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Abstract

A generalization of the classical A-optimality criterion for designs is derived by defining optimal designs for
those asymptotically linear (AL-) estimators which are optimally robust in the sense of minimizing the trace
of the covariance matrix under bounded bias in an infinitesimal conditionally contaminated normal linear
model. It is proved that the A-optimal designs are also optimal in the generalized, robust sense. For the
proof special characterizations of the influence functions of the optimal robust AL-estimators for A-optimal
designs and designs with finite support based on characterizations in Hampel (Proc. ASA Stat. Comp.
Section, 1978), Krasker (Econometrica 48, 1980) and Kurotschka and Miiller (4Ann. Statist. 20, 1992) are
investigated. In particular a very simple form of optimal influence functions at A-optimal designs is derived.
This provides the side reseult that for estimating the whole parameter vector at A-optimal designs the
Huber and the Hampel-Krasker estimator coincide.
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1. Introduction and main result

We consider a general linear model X,n(t,)=a(t,)"f+Z,n,n=1,...,N,NeN,
where

ty,...,tyeT are different experimental conditions,

a:T-R" the vector of known ‘regression’ functions,
peR’ the vector of unknown parameters,

ZuN the error variables,

Xon(tn) the observations at t,,.
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Here t,,...,ty are realizations of independent random elements 77, ..., Ty which are
identically distributed according to a given probability measure é on (7, J ) where
J is a suitable g-algebra on the experimental region 7. In classical models,
(Zn, Tv), ....(Zyn, Ty) are independent and identically distributed according to
Pyi=ny, 1y ® 6 where n 4, is the standard normal probability measure on R. To
describe contamination of the error variables Z,y, we take (Z,y, Ty),..-,(Zxn, Ty) tO
be independent and identically distributed according to a contaminated distribution
Py s:=ky ® 6 where the Markov kernel ky has the form

ky(dx, 5)=(1—N""2¢(e))ng, 1,(dx)+ N~ g(r)k(dx, t)

for almost all NeN. The function ¢: 7—[0 o0) determines conditionally on teT the
probabilities of contamination, and the Markov kernel k determines conditionally on
teT the form of the contamination distribution. On the average the proportion of
contamination shall be less than a positive constant R, ie., jad5<R, providing
a conditionally contaminated linear model, also studied by Bickel (1984), Rieder
(1985, 1987) and Kurotschka and Miiller (1992). For contiguity properties the
conditional contamination distribution k is taken to have the form k(dx, )=
fx,Dn, 1y (dx), with esssup|e(®)(f(x,t)—1)| < co. The distributions ((Py, )" Jxen of
(Zin, T1), s (Znn, Ty))nen define a class Uy ; which states an infinitesimal con-
tamination neighbourhood around the normal model ((P;)")ycn, With radius R.

If the experimenter has the option between several distributions é then § can
be subjected to optimization criteria and will be interpreted as a design, because
é provides random designs (71, ..., Ty) which have asymptotic properties like a deter-
ministic design J, see Kurotschka and Miiller (1992). Here such ‘designs’ J are
characterized which are optimal for robust estimation of a linear aspect ¢(f)=Cf
(CeRs*") of the unknown parameter vector f in the conditionally contaminated
linear model.

To estimate  with observations X,5(7}), ..., Xyn(Ty) in the contaminated linear
model, Bickel (1981, 1984) and Rieder (1985, 1987) investigated the asymptotic
behaviour of asymptotically linear (AL-) estimator sequences, define optimal robust
AL-estimators as those which minimize the trace of the asymptotic covariance matrix
among all AL-estimators, with asymptotic bias bounded by some given constant, and
characterize those optimal robust AL-estimators. In particular if the bias bound is
greater than the minimum possible bias, the optimal robust AL-estimators have
influence functions which Hampel (1978) and Krasker (1980) have proposed. These
results can be extended to estimation of a linear aspect ¢(f)= CfeR* as Kurotschka
and Miiller (1992) have shown:

AL-estimators (¢y)yen for @(B)=Cp with influence function i are estimators
which fulfill

N ”2[¢~—<P<ﬂ>—N“ Y W(Xun(T)—a(T,)7B, m} X,

n=1
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in probability ((Ps)"¥)ycn Where ¥ is an element of the set
P(©0):={y:Rx T>R | |y(x,1)]* Ps(dx,dt) < o0,
Jr(x, )ng, 1y(dx) =0, ¥ (x, ) a(t)"x Ps(dx,dt)=C}.

Asymptotically AL-estimators for ¢(f) are normally distributed, i.c.,
A N—-w
L[NI/Z(QDN—(P(B)—I'/’dPN,a)I(PN,a)N] —— N(O,j.'ﬂlﬁTdPa),

for all ((Py.5)")ven€Ug 5, With maximum asymptotic bias

sup {lim sup [N'/? 5 Y dPy sl ((PN,d)N)NeNe [UR,B}=R 1 155
N- o
where ||y ||; denotes the Pjs-essential supremum of |y (x, t)].

The Gauss—Markov estimator is an AL-estimator with unbounded asymptotic bias
because its influence function is Y (x, )= CI ()~ a(t)x, where 1(5):=[a(t)a(r)T5(dr) is
the information matrix and M~ eR"*™ denotes a g-inverse of MeR™*" 1ie.,
MM~ M=M. For robust AL-estimators the asymptotic bias should be bounded by
some given bound b (without loss of generality we set R=1). Optimal robust
AL-estimators with bias bound b are those which have an influence function

V.5 solving
Wy, s=argmin {tr V (i, 5); Yy V() }, (1

where tr V(y, d) is the trace of the asymptotic covariance matrix V(i,d):= jl//z//T dp;
and Y4(8):= (Y€ ¥(); |¥ ], <b}.

Hence, if 4 is a subset of 4%, the set of all distribution  on T at which ¢(f) is
identifiable i.e., there exists KeR**" with C = KI(d), we call a design 6* optimal in A for
robust estimation with bias bound b if and only if at 6* the trace of the asymptotic
covariance matrix of the optimal robust AL-estimator with bias bound b is minimized
among all éeA.

Definition. A design 6* is called optimal in 4 for robust estimation with bias bound b,
briefly called A(b)-optimal in 4, if and only if

=argmin{inf{tr V(if, d); Y€ ¥,(0)}; de4} (inf¢:=0). 2)

Because for b2 bo(d):=min{|[¢|l5; Y€ ¥P(0)} a solution of (1) always exists (see, for

example, Bickel, 1984, p. 1355; or Kurotschka and Miiller, 1992, Theorem 1) every
solution of (2) is a solution of

o*=argmin{tr V (i, 5,9); 6e4 with bo(8)<b}
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and vice versa. Because for b=o0 and deAd* the influence functions of the
Gauss-Markov estimators ¥, s(x,t):=CI(d) a(t)x are solutions of (1), the well-
known classical A-optimal designs 6, which are defined by

d4=argmin{tr CI(5)~CT; de4}

are optimal for estimation without bias bound, i.e., A(co)-optimal, so that A(b)-
optimality is a generalization of A-optimality. The following theorem shows that
A-optimal designs are also optimal for robust estimation with bounded bias.

Theorem. Let by(4):=min(by(d), d€d} and either

(A) A={0eA*; d has a finite support} and b= by(4), or

(B) A=4% b=by(A) and a: T-R" is continuous, or

(C) d=4*, b=by(A), a: T>R" is continuous and T compact.
If Aincludes an A-optimal design, then 6* is A-optimal in A if and only if 6* is optimal in
A for robust estimation with bias bound b, i.e., A(b)-optimal in A.

Essential to the proof of the theorem are calculations of the trace of the covariance
matrix V(y,,;,0). They are based on special characterizations of the optimal robust
influence functions y,, ; for A-optimal designs and for designs with finite support.
These characterizations use the characterizations for arbitrary linear aspects
o(B)=Cg given in Kurotschka and Miiller (1992). In particular it is shown that for
A-optimal designs the optimal robust influence functions have the simplest form, only
depending on a single one-dimensional fixed point. This entails that at A-optimal
designs, estimating the whole parameter vector f with bias bound greater than the
minimum bias bound, ie., b>bo(8):=min{||Y |5 Yye¥()}, the Hampel-Krasker
influence functions of Hampel (1978) and Krasker (1980) coincide with the influence
functions of Huber (1973) (see also Huber, 1981; and Hampel et al., 1986). Hence
Huber’s estimators appear to be optimal in this context for special designs. For
b=b,(d) and A-optimal designs there is also a relation to the result of Ronchetti and
Rousseeuw (1985) concerning most B,-robust estimators.

Because the characterizations of optimal robust influence functions may be of
interest in their own right especially for A-optimal designs they are given in Section 2.
In Section 3 the theorem is proved under the various conditions (A), (B) and (C). In
Sections 4 and 5 two examples, the quadratic regression and a two-way classification
model, are given.

2. Characterization of optimal robust estimators

Let @ denote the distribution function of the standard normal distribution and let
y(t) be a positive fixed point of

J()=Q2@(by)—1)|CIB)"a(®)| ™.
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For designs § which have a finite support with linearly independent regressors
Kurotschka and Miiller (1992, Theorem 2) show that ¥ ; with

Vr.o(x,1):= )
CI(®)~a(t)sgn(x)(3m)*/?  for b=|CI() a(®)l (3m)'2,

sgn(x) min {|x], by(1)}

CI(9)" a(t) |CI(d)"a(®)| y(t)

for b>|CI()~a(t)| (37)/2 >0,

0 otherwise

is a solution of (1). Thus it is the influence function of an optimal robust AL-estimator
with bias bound b at 6. Lemma 1 below shows that influence functions of the form (3)
are also optimal for arbitrary A-optimal designs. (Note that there exist A-optimal
designs with a support on which the regressors are not linearly independent, see for
instance the example in Section 4.) The support supp(d) of J is the smallest closed set
D < T with 6(D)=1. Moreover we define 4, := {6e4*; supp(d)=D} for D<= T.

Lemma 1. Let a: D—R be continuous and dedp.

(@) Then we have by(8)=(tr CI(0)"CT3n)'2, with equality if and only if & is
A-optimal in Ap.

(b) If & is A-optimal in Ap and b>by(5), then Yy 5 is a solution of (1).

Proof. Because of
bo(8)=max {tr QC™({|Qa(t)| 6(d1))~ ' (3m)'/?; QeR**" with QCT =0}

(see Kurotschka and Miiller, 1992, Lemma 2; and for C=E, «, the identity matrix,
Rieder, 1985, Theorem 3.7), one gets for Q =CI(8)~ and ¥, 5:=Qa(t) sgn(x) (37)*/?

[¥0,5lls=bo(d)=tr QCT(f|Qa()| 6(d1))~ *(3m)*/?
>tr QCT(f1Qa(t)? 6(de) ™ V2 (3m)1 2 =(tr C1(9)~ CT4m)'2,
with equality if and only if |CI() a(®)|*=trCI) CT d-ae, ie,
SUp,pl CI(8)"a(®)|?*=tr CI(8)~ C™. Since the equivalence theorem for linear optimality
is also true for estimating ¢ (f)=Cp in A4, (see, for example, Federov, 1972, p. 125),

assertion (a) follows. Moreover if § is A-optimal in 4, then for b=5y(§) with
0,=CI(6)” we have

Yis(x, ) =0 5(x,)=Qa(t)|Q a(t)| " 'bsgn(x) Psae.,
where

C=[Qia(H)a®|Q,a(t)] ™" b(2/m)'/ 5(dv).
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Furthermore for b> bgo(8) with @, = CI(8)™ (|CI{8) a(t)|y(t)) ! for some ¢ fulfilling
|CI{(8) a(t)|*=tr CI(6)~ CT we have

Yi.s(x, 1)=Q a()sgn(x) min{|x|,b|Q,a(t)| "'} Psae,
where

C=[Qia(t)a(t)’2®(b|Q1a(t)|”1)—1)5(d1).

Hence Theorem 1 in Kurotschka and Miiller (1992) proves assertion (b) (see also for
C=E, ., Bickel, 1981, 1984; and Rieder, 1985, 1987). [

Remark 1. Because A-optimal designs are characterized by |CI(8)” a(t)|*=
tr CI(6)” CT S-a.e., form (3) of the optimal influence functions reduces for A-optimal
designs to

CI(6)” a(t)sgn(x)(3m)¥/2  for b=(tr CI(8)” CTim)1/2,

Yoa(x, t):= sgn(x)min{|x/[, by, }

C1(6)” alt) tr CI(8) " CTy,

for b>(tr CI(8)” Cim)!/?,

where y, is a positive fixed point of
Jo(3):=Q2®(by)—1)(tr CI(8) CT) V2.

Therefore, for A-optimal designs 6 and b>by(d), only one one-dimensional fixed
point y, for ¥, ; must be determined, and y3 5(x,t) is of the form Qa(t)n(x) with
#(x)=sgn(x)- min{}x|, ¢} which Huber (1973) has proposed for estimating the whole
parameter vector . For estimating  with bias bound b=by(J), Theorem 2 of
Ronchetti and Rousseeuw (1985) can be deduced from Lemma 1, replacing é and a(t)
by the modified design 6™(dt):=({|a(s)|5(dr))~ *|a(z)|5(dt) and the modified regressors
a™(t):=|a(t)| " 'a(r), so that 6™ is A-optimal for the modified regressors a™(t) (see
Miiller, 1992, p. 113).

Remark 2. If F:[0, c0)®>>R is defined by

F(a,b,y):=a(2®(by)—1)—y,

and f implicitly given by F(a,b, f(a,b))=0 and f(a,b)>0 then we have
y&)=f(1CI(8) a(t)| "L, b). Further, with

g(y):=jmin{|x|,y}2n(o,1)(dx)

and
vyla) = in for a=mn/(2b?),
P g(bf (@3, b))af (ab2,b) 2 for a>m/(2b?),

we get, for influence functions /7 ; of form (3) at designs with finite support D,

trVy35,0)= Y ICI(6)~a(®)|*3({t})v,(ICI(3)a(t)| ~?). 4)

teD
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For designs 6 which are A-optimal in A4j this reduces to

tr V(zp,’{a,é):tr CI(6) " CTop((tr CI(8) CT) 1), (5)
where
lim v,((tr CI(8)~C")" 1) =1, lim v, ((tr CI(8)" CT) " Y)=4inr.

b o bl bo(d)

The latter is seen as follows. Setting

r(y)=g(»Q2d(y)—1)"2

b(e) =L o1 ('gf—“)
& 2a

we have v,(a2)=r(bf(a, b)), F(a,b(e),e)=0 and, with the rule of L’'Hopital,

1
limr(y)=3%n and ]imb(g)z_\/z
el 0 av 2

In particular this provides

and

lim  f(a,b)=lim f(a, b(e))=lim ¢=0.

bla Wrj2 €l 0 £l 0

Therefore, and because f(a,b) is strictly increasing in b (6/0bf (a,b)>0), we get

lim wy(a)=4irn and lim vy(a)=1.
b V/(2a) bo o
Setting a(e):=e(2®P(bg)—1)"!, we can see similarly that v,(-) is continuous on
[7/(2b?), o) with

lim vy(a)=1

a—-w

Remark 3. If for finite support D= {1, ...,7,} the regressors a(t,),...,a(t;) are not
linearly independent, ie., p=rg(Ap)<I=card(D) where Ap:=(a(t,)|---|a(z;))", then
there exists Bp=(by|---|b;)TeR ™! ~? with rg(A,|Bp)=I and Ap"Bp=0,x;—,.
Defining

b(t):==0eR!"? for teT/D,
b(ty=beR'"? fort=1;, i=1,...,1,

we can regard the extended model X *(t)=(a(t)T|b(t)T)p*+Z* with B*eR /-7
instead of the model X(t)=a(t)*B+Z, and the aspect o4(B*)=(C|G)p*cR*
with GeR**'77 instead of ¢(B)=CpeR". In the extended model the regressors
(a(z)"|b(x )N, ....(a(x)T|b(z;)")T are linearly independent, whence Theorem 2
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of Kurotschka and Miiller (1992) can be applied. For application of that theorem
define

0= (440 ) wtampm o)

¥6(0):={¥e¥(0); [Y(x, )b(t)'x Ps(dx,dt)=G},
bo(d, G):=min{ ||y ll5; ye¥5()},

- [ a@®)
7t G):=(C|G}J(9) <b(t)>’

and
y(t, Gysgn(x)(3m)'?  for b=|y(t, G)|(3m)"?,

sgn(x)min{|x|, bys(t)}
ly(t, G) ye(t)

0 otherwise,

for b>|y(t, G)| (3m)'* >0,

WG,b,8060):=1 7(tG)

where yq(1) is a positive fixed point of

Jo.s(D)=Q2®(by)— DIyt G)I ™"
Then the influence function ¥§ , 5 solves

V. b s=argmin{tr V(y, 8); ye¥Ps(8) with ||y (|s<b}).
Since

tr VWG58 0)= 2 17(t G20 ({t})us(|(t, G) %)

teD

is continuous, as a function of G on the compact set
(GeR™177; by(3, G)< b}
(see Remark 2 for continuity of v,), and because of

P(0)=J{¥6(6); GeR™1~),
and

min{tr V(y, 8); Yy€¥4(5)}
=min{tr VW ¥ ;.5 0 GER™~7 with bo(d, G)< b},

we get the following lemma:

Lemma 2. If 6e4, and p=r1g(Ap)<I=card(D)< co, then we have
bo(8)=min {max {|y(t, G)|(3m)'/*; teD}; GeR**'~?},

and for b>bo(d) there exists G(b)eR ™! ~? such that Y& w.p,s is a solution of (1).
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3. Proof of the theorem
Proof under condition (A). If the functions f, v, and r are defined as in Remark 2,
h(y):=y®(—y)— @' (y) and s,(a):=v,(a®) we have the following derivatives
r'(»=[120(y)~117*4h(y) [28(y)— 1 -2y®'(y)1<0,
sp(a)=4h(bf (a,b))b[20(bf (a,b))—1]"" <0,
sy(@)>0 fora>b"t(ir)!/2

This shows that v, is strictly decreasing and strictly convex. Let 6, be an A-optimal
design in 4 and ded, with rg(dp)=card(D). Then, applying Theorem 2 of
Kurotschka and Miiller (1992) and Lemma 1, we get from (4) and (5) in Remark 2:

min {tr V({, 8); y€¥4(8)} =tr V(5 5,0)
=tr CI(6) C* Z |CI(5)‘a(t)|25({t})(tr CI(8)" CY) Yy, (JCI(8)"a(t)|~2)

teD

>tr CI(8)~ CToy((tr CI3)"CT)™ ' Y 8({1}))

teD
2tr CI(8,4)” CTuy((tr CI(5 )~ CT)™ )
=min{tr V(,6,4); ye¥5(54)},
with equality if and only if J is also A-optimal in 4. Because of Remark 3 and
tr(C|G)J () (C|G)T=tr CI(8)~CT,

where G and J are defined as in Remark 3, a similar inequality is true for de 4, with
rg(Ap) <card(D):

min{tr V({, 8), ye ¥ (0)} =t V(Y& 5.5, 0)
>tr(C| G)J () (C1G)Tuy((tr(C1 G)J () (CIG)) ™)
2tr CI(8) " CT o, ((tr CI(8)~ C™)™ 1)
>min{tr V. 3.); ye¥,(6,)}. O
Proof under condition (B). If 6, is A-optimal in 4, then Lemma 1 yields by(8) = bo(4)
for all ded, with equality if and only if  is also A-optimal. Hence we obtain

b=bo(4)=by(4), and J is A-optimal in 4 if and only if ¥,(5)#0. Because of (5) in
Remark 2 the assertion is proved. [

Proof under condition (C). If it can be shown that for every de 4 there exists a dp€4
with finite support fulfilling 1(6)=1(dr) and

min {tr V({, 5r); Y€ ¥, (5r)} <min{tr V (i}, 0); e ¥, ()},
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then the theorem under condition (C) follows from the theorem under condition (A).
To show this let e A be arbitrary. Then by Theorem 1 in Kurotschka and Miiller
(1992) there exists a solution ¥, ; of (1), a disjoint partition Tj, ..., Ty, of 7, and
matrices Qy, ..., QR " such that, for m=1,.... M —1,

¥, 5(x, )= 0na(t)| Qna(t)| " *bsgn(x) Psae. on RxT,,
while for m=M

Un.s(x. )= Qya(t) sgn(x)min{|x],b|Qya()| '} Pyae. on Rx Ty

M-1
with Tyy= () {teT; Qna()=0}.

m=1
Setting
dé,,=06(T,,) "1, d9,

there exists d, ,€4, neN, m=1,..., M with finite support such that
{fd6, m—ffdd,, n—oo,

for all continuous and bounded functions f. This holds especially for
fnt)=Qma(t)a(t)'|Qpa(t) ™",
[x=0ua(®)a(t)T 29 (b|Qu a(t)|™") 1),
fo@):=1Qma)?g(b|Qua®] ™),
foO)=a(d)a(®)",

where g is defined as in Remark 2. Because the sets

S:={(0a",aa")eR**" x R"™*"; aea(T), 0eR* with |o|<1}
and
S ={(f®) fo(0), fo (D) te Ty } c R " x Rx R™™"

are compact, the theorem of Carathéodory (see, for example, Silvey, 1980, p. 72)
provides for m=1,...,M —1 with p<s-r+r-r+1 the existence of

le’ [RRX} Qmpe{QERs; |Q|<l}’

Amis ooy ampea(T)a

p
oc,,,l,...,oc,,,pe[O,l], z O(mi=1,
i=1

with
14

(jfmdam’jfw dém) = Z O Qmiazia amia;i)

i=1



C. Miiller /Optimal designs for robust estimation 135

Moreover, if Ty #9 it secures for m=M with g<s-r+r-r+2 the existence of

T1, s T,€ Ty, alty)+alr;) for iZj,

q
a(ty), .. (‘L'q) Z a(t;)=1,

j=1
with
q
(Jf5dOr, [ fo dOny, [ foo dOy) = Z T (falT)), folr)), fool)))-
Setting
Ro={ay;i=1,....,p,m=1,... . M—1}
and

Roy={ap;i=1,...,p,m=1,... . M—1}ua(T,) with T,={1,,...,1,},

there exist TocT and T,<T with card Ty=cardRy, a(Tp)=Ry, T,cT,,
card T, =card R, and a(T,)=R,,. Define for Ty =0

M-1 p
5F(t) = Z 5(Tm) Z i l(am,- =a(t))([) 1 To(t)’
m=1 i=1

Ure =000 T (T 3. s Qo et (SN0 Ly 1),

i=1
and for Ty, #0
Or(t):=0(Tn)o(t) L1(1)
M-1 p
+ Z 6(Tm) z amil(am,-:a(t)}(t)lT*(t)’
m=1 i=1

Yr(x,1):=0p (1)1 (Ty)a(t) Qua(t) sgnx)min {| x|, b| Qpa(®) '} 11.(0)

M-1

+5F(t) ! Z 5 T) Z amtgmzl(a,ypAu(t)}( )bsgn(x)l-p (t)

m= i=

Then we have §p(Ty)=1for Ty =0, 5p(T,)=1for Ty; #0, Yre ¥ (9¢) and 1(6¢)=1(9).
Because of

(a+(1—a)0)’<a+(1—w)¢? for all 2€[0,1] and (eR,
we also get
min {tr V(y, 0r); Y€ Py(0r)} <tr V(Yr,0r)=f1¥5|* dPs,

<J s, 5l* dPs=min{tr V(y, 0} ye¥,(9)}. O
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4. Example: Quadratic regression

For the quadratic regression model X(t)=fo+B,t+B,t2+Z(t) where
B=(Bo, B1,B2)" and a(t)=(1,t,t2)T with te T=[ — 1, 1], Kurotschka and Miller (1992)
derived the influence functions of optimal robust AL-estimators with bias bound b for
several designs and aspects. According to Lemma 1, the influence functions with the
simplest form appear at the A-optimal designs, namely for estimating the whole
parameter vector f§ at the A-optimal design 6,=%e_; +4e,+3ey, and for estimating
the aspect ¢(B)=p, at the A-optimal design 6;=%e_;+3}e;. For the A-optimal
design d , for estimating f§ the trace of the asymptotic covariance matrix of the optimal
AL-estimator with bias bound b is plotted for several values of the bias bound b in
Figure 1. For comparison also the trace of the asymptotic covariance matrix of the
optimal AL-estimator with bias bound b at the uniform design with equispaced
three-point support for estimating f, namely at d=3%e_, +3eo+3e,, is plotted. The
traces of the covariance matrices are

8- 1na12.57 for b=bo(d,)=2~/T~3.54,
tr Vyss,,04)=< 80s(3) for b>=bo(d4),
tr1(64) '=8 forb=oco,

o)
— . T T T T T L
1
6A -
— — 3

i
£
<
=

3 4
>
[
-

L PR L
8 9 10

Fig. 1. The traces of the asymptotic covariance matrices of the optimal robust AL-estimators for the
quadratic regression model. These are plotted versus the bias bounds b for the A-optimal design 64 and the
uniform design & with equispaced three-point support. The minimum bias bounds by(d,) and by(d) are
marked with vertical lines.
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and
30p(3)+6- 3~ 1243 for b=by(8)=3/n~532,
tr V(5 5,0)= < 305(3)+60,(T5) for b= bo(9),
trI(6) " 1=9 for b= 0.

5. Example: Two-way classification

Consider a two-way classification model without interactions X (i, j)=o;+ B;+ Z(i, j),
i=1,2,3, j=1,2, with three levels for the first factor and two levels for the second
factor. Thus we have

ﬁ=(a19a29a37ﬂ19ﬂ2)T5

a()=a(i, j)=(13;(1), 112y(0), L3y (), Ly (), Lgy(N)T,
with

t=(, j)eT={1,2,3} x {1,2}.
For estimating the contrasts ¢(f)=(a; —a;,%; —a3)" the A-optimal design in A* is
_ 1
221242

According to Lemma 1, at this design the influence function of the optimal robust
AL-estimator with bias bound b is, for b=by(5 ) =22+ 1)n/2 2 4.28,

1/2 1/2
04 (2Y2e1,1)+2' e, e, 1yt et ee, 1+ es, 2)-

(1,17 for i=1,
Viaux, (i, ) =sgn(x) 3m) 222 +1)- < (=2"2%,0)" for i=2,
0, =2Y)T for i=3,
and for b>by(d,),
a,nT fori=1,

(=2Y2,0)T for i=2,
0, =2Y3H)T fori=3,

sgn(x)min {| x|, bu}
212y .

w;h()@ (l’ .])) =

with O <u=(2®(bu)—1)(2+2V2)~ 1,
The trace of the asymptotic covariance matrix of the AL-estimators with these
influence functions results in

2Y2+1)’nx18.31 for b=by(0,4),
tr V(50004)= 4 Q4220 (2+2Y2)72) for b>bo(34),
trCI(6,)” CT=(2+2Y2)2x11.66 for b=oo0.

For several values of the bias bound b the trace of the covariance matrix is plotted in
Figure 2.
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Fig. 2. The traces of the asymptotic covariance matrices of the optimal robust AL-estimators for the
two-way classification model. These are plotted versus the bias bounds b for the A-optimal design 6,4 and
the uniform design é with minimum support. The mintmum bias bounds by(d 4) and bgy(5) are marked with
vertical lines.

At the design d 4 the regressors are not linearly independent. An uniform design with
minimum support for estimating @(f)=(x; —,,a; —o3)" so that the regressors are
linearly independent is d=1e(; 1)+ 3eq, 2+ 1€, 1)+ 5€@a, 2)- This design 6 is A-optimal
in the restricted class A, with D={(1,1),(1,2),(2,1),(3,2)}. Therefore we use Lemma
1 to calculate the influence function of the optimal robust AL-estimator with bias
bound b. It provides for b=by(5)=4(4x)12x5.01,

(1,07 for (i, j)=(1,1),
o, nr for (i, j)=(1,2),
(—1,00% for (i, ))=(2,1),
0, =T for (i, j)=(3,2),

¥i.s(x, (i, j))=sgn(x)4(3m)'/2-

and for b> by (),
1,07 for (i, j)=(1,1)
sgn(x)min{|x|,bv} | (0, nt o for (i, j)=(1,2),
v (=100 for (i, j)=(2,1),
0, =0T for (i, )=(3,2),

\//Z‘,é()@ (l’ ])):
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with 0<v=(2@(bv)—1)4. The corresponding trace of the asymptotic covariance
matrix is (see Figure 2)

8n~25.13 for b=>54(9),
tr V(3 s,0)= < 160,(15) for b= by (9),
CI(8)"CT=16 for b=co.
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