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Abstract
This thesis investigates a method for human-robot interaction (HRI) in order to uphold
productivity of industrial robots like minimization of the shortest operation time, while
ensuring human safety like collision avoidance. For solving such problems an online motion
planning approach for robotic manipulators with HRI has been proposed. The approach
is based on model predictive control (MPC) with embedded mixed integer programming.
The planning strategies of the robotic manipulators mainly considered in the thesis are
directly performed in the workspace for easy obstacle representation. The non-convex
optimization problem is approximated by a mixed-integer program (MIP). It is further
effectively reformulated such that the number of binary variables and the number of feasible
integer solutions are drastically decreased.
Safety-relevant regions, which are potentially occupied by the human operators, can be
generated online by a proposed method based on hidden Markov models. In contrast to
previous approaches, which derive predictions based on probability density functions in the
form of single points, such as most likely or expected human positions, the proposed method
computes safety-relevant subsets of the workspace as a region which is possibly occupied
by the human at future instances of time. The method is further enhanced by combining
reachability analysis to increase the prediction accuracy. These safety-relevant regions
can subsequently serve as safety constraints when the motion is planned by optimization.
This way one arrives at motion plans that are safe, i.e. plans that avoid collision with a
probability not less than a predefined threshold.
The developed methods have been successfully applied to a developed demonstrator,
where an industrial robot works in the same space as a human operator. The task of the
industrial robot is to drive its end-effector according to a nominal sequence of grippingmotion-releasing operations while no collision with a human arm occurs.

Zusammenfassung
Das Ziel dieser Arbeit liegt darin, eine Methode für die Mensch-Roboter-Interaktion
(HRI) zu erforschen, um die Produktivität von Industrierobotern zu optimieren, wie z.B.
durch die Minimierung der Betriebszeit, und gleichzeitig die Sicherheit des Menschen durch
Kollisionsvermeidung sicherzustellen. Zur Lösung dieser Aufgabenstellung, stellt die vorliegende Arbeit einen Ansatz zur Online-Bewegungsplanung für einen Industrieroboter mit
HRI vor, der auf Modell-Prädiktiver Regelung mit eingebetteter gemischt-ganzzahligen
Programmierung basiert.
Um Hindernisse einfach darzustellen, wird die Bewegungsplanung des Roboterarms in
dieser Arbeit direkt im Arbeitsraum durchgeführt. Das resultierende nicht-konvexe Optimierungsproblem wird durch eine gemischt-ganzzahlige lineare Formulierung approximiert, und Mechanismen zur effizierten Darstellung mit wenigen binären Variablen werden
vorgeschlagen.
Sicherheitsrelevante Regionen, in denen sich Menschen aufhalten können, werden
echtzeitfähig durch eine auf Hidden-Markov-Modellen basierenden Methode berechnet.
Im Gegensatz zu führen Ansätzen, in denen aus Wahrscheinlichkeitsdichtefunktion die
wahrscheinlichste Position eines Menschen abgeleitet wurde, berechnet diese Methode
sicherheitsrelevante Teilmengen des Arbeitsbereichs als Regionen, in denen sich der Mensch
mit vorgegebener Wahrscheinlichkeit aufhält. Zur Erhöhung der Vorhersagegenauigkeit für
die Bewegung des Menschen, wird die Methode um die Berechnung erreichbarer Positionsmengen erweitert. Die sicherheitsrelevanten Regionen werden als Randbedigungen der
Optimierung in der Bewegungsplanung verwendet. Auf diese Weise können sichere Bewegungstrajektorien des Roboters generiert werden, für die Kollisionen mit einer Wahrscheinlichkeit nicht kleiner als eine vorgegebene Schranke ausgeschlossen werden.
Die erfolgereiche Realisierung der entwickelter Methode auf einem Demonstrator in dem
Industrieroboter und ein Bediener im gleichen Raum arbeiteten wird beschreiben.
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Abbreviations

2D
3D
CAD
CSC
DOF
EE
EM Algorithm
FPS
GHMM
GUI
HMM
HRI
HRC
ITM
MIP
MILP
MIQP
MINLP
MPC
OC
PRM
RRT
SC
TCP/IP
UDP

2-dimensional
3-dimensional
Computer-Aided Design
Cognitive Safety Controller
Degree Of Freedom
End Effector (or called Tool Center Point)
Expectation-Maximization Algorithm
Frame per Second
Growing Hidden Markov Model
Graphic User Interface
Hidden Markov Model
Human-Robot-Interaction
Human-Robot-Collaboration
Instantaneous Topological Map
Mixed Integer Programming
Mixed Integer Linear Programming
Mixed Integer Quadratic Programming
Mixed Integer Non-Linear Programming
Model Predictive Control
Operational Controller
Probabilistic Roadmaps
Rapidly-exploring Random Trees
Strategic Controller
Transmission Control Protocol/Internet Protocol
User Datagram Protocol
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Symbols and Notation
A
Ā
b
G(Ot ; µi , Σ)
g
γ
γ̇
γ−
γ+
γ̇−
γ̇+
J
M
mj
N
Nis
Ncs
Ñ
n
O

P
psj
P
Q
qj (t)
q̇j (t)
Rn
rj,j+1
S(t)
S̃
Vj−
Vj+
velc,j
ver(·)
v−
v+
a−
a+

x

a matrix A ∈ RN ×n with rows Ak , k ∈ {1, . . . , N } with dimension n of
each row Ak , e.g., n ∈ {1, 2, 3}
transition probability matrix Ā ∈ RN ×N whose entry aij in row i and
column j is given by aij = P ([S(t + 1) = Si ]|[S(t) = Sj ])
a vector b = (b1 , . . . , N )T
Gaussian distribution with the mean value µi and the covariance matrix
Σ
number of steps driving the robot to the goal
one component of the measured position vector z in R3
one component of the derived/measured velocity vector ż in R3
lower bound of the position measurement error
upper bound of the position measurement error
lower bound of the velocity measurement/estimation error
upper bound of the velocity measurement/estimation error
cost functional
a sufficiently large constant, used in the ’big-M method’
mass of the link j
number of faces for a polydedron like a the polynomial obstacle
number of faces of the inscribing polyhedron
number of faces of the circumscribing polyhedron
number of hidden states in the hidden Markov model
number of robot joints
observation
space
O
=
Z × Z;
O(t)
=
T
[z1 (t), z2 (t), z3 (t), ż1 (t), ż2 (t), ż3 (t)]
∈ O represents data measured
or derived (from the measured data, e.g., speed is derived from the
measured position data over time)
polyhedron P = {z |A · z < b}
s-th particle on link j with s ∈ {1, . . . , S̃}
probability
configuration/joint space
angular position of the j-th joint of the robotic manipulator at time t,
qj (t) ∈ Q
angular velocity of the j-th joint of the robotic manipulator at time t
n-dimensional real space
robot link length between joint j and j + 1
stochastic state variable S(t) ∈ {S1 , S2 , . . . , SÑ } ∈ R at time t
number of particles per robot link
lower limit of the velocity of joint j in the workspace
upper limit of the velocity of joint j in the workspace
velocity of the mass center for the link j
vertex
lower bound of the speed of the human motion
upper bound of the speed of the human motion
lower bound of the acceleration of the human motion
upper bound of the acceleration of the human motion

Abbreviations and Notion
X
x(t)
Jx, yK
Z
z(qj )
zj
zji (t)

state space
state of the robotic manipulator x(t) = [q(t), q̇(t)]T ∈ X at time t
line segment joining x and y
workspace or Euclidean space Z = Rn with dimension n
position of joint qj in the workspace, including the position of the end
effector with j ∈ {1, . . . , n + 1}
a shortcut for z(qj )
i-th coordinate of the position of joint qj at time t
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1 Introduction
1.1 Motivation
Introduction of industrial robots has brought high production efficiency and quality into
manufacturing systems since the 1970s. The robots can manage heavy payload but still
keep fast movement, operate in dusty or hazardous environments, repeat movements thousands of times but in a precise way, reduce operating costs, improve quality and consistency
of products, etc. [113]. Robots have been used widely in different fields like automotive production (Figure 1.1(a)), painting (Figure 1.1(b)), metal processing (Figure 1.1(c)), supply
chains of food production (Figure 1.1(d)), packaging (Figure 1.1(e)), etc.

(a) Robots in a SUV production line [6]

(b) Painting robot [48]

(c) Robots in the metal industry [79] (d) Robots in the food (e) Packaging robots
industry [8]
[51]

Figure 1.1: Applications of industrial robots.
In recent years, the problem of how to manipulate industrial robots that interact with
human operators (human-robot interaction, HRI) attracts a lot of attention in robotics,
control systems engineering, and artificial intelligence research. For example, a human
works with a FANUC robot in a welding cell with safety fence, as shown in Figure 1.2(a).
Hand guiding using KUKA Light Weight Robot was demonstrated in Hannover Fair 2011,
as shown in Figure 1.2(b). Figure 1.2(c) demonstrates the ABB safety function - SafeMove
for human-robot collaboration. A dual arm concept robot is presented for safely working
with human operators, as shown in Figure 1.2(d).
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(a) A robot in a welding cell using a
safety fence [52]

(b) Hand guiding [77]

(c) Human-robot collaboration [7] (d) A dual-arm concept robot cooperating with a human
operator [5]

Figure 1.2: Industrial robots interacting with human workers.

This interest stems from the insight that the integration of human operators into robot
based manufacturing systems may increase productivity by combining the abilities of machines with those of humans, e.g., the above-mentioned advantages of using robots and the
flexibility of the human operator. The traditional spatial separation of industrial robots
and human operators in production sites of the manufacturing industries is often chosen
to ensure safety for the human. In times of pushing productivity to the limit, it is increasingly often noted that this separation is not beneficial for the efficiency of some production
processes, in particular when production steps that have to be carried out by humans and
those that can be accomplished by robots are interleaved. Such situations may appear,
for example, if high-speed assembly procedures are carried out by robots and if a human
operator randomly picks assembled workpieces to perform quality checks, like in Figure
1.2(c), or if high-precision assembly (carried out by a robot) and manufacturing steps requiring human flexibility alternate like in Figure 1.2(d). If robots and humans operate in
the same area simultaneously to increase the productivity, it of course remains a crucial
goal to guarantee safe operation.
In addition to application of industrial robots in HRI, robots have also been developed
and applied in other areas. Figure 1.3(a) shows a study by Georgia Techs Human Factors
and Aging Laboratory. The PR2 robot was used to interact with older adults in the aware
home [105]. A rescue robot is shown in Figure 1.3(b) where the robot RIBA can assist
ambulanceman to lift and transport injured people [110]. As an additional application,
the mobile robot ACE “Autonomous City Explorer” is shown in Figure 1.3(c).
In this thesis scenarios of using industrial robots is mainly considered. Moreover, the
following two main research interests are mainly considered here for human-robot interaction: (1) dynamic path planning of robots for avoiding time-varying obstacles such as
moving humans, and (2) modeling and prediction of human motion.

2

1.1 Motivation

(a) PR2 [105]

(b) RIBAII [110]

(c) ACE [66]

Figure 1.3: Scenes of human-robot interaction.
One of the HRI scenarios considered in the thesis is shown in Figure 1.4. In such a humanrobot-interaction setting, the challenge is to manipulate the robot both safely and efficiently. This requires the investigation of different topics, e.g., optimal motion/trajectory
planning of robots for obstacle avoidance, human motion detection and prediction, functional safety design, robotic mechanisms and controller development, see e.g., [58, 118].
Specifically, the robot motion should consider the following aspects.
• Safety: the robot must have no collision with surrounding obstacles, e.g., human
operators who share the same workspace with the robot.
• Feasibility: the constraints on robotic kinematics and dynamics should be satisfied,
as well as the physical limits on each joint such as the torque (actuator saturation),
angular velocity/acceleration, position velocity/acceleration, etc.
• Optimality: the robot motion performance should be as good as possible, namely
specified cost criteria like motion transition time or energy consumption need to be
considered.
• Real-time adaptivity of the method to generate the motion of a robotic manipulator
for adapting the changing environment in real-time is important.

Robot

Human
Subgoal

Observation

Prediction
Goal

Motion Patterns

Prediction
Online Motion Generation
Human-Robot-Interaction

Figure 1.4: A human-robot-interaction scenario considered in the thesis.
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Additionally, in order to achieve a safe human-robot interaction, a better understanding
of the human motion is necessary. For both, efficiency and safety, it is important to consider
the human behavior – not only the current observable motion or the most likely position
in the future of a human, but also the safety-relevant region, which is possibly occupied by
a human, over a future time horizon. The region is used for planning an optimized robot
trajectory. Therefore, models of human behavior for prediction play an important role for
computing safe and efficient robot trajectories.
In general, in order to uphold system productivity while ensuring safety, a control architecture is proposed in [71], as shown in Figure 1.5. As stated in [71], in this architecture
the production system has an awareness of the current state of the product quality, the
production goal, and the available measures for modifying material, and that the system
can derive a sequence of production steps on its own. While some local time-invariant
functionalities of the production system may be controlled by standard controllers (e.g.,
PID controllers), the cognitive safety controller (CSC) interacts with the production system based on inherently safe sensors and actuators. Such devices are safe by design, i.e.
failures are detected and safe reactions are initiated if necessary. The CSC additionally
obtains information about the current state of the production system by the sensor (and
actuator) signals transmitted by the standard controller. Vice versa, the standard controller receives control information from the CSC, e.g., if new reference trajectories or
parameters are computed for the standard controller. The CSC consists of two parts: a
strategic controller (SC) and an operational controller (OC). Based on dynamic models,
the SC computes optimal control strategies and actions which aim at keeping the production system away from safety-critical states and at maximizing the performance of the
production system. The OC becomes active when a warning level (before reaching a critical
state) is encountered, and it ensures that a critical state will never be entered. A detailed
description with its variant application for manufacturing systems of their adaptation to
changing conditions can be found in [37–39, 43, 70–72].
Regarding development of the operational controller specifically functional safety, investigation of possible danger imposed by industrial robots on humans is required, like
reported in [58]. In order to solve this task, one option is to use power and force limiting hardware like the ABB dual arm concept robot [5], Universal Robots, etc. or to
add additional safety hardware like the force torque sensors to reduce harmness like the
Cognitive Safety Controller (CSC)
Strategic Controller (SC)

Standard
Controller

Operational Controller (OC)

Sensors

Actuators

Safe
Sensors

Production System

Figure 1.5: Safety control architecture [71].
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KUKA lightweight robots [78]. However, by design a safety hardware with power and
force limiting, the trade-off is often to loose the high power ability, e.g., they cannot
lift heavy loads or cannot move with high speed. Alternatively, the conventional industrial robots are used with safety supervision. In this case safety devices are required like
SafetyEYE [103], SafetyPLC [14], or SafeMove. Many research projects like JAHIR [68],
EsIMiP [49], ROSETTA [115], etc. pay attention to this topic. It is noted that the safetyrated behavior design like safe-toque off, safety monitoring and supervision, etc. is not the
topic of the thesis. The development of the safety-rated behavior was considered in the
OC.
It is additionally important to be aware of relevant international standards and Machinery Directive for HRI. The main safety requirements of industrial robots working with
human workers can be found in [1, 2] and functional safety in [4] Part 1-7. A technical
specification on collaborative robots [3] which will provide a guideline for collaborative
robot design is being prepared. An overview of the standards on robot safety is given
in [55]. Methods proposed in this thesis for path planning of industrial robots (Chapter
2) and for human behavior modeling and prediction (Chapter 3) have been applied to an
HRI scenario with an industrial robot. Although not all the safety requirements defined in
the standards are satisfied, the experiments were always done with at least two workers,
one was doing experiments while the other was onsite observing the behavior of robot and
holding the emergency stop in order to stop the robot motion when any error happens.
Moreover, the speed of the robot was limited to values below 2.5m/s as defined in the
standard.
This thesis mainly looks at the strategic controller, specifically optimization-based path
planning of robotic manipulators (particular industrial robots) for safe interaction with
human operators. The safety issue considered here is collision avoidance which is to be
solved in the strategic controller. The development of path planning approaches in HRI
for robotic manipulators, as well as of the methods for human motion modeling and prediction, aims at increasing overall performance with respect to availability, productivity,
and flexibility. It should be remarked that the adaptation by action planning goes beyond
the reconfiguration schemes existing for HRI in manufacturing systems, i.e. it is not limited to switch between different precoded and fixed production paths, nor to parameter
variations as in adaptive control, nor to disturbance rejection as typical in the context
of robust control. Rather, the production sequence and control strategies are computed
online depending on the currently perceived situation and for maximizing a performance
measure.

1.2 Problem Statement
1.2.1 Definitions of Relevant Spaces
The following notation is used throughout the thesis:
• Workspace: the Cartesian space Z = Rm of any dimension m, in which the robot and
human work. For example, points [z 1 , z 2 , z 3 ]T ∈ Z = R3 represent a 3-dimensional
space (Euclidean space) of robot positions or of positions of the human.
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• Configuration/Joint space: C = Rn ; points [q1 , q2 , . . . , qn ]T ∈ C represent joint (angle) positions of the robotic manipulator with n degrees of freedom.
• State space: X = R3n ; points x(t) = [q(t), q̇(t), q̈(t)]T ∈ X represent the state of
the robotic manipulator; sometimes it is also called space of position, velocity, and
acceleration [125].
• z(qj ) ∈ Z denotes the position of joint qj including the position of the end effector
in the workspace with j ∈ {1, . . . , n + 1}. For the sake of notational simplicity, zj is
used as an abbreviation for z(qj ).
• Observation space: O = R2n .
For the Euclidean space R3 , O(t) =
[z 1 (t), z 2 (t), z 3 (t), ż 1 (t), ż 2 (t), ż 3 (t)]T ∈ O represent measured position data in a 3dimensional space of a human motion and velocity.

1.2.2 Optimal Control for Human-Robot-Interaction
In general, the task of path planning of robotic manipulators, which is schematically shown
in Figure 1.6, can be summarized as follows:
Given an initial configuration of a robotic manipulator with obstacles, ideally the best
way (with respect to a given performance criterion) of driving the end effector of the robotic
manipulator into a specified goal region has to be determined. All relevant kinematic and
dynamic constraints including particularly the collision avoidance of the whole body of
the robot with obstacles operating in the same space as the manipulator must be satisfied.
The obstacles can be time-varying in their positions, but the positions should be known
or estimated over the prediction horizon for planning the path. It is defined by safetyrelevant regions F (t), which consist of the region of the workspace possibly occupied by
human operators.
Start

Safety-relevant region F (t)

Robot

Human

Goal

z2

z1
z3
Figure 1.6: Scheme of human-robot-interaction.
Since the robotic dynamics is normally described in the state space X as a motion
equation [125] and the dynamics is considered in the path planning, the generic way for
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formulating the path planning problem is to choose the state space. Because the joint
angle positions are sampled in discrete-time, as well as the update of the human (obstacle) position and velocity, the path planning is formulated as an optimization problem in
discrete-time as follows:

min
u

g
X

Jτ (x(τ ), u(τ ))

(1.1a)

τ =0

s.t. x(t + 1) = f (x(t), u(t)), ∀t ∈ {0, 1, . . . , g − 1}
x(0) = x0 , zn+1 (g) ∈ G
x(t) ∈ L, u(t) ∈ U
Ω(x(t)) ∩ F (t) = ∅, ∀t ∈ {0, 1, . . . , g},

(1.1b)
(1.1c)
(1.1d)
(1.1e)

where
• Jt is a cost functional which represents a performance measure of the robot behavior
over a chosen time span;
• (1.1b) is derived from the actual differential equations modeling the robot in continuous time, and describes the system dynamics in discrete time; x(t) ∈ X is the
system state, u(t) ∈ U an admissible control (torques, etc.), t ∈ {0, 1, . . . , g} denotes
the current discrete time, and 0, 1, . . . , g are the sampling instances;
• x0 is the initial state of the robot, and G ⊆ Rn the target set defined in the workspace
for the position zn+1 of the end effector;
• L ⊆ X represents admissible states x(t), e.g., for excluding infeasible configurations
of the robot;
• Ω(x(t)) ⊆ Z is the set of points in the workspace occupied by the robot;
• F (t) ⊆ Z denotes the set of points in the workspace, named safety-relevant region,
that is possibly occupied by obstacles like human operators.
Since position measurements are obtained with a defined frequency (e.g., by a camera
system) and since the control of the robotic manipulator has to be realized in discrete time,
the optimization problem 1.1 is also formulated in a discrete time setting. In order to still
guarantee safety everywhere in between the sampling instants, dynamic properties of the
human and the robot (such as velocity bounds) can be used to tighten the constraints 1.1e
and 1.1d, respectively [50] [86, Section 5.3.4].

1.2.3 Challenges
To solve the mentioned optimization problem, there are three main challenges:
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An online optimization- and model-based path planning strategy
The task of path planning for robotic manipulators means to find a feasible path from an
initial position to a goal of the robot such that no collision with obstacles occurs. The
initial position, as well as the goal, can be defined according to different applications for the
robot configuration including all joint positions and velocities, or only the TCP positions of
the robot. The goal configuration may be considered to be fixed in their position or to have
an own dynamic behavior. In addition to feasibility of path generation, the property of
performance becomes important if, e.g., the time or usage of resources required to reach the
goal has to be minimized. In general, the planning problem for robotic manipulators with
obstacle avoidance is complex due to its non-convexity, system nonlinearity and coupling,
dynamic and time-varying constraints, etc. The task is particularly hard to be solved
efficiently, especially when the degrees of freedom (number of joints) is high.
Besides the safety, feasibility, optimality, and efficiency, online adaptivity of the method
to generate the robot motion is important, especially when the robot interacts with timevarying dynamic obstacles like human operators.
Complexity of human behavior
Understanding human behavior is indispensable when industrial robots interacting with
human operators are to be manipulated safely and efficiently. If the human behavior
and motion can be modeled and predicted based on the model, the industrial robot can be
manipulated in advance for, e.g., avoiding collisions and finding a better performance path.
One challenge is that human operators tend to follow different motion patterns, depending
on several factors such as intentions and the structure of the environment. The advanced
methods for explicitly or implicitly identifying the human behavior will be investigated in
Chapter 3.1.
It should be additionally stressed that it is in general not sufficient in specific scenarios
to only compute the most likely or expected human positions, namely prediction in the
form of single points, but the non-determinism in human behavior must be accounted for.
Moreover, since the robot and human share the same workspace and prediction of human
motion at the initial time is not sufficient, methods for online adaptation of models of
human motion and for predicting human motion within a planning horizon are important
in this context.
Efficient integration and demonstration of proposed methods in HRI
For accomplishing HRI tasks, the integration of the developed methods for path planning
of robotic manipulators and for human motion modeling and prediction needs to be considered. For this case, a demonstration platform is to be developed, on which the proposed
methods can be realized and tested. The practicability for the proposed methods is to be
verified by the application.

1.3 Predictive Control Scheme for HRI
As mentioned before if the production comprises joint action of human operators and
(partly) autonomously operating technical equipment, it is of utmost importance that
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the system can react quickly to the behavior of the humans. Obviously, human behavior
cannot be determined completely at design-time, but efficient operation requires online
adaptation of the control strategies of the technical equipment. When the human motion
can be modeled and is predictable for future instances, as well as the modeling of the
robot, the robot trajectory can be manipulated to avoid collisions a-prior with a better
performance than without knowing the future. Therefore, a model-based predictive control
scheme, namely Model Predictive Control (MPC) used in the strategic controller (SC) is
proposed as below for HRI in this section.
For current measurements, the SC computes an optimal sequence of control inputs to
drive the system from a specified start to a goal state by solving a model-based optimization
problem over a prediction horizon, while taking into account time-varying dynamic constraints. The technique used in the SC is model predictive control (MPC) with embedded
mathematical programming. The reason why MPC is selected in the model-based control scheme is that MPC can be applied to handle constraints, especially the time-varying
collision avoidance constraints.

1.3.1 Model Predictive Control
The MPC scheme is a well-known online scheme to compute optimized control inputs on a
moving time horizon. At each control interval, a finite horizon open-loop optimal control
problem is solved to yield a (sub-)optimal control sequence with respect to time-varying
constraints, and the first control input of the sequence is applied to the real plant. The
procedure is repeated at any sampling time; for more details, see e.g., [31, 88].
A tailored MPC scheme for robot path planning is shown in Fig. 1.7, where t denotes
the current time, H the prediction horizon. At time t, based on the model of the robot,
a sequence of optimal control inputs and the optimized robot trajectory are computed by
solving an optimization problem over the prediction horizon H meanwhile satisfying the
constraints as, e.g., collision avoidance constraints. But only the current optimized value
is applied to the robot. The optimization is iterated in each time cycle by shifting the
prediction horizon one time step ahead until the goal is reached.
MPC is widely adopted in a variety of real-sized industrial plants [15, 30, 133] and it
can handle disturbances of plant dynamics like human uncertainties, as well as deal with
large multivariable constrained control problems [107]. Because of the repetitive principle
of the MPC scheme, the dynamic models, the cost functions, and/or the constraints can
be updated at any sampling time, i.e. adaptation can be achieved by proper modification
of the constituent components of the MPC scheme.

1.3.2 Predictive Control Scheme in SC
Based on the predictive control scheme, a detailed architecture of the SC is proposed in
Figure 1.8. The SC computes locally optimal control strategies (or plans) online under
consideration of all relevant and time-varying constraints imposed on HRI.
An identification block is used for generating a dynamic model of the human behavior
based on observed data by a robust detection algorithm. It employs typical motion patterns
for a set of work procedures. Safety regions are computed, which serve as safety constraints
obtained from the identified human behavior for avoiding collision. Goal regions in the
workspace into, which the robot has to be driven, are specified by the user or detected
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Past

Current

Future
Safety-relevant region
Goal
Optimized robot trajectory

Control input

time
t

Horizon: H

t+H

Figure 1.7: Scheme of model predictive control.

Prediction Scheme
Constraint Generation
Knowledge Base

Human Motion Model

Goal
Safety Regions

Optimization

Robot Model

Detection, Identification

Operational Controller
Human

Workpiece

Robot

Environment
Figure 1.8: Model-based predictive control scheme for human-robot interaction.

by cameras. A robotic model block includes the kinematic and dynamic models of the
robot, based on which the optimization block computes optimized control strategies for
satisfying the safety and goal constraints. A knowledge-base block is used for learning,
storing, and deriving sets of human behaviors for situations which are encountered by
the overall system. The strategic controller is continuously supervised by the operational
controller, for more details check [126].
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1.4 Contribution and Outline of the Thesis
Three main challenges mentioned in the previous section have been faced in this thesis. In
general, the tasks to be accomplished in the thesis is as follows:
1. Efficient generation of the safety-relevant regions, specifically the modeling and prediction of the motion of a human operator (arm) for the purpose of planning the
motion of robots.
2. Development of an online motion planning approach using the moving horizon scheme
for robotic manipulators interacting with dynamic obstacles.
3. Development of a demonstration platform for realization of the developed methods
on human robot interaction scenarios.
In order to cope with the corresponding problems, the predictive control scheme has been
proposed, said in 1.3.2. Based on the control scheme additional contribution is to be
presented according to the outline of the thesis as below.

Chapter 2: Path Planning for Robotic Manipulators
The planning problem for robotic manipulators with obstacle avoidance is complex due to
its nonconvexity, system nonlinearity and coupling, dynamic and time varying constraints,
etc. The task leads to global, nonconvex optimization problems, which are normally approximated and reformulated in the workspace (Cartesian space), in the configuration/joint
space, or in combinations thereof. Many algorithms have been developed to solve such
problems, which will be discussed in Chapter 2.1 including the advantages and disadvantages.
Note that velocity limits of joints are normally prescribed regarding to the obstacle
movement, which can be easily dealt with in the workspace. Thus, the planning strategy
of the robotic manipulators is directly performed in the workspace in this thesis. The nonconvex optimization problems for motion planning of robotic manipulators is approximated
by mixed-integer programs. For appropriately describing the planning task, the geometric
constraints, namely the kinematics, have to be considered. Selected points of the robot
geometry (particles) are used for this purpose to formulate obstacle avoidance constraints.
The overall global and nonconvex optimization problem is approximated by a Mixed Integer
Program (MIP) [47]. For minimizing the average kinetic energy, the optimized paths are
computed with varying constraints in different regions (hybrid optimal control) and with
a moving obstacle, respectively.
Additionally, application of the enhanced formulation in R2 [40] and in R3 [41] drastically reduces the number of binary decision variables in the MIPs, compared to previous
results. This leads to a reduction in computational time which is demonstrated for different scenarios. The computation is further accelerated by using the moving horizon scheme
as introduced in Sec. 1.3.
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Chapter 3: Human Motion Modeling and Prediction
One challenge for human motion modeling and prediction is that human operators tend
to follow different motion patterns, depending on several factors such as intentions and
the structure of the environment. This prevents the method from only using classical estimation techniques based on kinematic and/or dynamic models of the human motion, and
other deterministic methods, which are designed to produce accurate short-term predictions and do not take into account the other factors necessary to accurately predict human
motion over longer intervals of time.
Instead of explicitly modeling such factors, the probabilistic framework of Hidden
Markov Models (HMMs) is chosen. This choice appears to be reasonable because uncertainties are intrinsically involved in predicting complex factors of human behavior such as
perception of the environment and intention. Additionally, HMMs have been demonstrated
to be capable of capturing the stochastic nature of human behavior including aspects of
intention, and of reflecting the fact that there usually exists a finite, situation dependent
selection of typical human behaviors (‘motion patterns’).
Based on HMMs, a method has been proposed in [42] to predict the safety-relevant
region that is possibly occupied by the human within a prediction horizon. In contrast to
previous approaches which derive predictions based on probability density functions in the
form of most likely or expected human positions, the proposed method computes safety
relevant subsets of the workspace as a region, in which the human is contained, with a
probability not less than a predefined threshold. The safety relevant region, in which the
human is possibly positioned at future time instances, can subsequently serve as safety
constraints when the robot motion is planned by the optimizer. The practicability of the
method is demonstrated by successfully and accurately predicting the motion of a human
arm in variant scenarios involving multiple motion patterns. Chapter 3 will describe this
method in details.
The approach is additionally extended for online adaptation of motion patterns and of
safety relevant regions, as well as enhanced by introducing reachability analysis [45] with
respect to motion dynamics and limits of humans in order to increase the prediction accuracy. The approach has additionally been applied to and examined for different scenarios.
Chapter 4: An HRI Demonstration Platform
An HRI demonstration platform has been developed, on which the proposed methods are
realized and validated. It consists of:
• a real time framework comprising the industrial robot and an external robot controller, which guarantees online adaptation of robot motion,
• an open source motion planning software platform for prototyping and simulating
planning algorithms,
• a human (arm) motion detection system using a stereo camera system with a robust
marker detection algorithm, and
• online data communication via Ethernet.
The platform will be described in detail in Chapter 4.
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Chapter 5: Experiments on HRI
In this chapter the developed methods for path planning (in Chapter 2) and for human
behavior prediction (in Chapter 3) are efficient integrated in the predictive control scheme
(MPC). The experimental results on the realization of the methods in real-time in the
demonstration platform will be presented in this chapter.
Chapter 6: Conclusions with Potential Extensions
Conclusions of the thesis including the developed methods, the demonstration platform,
and experiments of the integration scheme will be given in this chapter. Directions for
future work and potential extensions based on the developed methods will be suggested as
well.
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2.1 State of the Art
Given an initial configuration of the robot, the task of path planning for robotic manipulators means to find a feasible path to a goal of the robot such that no collision with
obstacles occurs. The latter may be considered to be fixed in their position or to have an
own dynamic behavior. The initial configuration can be the joint angle positions in the
joint space Rn for nth DOF or the 3D joint positions of each joint in the Euclidean space in
R3 . The goal configuration can be the target of the robot TCP or the targets of joints. In
addition to feasibility of path generation, the property of performance becomes important
if, e.g., the time or usage of resources required to reach the goal configuration has to be
minimized – however, optimizing performance in path and trajectory planning of robotic
manipulators is less investigated as the case where only the determination of feasible paths
is to be achieved. For the latter case, several algorithms and approaches have been developed in the last decades, see e.g., [32,123] for recent overviews of corresponding techniques.
An important class are potential field methods which combine repulsive potentials of obstacles (to account for collision avoidance) with an attractive potential of the goal, see [75]
for an early treatment of this idea. Using randomized methods for escaping from local
equilibrium states, the robot can in many cases be driven to the goal without collision,
however, obtaining a feasible solution is not guaranteed. As variants or frameworks based
on the potential fields, application of harmonic functions to robotics was presented in [35],
elastic strips in [28], etc. (For techniques which certainly provide a feasible path if one exists, the term complete method is used according to [56]). An optimal or high performance
of the motion (in the above sense) is not considered in these attempts.
In order to reduce the complexity of the planning problem and abstract it in a unified
way, the configuration space (C-space) is often introduced, the dimension of which is equal
to the number of DOF of the robot. The planning problem for the whole robot body in
the workspace can be reduced to path planning for a single point (the configuration) in
the C-space. Several methods for path planning in this space have been suggested before,
like optimization algorithms based robot dynamics, e.g., dynamic programming in [122],
second order cone programming [136], etc. The approaches are usually applied offline due
to high computational effort for the optimization. Like for the exact and approximate
decomposition methods presented in [46, 84], the difficulty of planning in the C-space lies
in the obstacle representation, in particular for robots with many DOF and for dynamic
obstacles. As a remedy to this drawback, sampling-based algorithms have been developed,
as rapidly-exploring random trees (RRT) in [76] and probabilistic roadmaps (PRM) in [74].
By random sampling in the C-space, a tree or a roadmap can be built for determining
a connection of the start and the goal configuration (two points in the C-space). The
validation of the samples for collision avoidance is checked by mapping the sample into the
workspace using forward kinematics. Based on the tree or the roadmap, search algorithms
like A* [117] or D* [128] can be used to find the path. As variants, decomposed motion
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planning in [27], kinodynamic planning [62], RRT∗ [73], elastic roadmaps [141], modelbased optimization embedded into RRTs [44], and safe motion planning using RRTs [81]
have been investigated. However, all sampling-based approaches rely on a quantization
of the configuration space, of which only a finite number of samples is considered during
motion planning. The completeness of the sampling-based algorithms can be guaranteed
in a probabilistic sense [12], i.e. the methods are guaranteed to find a feasible solution,
if one exists, only for the limit of infinitely many samples. The dynamics of the robot is
usually not considered.
Therefore, Blackmore and Williams developed an algorithm for planning paths of robotic
manipulators directly in the workspace [23]. The method extends the formulation for planning of mobile robots in [16, 111, 112, 120, 129, 131] to robotic manipulators. The optimal
trajectory is computed by disjunctive programming, taking into account the kinematic,
dynamic, and obstacle constraints. The optimization with regard to, e.g., the minimization of the energy consumption is considered and the completeness of the method can be
guaranteed. Furthermore, the costly mapping of obstacles from the workspace to the Cspace is avoided. A low-level controller, e.g., a PID controller employing computed torque
principles, is used to track reference trajectories for the velocities and positions of each
joint, where the trajectories represent the series of points obtained in the path planning
step.
The comparison of the planning approaches is summarized in Table 2.1. Accordingly,
planning in the workspace with an MIP formulation initially proposed in [23] is selected
for solving the considered optimization problem with the HRI-setting.
This thesis exploits and extends the method presented in [23] in the following aspects:
• The approach presented here is extended to the case of varying constraints (Section 2.2.4), i.e. state and input constraints differing between different regions of the
workspace and, in particular, time-varying state constraints resulting from the requirement of collision avoidance with dynamic obstacles (Section 2.2.5). The basic
technique proposed for this task is Mixed Integer Programming (MIP) instead of
disjunctive programming.
• Enhanced problem formulations are developed for R2 (Section 2.3.1) and R3 (Section
2.3.2) to reduce the number of binary decision variables in the MIPs, compared to
previous formulation. This leads to a reduction in computation time.
• The methods are numerically evaluated (Section 2.4) with respect to the computation
time for varying numbers of the particles introduced for the robot links, for different
discrete time steps required to move the end effector into the goal, etc. They are also
demonstrated for different scenarios.

2.2 Optimization-Based Robotic Manipulation in the
Workspace
2.2.1 Problem Reformulation
The idea of path planning considered in the thesis, as mentioned in the introduction chapter shown in Figure 1.6, is to determine optimized trajectories of joint positions in the
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Classes
of
approaches
Potential
field

Advantages

Disadvantages

Suitability for the considered HRI-setting

Real-time
(Online)
capability;
Planning
in the workspace with
no additional effort for
obstacle representation
like in C-space

Not suitable, since optimization is not considered

Planning
purely in
C-space

No need for representation of kinematics because the robot is reduced as a point in Cspace

Samplingbased
approach

No need for kinematics
representation as path
planning is done in
C-space; No need for
obstacle representation
in C-space as collision checking in the
workspace; Real-time
computability
No need for obstacle representation in
C-space as planning directly in the workspace;
Easily embedded in
the predictive control
scheme for real-time
(online)
computability of the optimized
solution

Additional effort for escaping from local minimum; No optimal or
high performance consideration of the motion; Complex kinematics and dynamics representation
Very complicated and
time-consuming obstacle representation in
C-space, especially for
high DOF robots; Not
real-time computability
Many heuristics in the
approach; Only a finite
number of samples is
considered; Usually no
dynamics consideration

Kinematics and dynamics representation

Suitable, because all constraints can be easily formulated in the optimization problem with certain
approximation

MIP formulation

Not suitable, due to the
complicated obstacle representation, especially for
time-varying obstacles like
human
Not suitable, due to hard
formulation of heuristics in
the optimization problem,
especially for checking collisions from C-space to the
workspace

Table 2.1: Comparison of the path planning methods

workspace in order to drive the end effector to the goal set. The paths of all robot links
should be free of collisions with the obstacles. Due to the complexity of the generic optimization problem (1.1), a certain approximation is made, which leads to a reformulation of
the optimization problem. It is assumed that a low-level controller can be used to track the
optimized trajectories for the velocities and positions of each joint. Therefore, the robotic
dynamics and constraints for states and inputs are considered by specifying the velocities
by which the joint positions are changed. More specifically, constraints for the joint velocities in the workspace are formulated to describe physical limits for the joint actuation
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and safety bounds in human robot interaction and collaboration scenarios. Accordingly,
the path planning problem in the workspace can be reformulated as:

min
zj (τ )

g
X

Jzτ (zj (τ ))

(2.1a)

τ =0

s.t. (zj (t + 1) − zj (t)) ∈ [Vj− (t), Vj+ (t)] · ∆t
∀t ∈ {0, 1, . . . , g − 1}, ∀j ∈ {1, . . . , n + 1}
zj (0), zn+1 (g) ∈ G
Ω(zj (t)) ∩ F (t) = ∅, ∀t ∈ {0, 1, . . . , g},

(2.1b)
(2.1c)
(2.1d)
(2.1e)

where
• g denotes the number of steps of driving the robot to the goal. It is assumed that
the initial guess of g is chosen sufficiently big enough, guaranteeing that the robot
can reach the goal within the specified value of g.
• zj (t) ∈ Z denotes the position of joint qj including the position of the end effector in
the workspace at time t with j ∈ {1, . . . , n + 1}. n denotes the degree of freedom of
the robot, namely the number of joints.
• The joint velocities in the workspace are bounded to [Vj− (z(t), F (t)), Vj+ (z(t), F (t))].
They can be specified by the users, like [−2.5m/s, 2.5m/s] defined in the standard.
• ∆t denotes the sampling time.
• The initial joint positions in the workspace zj (0) and the goal set G for the end
effector zn+1 (g) are specified.
• Ω(zj (t)) represents the geometry of the robotic manipulator (including the kinematics), which must not intersect with the safety-relevant region F (t) (also named as
forbidden region). This may be a very complex geometry. For simplification the
kinematics representation of the robot is approximated by selected particles along
the link for checking collisions, which will be described later.
The above optimization problem is in general non-convex. Following the approach, the
selected points of the robot geometry (particles) are used to formulate obstacle avoidance
constraints (2.1e), and the overall non-convex optimization problem can be approximated
by a mixed-integer linear program (MILP).

2.2.2 Collision Avoidance
The formulation is first given for the case of a single point on a robot link and then extended
to robotic manipulators with a set of points (particles) on the links and joints of the robot.
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For a Single Point
The condition that a point lies outside a polyhedral obstacle can be formulated as a mixedinteger linear constraint, as is explained below.
Let the obstacle P ⊆ Z = R2 be a polyhedron, i.e. a finite intersection of half-spaces,
shown in Figure 2.1,
P = {z |A · z < b},
(2.2)
where A ∈ RN ×3 is a matrix with rows Ak , k ∈ {1, . . . , N }, and b = (b1 , . . . , bN )T .
Ak · z ≥ b k

Obstacle P

Goal

Robot

z ∈ Z = R2
Figure 2.1: Collision avoidance for a single point robot. (For better illustration the scenario is
drawn in R2 in the figure. The principle for R3 is the same.)
The condition that the point z lies outside the obstacle P, z ∈
/ P, is equivalent to the
requirement that at least one among the N scalar inequalities in A · z ≥ b is satisfied. This,
in turn, is equivalent to the set of constraints
A · z ≥ b + (v − 1) · M,
N
X

vk ≥ 1,

(2.3)
(2.4)

k=1

where v = (v1 , . . . , vN )T is a vector of binary variables vk ∈ {0, 1} and 1 = 1N ×1 is a vector
of ones. M is a sufficiently large constant1 , hence the name ‘big-M method’ [139]. The
constraint (2.3) says that the kth scalar inequality in A · z ≥ b is enforced if and only if
vk = 1, and the constraint (2.4) ensures that the latter equality holds for at least one k.
If (2.3) and (2.4) are constraints in an optimization problem, points z (e.g., joint positions) in the obstacle P are infeasible, and hence, collision is avoided. In the presence of
multiple obstacles, an analogous set of constraints, with separate matrices A and b, and
binary variables v for each obstacle, can be used.
For Robotic Manipulators
A scheme of collision avoidance for robotic manipulators is illustrated in Figure 2.2, where
rj,j+1 represents the link between joint j and j + 1.
The constraints in (2.1e) have been introduced to avoid collisions with obstacles. Assume
that the links form straight lines between adjacent joints2 , a finite number of particles are
1
2

The way of choosing the value of M can be found in [139, p. 205].
Non-straight robot links can be over approximated by straight links, the thickness of the robot link can
be represented by the over-approximation of obstacles to be mentioned in the following sections.
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psj
zj+1
Obstacle P
rj,j+1
Goal
zj
z ∈ Z = R2

Robotic manipulator

Figure 2.2: Collision avoidance for robotic manipulators. (For better illustration the scenario
is drawn in R2 in the figure.)
chosen along the link in order to represent the geometry of the robot, namely Ω(zj (t)) in
(2.1e). The particles are chosen by:
psj = λs · zj + (1 − λs ) · zj+1 ,

(2.5)

where psj denotes the s-th particle on link j. By selecting λs ∈ [0, 1] with s ∈ {1, . . . , S̃},
where S̃ is the number of particles per link, the position psj of the particle is defined.
Obstacles may collide with the robot in between two adjacent particles on the links if the
distance between particles is chosen too large. The particles should be carefully chosen
depending on the size of obstacles (like the distance between two particles should be selected
shorter than the shortest border length of the obstacle), the interaction parts of the robot
with obstacles, etc. More discussion are given at later sections.
In order to guarantee that none of the introduced particles is contained in P, z in (2.3)
is substituted by psj to arrive at the constraint:
Ak · psj (t) ≥ bk + (vj,s,k (t) − 1) · M.

(2.6)

For each face k of the obstacle P, each link j, each particle s associated with link j, and
each time t ∈ {0, . . . , g}.
In addition, the constraint
N
X

vj,s,k (t) ≥ 1

(2.7)

k=1

is required for each j, s and t. Here, vj,s,k (t) is a binary variable to be introduced in
the MILP as a decision variable, whereas psj (t) is just an abbreviation for the term (2.5)
containing the decision variables zj (t).
The total number of binary variable needed for checking collisions is:
n · S̃ · N,

(2.8)

where n denotes the number of robot joints, S̃ for number of particles per link, and N for
number of faces of the obstacles.
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2.2.3 Kinematic Constraints
Assume that the joints of the robot are connected by straight links, the kinematic constraints imply that the distance between the joints qj and qj+1 is equal to the length rj,j+1
of the respective link, which can be expressed by:
2
(zj+1 (t) − zj (t))T · (zj+1 (t) − zj (t)) = rj,j+1

(2.9)

with j ∈ {0, . . . , n} and t ∈ {0, 1, . . . , g}.
The quadratic constraints makes the optimization problem as a mixed-integer nonlinear
program. In order to efficiently solve the problem, the quadratic constraints in (2.9) are
approximated by a conjunction of a circumscribing polyhedron and an inscribing polyhedron, shown in Figure 2.3. Accordingly, the nonlinear program is approximated by a linear
or quadratic program (depending on the cost function) which makes the computation of
the optimization more efficient.
(zj+1 − zj )
zj+1
Inscribing polyhedron

rj,j+1
rj,j+1

(zj+1 − zj )
Circumscribing polyhedron

zj

Figure 2.3: Approximation of the quadratic constraints.
If zj+1 (t) − zj (t) lies in the region defined by the conjunction, the kinematic constraints
are satisfied approximately. The fact that zj+1 (t) − zj (t) lies inside the circumscribing
polyhedron is expressed by:
Acs · (zj+1 (t) − zj (t)) ≤ bcs ,

(2.10)

where Acs and bcs specify the circumscribing polyhedron. Likewise, zj+1 (t) − zj (t) must
lie outside the inscribing polyhedron what is formulated by:
Ais,k · (zj+1 (t) − zj (t)) ≥ bis,k + (d(t) − 1) · M,

(2.11)

where dk (t) = (d1 (t), . . . , dNis (t))T is a vector of binary variables dk ∈ {0, 1}, Nis the
number of faces of the inscribing polyhedron, 1 = 1N ×1 a vector of ones, and M a large
constant. In complete analogy to Section 2.2.2, the k-th scalar inequality in Ais,k ·(zj+1 (t)−
zj (t)) ≥ bis,k is enforced if and only if dk (t) = 1. To guarantee that zj+1 (t) − zj (t) lies
outside the polyhedron specified by (2.11), at least one among the Nis inequalities must
be satisfied, which can be ensured by the following condition:
Nis
X

dk (t) ≥ 1

(2.12)

k=1
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The conjunction of (2.10), (2.11), and (2.12) approximates the quadratic equality constraint (2.9) in form of linear inequalities.3

2.2.4 Dynamic Constraints
As mentioned it is assumed that a low-level controller can be used to track the optimized
trajectories for the velocities and positions of each joint. Therefore, the robotic dynamics
and constraints for states and inputs are considered by specifying the velocities by which
the joint positions are changed. More specifically, constraints for the joint velocities in
the workspace are formulated to describe physical limits for the joint actuation and safety
bounds in human robot interaction and collaboration scenarios. The following velocity
limits (compare to (2.1b)) are considered as constants for each joint in the workspace:
Vj− · ∆t ≤ (zj (t + 1) − zj (t)) ≤ Vj+ · ∆t.

(2.13)

Varying dynamic constraints in different regions Varying velocity limits in different
regions to account for the safety of operation or for time and energy efficiency can also be
formulated using binary variables. Specifically, to account for the safety of operation, the
limits permitted for the velocities are reduced if the robot is close to obstacles. Otherwise,
it moves faster towards the goal for time or energy efficiency. For illustrating the corresponding formulations, a simple example of varying velocity limits in two different regions
is described here.
The workspace is divided into two halfspaces by a hyperplane and different allowable
maximal and minimal velocities are assigned to each region. The halfspace A · z = b
with A ∈ R1×2 , b ∈ R partitions the workspace into two regions R1 = {z | A · z < b}
and R2 = {z | A · z ≥ b}. To specify different velocity limits for the two halfspaces,
binary variables h1 (t) and h2 (t) are introduced, and the constraints are formulated by the
following two groups of inequalities:
A · zj (t) < b + h1 (t) · M,
(zj (t + 1) − zj (t)) ≤ Vj,max1 · ∆t + h1 (t) · M,
(zj (t + 1) − zj (t)) ≥ Vj,min1 · ∆t − h1 (t) · M,

A · zjt ≥ b − h2 (t) · M,
(zj (t + 1) − zj (t)) ≤ Vj,max2 · ∆t + h2 (t) · M,
(zj (t + 1) − zj (t)) ≥ Vj,min2 · ∆t − h2 (t) · M,

(2.14a)
(2.14b)
(2.14c)

(2.15a)
(2.15b)
(2.15c)

where [Vj,min1 Vj,max1 ] and [Vj,min2 Vj,max2 ] are the permitted ranges of velocities of the
joint j in region 1 and region 2, respectively, and ∆t is the time interval. If hi (t) = 0 for
i ∈ {1, 2}, the corresponding group of inequalities is enforced, otherwise it is relaxed. At
any time t, only one of the two groups of inequalities should be enforced such as:
h1 (t) + h2 (t) = 1.
3

(2.16)

Selection of Nis and Ncs is a tradeoff between approximation accuracy and computational effort.
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In case of varying constraints in more than two different regions, more binary variables
have to be introduced.

2.2.5 Robot Interaction with Moving Obstacles
With little modification, the above formulation can cope also with moving obstacles. Assume that the dynamics of the moving obstacles is known a-priori4 . The corresponding
characteristic parameters Ak (t) and bk (t) of a moving obstacle become time-varying and
have to be updated in any time step t based on the dynamics of the obstacle.
For particles chosen according to (2.6), the condition for obstacle avoidance can then be
expressed as:
Ak (t) · psj (t) ≥ bk (t) + (vj,s,k (t) − 1) · M
(2.17)
with binary variables defined for any t.
In addition, the following condition has to be fulfilled in each time step t (equivalent to
(2.7)):
N
X
vj,s,k (t) ≥ 1.
(2.18)
j=1

2.2.6 Objective Function
Different criteria for formulating the performance of the robot motion can be considered
and encoded in linear, quadratic, or other arbitrary form. In the thesis the following cost
criteria are considered: minimization of the time steps for reaching the goal is illustrated
in (2.21) and the minimization of the distance from the furthest predicted position to the
goal in (5.1). Additionally, in order to achieve energy efficiency the minimization of the
average kinetic energy of the robot is considered in (2.20) as well5 .
Minimization of the Average Kinetic Energy
Average kinetic energy of a robot arm over time can be expressed as a quadratic function
as follows: let zc,j (t) denote the position of the mass center of the link j at time t and let
mj denote the mass of the link j. Then the velocity of the mass center for the link j can
be expressed as:
zc,j (t + 1) − zc,j (t)
.
∆t
Hence, the average kinetic energy of the robot over the planning horizon is:
velc,j (t) =

J=

1
g

X

t=0,...,(g)

X 1
· mj · (velc,j (t))T · velc,j (t),
2
j=1,...,n

(2.19)

(2.20)

where g is again the number of discrete time points considered for the path from the
start to the goal and n denotes the number of links.
4
5

The online identification of the obstacle, i.e. human for HRI is to be described in Chapter 3 and 5.
The kinetic energy considered here is the ’translational’ kinetic energy only for revolute joints.

23

2 Path Planning for Robotic Manipulators
Minimization of the Transition Time
An objective function for achieving time optimality can be formulated as a linear function.
J =−

g
X

ã(t)

(2.21)

t=0

with

ã(0) ≤ ã(1) ≤ · · · ≤ ã(g),

(2.22)

where the binary variable ã(t) satisfies the following constraint:
zn+1 (t) ∈
/ G ⇒ ã(t) = 0 and ã(t) = 1 for zn+1 (t) ∈ G

(2.23)

Here, (2.21) and (2.22) enforce the end effector of the robot zn+1 (t) to stay in the goal
set after arrival.

2.2.7 Solution Techniques
Overall, the optimization is formulated by using (2.19) and (2.20) or the combination of
(2.21) and (2.22) subject to:
• obstacle avoidance constraints according to (2.3) and (2.4)
• constraints for linear approximation of kinematic constraints (2.10) and (2.11). In
case of direct consideration of the quadratic constraints of (2.9) in the optimization,
solvers for mixed integer nonlinear programs have to be used. As mentioned the
approximation of quadratic constraints to linear constraints makes the optimization
problem as a mixed-integer linear or quadratic program. It leads to a more efficient
computation of the optimization.
• constraints for varying velocity limits in different regions (2.14) to (2.16)
• arrival constraints (2.23)
With this formulation this optimization problem can be solved by existing tools for mixed
integer linear or quadratic programming.
Coping with moving obstacles the corresponding characteristic parameters A(t) and b(t)
of a moving obstacle become time-varying and have to be updated in any time step t based
on the dynamics of the obstacle.

2.3 Efficiency Improvement by Enhanced Formulation
The non-convex optimization problem for robot path planning has been approximated by
mixed-integer programs (MIPs) (also in [23, 47]). The solution of the previously proposed
formulation, however, may introduce a huge number of binary variables. This, in turn,
often leads to intolerable computational effort for solving the resulting MILPs. In this
section, enhanced formulation in R2 and in R3 will be described. With their application,
the number of binary decision variables can be drastically reduced.
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Before going to in details of the proposed schemes the motivation for reducing the
number of binaries but still guaranteeing no collisions is illustrated first. The key point
in the enhanced formulation is the minimum number of faces needed to be checked to
guarantee no collision between the link and the obstacle, as depicted in Figure 2.46 .
zj+1 Ak · z ≥ bk

Ak · z ≥ bk

P

P

P

zj

p

p

p

z ∈ R2

zj+1

Ak+3 · z ≥ bk+3

zj

(a) Using one face for collision (b) Using two faces for collision (c) Using two adjacent
checking.
faces for collision checking.
checking.

Figure 2.4: Scheme for selection of minimum number of faces for collision checking. The key
point is that positions exist for which using only one face is not sufficient.
Only using one single face Ak · z ≥ bk is not sufficient for checking collisions with particle
p on the j-th link, as shown in Figure 2.4(a). Using two arbitrary faces is also not sufficient,
as shown in Figure 2.4(b). A selected one face is enough for collision checking in this case,
as indicated by the green dashed line in Figure 2.4(b). In the following sections theorems
provide and prove that two faces are enough but they have to be adjacent (as shown in
Figure 2.4(c)) in 2-dimensional space R2 , as well as in 3-dimensional spaceR3 .

2.3.1 2-Dimensional Case
The enhanced formulation in the 2-dimensional space R2 is illustrated in the following.
The theorem has been presented in [40].
Theorem 2.1. Let P = {z ∈ R2 |A · z ≤ b} be a full-dimensional polyhedron, A ∈ RN ×2 ,
b ∈ RN , N > 2, and assume that the system A·z ≤ b of linear inequalities is non-redundant
and that the rows of A are ordered counterclockwise, namely the faces of the polyhedron
are ordered counterclockwise. Let z1 , z2 ∈ R2 , z1 6= z2 . Then exactly one of the following
two statements holds.
1. The line segment joining z1 and z2 intersects the interior of P.
2. There is some k ∈ {1, . . . , N } such that for all points p on the line segment joining
z1 and z2 it holds that Ak · p ≥ bk or Ak+1 p ≥ bk+1 .
Here, Ak denotes the kth row of A, and Ak+1 stands for A1 if k = N .
The proof of the theorem can be found in A.1.
A direct application of the above result shows that in order to avoid collision, i.e. p ∈
/P
it suffices to introduce two constraints
6

For better illustration the scenario is drawn in R2 in the figure. The principle for R3 is the same.
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Ak · psj (t) ≥ bk + (vj,k (t) + wj,s (t) − 2) · M,
Ak+1 · psj (t) ≥ bk+1 + (vj,k (t) − wj,s (t) − 1) · M

(2.24a)
(2.24b)

for each face k of the obstacle P, each link j, each particle s associated with link j, and
each time t ∈ {0, . . . , g}, plus a constraint
N
X

vj,k (t) = 1

(2.25)

k=1

for each j and t. Here, vj,k (t), wj,s (t) ∈ {0, 1} are binary variables to be introduced in the
MILP as decision variables, and again, k + 1 stands for 1 if kP= N . To keep computational
effort lower in the search algorithm in MILP, the constraint N
k=1 vj,k (t) ≥ 1 is replaced by
PN
k=1 vj,k (t) = 1. In this case, the search algorithm in MILP stops when one of vj,k (t) = 1.
In the above formulation (2.24-2.25), the binary variable vj,k (t) can be seen as selecting
a pair (k, k + 1) of adjacent faces of the obstacle P, rather than a face of P as with the
formulation in Section 2.2.2. The binary variable wj,s (t) selects one of the faces of the
already selected pair (k, k + 1). Indeed, (2.24a) is only enforced if vj,k (t) = wj,s (t) = 1,
and (2.24b) is only enforced if vj,k (t) = 1 and wj,s (t) = 0.
The crucial point here is that v does not anymore depend on the particle index s, which
greatly reduces the number of binary decision variables. In fact, the number of binary
variables introduced for the purpose of formulating collision avoidance constraints is
n · (g + 1) · (S̃ + N )
in contrast to
n · (g + 1) · S̃ · N
P
for the method of Section 2.2.2 with also N
k=1 vj,k (t) = 1.
For an appropriate problem structure, a possible way to reduce the computational effort
beyond what can be achieved by keeping the number of binary decision variables small
is to introduce additional constraints. Here, the fact that the links cannot move too far
within one time step due to the velocity constraint (2.13) is exploited. In particular, it is
required that if the pair of adjacent faces selected by the decision variables v at time t is
(k, k + 1), then (k − 1, k), (k, k + 1) or (k + 1, k + 2) may be selected at time t + 1, more
formally,
N
X
−1≤
k · (vj,k (t + 1) − vj,k (t)) ≤ 1
(2.26)
k=1

for all time instances t < g and all links j.
Overall, the kinetic optimization problem (2.20) with velocity constraints for the mass
center (2.19) or the time optimization problem in (2.21) and (2.22) with the arrival constraint (2.23) is to be solved subject to: the obstacle avoidance according to the new formulation (2.24) and (2.25), the linear inequality approximation of the kinematic quadratic
constraints (2.10-2.12), as well as the dynamic constraints (2.13) and (2.26). This optimization problem can also be solved by existing tools for mixed integer linear programming.
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2.3.2 3-Dimensional Case
Based on the theorem for R2 , the enhanced formulation is further extended to the 3dimensional space (R3 ), which can also drastically reduce the number of binary variables.
The theorem has been presented in [41].
Firstly, some basic concepts are introduced from the theory of linear programming [121]:
Let the polyhedron P be given by P = {z ∈ Rm |A · z ≤ b}, where A ∈ RN ×m and
b ∈ RN . The system A · z ≤ b is redundant if one of its scalar inequalities is implied by the
others, and non-redundant, otherwise. The polyhedron P itself as well as any intersection
of P with one of its supporting hyperplanes is called a face of P. A face containing a
single point is called a vertex, and each compact one-dimensional face is called an edge.
A face of maximal dimension among the faces of P that are different from P is called a
facet, and a face that does not contain any other face of P is said to be minimal. Finally,
P is full-dimensional if its interior is non-empty, and P is simple if each of its vertices is
contained in exactly m facets of P.
Theorem 2.2. Let P = {z ∈ R3 |A · z ≤ b} be a full-dimensional, simple polyhedron,
A ∈ RN ×3 , b ∈ RN , N > 2, and assume that the system A · z ≤ b of linear inequalities is
non-redundant. Let x, y ∈ R3 , x 6= y. Then, exactly one of the following two statements
holds.
1. The line segment defined as Jx, yK joining x and y intersects the interior of P.
2. There exists a one-dimensional face E of P with the following property: If f1 , f2 ∈
{1, . . . , N } are (the uniquely determined) indices that satisfy
E = {z ∈ P | Af1 · z = bf1 , Af2 · z = bf2 } ,

(2.27)

then for each point p ∈ Jx, yK it holds that
Af1 · p ≥ bf1 or Af2 · p ≥ bf2 .

(2.28)

The proof of the theorem can be found in A.2.
A direct application of the above result shows that in order to avoid collision it suffices
to introduce two constraints
Af1 (E) · psj (t) ≥ bf1 (E) + (vj,E (t) + wj,s (t) − 2)M,
Af2 (E) · psj (t) ≥ bf2 (E) + (vj,E (t) − wj,s (t) − 1)M

(2.29a)
(2.29b)

for each one-dimensional face E of the obstacle P, each link j, each particle s associated
with link j, and each time t ∈ {0, . . . , g}, plus a constraint
X
vj,E (t) = 1
(2.30)
E

for each j and t, where the sum is over all one-dimensional faces E of P. Here,
vj,E (t), wj,s (t) ∈ {0, 1} are binary variables to be introduced in the MILP as decision
variables, and for each one-dimensional face E of P, f1 (E) and f2 (E) denote the uniquely
determined indices that satisfy 2.27.
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In the above formulation (2.29-2.30), the binary variable vj,E (t) can be seen as selecting
a pair of adjacent facets of the obstacle P that share a common edge, rather than a facet of
P as with the formulation in Section 2.2.2, and the binary variable wj,s (t) selects one of the
facets of the already selected pair. Indeed, (2.29a) is only enforced if vj,E (t) = wj,s (t) = 1,
and (2.29b) is only enforced if vj,E (t) = 1 and wj,s (t) = 0.
Similar as in the 2-dimensional space, the crucial point here is that v does not anymore
depend on the particle index s, which greatly reduces the number of binary decision variables. In fact, the number of binary variables introduced for the purpose of formulating
collision avoidance constraints is
n · (g + 1) · (S̃ + Ne )
in contrast to
n · (g + 1) · S̃ · N
for the method of Section 2.2.2, where Ne (instead of N in 2D) denotes the number of
one-dimensional faces of P.

2.4 Computational Results
In this section, the proposed method with the original and with the enhanced formulations
in 2D and 3D are tested and evaluated by the application to varying scenarios.

2.4.1 Results with the Original Formulation
The method with the original formulation is applied to a 2-link robot arm. Different
scenarios are considered to account for the cases of static obstacles (with different velocity
limits for the joint actuators and the end effector in two different regions) and of moving
obstacles. The optimality criterion of the average kinetic energy in (2.20) is used, as well
as of the transition time in (2.21), (2.22), and (2.23). The results shown here are only for
validation of the method and the methods are implemented in Matlab. The evaluation
of real-time(online) computability of the methods will be mainly described in Chapter 5
within the predictive control scheme7 , some evaluation will be described in Section 2.4.2.
Implementation
To model the mixed integer optimization problem, AMPL is employed, which is a widely
applied optimization modeling language interfaced to a variety of solvers [54]. The parameters of the optimization and the description of the obstacles are defined in Matlab [87] and
are converted into the AMPL data file through an AMPL-Matlab interface. After loading
the model and data file, AMPL calls the mixed integer programming solver CPLEX [64] to
perform the optimization. The result is saved as ASCII file and can be loaded in Matlab
for visualization. Parameters for tuning the optimization in CPLEX are set as default
values.
7

Feasibility study of the receding horizon strategy to generate the collision-free on-line optimal trajectory
for articulated manipulators under dynamic environments can be found in [33].
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Minimization of Average Kinetic Energy with Varying Speed Limits and Static
Obstacles
A scenario of the 2-link robot with two static obstacles is considered here. Both obstacles
are modeled as squares of size 0.05 m × 0.05 m. One is located at [0.45, 0.15]T m, the other
one at [0.4, 0.35]T m. The transition time is discretized into g = 10 steps, and the duration
of each step is set to ∆t = 0.1s. To ensure the obstacle avoidance of the links, 10 particles
are taken with equal distribution on each link, and their obstacle avoidance constraints
are included in the optimization problem. The length of the two links are both 0.3 m and
their masses chosen to be 1 kg. The mass center of each link lies in its midpoint.
The base of the robot is rooted in the origin. The initial relative joint angles for the two
joints are [0, 0]T rad. At the end of the motion, it should reach [π/2, π/4]T rad. The motion
of the robot should conform to different velocity constraints in the two different regions
shown in Figure 2.5. In this application, the workspace is divided into two halfspaces by
the plane C · z = 0 with C = [1, −1]. In the halfspace C · z < 0, the absolute values
of Vmax (velocity of the joint position) for the two joints and the end effector are set to
[0, 0.7, 1]T m/s and to [0, 1, 1.5]T m/s in the other halfspace given by C · z ≥ 0.
With respect to the optimality criterion specifying the average kinetic energy (2.20),
the optimized path of the robot is shown in Figure 2.5, where the two rectangles with
solid lines mark the two obstacles and the two rectangles with dashed lines are the safety
margins around the corresponding obstacles. Because of the discrete time setting used in
the planning problem, the path connecting two subsequent steps may pass through the
obstacle what would be safety critical. Hence, the obstacles are enlarged depending on the
values of Vmax , ∆t, the number of particles, and the length of the links. The solver CPLEX
for mixed integer linear programming found the solution in 133 s on a 2 GHz CPU.
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Figure 2.5: Optimized trajectory of a 2-link robot among static obstacles with varying speed
limits for minimization of the average kinetic energy.

29

2 Path Planning for Robotic Manipulators
Minimization of the Transition Time and Static Obstacles
In the scenario of minimizing the transition time, namely the optimal criterion given by
(2.21), two static obstacles are represented by the rectangles with solid lines surrounded by
their safety margin (rectangles with dashed lines) as shown in Figure 2.6. The optimized
trajectory for this case (which does not include a variation of the velocity limits over
different regions) are obtained for a time step ∆t = 0.1 s and a planning horizon of 25 steps.
The maximal velocities for the two joints and the end effector are set to [0, 0.4, 0.6]T m/s.
The other parameters are set the same as in the previous scenario. The motion completed
within 14 steps, namely 1.4 s. The solver CPLEX for mixed integer linear programming
found the solution in 100 s on a 2 GHz CPU.
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Figure 2.6: Optimized trajectory of a 2-link robot among static obstacles for minimization of
the transition time.

Minimization of Average Kinetic Energy Considering Moving Obstacles
In this scenario, the method is applied to the case with a moving obstacle. The whole
motion is discretized into g = 20 steps, with a constant time step interval of ∆t = 0.1 s.
The initial and goal settings are the same as in the above case. During the motion of the
robot, the safety margin of the obstacle, which is a 0.1 m × 0.1 m square moves from the
position [0.05, 0.55]T m to [0.45, 0.15]T m with a uniform velocity. The maximal absolute
velocities of the joints are set to Vmax = [0, 0.4, 0.6]T m/s for the whole workspace.
In order to save computation time, four equally distributed particles on each link are
considered for obstacle avoidance. The other parameter settings are the same as in the
first scenario.
The cost criterion is chosen as the average kinetic energy (2.20), and the optimal solution
was found in 227 s. A series of plots in Figure 2.7 shows the optimal path of the robot
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and the movement of the obstacle from the start time t1 to the goal at t20 . (The shown
rectangle marks again the safety area around the obstacle.)
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Figure 2.7: Optimized trajectory of a 2-link robot with a moving obstacle.

Discussion
The two optimality criteria lead to significantly different optimal paths as shown in Figure
2.5 and Figure 2.6. For the case of minimizing the average kinetic energy, the computation
times for different numbers of particles (which are equally distributed on the links) and for
different discretization steps from the start to the goal are given in Tab. 2.2. The results
show that the computation time depends critically on the varied parameters. In addition,
the positions of the particles also affect the computational effort, as it can be concluded
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from the fact that the computation time with 4 equally distributed particles is longer than
for the case with 6 equally distributed particles. Since the solver is not open source, it is
suspected that the particle positions modify the heuristics used in the solver which can
not be user specified. It leads to the affection.
Table 2.2: Computation time (seconds) for different numbers of particles per link and for
different numbers of discretization steps.
❤❤❤❤

steps
❤❤❤Discretization
❤❤❤❤
❤❤❤❤
Particles per link
❤❤
❤

10

12

2
4
6
8

15
52
46
332

23
121
77
265

❤❤❤❤

The following observations can be derived from the results in addition:
• The shape, the position, and the dynamics of the obstacles affect the computation
time.
• For minimizing the average kinetic energy, the overall time and discretization steps
were fixed in the optimization. In the case of a small range of velocity limits, the
overall time and the discretized steps shall be carefully selected in order to guarantee
the feasibility of the problem.
• Since the method discretizes the planning problem, optimized trajectories to circumvent a corner of the safety area are relatively often observed, e.g., from Figure 2.7(e)
to Figure 2.7(f). This problem can be resolved by enlarging the obstacle like shown
in Figure 2.5 and 2.6 or by decreasing the maximal allowable velocity what increases
the transition time and also the computation time.
• It can be observed that obstacles may collide with the robot in between two adjacent
particles on the links if the distance between particles is chosen too large. The particles should be carefully chosen depending on the size of obstacles (like the distance
between two particles should be selected shorter than the shortest border length of
the obstacle), the interaction parts of the robot with obstacles, etc.

2.4.2 Results with the Enhanced Formulation
The results with the proposed geometric theorems in 2D and 3D are shown in this section,
as well as the comparison with the results using the original formulation.
2D Case
In this section, the proposed method is applied to solve time-optimal motion planning
problems for 2- and 3-link robotic manipulators in the plane, in the presence of polyhedral
obstacles, and its performance is compared to that of the method in Section 2.2.2.
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For the 2-link scenario in Figure 2.8, which is the basis of the computational results
presented as below, the sampling time is ∆t = 0.2, the link length is 0.3, and the bounds
on the velocities in the workspace of the middle joint and the end effector are 0.2 and 0.3,
respectively. The end effector is to be driven to the goal set G = [0.19, 0.21] × [0.49, 0.51]
from the initial position determined by z1 = (0, 0)T (base joint), z2 = (0.3, 0)T (middle
joint), and z3 = (0.6, 0)T (end effector). The more challenging 3-link, 3-obstacle scenario
is illustrated in Figure 2.9.
The method proposed in this thesis is capable of planning the motion of discrete time
only. However, the resulting motion can be forced to satisfy the constraints between the
sampling instants if the method is applied to a robust version of the original specification,
e.g., [50]. For the scenarios considered here, such a robust version is obtained by enlarging
the obstacles by a suitable safety margin, see Figure 2.8 and Figure 2.9. That margin
is chosen to additionally account for the error made by approximating the link length
constraint (2.9), the error made by approximating collision avoidance constraints with the
help of particles, as well as the link width. The motion of the manipulator, as obtained from
the developed method in Section 2.3.1, is illustrated in Figure 2.8 and Figure 2.9. While
there is a potential collision with the safety margin around P1 in between two sampling
instances in the 3-link scenario, there never is a collision with the actual obstacle (dashed
line). Additionally, the zig-zag behavior of the end effector, shown in Figure 2.9, is caused
by the time-optimal criterion with box constraints on velocity.
The method is also applied to an industrial robot (Mitsubishi RV-3SDB)8 . The scenario
is reproduced shown in Figure 2.8 by using the 3rd and 5th joints. The position of joint 3
represents the base joint. The straight line between joint 3 and 5, as well as the line between
joint 5 and the end effector including an added gripper, represent the first and second
links, respectively. They have the same length. According to the inverse kinematics, the
optimized trajectory for each joint zj (t) with j ∈ {1, 2, 3} in the workspace is transformed
to the joint angular positions q1 (t) and q2 (t) with q1 (t), q2 (t) ∈ [0, π]. An embedded lowlevel controller of the robot was used to track the computed angular positions over time.
The measured trajectory of the end effector is shown as the green dotted line in Figure
2.8. It does not exactly but almost follow the computed trajectory because of the problem
approximation. However, there is no collision with the actual obstacle because the safety
margin has considered this issue.
The method proposed in Section 2.3.1 and the method in Section 2.2.2 were both implemented using the Optimization Programming Language OPL in CPLEX Optimization
Studio 12.2 and run on a single thread of an i5-CPU with 2.67 GHz clock rate. Here, the
quadratic constraints of each link length are approximated by two inscribing and circumscribing polyhedra of 6 faces each, see Section 2.2.3. The ‘big-M method’ of Section 2.2.2
is applied with M = 100, and the horizon g = 15 is used.
The results presented in Figure 2.10 show that the MILP formulation proposed in the
present paper drastically reduces the number of binary decision variables. In addition, the
number of simplex iterations9 , which is a good measure for the computational effort, has
been reduced by roughly a factor of 20010 . Specifically, for S = 20 particles, the solution
was determined within 12 s, and for S = 4 and g = 7, within 0.13 s.
8

A description of the robot is illustrated in Chapter 4.
In CPLEX, the iteration stops when the difference between the costs for the best and the next-best
vertices of the feasible region is smaller than a predefined threshold.
10
The settings for the original and enhanced formulations are the same.
9
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Figure 2.8: 2-link robotic manipulator interacting with an obstacle (- -) that is enlarged by
a safety margin (—). The initial and the final configurations are shown in red, and the
computed motion of the end effector is illustrated by a sequence of arrows. The trajectory
shown in green represents measured positions of the end effector of an industrial robot.
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Figure 2.10: Number of binary variables in the MILP (left) and of simplex iterations (right),
as a function of the number S̃ of particles per link for the 2-link robot. (• corresponds
to the enhanced method proposed in Section 2.3.1, and ◦, to that from the method in
Section 2.2.2).

3D Case
The proposed method in Section 2.3.2 is applied to a 2-link robotic manipulator in R3
interacting with two and three obstacles, respectively. Its performance is compared to
that of the method in Section 2.2.2.
For the 2-link scenario in Figure 2.11, the robotic manipulator interacts with two obstacles. One of them is the 8-face polyhedron P shown in Figure 2.11, and the other obstacle
is represented by the constraint zj ≥ −0.2 for j ∈ {1, 2}.
The computational results are based on the following parameters. The sampling time
is ∆t = 0.2, the link length is 0.3. The bounds on the velocities of the middle joint and
the end effector are 0.2 and 0.3, respectively. The end effector is to be driven to the goal
region G = [0.19, 0.21] × [0.49, 0.51] × [−0.01, 0.01] from the initial position determined
by z1 = (0, 0, 0)T (base joint), z2 = (0.3, 0, 0)T (middle joint), and z3 = (0.6, 0, 0)T (end
effector). Particles are equally distributed on each link, which include the end effector of
the corresponding link.
As mentioned before, the method proposed in this thesis is capable of planning the
motion of discrete time only. However, the resulting motion can be forced to satisfy the
constraints between the sampling instants if the method is applied to a robust version
of the original specification, e.g., [50]. For the scenario considered here, such a robust
version is obtained by enlarging the obstacles by a suitable safety margin, which is shown
as the larger polyhedron in Figure 2.11. That margin is chosen to additionally account
for the error made by approximating the link length constraint (2.9), the error made by
approximating collision avoidance constraints with the help of particles, as well as the error
made by neglecting the links’ width.
The method proposed in Section 2.3.2 and the method in Section 2.2.2 were both implemented in C++ using Concert Technology libraries in CPLEX Studio Academic Research
12.2 and run on a single thread of an i5-CPU with 2.67 GHz clock rate. In order to separate the effects of different MILP formulations from disclosed heuristics that are built-in
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Figure 2.11: A 2-link robotic manipulator interacting with a 8-face obstacle P. The final
configurations are shown in blue, and the computed motion of the end effector which
reaches the goal within 12 steps, is illustrated by a sequence of green dashed line segment.
to CPLEX, the MIP Strategy Probe 11 is turned off. The quadratic constraints of each link
length are approximated by two inscribing and circumscribing polyhedra of 14 faces each,
see Section 2.2.3. The ‘big-M method’ of Section 2.2.2 is applied with M = 100. The
horizon g = 14 was used, and the goal could be reached within 12 steps.
The results presented in Figure 2.12 show that the MILP formulation proposed in Section 2.3.2 drastically reduces the number of binary decision variables. In addition, the
computation time has been reduced in most of the cases, especially when the number of
particles is large.
A more challenging scenario of a 2-link robot with 3 obstacles of 6 faces each is illustrated
in Figure 2.13. A prediction horizon of g = 16 is chosen, and the goal is reached at the
15-th step. Specifically, for S = 5 and g = 9 in this scenario, the solution was determined
within 0.497 s using 4 threads.

2.5 Summary
Path planning scenarios with polyhedral obstacles and velocity constraints for the joint positions of the robotic manipulator are considered in this chapter. The resulting non-convex
optimization problem is approximated by a mixed-integer linear program (MILP). Comparing to the original formulation, the enhanced formulation in R2 and R3 whose application
drastically reduces the number of binary decision variables in the MILPs. In addition,
11

Probe determines the extent by which variables should be probed prior to the branching phase. Depending on the particular optimization problem, that option may have a dramatic influence on the solution
time [65]. To the knowledge of the author it is caused by unknown heuristics built in CPLEX.
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Figure 2.12: Number of binary variables in the MILP (top) and the computation time (down),
as a function of the number S̃ of particles per link for the scenario of the 2-link robot
interacting with the 8-face obstacle. (• corresponds to the methods proposed in Section
2.3.2, and ◦, to that from the method in Section 2.2.2).
the computation time for the MILP solution is reduced in R2 and in most cases12 in R3 ,
especially with larger number of particles, over the method with the original formulation.
Further tests in 3D have shown that the computational effort may vary widely even
for scenarios that look quite similar. In addition, if all the powerful built-in heuristics
are used, CPLEX often shows an excellent performance regardless of any specific MILP
formulation, especially if the number of particles is small.13 In this thesis, the algorithms
12

For small number of particles, namely 2, 3, 4, 6, and 7 in Figure 2.13(b), computation time for original
formulation is faster. The author thinks it is because of unknown heuristics built in CPLEX.
13
The enhanced formulation provides a dramatically reduced number of binary variables in the optimization. Therefore, the author believes with a better understanding and possible tunning of the unknown
built-in heuristics in CPLEX the computation time in R3 can be further decreased.
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of reducing the number of binary variables with some but not all of the aforementioned
built-in heuristics have been combined. The results on 2D planning problems show that a
combination with a larger set of built-in heuristics leads to even more impressive reductions
in computational effort.
The next step is to generate the path of the robotic manipulator online with identification
of dynamic obstacles (like human operators to be discussed in Chapter 3) from measured
data. The computation times for different scenarios with the enhanced formulation have
partially shown the online computability of the proposed methods, where most of the cases
the computation time is below 1 s. It partially indicates that the solution performance
is sufficient for application within the HRI-scenario. The computation will be further
accelerated by using the moving horizon scheme known from model predictive control
rather than optimizing at once over the complete time span required to reach the goal. It
will be further discussed in Chapter 5.
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Figure 2.13: A 2-link robotic manipulator interacting with 3 obstacles.
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3 Human Motion Modeling and Prediction
Path planning for robotic manipulators for HRI has been described in the previous chapters. This planning problem can be solved by a variety of methods like the proposed
method in the previous chapter, provided that the safety-relevant region F (t) is available.
The subject of this chapter is the efficient generation of the safety-relevant region F (t),
specifically the modeling and long-term prediction of the motion of a human arm for the
purpose of planning the motion of robots. One challenge is that human operators tend
to follow different motion patterns, depending on several factors such as intentions and
the structure of the environment. Such problem is to be solved here using a probabilistic
framework and reachability analysis. The practicability of the developed method is demonstrated by successfully and accurately predicting the motion of a human arm in different
scenarios involving multiple goals and multiple motion patterns.

3.1 State of the Art
For scenarios of robotic manipulators interacting with human operators in a shared
workspace, it is of paramount importance to avoid collision and to guarantee safe interaction. Thus, a safety-relevant region, i.e. a region of the workspace which is possibly
occupied by a human, need to be predicted and excluded from the free workspace in which
robot trajectories are planned. It should be stressed that it is in general not sufficient in
specific scenarios to only compute the most likely or expected human positions, namely
prediction in the form of single points, but the nondeterminism in human behavior must
be accounted for. Moreover, for HRI methods for online adaptation of models of human
motion and for predicting human motion within a planning horizon are important in this
context.
Based on the captured data of human behavior through a sensor device (e.g., camera, visual marker), a class of deterministic methods feeds the data into a mathematical
model of the human motion in order to estimate its future state (e.g., position, velocity) [21, 22, 53]. Previous motion prediction techniques are based on kinematic or dynamic
models [9, 11, 67, 142] that describe how the position of the human evolves over time when
it is subject to a given control (e.g., acceleration). These approaches proceed by estimating the state and then applying the estimate to its motion equations in order to get the
predictions. These techniques can produce good short-term predictions, like one or up to
five sampling times in discrete time (or called steps) in the future. However, their performance degrades quickly when long-term prediction (more than five steps) is required.
Additionally, humans tend to modify their trajectory/behavior according to different factors, i.e. perception, internal state, intentions, etc., which cannot only be described by
their kinematic or dynamic properties. Additionally, the main challenge of the modeling
and prediction is the consideration of a diversity of complex factors of human operators.
Thus, most current research focuses on implicit modeling methods instead of explicitly modeling such factors. Based on the assumption that humans tend to follow motion
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patterns, the probabilistic framework of Hidden Markov Models (HMMs) has been proposed [17, 18, 63, 145]. The HMM with hidden states is chosen instead of a Markov model
because (1) the states like human positions might not be at the position of the position
measurements; (2) the states like human velocity and/or the acceleration might not be
measurable or derivable. This choice seems to be sensible because uncertainties are intrinsically involved in prediction, and complex factors of human behavior such as perception
of the environment and intentions cannot be adequately described by purely deterministic models. In contrast, HMMs have been demonstrated to be capable of capturing the
stochastic nature of human behavior including aspects of intention, e.g., of pedestrians,
and also reflect the fact that there usually exists a finite, situation dependent selection
of typical human behaviors (motion patterns). In fact, in addition to a probabilistic description of specific motion patterns, HMMs also adequately describe stochastic transitions
between different patterns.
In general, the HMM approach mainly operates in two phases:
1. Identification phase, where an HMM is built by observing the motion of human
operators and subsequently identifying and representing motion patterns.
2. Prediction phase, where the HMM is used to predict human behavior and yields probability density functions (p.d.f.s) for the position of the human at future instances
of time.
In contrast to traditional HMMs, a time-evolving HMM for building human motion
model, namely Growing Hidden Markov Model (GHMM) [135], is applied for the generation of the safety-relevant region. GHMMs enable to incrementally and online adapt
not only the parameters but also the structure of the HMM based on newly generated
sequences of data, especially if nonexistent patterns/trajectories of human motion occur.
Experimental data are recorded from perception devices in a certain scenario. Based on
the data, the Instantaneous Topological Map (ITM) [69] algorithm is applied for building
the structure of the HMM, namely a topological map with consideration of different motion
patterns. Afterwards, the parameters of the HMM, i.e. transition probability, initial state
probability, and observation/output probability density function, are computed a-prior.
For identification of the HMM parameters, the incremental Baum-Welch algorithm [13] is
selected because the parameters can be computed fast and with good approximation by
the algorithm. In the prediction phase, according to the current measurement of position
of the human operators, the future probability density distribution in the workspace is
computed. The model does not force that the state of human is always accessible directly.
Alternatively, there is an observation probability attached to each state, which represents
the probability for a given observation. Transitions between different states, which are
attached to all edges of the graph (HMM), are not deterministic either.
Based on the GHMMs, a method is proposed in this thesis for computing safety-relevant
regions of the workspace which will be discussed in Section 3.2.1 and 3.2.3. In contrast to
previous approaches, which derive predictions from the p.d.f.s in the form of single points,
such as most likely or expected human positions, the proposed method computes the region
F (t) of the workspace that is possibly occupied by the human at future instances of time.
This safety-relevant region can subsequently serve as safety constraints when motion is
planned or optimized. This way, one arrives at motion plans that are safe, i.e. plans that
avoid collision with a probability not less than a predefined threshold.
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However, GHMMs can only be updated once a trajectory sequence is completed. That
is, when the human motion follows an unknown pattern, the prediction obtained from
the current HMM is usually useless until the motion has been completed such that the
HMM can be updated – this may lead to performance degradation and safety issues. The
latter problem is to be avoided by an enhanced method combining HMM-based prediction
with reachability analysis of the dynamically feasible behavior of the human operator. It
will be illustrated in Section 3.3. This analysis is based on the dynamic limits of human
motion such as velocity and acceleration limits including measurement errors. Based on
the proposed method, the predicted safety-relevant region of the workspace can be computed online by combining the probabilistic model and reachability analysis with a given
probability threshold.

3.2 Generation of Safety-Relevant Regions
The motion planning problem of robotic manipulators is formulated as the optimization
problem (1.1) (or (2.1) if in the workspace). Optimization problem (1.1) is formulated in a
discrete time setting because capturing the raw data by camera systems and controlling of
robotic manipulators has to adhere to the hardware frequencies. In order to still guarantee
safety everywhere in between the sampling instants 0, 1, . . . , g, dynamic properties of the
human and the robot such as velocity bounds can be used to tighten the constraints (1.1e)
and (1.1d), respectively [50] [86, Section 5.3.4].
It is emphasized that the optimization problem (1.1) is special in that the set F (t), which
enters the constraint (1.1e), is assumed to be known a-priori for all t ∈ {0, 1, . . . , g}. Since
F (t) has to be determined online, a more sophisticated formulation of problem (1.1) would
take into account the fact that F (t) is only known from time t to a limited period of H
time steps, i.e. for the prediction horizon t + 1, . . . , t + H with the prediction horizon H.1
However, regardless of the specific formulation of the motion planning problem, predicting
the set F (t) for some future times will always be necessary in human-robot interaction
scenarios. It is precisely this prediction problem which is investigated in this chapter.
Accordingly, iterative generation of F (t) from t + 1 to t + H in discrete-time, based on the
current observation O(t), is the problem to be solved in this chapter.

3.2.1 Probabilistic Framework of Hidden Markov Models
As mentioned before, the HMMs have been demonstrated to be capable of capturing the
stochastic nature of human behavior including aspects of intention, as well as to describe
stochastic transitions between different motion patterns. Furthermore, the hidden states
are used to represent the states (like human positions) not measurable/observable and the
states (like human velocity and/or the acceleration) not measurable or derivable.
The Hidden Markov Model (HMM) used in the thesis is defined as below. More details
of HMM can be found in [108, 109].
Definition 1. The HM M = (S, Ā, S(0), O, P (O|S)) is defined with:
1

H can be chosen as the time steps g defined in the previous chapter, but not necessarily. If H ≡ g, it
indicates that the goal G can be reached within the given time horizon.
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• S(t): stochastic state variable S(t) ∈ {S1 , S2 , . . . , SÑ } = S ⊂ R6 at time t. S(t) is
defined in R6 , including a human position, human velocity derived from the position
value over time. The state may also include the acceleration of human motion, which
is not directly visible. In this case S(t) is defined in R9 . Ñ denotes the number of
states.
• Ā ∈ RÑ ×Ñ : transition probability matrix whose entry aij in row i and column j is
given by aij = P ([S(t + 1) = Si ]|[S(t) = Sj ]).


P (S(t + 1) = S1 )
 P (S(t + 1) = S2 ) 


P (t + 1) = 
(3.1)

..


.
P (S(t + 1) = SÑ )

 

a11 a12 . . . a1Ñ
P (S(t) = S1 )
 
 a21 a22 . . . a


2Ñ   P (S(t) = S2 ) 
=  ..

..
..
..  · 
..
 .

.
.
.  
.
aÑ 1 aÑ 2 . . . aÑ Ñ
P (S(t) = SÑ )
|
{z
}
Ā

• Initial state probability:

P (S(t = 0)) = [P (S(t = 0) = S1 ), P (S(t = 0) = S2 ),
. . . , P (S(t = 0) = SÑ )],

(3.2)

where each element contains the initial probability for the corresponding discrete state
at time t = 0.
• Observation variable O(t) ∈ O = R6 .
• Observation probability density function:
P (O(t)|[S(t) = Si ]) = G(Ot ; µi , Σ)

(3.3)

is represented by a Gaussian distribution for every discrete state Si . µi is the mean
value of each distribution, namely µi = Si . All discrete states have the same
covariance matrix Σ. The set of all of the Gaussian parameters are denoted by
{Σ, µ1 , . . . , µN }.
The full set of parameters for the HMM is λ = {P (S(t = 0)), Ā, Σ, µi }, which is computed based on the sequences of observations O1:T . The identification of the HMM structure and parameters, as well as the time-varying adaptation of the HMM will be briefly
described in the next section, more details can be found in [135].

3.2.2 Model Identification and Prediction
The proposed method of modeling and predicting human motion, and particularly, of
determining safety-relevant region F (t), consists of the following steps:
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1. Based on a set of experimental data the Hidden Markov Model (HMM) is identified,
see also Figure 3.2.
2. According to the current observation O(t), a conditional probability density function
G for reaching a position at future time instants t + r with r ∈ {1, . . . , H} in the
workspace is determined.
3. Safety-relevant regions in the workspace F (t + r) with r ∈ {1, . . . , H}, which contain
the positions possibly occupied by the human operator at future times, are determined, as depicted in Figure 3.3.

Start
3rd

2nd

z2

1st
Goal
z1

Figure 3.1: Schematic example of three different motion patterns from start to goal.

O(t)
Start
P (O(t)|S(t))

State S(t) = Sj

P (S(t = 0) = Sj )
aij
Goal

Figure 3.2: Schematic example of modeling different motion patterns using an HMM. (Symbols are defined in Definition 1.)
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O(t)
Start
P (O(t + r) = On |O(t))
F (t + r)

Goal

Figure 3.3: Schematic example of generation of a safety-relevant region F (t + r).
Start

O1:T

Goal

Figure 3.4: Update of the HMM structure and parameters when a new sequence of observation
O1:T with T the duration of the observation.
When a new sequence of observation O1:T with the duration T 2 (a sequence of observations from t = 1 to t = T ) of the observation is captured (depicted in Figure 3.4), the
model is updated as follows:
i) update a topological map based on the observation sequence,
ii) update the HMM structure using the topological map, and
iii) identify parameters of the HMM.
This procedure is embedded in Step 1) mentioned above.
Structure and Parameter Learning
Based on the experimental data, the HMM model/structure with its parameters is learned
according to the following three steps:
2

Duration refers to the time of one trajectory of human behavior from the start to the goal.
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1. Heuristics of the structure adaptation: In order to represent the motion patterns
by a HMM, a basic structure called a topological map is built based on experimental data.
A topological map (‘Instantaneous Topological Map’, (ITM) [69]) is a graphical network,
consisting of nodes and edges linking the nodes. For each observation O(t) in O1:T , the
topological map is updated using the ITM algorithm, which mainly consists of the following
3 steps:
i) Matching: find the nearest (c) and second nearest (s) nodes to one observation O(t).
The Mahalanobis distance is used:
d2Σ (c, s) = (c − s)T ΣT (c − s)

(3.4)

with Σ being again used as the covariance matrix in (3.3). Σ is assumed to be the
same for all notes initially.
ii) Edge adaptation: The idea of this step is to insert an edge between the best and
second nodes if there is no connection.
a) create an edge between c and s unless that edge exists, b) check every neighbor m
of c, if d(m, c) > d(m, s) delete the edge (m, c), and connect (m, s).
iii) Node adaptation: create a new node if the distance from c to the observation O(t) is
larger than a given threshold. The threshold is defined by the average Mahalanobis
distance between neighboring nodes.
2. HMM structure adaptation: The structure of the model is then adapted according
to the updated topological map:
i) Add a new state S to the set S in HMM for every newly added node in the topological
map.
ii) Put an initial value (like 0.5) into the transition matrix Ā for every newly added edge
in the topological map.
iii) For all deleted nodes and edges, set the corresponding values to 0 in the transition
matrix.
3. Parameter Adaptation: From the structure adaptation of the HMM Σ is assumed to
be the same for each state. The initial state probability P (S(t = 0)) and the transition
matrix Ā are to be computed using the Baum-Welch algorithm with the following steps
(details can be found in [93, 135]):
i) Normalize the initial state and transition probabilities.
ii) For every discrete state, re-estimate the state probability.
iii) Re-estimate the transition probability matrix Ā.
Finally, the parameters λ = {P (S(t = 0)), Ā, b} are computed.
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Model-Based Prediction
The HMM is created according to the algorithms for structure and parameter learning
mentioned above. The prediction based on the generated HMM is defined as below, also
see in [135].
Definition 2. Given a new observation O(t) at current time t, the conditional probability
density function with a given point On in the observation space at time t+r, r ∈ {1, . . . , H},
denoted by P (O(t + r) = On |O(t)), is defined as:
P (O(t + r) = On |O(t)) =
where
y(O(t + r) = On |O(t)) =

Ñ
X

y(O(t + r) = On |O(t))
R
,
y(τ
|O(t))dτ
n
R

(3.5)

P (S(t + r) = Si |O(t)) · P (O(t + r) = On |S(t + r) = Si ),

i=1

and P (O(t + r) = On |S(t + r) = Si ) is defined by (3.3) with the state index i and
Si ∈ {S1 , . . . , SÑ }. The hidden states are updated by the structure adaptation and the
value of each state by parameter adaptation. P (S(t+r) = Si |O(t)) is given by the following
equation:
P (S(t + r) = Si |O(t))
=

Ñ
X

P (S(t + r) = Si |S(t + r − 1) = Sj ) · P (S(t + r − 1) = Sj |O(t))

j=1

=

Ñ
X

aij · P (S(t + r − 1) = Sj |O(t)),

(3.6)

j=1

where j is another state index. P (S(t+r−1) = Sj |O(t)) is computed iteratively backwards
down to r = 1:

P (S(t + 1) = Si |O(t)) =

Ñ
X

P (S(t + 1) = Si |S(t) = Sj )P (S(t) = Sj |O(t))

j=1

=

Ñ
X

aij P (S(t) = Sj |O(t)),

j=1

where P (S(t) = Sj |O(t)) is given by the following equation:
ỹ(S(t) = Sj |O(t))
.
P (S(t) = Sj |O(t)) = P
Ñ
ỹ(S(t)
=
S
|O(t))
j
j=1

Here, ỹ(S(t) = Sj |O(t)) is defined as:
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(3.7)
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ỹ(S(t) = Sj |O(t))
=P (O(t)|S(t) = Sj ) ·

Ñ
X

P (S(t) = Sj |S(t − 1) = Sk ) · P (S(t − 1) = Sk |O(t − 1))

k=1

=P (O(t)|S(t) = Sj ) ·

Ñ
X

ajk · P (S(t − 1) = Sk |O(t − 1)),

k=1

where P (S(t − 1) = Sk |O(t − 1)) results from the state estimation and normalization in
the previous time step with another state index k. This can be computed iteratively down
to the starting time of the observation at t = 1 as:
P (S(t = 1) = Sk |O(t = 1))
ȳ(S(t = 1) = Sk |O(t = 1))
=P
.
Ñ
1)
=
S
|O(t
=
1))
ȳ(S(t
=
k
k=1

It is:

(3.8)

ȳ(S(t = 1) = Sk |O(t = 1))
=P (O(t = 1)|S(t = 1))
·

Ñ
X

(P (S(t = 1) = Sk |S(t = 0) = Sp ) · P (S(t = 0) = Sp |O(t = 0)))

p=1

=P (O(t = 1)|S(t = 1)) ·

Ñ
X

akp · P (S(t = 0) = Sp |O(t = 0)),

p=1

where P (S(t = 0) = Sp |O(t = 0)) = P (S(t = 0)) can be computed according to (3.2).

3.2.3 Generation of Safety-Relevant Region using Probabilities
As a result, for any given point On in the observation space, the conditional probability
P (O(t + r) = On |O(t)) of reaching the point On at future time t + r with respect to the
current observation O(t) can be computed according to (3.5). Since the safety-relevant
region F (t) (identified to be possibly occupied position by the human operator) is defined
in the workspace, only the position information in On ∈ O is used for computing the
conditional probability density P (O(t + r) = On |O(t)).
In order to efficiently compute safety-relevant sets F (t) with a finite number of points in
the observation space, the bounded observation space within the human-robot interaction
zone is divided into D cells Qi , i ∈ {1, . . . , D},3 the centroid Od of each cell is selected for
computing the probability of located in the corresponding cell. For the sake of simplicity, it
is assumed that the probability density is constant in each cell, and (3.5) is approximated
by:
3

Selection of D in practice is dependent on the size of each cell and the overall bounded observation
space. For the HRI-setting in Chapter 5 the size of each cell is limited by the resolution of the camera
and the size of the marker.
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y(O(t + r) = Od |O(t))
P (O(t + r) = Od |O(t)) ≈ PD
.
d=1 y(O(t + r) = Od |O(t))

(3.9)

The indices {1, . . . , D} are arranged in an array w such that

P (O(t + r) = Owi |O(t)) ≥ P (O(t + r) = Owj |O(t))
whenever j > i, where wi denotes the entry at position i of w. The arrangement of cells is
depicted in Figure 3.5.
Highest probability
O wi

z2
O wj
z1

Lowest probability

Figure 3.5: Schematic example of cell arrangement according to computed probabilities.
Finally, let a threshold δ ∈ [0, 1] be given and define the safety-relevant region F (t + r)
by
F (t + r) =

ϕ
[

Q wi ,

(3.10)

i=1

where
ϕ=

min

κ∈{1,...,D}

κ
X

!

P (O(t + r) = Owl |O(t)) ≥ δ ,

l=1

(3.11)

which means that the first k cells with high probability are selected to form F (t + r) such
that the aggregated probability of these cells is just above δ. The scheme is shown in Figure
3.6. With this choice of F (t + r), the probability p of the future observation O(t + r) being
contained in F (t + r) is lower bounded by δ:
p=

ϕ
X

P (O(t + r) = Owl |O(t)) ≥ δ.

l=1

For the purpose of reducing the complexity of solving the optimal control problem in
(1.1a), the safety-relevant region F (t + r) may also be over-approximated by sets that have
a simpler structure, e.g., [130].
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Highest probability
F (t + r)

ϕ

Lowest probability

Figure 3.6: Schematic example for creation of a predicted safety-relevant region F (t+r) using
a given probability threshold δ.

3.3 Improving the Prediction Quality using Reachability
Analysis
As mentioned in previous sections, the online scheme for updating the HMMs can only
change the model when a motion pattern is completed. This leads to an inaccuracy of the
model, if a new motion pattern is encountered. A schematic example is shown in Figure
3.7 for further illustration.
Prediction based on HMM
Motion patterns

Goal

Current observation
Start
Reachable set ψ(t + r)
New behavior

Figure 3.7: Schematic example for adding reachability analysis in the probabilistic framework.
Two motion patterns for human motion are marked by solid lines from the start to the
goal. In a new motion, marked by the dashed line, the human moves along a different
path. The prediction from an intermediate point on this path can only be based on the
current observation and the HMMs, what results in the safety-relevant region represented
by the dark gray area. Clearly, this ‘safety-relevant region’ is actually not suitable. This
motivates the introduction of the reachable set ψ(t + r) to enhance the prediction. ψ(t + r)
is computed based on the current measurement (including the measurement errors for positions and velocities) and uses lower and upper bounds for the velocity and the acceleration
of human motion to conservatively approximate the attainable part of the workspace for
the prediction horizon.
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3.3.1 Online Computation of Reachable Sets
In order to increase the prediction accuracy, the computation of the reachable
set ψ(t + r) at time t + r is carried out based on the knowledge of O(t) =
(z1 (t), z2 (t), z3 (t), ż1 (t), ż2 (t), ż3 (t)) and the dynamic limits of human motion as follows.
The proposed method, also presented in [42], is based on the following reachability
result. A function γ in the reachability result represents one component of the position
vector z ∈ R3 , and for the sake of simplicity of presentation, the consideration is formulated
for a time interval [0, T ] for definition of γ.
Lemma 3.1. Let T > 0 and assume γ : [0, T ] → R is twice differentiable. Assume further
that γ fulfills the following conditions and bounds γ− , γ+ , γ̇− , γ̇+ , v− , v+ , a− , a+ are given:
(i) γ(0) ∈ [γ− , γ+ ] for some γ− ≤ γ+ ; (to model a measurement error);
(ii) γ̇(0) ∈ [γ̇− , γ̇+ ] for some γ̇− ≤ γ̇+ ; (to model a measurement/estimation error);
(iii) ∀t∈[0,T ] γ̇(t) ∈ [v− , v+ ] for some v− , v+ with v− ≤ γ̇− ≤ γ̇+ ≤ v+ , where v− and
v+ denote lower and upper bounds, respectively, on the speed of the human motion
(the velocity bounds are user-specified according to the experimental data in varying
scenarios or the physical limits of human beings);
(iv) ∀t∈[0,T ] γ̈(t) ∈ [a− , a+ ] for some a− , a+ with a− ≤ a+ , where a− and a+ denote
lower and upper bounds, respectively, on the acceleration of the human motion (the
acceleration bounds are user-specified according to the experimental data in varying
scenarios or the physical limits of human beings).
Then γ fulfills the following upper bound for all t ∈ [0, T ]:

γ(t) ≤ γ(t)upper = γ+ +

(

a+
, if a+ = 0 or
2
(v+ −γ̇+ )2
γ̇+ + 2a+ + v+ · (t

t · γ̇+ + t2 ·

t ≤ t1 =

v+ −γ̇+
a+

−

·

v+ −γ̇+
;
a+

v+ −γ̇+
),
a+

otherwise,

(3.12)

as well as the lower bound obtained from (3.12) by substituting ′ +′ with ′ −′ of γ, a and
v, and ′ ≤′ with ′ ≥′ , i.e.

γ(t) ≥ γ(t)lower = γ− +

(

a−
, if a− = 0 or t ≤ t2 = v−a−−γ̇− ;
2
−γ̇− )2
γ̇− + (v−2a
+ v− · (t − v−a−−γ̇− ), otherwise.
−

t · γ̇− + t2 ·
v− −γ̇−
a−

·

(3.13)

Therefore, the reachable set ψ(t+r) at time t+r in the future can be computed according
to (3.12) and (3.13),
ψ(t + r) := [γ̄(r)lower , γ̄(r)upper ],

(3.14)

where the interval is a subset of R3 and the vector-valued bounds γ̄lower and γ̄upper are the
vectors of the bounds (3.12) and (3.13), respectively, obtained for the three components of
the position z ∈ R3 .
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Proof The proof of the Lemma 3.1 is provided as below.
Proof. The claim follows directly from the mean value theorem if a+ = 0. So we assume
a+ 6= 0 in what follows. The claim for t ≤ v+a−+γ̇+ follows easily, and then
a+
for t1 = v+a−+γ̇+ ≤ T .
2
γ(t) ≤ γ(t1 ) + (t − t1 ) · v+ is given, which is the second inequality in (3.12).
The analysis claim for ′ ≥′ at the place of ′ ≤′ follows from consideration of −γ at the
place of γ.
Assume γ̃ := −γ, the conditions can be modified as:
γ(t1 ) ≤ γ+ + t1 · γ̇+ + t21 ·

(i) γ̃(0) ∈ [−γ+ , −γ− ];
˙
(ii) γ̃(0)
∈ [−γ̇+ , −γ̇− ];
(iii) ∀t∈[0,T ] γ̃˙ ∈ [−v+ , −v− ];
(iv) ∀t∈[0,T ] γ̃¨ ∈ [−a+ , −a− ];
According to (3.12), the following equation can be derived:

t · (−γ̇− ) + t2 · −a2− ,



 if −a = 0 or t ≤ t = −v− −(−γ̇− ) ;
−
2
a−
γ̃(t) ≤ −γ− +
−v− −(−γ̇− )
(−v− −(−γ̇− ))2

· (−γ̇− ) +
+ (−v− ) · (t −

−a−
−2a−


otherwise,

−v− −(−γ̇− )
),
−a−

(3.15)

Then −γ̃(t) ≥ −′ ∗′ with ∗ denoting the right part of (3.15), which leads to (3.13).
The bounds of the measurement/estimation error are normally from the device like the
resolution of the camera and the size of the marker. The physical limits of the velocity
and acceleration for the human motion are normally too conservative, which lead to huge
reachable sets. Therefore, the bounds selected in Chapter 5 is the assessment of separate
experimental data captured of the human motion except from the HRI setting with and
without interacting with robot, as well as according to [53] for human arm motion. The
upper and lower limits are selected as the bounds.

3.3.2 Combination of Probabilistic Models with Reachability Analysis
The crucial point about the combination of HMMs with reachability analysis for the purpose of improving the quality of prediction is the following observation:
Ordering the cell indices i = {1, . . . , D} according to (3.2.3), i.e. starting from the
highest probability cell first, prior to the computation of the safety-relevant region (3.10)
is not a prerequisite for the methods of Section 3.2.3 to work. In fact, the order (3.2.3) has
been introduced for the sole purpose of keeping the safety-relevant region (3.10) small, and
the method is justified for any order of the cell indices as long as (3.11) is fulfilled, which
implies (3.2.3). Consequently, this degree of freedom may be used to improve the quality
of prediction if additional information is available that cannot be obtained from the data
from which the HMM was built. Here it is proposed to take advantage of such additional
information by replacing the order (3.2.3) by the following one:
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Before ordering, the
S cells that intersect the reachable set ψ(t + r) are selected first. The
set of those cells is βi=1 Qi with β being the number of cells that intersect the reachable
set ψ(t + r).
Then the indices {1, . . . , β} are arranged in an array u according to the probabilities
determined before by (3.9)
P (O(t + r) = Oui |O(t)) ≥ P (O(t + r) = Ouj |O(t))

(3.16)

with β ≥ j > i ≥ 1, where ui denotes the entry at position i of u.
The indices of the remaining cells {β + 1, . . . , D} are arranged in an array v such that
their order matches the relation:
P (O(t + r) = Ovi |O(t)) ≥ P (O(t + r) = Ovj |O(t))

(3.17)

for D ≥ j > i ≥ β + 1, where vi denotes the entry at position i of v.
Finally, with a specified δ ∈ [0, 1], the enhanced safety-relevant region F (t + r) is defined
by
F (t + r) =

ψ
[

(Qui + Qvi ) ,

(3.18)

i=1

where
P

arg minκ∈{1,...,β} ( κl=1 P (O(t + r) = Oul |O(t)) ≥ δ) ,






Pβ


if

l=1 P (O(t + r) = Oul |O(t)) ≥ δ;



Pκ
ψ=
arg
min
(
κ∈{β+1,...,D}
l=1 P (O(t + r) = O

vl |O(t)) ≥

Pβ



δ − l=1 P (O(t + r) = Oul |O(t)) ,






P

if βl=1 P (O(t + r) = Oul |O(t)) < δ.

(3.19)

This new order implies that in the course of assembling the enhanced safety-relevant
region (3.18), cells intersecting the reachable set ψ(t + r) are used first, followed by some of
the remaining cells if necessary to satisfy (3.19). Hence, if the prediction that is obtained
from the HMM alone is of high quality, the safety-relevant region should be a subset of
ψ(t + r) and the effect of the new ordering is negligible. However, if an unexpected motion
pattern occurs, then the prediction that is obtained from the HMM alone is of a low quality.
In this case, the probability assigned to the cells in the reachable set will be very small,
hence the reachable set will be a subset of the computed safety-relevant region, and hence,
the latter will contain the next observation with certainty.
For the purpose of reducing the complexity of solving the optimal control problem in
(1.1a), the safety-relevant region F (t + r) may also be over-approximated by sets that have
a simpler structure, e.g., [130].
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3.4 Case Study
3.4.1 A Pick-and-Place Scenario
The method proposed in Section 3.2.3 for generating the safety-relevant region using only
the HMMs is applied to the following pick-and-place scenario of human hand motion.

Experimental Setup
Figure 3.8 describes the pick-and-place scenario. Markers are attached to the proband’s
arm joints (shoulder, elbow, wrist), whose position is captured by a Vicon motion capture
system. The proband sits on a chair, where he is instructed to keep the upper body as
steady as possible, while picking a glass from point A to point B, and vice versa. There
is a total of 21 probands. For simplicity, the movement from A to B with consideration
of only the wrist (pos(t)) is analyzed. The maximal duration is about 2sec with time step
∆t = 10ms. Velocities are approximated by the first order difference v(t) = (pos(t) −
pos(t − 1))/∆t. Positions and velocities O(t) are used for the model identification.
The experimental setup was discussed with D. Bortot, who did the experiments with 21
additional students in Institute of Ergonomics, Technische Universität München.

A
A
B

B
Figure 3.8: A pick-and-place scenario of human hand motion (Marker positions (left) and arm
movement (right)).

Results – Offline Analysis
Figure 3.9 shows the instantaneous topological map with 200 nodes based on the experimental data. The figures show the original data of the wrist position in 2D, the updated
topological maps are shown on the right.
Based on the topological map and the experimental data, the HMM of this scenario is
identified. The HMM is then used to obtain a probability density function for the position
at time t + H, H = 20∆t, from the observation at times up to and including the current
time t, see Figure 3.10.
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Figure 3.9: Instantaneous topological map for the pick-and-place scenario.

The space is divided into 800 cells. Cells are colored according to the probability
P (O(t + 20∆t) = Od |O(t)), where red and blue represents the largest and smallest values, respectively. For comparison, the real trajectories are also plotted in the figure with
green dots denoting the data up to the current time t and red dots representing future
observations taken at every 5∆t.
Figure 3.11 shows two safety-relevant regions F (t + 20∆t) computed according to (3.10),
where the value δ = 0.9996 in (3.11) is applied.
For evaluating the accuracy of the model, the probability Pa of the real trajectories
O(t + H) for all 21 probands located in the corresponding F (t + H) for t ∈ {1, . . . , T } with
respect to the given probability thresholds δ is shown in Figure 3.12(a). Figure 3.12(b)
shows the volumes of the safety-relevant region F (t + H) for t ∈ {1, . . . , T }, namely the
number of cells D with respect to different threshold δ over time.
Figure 3.13 shows the generation of F (t + H) for the sequence of observation, based on
another proband’s trajectory.
The parameters estimated in the HMM are computed using one iteration of the BaumWelch algorithm for simplification. The region F (t+H) can be improved by more iterations
of the algorithm. Additionally, for prediction horizon H = 40∆t, F (t + H) covers a similar
number of cells as for H = 20∆t over time. Thus, the method can also be applied for
longer-term prediction.
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Figure 3.10: Value of the probability density function P (O(t + 20∆t) = Om |O(t)) for t ∈
{11∆t, 81∆t, 181∆t, 276∆t} (from top left to bottom right).

F (t + H)
F (t + H)

Figure 3.11: Safety-relevant regions F (t + 20∆t) at t = 81∆t and t = 181∆t (right).

3.4.2 Human Assembly Task
The proposed method is further evaluated in the following human assembly task scenarios.
In contrast to the offline analysis in the pick-and-place scenario, here the safety-relevant
regions are computed online. Additionally, the method for enhancing prediction quality by combining HMM with reachability analysis is applied to the scenarios, which will
demonstrate the improvement of the prediction.
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Figure 3.12: Evaluation of the results.

(a) t = 11∆t.

(b) t = 81∆t.

(c) t = 276∆t.

Figure 3.13: Generation of F (t + 20∆t) for another proband’s trajectory.
Scenario 1: Online Recognition of Intended Goals
Experimental setup Fig. 3.14 shows the experimental setup in a human assembly scenario. A human operator moves his hand from the start (blue rectangle) to either of the
two subgoals (green points) to pick up a workpiece, and then brings it to the goals (red
points) for assembling. A red marker, which is detected by the camera system, is attached
to the human hand. The cameras are operated with 25 fps (frame per second). (Details of
the camera setup will be described in Chapter 4.) The HMM structure is generated based
on the data in 10 experiments. As in scenario shown in Figure 3.8, the positions of the
hand and estimated velocities by the difference equation are used to determine the HMM.
Online recognition of intended goals The HMM consists of 200 states and 233 transitions. Figure 3.15 and 3.16 show the human hand prediction and the goal recognition,
where the red circle denotes the hand position, the blue stripe indicates the prediction,
the small dark-green circle denotes the intended subgoal, and the larger light-green circle
denotes the intended goal. When the operator started moving, the intended subgoal (the
enlarged dark-green circle) and goal positions (the light-green circle) could be recognized.
During the movement, when the operator changed his mind, the intended goal position
could be varied. The intended goal (larger light-green circle) was corrected from Figure
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(a) Illustration (Camera 1 view).

(b) Topological map
(Camera 2 view).

Figure 3.14: Human assembly scenario 1.
3.16(a) to 3.16(b) according to the operator’s intention. The prediction of the human,
denoted by the blue stripe, is computed online according to the mean value of the state
positions:

W (t + r) =

Ñ
X

P (S(t + r) = Si |O(t)) · wi

(3.20)

i=1

with wi denoting the human positions in the workspace and r ∈ {1, . . . , H} with H = 30.
The computational time for computing W (t + 1) to W (t + 30) is around 0.04s. The generation of F (t) in this scenario is not yet implemented, which is being further investigated
in the next follow-up scenarios.

Intended
subgoal

Prediction
W ( t + r ) Observation

Subgoals
Observation

Prediction
W(t+r)

Intended goal

(a) Start.

Intended goal

(b) Reaching.

Figure 3.15: Online recognition of the intended goals.

Scenario 2: Generation of Safety-Relevant Region with Multi-Goal
Experimental setup The second human assembly task scenario is shown in Figure 3.17.
A human operator moves his hand from the Start to the Goal1 for picking a workpiece to
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Intended
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Subgoals
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Prediction
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(a) Start.

(b) Reaching.

Figure 3.16: Goals recognition with changing intention.
accomplish the assembly task at the Start. He has also to pick another workpiece at the
Goal2. A red marker is attached to the human’s hand and detected by a stereo camera
system which is operated at 10 frames per second.

Goal2

z1

z2
z1 z2
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z1
z

z

Goal1

Goal2
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Goal2

z1 z2
Goal1

Goal2

z2
z3

3
Start

z

2

Cell

z1

z2
Start

z1 z2

Figure 3.17: Scenario 2: Human assembly task with multi-goal positions.
The workspace of the human operator is divided into 252 cells, which are translated
copies of the cuboid [0, 12.27] × [0, 12.75] × [0, 13.5]cm3 that are arranged in a 12 × 7 × 3grid. The cell size is chosen in order to cover the 3D area of the red marker. For a better
illustration, here and in what follows, the 3D workspace is represented as a combination
of three planes, which correspond to cross-sections parallel to the z1 − z2 -plane.
Online generation of the safety-relevant regions using a given probability threshold
The HMM identifying the motion of the human hand is adapted online after capturing the
motion of the human operator with multiple motion patterns from the start to the goal.
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The prediction of the mean value of the state positions, which indicates the trend of the
motion is marked by the green stripe. It is computed according to (3.20).
Based on the description in Section 3.2.3, the safety-relevant region F (t + r) with a
given threshold δ = 0.9996 for the motion with the existing motion patterns can be online
generated, using the current observation O(t). Figure 3.18 shows the predictions F (t + r)
for r ∈ {1, . . . , 8}. Different colors according to the colorbar in Figure 3.18 indicate the
corresponding probabilities in the cells computed by (3.9).
1
0.2
.
patterns

Start

0.01

O(t)
Goal1
Motion patterns

z1
z2

z2
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Mean value prediction
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3

4

5

6

7

8

Figure 3.18: Predicted safety-relevant regions based on existing motion patterns.

Online generation of the safety-relevant regions using a combination of a probabilistic
model and reachability analysis As shown in Figure 3.19, the prediction based only on
the HMM is not accurate enough with a new trajectory that does not follow an existing
motion pattern. The human operator moves his arm towards Goal2, yet the mean value
of the state prediction (the green dot shown in Figure 3.19(a)) follows the existing motion
pattern towards Goal1.
Now the reachability analysis is being considered to enhance the quality of the prediction.
The prediction of the reachable set (uniform gray color) based on the current observation
O(t) is shown in Figure 3.19(c). Only the reachable set inside the workspace is considered
here. Dynamic limits such as bounds on velocity and acceleration of human motion, and
particularly, of the motion of the hand, are taken from literature [53]. Here, the following
parameters are used v± = ±60cm/s and a± = ±40cm/s2 . In addition, the bounds are
γ± = zi (t) ± 1cm and γ̇± = ż i (t) ± 3cm/s as required in the application of Lemma 3.1,
where z i (t) and ż i (t) are the actual measurement and estimation, respectively.
Figure 3.20(a) shows the probability Pa of the real trajectories O(t + r) lying in the corresponding F (t + r) for t ∈ {0, . . . , g} and r = 8, depending on the probability threshold δ.
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(c) Computation of the reachable set.

Figure 3.19: Prediction of a new trajectory towards Goal2, which does not belong to existing
motion patterns towards Goal1.

For the case that an unforeseen motion pattern occurs, the prediction quality is unsatisfactory if only the HMM is used. The value of Pa corresponding to predictions solely based
on HMMs (red dashed line in Fig. 3.20(a)) is relatively small. Pa is drastically improved
by the combination of the probabilistic model with reachability analysis, as represented by
the blue solid line. It is because the reachable set computation compensates the prediction inaccuracy for the unforeseen motion patterns. Furthermore, the real trajectories lie
always inside the predicted reachable sets. Of course, the sets may be rather large when
the velocity and acceleration of the human are large.
The topological map of the updated motion patterns is finally shown in Figure 3.20(b),
which is obtained only after the unforeseen motion patterns have been taken into account.
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(a) Probability of trajectories for unexpected motion (b) Topological map of the updated
patterns at t + 8 lying in the enhanced F (t + 8).
motion patterns.

Figure 3.20: Evaluation of the proposed method in scenario 2.
Scenario 3: Generation of Safety-Relevant Region for a Different Human
Experimental setup The third human assembly task scenario is shown in Figure 3.21.
Another human operator moves his hand from the Start to the Goal for picking a workpiece
to accomplish the assembly task at the Start. As in scenario 2, a red marker is attached
to the human’s hand and detected by a stereo camera system which is operated at 10
frames per second. The workspace of the human operator is divided into 180 cells, which
are translated copies of the cuboid [0, 12.27] × [0, 12.75] × [0, 13.5]cm3 that are arranged in
a 12 × 5 × 3-grid. For a better illustration, here and in what follows, the 3D workspace is
represented as a combination of three planes, which correspond to cross-sections parallel
to the z1 − z2 -plane.
high
Workspace

start

z1

z3
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z3
(a) Illustration.

z1
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z2
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(b) Cells in the workspace.

Figure 3.21: Scenario 3: Human assembly task with more motion patterns.

Online generation of safety-relevant regions using a given probability threshold The
HMM modeling the motion of the human hand is adapted online after capturing the motion
of the human operator with multiple motion patterns from the start to the goal. There
are 70 states in the model. The prediction of the mean value of the state positions that
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indicates the trend of the motion, denoted by the green stripe, is computed according to
(3.20).
The safety-relevant region F (t) with a given threshold δ = 0.99964 for the motion with
the existing motion pattern can be generated online, using the current observation O(t).
The predictions F (t + r) are shown in Figure 3.22 for r ∈ {1, . . . , 8}. Different colors
in the workspace indicate the corresponding probabilities in the cells computed by (3.6)
according to the colorbar.
1
pattern2

0.2
.
start
O(t)

0.01

pattern1
goal
model (70 states)

0

z1

z1

z1
z2

z2
t+ ∆t

prediction

2∆t

z2
3∆t

4∆t

5∆t

6∆t

7∆t

8∆t

Figure 3.22: Predicted safety-relevant regions based on existing motion patterns.

Online generation of safety-relevant regions by combining a probabilistic model and
reachability analysis With a new trajectory that does not follow an existing motion
pattern shown in Figure 3.23, the prediction based only on the HMM is not accurate
enough. The human operator moves his arm along the boundary of the table, yet the
mean value of the states prediction (the green stripe) indicating the trend of the motion
follows the existing motion pattern. Additionally, in Figure 3.24(a), during the motion
of the human, the positions of the hand are contained in the first row (from bottom) of
the cells in z2 direction, whereas the safety-relevant regions F (t + r) for r ∈ {1, . . . , 8}
predicted solely by the HMM with the value δ = 0.9996 are contained in the second row
of the cells in z2 .
The reachability analysis is now being considered to enhance the quality of the prediction.
The prediction of the reachable set (uniform gray color5 ) based on the current observation
4

The threshold can be set as any value between 0 and 1. 0.9996 is arbitrarily selected the same as the
previous scenario.
5
The varying intensities of the gray and red colors in Figure 3.24(b) are artifacts introduced in the course
of image conversion.
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Figure 3.23: Prediction of a new trajectory that does not belong to existing motion patterns.
O(t) is shown in Figure 3.24(b). Only the reachable set inside the workspace is considered
here. The reachable sets cover the first row of the cells in z2 . Here, the dynamic limits of
this human are different from the one in the previous scenario, which are v± = ±60cm/s
and a± = ±40cm/s2 , In addition, the bounds γ± = zi (t) ± 1cm and γ̇± = żi (t) ± 3cm/s are
used for the application of Lemma 3.1, where zi (t) and żi (t) are the actual measurements.
Figure 3.24(c) shows the enhanced safety-relevant region (uniform red color) using the
probabilistic model and reachability analysis.
Figure 3.25 shows the probability Pa of the real trajectories O(t + r) located in the
corresponding F (t+r) for t ∈ {1, . . . , g} and r = 8, depending on the probability threshold
δ. For the scenario illustrated in Figure 3.22, where an unforeseen motion pattern does
not occur, the prediction quality is satisfactory; Pa is larger than 0.8 whenever δ > 0.83.
The parameters of the HMM are computed using only one iteration of the Baum-Welch
algorithm in order to meet the time-constraints of online motion prediction. Pa can be
further improved by using more iterations and more training data.
In contrast, for the scenario illustrated in Figure 3.23, where an unforeseen motion
pattern does occur, the prediction quality is unsatisfactory. The value of Pa corresponding
to predictions solely based on HMMs, which is represented by the red dashed line in Figure
3.25, is relatively small. Pa is drastically improved by the combination of the probabilistic
model with reachability analysis, which is represented by the blue solid line. It is because
the reachable set computation compensates the prediction inaccuracy with non-existing
motion patterns.
Figure 3.26 shows the final updated HMM with 100 states, which is obtained only after
the unforseen motion patterns have been taken into account.
Additionally, the proposed method can be extended to model and predict not only hand
motion but also arm motion including hand and elbow. The elbow position is detected
by the cameras and identified as another HMM. The combination of the predicted safetyrelevant regions for hand and elbow are served as safety constraints for the plan planning
problem of robotic manipulators. Detail description of the combination will be described
in Chapter 5.2.2.

65

3 Human Motion Modeling and Prediction

z1

z1

z1
z2

z2

z2

(a) Prediction based only on the HMM for a new trajectory.

z1

z1

z1
z2

z2

z2
(b) Computation of the reachable set.

z1

z1

z2

z2
t+ ∆t

z1

2∆t

z2
3∆t

4∆t

5∆t

6∆t

7∆t

8∆t

(c) Prediction of the safety-relevant region using probabilistic models and reachability
analysis.

Figure 3.24: Combination of the probabilistic model and reachability analysis.
The human motion could be observed differently depending on whether interacting with
robots or not. The proposed method can indirectly indicates the difference by different
motion patterns. Thus, the effect from the robot on the human motion can be captured
by the proposed method.

3.5 Summary
The selected probabilistic model HMM is appropriate for human motion modeling and prediction, especially when the human intention is considered. In order to enhance the quality
of prediction accuracy, a method has been proposed for combining the probabilistic model
with reachability analysis considering dynamic limits of human motion and measurement
error. The practicability of the method was successfully demonstrated by online predicting
the motion of human hands in two scenarios with different human workers, multiple motion
patterns, and multiple goals.
The results show the ability of the approach for accurately predicting the human future
behavior online based on a probability density function. The safety-relevant regions with a
certain probability in the future can be generated for the design of a finite horizon predictive
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Figure 3.25: Probability of the real trajectories at O(t + 8∆t) located inside F (t + 8∆t) for a
probability threshold δ. Analysis is done for the cases shown in 3.22 (left) and 3.23 (right).

Figure 3.26: Updated topological map.
control scheme for robot motion planning, especially for allowing online computation of
robot motion interacting with human operators.
The method embedded into a scheme for online optimization of trajectories for an industrial robot which interacts with a human worker is to be described in the following
chapters.
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4 Demonstration Platform for
Human-Robot-Interaction
The methods for optimization-based robotic manipulation and human behavior modeling
and prediction have been presented in the previous chapters. In order to realize and test
these proposed methods, the demonstration platform shown in Fig. 4.1 has been developed,
where an industrial robot works in the same space as a human operator.
Cameras
Industrial
Robot

Firewire

Ethernet

Robot Path Planning

Human Motion

Figure 4.1: A demonstration platform for human-robot interaction.
The platform consists of:
• a real-time framework comprising the industrial robot and a robot planner/controller
programmed in a Linux OS via Ethernet, which guarantees online adaptation of robot
motion,
• a simulation environment for validating and debugging path planning algorithms,
• human (arm) motion detection system using a stereo camera system and a robust
marker detection algorithm for online human motion prediction based on online identified motion patterns encoded by hidden Markov models.
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• Data communication via Ethernet and Firewire.
Human motion, particular the arm with three attached color markers on the wrist, elbow,
and shoulder, respectively is detected by a stereo camera system using two cameras. The
perceived arm position is then transmitted to the PC via Firewire, which is used for
identification and update of the human arm model. Safety-relevant regions in a prediction
horizon are to be computed based on the present observation in this PC. The predicted
regions are to be sent to another PC, serving as safety constraints in the optimization of
robot path planning. The PC for path planning is connected to the robot controller, which
can exchange data in real time. Details of the platform are to be described in this chapter.

4.1 A Real-Time Framework for Control of an Industrial
Robot
The industrial robot used in this platform is Misubishi RV-3SDB [89] with a CR2D robot
controller and a R56TB teach panel, shown in Fig. 4.2. The robot has six joints which are
driven by six AC servo motors. Each joint has an individual brake, so that the position
can be held even in power failure situations. The joint angle positions can also be recorded
in power failure because of the usage of absolute encoders in each joint. To protect against
collision, the current of the motors is monitored, as well as for self-collision avoidance.
The maximum payload of the robot is 37kg and the maximum reachable range of the end
effector (EE) from the base is 642 mm. With a payload of 3.5 kg, the speed at the EE can
reach 5.5 m/s. The repeat accuracy is 0.02 mm. A gripper can be attached on the EE,
which is controlled by a pneumatic valve. The robot geometry is shown in Fig. 4.2(b).

(a) Description of RV-3SDB.

(b) Geometric data of RV-3SDB.

Figure 4.2: Mitsubishi industrial robot: RV-3SDB.
For human-robot interaction, the robot should be able to adapt its path online regarding
to the human changing behavior. The conventional robot controller CR2D is not capable
of realizing the functionality of online changing of robot’s path. Thus, an external PC
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with a Linux operating system is used. The PC is connected with the robot controller via
Ethernet. A C++ library created by RT-leaders [116] is configured in the PC to provide
a communication interface between the PC and the robot controller. The joint angles,
positions and orientation of the end-effector can be read in the PC in ca. every 7 ms.
The desired position of the joint angles, or the position and orientation of the end-effector
is also applied to the robot from the PC in the same cycle time. For validating of the
communication interface, a potential field approach has been applied to the robot for
collision avoidance. More details of the application of the potential field approaches and
the test of the real-time framework can be found in [24].

4.2 An Open-Source Simulation Environment
For quickly validating and debugging robot path planning algorithms, a simulation environment was developed. The simulation environment consists of many components, i.e.,
object modeling, robotic kinematic and dynamics, collision detection, geometry computation, graphic user interface, etc. The focus of developing such a simulation environment
was on the efficient integration of all these components from various domains. Additionally, this simulation environment was implemented based on open-source softwares due to
the complexity and variety of components.
There are several open-source software platforms in robotics like Open Robot
Control Software (Orocos [101]), Robot Operating System (ROS [114]), OpenRTM [99], Open Platform for Robotic Services (OPRoS [100]), other platforms
particular for robot path planning like Motion Strategy Library (MSL [92]),
Object-Oriented Programming System for Motion Planning (OOPSMP [96]), Open
Robotics Automation Virtual Environment (OpenRAVE [98]), etc.
Although these software platforms had powerful features, it was hard to get an insight
into their structure. Sometimes efforts to adapt and extent them was comparable to
developing a simple but tailored program. Therefore, it was decided to implement this
simulation environment using some existing components.
It is remarked that the simulation environment is not only for validating and verifying
the proposed approaches, i.e. the mixed-integer programming approach described in the
previous chapters, but also for evaluating other path planning approaches, particularly the
sampling-based approaches. Based on the evaluation of the sampling-based approaches
the mixed-integer programming approach is selected for the best-fit for the HRI setting,
see also the comparison in Table 2.1.

4.2.1 Software Architecture
The simulation environment should be able to perform path planning for robotic manipulators with dynamic constraints. Thus, efficient computation of the inverse dynamics is
required, as well as forward and inverse kinematics. Due to the complexity of rigid body
simulation, a physics engine is incorporated into the simulation environment to facilitate
the development.
Many open-source physics engines are available for rigid body simulation, i.e., Open
Dynamics Engine (ODE [95]), Game Physics Simulation (Bullet [29]), etc. Here, a
physics engine named Physsim [90], a multi-body dynamics simulation library written
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in C++, is selected because it supports the reduced coordinate (RC) representation of
robotic manipulators. RC helps to simulate and control robots more efficiently than the
maximal coordinate representation by other physics engines. Physsim does not only provide a physics engine but also collision detection. The software architecture, shown in
Fig. 4.3 includes three main components, namely a physics engine, algorithms for path
planning, and a graphic user interface.
Path Planning Methods

Physics Engine
Kinematic

Dynamic

Sampling

Search

Collision Detection

XML

Proximition

Local Planner

Graphic User Interface

Figure 4.3: Software architecture.

4.2.2 Graphic Rendering
A cross-platform application and UI framework, namely Qt [94], is used for generating a
clear and user-friendly graphical user interface (GUI). Qt provides a friendly GUI designer
tool with easily using ’drag and drop’. Coin3D [34] is selected for the graphic rendering
of 3D models. It can manage not only basic models like spheres, cones or cubes but also
complex geometric structures modeled with triangular meshes by CAD (computer-aided
design) softwares.
The 3D models can be described as a text file by Inventor [106], VRML (virtual reality
markup language, [137]), or XML (extensible markup language, [140]). Kinematic relationship between each component of a robot and the obstacle geometry can be described by the
XML, as well as other aspects like initial and goal configurations and number of samples.
The library package libxml, also a Qt library can extract information from a user-defined
XML file.

4.2.3 Computational Geometry
The simulation environment can also execute popular path planner approaches like
sampling-based methods [74, 85]. Samples in the configuration space are generated, and
a roadmap or tree is built based on the interconnection between the samples with a free
path. Computational geometry is required for such path planners, including generation of
samples, collision checking, and search of the nearest neighbors.
Sampling
Generation of samples can be random or deterministic. For random samples, the random
number generator mt19937 in the GNU Scientific Library (GSL, [132]) is selected, which
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demonstrates a good balance between computation time and statical properties. The GSL
can also provide many different schemes to produce random numbers. Moreover, the
Halton sequence [59] is chosen for its low-discrepancy for the deterministic construction.
Collision Detection
The collision detection routine checks whether objects are in collision, i.e., if robotic manipulators having collision with obstacles. The Proximity Query Package (PQP, [104]) is
selected for its simplicity, which is based on the quick and reliable algorithms [57,83] to find
collision between objects described by triangular meshes. The meshes can be interpreted
in VRML or Inventor by a Coin3D library. Furthermore, the PQP can respond distance
queries.
Proximity
For connecting samples, it is required to compute the nearest neighbors. Methods based
on a k-d tree (k-dimensional tree invented by Jon Louis Bentley) have been proved to be
one of the most efficient tools in practice. ANN, a library for approximate nearest neighbor
searching [91], is selected in the simulation environment. Moreover, it can manage different
topologies of the configuration space.

4.2.4 Graph Representation and Search Algorithms
Searching algorithms like breadth first, depth first, A* [36, 60], D* [127], etc. are executed
based on a graph. A good solution for representing and storing such a graph is using the
Boost Graph Library (BGL, [20, 124]). BGL is implemented using generic programming
paradigm and provides a standardized generic interface to access, perform and query on
graphs.

4.2.5 Optimization Tools
In the simulation environment, the optimal control problems like direct and indirect methods for robot path planning can also be solved. These nonlinear programs are solved using
the open source Interior Point OPTimizer (Ipopt, [82]) with the solver MA27 from the
Harwell Subroutine Library (HSL, [61]).
The simulation environment was developed with Mr. Mingxiang Zhou and Mr. Georg
Schnattinger. More details of the simulation environment can be found in their theses [119,
144], in which, evaluation and validation of the simulation with proposed sampling-based
approaches, namely random A* and randomized optimal path planner are also described.1

4.2.6 Simulation Environment
Two examples based on the simulation environment are described in this section.
1

Note that only parts of the libraries used in the simulation environment are mentioned above since the
focus of the thesis is not software development.
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HRI Simulation in a Flexible Manufacturing System
A scenario for human-robot interaction in a flexible manufacturing system (FMS) was
implemented in the simulation environment, as shown in Figure 4.4. A 5 DOF industrial
robot on a 1 DOF linear platform interacting with a human worker was considered. The
CAD model of the robot and the human arm were constructed for visualization and collision
checking in the simulation environment. The setup was used for simulating and validating
HRI scenarios in manufacturing systems. A path planning method was implemented in this
setup. The path planning approach was proposed in [144] named randomized A∗ , which
combines the concept of implicit graph, A∗ search algorithm, and a sampling approach.
The planning results were simulated by a PD controller with feedback linearization. During
the simulation a real-time repulsive potential field was constructed on the human arm to
ensure the minimal distance between the robot and the human arm was greater than a
safety threshold, as well as to compensate the uncertainties caused by the human arm.

Robot
Human arm

(a) HRI in a FMS.

(b) Simulation environment.

Figure 4.4: HRI simulation in a flexible manufacturing system.

Assuming the velocity and the acceleration of the human hand movement at its start and
goal were zero, the dynamics of the hand in the workspace was determined by the minimum
jerk method in [53] at each time. The human arm could be approximately modeled as a 4
DOF mechanism, whose dynamics could be generated using the inverse kinematic method
in [11]. It consisted of a spherical joint at the shoulder and a revolute joint at the elbow
with no consideration of the DOF on the human wrist. The fixed wrist joint could be
treated as the human hand. Although this simple model could not reproduce the exact
motion of the human arm, it was adequate for the path planning application discussed
here. The simulation is shown in Figure 4.5.
In practical application the human arm was labeled by three different color markers
shown in Figure 4.6, shoulder (green), elbow (blue), and wrist (red), respectively, in order
to be tracked by two cameras. If the human arm moved not exactly the same as the
dynamics, the repulsive potential field was applied for compensating the mismatch to
avoid collisions in real-time.
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(a) t = 0 s

(b) t = 0.2 s

(c) t = 0.4 s

(d) t = 0.6 s

(e) t = 0.8 s

(f) t = 1.0 s

Figure 4.5: Industrial robot simulation for HRI in the FMS.

(a) Image data from camera 1.

(b) Image data from camera 2.

Figure 4.6: Human arm detection in the FMS.
Simulation of a 3DOF Robot – ViSHaRD3
A 3OF robot, namely ViSHaRD3 shown in Figure 4.7, was modeled in the simulation
environment. The system dynamics can be derived with the associated parameter values
indicated in Figure 4.7(a), and by the symbolic manipulation software Autolev [10].
An offline motion planning method, presented in [44,119], was developed which generates
feasible trajectories of the joints such that a given performance criterion is maximized. The
planning problem considering obstacle avoidance is converted to an optimization problem
with interior points for the joint angles to guide the trajectory away from obstacles. The
interior points are generated from an approach of rapidly exploring random trees (RRTs)
in the configuration and time space. The key element of the method is to solve the
motion planning problems using optimal control. For implementation the resulting static
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Figure 4.7: Illustrations of the ViSHaRD3. [44]
optimization problems were solved using the open source interior-point optimizer Ipopt [82]
with the solver MA27 from the Harwell Subroutine Library (HSL [61]). The method
was then applied to the 3-DOF-robot, namely ViSHaRD3 in a scenario with two moving
obstacles, as shown in Figure 4.8. The simulation is shown in Figure 4.9.

Start

(b) Start

z2 Goal
z1
(a) Top view.

(c) Goal

Figure 4.8: Scenario of the ViSHaRD3 with 2 moving obstacles. [44]

4.3 Human Motion Detection by a Stereo-Camera
System
In general, motion capturing sensors can be classified into the following two types, namely
magnetic-based sensors and vision-based sensors. Using the magnetic sensor, objects are
equipped with Inertial Measurement Unit (IMU). Occlusion problems can be avoided by
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(a) t = 0 s

(b) t = 1.1 s

(c) t = 2.2 s

(d) t = 3.3 s

(e) t = 4.4 s

(f) t = 5.5 s

(g) t = 6.6 s

(h) t = 7.5 s

Figure 4.9: Simulation of ViSHaRD3 interacting with moving obstacles. [44]
this type and it can provide a wide effective range of motion capturing. However, the
sensor is sensitive to the electro-magnetic field, especially when it is next to machines. A
lower position accuracy might be produced due to the drifted observation. For the vision
sensors, there might be limits of sensor range and occlusion problems. But it can provide
a very high motion capturing rate and be robust to electro-magnetic field. Objects can be
equipped with markers or without markers.
In this demonstration platform a marker based vision system is chosen because of the
easy setup for tracking multiple objects and price.

4.3.1 System Setup
The human operator, specifically the arm is equipped with different color markers, namely
red on the wrist, yellow on the elbow and blue on the shoulder. It is shown in Fig. 4.10(a).
For the setting of the demonstration platform, two color cameras are selected. The camera
type is DFK21AF04 from imaging source with the maximum frequency 60 F P S (frame
per second). The lens type is T2Z1816CS with the focal length 1.8-3.6 mm. The snapshot
of each camera view is shown in Fig. 4.10(b). Since images captured by the cameras are
processed sequentially, the maximum frequency of the stereo camera system is 30 F P S.

4.3.2 Robust Marker Tracking
The color marker detection and tracking are implemented in C and C++ using the opensource computer vision (OpenCV, [97]) library in the second PC for human motion detection with also a Linux OS. For ease of use a GUI is implemented using Qt.
Several approaches for color detection have been proposed, e.g. a simple color threshold
algorithm. The image plane in RGB (red-green-blue) is converted to HSV (Hue-SaturationValue) since HSV is more robust to variation of environmental lighting. Then the pixel
positions of the markers are determined by a predefined color range of each marker. The
computational expense can be greatly reduced by simply constraining the search region
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(a) Color markers.

(b) Camera view.

Figure 4.10: Human arm equipped with color markers.
in the image plane. However, the simple color threshold algorithm is not robust due to
the background lighting. Therefore, a robust approach using mean shift methods, namely
CAM(Continuously Adaptive Mean)-shift [26] is used and implemented in this system.
The main idea of CAM-shift is to create a probability distribution image from comparison
of tracked objects with the current image histogram. Then the mean shift technique is used
to find the position of the object from a probability map. The steps of image processing
for CAM-shift are as below:
1. The region of interests of the probability distribution image is set to the entire image.
2. With a given initial location of the mean shift search window, the target distribution
of the selected location is to be tracked.
3. A color probability distribution of the region centered at the search window is calculated.
4. The centroid of the probability image is to be found by iterating the mean shift
algorithm. The zeroth moment (distribution area) and centroid location are stored.
5. The search window for the next frame is set at the mean location from the previous
step. And the window size is adjusted to a function of the zeroth moment.
The CAM-shift in OpenCV is used here with its extension to track multiple markers.
The implementation is based on the object histograms. Several training images for each
marker from different lighting are collected to create the object histograms for ensuring
robustness of the approach. The histograms are loaded when executing the program. The
computation time for CAM-shift for tracking three markers is ca. 66 ms. Besides CAMshift, another robust approach, namely ABC-shift is tested. The details of the comparison
can be found in [138].
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4.3.3 Data Processing
Calibration Markers are detected by the above mentioned method. The 3D positions
are determined by triangulation of the centroid of the pixel position for each marker. For
triangulation both cameras are calibrated using a Matlab toolbox [25].
Data estimation The markers might not be temporary detected due to partial occlusion
by, e.g. the robot. This might lead to the data lost for the input of updating the human
model, specifically the hidden Markov model. In order to avoid this situation, a Kalman
filter is implemented for estimating the data based on the previous observed data when
the present one cannot be observed by the cameras.
Derivation of velocity and acceleration data Data captured by the cameras are only
3D positions. For modeling the human motion using the hidden Markov model, velocity
and acceleration information are required for increasing the accuracy of the model. The
velocity and acceleration are derived from the observed data by difference equations.

4.3.4 Implementation of the Generation of the Safety-Relevant
Regions
Besides object detection the safety-relevant region possibly occupied by the human is also
computed in the same PC. The method for predicting the safety-relevant region using
the hidden Markov model and reachability analysis is implemented. The procedure of
generating the region from image capturing is shown in Fig. 4.11.
After starting the cameras, the present image is captured by the first camera and then
the second with color marker detection. The 3D position is computed by the triangulation
for the two 2D images. Corresponding velocity and acceleration are derived by given difference equations. The observed and derived data are used for updating the hidden Markov
model with structure and parameter learning and adaptation, as well as for computing
the reachable set. Based on the updated HMM and the present data, all the HMM states
are predicted. Based on the divided cells in the work space, the probabilities of occupying
the corresponding cell in the next steps to the prediction horizon can be computed. The
cells are ordered according to the value of its probability. All cells intersecting with the
predicted reachable set are counted as a conservative reachable set. Finally, the safetyrelevant region in the predictive horizon is generated by the given criteria for combining
the cells computed by the HMM and the reachable set. The procedure is iterated in every
cycle time.
As a result, the realization of image processing, as well as the implementation of the proposed algorithm were developed with Mr. Kuniawan Wijaya. A more concrete description
of the implementation and of the analysis can be found in [138].

4.4 Data Communication
The two cameras are connected to the PC via Firewire (IEEE 1394 high speed serial bus).
Ethernet is used for connecting the two PCs and between one PC and the robot controller.
UDP (User Datagram Protocol) is used as the protocol on the Ethernet between the two
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Start triggering cameras
Track red marker
Track yellow marker
Get frame from 1st camera
Track blue marker
Track red marker
Get frame from 2nd camera
Track yellow marker
Track blue marker
Triangulation

Data derivation

HMM update

Predicted reachable set

HMM state prediction

Cells computed by reachable set

Cells computed by HMM

Safety-relevant region

Figure 4.11: Realization of generating safety-relevant region.
PCs. UDP uses a simple transmission model without implicit handshaking dialogue [134].
UDP is used because the demonstration platform is time-sensitive, dropping packets is
preferable to waiting for delayed packets as when using the TCP/IP (Transmission Control
Protocol and Internet Protocol) [80]. In practice, for this demonstration platform in a
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laboratory setting with two PCs which are specifically used only for this application, no
critical situation for packet loss occurred in the experiments.

4.5 Discussion
For human-robot interaction, the demonstrator has to be able to compute the safetyrelevant regions that serve as constraints for the optimization of robot path planning
online. The generation should not only consider the present safety-relevant regions but
also regions within a prediction horizon in the future according to the predictive control
scheme proposed in Chapter 1. The optimized trajectory of the robot must be capable of
computing online with respect to the updated constraints of robot dynamics, of kinematics,
and of obstacle avoidance. Therefore, online computability of the proposed approaches
with their realization is one of the key components for HRI in the demonstrator. Online
computability refers to the computation time in the range of around 0.1 s in the HRI-setting
considered.
In Chapter 2 the enhanced MILP formulation showed that the computation time could
be drastically decreased comparing to the original formulation. For example, for a 2-link
robot in R2 interacting with three 6-face static obstacles an optimized solution could be
found within 12 s for S = 20 particles per link, within 0.13 s for S = 4 and g = 7. For a
2-link robot in R3 with three 6-face obstacles the solution was determined within 0.497 s
using 4 threads for S = 5 and g = 9. The results showed the potential of the application
of the proposed method to the industrial robot, but it is still a big challenge to reach
computation time less than 0.1 s for the 6 DOF robot. Therefore, only the robot TCP is
considered in an HRI application described in the next chapter. Moreover, the C++ code
using Concert Technology libraries in CPLEX can be directly used in the demonstrator with
slight modification for variant applications, and for updating the safety-relevant regions.
A more critical time issue occurred in the generation of the safety-relevant regions. A
thorough discussion will be given in the next chapters for the HRI application.
Even though the computational effort for generating the safety-relevant regions in a
prediction horizon is high, the data size of the regions were not big. Therefore, the data
transmission between PCs is very fast, especially with UDP rather than TCP/IP. The
computation time for data transmission could be neglected.
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So far the methods for robot path planning using mixed-integer programming and for computing the safety-relevant region possibly occupied by a human were presented in Chapter
2 and 3, respectively. The demonstration platform for validation of the proposed methods
has been developed and were described in Chapter 4. In this chapter, the integration of
the methods with the application to the demonstration platform is to be presented. For
enabling online-optimization and online-adaptation of human motion, the methods is further enhanced by using the moving horizon scheme known from model predictive control
(MPC) rather than optimizing at once over the complete time span required to reach a
goal position of the end-effector. Online computability refers to the computation time in
the range of at maximum 0.1 s in the HRI-setting considered.

5.1 Problem Statement - Online Control Scheme
Due to the complexity and non-convexity of the cost function (1.1a), of the dynamics
(1.1b), and of the safety constraint (1.1e), the solution of the optimization problem (1.1)
represents a challenge even if the safety-relevant region F (t) is known for all times t in
advance. The original optimization was approximated, which was formulated as a mixedinteger linear program, as stated in Section 2.2.7. The minimization of the transition
time and of the average kinetic energy were proposed in Chapter 2, which were validated
and verified with application in different scenarios. In this chapter another cost criterion,
namely the distance between the target of the robot TCP and the furthest predicted
position of the TCP is considered. This criterion indicates the operation distance of the
TCP for industrial robots in practice. In this section, the following cost criteria is proposed
and to be verified in the HRI setting.
min kzn+1 (g) − ẑk∞ ,
z(·)

(5.1a)

s.t. Vj− ∆t ≤ zj (t + 1) − zj (t) ≤ Vj+ ∆t, t ∈ {0, 1, . . . , g − 1}, j ∈ {1, . . . , n + 1}, (5.1b)
x(0) = x0 ,
2
kzj+1 (t) − zj (t)k2 = rj,j+1
, t ∈ {0, 1, . . . , g}, j ∈ {1, . . . , n},
Ω(x(t)) ∩ F (t) = ∅, t ∈ {0, 1, . . . , g}.

(5.1c)
(5.1d)
(5.1e)

The approximated optimization is the same as described in (2.1) but with a specific cost
function. The cost (5.1a) aims at coming as close as possible to the target region G. It
has been introduced since later (5.1) within an MPC scheme is to be solved, where g is
usually too small to actually reach G in the first part of the iteration. Nevertheless, if G
can be reached within the given time horizon and if G is a cuboid, then the formulation
(5.1a) guarantees that G is actually reached.
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Here, it is assumed that ẑ is an interior point of the target region G, e.g. its center, that
Ω(x(t)) is a union of straight line segments joining the joint positions zj (t) and zj+1 (t).
For all times t, the safety-relevant region F (t) is (the interior of) a polyhedron:
F (t) = {z ∈ Z | A(t)z < b(t)} ,

(5.2)

where A(t) ∈ RN ×3 is a matrix with rows Ak (t), k ∈ {1, . . . , N }, N the number of hyperplanes for representing the polyhedron, and b(t) = (b1 (t), . . . , bN (t))T . The joint velocities
in the workspace are bounded to [Vj− , Vj+ ].
The bounds on the joint velocities in (5.1b) represent the dynamics of the robot. This
simplification is justified because the joint positions of industrial robots are usually controlled by built-in lower-level controllers. Depending on the capability of the latter, bounds
on velocities can be chosen to guarantee that the robot can successfully track the optimized
trajectories. In the constraint (5.1d), the constants rj,j+1 represent the lengths of the links
of the robot.
The solution of the path planning problem is described here again regarding to this
problem specifically. MILP requires a formulation as a linear program in both continuous
and binary decision variables. It is observed that the constraint (5.1b) is linear, and that
the cost (5.1a) may be equivalently represented using a linear cost function, min ξ, and
i
additional linear constraints, −ξ ≤ zn+1
(g) − ẑ i ≤ ξ for all i ∈ {1, 2, 3}.
While a direct treatment of (5.1d) would lead to a quadratically constrained problem, this
constraint may be approximated arbitrarily closely by a combination of linear constraints
and binary decision variables, as shown in Chapter 2.2.3.
The constraint (5.1e) may also be represented as a linear program in both continuous
and binary decision variables. Note that the statement z ∈
/ F (t) is equivalent to the set of
constraints
A(t)z ≥ b(t) + (v − 1) · M,
N
X

vk = 1,

(5.3)
(5.4)

k=1

where v = (v1 , . . . , vN )T is a vector of binary variables vk ∈ {0, 1} and 1 = 1N ×1 is a
vector of ones. M is a sufficiently large constant. The constraint (5.3) formulates that the
kth scalar inequality in A(t)z ≥ b(t) is enforced if and only if vk = 1, and the constraint
(5.4) ensures that the latter equality holds for exactly one k. Consequently, the constraints
(5.3)-(5.4) avoid, roughly speaking, collision of the point z with the safety-relevant region
F (t) given by (5.2). In order to avoid collision of the line segment Jzj , zj+1 K joining zj and
zj+1 , a finite number of particles is chosen psj ∈ Jzj , zj+1 K,
psj = λs · zj + (1 − λs ) · zj+1 ,

(5.5)

where λs ∈ [0, 1], s ∈ {1, . . . , S}. Each particle psj is avoided collision with F (t) by
introducing constraints (5.3)-(5.4) with psj at the place of z. By increasing the number
S of particles in each link j, the line segment kzj , zj+1 k is approximated arbitrarily close.
Moreover, general link geometries can be treated more than just straight line segments. The
geometries still provably avoid collision between links and the safety-relevant region F (t) by
appropriately enlarging F (t) by some safety margin [50, 86]. One drawback with ordinary
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particle based methods is that they usually lead to a huge number of binary variables,
and hence, to result in unacceptable computation time for the planning. However, the
enhanced formulations for 2D and 3D motion planning problems proposed in Chapter
2.3.1 and 2.3.2, respectively, can drastically reduce the number of binary decision variables
in the aforementioned MILPs. The crucial point here is that v does not anymore depend
on the particle index s. This greatly reduces the number of binary decision variables, and
leads to a significant speedup.
In a predictive scheme the cost function (5.1) can then be formulated as:
min

zn+1 (t+1),...,zn+1 (t+H)

H
X

kzn+1 (t + r) − ẑk∞

(5.6)

r=1

5.2 Application Results
5.2.1 Experimental Setup
The methods proposed in the previous chapters have been realized in the following HRI
scenario, shown in Fig. 5.1. A human operator moved his hand from its start position
SH to the goal position GH and backwards, while an industrial robot moved its endeffector (also called tool center point, TCP) from its start SR to its goal GR . Although
the computation time with the enhanced formulation for path planning was dramatically
reduced in the previous testing scenarios in Chapter 2, it was still a big challenge to
keep the computation time for the previous settings for a 2-link robot in R2 or R3 within
0.1 s. Therefore, in this specified scenario with a 6 DOF robot, for simplification, only the
motion of the end-effector zee (t) in the robot coordinate z 1 z 2 z 3 was considered because in
practice the end-effector had the nearest distance to the human operator. A lower-level
built-in controller of the robot was used to track the reference trajectory for the positions
of each joint, where the trajectory represents the sequence of points obtained in the motion
planning step over time. A red and a yellow marker was attached to the human’s hand
and elbow, respectively, which was detected by the stereo camera system. In order to
efficiently compute safety-relevant sets F (t), working with an infinite number of points
in the observation space has to be avoided, as described in Chapter 3.2.3. Therefore,
the workspace of the human operator was divided into 252 cells in the camera coordinate
z ′1 z ′2 z ′3 , which were translated copies of the cuboid [0, 12.27] × [0, 12.75] × [0, 13.5]cm3
that were arranged in a 12 × 7 × 3-grid. For better illustration, the 3D workspace was
represented as a combination of three planes as shown in Fig. 5.2), which correspond to
cross-sections parallel to the z ′1 − z ′2 -plane.

5.2.2 Generation of the Safety Constraints
The motion of the hand and the elbow with different motion patterns were identified as
two HMMs. The safety-relevant region F (t + r) with r = {1, . . . , H} that was possibly
occupied by the human arm was generated according to (3.18) with the prediction horizon
H = 8 and a given probability threshold δ = 0.9996. The sampling time was set as
∆t = 0.1 s. Note that in order to realize the online computability, the prediction horizon
for generating F (t + r) needs to be carefully chosen. H = 8 was chosen here as a good
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Figure 5.1: A scenario for an industrial robot interacting with a human arm. The top view
of the scenario is shown in the right figure, where the safety-relevant region F (t) is overapproximated by 4 faces with normal vectors A1 to A4 .

compromise between computational effort and prediction quality. As discussed in the
previous chapter with 252 cells in the workspace and 20 states in one HMM, the time for
computing the probability of each cell is ca. 0.3 ms. Thus, the time for computing the
probabilities overall at a time instance is ca. 75 ms. In order to keep the computation
time within 100 ms, the safety-relevant region at each time instance were processed by
each core. The PC used had 4 cores which could be virtually extended to other 4 virtual
cores. In case of an prediction horizon H = 8, 8 regions were processed in parallel by
each core. Therefore, the overall time for computing 8 safety-relevant regions is then ca.
100 ms. This is suitable for keeping the computation time within 0.1 s. That was the main
reason that H = 8 was chosen.
In Figure 5.2, the gray areas marked the region for the hand, the orange areas for the
elbow, and red for the overlap. F (t+r) was over-approximated by 4 supporting half-spaces
with outside pointing normal vectors A1 , A2 , A3 , and A4 . Thus, the end-effector position
zee outside F (t + r) was guaranteed by the given constraints (5.3) and (5.4) with N = 4
hyperplanes. For simplification, the normal vectors were fixed, while the positions of the
half-spaces were time-varying:
bk (t + r) = max{Ak · ver(t + r)}, ∀ver(t + r) ∈ F (t + r),
where ver(t + r) denotes a vertex of the cells that are inside of F (t + r).
Dynamic limits such as bounds for the velocity and acceleration of human motion,
and particularly, of the motion of the hand, were selected according to a separate set
of experiments for HRI and also according to [53]. Here, the parameters v± = ±15cm/s
and a± = ±15cm/s2 were used. In addition, the bounds γ± = z ′ (t) ± 5cm and γ̇± =
ż ′ (t) ± 8cm/s were selected in the application of Lemma 3.1, while z ′ (t) and ż ′ (t) were the
actual measurements.
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Figure 5.2: Online generation of the safety-relevant regions over the prediction horizon.

5.2.3 Implementation
The proposed method for generation of F (t + r), r ∈ {1, . . . , 8} was implemented in C++
on an i5-CPU PC with 2.67 GHz clock rate. For saving computational efforts, only a
one dimensional histogram, namely the Hue channel with 32 bins for each marker was
considered for the detection algorithm. As mentioned in the previous section, the safetyrelevant regions F (t + 1), . . . , F (t + 8) were processed in parallel by 8 threads namely 4
cores plus 4 virtual cores at a time. Such a setting could keep the computation time within
0.1 s, namely frequency at 10 frames per second of the stereo-camera system.
The optimizer was implemented in C++ using Concert Technology libraries in CPLEX
Studio Academic Research 12.2 [64], and ran on 4 threads of another i5-CPU PC with 2.67
GHz clock rate. Data were transmitted via UDP between the two PCs. The sampling time
was defined in the optimization as ∆t = 0.1 s due to the bottle-neck of the computational
effort for generating the safety-relevant regions. With the provided F (t + r), the optimized
sequence at each time interval could actually be computed within 0.01 s and the first
desired position zee (t + 1) was applied to the robot in each iteration of the MPC scheme.

5.2.4 Optimized Trajectories of the Robot using MPC
An optimized position sequence to drive the robot from a specified start to a goal state
was computed by solving the model-based optimization problem over a prediction horizon,
while taking into account time-varying dynamic constraints including obstacle avoidance.
The following optimization problem was solved for any t until the goal was reached.

min

zee (t+1),...,zee (t+H)

H
X

kzee (t + r) − ẑk∞ ,

(5.7a)

r=1

s.t. Vee− ∆t ≤ zee (t + 1) − zee (t) ≤ Vee+ ∆t,
x(0) = x0 ,
A(t) · zee ≥ b(t) + (v − 1) · M,
N
X

vk = 1,

(5.7b)
(5.7c)
(5.7d)
(5.7e)

k=1

where the velocity limits [Vee− , Vee+ ] in the directions z 1 , z 2 , and z 3 are [−10, 10]cm/s,
[−6, 6]cm/s, and [−4, 4]cm/s, respectively.
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With respect to the prediction of the safety-relevant regions, the optimized position
sequences of the robotic end-effector (or TCP) based on the current measurement zee (t)
(denoted by the green square) are shown in Fig. 5.3. With the prediction horizon H = 8,
the sequence of end-effector positions zee (t+1), . . . , zee (t+8) is optimized using the regions
F (t+1), · · · , F (t+8). The sequence is marked by red circles, while the optimized sequence
without obstacles is marked by the blue stars. The positions of the 3rd and 4th faces are
the same for F (t + 1) and F (t + 3), as well as for F (t + 6) and F (t + 8).
The optimized trajectories in 3D for t = 30∆t and t = 60∆t are shown in Fig. 5.4. The
optimized trajectory with collision avoidance is denoted by the circles. The past positions
are marked in black, the current in green, and the future in red. The red areas represent
the safety-relevant regions F (t = 30∆t) and F (t = 60∆t), respectively. The optimized
trajectory without obstacles is denoted by blue stars, shown in Fig. 5.4(b).
The human and robot motion is shown in Figure 5.5 and 5.6, in which the camera view is
shown on the left, the enhanced safety-relevant regions on the right top, and the behavior
captured by an external camera on the right.

5.3 Summary
For optimization-based online motion planning of robotic manipulators, a predictive control
scheme with embedded mixed-integer programming interacting with dynamic obstacles,
i.e. human has been proposed. The human arm behavior is modeled and predicted by the
combination of two HMMs for the hand and the elbow. Based on the proposed method, the
safety-relevant regions, which serve as constraints in the optimization, can be generated
online with multiple patterns. The control scheme for online motion generation has been
successfully demonstrated for an HRI scenario. The optimized trajectory of the robotic
end-effector with identification of the human arm can be computed in 0.01 s for the real
system with the prediction horizon H = 8.
As mentioned in the discussion of the previous chapter, the computation of generating
the safety-relevant regions within the prediction horizon H = 8 (0.1 s) was the bottleneck for the computation of the optimization. Thus, the sampling time for the complete
optimization was considered as 0.1 s as well.
The maximum frequency of both cameras was 60 frames-per-second. In order to recognize a 3D position of a marker, two images from both cameras were required, which were
processed sequentially. Therefore, the maximum frequency of the stereo camera system
was 30 frames-per-second. The recognition of two marker positions was processed in parallel. Thus, the computation time for two markers is ca. 30 frames-per-second, almost the
same as for processing one marker.
The computation time for CAM-shift in tracking three markers was ca. 66 ms, for two
markers a little bit less. Afterwards, the captured data were used for computing the
reachable set with specified bound values, including the generation of the cells interacting
with the computed reachable set. The computational efforts for it was not high.
The most time-consuming component was to compute the probability of each cell with
the update of the HMM including the parameter and structure adaptation. Depending
on the number of states in the HMM the computation time for the HMM update can
be varying. There were 252 cells to be mentioned in the experimental setup in the next
chapter with 20 states in one HMM, computing the probability of each cell was ca. 0.3 ms.
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Thus, the time for computing the probabilities overall at a time instance was ca. 75 ms.
Generation of the safety-relevant region from the computed probabilities was fast. In order
to keep the computation time for the regions for the prediction horizon within 100 ms,
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Figure 5.3: Optimized trajectory of the robot end-effector based on the current measurement
zee (t = 0) (denoted by the green square), zee (t + 1), . . . , zee (t + 8) (red circles) with
consideration of the safety-relevant regions F (t + r) and (blue stars) without obstacles
(view from top).
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Figure 5.4: Optimized trajectories in 3D from the start to the goal.

task of generating the region was assigned to each thread. In case with prediction horizon
H = 8, 8 threads were used including 4 real cores plus 4 virtual cores. Then the overall
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(a) Step 1.

(b) Step 2.

(c) Step 3.

Figure 5.5: Snapshots for human-robot interaction.
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(a) Step 4.

(b) Step 5.

(c) Step 6.

Figure 5.6: Snapshots for human-robot interaction (continued).

time for computing 8 safety-relevant regions was within 100 ms. This was only for one
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marker. Two markers, namely one on the hand and one on the elbow, were considered
in the HRI application. Although parallel processing and multi-thread techniques were
used in order to keep the overall computation time within 100 ms for multiply markers,
this was the bottle-neck for the complete optimization using the predictive control scheme.
In principle, the probability computation for each cell could also be processed in parallel
in order to further increase the computational efficiency, but this was not realized in this
thesis. It can be potential future work which will be discussed in the last chapter.
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6 Conclusions with Potential Extensions
In this thesis an optimization-based robotic manipulation problem interacting with a human worker is considered. Three main questions are raised in this context:
1. Which optimization problem for robot path planning to be solved, and how?
2. How to consider the human worker behavior and how to integrate it in the selected
optimization problem?
3. How to online solve the optimization problem considering the time-varying collision
avoidance constraint caused by the human worker?
In this thesis the said questions are answered. The solutions are briefly summarized as
below:
1. The robot path planning problem is directly solved in the workspace, and formulated
as an optimization problem. The optimization is approximated as a mixed-integer
program, proposed in Chapter 2, which can be efficiently solved by an existing solver.
2. The human motion is identified as a probabilistic model, namely hidden Markov
model. Based on the model, the safety-relevant region that is possibly occupied by the
human is computed by a method proposed in Chapter 3 within reachability analysis
considering the limits of the human dynamics. The method has been successfully
The safety-relevant region is served as the obstacle constrains in the optimization
problem.
3. The model predictive control approach is considered as the online scheme for dealing
with time-varying collision avoidance constraints caused by the human worker. The
methods for robot path planning and for human motion modeling and prediction
have been integrated in the MPC scheme, proposed in Chapter 5. The optimization
is solved online with the MPC scheme. The developed methods have been successfully
demonstrated in a real HRI scenario.

6.1 Conclusions
The solutions are summarized in details in this section.

6.1.1 Path Planning with MILP
Several path planning methods have been proposed in the last decades. The planning
strategy performed in the workspace using MILP is chosen because of the following two
main reasons:
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• Planning directly in the workspace avoids mapping obstacles in the configuration
space, which is very time-consuming.
• The MILP formulation can be easily embedded in the MPC scheme, different from
other approaches like sampling-based approaches. By using the MPC scheme the
computation time can be further accelerated.
As a result, the path planning problem is formulated as a mixed-integer program. Different from previous method in [23], the MIP method has been extended to the case of
varying constraints, i.e. state and input constraints differing from different regions of the
workspace and, in particular, time-varying state constraints resulting from the requirement
of collision avoidance with dynamic obstacles.
The formulation has been further enhanced in R2 and in R3 (mentioned in Section 2.3.2).
The application of the enhanced formulation can drastically reduce the number of binary
decision variables in the MIPs, comparing to the original formulation. Specifically, the
enhanced formulation leads to a reduction in computation time.
The methods have been numerically evaluated with respect to the computation time
for varying numbers of the particles introduced for the robot links mentioned in Chapter
2, for different discrete time steps, etc. They have also been successfully demonstrated
for different simulation and experimental scenarios in Chapter 5. When applying the
method to our applications, only robot TCP was considered due to the problem complexity,
which but was sufficient for our cases. Additional research is necessary to speed up the
computations in order to make the HRI more efficient, to be discussed in Chapter 6.2.

6.1.2 Human Motion Analysis
Understanding human behavior and motion for HRI is indispensable. A better understanding of human makes a better planning of the robot path while interacting with the human.
A human worker with specified tasks is considered in the thesis for interacting with an
industrial robot. The human worker normally shows similar motion when accomplishing
a given task repeatedly, and he tends to follow some motion patterns. This leads to the
possibility of modeling the human motion even with prediction.
As mentioned in Chapter 3 the deterministic approach proposed previously were designed
to produce accurate short-term predictions and did not take into account the factors to
accurately predict human motion over longer intervals of time. The human intention and
structure of the environment were also not considered. Thus, a time-evolving probabilistic
model, namely hidden Markov model is chosen in this thesis.
Previous HMM approaches derived predictions based on probability density functions in
the form of single points, such as most likely or expected human positions. The proposed
method in Chapter 3 computes the safety-relevant region (or subset) of the workspace as
a region which is possibly occupied by the human at future instances of time.
The prediction accuracy has been further enhanced by considering limits of the human
velocity and acceleration within the computation of reachable sets.
The proposed approach has been realized and applied to different applications. Several
experiments have been carried out for evaluation of the proposed method.
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6.1.3 Online Solution
Online computability is a key component for HRI. The MPC scheme is selected. The
proposed approaches for path planning and for generating safety-relevant regions have
been successfully integrated in the control scheme.
Additionally, in order to realize the proposed approaches, a demonstration platform has
been developed, where an industrial robot works in the same space as a human operator.
The task of the industrial robot is to drive the end-effector according to a nominal sequence
of gripping-motion-releasing operations while no collision between the robot and a human
arm occurred. The demonstrator consists of:
• a real-time framework comprising the industrial robot and a robot planner programmed in a Linux PC via Ethernet, which guarantees online adaptation of the
robot motion,
• a motion planning software platform for prototyping and simulating planning algorithms,
• a human (arm) motion detection system using a stereo camera system and a robust
marker detection algorithm for online human motion prediction based on identified
motion patterns encoded by the time-varying hidden Markov models,
• data communication between different PCs via Ethernet.
The proposed approach has been successfully realized in the demonstration platform.
The results described in Chapter 5 show that the robot path can be optimized online while
the collision being avoided using the predictive control scheme. In case that the optimization does not provide a result within a time interval, the computed result at the second
time step of the previous time interval would be applied. In case the optimization cannot
provide a result within the complete time horizon, a standstill/stop of the robot is triggered
until the corresponding result computed, which did not happen in our experiments.

6.2 Potential Extensions
Potential extensions of the solutions for future work are described in this section.
MILP Formulation: The reason of using the proposed method has been addressed, but
for further investigation a benchmark should be set for systematically comparing the performance of different methods. All methods should be implemented in the same environment,
and a 6DOF industrial robot interacting with a known dynamic moving obstacle in R3 can
be considered as a benchmark.
Probabilistic Framework with Reachability Analysis: For considering a human arm
with multiple markers, individual HMM have been used to identify the behavior of the
hand and the elbow, respectively. The present solution can be further improved in the
learning phase by considering an additional constraint of the fixed distance between the
hand and the elbow. It is remarked that the fixed distance has been indirectly considered
in the models since the models were trained based on the observation of a real hand and
an elbow movement.
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Online Solution: In the HRI experiment only the TCP was considered for robot path
planning. If a more complicated setting is considered, more particles selected on the link
might be required in the optimization. The bottle-neck for the computation time is the
generation of the safety-relevant region. The code can be further optimized such that the
probability computation for each cell can also be processed in parallel for further increasing
the computational efficiency.
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A Proof of the Enhanced Reformulation
The proofs were originally made by Gunther Reißig, presented in [40, 41].

A.1 2-Dimensional Case
Proof of the Theorem 2.1 is described as below:
Proof. Obviously, the two statements are mutually exclusive. Assume that 1 does not hold
and show below that this implies 2.
Since P is convex and full-dimensional (has non-empty interior) and since 1 does not
hold, P and the line segment I joining z1 and z2 can be separated by a hyperplane [143,
Prop. 39.4]. That is, there is some non-zero vector v ∈ R2 and some α ∈ R such that
hv|zi ≤ α ≤ hv|pi

(A.1)

for all z ∈ P and all p ∈ I, where h·|·i denotes the inner product in R2 . Then there is
some point z ∈ P that maximizes hv|zi [102, Theorem 3.3], and it is assumed z = 0 (and
hence α ≥ 0) without loss of generality.
Let K be the cone generated by those transposed rows ATi of A for which bi = 0. Then
P ⊆ K ∗ , where K ∗ = {z| hc|zi ≤ 0 for all c ∈ K} is the dual of K, and since P has an
interior point, K is pointed [19, Chapter 1.2]. This shows that K is actually generated by at
most two of the transposed rows ATi . Moreover, since the rows of A are in counterclockwise
order, and since the system A · z ≤ b is non-redundant, K is either generated by just one
transposed row of A, or by the transposes of two successive rows, ATk and ATk+1 .
Next observe that hv|ci ≤ 0 for all c ∈ K ∗ , i.e., v also separates K ∗ and I. This implies
v ∈ K, and hence, there are λ1 , λ2 ≥ 0 such that v = λ1 · ATk + λ2 · ATk+1 . Now assume
2 did not hold, in particular, that Ak · p < 0 and Ak+1 · p < 0 for some p ∈ S̃. Then
0 > λ1 · Ak · p + λ2 · Ak+1 · p = hv|pi ≥ α ≥ 0, which is a contradiction.

A.2 3-Dimensional Case
Proof of the Theorem 2.2 is described as below:
Proof. Obviously, the two statements are mutually exclusive. It is assumed that 1 does
not hold and show below that this implies 2. Without loss of generality it is also assumed
that each row of A has unit length. This is possible since P 6= ∅ and the system A · z ≤ b
is non-redundant, which implies that none of the rows of A vanishes.
1.) It is observed that any 3 × 3 submatrix of A is either of rank 2, or of rank 3. Indeed,
if the rank was 1, then two of the rows of A would be equal, which would contradict our
non-redundancy hypothesis.
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2.) It is also easy to see that each facet F of P contains a one-dimensional face of P as
a subset. Indeed, it follows from our hypothesis N > 2 and the first step of this proof that
rank A ≥ 2, which implies that any minimal face has dimension at most one [121, Sections
8.2, 8.5]. Since P is full-dimensional, F is two-dimensional [121, Section 8.4], and hence,
contains a one-dimensional face of P [121, Section 8.6].
3.) If two facets F1 and F2 intersect, then F1 ∩ F2 is a one-dimensional face of P:
Since P is full-dimensional and the system Az ≤ b is non-redundant, it may be assumed
Fi = {z ∈ P | Ai · z = bi } without loss of generality [121, Section 8.4]. Then A1 = ±A2 if
F1 ∩ F2 is two-dimensional, but A1 6= A2 since the system A · z ≤ b is non-redundant, and
A1 6= −A2 since P is full-dimensional. If, on the other hand, the dimension of F1 ∩ F2
is zero, then F1 ∩ F2 = {v} is a vertex of P. Since P is simple, it may then be assumed
Ai · v = bi for all i ∈ {1, 2, 3} as well as Ai · v < bi for all i > 3. Now pick some
nonzero w ∈ ker A1 ∩ ker A2 , where ker M denotes the nullspace of the matrix M . Then
A1 · (v + εw) = b1 , A2 · (v + εw) = b2 , and Ai · (v + εw) < bi whenever i > 3 and ε is
sufficiently small. This implies A3 ·(v +εw) > b3 for all ε 6= 0, since otherwise F1 ∩F2 would
contain a point different from v. It follows that 2A3 v̇ = A3 · (v + εw) + A3 · (v − εw) > 2b3 ,
which is a contradiction.
4.) Each one-dimensional face E of P is contained in exactly two facets of P, and the
intersection of the latter equals E [121, Section 8.6]. In particular, the indices in the
representation 2.27 are indeed uniquely determined, since the system A · z ≤ b is nonredundant and P is full-dimensional [121, Sections 8.3, 8.4, 8.6].
5.) Now start to prove the theorem: Since P is full-dimensional, there is a twodimensional affine subspace X ⊆ R3 containing x and y that intersects the interior of
P. X may be transformed into R2 × {0} by a linear change of coordinates. Hence, without
e × {0},
loss of generality, it may be assumed x = (x1 , x2 , 0), y = (y1 , y2 , 0), and P ∩ X = P
e is given by
where P
n
 
o
e = z ∈ R2 A · zz12 ≤ b .
P
(A.2)
0

e is a full-dimensional polyhedron in R2 , and the line segment J(x1 , x2 ), (y1 , y2 )K ⊆
Then P
e Moreover, by successively removing redundant
R2 does not intersect the interior of P.
e which involves at least one
constraints we obtain a non-redundant representation of P
inequality,
n
o
e = z ∈ R2 A
e · ( zz12 ) ≤ b̃ .
P
(A.3)
It will now be shown that there are row indices h, k with the following property: For all
eh · p ≥ b̃h or A
ek · p ≥ b̃k , and there is some q ∈ P
e for
p ∈ J(x1 , x2 ), (y1 , y2 )K it holds that A
which
eh · q = b̃h and A
ek · q = b̃k .
A
(A.4)

e consists of a single row, then the statement holds with h = k. Next assume
Obviously, if A
e consists of exactly two rows. If there is some q ∈ R2 such that A.4 holds with h 6= k, the
A
e If, on the other
statements holds since J(x1 , x2 ), (y1 , y2 )K does not intersect the interior of P.
e1 and A
e2 are linearly dependent. Since
hand, such a point q does not exist, then the rows A
e1 and A
e2 are nonzero and negative multiples
the representation A.3 is non-redundant, A
of each other, which implies the statement holds for some h = k ∈ {1, 2}. Finally, if
e consists of more than two rows, then the statement follows from the two dimensional
A
result, Theorem 2.1 in the lase section. If the statement holds with h = k, then there is
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some f1 ∈ {1, . . . , N } such that Af1 · p ≥ bf1 for all p ∈ Jx, yK. Moreover, by step 2 of this
proof, the facet {z ∈ P | Af1 · z = bf1 } contains a one-dimensional face E of P, and step 4
shows that there is some f2 6= f1 satisfying 2.27. This implies 2.
If, on the other hand, the statement holds for some h 6= k, then there are f1 , f2 ∈ {1, . . . , N }
satisfying 2.28 for each p ∈ Jx, yK. Moreover, by A.4, the facets {z ∈ P | Af1 · z = bf1 } and
{z ∈ P | Af2 · z = bf2 } have a point in common. Hence, step 3 of this proof again implies
2.
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