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Abstract

The main aim of this paper is the development of suitable bases (replacing the power basis 2™ (n €
N>() which enable the direct series representation of orthogonal polynomial systems on non-uniform
lattices (quadratic lattices of a discrete or a g-discrete variable). We present two bases of this type,
the first of which allows to write solutions of arbitrary divided-difference equations in terms of series
representations extending results given in [16] for the ¢-case. Furthermore it enables the representation
of the Stieltjes function which can be used to prove the equivalence between the Pearson equation for a
given linear functional and the Riccati equation for the formal Stieltjes function.

If the Askey-Wilson polynomials are written in terms of this basis, however, the coefficients turn out
to be not g-hypergeometric. Therefore, we present a second basis, which shares several relevant prop-
erties with the first one. This basis enables to generate the defining representation of the Askey-Wilson
polynomials directly from their divided-difference equation. For this purpose the divided-difference
equation must be rewritten in terms of suitable divided-difference operators developed in [5], see also

[6].
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1 Introduction

Classical orthogonal polynomials on a non-uniform lattice satisfy an equation of the type [2, 6, 17]

A \Y P(x(s)) A \Y
{¢(x(8))Vx1(s) V(s) 2 {Ax(s) Va(s)

where ¢ and 1 are polynomials of maximal degree two and one respectively, A, is a constant depending on
the integer n and the leading coefficients ¢2 and 1, of ¢ and 1):

An = —n (¢2 Yn-1+ ¢1 an)7 2

} + )\n} Po(z(s)) =0, n>0, (1)

and z(s) is a non-uniform lattice defined by

_ 8 .
aqteq i+, it g#1
p— 3
z(s) {0432+C53+06 if ¢g=1. )
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Here, A and V are the forward and the backward operators
Af(x(s)) == Af(s) = f(s +1) = f(s), V(2(s)) == Af(s) = f(s) = f(s = 1),

and
zu(s) =x(s+ g), peC,

where C is the set of complex numbers. The lattices (3) satisfy
r(s+k)—a(s) = mVaru(s), 4)
= a,2k(s) + B, (5)

fork=0,1, ..., with
aozlval:a7ﬁ0:07ﬂ1:ﬂ770207’71:17

where the sequences (o), (Bk), (k) satisfy the following relations

agy1 — 200 tag1 = 0,
Brs1 =20k +Br—1 = 2By,
Vel — Vh—1 = 20y,
and are given explicitly by [2, 17]
ap =1, ﬁn:ﬁnQ, Yo =n, for a =1, (6)
and n n n n 1 1
2 4+qg 2 1—«o 2 —qg 2 3 +qg 2
an_q;]’ﬂn_ﬁ(ln)’,yn_qlqufora_q 1 (7)
— q2 — q_2 2
By means of the companion operators D, and S, [5, 6], Equation (1) can be rewritten as
&(x(5)) D3 Pa(2(s)) + ¢ (2(5)) SaDy Po(x(5)) + An Pa(z(s)) = 0, (8)

where

Fla_1(s +1)) = fz_1(s))

flza(s+1)) + f(z-1(s))
r_1(s+1)—z_1(s) ’

2

Dy f(x(s)) =

» Se fla(s)) =

These operators fulfil important relations—called product and quotient rules—which read, taking into
account the shift (compared to the definition in [6]) in the definition of the above defined companion opera-
tors as

Theorem 1 [6]

1. The operators D, and S, satisfy the product rules |

Dy (f(x(s))g(x(s))) = Saf(x(s))Dag(a(s)) + Def(x(s)) Sag(x(s)), ©
Se (f(z(s))g(x(s))) = Uz(1(s)) Daf(2(s)) Dag(z(s)) + Saf(2(s)) Seg(z(s)), (10)

where Us is a polynomial of degree 2
Uz(x(s)) = (o = 1) a?(s) + 28 (a+ 1) a(s) + b,
and 0, is a constant depending on «, (3 and the initial values x(0) and x(1) of z(s):

Bla+1) L Blatr)?

a? a?

CCZ .'1?2 Ofo
5. = O - B a2t -

(2(0) + (1)) (11)



2. The operators D, and S, also satisfy the quotient rules

5 (f(:c(s))) _ Safe6) Daglete)) D f () Sl
9(x(s)) Ua(e(5)) D (x(sm Bl
f(x(S))> _ Un(a(s)) Dy f(x(s)) Dag(a(s)) —

s (5607
provided that g(x(s)) # 0, s € (a,b).

U2( (s)) Dzg(z(s))]? — [ 9(x(s))]? ’

3. More generally, relations (9)-(10) remain valid if we replace x and x1 by x,, and 1 respectively,
w € C. In particular, the constant 0, remains unchanged if we replace x in (11) by xy, k € Z, i.e.,

59%:5961:5,]{562,

where Z is the set of integers.

4. The operators D, and S, also satisfy the product rules Il

D,S: = aS,D,+Ui(s)D?; (12)
S2 = Ui(s)Se Dy + alUs(s) D2 +1, (13)

where
Ui(s) :== Up(z(s)) = (& = D) z(s) + B (a+ 1), Us(s) := Us(x(s)) (14)

For illustration, the Askey-Wilson polynomials P, (z;a, b, ¢, d|q) are defined by

" abedg™ 1, ae?, ae=

g
Pn(xv a, bu C, d|Q) = 4¢3<

q; q), x = cosf. (15)

ab, ac, ad

By taking %/ = ¢°, the lattice reads as z(s) = cosf = %. By using the orthogonality relation and the
Pearson-type equation satisfied by the weight of the Askey-Wilson polynomials, Foupouagnigni [6] showed
that the polynomials P, (z;a, b, ¢, d|q) satisfy a divided-difference equation of the type (8) with

b (x(s)) = 2(dcba+1)z*(s) — (a+b+c+d+ abc+ abd + acd + bed)  (s)
+ab+ ac+ ad + bc + bd 4 c¢d — abed — 1, (16)
4 (abed — 1 q%x s 2(a+b+c+d— abc — abd — acd — bed q%
vty = Al Deba) 2 = ) ot

It should be recalled that the operators D, and S, transform polynomials of degree 7 in z(s) into a poly-
nomial of degree n — 1 and n in the same variable, respectively. However, the application of these operators
to the monomial z"(s) produces a linear combination (with complicated coefficients) of all monomials of
degree less than or equal to n—1 and n respectively; this makes the monomial basis (2" (s)),, not appropriate
for the aforementioned operators [6].

The aim of this work is:

1. To provide an appropriate basis for the companion operators, that is, a basis (F},(x(s))), such that
each F),(z(s)) is a polynomial of degree n in x(s) fulfiling

D, Fn(x(s)) = an Fr—1(x(s)), SyFn(x(s)) = by Fn(x(s)) + ¢ Fro1(2(s)),
where a,,, b, and ¢, are given constants.

2. To provide an algorithmic method to solve Equation (8) as series in terms of the new basis and to
extend this result to solve arbitrary linear divided-difference equations with polynomial coefficients
involving only products of operators D, and S,.



3. To use another appropriate basis for the operators D2 and S, I, to derive representation (8) for the
Askey-Wilson polynomials from the hypergeometric representation (15) without making use of the
weight function.

4. To solve explicitly an equation of type (8) and to extend this result to solve arbitrary linear divided-
difference equations with polynomial coefficients involving only products of operators D2 and S,D,..

5. To provide new representation of the formal Stieltjes function of given linear functional on nonuni-
form lattice, and deduce from it various important properties connecting the functional approach and
the one based on the Riccati equation for the formal Stieltjes function.

The content of this paper is organized as follows. In section 1, we recall necessary preliminaries, while
in the second section, we provide the basis (F})x compatible with the companion operators D, and S, .
The third section deals with the algorithmic series solutions of divided-difference equations in terms of the
basis (Fj)i. In section 4, we give the second basis (By); compatible not with the companion operators but
rather with their products D2 and S,D,, and use this basis in the fifth section to find the algorithmic series
solutions of some divided difference equations in terms of the basis (By)g. In the last section, we apply
the basis (F})x to provide new representation of the formal Stieltjes series and deduce it’s corresponding
properties. Basic exponential and basic trigonometric functions have also been expanded in terms of the
basis (Fj)g-

2 A New Basis Compatible with the Companion Operators

Following the pioneering work by Suslov [17] (see also [2]), we consider the generalised basis fy, (2, 5)

fmm(mm(z),mm(s)) = [zm(2) — xm(s)](n) (17)
n—1

= H[:Um(z) - ZEm(S _j)]> n=>1,m=0, fO,m(xm(z)axm(S)) =1. (18)
7=0

One shows by induction using the following relation
[-i(z 4+ 1) —z_i(9)][T-ns1(z + 1) —2np1(s = D] = [zon(z + 1) = 2n(9)][zi1(2) — 2i-1(5)]

— which is obtained by direct computation — that

n—1
fn,m(xm(z)7xm(s)) = H[xm—n+l(z +.7) - xm—n—i—l(S)]a n, m > 0. (19)
§=0
From ([17], Equation (2.22)):
70 ~ 3] = alon(2) — (],

where the constant -y, is the one appearing in (4) and given explicitly by (7), we obtain by takingm = n—1

]D):Bfn,nfl(xnfl(z)y Tn—1 (3)) = —Tn fnfl,n72($nfl (Z), xan(S))a (20)

where the operator D, and the forward operator A act on s. Application of the operator S, (also acting on
the parameter s) to f, ,—1 leads to:

Proposition 2

Sxfn,n—l(xn—l(s)7 fL'n_l(Z)) = Qp fn,n—l(wn—l(s)a xn(z)> - ’Y?n van(z)fn—l,n—Q(xn—Q(s)y Z‘n_l(Z)).
(21



Proof:  Using relations (17), (5), (19) and (4), we get

n—1 n—1

1 1
Se fan—1(Tn-1(s), 2n-1(2)) = B H(wn—l(z) —an-1(s—Jj+ 5)) + H(fvn—l( ) —@n-1(s—Jj— 5
j=0 Jj=0

- 1

= [zn-1(2) - H Tn-1(2) — Tp-1(8 — j — 5)
1

=y [zn(2) — zn-1(s )](n) + i(xn 1(2) = Zp-1(2 + n)) [zn-1(2) = n—2( )](n b

= an fan-1(@0-1(),20(2)) = 5 Vo (2) faorn-a(@n-a(s), 201 (2)).

U
By replacing z in Equations (20) and (21) by z — "T_l, we obtain

]D)zfn,nfl (.I‘(Z), Tn—1 (3)) = —n fnfl,nf2(m(z)a xnf2(8));

Sefrn-1(@(2),20-1(5) = an Fan-1(01(2) 0-1(5)) = Bt Vi1 (2) fuotn-2(2(2), 2aa(s)):
Therefore, for S, f, n—1(x(2), n—1(s)) to be a linear combination of f,, ,—1(z(2), x,—1(s)) and
fr—1n—2(x(2), xn—2(s)), it is necessary for the parameter z to be solution of

w1(t) = at) <= (i + ) = (1), 22)

This solution is unique, provided that the coefficients c; of (3) fulfil ¢; ¢ # 0 or ¢4 # 0 for the quadratic
lattice of the g-discrete and discrete variable, respectively. We denote this solution by z,, and the resulting
basis by

Fo(2(5)) = (=1)" fan-1(2(2), #n-1(s)). -

As consequence of Equation (22) z, fulfils

- 1
> = 2q = and ,zgg——*—cf5 (23)
Cl 4 2C4

for the g-quadratic and quadratic lattices respectively given by (3). To resume we have the following

Theorem 3
The action of the companion operators on the function F, (x(s)) defined by

Fp(x(s)) = (—1)" [2(22) — Tn_1(s)]"™, n > 1, Fy(z(s)) =1, (24)
which (thanks to (19)) is a monic polynomial of degree n in x(s), are given by
Dy Fn(z(s)) = Fo1(x(s)), (25)
SeFn(x(s)) = anFp(z(s)) + ’%n Vni1(zz) Fno1(x(s)). (26)
The action of the companion operators on the reciprocal of this basis is given by
Theorem 4 The basis F,, defined by relation (24) satisfies the following relations:
1 Tn
D, _— ; @7)
Fo(x(s)) Fopa(x(s))
1 (7% Tn vwn-l—Q(ZI)
Se =" = 5+ = (28)
Fo(x(s)) Fa(z(s)) 2 Faga(a(s))



Proof:  The proof is similar to that of Proposition 2 using z1(z;) = z(z). O

The basis functions F}, have additional properties.

Proposition 5

n+1
Fupi(2(s)) = (2(s) = 2nya(22)) Fu(x(s) = [[(@(s) — 2j(z)), n > 0; 29)
j=1
Fu(zp(z)) # 0, ¥n>0, Vk>n, G0)
n—2 n
gﬁg::ﬁIWW+ZFﬂW$»mm@=IImm—m%»
7=0 i=j+2

Proof:  Using relations (19) and (22) for fixed non-negative integer n, we obtain
n
Foi((s)) = (1) [[(@-nt1(ze + §) = 2(5)) = (2(s) = Tn41(2)) Fala(s)).
§=0
For integers n, j and k such that £ > 0 and 1 < j < n, we get by direct computation using (4) that
xn+k+1(zx) — Iy (Zx) # 0.
Therefore, I}, (z(zz)) # 0, k > n. The third relation is proved by induction on n > 2. O

In the sequel we treat series representations of functions on our lattices which either converge or are
considered as formal series. We will not examine convergence issues.

Theorem 6
Let f(x(s)) be a function of x(s). Then, f can be expanded in the basis F,,(x(s))

Fla(s)) =D di Fr(x(s)),
k=0

where

4y = DI G)

k
R w!=]]n k=1, w'=L1

i=1

N
Proof:  Assume f is a function of z(s) and write fy(x(s)) = > di Fi(z(s)). Thenfor0 < k < N,
k=0

Dy fw (@ (s))

since Fj(x(z5)) =0, Vk > 1. O

S=2zg

In particular, for f(x(s)) = m, z # s, we get

B 1
$5=zg B FkJrl(x(Z))’

by induction using (4). We therefore state the following result as consequence of the previous theorem:

1, 1

%= P —2)

Corollary 7
For z # s the following formal expansion holds:




3 Algorithmic Series Solutions of Divided-Difference Equations I

The basis F, is relevant for the companion operators and provides a method to obtain series solutions of
divided-difference equations.

Theorem 8
If
y(x(s)) = idk Fio(2(s)) 31)
is a series solution of the equation -
o(2(s)) Day(x(s)) + ¥ (x(s)) SaDay(a(s)) + Ay(z(s)) =0, (32)

where \ is a constant, ¢ and 1) are polynomials of degree at most two and one, respectively and given by

¢(x(s)) = g2 Fa(x(s)) + ¢1 F1((s)) + o, ¢ ((s)) = v1 F1(x(s)) + ¢o,

then the coefficients (dy,),, satisfy a second-order recurrence equation

A dio + Brdpyr + Crdp, =0, k>0, (33)
with
\Y -
A= [0 ren) + T2 (o )] e e
\Y -
Bi = 06,50 un () + auw (o) + BT oy,
Cr = VeVe—192 +Ypapths + A,
where
Ouf(2(s)) = flz(s)) — f(l’(a))' (34)

Proof:  In the first step, we apply the companion operators to (31) and, taking into account (25) and (26),
we get

D2y(x(s)) = > dievr-1 Froa((s)); (35)
k=2
N — i Vi Yo—1 Var(zz)
SeDay(x(s)) = Y devkar—1 Fe1(x(s) + ) : Fi_s(z(s)). (36

k=1 k=2
In the next step, we use (35) and (36) in (32) and the following relations obtained by iterating (29):
Fi(z(s)) Fu(x(s)) = Fopr(z(s)) + Fi(zngi(ze)) Fa(2(s));
Fy(2(s)) Fa(2(s)) = Faa(2(s)) + 0O, 4 ntr o (Tni2(22)) Fotr(2(5))
+F2(xn+1(zx)) Fn($(8)),

to get an equation of type

Z Ak_g dk Fk_2($(8)) + Bk—l dk Fk_l(fL’(S)) + Ck dk Fk(:L'(S)) = O, with A_j = B_j = 0, j > 1.

n=0



The proof is completed by transforming the previous equation into

NE

(Ag di2 + By dgy1 + Cr di) Fi,(2(s)) =0,

e
Il

0

and, using the fact that (F})j is a basis of C[z(s)]. O

Remark 9
If (32) has a polynomial solution of degree n, then the relation d,,+o = dp,+1 = 0, d,, # 0, combined with
(33) gives

A=A = —YnVYn—-1 P2 — Yn an¥1,

which coincides with the result in [6].

Proposition 10

1. For the Askey-Wilson polynomials, the basis F,, reads

Fu(x(s) = [[(2(s) — 2(22)) = (—2) "¢ (qlfn q°%; q)n (qkfn q % q)n, (37)
j=1
where
sS4 gS 1 n—1
x(s) = %, == and (a;q), = H(l —ag), n>1, (a;q)o = 1.
7=0

2. In addition, the Askey-Wilson polynomial can be expanded in the basis F,, as

q ", abedg" ™, ag®, aq™ -
4¢3< g; q) = dn ;i Fy(x(s)), (38)
=0

ab, ac, ad

S

with

iG=1

n abcdq 1 )kq g 3 (2a)j 2k4+1 2k—1
2 abq aedr@day gL @17 (a7 50), (0a"T0),_ -

Proof:  The first relation is obtained by direct computation while the second relation is the special case of
Relation (82). Details about this equation are given explicitly at the end of the proof of Proposition 21. [J

The previous theorem can be extended to solve divided-difference equations of arbitrary order with
polynomial coefficients. For this, we need the following results:

Proposition 11

!
DI;Fn(x(S)) = [H Tn— J] n—k(z(s)) = ,YFY"]J Fro(2(s)), k <n; (39)
k
Fi(x(s)) Fu(x(s)) = > Cnyj Fayj, with
7=0
Cn+j = @ZlJrnT-%—g ] 9zw+n,+,2¢_1 ... 0O @Zm-‘rnT_H Fk (.’E(S)) ‘S:Zw+n+_27‘+1, 1 S] < k < n,
Cn = Fr(znt1(2e))



Proof:  The first relation is obtained by iterating (25). We split the proof of the second relation into three
steps:
In the first step, for fixed n, k£ > 1, we expand F}, F), in the basis F;

n+k
Fy(x(s)) Fu(z(s)) = > Ci Fy(x(s)) (40)
1=0
and use the following relation due to (29)
Fi(xj(z)) =0, 1 <j <k, (41)

to get Cp = Fi(z1(22)) Fr(z1(25)) = 0.
Considering (40) for x(s) = z2(2;) and Cy = 0, we get using again (41) that

C1F1(x2(z2)) = Fr(za(z2)) Fr(x2(z)) =0, n > 2.

Therefore, C; = 0 thanks to (30). Progressively, we obtain in a similar way for a fixed integer j using (40),
(41) and (30) that
Co=Ci=...=0;=0,n>j+1

In the second step, we rewrite accordingly Relation (40)

Ea

Fio(a(s)) Fa(2(s) = ) Cntj Fasj(a(s)),

J=0

and obtain using (29)

o Fu(as)
Fk(x(s)) = Z Cn+j W = Z Cn-i—j gn-&-j,n-&-l(x(s))v (42)
§=0 " 3=0

where

n

gng(@(s) = [J(@(s) = 21(2)), 1 <j <, gnngr(2(5)) =1, gumsr(z(s)) =0, 1>1.  (43)
I=j

Use of Equation (42) for x(s) = x,41(2,) gives taking into account Relation (41) and the fact that

Inn+l = 1
Cn = Fk(l'n—i-l(zx))

In the third step, we apply the operator ©, (defined in (34)) on (42) and use the relation

6., 14 003 (#(5)) = gugar(a(s)), 1<j <n,

— derived by direct computation — to obtain the relation
k
0., us1 Fu(2() = Y Ot gnsjmsa(a(s)), (44)
j=1
from which we deduce using again (41) that
Coi1 =0, yni1 Fip(zni2(22))-

The remaining coefficients C',4;, [ > 2 are obtained in the same way by successive application of

G)Zﬁn%z, 2 <1 < kon(44) and use of the g, j(zj(2;)) =0, 1 < j < n. O



Theorem 12 The coefficients c,, of a series solution

= cn Ful(x(s)), (45)
n=0

of any divided-difference equation of the form

Z ))SLDY y(a(s) = Qa(s)), 46)

,j=0

where k € N, and P j(x(s)) and Q(z(s)) are polynomials of arbitrary (but fixed) degree in the variable
x(8)), are solution of a linear difference equation.

Proof:  Equation (46) can be transformed into an equation of type

1 M
SO B(a(s) SLD y(a(s) = Q(a(s)), 7

=0 j=0

where M € N, and P ;(z(s)) are polynomials of arbitrary (but fixed) degree in the variable x(s) using re-
lations (12) and (13). The proof of the theorem is completed in the same way as in Theorem 8, substituting
(45) in (47) and making use of Proposition 11. Il

Remark 13 This method works also when the coefficients P; ; and () are series expansions in our new basis.
Also, the previous result generalizes the one given by Atakishiyev and Suslov [3] in which they provide a
method to construct particular solutions to hypergeometric-type difference equations on non-uniform lattice.

The coefficients (dy, 1); of the expansion of the Askey-Wilson polynomials into the basis (By)j given by
(38) are difficult to handle since they are not g-hypergeometric. In order to provide explicit and simple
representation of series solutions of divided-difference equations such as (8), we provide a second basis
which is compatible not with the operators I, and S, but rather with }D)i and S;ID, and are therefore very
useful when searching for series solutions of divided-difference equations with polynomials coefficients,
involving linear combination of products of ]D)% and S;DD,.

4 A New Basis Compatible with the Product of the Companion Operators
Expressing the Askey-Wilson polynomials (15) in terms of g-Pochhammer symbols

, =@ q) (abedq™ ), (ag® ), (ag*,q),
Pl .0, .l _,;) (ab,q); (ac,q)y (ad,q), (@.9);,"

(48)

and the fact that these polynomials fulfil (8) suggests the study of the action of the companion operators on
the function
B(a,z(s),n) = (aq®,q), (aq*s,q)n, n > 1, B(a,z(s),0) = 1, (49)

which happens to be a polynomial of degree n in x(s) = %. By considering a more general situation,
we get:

Proposition 14 The general q-quadratic lattice

—S

z(s) =uqg®+vq

10



and the corresponding polynomial basis

A

By (a,u,v,z(s)) = (2auq’,q), (2avq_s,q)n, n>1, B%(a,u,v,:n(s)) =1,

which we relabel as

By (a,s) = By(a,u,v,z(s))
fulfil the relations
DIEBH(Q7 S) = 771((17 n)anl(a\/aa 5); (50)
S:):Bn(a’ S) = ﬂl(aa n) anl(a\/@ S) +52(a7n) Bn(a\/a, 3); (51)
Bl(ajs)]])i Bp(a,u,v) = mi(a,n)m(a~/q,n—1)By_1(a,s); (52)
Bi(a,s)S;Dz Bn(a,s) = m(a,n) [Bi(ay/q,n — 1) Br-1(a,s) + f2(ay/q,n — 1) Bu(a, s)]; (53)
$(S) Bn(a’ S) = M (a7 n) Bn(a7 S) + /Lz(ﬂ) Bn+1 (CL, S); (54)
Bi(a,s) By(a,s) = wi(a,n)By(a,s)+ ve(n) Byyi(a,s); (55)
Bl(aa S)B’VL(CL q, S) = Bn+1 CL,S), (56)
where
1+ 4a’uv ¢*" —1
pan) = 5 () = 5o
-n 2 n —n 20’(1 — qn)
nlam) = (1= ") (0 —dauwg), () =g mlan) = 201,
1 1 1
Bi(a,n) = 5(1 —4da*uww @) (1—q7"), fBa(n) = 5t 2

Proof:  The proof is obtained by direct computation. It should, however, be recalled that Relation (50) for
u=0v= % appears as exercise in [18], page 34. O

¢From the previous proposition, it appears clearly that because of the appearance of a,/q in Relations
(50) and (51), the action of D, and S, on B, (a, s) cannot be written as finite (number of terms not depending
on n) linear combination of elements of the basis (Bj(a, s));. However, this problem is solved by using the
operators Bj(a, s)D? and Bi(a, s)S,D, instead, to obtain Relations (52) and (53).

Equation (8) can therefore be solved using the known coefficients ¢ and v of Askey-Wilson. It can also
be derived from the hypergeometric representation (48) hence obtaining the coefficients ¢ and v and \,, of
the Askey-Wilson polynomials.

S Algorithmic Series Solutions of Divided-Difference Equations II

Theorem 15
If
y(x(s)) = idn Bn(a, s) (57)
is a series solution of the equation -
$((5) D3y(x(s)) + P((s)) SeDay(x(s)) + Ay(z(s)) = 0, (58)

where X\ is a constant, ¢ and 1) are polynomials of degree at most two and one, respectively

B(2(s)) = g2 2%(s) + ¢1x(s) + do,  Y(x(s)) = b1 a(s) + o, (59)

11



then the coefficients (dy,)y, satisfy a second-order difference equation
Apdiggo + By dpg1 + Crdyp =0, k>0, (60)

with

Ay = mla,k+2)[m(ayv/g,k+1) ¢ (ui(a,k+1)) + Bi(ay/g, k + 1) (pa(a, k +1))];

By = ma,k+1) {maya k) (¢2 pi(a,k)pz(a, k) + d2 pi(a,k + pz(a, k) + ¢1 p2(a, k) )
+61(av/q, k) (1 pa(a, k) + 1 pa(a, b+ 1)+ )} + Avi(a k + 1)

Cyp = ¢2p2(a,k—1) pa(a, k) m(a, k) m(ay/q,k —1) + 11 m(a, k) Ba(k)p2(a, k) + A va(k).

Proof:  The proof is organised in three steps:
In the first step, we assume that (8) has a series solution of the form

y(x(s)) = dy Bi(a, x(s)),
k=0

then apply D2 and S, D, on y(x(s)) and use Equations (50) and (51) to get
¢(a(s))D3y(w(s)) + 1 (2(5)) S Day(a(s)) + Ak y(z(s)) = 0

= o(s)) Y_dima.k)m(a gk —1) Bis(ag,a(s))

k=0
+(x(s) Y di [m(a,k) Bi(ay/g, k — 1) By_s(ag, s) +m(a, k) Ba(k — 1) By_1(ag, s)]
k=0
+ A Z dy, Bk(a, S) =0.
k=0

In the second step, we multiply the previous equation by Bj (a, z(s)) and use of (52), (53) and (55) gives

¢(x(s)) Y dim(a,k)m(av/a.k—1) Bi_i(a,s)

k=0
+(x(s)) Z di [m(a, k) B1(a\/q,k — 1) Bg—1(a, s) + m(a, k) B2(k — 1) Bi(a, s)]
k=0
+ Ak Z di [v1(a, k) Bi(a, s) + v2(k) Bry1(a, s)] = 0.
k=0

In the third step, we insert (59) into the previous equation and use (54) to eliminate all occurrences of
27(s) B(a,x(s), k), j = 1, 2 to obtain after some computation

> (Akdiy2 + By diyr + Ci di) Bi(a, s) =0,
k=0

where
A = mak+2)[mlaye, k+1) ¢ (ui(a,k+1) + Bi(ay/a k+ )¢ (pa(a, k +1))];
Bk’ = 771(G7 k+ 1) {771 (a\/(}, k) (¢2 ,Ul(aa k)ﬂ2(k) + (Z)Q Ml(aa k+ 1)”2(&, k) + ¢1 M2(av k) )

+61(av/q, k) (1 pa(a, k) + 1 pi(a, b+ 1)+ )} + Avi(a, k+1)
Cp = 2 p2(a,k—1) pa(a, k) mla, k) mlay/g, k — 1) + 1 m(a, k) Bo(k — Dp(a, k) + A va(k).

12



Therefore, dj, satisfies the difference equation
A dii2 + Bidpyr + Crdp =0, k>0, (61)

since (Byg(a, s))i is a basis of C[z(s)]. O

The previous theorem can be extended to divided-difference equations of arbitrary order with polynomial
coefficients, involving linear combinations of powers of the operators D? and S,ID,. Such operators can
be rewritten, using Relations (12) and (13), as linear combination of ]D)xj and S, ]D)2J 1 j > 0. For this
extension, we will need the following results, obtained by iteration of Relations (50)-(56).

Proposition 16 The basis (By(a, s)),, satisfies the following relations:

ID)QI"B (a,8) = Tk Bn,gk(aqk, s), 0 <2k <mn;
Li(s)Bn(ag®,s) = Bunir(a,s);
Li(s)D2By(a,s) = T Bnoi(a,s);
Li1(8)S:D2*1 B, (a,8) = Ingx Bu_g_1(a,s) + Juk Bn_i(a,s),

where

2k—1
Li(s) = HBl (aq’,s), T = Hﬁl aq2 n—j);

I, = Wn,km(aq,n—%)ﬁl(aq 5,n—2k—1);
1
Jogk = Tarmlag®,n—2k) Ba(ag" 2, n — 2k — 1).

We now state the following theorem which can be proved in the same way as Theorem 15 but using instead
the equations of the previous proposition.

Theorem 17 If
s)) = Z dy, By(a, s)
k=0

is a series solution of the divided-difference equation

Z Pj(x(s))DZ + Z Qj(x()S:DF ™| y(a(s)) = T(a(s)) (62)

7=0

where Pj, QQj and T' are polynomials in the variable x(s), then the coefficients (dy,)y, satisfy a linear differ-
ence equation of maximal order max(2M,2N + 1).

In the following results, Theorem 15 is used to solve Equation (1) for the lattice x(s) = % and for the
coefficients ¢ and v given by (16) to get the representation of the Askey-Wilson polynomials given by (15).
It is also used to recover the polynomials ¢, 1) and the constant \,, assuming that (15) satisfies (1).

Theorem 18

The Askey-Wilson polynomials P, (x, a,b, c,d|q) satisfy a divided-difference equation of the form (8) if and
only if the polynomial coefficients ¢ and i) are, up to a multiplicative factor, those of Askey-Wilson given by
(16), and A = \,, given by (2).

Proof:  The proof is organized in two steps:
In the first step, we assume that the Askey-Wilson polynomials P, (x;a,b,c,d|q) satisfy (8). This
implies that
dn 7& Oa dn+2 = dn+l = Cn = 07

13



and

(q_n7Q)k (adeqn_laq)k qk
dp. = 63
b= abg), (ac), (ad a), (@.0), (©3)

is solution of (61). The condition C,, = 0 provides the constant

(—q + abecdg™) \/q (=14 ¢")
(—1+q)*q"

which is a special case of (2). By substituting A = A, and the previous expression of dj, into (61), we obtain

after simplification an equation of the form

A=A\, =4

(64)

N
> " Hi(¢2, 61, b0, 1,10) ¢ =0,

k=0

where the Hy (o2, ¢1, do, 11, 10) are linear combinations of the coefficients of ¢ and 1. Solving the system
of linear equations Hy,(¢2, @1, ¢o, ¥1,%0) = 0, 0 < k < N in terms of the coefficients ¢; and v, we
obtain, up to a multiplicative factor, the coefficients of the polynomials given in (16).

In the second step, we substitute the coefficients ¢ and 1) of (16), as well as the coefficient A\, of (64) in
(61) to obtain the following recurrence equation for d:

4qnq (qk+1 _ 1) (aqu+1 _ 1) (ach+1 _ 1) (aqu+1 o 1) (qqk+1 . 1) (abqk+1 _ 1) dk+2

+4 (¢"1 - 1) {— (qk“)3 alq"bed — (q}”l)3 a’qq"bed + (qkﬂ)2 q"abedg + (q]”l)2 a’qq"be

+ (") aPq (¢ bed + (¢)° Pa® + (*1) Pqq"ed + (¢"1)° a*qq™bd — ¢ g (65)
—¢"q(q")? abed — " a*¢*q" — " ag?q e — ¢l ag’"d — " agqb + ¢ + qzq"} i1

—4 (q"q — q’”l) q (qk+1abcdq" — q2) dr = 0.

In [1] and [4] algorithms were presented to find all solutions of an arbitrary g-holonomic difference equa-
tion in terms of linear combinations of g-hypergeometric terms. This algorithm was tuned and made much
more efficient in [8], and a Maple implementation was made available in [16]. For the purpose to solve
the second order g-difference equation (65) in terms of hypergeometric terms, we have used the command
grecsolve from the gsum package [4] (one could also use the command gHypergeomSolveRE of the
qFPS package [16]), to obtain the coefficients d;. given in (63). Details of this computation can be found in a
Maple file made available on www .mathematik.uni-kassel.de/~koepf/Publikationen. [J

6 Applications and Illustrations

In this section we provide two applications for the basis Fj: The first gives a new representation of the formal
Stieltjes series in terms of the basis F},, while the second gives a representation of the basic exponential and
trigonometric functions in terms of the basis Fj.

6.1 Series expansion of the formal Stieltjes series

Using Corollary 7 we define the formal Stieltjes series corresponding to a functional £ as

= 3 _ Be wi =
S(£)((2)) _; Py “ith e = (L. F), (66)

and obtain the following results:

14



Theorem 19 The following results hold:

S(DLL)(s)) = DLS(L)(s), (67)
S(S:L)(s)) = aS:S(L)(s) + UiDsS (£) (), (68)

where the actions of D, and S, on L are defined as
(DL, P)=—(L,D,P), (S.L,P)=(L,S,P), VP € Clz(s)],
and the product of a polynomial f by a linear functional L, fL, is defined by
(fL,P)= (L, fP), VP € Clz(s)].

Proof:  Relation (67) is obtained by direct computation using Equations (25) and (27). The proof of (68)
uses the following results:

S(Ui(z(s)D L) = Up(z(s))S(D.L); (69)
SoFy +Do(UiF) = @ Fo+ 5 Vansa(z) o). (70)
Relation (69) is obtained using the well-known result by Maroni [13]
SfL](x) = f(x) S[L] (x) + (Lo f)(x), f € Cla], (71)
where 0
T
and

Z%ZEJJJ )kij(s), with g(x ngx (s), n>0.
k=0  j=0

Relation (70) is derived by direct computation using (3), (14), (23), (25) and (26).
Coming back to the proof of Relation (68), we combine (69), (70) (26), (28) and the fact that v = 0 to
get:
S(SeL)(@(s)) — Ur(x(s))Dx(S(L))(x(s)) = S(SeL) — S(Ur(a(s))D2L);
= S(S.L£—Ui(x(s))D,L)
B i (L,SyFy, + D, (UL F,))

= Frii1(z(s))
S (L@ P+ B Vo (2) Fac)
= 7;) Foyi1(z(s))

E an+1F> a = <£”ana:n+2(zx Fn—1>
“,;) Foi1(2(5)) ZO 2F,1(2(5))

o0

)

)
- M a (L Vnio(zz) Fno1)
- ZO Fuma(2(s)) ; 2F, 41 (x(s))

. ﬁ an—l—lF E "Yn+lvxn+3(zz)Fn>
a QZ Foii(x e Z 2F,12(%(s))

_ . Qi1 Y1 VTng3(2z)
= Z“’ < Fo(@(s) | 2Fn a(a(s) >



6.2 Series expansion of the basic exponential function

In this sub-section, we represent the basic exponential function in terms of the basis (F}),. The basic
exponential function &;(x(s); w) can be defined using the representation by Ismail and Stanton (see [18]
page 21 and references therein)

1
—w;q5> 16 1 —if
gier,q4e 1
Eo(zyw) = —5——29 q2;—w |, x = cosb,
Q( ) <qw2;q2)oo _q%
o]
where (a,q)s0 = [] (1 — ag™).
n=0

By putting ¢?Y = ¢* and therefore

0 —i0 s -5
x=cosf = 26 - J;q = z(s),

Eq(x(s); w) satisfies the following first-order divided-difference equation ([18], page 18)

Day(z(s)) = —2L-

= L y(a(s))

By inserting the series expansion of y(x(s)) in terms of (Fj)x

y(a(s) = D anFla(s))
n=0

in the previous first-order divided-difference equation and following the method developed in Theorem 8,
we get the following recurrence equation for a,,

2wq%

an+1 = (1 Qn,

- Q)’Ynﬂ

from which we deduce that

Therefore we have, taking into account Equation (37), the following representation of the basic exponential
function

E(x(s);w) = aoz<2wq4> Fn(a:('s))

i UJQ% n 1 ( 1742” ’ ) ( 1742” h )
= Q. RN . .
0 q— 1 ’}’n' q q:4q n q q 54 n ’

where ay is a suitable constant which from the fact that F},(z1(z2;)) = 0, n > 1 is given by

1
(_w; qg)oo

ap = 5(1(331(%)710) = m,

with the last expression taken from [18] (Equation 2.3.10, Page 18).
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6.3 Series expansion of the basic trigonometric functions

In this sub-section, we represent the basic trigonometric functions in terms of the basis (F)x. The basic
trigonometric cosine and sine functions are defined respectively by (see [18, page 23])

2. 2 2i0 —2i0
—w? g —qe*?, —qe
Cy(z;w) = 7( )OO 2¢1( ’

(_qw27 q2>oo

2. 2 1 2i6 2i6
—w<; 2wqg4 —qe —qe
Sqlzsw) = ( QqQ)OO = cos 6 241 e
(—qu*¢®) s 1—q q

7 —w2>, x =cosl, |w| < 1.

By putting ¢/ = ¢*, the functions C,(z(s); w) and S, (x(s); w) satisfy the following second-order divided-
difference equation ([18], page 26)

D2y(x(s)) = — (2“"“) y(x(s): (72)

1—g¢q

By inserting the series expansion of y(x(s)) in terms of (Fj)g

y(a(s)) =Y buFu(x(s))
n=0

in (72) and following the method developed in Theorem 8, we get the following recurrence equation

owgt\” 1

wq1

bn+2 = - 1 bn7
—q Tn+2Vn+1

from which we deduce that

1 2n 1 2n
2wq1 b 2wq1 b
bgn = (—1)" ( q > 70‘ and b2n+1 = (—1)” ( q ) !

1—gq Yon! 1—gq Yon+1!

Therefore the two linearly independent solutions (72) are, taking into account the explicit representation of
F,, given in (37) for the Askey-Wilson lattice

00 1\ 2n
<2wq4> Fon(2(s))

Agla(s),w) = Y (=1)"

— |
n=0 1 q V2n:
) 1\ 2n
wqz 1" 1—4n 1—4n
= ( , (q i qs;q) (q i qs;q) :
oy 1—q Yon: 2n 2n

and

%) 1\ 2n
By(a(s)w) = 3 (-1 <2wq> Parta(a(s)

— l—gq Yon+1!
() 1\ 2n
wq? (=)™ 1-2n 1-2n
= > ,(q 2 qs;q) (q 2 q S§Q> :
— 1—g¢q Yon+1! 2n+1 2n+1

Since the functions C, and S, are both solutions of (72) which is a second-order linear divided-difference
equation, they can be expressed as linear combination of the solutions A, and By:

Cy(z(s),w) = ugAqg(x(s), w) + w1 By(z(s), w), Sy(z(s), w) = voAg(x(s), w) + v1By(x(s), w), (73)
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where u; and v; are constants.

Combining (73) with the following relations derived by direct computation

1\ 2
D, Ay(a(s),w) = - (i“’g) By(w(s), w), DaBy(a(s),w) = Agfa(s),w).

and using the relations (see [18], page 26)

1 1
2wqs 2wqs
Dy Cy(x(s), w) = — 1—¢ Sq(z(s),w), DypSq(x(s), w) = 1—g¢ Cy(z(s), w),
gives

u; = —Avg, v1 = Aug, with A =

1
2wq4
Use of the fact that F},(z1(25)) = 0, n > 1 gives the relation

— (74)

Aq(z1(22)) =1, Bg(1(22)) =0
which combined with (73) leads to

up = Cy(@1(z2)), vo = Sg(@1(22))-
We therefore have the following representation of the C; and .S, functions:
Cq ($(8)7 w) =
Sq (l‘(S), w) =

Cq(@1(22)) Aq(2(s), w) = ASy(21(22)) By((s), w),
Sq(1(22)) Aq(2(s), w) + A Cq(21(22)) Byl

where the evaluation of the functions C;; and S, on z1(z;) = z(—7)
(see [18] page 27, equations 2.4.19 and 2.4.20)

O (1 (2a)) = (T30 + (104 )oc

(—iw; g3) (iw; q¥)
—W; G2 )oo — (2W; G2 )oo
»S = .
2(—qu?; ¢*)o o1(22)) 2i(—qw?; ¢*)oo
6.4 Connection coefficients between the basis (F} ), and (Bx(a, $))x
The basis basis (F},) and (Bg(a, s))y are connected in the following ways
Proposition 20
n n
Fa(#(s)) =D _rn; Bj(a,5), Bu(a,s) = _ sn;j Fj(a(s)), (75)
j=0 j=0
where
! F,_
rp = el g s, (76)
In-k IIm <aqé,k — l)
1=0
1 k 1\ !
Snk = v Bk <aq2,2x + 2) H771 <aq§7n - l) ,0<k<n, n>1, (77)
Vk:
1=0
and 2,22 2j+k
1+ 4au*v°q*
€jk = — (78)
dag’t2
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Proof: ~ We first apply the operator D¥ on both members of (75) for fixed non-negative integers n > 1 and
k < n to get using (39) and (50)

n k—1
V! Fo_i(z(s)) = Zm,j [H m (aq%,j - l)
j=k 1=0

Bj i (agh,s), n>1,0<k<n, (79)
'Ynfk!

k—1
[H N1 (aqé, n— l)
=0

Then, we write

B, _k (aqg,s) = an,j % Fj_p(z(s)), n>1,0<k<n. (80)
- 1—k-

By (a,s) = Bp(a,u,v,z(s)) = (2auq®; q),, (2auq*5; H 1 — daq’ x(s) + 4a*uvg? )
and deduce that
Bp(a,u,v,€j0) =0, Vn > 1, Vj <n,

where €; ;. (which is in fact the constant €; ¢ in which a is replaced by aqg) is given by (78). We therefore
obtain 7y, by using (79) for (s) = €y x, and taking into account the previous relation. The coefficient sy, j, is
obtained in a similar way by using (80) for z(s) = x1(z,) and taking into account the fact that

Fo(x1(25)) =0, ¥Yn > 1.

O
From the connection coefficients given above, one can express any polynomial given in one of the basis to
another one.

Proposition 21 Let n be a positive integer, P,, and Q,, two polynomials of degree n in the variable x(s)

such that N N
= Z an,ka(x(S))v Qn(l’(S)) = Z bn,kBk(aa S)' (81)
k=0 k=0

Then P, and Qy, can be expanded in the basis (B (a, s))i and (Fi(z(s))k
Z eniBj(a,5), Qu(@(s)) = 3 dniFi(x(s)), (82)
=0
with

n n
Cnj = § (n kSkjs dnj = E bn kTk.j

where 1y, ; and sy ; are defined by (76) and (77).

Proof:  First we use relation (75) in the expression of P, (z(s)) taken from (81) to get

n
Pu(x(s)) = Y aniFi(x(s))

k=0
n k

= Zan,erkJB a,s
k=0 §=0
n n

= Z Zan,krw Bj(a,s).
7=0 \k=j
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The expansion of polynomial (), is obtained in the same way.
For the special case when @Q,,(z(s)) is the Askey-Wilson polynomials given by (15)

b (q_na(I)k (adeqn_lvq)k qk
nk = .
(ad,q); (ac,q), (ad,q)y (¢, 9)y

Therefore, we get after some computation using Relation (50) and taking care that z, = —i

dn,j = an,k Sk,j
Pt
—n’ abcda™ 1 k ) 1 Jj—1
(" ( 1 )k el By (aq%,zx+2> Hm (aq%7k—l>
=0

(ab,q);, (ac,q); (ad, Q). (g, Q)k ;!

M= 1= 1

(67" @)y (abedq""q), ¢4 ¢ T (20) (aq%%ﬂ) (aqzkII-Q>
(ab,q) (ac,q), (ad,q),  v! (¢g—1) " k—j )

B
Il

J

7 Conclusion and Perspectives

In this paper, we developed suitable bases (replacing the power basis 2z (n € N>()) which enable the
direct series representation of orthogonal polynomial systems on non-uniform lattices (quadratic lattices
of a discrete or a g-discrete variable). We presented two bases of this type, the first of which allows to
write solutions of arbitrary divided-difference equations in terms of series representations extending results
given in [16] for the g-case and in [3] for the quadratic case. Furthermore we used this basis to give a new
representation of the Stieltjes function which we will used (see [7]) to prove the equivalence between the
Pearson equation for the functional approach and the Riccati equation for the formal Stieltjes function.

When the Askey-Wilson polynomials are written in terms of this basis, we proved that the coefficients
are not g-hypergeometric. Therefore, we presented a second basis, which shares several relevant properties
with the first one. This basis enables to generate the defining representation of the Askey-Wilson poly-
nomials directly from their divided-difference equation, and also to solve more general divided-difference
equations of arbitrary order involving the linear combination of D %7 and Sz D&l , (1 =0).

As perspective, we mention that this paper shall lead to the characterization of orthogonal polynomials
(semi-classical and Laguerre-Han classes) on quadratic and ¢g-quadratic lattices by means of the functional
approach, providing the link between such approach and the one developed by Magnus [11, 12] using the
Riccati equation for the formal Stieltjes series. It might also be used to solve specific divided-difference
equations such as the g-wave and the g-heat equations [18]; and provide new identities in the domain of
special functions.
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