solu-
tion of (4.1.1) with continuous sample paths, let n: Q x [0,7] x [0,7] — H be a measurable

mapping which satisfies the properties formulated in item (iii) of Lemma 4.3.1, and let p and
i: HS(U, L*(u; H)) — L?(w; HS(U, H)) be the finite Borel measure and the isometric isomor-

phism introduced in Lemma 4.3.3, respectively. Then
(i) it holds that X € D%?(L?(u; H)) and

(i) the following equality holds P ® dr-a.e. as an equality in L?(u(dt); HS(U, H)):

(i(D-X))(t) = n(7,1).
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Proof. Throughout this proof let (¢;x) e kex be an orthonormal basis of L?(u; H) of the form
bjk = 1;®eg, where () jes and (e )kes are orthonormal bases of L2(y; R) and H, respectively.
To simplify notation, we restrict the exposition to the case where both L?(u;R) and H are
infinite-dimensional spaces and assume that J = K = N. We remark that the proof can be

extended to other cases in a straightforward way. First we show that

= lim ZZ Gjts X) 2y Gk 0 L2 L2 (s H)). (4.3.24)

n—00
7=1 k=1

For this note that the above equality holds for every w € Q in L?(u;H) due to
the continuity of (X(t))te[O,T].
(Z’;:l > ory <¢jk”X>L2(u;H) gbjk)nEN is a Cauchy sequence in L?(P; L?(y; H)). Indeed, for all
m,n € N with m <n it holds that

Therefore it is enough to show that the sequence

2

L2(P;L2(u;H))
2

<
Il
—_
kol
Il
—
<.
Il
S =
Eond
Il
—_

n m

(Z Z + ) (@, X Lz(u;H)¢jk

j=1k=m+1 j=m+1k=1
n

L2 (L2 (3 H)

" 2 2
< 2“ Z Z <¢]k’X>L2(,u,H) ¢jk“ L2(PL2 (3 H)) H Z Z ¢]k7 L2(,u;H) ¢]k" L2(P,L2 (1 H))
=1 k=m+1 j=m+1 k=1
n n 9
:2E<H <¢]/€3X>L2 (uw:H) QS]k)LQ(M )> "‘QE(HZ Z ¢3k7 L2(uH) ¢]k‘L2uH)>
j k=1j=m+1

TIS SIS IRE1) Db DI (S P &

k=m+1 j=1 k=1 j=m+1
n

03(0) e, X (1) g ()’

k=m+1 j=1 [0,T]
o0 n )
2B S ([ () (e X (1) plt))
k=1j=m+1 7 [0.T]

(4.3.25)
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Now we continue with the above calculation by applying Parseval’s identity and two times the

dominated convergence theorem to obtain that

H(ii—ii) (Bjis X) L2y D

J=1k=1 j=1k=1

2

L2(PiL2 (5H)

n

2
<2E ) /[0 1 (X ptar) r2Ey 3 1) ek X(0) g () )

k= 1] m+1 [OT}
n 2
<2E / S e X0, pld) 2B 3 ( 1) (e X(1)) () )
(O A——— k=1 j=m+1 70, T}
— 0, asm,n — oo.

(4.3.26)

Indeed it holds that

n

Z (e, X ()3 < | X ()| € L (P ® p(dt);R), and that
k=m+1

G(0) e Xy 1) < [ (e XOW n(dt) € L (P o (38R

[O’T] [OvT] k=1

j=m+1

and that the corresponding terms converge pointwise. This proves (4.3.24). On the other hand,
for all j,k € N and u € U it holds by Lemma 4.3.2(iii) P ® d7-a.e. that

(Dr (850 X) gy ) ) 0] = /[0 o0, (n(r 1))y ), (4.3.27)

Using this we show next that X € D"2(L?(u; H)) and

D, X = nan;OZEI;D ( (B XD L2 ) ¢k, in L*(P® dr HS(U, L2(p; H)).  (4.3.28)

J
To  this  end, note  that because  of (4.3.24) and  the  closed-
ness of the operator D, it is enough to show that the sequence

D i1 Dkt (D(<¢jk, >L2uH)¢Jk) n € N, is a Cauchy sequence in L*(P ®
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X HS(U, L2 (1 H)) For this let m,n € N with m < n and observe that
n n m m ) < ) 2
D({Djk: X) 120,10y ) Gk
’ (; pa JZ Zl PRI L2 peans 0,12 us )
n n n m 2
+ D ¢ ik ¢ ik
<JZ:; k%:-i-l J:%:H ;) << X2 ) P2 @erms w2 (s
n n 2
Z D(<¢jk7X>L2(M7H)> (b]k
j=1k=m+1 L2(PRNHS(U,L?(u;H)))
n m 2
Z ZD(<¢jk’ L2 (s H) ) Vit L2(PQAHS(U,L?(u;H)))
JEmAR=L s (4.3.29)

T n n 2
—2 | <ZHZ > (Dr @ X) g )l 6|, .H)df
0 ueld  j=1k=m+1 (1)

+ 2E/0T (u%;{ HJ ;1§ ( (D), X LQ(M;H))[U] Oit ;(M;H)> dT
:2E/ (ZZHI Zn: ’(DT (Pjk, X L2(M;H))[u]’2> o

ueU j=1 k=m+1

m

—|—2IE/ (Z En: Z‘( (bi, X LQMH)>[]‘2)dT.

ueU j=m+1 k=1

Now we continue with the above calculation by applying (4.3.27) and two times the dominated

convergence theorem to obtain that

n

> D<<¢jk’X>L2(,u;H))¢jk i D(<¢J’€’ LQ(MH)>¢]~,€

Jik=1 7,k=1

<2]E/ ZZ Z </ (i), (n(r,))] ]>Hu(dt))2d7

uel j=1 k=m+1

+2E/ > Z Z(/ (D), (n(r,0))[u]), M(dt)>2dr

ueU j=m+1 k=1

<2E/Z ZZ(

u€eU k= m+1] 1

+2]E/ > Z Z(/ »i(t) (ex, (n(r,t )[u]>Hu(dt)>2dT

ueU j=m+1 k=1

<2E/ Z Z/ {eg, ( >Hudtd

ueU k=m+1

+2]E/ ZZZ(

ueU k=1 j=m+1

2

ek, (77(7, t))[u]>H ,u(dt)) dr

OT]

2
(ers ar,0) ) ) )
[OT

— 0, asm,n — 0.

L2(PONHS(U,L2(u;H)))

(4.3.30)
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Indeed, the corresponding pointwise convergences are clear and for the boundedness of the first

summand above note that

S [ Lens (a0l i) = Z (ers (n(r. D) [ul)?, u(dn)

< [, G0l ) and
/ Z/OT HH,udt)d7'<oo

ueU

similarly to (4.3.20). For the second summand in (4.3.30) note that

n

by

2

;1) (ens (n(7,1))[ul) M(dt)> = /[O . (e, (n(r,1))[ul)y p(dt)  and

j=m+1 \710.T]
/ ZZ/ (ex, (n(7,1)) >H‘udt dT<E/ ZZ/ (en ( [u]>i p(dt) dr
uelt k=1"10-T] uetd k=1"0T]
—E/ Z/ []||3, w(dt) dr
ueU

This proves (4.3.28) and also item (i). To verify item (ii), we first show that there exists a
sequence (n);eny C N with n; oo such that P ® dr-a.e. it holds for u-a.e. t € [0,7] and all
u € U that

ny  n

n(rt)[u] = lim YN (k. (0(7,))[u]) 12(pry Siw(D)- (4.3.31)

l—00
7=1 k=1

To this end, note that it is enough to show that the sequence Z?,k:l <¢jk, (77(7', )) H>L2(u;H) Djks
n € N, is a Cauchy sequence in L?(P @ d7; HS(U, L?(u; H))), which follows from a similar
reasoning as in the proof of Lemma 4.3.2(iii) and in (4.3.30). Moreover, note that (4.3.28)
implies that there exists a subsequence (ny)yeny C (n)eny with ny 7 oo such that it holds
P ® dr-a.e. that

e ny

DX = lim Y ) (D (675 X) 2 ) ¢k in HS (U, L(u; H)). (4.3.32)

I'—00
7=1 k=1

Now due to the continuity of the mapping i: HS(U, L?(u; H)) — L?(u; HS(U, H)) there exists a
subsequence (ny; )gen C (n)ren with ny, 7 oo such that it holds P@dr-a.e. for p-a.e. t € [0,T]
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and all v € U that

gy Ny

o0 = [ 3230 (60 )0 ) | 01
j=1 k=1

- [l/lgﬂoi<z;;l) ( Diks X) 2 MH)) ¢jk)] (t)[u] (4.3.33)
J

= Jim, [(Z 5 D7 (650, X) ) “”“]] |

j=1 k=1

Without loss of generality we can assume that all three sequences (n;)en, (n])ren, and (nlé)qu
are equal. The combination of (4.3.31), (4.3.33), and Lemma 4.3.3 implies that it holds P ® d-
a.e. for p-a.e. t € [0,7T] and all v € U that

(D) | (B)[u] = lim | (ZZD (838 X) 2 %'k) ®) [“]]

j=1k=1
= ll—lgia <Z Z D~ ( ¢jk7X>L2(M;H)) ¢jk> [u](t)]
J=1 k=1
- lllglo ZZDT <<¢jk’X>L2(u;H)) [ ¢jk(t)]
L j=1 k=1
:llirgo ZZ d)ﬂk’ ™ ]>L2(M;H) ¢jk(t)]
Lj=1k=1
= (7, t)[u].
This proves item (ii). O

4.4 A weak convergence result

In this section we present, after a preparatory lemma, our main result Theorem 4.4.3. For
T € (0,00) and a Hilbert space H, if y is a finite Borel measure on [0,7] and A is a linear
operator on H, then the operator e()4: H — L?(p; H) denotes the linear operator which maps
any element i € H to the element of L?(u; H) given by the path [0,T] > t +— e!4h € H. With

that said, the integrals in the following lemma are L?(u; H)-valued integrals.

Lemma 4.4.1. Let Assumption 4.1.1 be fulfilled, let X : Q x [0,7] — H be the mild solution
of (4.1.1) with continuous sample paths, and let & be a finite Borel measure on [0, 7]. Then the
following equality holds P-a.s. in L?(u; H):

T T
X () = e+ /0 L () et AF(X (7)) dr + /0 17y () eAB(X (7)) dW (7). (4.4.1)
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Proof. Let (¥(t))ic[o,r] be defined as the stochastic integral

(t) = /0 t IAB(X (7)) dW(r) Vt € [0,T] P-as.

To prove equality (4.4.1), it is enough to show that it holds P-a.s. in L?(u; H)

T
()= /0 1y () e AB(X (7)) AW (7). (4.4.2)

The non-stochastic-integral part can be proven in a similar and easier way. Let (¢x)ren be an
orthonormal basis of L?(u; H). Observe that for all & € N and all ¢ € [0,7] it holds by [51
Lemma 2.4.1] that

T
@000 = [ (1o B, o), W) Pas

Furthermore, it holds by Assumption 4.1.1(i) and (4.1.3) that

/
/[O,T] (E/OTH@[T,T]U CDAB(X (1)), out >>HHQHS<U,R>C”)12u<dt>
1/2
< o (2 [ Trne om0 FOl) o
< L/[(m (E/OT H]I(T,T](t) (t—m7)"" [1 + HX(T)”H} d7'> v o), pdt)  (44.3)

SL-E[ sup}(2+2HX HH)] '/OT(T—T)_ﬁdT'/[QT] [ & (®)]| 57 p1(dt)

te[0,T
T -9

< Lo 0. TN 6k gy B[ sup (242X ON)] - 75 <o

Therefore we can apply the stochastic Fubini theorem, Lemma 4.2.4, and obtain that

n

V() = nlglgoz (v, ¢k>L2(“;H) Ok

k=1



Weak error analysis 101

To verify (4.4.2), it remains to show that the following holds in L?(P ® dr; HS(U, L*(u; H)))

Tim Z /0 [ (1O B ), 6k(0) , ) 6 = Ty () el DBX)).
(4.4.5)
To this end, note that the sequence (>"7_, f[oﬂ (Ipy(t)e E=DABX (T))[], on(t )> p(dt) op),
n € N, is a Cauchy sequence in L?(P ® dr; HS(U, L?(u; H))) and therefore converges in L?(P ®
dr; HS(U, L?(w; H))). Indeed, for all m,n € N with m < n it holds that

B[ ‘Z/m 0B W), 64(0)) , 1 mHHSULzMH))dT

=1 %sz/ U@ Bl 010), @ enl, ar @
=1 Z;lkZ( [ (@) BE @), 60),, uia))

Moreover, the following boundedness holds

n

>3 ( [ (@B ), a0), <dt>)2

u€l k=m
© 2
(t—7m)A
SZM< [ (@B ), 00), o))
O N} < PR

and for u € U we have that

n

im0 </[0T} (1) (®) B (X (7)) [ul, ou(t )> (dt)>2:o.

k=m

The dominated convergence theorem thus implies that

m’l’iLIE“E/OTH;/[O,T} <]1[T’T](t) =DAB(X(1))[], én(t )> ¢,€HHSUL2MH))dT:0.
This proves (4.4.5) and consequently (4.4.4) can be rewritten as
T n
VO = D ( /m (L (0 e BX @), e(0)) (@) m)dwm

= /0 ng;;i( /[O’T} (L (®) 1B, 6elt)) (dtwk)dvv(f)

T
_ /O 17 () eCAB(X (7)) AW (r)  Poas.
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This concludes the assertion of the Lemma. O
We are now ready to state and prove our main result. For this we need the following assumption:

Assumption 4.4.2. In addition to Assumption 4.1.1, let A: D(A) C H — H be a diagonal
linear operator with eigenbasis (e, )nen C H and associated sequence of eigenvalues (A, )nen € R
such that sup,en(An) < 0, and let (H,., (-,-) ||| . ), r € R be a family of interpolation spaces
associated to —A. Moreover, suppose that B € Lip (H, HS(U, H_WQ)). Let also (Pn)nen C
L(H) satisfy Py(v) = 27]:[:1 (en, V) en for all v € H and N € N. Note that for € L?(u; H),
by Pyx we mean the path defined by

Pnz(s) = Pn(z(s)) s €[0,T).

Note that Assumption 4.4.2 and Lemma 2.2.14 imply that it holds for all r € [0, e) that

sup H(—tA)TetAHL(H)S sup [x—]

< [f) <1 (4.4.7)
te(0,00) z€(0,00) €

e =

IN

Theorem 4.4.3. Let Assumption 4.4.2 be fulfilled, let X : Q@ x [0,7] — H be the mild solution
of (4.1.1) with continuous sample paths, let X (0) = ¢ € H, with p € [0,1 —9), n: Q x [0,T] x
[0,T] — H be a meausrable mapping which satisfies the properties formulated in item (iii) of

Lemma 4.3.1. Moreover, let 4 be a finite Borel measure on [0, 7], N € N, ¢ < ﬁ,
1

%—i—%:l,q§2§p,wherewesetm:ooifp:ﬂ:Oand%:ooifﬁ:O. Furthermore,

let f € C%(L9(u; H),R) be such that

p < 2 with

Mp: = max { a:ELSQU(E;H) Hf/(x)HL(LZ’(H;H),R)’ xefi}tg;H) Hf,,(x)HL(2)(L<1(N;H),R)} < oo.

Then it holds that

[B1/(X) = F(PvX)] | < Mersppura - =Pl (44.8)
where
M p B fu1,A= My t:{‘él}ﬂ HetAHL(H) HgHHp M([OaT])l/Q + My HFHLip(H,H,ﬂ) N([OaT])l/Q

E[ sup X0y ] e
. sup t _—
t€[0,T7] 11— (p+9)

1
1= (p+7/2)q
Tlfpﬁ/Q
1—p9/2°

q 1/q 1/q
+ (1B luiprasw ey s BLIXOI% ] a0, 7))

T1—<p+19/2>q>
t€[0,T]

1/p
: M]% ( sup E( sup (t — S)W/Q In(s, t)”{[s(U,H) )) 1([0, T])l/p
s€[0,T) te(s,T]
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Proof. Due to Lemma 4.4.1 it holds P-a.s. in L?(u; H) that
T T
PNX() = 6(')APN€ + / ]I[T7T]€('7T)APNF(X(T)) dr + / ]1[77T]6('7T)APNB(X<T)) dW(T)
0 0

Note that the differentiability assumption on f ensures that the mapping (0,1) 3 6 — f(PyX +
9(Id —Pn)X) € R is differentiable and an application of the fundamental theorem of calculus
and then Fubini’s theorem yield that

1
E[f(X)— f(PvX)] = E[/O (f'(6X + (1 -0)PyX), (Id —PN)X>L2(MH)d9]
1
:/0 E[<f’(0X +(1-60)PyX), (1d —PN)X>L2(MH)] de.
Next consider that for € [0, 1] it holds P-a.s. that

(f'(6X + (1 —0)PyX), (1d —PN)X>L2(MH)

= {f'(6X + (1 —0)PyX), eV4(1d —PN)§>L2(MH)

T

+{(f'(6X + (1 )Py X), /0 Lrzyet ™A (1d =Py ) F(X(7)) d7) 2,
T

n <f’(9X +(1- G)PNX),/0 Lirryet =4 (1d —Py) B(X (7)) dW(T)>L2(u;H) (4.4.9)

= et 17 @) w2 2 <He(')A(Id P8l

r€L?(u;H
Lz(uﬂ))
T

+ <f’ (60X + (1 - e)PNX),/ 1, et "4 (1d —Py) B(X (7)) dW(T)>
0

+ H /OT ]1[T,T}e('—T)A(Id —Pn)F(X(7)) dT‘

L2(pH)

For the sake of clarity, we divide the proof into several steps and analyze the three terms above
separately.

Step I: For the first term above we have that

]E[He(')A(Id _PN)éHLQ(,u;H)} - E[(/

e (~ 47 (1a —Py) (~ay%€][3, uiar)
[0.,7]

< |1d=Pnllpim,u_,) tes[%PT] HetAHL(H) €115, ([0, T])M>.

)

(4.4.10)
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Step II: For the second term in (4.4.9), we apply Jensen’s inequality to obtain that

| /OT L7y ()e ™ A(1d =Py ) F(X (7)) dr L2(H;HJ

= IE_(/[O 7] H /OT]l[T,T](r)e(rT)A(IdpN)F(X(T)) dTHZu(dr)>1/Q]

<E (/[o 7] (/OT 11 () ()74 (4) =0 (1d = Py) (= 4) " F(X (7)) HH dT)Q “(dr))w}

_ ’ ~(p+9) 2 1/2
< E_( /[O,T] ( /0 Lray(r) (r — 7) 14yl ) [E(XE),, dr) u(an)
T 7 2 1/2
sww—mmm&HﬁmemHmERAm(A<T~ﬂ@WWMﬂHdﬁu@» }
T
<A =Pyllpimu_,) ||F||Lip(H,Hﬁ)E[M([O’T])l/Q/O (T = 1)~ X (1) dT]

T
<14 =Pulugr i Pl #(0.T)E] s 1X @)1 ] [ (@ =)=+ ar

t€[0,T]
T1—(p+17)
—[[ld—P Fll;. 0,T WE[ sup || X(t ]7
l N e m ) N i, ) #(10,T1) S XN =+ 0)

(4.4.11)

Step III: For the last term in (4.4.9), note that X € D%2(L?(u; H)) by Lemma 4.3.4(i).
Therefore by the Malliavin chain rule, and Lemma 4.2.2, it holds that f’(6X + (1 — )Py X) €
DY2(L2(u; H)), and that means we can apply the Malliavin integration by part formula, Lemma
4.2.3, and obtain that

B (7ex+ - 0px), [ tymet D4 1a-m) o) aw),,

T
= ! — ('_T)A —
E /O (D f/ (X + (1= )Py X), 1 e~ (1d PN)B(X(T))>HS(U7L2(MH))dT.

(4.4.12)
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We use now the isomerty i: HS(U, L?(u; H)) — L?(u; HS(U, H)), introduced in Lemma 4.3.3,
to continue our calculation and get that

T
/ _ (—mA(1q —
E/O (Do (0X + (1= )Py X), 1 pyet ™4 (1d PN)B(X(T))>HS(U,L2(MH))dT

/OT <i(DTf’ (60X + (1~ G)PNX)), i(ﬂ[T,T]e“T)A(Id—PN)B(X(T)))>

L?(u;HS(U,H)) !

=E
_ E/OT /[O . (i(Do /(6% + (L= 0Py X)) (1), i1 e (10— Py) B(X (1)) (1)) (e

HS(U,H)
1/p
( / /[OT] D f (0X+(1—9)PNX))( )HHS(UH)M(dT)m')

1/q
< / / ]I[T T]e (Id—PN)B(X(T)))(T) ! w(dr) dT)
[0,7]

HS(U,H)
= C1(0) - O,

(4.4.13)

where the inequality above holds by Holder with respect to P ® d7 ® u. We analyze the term
Cy first. For this, observe that it holds P ® dr-a.e. for p-a.e. r € [0,T] that

z’(]l[T,T}e‘—T)A (Id-Py)B (X(T))) (r) = Ly 7y (r)e" "4 (1d = Py) B(X (1)),
and therefore we obtain that
1/q
Jer=m)4
( / /O - (EG (1d—Py)B(X (7)) Hst (A7) dT>

< / /0 o H]I[T T] p+19/2 pr=m)A (—A)*p(ld _PN) (_A)iﬂ/QB(X(T)>Hq

HS(U,H)

1/q
p(dr) d7'>

T 1/q
< (/0 /[0 . Ly y(r) (r— 1)~ PF/2a E( |B(X(7)) ||;S(U7H7W2) ) w(dr) d7'> 1A =PIl p e,

1/q
< VBl s 208 BLIXOIG ] 14-Pyllirn,

T
()

1/q
< ||B||Lip(H,HS(U,H_19/2)) tes[lé%]E[HX(t)H?{} |1d —PNHL(H,H,,J)

1/q

1

T1=(p+9/2)q
1—(p+1/2)q

p([0,77)1/4

(4.4.14)
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Next we try to bound the term C;(0) in (4.4.13) above. Using Minkowski’s integral inequality
[53, Theorem 13.14] we get that

1/p
Ca( ( / /[OT H D L f 0X+(1—9)PNX))( )HHS(UH)M(dT)dT>
D 1/p
< //[OT ZH D f'(0X +(1—-0 PNX) H ]/2 )
p/2 1/p
(IE ( . Hz’(DTf/(9X+(1—G)PNX))(T)[U]HZI ,u(dr)r/p) d7>
ueU

) P 2/p\ P/2 1/p
o (S]], Jroxsa-omoyun],un] ") )

(4.4.15)

IN

where the last equality holds due to Lemma 4.3.3. Now we can apply the Malliavin chain rule,
Lemma 4.2.2, and obtain that

1 (6) =
! » 2/p\ P/2 1/p
(]E/O <7§{ U[O’T] (770X + (1= 0)PyX) (0D X + (1 = ) Py D, X) ) u] (T)HHMdT)} ) dT) .

Since f € C?(L9(u; H),R), it holds P ® dr-a.e. and for all u € U that
10X +(1—-0)PyX) (-, 0(D-X)[u] + (1 — 0)Pn(D,X)[u]) € L(LY(w; H),R),

and by f”(6X + (1-0)PyX) (0 D;X + (1 —60)Py DX )[u] we mean the image of f”(0X + (1 —
0)PyX) (-, 0 (D-X)[u] + (1 — ) Pn(D-X)[u]) under the Riesz isomorphism. For all 7 € [0, 7]
and u € U, we know that 6 (D, X)[u] + (1 — 0)Py(D,X)[u] € L?(u; H). However to continue
with the calculation in (4.4.15) we consider 6 (D, X)[u] + (1 — )Py (D;X)[u] as an element in
L9(p; H). Therefore it holds that

T 1/p
Ch(0) = (E/ < |7 (6X + (1 —0)PxX) (0D, X + (1 — 0) Py D, X) IIQS(UALP(M.H)) dT)
; P (i

T 1/p
B (E/O ( Hf”(QX +(1=0)PyX) (- 0D-X + (1 - G)PNDTX)H;S(U,L(L‘I(M;H);R)) dT)

2 p/2 1/p
) dT)
La(p;H)

B xELS;l(E:H) I77 el (E /OT (u;, [/[O,T] H (0 (D X)[u] + (1 = 0)Py (DTX)[U]) (T)“j{/‘(dr)r/q>p/2 dT)

< sup Hf//(x)||L(2)(L(1(H;H),]R)< / (Z H9 (D-X)[u] + (1 = 0) Py (D-X)[u]

x€L9(u;H)

1/p
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Now consider that there exists a measurable mapping Q: (U x [0,T],P(U) @ B([0,T])) —
(H,B(H)) such that

Yu el : (Q(u,r) - (9 (D-X)[u] + (1 — 0) Py (DTX)[u])(r), peae. T € [O,T]) (4.4.16)

Therefore using the above equality and then Minkowski’s integral inequality [53, Theorem 13.14]

we get that
g\ P/?
(51, [0+ 0o oo
~ (Sl ™) s
ueY )

</[0T [;HQ u,r H ]Q/Q (dr )P/q.

Moreover, we know from Lemma 4.3.3 that

Vuel: <z (9 (D X)+(1—0) Py (DTX))(T)[U] - (9 (D> X)[u]+(1-6) Py (DTX)[u])(r), p-ae. v € [0,7]
(4.4.18)
Putting (4.4.16), (4.4.17) and (4.4.18) together we get that

clw):Mf( / (/OT][ZH( 1= 0)Py (D,X)) ()] H }Q/Q dr))ﬁ/da>

uel

p/a 1/p
v (]E /0 ' < /[0 ’ li(6(0-x) + (1~ 0) Py (DTX))(T)H;S(U’H)M(dr)> / dT>

1/p
< M; <1E /0 ' ( /[0 . li(oDx)+ (1~ 0)Py <DTX>)(r>H;S(U7H)u<dr)> d7> ,

where the last inequality holds due to Jensen’s inequality and the fact that p > ¢q. Now we

1/p

apply Lemma 4.3.4(ii) and obtain that

"
C1(0) < M (E / ' ( /[ i) a-opy <DTX>)<r>Hf;S(UﬁH)u<dr>) dr) p

1/p
— M (E /OT </[0T1 |on(r,m)+ (1 = 0Py n(r, T))‘ZS(U’H)u(drO d7> .
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Now considering the inequality above and using Lemma 4.3.1(iii) we have that

o= ( [ ], Ji(esrox-a-omx)e >HHS(UH)M<dr>dT>Wde
<o, [ o (E (I s netan) dr>1/p
+(1-0) (E / ! ( /[O)T] [t ey dT> W} y
< My (E [ /M] [ ypr) dT> "

1/p
< Mf< sup sup (t — s)P?/? ||77(s,t)||ﬁs(UH </ / (0,7 (7)(1r — T)—pﬂ/2d7—u(d7")>
s€(o, T) te(s T)
1/p
<215 (s B sup (07 ) ([N de(dr))
s€|o, T) t€ (s,T]
1/p Tl pd/2
<M su E sup (t — s)P?/% ||In(s,t 0,TH"P —— < .
/ (SE[OpT) I i VOO ) 0.1 T
(4.4.19)
Putting (4.4.10), (4.4.11), (4.4.13), (4.4.14) and (4.4.19) together proves (4.4.8). O

Remark 4.4.4. According to [31, Theorem 5.1], under the assumptions in Theorem 4.4.3 there
exists a unique predictable stochastic process X: [0,7] x Q — H,; satisfying (4.1.2) with
supyeo,r E [||X(t)||12gp/2} < 00. Hence, we have that

B [IXC) = PNXOlguan] = B [[(-4) 27 (a-Py) (-2 ()

LQ(.U«;H):|
< =Pullgrn ) B IXCON 2, )

1/2
< 11 =Pxll g, (E[ /[ X, u(dt)})

1/2
B 1/2 2
< Pl by (0. 7)) (tes[%%]lE [IIX(t)IHp/QD .

(4.4.20)

This shows that the weak convergence rate in Theorem 4.4.3 is twice the strong convergence
rate in (4.4.20) above.
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