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Abstract
Communication among secretory cells, neurons and other related cells is accompanied by a
process called exocytosis, which consists in the release of neurotransmitters into the intercellular space. The neurotransmitter molecules are transported inside vesicles, which move
towards the cell membrane. Once at an active site of the membrane, vesicles can undergo
fusion with the membrane. As a result of fusion, a pore in the membrane is produced, through
which neurotransmitter molecules leave the cell. Exocytosis is a complex multi-step process
that includes vesicle trafficking, docking, priming and fusion. Although all these steps have
been intensively studied, some aspects of their mechanisms, particularly those regarding
vesicle transport to the active sites situated at the membrane, are still unclear. In this work,
we have developed a model for the transport of synaptic and secretory vesicles and have
constructed a general theory which relates vesicle dynamics towards the membrane to electrophysiological experiments. We applied the theory to Chromaffin cells, Hippocampal neurons
and neuromuscular junctions. The development of the general theory is a result of some steps,
that are described in the different chapters of this dissertation, and are briefly sketched below.
First, we showed that it is possible to extract information on vesicle motion in Chromaffin cells
from electrophysiological experiments. We came to this conclusion by comparing the result of
Langevin simulations with amperometric measurements during sustained (steady-state) exocytosis. In particular, we performed Langevin simulations of vesicle motion towards the cell
membrane assuming pure Brownian motion and obtained the statistics of vesicle arrival times.
As expected, the arrival-time statistics was determined by a Poisson process. On the other
hand, we carried out a detailed statistical analysis of exocytosis events taken from amperometric data obtained by a collaboration partner (Dr. Imelda Bonifas, IPICyT, Mexico). We realized
that, in the steady state, each amperometric peak can be related to a single release from a new
vesicle arriving at the active site of the cell membrane and that the amperometric signal can be
mapped into a time-sequence of release events. We normalized the release-sequences resulting from the current peaks using a time-rescaling transformation, thus making signals coming
from different cells comparable. We observed that the release statistics of the mentioned
amperometric experiments considerably deviates from a Poisson process. Moreover, we found
that the inter-release-time probability is reasonably well described by two-parameter gamma
distributions, thus indicating that the motion of vesicles cannot be purely diffusive (which
would correspond to a Poisson distribution). In order to determine how the ensemble of
vesicles move we repeated the Langevin simulations but assuming, that, in addition to the
Brownian motion, all vesicles are guided towards the membrane by an attractive harmonic
v

potential. Remarkably, the arrival-time statistics followed a gamma distribution. Therefore,
we could conclude that the motion of the ensemble of vesicles is not purely diffusive, but
rather biased towards the membrane, as suggested by previous experimental imaging studies
performed on single vesicles that vesicles’ motion underneath plasma membranes. We have
also shown that inclusion of the fusion-time statistics in our model does not produce any
significant changes on the results. The results of the above described analysis was published
in the Journal PlosOne together with the amperometric recordings taken by our collaborators
from Mexico.
Encouraged by the successful analysis on Chromaffin cells we decided to study and simulate
miniature excitatory postsynaptic currents (mEPSC) and miniature excitatory junction potentials (mEJP), based on the results of patch-clamp experiments performed by collaboration
partners at the University of Heidelberg (Dr. Peter Bengtson and Prof. Dr. Christoph Schuster).
The existence of mEPSC and mEJP was discovered long time ago, but their origin and relevance
are still unknown. In the last years, different groups have started to look at both mEPSC and
mEJP in more detail. In the patch-clamp experiments performed in Heidelberg, the spontaneous (postsynaptic-current shaped) variations of the potential on postsynaptic neurons or
muscle cells due to the presence of neurotransmitters released by neighboring neurons were
measured. Whereas usual postsynaptic currents are generated by action-potential-dependent
and their dependent releases of neurotransmitter are characterized by bursts of postsynaptic
current, miniature postsynaptic currents are currents observed in the absence of presynaptic
action potentials, and exhibit single events. This means that mEPSC and mEJP are a measure
of the release of neurotransmitter by single vesicles on to one without previous stimulus. The
mEPCS data provided by Dr. Bengtson was obtained from mice Hippocampal neurons and the
mEJP signals provided by Prof. Dr. Schuster were measured on neuromuscular junctions of
Drosophila larvae. Our statistical analysis of many sets of data of both collaboration partners
showed that spontaneous release statistics in both systems considerably deviate from Poisson
processes. Moreover, we found that the inter-event interval histograms of the mEPSCs from
mice Hippocampal neurons are well described by inverse-Gaussian distributions, while the
inter-event interval histograms of mEJPs in the neuromuscular junctions of Drosophila larvae
are, in principle, well fitted by gamma distributions. We then developed a theory based on
the concept of first passage time (or first arrival time). By realizing that the electrophysiological experiments (both amperometry and patch-clamp) actually measure the first passage
times and by confirming that the inverse-Gaussian distribution is the first passage time of
the Fokker-Planck equation with constant velocity drift, we then postulate that the dynamics
of the ensemble of synaptic vesicles can be fully described by the Fokker-Plank equation
with constant drift. Having this in mind we took a more careful look at the mEJP data and
found that they can be better fitted by a superposition of two series following inverse-gaussian
distributions, instead of a single gamma distribution. Since the neuromuscular junctions
of Drosophila larvae are characterized by two active zones with different areas, this could
explain why a superposition of two series yields a better fit to the experimental data, and one
could also draw the conclusion that the motion of synaptic vesicles shows a universal behavior
independent of the organism.
vi

Abstrakt
Die Kommunikation zwischen sekretorischen Zellen, Neuronen und anderen verwandten
Zellen wird von einem Prozess begleitet, der als Exocytose bezeichnet wird und aus der
Freisetzung von Neurotransmittern in dem Raum zwischen den Zellen besteht. Die Neurotransmittermoleküle werden innerhalb von Vesikeln transportiert, die sich in Richtung der
Zellmembran bewegen. Sobald sie sich an einer aktiven Stelle der Membran befinden, können
Vesikel mit der Membran fusionieren. Durch die Fusion entsteht eine Pore in der Membran,
durch die die Neurotransmittermoleküle die Zelle verlassen. Die Exozytose ist ein komplexer
mehrstufiger Prozess, der den Vesikeltransport, das Andocken, die Fusionsvorbereitungen
und die Fusion umfasst. Obwohl alle diese Schritte intensiv untersucht worden sind, sind
einige Aspekte der Mechanismen, insbesondere diejenigen, die den Vesikeltransport zu den
aktiven Stellen an der Membran betreffen, noch unklar. In dieser Arbeit haben wir ein Modell
für den Transport von synaptischen und sekretorischen Vesikeln entwickelt und eine allgemeine Theorie konstruiert, die die Vesikeldynamik in Richtung der Membran in Beziehung zu
elektrophysiologischen Experimenten bringt. Wir haben die Theorie auf Chromaffin-Zellen,
Hippocampus-Neuronen und neuromuskuläre Verbindungen angewendet. Die Entwicklung
der allgemeinen Theorie ist ein Ergebnis einiger Schritte, die in den verschiedenen Kapiteln
dieser Dissertation beschrieben werden und unten kurz skizziert werden. Zunächst zeigten wir,
dass es möglich ist, aus elektrophysiologischen Experimenten Informationen über die Vesikelbewegung in Chromaffinzellen zu extrahieren. Wir kamen zu dieser Schlussfolgerung, indem
wir das Ergebnis der Langevin-Simulationen mit amperometrischen Messungen während
einer anhaltenden (stationären) Exozytose verglichen. Insbesondere führten wir LangevinSimulationen der Vesikelbewegung in Richtung der Zellmembran unter der Annahme einer
reinen Brown’schen Bewegung durch und erhielten die Statistik der Vesikelankunftszeiten.
Wie erwartet, wurde die Ankunftszeitstatistik durch einen Poisson-Prozess bestimmt. Auf der
anderen Seite führten wir eine detaillierte statistische Analyse von Exozytoseereignissen durch,
die aus amperometrischen Daten gewonnen wurden, die von einem Kooperationspartner
(Dr. Imelda Bonifas, IPICyT, Mexiko) erhalten wurden. Wir haben festgestellt, dass jeder amperometrische Peak im stationären Zustand mit einer einzigen Freisetzung von einem neuen
Vesikel in Verbindung stehen kann, die an der aktiven Stelle der Zellmembran ankommt, und
dass das amperometrische Signal in eine Zeit-Sequenz von Freisetzungsereignissen abgebildet werden kann. Wir normalisierten die Freisetzungssequenzen, die aus den aktuellen
Stromspitzen resultierten, indem wir die Zeit skalierten, wodurch Signale, die von verschiedenen Zellen kamen, vergleichbar waren. Wir beobachteten, dass die Freisetzungsstatistik
vii

der erwähnten amperometrischen Experimente erheblich von einem Poisson-Prozess abweicht. Darüber hinaus fanden wir heraus, dass die Wahrscheinlichkeit der Zeiten zwischen
den Freisetzungen durch eine Gamma-Verteilungen mit zwei Parametern einigermaßen gut
beschrieben wird, was anzeigt, dass die Bewegung von Vesikeln nicht rein diffusiv sein kann
(was einer Poisson-Verteilung entsprechen würde). Um zu bestimmen, wie sich das Ensemble
der Vesikel bewegt, wiederholten wir die Langevin-Simulationen unter der Annahme, dass
zusätzlich zur Brownschen Bewegung alle Vesikel durch ein attraktives harmonisches Potential
zur Membran hin geführt werden. Bemerkenswerterweise folgte die Ankunftszeitstatistik einer
Gammaverteilung. Daher konnten wir schlussfolgern, dass die Bewegung des Ensembles
von Vesikeln nicht rein diffusiv ist, sondern eher auf die Membran gerichtet ist, wie frühere
experimentelle bildgebende Studien an einzelnen Vesikeln, die die Bewegung von Vesikeln
unter Plasmamembranen zeigen, nahelegen. Wir haben auch gezeigt, dass die Einbeziehung
der Fusionszeitstatistik in unser Modell keine signifikanten Veränderungen in den Ergebnissen hervorruft. Die Ergebnisse der oben beschriebenen Analyse wurden zusammen mit
den amperometrischen Aufzeichnungen unserer Mitarbeiter aus Mexiko im Journal PlosOne
veröffentlicht.
Ermutigt durch die erfolgreiche Analyse von Chromaffin-Zellen, haben wir uns entschieden,
miniature excitatory postsynaptic currents (mEPSC) und miniature excitatory junction potentials (mEJP) anhand der Ergebnisse von Patch-Clamp-Experimenten von Kooperationspartnern der Universität Heidelberg (Dr Peter Bengtson und Prof. Dr. Christoph Schuster) zu
studieren und zu simulieren. Die Existenz von mEPSC und mEJP wurde vor langer Zeit
entdeckt, aber ihre Herkunft und Relevanz sind noch unbekannt. In den letzten Jahren
haben verschiedene Gruppen damit begonnen, sowohl mEPSC als auch mEJP genauer zu
untersuchen. In den in Heidelberg durchgeführten Patch-Clamp-Experimenten wurden die
spontanen (postsynaptischen Strom-förmigen) Variationen des Potentials an postsynaptischen Neuronen oder Muskelzellen aufgrund der Anwesenheit von Neurotransmittern, die von
benachbarten Neuronen freigesetzt wurden, gemessen. Während übliche postsynaptische
Ströme aktionspotentialabhängig erzeugt werden und die von ihnen abhängige Freisetzung
von Neurotransmittern durch Anhäufungen des postsynaptischen Stroms charakterisiert wird,
sind postsynaptische Miniaturströme Ströme, die in Abwesenheit präsynaptischer Aktionspotentiale beobachtet werden und einzelne Ereignisse aufweisen. Dies bedeutet, dass mEPSC
und mEJP ein Maß für die Freisetzung von Neurotransmittern durch einzelne Vesikel ohne
vorherigen Stimulus sind. Die von Dr. Bengtson zur Verfügung gestellten mECS-Daten wurden
von Hippocampus-Neuronen von Mäusen erhalten und die mEJP-Signale von Prof. Dr. Schuster wurden an neuromuskulären Verbindungen von Drosophila-Larven gemessen. Unsere
statistische Analyse vieler Datensätze beider Kooperationspartner zeigte, dass die spontane
Freisetzungsstatistik in beiden Systemen erheblich von einem Poisson-Prozess abweicht.
Darüber hinaus haben wir festgestellt, dass die Zwischenereignis-Intervallhistogramme der
mEPSCs von Hippokampusneuronen von Mäusen durch inverse Gauß’sche Verteilungen
gut beschrieben werden, während die Zwischenereignis-Intervallhistogramme von mEJPs
in den neuromuskulären Verbindungen von Drosophila-Larven im Prinzip gut durch Gammaverteilungen gefittet werden können. Wir haben dann eine Theorie entwickelt, die auf dem
viii

Konzept der ersten Durchgangszeit (oder ersten Ankunftszeit) basiert. Durch die Erkenntnis, dass die elektrophysiologischen Experimente (sowohl die amperometrischen als auch
die Patch-Clamp) tatsächlich die ersten Durchgangszeiten messen und durch die Bestätigung, dass die inverse Gauß’sche Verteilung die erste Durchgangszeit der Fokker-PlanckGleichung mit konstanter Geschwindigkeitsdrift ist, postulieren wir, dass die Dynamik des
Ensembles synaptischer Vesikel vollständig durch die Fokker-Plank-Gleichung mit konstanter
Drift beschrieben werden kann. Vor diesem Hintergrund haben wir uns die mEJP-Daten
genauer angesehen und festgestellt, dass sie durch eine Überlagerung zweier inversen GaußVerteilungen besser als durch eine einzige Gamma-Verteilung gefittet werden können. Da die
neuromuskulären Verbindungen von Drosophila - Larven durch zwei aktive Zonen mit unterschiedlichen Bereichen gekennzeichnet sind, könnte dies erklären, warum eine Überlagerung
zweier Verteilungen besser zu den experimentellen Daten passt, und man könnte auch die
Schlussfolgerung ziehen, dass die Bewegung synaptischer Vesikel ein universelles Verhalten
unabhängig vom Organismus zeigt.
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1 Introduction
1.1 Preface
The chemical communication between neurons consists in the release of neurotransmitters
by the so called presynaptic neuron and in the binding of the neurotransmitter molecules
to the receptors of the postsynaptic neuron. In the presynaptic neuron, neurotransmitters
are transported inside vesicles. The process in which vesicles approach the cell membrane,
dock at the active site, produce a pore and finally release the neurotransmitters is known as
exocytosis.
In exocytosis, the concentration of Ca2+ outside and inside the cell plays a very important
role. Exocytosis is generally an important process in bio-signaling both in neurons and
neuroendocrine cells [11, 16, 109, 112], for example. Failure in exocytosis is associated with
numerous severe illnesses like cancer, Down syndrome and Alzheimer’s [62, 66, 96].
The first step of exocytosis involves the transport of synaptic (secretory) vesicles from the
cell interior to the membrane and precedes the release of neurotransmitters. This transport
process plays a fundamental role in intercellular communication [51, 110, 133]. The following
steps of exocytosis occur in the vicinity of the cell membrane. These include the docking and
priming of the vesicle at a special area called active zone. The final step is the release of neurotransmitters by the fusion process. It starts when the concentration level of Ca2+ in the active
zone is high enough. The fusion machinery, involving many proteins which are responsible for
the formation of a pore in the membrane and for the release of neurotransmitters, is precisely
triggered by the entry of Ca2+ influx caused by extracellular signals.
Due to their close relationship with cell-signaling, the processes of docking, priming and
fusion have been extensively studied [16, 49, 113, 114, 124, 129, 132], so that it has been
possible to understand the essential functions underlying these processes. In contrast, little
attention has been given to vesicle transport. It is still unclear, how vesicles move to the active
zone. There are still controversial models regarding the trajectories of the vesicles on the
way to the membrane [34, 104]. In particular, the time evolution of the whole distribution
of vesicles participating in neurotransmitter release could not be elucidated so far. In this
thesis I will focus on the investigation of vesicle release event statistics during the sustained
release regime (this means, in the steady state) and in spontaneous release (in the absence of
an action potential) and on how neurotransmitter release statistics can be linked to vesicle
motion.
3

Chapter 1. Introduction
The existing models for vesicle transport toward the active sites in the exocytosis pathway are
mostly based on real-time observations of vesicle trajectories underneath the membrane using
TIRFM [82, 110, 111], and 3D map confocal imaging technique [71]. Microscopic investigations
on synaptic vesicles [56, 70, 84], and on secretary vesicles in chromaffin cells [82, 110, 111] as
well as other neurosecretory systems [45] lead to the conclusion that vesicles approach the
active sites following a directed motion (active transport) before fusion.
However, the conclusions drawn from such visualization studies are rather restricted due
to limitation in resolution and penetration depth [40]. In addition, the size of active zones
are very small, especially in the case of synaptic active zones which exhibit diameter sizes
of the order of 150-450 nm [92]. Typical observation depths of TIRFM are only in the range
of ∼ 100 − 200 nm, and in those experiments the information regarding motion in the z
direction is only indirect. Moreover, the number of fusions detected by TIRFM is usually one
or two orders of magnitude below those obtained in amperometric experiments[12, 48, 124].
This means that optical experiments give insight into the motion of single vesicles, whereas
electrophysiological experiments capture signals from an ensemble of vesicles. In this work I
show that they also give information on vesicle motion of the whole ensemble.
In particular, I demonstrate that the statistical analysis of electrophysiological measurements
viewed as a time series of vesicular-release events permits to univocally determine the equation of motion governing vesicle transport. I apply this scheme to electrophysiological measurements in bovine chromaffin cells, in neurons and in neuro-muscular junctions obtained
by our collaboration partners and to comprehensive published data on neurons and neuroendocrine cells, and conclude that vesicle motion occurs via active transport and that the
manifold of vesicle pathways arise from a Fokker-Planck equation. The magnitude of the
velocity drift can be directly obtained from the time series, which in turn is obtained from the
amperometric/patch-clamp measurement.

1.2 Analysis and model of vesicle motion during sustained exocytosis in Chromaffin cells
This Section and the following 5 chapters will deal with our investigations of the relationship
between vesicle transport and neurotransmitter-release statistics in Chromaffin cells, which
we publiahse in Ref. [52]. The next paragraphs were taken from that reference and were slightly
modified or completed).
In chromaffin cells, a common pathway of regulated exocytosis [11, 16, 49] consists in the
following sequential processes: (i) Catecholamines-filled vesicles are transported from the
cell interior towards the cell periphery. (ii) Vesicles are physically connected to the membrane
(docked) at special areas called active sites. These sites are composed of unique proteins
that make vesicle docking possible [49]. (iii) After docking, vesicles are brought to a readyreleasable state by an ATP-dependent process called priming. (iv) Immediately upon a rise
in cationic stimulation, primed vesicles release catecholamines to the extracellular space
through membrane-fusion.
Exocytosis involves a complex machinery involving many macromolecules like SNAREs (solu4
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ble N-ethylmaleimide sensitive factor attachment protein receptors) synaptotagmins, complexins and Sec1/Munc18, which play important roles in the accomplishment of docking, priming and membrane-fusion [17, 24, 37, 41, 50, 58, 72, 93, 95, 114]. The last step of membranefusion is triggered by the increase of intracellular [Ca2+ ]c which is also essential for regulating
priming and docking [9, 38, 47] (for a more detailed documentation on exocytosis we refer to
[11, 49, 109, 112]).
The above generic description is based on comprehensive biochemical and biophysical investigations from the last years [6, 12, 16, 19, 24, 26, 47, 71, 72, 80, 82, 87, 95, 110, 123, 128, 130,
133, 135]. They include molecular manipulations [24, 47, 72, 95, 128], electrophysiological
techniques [12, 130, 135] and optical observations [71, 80, 82, 110, 133]. Currently, primed
vesicles’ movement, the priming molecular machinery, membrane-fusion and pore formation
are well understood. However, vesicle transport to the active sites of the membrane is still
unclear.
As mentioned before, docking describes the state in which vesicles are physically connected to
the plasma membrane by a set of proteins [58]. In the absence of a stimulus, docked vesicles
can be observed by means of electron microscopy [23, 124], as those are located next to the
membrane (within a distance of ≤ 30 nm). However, in this case also primed vesicles can
be included in this definition, since from electron microscopy images it is not possible to
distinguish between primed and docked vesicles. Other techniques like total internal reflection
fluorescence (TIRF) microscopy can distinguish primed and docked vesicles by their different
mobilities (primed vesicles are almost immobile) [80, 82, 110, 133]. It is important to point out
that most vesicles are initially non-docked and reside deep inside the cell in the reserve pool.
When exocytosis starts as a response to a stimulus, the pools of already docked and primed
vesicles are fully or partially depleted or at least considerably reduced, within 1-10 s [109].
Then, the so called sustained-release (or steady-state) regime is reached, in which docking
of new vesicles at the plasma membrane followed by priming and membrane-fusion occurs.
This means that the sustained phase is the stationary regime in which the contribution from
already primed and docked vesicles is small. In the sustained-release regime one can clearly
distinguish two different time scales: ‘slow’ transport of vesicles towards the membrane
and ‘fast’ docking, priming and membrane-fusion. Evidence of this ‘fast’ fusion reaction
was the observation of ‘crash fusion’ reported, for instance, for chromaffin cells, in which
catecholamines are rapidly released without stable docking and priming [2, 124], as well as in
synapses [46, 98, 133], islet β cells [59, 115], natural killer cells [68], and other cell types [58].
About 22% of the vesicles undergo ‘crash fusion’[2] The time scale for docking and priming in
the sustained phase was reported to be within 50 − 300 ms in chromaffin cells [2], and within
∼ 100 − 200 ms in calyx of held [97, 98] and other cells [47, 100]. One of the reasons for rapid
release may be a requirement of fewer SNARE complexes during the sustained phase [72, 121].
More support for fast fusion can be found in Refs. [47, 79, 136].
All the facts mentioned above indicate that there is a clear separation of time scales in the
sustained regime. The slow mechanism of vesicle transport would therefore determine the exocytosis rate, especially in neuroendocrine cells, where vesicles do not recycle [109]. Therefore,
we expect that the dynamics of release events during the sustained exocytosis, if the docked
5
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pool is completely depleted, may strongly depends on the transport of vesicles towards the
membrane. Hence, the rate of electrophysiologically detected fusion events should reflect the
dynamics of vesicle motion. Note, however, that the releases from the not completely depleted
docked pool might also be present in the measured signals.
The existing models for vesicle motion toward the active sites are based on real-time observations of vesicle trajectories underneath the membrane using TIRFM [82, 110, 111], and 3D
map confocal imaging technique [71]. Careful investigations on chromaffin cells [82, 110, 111]
as well as other neurosecretory systems [45] lead to the conclusion that vesicles approach
the active sites following a directed motion (active transport) preceding membrane fusion.
However, the conclusions drawn from such visualization studies are rather restricted due
to the limitation in resolution and penetration depth [40]. Typical observation depths of
TIRFM are only in the range of ∼ 100 − 200 nm, and the information regarding motion in the z
direction is only indirect. Moreover, the number of fusions detected by TIRFM is usually one
or two orders of magnitude below amperometry [12, 48, 124].
In this work, we developed a model for vesicle transport and arrival at the cell membrane in
order to simulate and analyze the release statistics of an ensemble of vesicles participating in
exocytosis. The model was developed in order to explain high stimulus ex-vivo amperometric
experiments on bovine chromaffin cells performed by our collaboration partners in Mexico
(Dr. Imelda Bonifas, from Ricardo Femat’s group at the IPICyT) . Amperometric measurements
permit to identify quantal release of single vesicles from the time series of current-peaks
[31, 75, 130]. In her experiments, Imelda Bonifas stimulated cells with high concentration
of Ba2+ and not with Ca2+ . This has the following advantages: (i) Ba2+ induces prolonged
sustained releases, since it favors a more stable level of intracellular concentration of Ca2+
than direct calcium stimulation [13, 44, 88], and (ii) Ba2+ was shown to specifically stimulate
the reserve pool of vesicles residing originally deep inside the cell [29]. However, we point
out that there is so far no clear evidence that results obtained by Ba2+ application provide a
one-to-one correspondence with those occurring during sustained release under physiological
conditions.
Starting from the raw data of the amperometric recordings we performed a careful data
analysis to extract information on the release events from the measured signals and to be able
to perform a statistical study. We also used time rescaling schemes to make statistical averaging
over isolated cells comparable, since individual isolated cells may exhibit different exocytosis
rates and lifetimes. Our results indicate that the probability distribution for exocytosis events
deviates from that of a Poisson process and rather follows a two-parameter gamma distribution.
This result indicates that release occurrence is not random.
In order to understand this behavior we applied our numerical model based on Langevin simulations. First, we used a simple diffusive model by considering vesicles in the cell as confined
Brownian particles. In this purely diffusive model simulations suggest Poisson statistics which
confirms the connection between Brownian motion and random event statistics. We achieved
a good agreement between simulations and amperometric experiments by assuming that
vesicles stochastically move under an attractive harmonic potential towards the membrane,
which yields a gamma distribution of inter-event times. Moreover, in order to provide a more
6
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realistic description, we also included the statistics of the priming/fusion reaction times in our
model. We were able to demonstrate that fusion-prime/fusion processes do not modify the
distributions of inter-event times. Therefore, we conclude that vesicle transport is responsible
for the release distributions. Our results confirm the active transport of vesicles toward the
membrane as suggested by TIRFM and other optical studies. In the next sections details of our
data analysis and modelling are given.

1.3 Analysis of spontaneous release of synaptic vesicles in hippocampal neurons in mice and neuromuscular junctions in Drosophila
larvae
In the second part of this work, we investigate the release statistics from synaptic vesicles in
neuronal systems. In general, it is still unclear how synaptic terminals release neurotransmitters by spontaneous vesicle fusion. Due to the small size of synaptic boutons and synaptic
vesicles, a direct observation of vesicle motion is very difficult.
The release of neurotransmitter molecules from synaptic vesicles mainly occur in response
the depolarization of the presynaptic nerve terminal during action potential activity. The
action potential induces Ca2+ influx, thus increasing its concentration in the presynaptic unit
and producing neurotransmitter release. The neurotransmitter bind then to the receptors
at the postsynaptic unit (chemical signal). Most neuronal information transfer employs the
synchronization of the action potential entry and the vesicle fusion. The main release mode is
the so called synchronous release, which occurs within 1-2 ms after the action potential signal
appears. The synchronous release is characterized by burst of events. After this response to
the chemical synapse one can further observe releases, which are no longer related to the
action potential and correspond to the so called asynchronous release regime. This asynchronous regime lasts for many seconds and is, in fact, quite similar to the sustained release
in Chromaffin cells. However, the asynchronous response is relatively short for obtaining a
significant statistical analysis, which usually requires big data sets.
Apart from the synchronous and asynchronous release modes, there is a third type of neurotransmitter release, which occurs spontaneously and is completely independent from the
action potential. This type of neuronal activity, called spontaneous release, can even occur in
the absence of action potential. The signal measured in this case in the postsynaptic unit is
referred to as miniature excitatory (or inhibitory) presynaptic current. Spontaneous releases
are characterized by low-frequency and low amplitude, and clearly represent a release of
individual vesicles [14]. Since the early work of Fatt and Katz [32], the spontaneous release of
neurotransmitters is assumed to be a purely stochastic process that occurs randomly and can,
therefore, be described by a Poisson point process [57, 60, 107].
In this work we investigate the behavior of miniature miniature excitatory postsynaptic currents (mEPSCs) in mice Hippocampal neurons, and of miniature excitatory junctional potentials (mEJPs) in neuromuscular junctions (NMJ) of Drosophila larvae based on experiments
performed by the groups of Dr. P. Bengtson and Prof. Dr. Ch. Schuster, respectively, at the
University of Heidelberg.
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We find, by performing statistical analysis of the experimental results, that in contrast to the
previous assumptions, neither mEPSCs nor mEJPs occur randomly. In both systems, the
statistics of the time series corresponding to the experimental recordings of spontaneous
release considerably deviates from Poisson processes. The inter-event interval histograms of
the mEPSCs from mice Hippocampal neurons are well described by inverse-Gaussian distributions, while the inter-event interval histograms of mEJPs in the neuromuscular junctions of
Drosophila larvae are well fitted by Gamma distributions, and even better fitted by a linear
combination of two inverse Gaussian distributions. Further studies are still needed to understand the mechanism of the spontaneous release. However, it is clear from our analysis that
the spontaneous release process is partly-deterministic and not random like as is currently
assumed. The theory underlying this topic is described in Chapters 9 and 10. In Chapter 11 I
present a summary and discussion of my PhD work.
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2 Background: Current view of Chromaffin vesicle pools and secretion
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Figure 2.1 – Current models of vesicle pools in Chromaffin cells. The majority of vesicles reside in
the depot pool from which vesicles can transfer to the docked pool and primed pool. The primed
vesicles are categorized in to a slowly releasable (SRP) and a rapidly releasable (RRP) state. Priming is a
sequential process of the docked vesicles. [108]. Left: Burst phase right after stimulation, SRP. Right:
Slower time course of sustain release follow the depletion of primed pools of burst phase(1-2 s).( This
diagram is based on Stevens2009 [108] with addition time scale of maturing steps.

Chromaffin cells are neuroendocrine cells with structure similar to that of post-synaptic sympathetic neurones. Similar to neurons, they release neurotransmitters (catecholamines:Adrenaline
and Noradrenaline) to the bloodstream via exocytosis. They are considered as the endocrine
counterparts of post-ganglionic sympathetic neurons [109]. Exocytosis of large dense-core
vesicles of chromaffin cells shares many similarities with neurotransmitter release from synaptic vesicles in neurons. For this reason, they can be used as model systems to study Ca2+
dependent exocytosis process. However there are important differences in Chromaffin’s vesicle
pools and synaptic pools in neurons (for details see [11, 109]). However, many pool definitions
and their dynamics are unclear, and one finds different versions in the literature. Here, we
summarize the current view of the role of the vesicle pool on fusion in Chromaffin cells and
clarify relevant definitions we use in our study.
Activity under prolonged stimulation: The release of neurotransmitters in Chomaffin cell
occurs mainly in 2 phases: the exocytosis burst, which corresponds to the fusion vesicles
being in the prime pool, and a sustained phase, attributed to the fusion of vesicles from the
11
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dock pool that undergo priming (SRP) upon cell stimulation (during the measurement period).
These docked and primed of vesicle are delivered from the depot pool [80]. The primed pool
can be subdivided into the ready releasable pool (SRP) and the slowly releasable pool (SRP).
Burst phase: After stimulation, vesicles from the rapidly releasable pool fuse with time constant of about 20-40 ms (at 20 µM Ca2+ ), which leads to bursting, then followed by the slower
fuse of vesicles from the slowly releasable pool with a time constant of about 200 ms(at 20
µM Ca2+ ). The rapidly releasable pool depletes within 100 ms, and the ready releasable pool
within 1 s. The total bursting period last for 1-2 seconds. The action potential can induce only
the release of rapidly releasable pool. To activate the slowly releasable pool, high stimulation
of [Ca2+ ]i is needed [11].
Sustained phase: Sustained release happens when the vesicles from the depot pool that travel
from deeper inside the cell to undergo priming and fusion immediately[11]. Some authors
define these sustained releases as mainly coming from vesicles in the slowly releasable pool
(eg. Sorensen2004 [106] ).

Definitions
’maturation’ process: Maturation describes the process of docking and priming steps which
involve many molecular machineries. Many authors [109, 136] use the term ’mature’ to
describe the priming step. Also some of them call maturing the transition from the slowly
releasable to the releasable state. In this work we use the term docking/vesicle recruitment
and priming to describe maturing steps for clarity.
Docking of vesicles: Docked vesicles are characterized by the vesicle that appear close/attached to the membrane (< 200 nm). This definition includes three pools of vesicles: docking
pool, slowly releasable pool, and rapidly releasable pool . The docking step itself corresponds
to the transfer of vesicle from Depot pool to the docking state. In molecular terms, it is viewed
as a loose tethering of vesicles to the membrane by an unknown set of proteins.
Priming of vesicles: Priming refers to the process of docking vesicles that mature into the
fusion-competent state([11, 91, 112]). In molecular terms, the process is mediated by the
formation of a SNARE complex.
• Resting cell: Vesicles residing at the plasma membrane have time to form several SNARE
complexes in the absence of stimulation, achieving faster speed for fusion when triggered by calcium.
• Sustained phase: Priming corresponds to the transfer of vesicles from the depot pool
to the primed pool[78, 109, 136]. Here, the vesicles of the prime pool are in a ready
releasable state (immediate fuse). This fact is supported by many studies[11, 47, 72, 121].
Neher et al. and Hosoi et al. [47, 79] propose that vesicle docking and priming actually
occur very rapidly (within 100âĂŞ200 ms) once a release site has been cleared and that
site clearing is as fast as ∼ 200 ms - 10 s, being modulated by calcium. The rapid release
may result from less involvement of the SNARE complex [72] during the sustained phase.
Fast vesicle fusion requires at least three SNARE complexes. However, vesicles arriving
12

during high [Ca2+ ]i , might fuse using fewer (or possibly only a single[121]) SNARE
complexes.

Vesicle pools in Chromaffin cells

Figure 2.2 – (A) Scheme showing the different vesicle pools in chromaffin cells, according to their
readiness to participate in exocytosis (Copy from ref.[38]. (B) Vesicles undergo docking and priming
reactions before fusing with the plasma membrane upon C a 2+ entry via CaV channels. Primed vesicles
are tightly connected to the plasma membrane via the SNARE complex formed by SNAP-25, Syntaxin1
and Synaptobrevin. The fusion of the vesicle with the plasma membrane is mediated by Synaptotagmin.
Docking of vesicles involves Munc18, while priming is regulated by proteins such as CAPS or Munc13.
Figure is taken from ref. [11]
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Table 2.1 – Characteristics of vesicle pools in chromaffin cell
Primed pool

Depot pool

Ready releasable
(RRP)

Slow releasable
(SRP)

Unprimed
(UPP)

Recovery time

120-170 [11, 127]
Docked
1st burst
0 − 100 ms
10 s [127]

Mobility [80]
(TIRFM)

restricted
(56 nm cage)

120-170 [11, 127]
Docked
2nd burst
10 − 100 ms
100 − 200 ms [97, 109, 136]
(Priming/Maturation)
restricted
(56 nm cage)

750 [11]
Docked
intermediate
100 ms −2 s
100 ms −2 s
(Docking)
mobile/confined
(200 nm cage)

Size (vesicles)1
Location
Release phase [136]

a Experiment on mice chromaffin cells
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3 Data Acquisition and Spike Detection

Figure 3.1 – Amperometric measurement: Following cell stimulation, the neurotransmittercontained vesicles release their content to the external medium. These neurotransmitter
molecules then oxidize at the surface of the target microelectrode, placed right next to the cell,
producing the current signals[61]. Due to the quantal property of vesicle releases [130], one
observes the current spikes in which each spike corresponds to an individual release event.
The occurrence of a spike is synchronized with the timing of its corresponding exocytosisrelease. A spike’s amplitude and its area are proportional to the amount neurotransmitters
released from the vesicle. The shape of the spike is correlated to the time evolution of the
fusion process.
In the experiments performed by Imelda Bonifas on Chromaffin cells, the release of the neurotransmitters (catecholamines adrenaline and noradrenaline) was measured in amperometry
experiments. Prior to statistical study of the release probability in exocytosis, one needs first
to treat the raw data obtained in the measurements. This chapter describes methods for identifying and extracting the exocytosis events from the amperometric recordings (continuous
15
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current signals). The final result takes the form of a time sequence of vesicular release events,
t 0 , t 1 , ..., t N , to which we can apply stochastic model analysis. From a mathematical point
of view, we transform a continuous time-series from raw measurement data into a discrete
time-series (point process data).
Figure 3.1 shows a cartoon of an amperometric measurement in Chromaffin cell. A microelectrode with applied constant voltage was placed close to the cell. During exocytosis activity, the
neurotransmitter-containing vesicles release their content via membrane-fusion. The neurotransmitter molecules then diffuse and oxidize at the surface of the microelectrode, producing
a current which is then measured[61]. The magnitude of the current directly correlates with
the neurotransmitter release and depends on the distance between cell and electrode. Due to
the quantal property of vesicle release [130], current spikes are observed in correspondence
to individual releases. The positions of each spike on the time axis is synchronous to the
timing of the corresponding exocytosis-release. The amplitude and the area of each current
spike is proportional on the amount of the neurotransmitter molecules released from the
corresponding vesicles. The shape of the spikes is well understood in terms of the membrane
fusion process, eg. vesicle-pore formation.
The first spike sorting algorithms used amplitude discriminators, which are very fast and
easy to implement online. But in most cases the amplitude alone is not sufficient to separate
the spikes from different cells. Keeping in mind that the vesicle transport information can
be embedded in the release timing, we are only interested in spikes coming from a single
cell. Therefore, and to get ride of other factors like the extra diffusion process of the neurotransmitter from the cell to the electrode surface, we select only spikes having characteristics
corresponding to the release in close-vicinity of electrode.
Since the current spikes can have complicate shapes, and unwanted signals coming from
cells far away from the electrode can be superimposed to the signals of interest, we developed
numerical tool for identifying the relevant spikes from the raw signals. The tool is written
as a python module for performing ämperometric trace analysis " that could handle large
datasets and ensemble analysis of a collection of datasets with different characteristic (average
frequency, average amplitude, duration of recordings).
The final result containing the release-spikes is determined by a set of amplitude thresholdand spike shape parameters which are manually assigned or generated form the scale signals
in ensemble analysis. To test for the confidence of the trace-analysis, the resulting inter-event
time sequences and count histograms are visually compared with Poisson processes (or "white
noise"). We analyzed both the individual sets of data coming from different measurements
and also the combination of all time rescaled results.
The trace-analysis scheme consists of three steps: trace precondition, spike extraction and
inspection.

3.1 Trace precondition
Signals from exocytosis events are embedded in noise in raw amperometric recordings. Therefore cleaning up the data is required before extracting the fusion-event spikes for statistical
analysis. Since information about the vesicle release probability, in which we are interested
16
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in, only involves spike frequency and timing, we can ignore the intensity and shape of the
spikes[83].
We started by smoothing the signal. This was done by convolving it with a window function
to get rid of rapid fluctuations. Then, we estimated the low frequency background current
and removed it from the signal. Finally, an amplitude threshold cut-off method was used to
distinguish the true signals from the noisy (high frequency) background. Below, we describe
the details method for data acquisition, and spike detection from experimental signals.
We can write down the experimental signal as a sequence
S = {s 1 , s 2 , ...s N }.

(3.1)

where s n = s(t n ) is a signal value at time t = t n , when the measurement takes sampling in
{t 0 , t 1 , ..., t n }.

Noise Reduction: Data smoothing
By means of smoothing, the data points of a signal are modified so that individual points that
are higher than the immediately adjacent points (presumably because of noise) are reduced,
and points that are lower than the adjacent points are increased. This naturally leads to a
smoother signal. As long as the true underlying signal is actually smooth, then the true signal
will not be much distorted by smoothing, but the noise will be considerably reduced. The
measurementS(t ) can then be written as a sum of the actual signal s(t ) and a noise component
η(t ),
S(t ) = s(t ) + η(t ).

(3.2)

One simple way to remove rapidly fluctuating noise from the data is to take short-term
averages, e.g.,
S nest = (S n−1 + S n + S n+1 )/3.

(3.3)

In this way one replaces each point in the signal by the average of its adjacent points. The
noisy fluctuations at the three considered time steps will mostly cancel out. The generalization
for an average over 2k + 1 components is
S nest = (S n−k + ... + S n + ..., +S n+k )/(2k + 1).

(3.4)

—————–
This smoothing procedure is called ”moving average". Note that the more points we average
the more distorted the true signals are. We can improve the above average by introduce the
weight function, e.g. a 5 points triangular smoothing procedure,
S nest = (S n−2 + 2S n−1 + 3S n + 2S +1 + S n+k )/(9).

(3.5)
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For an arbitrary time-dependent weight it holds:
S nest = (ωk S n−k + ... + ω0 S n + ..., +ω−k S n+k )/(2k + 1),

(3.6)

in which the value of ωk decreases with |k|. Assuming that ωk is a bell shape window function
which vanishes at k À 1, we can rewrite the above equation as,
S nest =

∞
X

(ωk S n− j )

(3.7)

k=−∞

The above equation now looks familiar. It is just a discrete convolution of the window function
ω and the measurement S.

Numerical implementation
This above method is based on the convolution of a scaled Hanning window with the signal.
Actually, any function having its maximum at the point of interest and decreasing in its
neighborhood will do the work. In particular, the Hanning window is defined as
µ

2πn
w(n) = 0.5 − 0.5cos
M −1

¶
0 ≤ n ≤ M − 1,

(3.8)

where M is the number of points in the output window. It has the cosine bell shape. The signal
is prepared by introducing reflected window-length copies of the signal at both ends so that
boundary effect are minimized in the beginning and at the end part of the output signal. Form
the experimental data t n+1 − t n = 0.025 s, using M = 25, we average the signals over a window
width of 0.525 s.

Removal of background current
After smoothing the signal, we remove the minimum background current. The method is as
follows:
• Set the minimum signal amplitude of the whole data to zero.
• Estimate the background current by dividing the data into small intervals N, N ∈
{200, 400} ( corresponding to the time interval 0.5 to 1 s.), depending on the length
of the experimental data. Then, interpolate the base line from the minimum of all
intervals.
• Remove the background current from the signal.
The smoothing method is suitable when the true signal amplitudes change rather smoothly
as a function of its variable, whereas many kinds of noise are seen as rapid, random changes
in amplitude from point to point within the signal. [67, 81]. Fig. 3.2 b) shows the raw signal
from a control experiment which falls into this criterion. The application of the smoothing
algorithm, and the base line estimation is shown in Fig. 3.2 a) and 3.2 c). The smooth signal
amplitude is significantly lower in narrow peaks. However this does not e affect the location of
peaks.
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Figure 3.2 – (a) Raw amperometric trace, the signal amplitudes change smoothly with time.
(b) smooth signal through convolution with a Hanning window of width 0.525 s. (c) Smooth
signals of a control file with base estimation (pink line).

Spike Extraction
For event detection we are interested only in the time different between two consecutive
events. Therefore, the temporal feature and shape of spikes are not taken into account. We
extract spikes from the raw signals by the peak detection method mentioned before. First, we
obtain the current signal with the amplitude higher than than the threshold determined by
the cutoff signal I cut o f f . The spikes with smaller amplitude than I cut o f f are not considered.
Then, we re-select the peaks with properties corresponding to exocytosis events occurring
directly at the microelectrode tip.

Peak Detection
Form the signal sequence in equation 3.2, we calculate its derivative using a time interval
d t = 0.0025 s (time step) as
d S = {d s 1 , d s 2 , ...d s N }.

(3.9)

Naturally, if there is a peak located between s n , and S n+1 , we will have s n with positive sign,
and s n+1 with negative sign. For the limit when s n+1 → s n , we can say that there is a peak at t n .
The algorithm for peak detection is as follows:
• We assign sign(positive d s n ) = 1 and sign(negative d s n ) = −1
• We set {ξ1 , ξ2 , ...ξN } = sign({d s 1 , d s 2 , ...d s N }).
• We search for peaks at t n where ξn+1 − ξn = 0
19
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Figure 3.3 – Smooth signals of the same control file as before with base estimation (red line).

Spike Selection
Not all the peaks represents exocytosis events[75]. We are only interested in the events that
occur within the scope region (for modeling purposes). The fully release event spikes have the
shape as in Fig3.4 a). They rise to their maximum with high slope then decay exponentially.
Sometime they exhibit pre- and post- spikes like in Fig3.4 d) and Fig3.4 e). The spikes corresponding to partial release (kiss and run) have similar shapes but with smaller amplitude, as
shown in Fig3.4 b). Sometimes, during exocytosis, the vesicle release its content slowly. This
corresponds to a low amplitude spike with lower slope and wider base as shown in Fig.3.4 c).
We filtered out some peaks with the following unwanted characteristics:
• Spikes with low slope
– These low-slope peaks may occur due to the superposition of the base of two close
spike, or due to the a release event from a pore far away from the scope. To get rid
of such peaks, we define η n as maximum derivative of a spike s n , then throw away
the pikes with η n < 0.25η̄).
• Pre- and post spikes
– These spikes usually appear with spikes that represent fully release events (main
spikes). This means that the time interval between them is small with a high
amplitude difference. And also main spikes will have peaks bigger than certain
20

3.2. Description of the amperometric experiments

Figure 3.4 – Spikes which correspond to exocytosis events, (a) fully release event spike, (b)
partial release event spike, (c) slow release event, (d) spike with pre-spike, (d) spike with
post-spike, (e) flickering spike

threshold. We throw away spike s n if |s n − s n+1 | > 0.25max(s n ) and t n+1 − t n < t s s,
where t s = 0.14 s.
• Small peaks on flickering spike
– Some spikes fluctuate before reaching their peaks (see Fig.3.4 f), probably due
to the flickering of the pores. In this case we detect such spikes by selecting the
highest peak. If the peaks are close together under the condition, t n+1 − t n < t s ,
where t s = 0.1 s, then we count the spike at t n if s n > s n+1
By applying this data-acquisition and spike detection algorithm to the recorded signals, we
were able to reduce the noise and filter out irrelevant events. However, it almost impossible
to extract all true spikes. Some of them get lost into the embedding noise, some of them
superimposed with others.

3.2 Description of the amperometric experiments
The following experimental method was used by Dr. Imelda Bonifas, who performed all
measurements on Bovine Chromaffin cells.

3.2.1 Cell Culture and Preparation
The bovine chromaffin cells were prepared by collagenase digestion of the medulla of adrenal
glands obtained from a local slaughterhouse (Meaux, France, coordinate: 48°570 3700 N 2°530 1800 E).
Cells were purified and cultured using previously described methods [69] for 3-10 days. The
purified chromaffin cells were plated on poly-L-lysine coated glass coverslips, and then placed
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Figure 3.5 – Some of the spikes extracted from a control file. Red stars indicate the detected
spikes by applying spike detection algorithm. The sequence of spikes as a time series is ready
to use for statistical analysis..

into 24-well plates at a density of 4 x 104 cells/ cm2 . The cells were incubated in a CO2
atmosphere (5 %) at 37 °C and used within 24 hours.

3.2.2 Electrode Preparation and Single Cell Experiments
Carbon fiber microelectrodes (7-mm diameter, Thornel Carbon Fibers, Cytec Engineered
Materials, Greenville, SC, USA) were constructed as described in Refs. [3, 34]. Electrode tips
were polished (45°) on a diamond dust-embedded micropipette beveling wheel (Model EG-4,
Narishige Co., Tokyo, Japan) for 5-10 min. before experiments. Only electrodes with a very
stable amperometric baseline current were used for cell measurements. Cells were prepared
by placing each coverslip into a plastic dish (35 mm) filled with isotonic physiological saline
(154 mm NaCl, 4.2 mm KCl, 0.7 mm MgCl2 , 11.2 mm glucose, 10 mm HEPES, pH 7.4, 5 mL).
After positioning the dish onto the stage of an inverted microscope (Axiovert-135, Carl Zeiss,
Germany), the carbon fiber microelectrode surface was positioned with a micromanipulator
(Model MHW-103, Narishige Co., Tokyo, Japan) at submicrometric distance from the membrane of an isolated chromaffin cell. The close proximity of the electrode surface to the cell
surface was often seen by a slight deformation in the outline of the cell. Then, a glass microcapillary (20-30 µm diameter) was positioned with a second micromanipulator near the cell (20-30
µm) and used (Femtojet injector, Eppendorf Inc., Hamburg, Germany) to inject a stimulating
solution towards the cell surface. We stimulated exocytosis with a Ba2+ solution composed
of 2 mm BaCl2 in Locke buffer without carbonates supplemented with 0.7 mm MgCl2 for 10
s. The micro-electrode was kept in place during the stimulations and all along the secretion
processes which take 5-10 minutes. Each cell was only stimulated once. All experiments were
performed at room temperature. Electrodes were held at +0.65 V with respect to a silver/silver
chloride reference electrode using a modified picoamperometer (model AMU130, Radiometer
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Analytical Instruments, Copenhagen, DK), for which the adjustable time-response was set at
50 µs. The output was digitalized at 40 kHz, displayed in real time and stored on a computer
with no subsequent digital filtering.
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4 Probabilistic Models
Here we address concepts of relevant probabilistic theories and probabilistic models that
we apply to the analysis of the release event statistics. A proper probabilistic model must
be able to describe the release sequence obtained in experiments and also to connect it to a
microscopic picture of the process. This chapter covers a brief description of the theory of
stochastic point processes.

4.1 Point-process models for electrophysiological data
Amperometric and patch-clamp experiments detect neurotransmitter releases as a continuous
time-series of current signals. The information regarding the timing of exocytosis events
cannot be directly retrieved from the raw signals.
During sustained (steady state) exocytosis, or in absence of stimulus, the release of neurotransmitters from a single vesicle via membrane fusion produces a current peak in the signals.
By measuring the shape of a current spike, one would obtain information of a fusion event
from an individual vesicle.
Generally, a current spike can vary in duration, amplitude, and shape. This is due to the fact
that each vesicle releases a different amount of neurotransmitter molecules, and that the
membrane-fusion process slightly varies from vesicle to vesicle. However, since we are only
interested in the time series represented by the position of the release-events, the spike shapes
and intensities are not irrelevant to our study.
Figure 4.1 shows an example of an amperometric measurement on a bovine Chromaffin cell
during a sustained release condition. Each spike in the current trace represents a release of
adrenaline from a vesicle.
Correspondingly, the release events are characterized by is a list of times when release occurred,
t 1 , t 2 , ...t N .
Since the release of neurotransmitters is the final stage of the exocytosis process, a careful study
of the timing of release events could lead us to further investigate the relevant sub-mechanisms
driving exocytosis process in the observed cell or in other cell types. We will verify later on that
the main mechanism responsible for the release probability is the vesicle-transport dynamics.
All previous studies have showed that timing of the neurotransmitter release events are highly
irregular reflecting stochastic process (for some examples, see in neurons refs. [20, 36, 76, 77,
133], and in secretory cells refs. [42, 55, 74, 130]).
25

Chapter 4. Probabilistic Models

Figure 4.1 – Electrophysiological data (A) An amperometric trace recorded as a time series
from a bovine chromaffin cell by I. Bonifas in the Lab of Prof. Femat (IPICyT, Mexico). (B) A
magnified cut-out section from A. The markers indicate the exocytosis-event spikes which
correspond to release events. This type of event-sequences obtained from the secretory cells
or neurons are best represent by stochastic point process.

For a probabilistic description of the experimental signals we treat the data using ’stationary
stochastic’ point processes. By definition, each release sequence obtained from an amperometric or patch-clamp recording corresponds to a temporal point process.
A point processes describes a discrete set of events having a probability distributions which
evolve according to a stochastic process. A point process can be represented by a sequence of
random variables, {t i }, on the time interval, (0, T ], with the ordering t 0 < t 1 < ... < t n < T .
The set of events of a point process is given by,
S = {t 0 , t 1 , t 2 , ...t N }.

(4.1)

Alternatively, one can also describe the same point process by its waiting time between
occurrences, or the inter-event distance, δt i .
∆T = {∆t 1 , ∆t 2 , ...∆t N },

(4.2)

where ∆t i = t i − t i −1 . Given the inter-event distances, the event time can also be obtained
P
from taking the cumulative of the inter-event times, as t i = ij =1 ∆t j
Another way to describe a a sequence of release-event times is in terms of the counts of events
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observed over a fixed time interval, [0, T ). Every point process is associated with a counting
process which produces events of the type [22]
N (t ) such that N (t ) ≥ 0
N (t + δt ) ≥
N (t ) − N (s) =

N (t )
N [s, t ) ∈ Z

N (t ) is a counting process representation of a point process. N (t ) counts the total number of
occurrences up to and including time t . N [t 1 , t 0 ) denotes the number of events in [s, t ) and is
often called the increment between time t 0 and t 1

Figure 4.2 – Different representations for point process data. A point process can be described
equivalently by multiple random variables. (A) event times and inter-event intervals (B) event
count.
Figure4.2 illustration of a release-event sequence characterized by 3 realizations, event times,
inter-event interval and event count.
It is useful to have multiple equivalent variables expressing the same process. Their probability
distributions could be derived from one another and have an intrinsic relationship. The
data set can be analyzed with different variables in parallel. For example, the fitting of the
probability distribution of the inter-event interval can be compared to the fitting of the eventcount distribution using the inherited parameters that define the same point process. In this
way, when the fitting of one representation is complicated or unclear, we can confirm the
result by dual-fitting.
The release-event sequence in equation 4.1 can also be represented as a sum of infinitesimally
narrow, idealized spikes in the form of Dirac-delta functions as,
s(t ) =

N
X

δ(t − t i ).

(4.3)

i =0
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The count N (t ) now becomes a count function which can be obtained from
t

Z
N (t ) =

0

s(ξ)d ξ.

(4.4)

4.1.1 Stationary point process
A stationary point process is a stochastic process which keeps the same probability distribution
as time evolves. For a data set which is characterized as stationary, its probability density
function, f (x), and the cumulative function, F (x) will be time independent. This means that
for any partial intervals of the data taken from the whole sample, its computed distribution
will follow the same probability function.
For a mathematical definition, a stochastic process X t for t > 0 is called stationary if its
cumulative distribution function, F X (x 1 , ..., x N ; t 0 , t 1 , ...t N ), satisfies [122]
F X (x 1 , ..., x N ; t 0 , t 1 , ...t N ) = F X (x 1 , ..., x N ; t 0 , t 1 + τ, ...t N + τ)

(4.5)

for all τ. The above definition was called nth-order stationary, which is stationary to all
orders k ≤ N . This is a strict-sense of the definition of stationary processs, where N can be
arbitrary large. Naturally, as a consequence from 4.6, the derived probability density function
f X (x 1 , ..., x N ; t 0 , t 1 , ...t N ) of a stationary process will satisfy
f X (x 1 , ..., x N ; t 0 , t 1 , ...t N ) = f X (x 1 , ..., x N ; t 0 , t 1 + τ, ...t N + τ)

(4.6)

for all τ.
Stationary point processes are mathematically well defined in probability theory. There exist
analytic expressions for the probability distribution functions and moments (e.g. mean,
variance, etc). A stationary model can be easily extended to an arbitrary non-stationary model
described by a time-dependent rate function λ(t ).

4.1.2 Stationary Poisson process
A stationary (or homogeneous) Poisson process is the most simple point process. It characterizes purely random processes with constant rate λ. An example of a Poisson process
is the radioactive decay of nuclei, where the naturally occurring gamma rays detected in a
scintillation detector are randomly distributed in time. If release events, for instance, the
sustained releases in Chromaffin cells and the spontaneous releases (mEPSCs) in neurons
were Poisson processes, then the probability of a release event at any given time should be
independent of all other events of the sequence. Then, the inter-event times, δt , between 2
consecutive releases, (t i , t i + δt ), would be homogeneously distributed, and their probability
distribution function would be given by the exponential form
f (δt ) = E xp(λ) = λe −λδt .

(4.7)

Accordingly, the probability distribution of the number of events k per fixed time interval T
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would follow Poisson statistics,
P (k) =

(λT )k −λT
e
.
k!

(4.8)

A Poisson distribution fulfills the equation,
µ = σ2 = λ,

(4.9)

where µ and σ2 are the mean and the variance, respectively, defined by
µ=

∞
X

kP (k),

(4.10)

k=1

and
σ2 =

∞
X

(k − µ)2 P (k).

(4.11)

k=1

This follows from the unit Fano factor which characterizes the variability in the event count,
σ2
µ = 1 [43].
Poisson processes describe purely non-deterministic stochastic systems. If the neurotransmitter release process is not purely random, but partly-deterministic, then other historydependent point processes, e.g. a renewal point process, would better characterize its release
sequences.

4.1.3 Gamma process
A more appropriate point process to describe our sequences is the gamma process. In a
gamma process, independent and identically distributed inter-release times exhibit more
(history dependent) order than a Poisson process. Its probability distribution function follows
a two-parameter gamma distribution, which is given by

δt

f (δt , p, θ) = G amma(δt , p, θ) =

(δt )p−1 e − θ
θ p Γ(p)

for δt > 0 and p, θ > 0.

(4.12)

where p and θ are the scale and shape parameters. Γ(p) is the gamma function evaluated at p.
Note that if δt ∼ Gamma(1, λ), then δt has an exponential distribution with rate parameter λ.
It is important to point out that the gamma distribution reflects a certain correlation between
events, in contrast to the exponential distribution.
Accordingly, the probability distribution of the number of events k per fixed time interval T
follows the gamma-count distribution. The gamma-count distribution for P (k) is derived
from the gamma distribution for f (δt ) in the same way as a Poisson distribution is derived
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from the exponential one. The gamma-count distribution is given by [131])

P (k) = G(pk, βT ) −G(pk + p, βT )

k = 0, 1, 2, . . . ,

where G(pk, βT ) is the incomplete gamma function defined as

G(pk, βT ) =

1
Γ(pk)

βT

Z

u pk−1 e −u d u

(4.13)

0

β = 1/θ, and p are the shape and scaled parameters, respectively.
Analogously, for the time-rescaled event sequence, the inter-event time distribution and the
event count distribution have the forms of gamma distribution f (δτ) and gamma-count
distribution P (κ), respectively, whereas the time τ, the number of events P (κ) within τ and
the constant event rate λ0 are the time-rescaled quantities.

4.1.4 Inverse Gaussian Process
For Inverse Gaussian process, the probability density function is

λ
f (τ, µ, λ) = IG(τ, µ, λ) =
2πτ3
·

¸1/2
exp

−λ(τ − µ)2
2µ2 τ

for τ > 0 and λ, µ > 0.

(4.14)

where µ is the mean and λ is the shape parameter. Its cumulative distribution reads

s
F (τ, µ, λ) = Φ 


 s

¶
µ ¶
¶
µ
µ
λ τ
2λ
λ
τ
− 1  + exp
Φ −
+1 
τ µ
µ
τ µ

(4.15)

where Φ is the standard normal cumulative distribution function,

·
µ
¶¸
1
x
Φ(x) =
1 + erf p
,
2
2
and erf(x) =

R x −s 2
p2
e ds
π 0

(4.16)

denotes the error function.

The Inverse Gaussian count distribution can be obtained from (for a proof see below),

P (N (t + T ) − N (t ) = n) = F n (T, µ, λ) − F n+1 (T, µ, λ)
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where F n (t , µ, λ) is the cumulative distribution of arrival time t of nth event given as

s
F n (t , µ, λ) = Φ 


 s

µ
¶
µ
¶
µ
¶
2nλ
t
λ t
λ
− n  + exp
+n 
Φ −
t µ
µ
t µ

(4.17)

The simple derivation is as the follows. Let τn be an interval time between (n − 1)th and nth
event. The arrival time of the nth event is given by
tn =

n
X

τi

(4.18)

i =1

Let N (T ) represent the total number of events between time 0 and T . For fixed T , N (T ) is a
count variable. It follows that

N (T ) < n

iff t n > T.

(4.19)

From this we obtain

P (N (T ) < n) = P (t n > T )

(4.20)

= 1 − F n (T ),

(4.21)

where F n is the cumulative density function of t n . The count distribution can be derived from
the distribution of arrival times as,
P (N (T ) = n) = P (N (T ) < n + 1) − P (N (T ) < n)

(4.22)

= P (t n+1 > T ) − P (t n > T )

(4.23)

= F n (T ) − F n+1 (T )

(4.24)

The probability distribution of N (T ) = n can be obtained explicitly knowing the cumulative
distribution of t n . First, we use the summation property of the inverse Gaussian variables,
which states that for statistical independent variable X i , if X i ∼ IG(µ0 w i , λ0 w i2 ) for all i =
0, 1, . . . , n, then,

S=

n
X

Ã
X i ∼ IG µ0

i =1

n
X
i =1

Ã
w i , λ0

n
X

!2 !
wi

(4.25)

i =1

Using equation 4.18, and the fact that all interval τi is homogeneously distributed with the
same µ and λ, which gives w i = 1, the distribution of t n becomes
¡
¢
t n ∼ IG µn, λn 2

(4.26)
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The cumulative distribution of t n is F (t n , µn, λn 2 ). Rearranging the term and setting t n = T
we get,
s
F n (T, µ, λ) = Φ 


 s

µ
¶
µ
¶
µ
¶
λ T
2nλ
λ
T
− n  + exp
Φ −
+n .
T µ
µ
T µ

(4.27)

Substituting this cumulative expression in equation 4.24, we obtain the Inverse Gaussian
count distribution.
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Interpretation

Figure 5.1 – Density representations for vesicular-release event data. An event at time t i is
replace with a bell-shape density function having its maximum at t i
This chapter describes how to obtain the rate function from the release-event data.
Vesicle release activity is highly variable. Even when the experimental environment is well
controlled, the same cell may produce different release behaviors for different repeated measurement. But in general this variability may be due to both randomness in the vesicle release
process or due to the experimental setup. Therefore, it is very important to obtain the rate
of release which represents the intensity of release activity captured via amperometric or
voltage-clamp measurements.

5.1 Exocytosis-rate calculation
One can characterize the intensity of exocytosis events as a function of time by defining a
rate function (intensity function), which represents the probability distribution of the event
sequence per unit time and is required in the probabilistic model prediction. An event rate
λ(t ) is defined as the probability that an event occurs within a small interval, [t , t + ∆t ] being
∆t sufficiently small. A widely used method to determine λ(t ) is the so called ‘Peristimulus
time histogram’ (PSTH) [1, 39]. The idea consists in simply counting the number of events
and dividing it by the time interval ∆t . However this method does not yield smooth rates as a
function of time.
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5.2 Inverted interval method
To get an instantaneous rate, one can also invert the inter-event intervals and obtain the rate.
However, this method leads to a noisy diagram for irregular event signals. Therefore, one
needs a more stable method giving smooth rates as a function of time. Therefore we introduce
in this work the ‘density function method’.

5.3 Density function method
In order to obtain a smooth λ(t ), we can represent an event at time t n as a density function
having its maximum at t n and vanishing in its surrounding. A Gaussian centred at t n or a
function with similar shape density would be a good choice. The rate is then calculated as
λ(t ) =

N
X

ω(t − t n ),

(5.1)

n=1

where ω(t − t n ) is a density function with normalizing condition
should give the same results as the sliding window method [21].

R∞
−∞

= 1. This approach

5.3.1 Density function method
In order to obtain a smooth function λ(t ), we replaced the n t h event by a normalized density
function ω(t − t n ) having its maximum at t n , and vanishing as |t − t n | grows. A good approximation for ω(t − t n ) could be a Gaussian or any function having a similar shape (we used the
cosine function in our work). Then, the event rate is given by
λ(t ) =

N
X

ω(t − t n ),

(5.2)

n=1

with the normalization condition
[t , t + ∆t ].

R∞

−∞ d t ω(t −t n ) = 1.

N is the number of events in the interval

We show in Fig. 5.3 both the amperometric signal obtained from a measurement as well
as the event sequence and the rate calculated using the density function method. In the
illustrated measurement, the sustained exocytosis regime was active for about 10 min, producing ∼ 900 release events. Since the number of events is sufficiently large, a single event
sequence is appropriate for an accurate statistical analysis. The estimated rate function stays
approximately constant for about 7 min and then shows a decay, which is characteristic for
ex-vivo experiments. No short bursting right after the stimulation is observed, indicating a
well-behaved sustained regime. The estimated rate function of other 28 experimental signals
show similar trends (temporary plateau and decaying behavior) although they have different
averages and durations (data not shown).

5.4 Time-rescaling transformation
Ex-vivo experiments on isolated cells have the drawback that cell activity decays in time. The
rate of exocytosis varies from cell to cell. This is problematic for the statistical analysis and for
the interpretation of statistical measures averaged over an ensemble. In order to overcome
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Figure 5.2 – Comparison of the rate estimate for an event sequence using different methods. (a)
Event sequence of a given control measurement, (b) PSTH with it’s average fit by a polynomial
of 3rd order (green line), (c) inverted interval method, (d) density function method with it’s
average fitted by a polynomial of 3rd order (green line)

this problem we applied a time-rescaling transformation which maps event sequences with
different time varying rates into sequences of constant rates. This makes signals from different
cells comparable and also allows one to classify the time sequences by referring to stationary
point processes. The method described below is based on the time-rescaling theorem [15, 86].
We consider a time sequence {t i } on the interval (0, T ] with time-dependent rate λ(t ), where
λ(t ) ≥ 0, ∀t . The cumulative intensity function is given by the integrated rate,
Λ(t ) =

t

Z
0

λ(s)d s.

(5.3)

This integral is known as the time-rescaling transform [15, 86]. Λ(t ) rescales the original
event times into independent and identically distributed random times. One denotes τ as the
rescaled time Λ(t ), and u i refers to the inter-event times of the rescaled processes, which are
given by
u i = Λti −1 (t i ) =

Z

ti
t i −1

λ(s)d s

(5.4)

Intuitively, this transformation stretches the time in proportion to the event rate λ(t ), so that
when the rate λ(t ) is high, event intervals are lengthened and when λ(t ) is low, event intervals
are compressed (See Fig. 5.4). Thus, the time rescaling transformation always maps to time
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Figure 5.3 – (A) An amperometric trace recorded from a chromaffin cell. (B) Extracted event
sequence and continuous curve showing the estimated rate using the density function method.
The dashed curve shows a fit of the rate using a logistic function.

sequences of constant rates. To get back to the original rate function of the cell, one only needs
to multiply the rescaled time τ by the estimated rate function of the active cell.

5.5 Homogeneous Rate Estimation
The time rescaling transformation always maps to time series with constant rate equal to one.
To get back to the original event-time sequence and to the true rate of the cell, we need to
multiply the scale time τ with an estimate rate of active cell. We determine the true cell rate by
taking percentile 65% of the data, where a plateau in the integral of the time series starts. An
example is shown in fig. 5.7.
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Figure 5.4 – Illustration of the time-rescaling transform and its inverse. Top: the intensity λ(t ) .
Bottom left: event intervals (left, intervals between red dots) are drawn i.i.d. in rescaled time
from the renewal density q. Samples are mapped to events in real time (bottom) via Λ(t ), the
inverse of the cumulative intensity. Alternatively, Λ(t ) maps the true event times (bottom) to
samples from a homogeneous renewal process in rescaled time (left edge). The figure is taken
from Ref. [86]
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Figure 5.5 – Representation of the time rescaling theorem [15, 86] applied to our problem. The
right inset plot shows the rate of one of the studied chromaffin cells. The real time t (x-axis)
is transformed into a rescaled time τ (y-axis), as a function of which the time series has a
constant rate equal to 1. The solid curve shows the transformation from t to τ.
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Figure 5.6 – Time rescaling transformation of a time sequence applied to the amperometric
recordings on Chromaffin cells (time sequence from the control file). Comparison between
the 3 rate estimation methods: PSTH , inverted interval and density function method
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Figure 5.7 – Homogeneous rate estimation of a time sequence obtained from the same control
file used for the previous figures. The rate is chosen from 65th (note that this number is, in
principle, arbitrary) percentile of the data after scaling.
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6 Brownian Motion
This chapter presents the basic theory of the stochastic motion of particles which we use to
model the motion of vesicles in the cellular medium. The descriptions are based on references
[30, 33, 63].

6.1 Particle moving in an environment
Brownian motion results is a macroscopic description resulting from complex motion on
the microscopic scale. The discreteness of matter causes density fluctuations which, in
turn, causes observable effects on the motion of particles. This can be seen if one immerses
a large particle (with radius of typically 10− 9 − 107 m) in a fluid of much smaller particles
(atoms/molecules). When observed under a microscope, the large particle (the Brownian
particle) appears to be in a state of agitation, undergoing rapid and random movements [89] .

6.2

Langevin Equation

To understand Brownian motion, we start from basic concepts of Classical Mechanics . In
principle, the time evolution of particles can be obtained by solving Newton’s equation,
m

∂
d2
ri = −
V (r 1 , ..., r N ),
2
dt
∂r i

(6.1)

where V (r 1 , ..., r N ) is a potential describing the interaction of the particles. However, for large
systems containing 1023 particles, the integration of all Newton’s equations is not possible. To
make the problem less complicated, we can reduce the number of degrees of freedoms to only
of the particles we are interested in. The most direct way of implementing this is to recognize
that there is a stochastic component in the force acting on the particles, which we only know
through a macroscopic probabilistic description. This leads to the Langevin equation for the
velocity q̇, which describes random processes
µj

∂q j
d2
∂
+ σ j ξ j (t ),
qj = −
W (q 1 , ..., q M ) − γ j
2
dt
∂q j
∂t

(6.2)

W (q 1 , ..., q M ) represents an effective potential, γ j is a friction coefficient, and ξ j (t ) is a stochastic microscopic force produced by the (fluid) environment with coupling coefficients σ j . A
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Figure 6.1 – Illustration of a Brownian particle’s trajectory in diffusive medium with a constant
drift velocity in y direction. (Left) 3 dimensional view, (Right) projection view along z and x
axis. The color density indicate the time progressive of the motion.

physical value for γ for each particle can be chosen according to Stokes’s law for a particle of
radius a [99]
γ = 6πηa,

(6.3)

where η is the shear viscosity of the fluid. If the environment is in equilibrium, then the
fluctuating force should obey Gaussian statistics. The first moment of the stochastic force can
be assumed to be zero (the non-zero part can be included into the regular force coming from
the potential),
〈ξ(t )〉 = 0
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(6.4)

6.3. Einstein Diffusion Equation
The time correlation function depends on the time difference, and assuming the stochastic
kicks affecting the particle to be statistically independent, we have
〈ξ(t )ξ(t 0 )〉 = δ(t − t 0 ).

(6.5)

Stochastic process with such properties are known as white noise. There are in general three
different time scales in such a system: τs , τB and τr . Here, τs is the short atomic time scale
(τs ≈ 1012 s), τB is the Brownian time scale for the relaxation of the particle velocity,
τB =

m
≈ 10−3 s,
γ

(6.6)

and τr is the relaxation time for the Brownian particle, i.e. the time the particle have diffused
over a distance comparable to its own radius. In general,
τ s ¿ τB ¿ τ r

(6.7)

6.3 Einstein Diffusion Equation

Let us consider a system of particles that do not interact with each other. We can write down
the general equations that describes their motion as
d x(t )
= v(t ),
dt

d v(t )
γ
σ
= − v(t ) + ξ(t ).
dt
m
m

(6.8)

We can obtain an explicit formal solution of as
v(t ) = e

−t /τB

γ
v(0) +
m

t

Z
0

d se −(t −s)/τB ξ(s).

(6.9)

Since the noise term is stochastic, we cannot prove that the integral in 6.9 exists. Instead, we
can rewrite 6.8 as
d v(t )
γ
σ
= − v(t ) + dU (t ),
dt
m
m

(6.10)

dU (t ) = ξ(t )d t .

(6.11)

where
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This gives
γ
v(t ) − v(0) = −
m

Zt
v(s) +
0

σ
[U (t ) −U (0)]
m

σ
γ
= − [x(t ) − x(0)] + [U (t ) −U (0)].
m
m

(6.12)

Let’s discuss the integral noise U (t ) for long time t . Dividing t into intervals we have
U (t ) −U (0) =

n
X

[U (t k ) −U (t k−1 )]

(6.13)

k=1

with 0 = t 0 < t 1 < t 2 < ... < t n = t . U (t ) is a continuous Markov process with zero mean. The
continuity follows from 6.10 since
Zt
U (t ) = U (0) +

ξ(t )d s

(6.14)

0

A Brownian particle undergoes numerous collisions (of the order of 1012 ) per second with its
environment. This destroys correlations between what happens during the time intervalt i −
t i −1 and what has happened before t i −1 . This implies that U (t ) is a Markov process, which
U (t n ) depends only on U (t n−1 ).
If we are dealing with biomolecules in the cytoplasm, we can apply the limit of strong friction
|γr˙| À |m r˙|

(6.15)

so that the Langevin equation simply becomes
γr˙ = σξ(t ).

(6.16)

The Langevin equation for particles corresponds to a Fokker-Planck equation for particle
densities, or, in this case , to the Einstein diffusion equation
∂
σ2
p(r, t |r 0 , t 0 ) = 2 ∇2 p(r, t |r 0 , t 0 ),
∂t
2γ

(6.17)

where we have assumed that the coefficients σ and γ are spatially homogeneous. If we were
able to calculate the mean square displacement of a given particle
〈(r (t ) − r (t 0 ))2 〉 =

Z

d 3 r (r (t ) − r (t 0 ))2 p(r, t |r 0 , t 0 )

(6.18)

we would obtain (using Greens’ theorem)
〈(r (t ) − r (t 0 ))2 〉 = 6
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t
2γ2

(6.19)

6.4. Smoluchowski Diffusion
where we identify the diffusion coefficient as
D=

σ2
2γ2

(6.20)

6.4 Smoluchowski Diffusion
For the limit of strong friction, we have
γv = F (r ) + σξ(t )

(6.21)

which corresponds to a Fokker-Planck equation of the form
∂
σ2
F (r )
p(r, t |r 0 , t 0 ) = ( 2 ∇2 − ∇.
)p(r, t |r 0 , t 0 ),
∂t
2γ
γ

(6.22)

which we can write as the Smoluchowski Diffusion equation
∂
F (r )
p(r, t |r 0 , t 0 ) = ∇.(∇D −
)p(r, t |r 0 , t 0 ).
∂t
γ

(6.23)

If we integrate this equation in a volume V , we will get the number of particles within this
volume,
Z
N = d 3 r p(r, t |r 0 , t 0 ).
(6.24)
V

Taking the partial time derivative from each side and using the Smoluchowski diffusion
equation we find
∂t N =

Z
V

d 3 r ∇.(∇D −

F (r )
)p(r, t |r 0 , t 0 ).
γ

(6.25)

Applying Gauss’ theorem, one finds
∂t N =

Z
∂V

d a(∇D −

F (r )
)p(r, t |r 0 , t 0 ).
γ

(6.26)

Since particle are not being created or destroyed within this volume, this integral must represent the particle flux over the boundary ∂V
j (r ) = (∇D −

F (r )
)p(r, t |r 0 , t 0 ).
γ

(6.27)

If the force term is time independent, and if it can be related to a scalar potential (i.e.F (r ) =
−∇V (r )) ,we can expect that the probability distribution p(r, t ) must be the Boltzmann distribution exp[V (r )/kT ]. Also, if the flux or current vanishes at the boundary (the number of
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particles is constant), we see that
(∇D −

F (r ) V (r )/kB T
)e
= 0,
γ

(DβF (r ) + ∇D −

F (r ) βV (r )
)e
=0
γ

(6.28)

(6.29)

which implies
1
∇D = F (r )( − Dβ)
γ

(6.30)

This is the Fluctuation-Dissipation theorem. If the diffusion constant is spatially homogeσ2
neous, and using the fact thatD = 2γ
2 , we get
σ2 = 2k B T γ

(6.31)

Now we can rewrite the Langevin equation as
m r¨ = −∇W (r ) − γr˙ +

q
2γk B T ξ(t ),

(6.32)

For large spherical particle, the physical value of γ for each particle can be chosen according
to Stokes’ law for a particle of radius a [99]
γ = 6πηa
where η is the shear viscosity of fluid.
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(6.33)

7 First passage time
To understand vesicular transport and its relationship to electrophysiological measurements,
it is important to analyze first the dynamics of an ensemble of vesicles. In this chapter, we
relate release event statistics to the equation that governs the motion of vesicles. Using general
physical considerations, we can view a series of events as a series of successive arrivals of
vesicles at the membrane followed by the membrane-fusion processes. Assuming that all
vesicles spend the same or a similar time for performing fusion and for releasing neurotransmitters, one can eliminate the statistical influence of the membrane-fusion process. The
arrival, however, times will follow the statistics of vesicles moving to the membrane. From
this assumption, one should be able to address the problem of describing the (apparently
random) arrival of vesicles. This brings us to the theory of first-passage time problem, which
we describe below.

7.1 Relationship between inter-event interval and first passage time
Since vesicles do not interact wit each other, we can reduce the problem to a system consisting
of only vesicles that are responsible for the release events. The time a vesicle needs until pore
formation and neurotransmitter release release is the sum of the time it needs to go from its
initial position to the membrane, and the vesicle-membrane interaction characteristic time.
Note that the time neurotransmitter molecules spend travelling to the electrode to generate
events is negligible due to the experimental set up. For the release event k, we have,
t k,t ot = t k + τc

(7.1)

where t k is the time for the vesicle to reach the membrane and τc is characteristic fusion/release time. The interval between events k and k + 1 is
τ = t k+1,t ot − t k,t ot = t k+1 − t k + ∆t c

(7.2)

where ∆t c is the difference of characteristic times. It follows that the expectation value of
inter-event interval, τ, is
〈τ〉 = 〈t k+1 − t k 〉 + 〈∆t c 〉

(7.3)
47

Chapter 7. First passage time
We expect 〈∆t c 〉 → 0 for a large number N of events.
〈τ〉 = 〈t k+1 − t k 〉

(7.4)

The time t k is the first passage time of vesicle k which is defined as the time at which the
vesicle first reaches a boundary, in our case the membrane, starting from the initial position
x0k = x k (0). The time interval t k − t k−1 can be viewed as the time the vesicle needs to reach the
membrane from the initial position at x(t = t k−1 ), so the inter-event interval is just the first
passage time where the initial position is the mean distance between vesicles. By solving the
first passage time problem, the inter-event intervals of can be linked to the vesicle dynamics.

7.2 First Arrival Time of Particles in a Stochastic System
We define τ as the time at which a particle starting at x~0 reach a target for the first time

Figure 7.1 – Left panels: Comparison of the trajectories of a deterministic and a stochastic
system of particles. Right panels: distribution of first arrival times.
Figure 7.1 illustrates the trajectories of a deterministic and a stochastic system of particles.
The upper panels show a deterministic system governed by the equation d x(t ) = µ(x, t )d t
. A particle’s trajectory evolves deterministically. All particles starting at the same x~0 will
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R x0
follow the same trajectory. The arrival time, τ, has a unique value, τ = x0 µ(x, t )d x. The lower
panels show a stochastic system governed by the equation d x(t ) = µ(x, t )d t + σ(t ).d w(t ). The
particles’ trajectories are strongly fluctuating, particles take a random path to the target. The
arrival time, τ, called first passage time , is different for each particles and can be described by
the distribution f (x0 ), whose shape follows the stochastic equation of motion.

7.2.1 First Passage Time Problem

Figure 7.2 – Illustration of a particle traveling randomly to the boundary and it’s first passage
time.
As mentioned before, the first passage time (FPT) is defined as a a time at which a stochastic
process starting at x0 reaches a target state for the first time. Examples of systems/processes
for which the FPT plays an important role are
• Diffusive transport
– FPT of particles in a bound domain (e.g. a cell) to reach the surface wall.
• Firing neurons
– FTP of membrane potentials to reach a threshold .
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• Chemical processes
– The time of chemical reactions to happen, eg. molecular interactions, protein
binding.
• Computer networks, Stock markets, ...

7.3 Stochastic equations

Figure 7.3 – Trajectory of escape of a Brownian particle from a domain Ω. The figure is taken from ref.
[101]

We want to know how long it takes for a particle inside the domain Ω to reach the surface wall
∂Ω.
To calculate the probability density p(t ) of the first passage time t and it’s moments, we first
need to know the probability density to find particle at x at time t when it started at x0 at
t 0 < t , p(x, t |x0 , t 0 ). This probability density function (pdf) p(x, t |x 0 , t 0 ) is governed by the
Fokker-Planck equation, which describes the evolution of particles in a stochastic system
[94]. The pdf is zero outside the domain Ω, and at the surface assuming absorbing boundary
condition.

7.3.1 Equation of motion
For a stochastic system, particle motion can be described in the form of a stochastic differential
equation given by

d x(t ) = A(x, t )d t + B(x, t ).η(t )d t

(7.5)

where A(x, t ) represents the so-called drift term and B(x, t ).η(t ) is the noise term. Without the
noise term, the resulting equation
d x(t ) = A(x, t )d t
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7.3. Stochastic equations
describes a deterministic drift of particles along the field A(x, t ).
———————————Assuming that noise is uncorrelated, and the existence of a force field acting on degrees of
freedom,


µx (x, t )


A(x, t ) = µ y (y, t )
µz (z, t )

(7.7)




σ(t )
0
0
ξ(t )



B(x, t ).η(t ) =  0
σ(t )
0  ξ(t ) ,
0
0
σ(t ) ξ(t )

(7.8)

and

where ξ(t ) is a Gaussian (white noise) with zero moment and δ the correlation function,
Rt
〈ξ(t )〉 = 0, 〈ξ(t )ξ(t 0 )〉 = δ(t − t 0 ). The integral, W (t ) = 0 ξ(s)d s represents a Wiener process
with independent and identically Gaussian distributed (i.i.d.) increments W (t ) − W (s) ∼
N (0, t − s) for all t > s > 0.

Most systems described by stochastic differential equations like Eq. 7.5, can be reduced to
a 1D description. Since off-diagonal elements are zero in Eq. 7.7 and Eq. 7.8, each degree of
freedom can be considered independently. Omitting coordinate index, we rewrite the scalar
form of Eq. 7.5 to
d x(t ) = µ(x, t )d t + σ(t )dW (t ).

(7.9)

Taking into account the initial condition at time t 0 , the solution reads
Z
x(t ) = x(t 0 ) +

t
t0

µ(x, s)d s +

t

Z

t0

σ(s)dW (s).

(7.10)

7.3.2 Fokker-Planck equation
The evolution of the probability density function of x(t ) is a Fokker-Planck equation given by,
X ∂(µi (x, t )p(x, t |x0 , t 0 )) X σ2i (t ) ∂2 p(x, t |x0 , t 0 )
∂p(x, t |x0 , t 0 )
=−
+
∂t
∂x i
2
∂x i2
i
i

(7.11)

where p(x, t |x0 , t 0 ) is the transition pdf with initial condition δ(x − x0 ) at t 0 . Eq. 7.11 can also
be expressed as a continuity equation for the probability density
∂p(x, t |x0 , t 0 )
= −∇.j(x, t |x0 , t 0 ) = −∇.J p(x, t |x0 , t 0 ),
∂t

(7.12)
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where
J = µ(x, t ) −

σ2 (t )
∇
2

(7.13)

j(x, t |x0 , t 0 ) represents the probability current(or flux) with associate flux operator J . µ(x, t )
and σ2 (t ) are diagonal matrix of drift and diffusion coefficients.
The particle number in an arbitrary volume Ω is calculated as
Z
N (t , x0 , 0) =

Ω

d xp(x, t |x0 , t 0 )

(7.14)

and using Eq. 7.12, we obtain
∂N (t , x0 , 0)
=−
∂t

Z
Ω

d x∇.J p(x, t |x0 , t 0 ).

(7.15)

After applying Gauss theorem, we obtain
∂N (t , x0 , 0)
=−
∂t

Z
Ω

d â.J p(x, t |x0 , t 0 ),

(7.16)

where d â denotes a unit vector normal to the surface d Ω. We can see that the current
j(x, t |x0 , t 0 ) leads to changes of the total number of particles.

7.4 Solution with natural boundaries
Note: This section is based on reference [73] and generalizes the formalism to 3D following
the method presented in reference [120].
Fokker-Plank (FP) equations are generally difficult to solve. Solutions can be obtained by
solving the FP equation like in eigenvalue problems by expanding the pdf in orthogonal basis
set, or numerically. For the sake of simplicity, we treat here only the case when the drift and
diffusion coefficients are homogeneous, i.e., constant in real space. For a detailed treatment
of generic systems see, for example, ref.[94, 102]. For the case of time dependent drift and
adiffusion term, Eq. 7.11 can be reduced to
∂p(x0 , τ) ∂2 p(x0 , τ)
=
∂τ
∂x0 2

(7.17)

by transforming the original variables x and t into
τ=

1
2

Z

σ2 (t )d t + c 1 ,

(7.18)

and
x0 = x −

Z

µ(t )d t + c 2 ,

(7.19)

where c 1 and c 2 are arbitrary constants. Due to the linearity of the FP equation, p(x0 , τ) can be
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represented by a Fourier Transform
p(x0 , τ) =

0

p(x , τ) =

Z

Z

0

A k (τ)e −i k.x d k

(7.20)

0

p k (x0 , τ)d k where p k (x0 , t ) = A k (τ)e −i k.x .

We define the linear differential operator L =
coefficient A k reads

0

L [p k (x0 , t )] = e −i k.x

∂
∂τ

(7.21)

∂
− ∂x
0 2 . Then, the differential equation for the
2

0
∂A k (τ)
+ A k (τ)(k.k)e −i k.x = 0.
∂τ

(7.22)

This yields,
A k (τ) = A k (0)e −k

2

τ

(7.23)

with the initial coefficient
Z
0
1
A(0) =
p(x0 , 0)e i k.x d x0
(2π)3

(7.24)

In order to get the solution we use the Green’s function method. We have
A(0) =

1
(2π)3

Z

0

δ(x0 − x00 )e i k.x d x0 =

0
1
e i k.x0 ,
3
(2π)

(7.25)

where we use the initial condition for the momentum,p(x0 , 0) = δ(x0 − x00 ), and the following
solution for pdf is the Green’s function
0

p(x

, t |x00 , 0) = G(x0 , t , x00 , 0) =

1
(2π)3

Z

e −k τ e −i k.(x −x0 ) d k.
2

0

0

(7.26)

The above expression tells us how a probability density initially concentrated at x 00 evolves in
time and space. The evolution of the system from any initial condition is simply
p(x0 , t ) =

Z

G(x0 , t , x00 , 0)p(x00 , t )d x00

(7.27)

Integrating 7.26 we have
0

p(x

, t , x00 , 0) =

µ

1
2π

Z
e

−k 2 τ −i k(x 0 −x 00 )

e

¶3
dk

=

1
(4πτ)

e−
3/2

|x0 −x0 |2
0
4τ

.

(7.28)
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Transforming back to x and t , we obtain
p(x, t , x0 , 0) =

" P

1
(2π

Rt

2
3/2
t 0 σ (s)d s)

exp −

i (x i

Rt
#
− x i ,0 − t0 µi (s)d s)2
.
Rt
2 t0 σ2 (s)d s

(7.29)

with t 0 = 0, x(0) = x 0 as initial condition. For the case of time independent drift and a diffusion
term, µ(t ) = µ, σ(t ) = σ, the transition probability takes the form
· P
2¸
i (x i − x i ,0 − µi t )
.
p(x, t , x0 , 0) =
exp −
2σ2 t
(2πσ2 t )3/2
1

(7.30)

7.5 First passage time distributions
Let us assume that a particle lies inside the domain Ω. As mentioned previously, the first
passage time is the time at which the particle first reaches the surface boundary of ∂Ω.
Let φ(t , x0 ) be the probability density for the first passage time. We now consider the change
in the number of particles inside the volume. If a particle is in Ω at time t , then it either makes
a passage in (t , t + d t ) or remains in Ω at (t , t + d t ). This leads to
N (t , x0 , t 0 ) = φ(t + d t , x0 , t 0 )d t + N (t + d t , x0 , t 0 )

(7.31)

or
φ(t , x0 , t 0 ) = −

∂N (t , x0 , t 0 )
∂t

(7.32)

Using Eq.7.16, we can obtain the first passage time distribution from

φ(t , x0 , t 0 ) =

Z
Ω

d â.J p(x, t |x0 , t 0 )

(7.33)

Boundary conditions
There are three types of possible boundary conditions [85]. The first one is a reflecting
boundary condition
d â.J p(x, t |x0 , t 0 ) = 0,

x ∈ ∂Ω

(7.34)

which, implies that particles do not cross the boundary and perfectly reflected.
The second one is an absorbing boundary condition
p(x, t |x0 , t 0 ) = 0,

x ∈ ∂Ω

(7.35)

which implies that all particles arriving at the boundary are taken away from Ω such that their
probability vanishes. It describes a reactive surface with the highest degree of activity possible,
i.e., that every particle on ∂Ω reacts.
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The last possible boundary condition is a partially absorbing surface
x ∈ ∂Ω

d â.J p(x, t |x0 , t 0 ) = w p(x, t |x0 , t 0 ),

(7.36)

which implies intermediate reactivity at the boundary. The parameter w is a measure of
reactivity. For w = 0, the condition reduces to reflective. The condition w → ∞, can only be
satisfied when p(x, t |x0 , t 0 ) = 0.

7.6 First passage time: absorbing boundary condition using images
For simplicity, we first consider particles moving in an infinite space and place an absorbing
wall in the y − z plane at x = 0. Other specific geometries can be generalized form this one. Let
the initial position (x 0 , y 0 , z 0 ), be in the left half plane with respect to the wall with (x 0 ) < 0. For
an absorbing boundary, along the plane x = 0 (wall), we must have G(x = 0, y, t , x 0 < 0, y 0 ) = 0.
This situation can be constructed by combining a free Green’s function, G(x, y, t , x 0 , y 0 ) with
it’s image with respect to the wall, G(−x, y, t , x 0 , y 0 ) with the absorbing Green’s function, G Ω ,
G Ω (x ≤ 0, y, z, t , x 0 < 0, y 0 , z 0 ) = G(x, y, z, t , x 0 , y 0 , z 0 ) −G(x, y, z, t , x 0 , y 0 , z 0 )

(7.37)

Assuming time independent drift and diffusion coefficient, from Eq. 7.30 we have
G(x, t , x0 , 0) =

1
(2πσ2 t )

e
3/2

|x−x0 −µt |2
2σ2 t

(7.38)

Hence,
G Ω (x, y, z, t , x 0 < 0, y 0 , z 0 ) =

1
(2πσ2 t )

µ (x−x +µ t )2
¶ P
2
(x+x 0 −µx t )2
α=y,z (α−α0 −µα t )
0 x
2σ2 t
2σ2 t
2σ2 t
e
e
−
e
3/2

(7.39)

Integrating by parts Eq. 7.33 with p(x, t |x0 ) = 0, we obtain

−(x 0 +µx t )2
x0
φ(t , x0 , t 0 ) = p
e 2σ2 t
σ 2πt 3/2

(7.40)

Notice that this term depends only on x, since we place a wall on the y − z plane. For the first
passage time to a plane perpendicular to µ from a distance x 0 to the wall we have
−(x 0 +µt )2
x0
φ(t , x0 , t 0 ) = p
e 2σ2 t
σ 2πt 3/2

(7.41)

7.6.1 Inverse Gaussian Process
For Inverse Gaussian processes, the probability density function is
λ
f (τ, µ, λ) =
2πτ3
·

¸1/2
exp

−λ(τ − µ)2
2µ2 τ

for τ > 0 and λ, µ > 0,

(7.42)
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where µ is the mean and λ is the shape parameter. The cumulative distribution is,
s
F (τ, µ, λ) = Φ 

 s


µ
µ
¶
µ ¶
¶
λ τ
λ
τ
2λ
Φ −
− 1  + exp
+1 ,
τ µ
µ
τ µ

where Φ is the standard normal cumulative distribution function,
·
µ
¶¸
1
x
Φ(x) =
1 + erf p
,
2
2
and erf(x) =

R x −s 2
p2
e ds
π 0

(7.43)

(7.44)

denotes the error function.

7.7 First Passage Time Distribution: 1D approach

Figure 7.4 – A 1D illustration of first passage time problem.

Let us now obtain, for a 1D system, the FPT density f (x, t ) from the probability density p(x, t ).
We consider a stochastic particle restricted to a domain x ∈ (− inf, 0]. Placing an absorbing
wall at x = 0, the boundary condition for the Fokker-Plank equation is
J (− inf, t |x 0 , 0) = 0,

p(0, t ) = 0.

(7.45)

The objective is to determine the time τ(x) for the particle staring at x 0 to exit the right hand
boundary. We introduce the survival probability, S(x 0 , t ), that the particle has not yet exited
the interval at time t , as
Z
S(x 0 , t ) =

0
−∞

p(x, t , x 0 , 0)d x

(7.46)

It follow that,
Pr[τ(x 0 ) ≤ t ] = 1 − S(x 0 , t )

(7.47)

We can define the first passage time density according to the rate of decrease in time of s(x 0 , t ),
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f (x 0 , t ) = −

∂S(x 0 , t )
.
∂t

(7.48)

Alternatively, using the continuity Equation and the divergence theorem, we can derive the
first passage time from a negative probability current at the boundary
¯
σ2 ∂p(x, t |x 0 , t ) ¯¯
f (x 0 , t ) = −
¯
2
∂x
x=0

(7.49)
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8 Analysis of Amperometric Signals
from Chromaffin Cells
In this chapter I show the results of the statistical analysis and the probabilistic model applied
to the spikes series obtained from experiments on chromaffin cells. The data from 29 amperometric measurements on Chromaffin cells was obtained from our collaborator, Dr. Imelda
Bonifas at the IPICyT in Mexico. The content of this chapter is based on the work published by
us, see Jarukanont et. al. [52].

8.1 Amperometric data processing
A primary step in dealing with the raw signals from amperometric measurements is the data
processing. As mentioned before, one expects the essential information of vesicle movement
towards the active sites at the membrane during sustained exocytosis to be contained in the
statistics of the release events (spike sequence). The experimental setup was designed to have
prolonged high releases (∼ 900 events). In this section we present a method to transform the
amperometric traces into uniform spike sequences which allow further statistical analysis. We
treat the data in the following steps.

8.1.1 Identification of exocytotic events
A quantal release of a single vesicle can be identified as an amperometric peak. The continuous amperometric measurement is transformed into a spike sequence (i.e., point process
data) of the form {t 0 , t 1 , ...T } on the interval (0, T ], which is an appropriate object for our statistical analysis. To extract the release events, we visually and computationally inspected the
measured amperometric traces. The systematic steps followed to obtain and process data are
as the following. We first prepared the raw traces for spike detection by smoothing the signals
and removing the baseline currents. Then, we used a spike-detection algorithm to extract the
exocytosis events sequence. Note that we were only interested in the time between events
and not in the particular shape of the single peaks. The obtained signals were considered as
exocytotic peaks when their maximal currents were 3 times higher than the root mean square
noise (0.2 to 0.5 pA) of the baseline current [75]. Special attention was paid to extract only
spikes with shapes corresponding to full release events, e.g. spikes with specific rising and
decaying characteristics. Generally, 500 to 900 peaks were isolated from each trace following
this criterion (see, for instance, Fig. 4.2 (A). Extracted exocytosis events result in a series of
spikes in Fig. 4.2 (B)). For a detailed explanation see chapter 6 Data Acquisition and Spike
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Detection.

8.1.2 Exocytosis-rate calculation
Once we obtain the spike sequence of the release events, it is crucial to analyze the timedependent rate, λ(t ), for all the measurements. One can characterize the intensity of exocytosis
events as a function of time by defining a rate function (intensity function), which characterizes
the probability distribution of the spike sequence and is required in the probabilistic model
prediction. As mentioned several times previously in this Thesis, the spike rate λ(t ) is defined
as the probability that a spike occurs within a small interval, [t , t + ∆t ], and we determined it
using the density function method.

8.2 Statistical analysis of release events
In this section we describe the statistical analysis performed to obtain the release event
distributions. We treat both the original release event sequences (time-dependent rate), and
the time-scaled sequences with constant rate in order to model the release process with
the stationary point process. The stochastic dynamics of the sequence of releases can be
described by computing the corresponding probability distribution [89]. For this purpose,
we first estimated the distribution of spikes by performing a statistical analysis, and then we
explored suitable mathematical models to represent that distribution. Since a release-event
sequence is a point process, it can be univocally characterized either by the inter-event times
or by the event counts, as the corresponding variables are related to each other. We analyzed
both variables in order to efficiently look for a suitable point-process model. The analysis we
performed is based on the exploratory data analysis technique proposed in Ref. [119].

8.2.1 Inter-event time histograms
As mentioned previously, in a time sequence {t 0 , t 1 , ...T } on the interval (0, T ], an inter-event
time is defined as the time difference between subsequent spikes (δt i = t i +1 − t i ). The interevent time is a continuous variable with a sequence of realizations, {δt 0 , ..., δt N −1 }. We constructed the inter-event time sequences and calculated the statistical properties as mean,
median, variance, standard deviation and coefficient of variation. As a first estimate of the
time-interval probability distribution we computed the inter-event time histograms. Histograms allow one to obtain information on the underlying distribution pattern, including the
centre location, the spread, the outliers, the skewness, and the presence of multiple modes in
the data. This preliminary knowledge of summary statistics and data distribution patterns
helps us in the selection of appropriate probabilistic models. For a sufficiently large data set, a
histogram provides a good estimate of the probability distribution. To construct a histogram,
we separated the inter-event time data into N number of bins of equal bin-widths and plotted
the number of observations in each bin. Since the shape of a histogram is sensitive to a
bin-width, for any sequence with the mean µ, the standard deviation σ and N < 1000, we
computed the bin-width h as
h = (µ + 2.85σ)/N 1/2 .
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For large sequences we used a bin-width from the combination of the above expression and
the scaled Scott’s rule [103] as,
h = (µ + 2.85σ)(

1
2N 1/2

+

1
2N 1/3

).

(8.2)

In Fig.8.1 (A) we show an example of a histogram for the distribution of event intervals taken
from an experimental amperometric measurement.

8.2.2 Frequency-count histograms
For a time sequence {t 0 , t 1 , ...T } on the interval (0, T ], the event count in an interval ∆T is
the number of events occurring in the interval [t , t + ∆T ). To calculate the count data, we
performed a partition of the time sequence into M bins, with a bin-width, ∆T , and counted
the number of the events occurring within each bin. This resulted in a list of integer count
numbers {n 1 , n 2 , ..., n M }. We performed a quantitative analysis by calculating the summary
statistics similar to the case of the inter-event times. Then, we constructed a frequency plot,
which is more suitable for analyzing a discrete count variable using graphical analysis. In
the case of long amperometric recording data, the frequency plots provide good estimates of
the probability distributions of the event counts. To visualize the event-count histogram we
simply plotted the frequency of each count against its value (see, for example, Fig. 8.1 (B)). We
chose the bin-width ∆T = 4µ, where µ is the mean of inter-event time of the sequence.
—————————

8.3 Results
In the previous sections, we described how to map amperometric traces into event-time
sequences of exocytosis events and how to perform a statistical analysis. In this section, we
present and discuss the results. The analysis was performed on 29 of long amperometric
recordings with clear signals, provided by the group of I. Bonifas and R. Femat.

8.3.1 Exocytosis rate
As mentioned in section 8.1.2, the calculated rate functions of the experimental recordings
vary in their durations and magnitudes (with mean frequencies ranging from 0.6 to 2.5 Hz),
but share a similar feature of a temporary plateau followed by an S-shape decay. We fitted
r0
each rate with a logistic function, r (t ) = 1+e −β(t
−µ) + r f . r 0 , r f , β and µ correspond to the initial
rate, the final rate, the rate-decay constant, and the time of midpoint where the rate reaches its
mean value respectively. Notice that the logistic model works well in describing a population
decay in a system of diffusive particles confined in a cage with absorbing boundary [18, 125].
Thus, the fact that exocytosis in the sustained regime exhibits logistic-decay rates indicates a
correlation between the decreasingpopulation of vesicles and neurotransmitter releases. If the
exocytosis-rate would be governed by other mechanisms (like priming and fusion), it would
not be well described by a logistic population decay model.
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Figure 8.1 – Inter-event time- and frequency-count histograms of a single-cell record. (A),
(C) Inter-event time histograms f (δt ) and f (δτ) before and after time rescaling, respectively.
(B),(D) Frequency-count histograms P (k) (for a time-interval of T = 2.7 s width) and P (κ) (for
a rescaled time-interval of τ = 4.0 width) before and after time rescaling, respectively. The
histograms f (δt ) and f (δτ) are fitted with gamma (solid lines) and exponential distributions
(dashed lines). The frequency-count histograms P (k) and P (κ) are fitted with the gammacount (see text, solid lines) and Poisson distributions (dashed lines). The number of events
was 914. Inset plots in (A) and (C) show the spike rates of the original and time-rescaled time
series, respectively.

8.3.2 Statistical analysis of single measurements
Using the methods described in section 8.2 we determined the probability distributions
of individual time sequences and of their stationary counterparts, the time-rescaled spike
sequences. We calculated the summary statistics, the inter-event time histograms and the
frequency-count plots. Figs. 8.1 (A) and 8.1 (C) show the distribution f (δt ) for a time sequence
directly obtained from an amperometric measurements and f (δτ) from the rescaled time
sequence, respectively. The original and rescaled release rates are shown in the inset plot of
8.1 (A). Note the decaying behavior of the rate in the original spike sequence, characteristic for
ex-vivo experiments. In contrast, the rate of the rescaled spike sequence remains around 1
with small fluctuations. These fluctuations are due to the finite size of the peak-broadening
used for the time-rescaling transformation. Figs. 8.1 (B) and 8.1 (D) show the frequency-count
histograms for the original (P (k)) and time rescaled (P (κ)) spike series, i.e., the probability
distribution for the occurrence of k(κ) spikes within a fixed time interval T (τ) before and after
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time rescaling, respectively. Histograms corresponding to the other 28 measurements show
similar features.
In order to characterize the release process on the basis of the statistics of the release sequences
it is first necessary to find the probabilistic model which best reproduces the histograms of
Fig. 8.1 and those corresponding to the other amperometric measurements performed by
I. Bonifas et al.. Note that if, for instance, the sequence of neurotransmitter releases would
be purely random, the number of exocytosis events per fixed time interval (frequency-count
histogram) would follow a Poisson distribution. Therefore, and in order to determine the
degree of ’randomness’ in the analyzed time series, we analyzed first the histograms in the
framework of Poisson statistics. For this purpose, we fitted the inter-event time histograms
with exponential distributions and the event-count histograms with Poisson distributions.
We found that the statistics of all measurements and their rescaled spike sequences deviates
considerably from that of Poisson processes. From Fig. 8.1 (A) it is clear that the inter-event
time distribution f (δt ) cannot be fitted with an exponential function [Eq. (4.7)]. Moreover, this
deviation cannot be attributed to the fact that the rate decreases, since the inter-event time
histogram f (δτ) of the time-rescaled sequence also deviates from an exponential behavior (see
Fig. 8.1 (C)). The discrepancies with the Poisson model are confirmed in the frequency-count
histograms of Figs. 8.1 (B) and 8.1 (D). Similar discrepancies were found by analyzing the
histograms corresponding to the other 28 amperometric measurements provided by I. Bonifas.
All fits yielded an index of dispersion smaller than one (σ2 /µ < 1). The underdispersion
reflects some regularity in the spike pattern, indicating that the releases processes are not
purely random. Thus, Poisson process are not suitable to model the experimental data.
To take into account the partly deterministic behavior of release sequences, we considered
gamma and log-normal processes as possible models to fit the experimental data. Both are
two-parameter point processes. We combined the analysis of the inter-event time and the
frequency-count variables by minimizing the sum of the squared errors (SSE) [28]. We fitted
both histograms to describe the same point process. We found that the inter-event time
histograms of the original and time-rescaled spike sequences are very quite described by
a gamma distribution as illustrated in Figs. 8.1 (A) and (C). We repeated the same fitting
procedure for the other 28 time sequences and confirmed that fact. A measure of the quality
of the fit is given by the coefficient of determination R 2 [28]. The average value of R 2 over
the 29 measurements was < R 2 >= 0.89 for the original spike series and < R 2 >= 0.93 for the
time-rescaled sequences (< R 2 >= 1 would correspond to a perfect fit).
The histogram of Fig. 8.1 (A) exhibits an inter-event interval mean µ = 0.68 s and an inter-event
interval standard deviation σ = 0.56 s. The parameters used for the fits shown in Fig 8.1 (A) are:
(i) exponential fit: λ = 1.14 s−1 , (ii) gamma fit: p = 1.58 and θ = 0.36 s. The histogram of Fig. 8.1
(C) shows an inter-event interval mean µ0 = 1.00 and an inter-event interval standard deviation
σ0 = 0.72 . In Fig. 8.1 (C) the parameter for the exponential fit is λ0 = 0.73 and the parameters
for the gamma fit are p 0 = 1.65 and θ 0 = 0.54. We stress here that only the spike sequence
with constant rates (e.g. a time-rescaled sequence) could be modelled with a stationary point
process. However, for this specific measurement, the rate function does not change much and
its influence on the distributions is not large. This can be observed by comparing Fig. 8.1 (B)
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with Fig. 8.1 (D).

8.3.3 Spike statistics of a group of cells
Fig. 8.2 shows the probability distributions f 7 (δt ) ( f 7 (δτ)) and P 7 (k) (P 7 (κ)) for a combined
dataset consisting of seven consecutively placed independent spike series obtained from
seven different cells. Defining TiM the measurement time for the i th cell, the total rate of
the ensemble is constructed as λ(t ) = λi (t ) for TiM
< t ≤ TiM , i = 1, . . . 7 (T0M = 0). Thus, the
−1
P
total time considered in Fig. 8.2 is TTM = 71 TiM . Note that before time rescaling [Figs. 8.2 (A)
and (B)] the rate λ(t ) (see inset plots) is strongly fluctuating. After rescaling, the rate stays
around 1. As a consequence, histograms after time rescaling [Figs. 8.2 (C) and (D)] show much
less statistical fluctuations. Remarkably, the combined histograms of 7 cells f 7 (δt ) (before
rescaling) and f 7 (δτ) (after time rescaling) are also well fitted by a gamma distribution, while
P 7 (k) and P 7 (κ) are well described by a gamma-count distribution, and differ from exponential
and Poisson distributions. In particular, the gamma and gamma-count distribution seem to
describe f 7 (δτ) and P 7 (κ), respectively, with a high degree of agreement.
The histogram of Fig. 8.2 (A) exhibits mean µ = 0.63 s and standard deviation σ = 0.77 s,
The parameters used for the fits shown in Fig. 8.2 (A) are: (i) exponential fit λ = 1.43 s−1 , (ii)
gamma fit: p = 1.61 and θ = 0.24 s. In Fig. 8.2 (C) the mean is µ0 = 1.00, and standard deviation
σ0 = 0.74. The parameter for the exponential fit is λ0 = 0.74, whereas for the gamma fit we
obtained p = 2.10 and θ 0 = 0.43 . The fitting of histograms in Figs. 8.1 and 8.2 were performed
by a nonlinear least-squares optimization using the scipy library [54].
The fact that all studied amperometric signals belonging to different cells and the combination
of all of them show similar inter-event interval and event-count statistics differing from
exponential (Poisson) behavior definitively reveals that releases of vesicles coming from the
reserve pool must play an important role for the shape of the spike sequences. Moreover,
their inter-event time and count distributions are well described by underdispersed gamma
processes, indicating regularity in the release patterns. This implies partly deterministic
behaviour of the release processes.

8.3.4 Connection between amperometry and vesicle transport
When exocytosis starts as a response to a stimulus, the pools of already docked and primed
vesicles are fully or partially depleted, or at least considerably reduced within 1-10 s [109]. This
means that although vesicles of the reserve pool are stimulated after that time, releases from
the pre-docked and primed vesicles might also be present in the measured signals. Therefore,
the most general assumption is that the amperometric signal contains a superposition of
releases coming from both the reserve pool (i.e., from those vesicles we are interested in) and
from the pool of initially docked/primed vesicles. Although Hugo et al. [48], reported that
around 15% of the vesicles at the membrane do not release (dead-end vesicles), the influence
of prime/fusion reaction times on the amperometric signals cannot be a priori neglected.
Therefore, a model considering both transport and fusion times is needed to interpret the
spike series obtained from experiment. In the next section we present such a model.
64

8.4. Langevin Simulations

Figure 8.2 – Inter-event times histograms of a combined data set of 7 different cells. f 7 (δt ) (A)
and f 7 (δτ) (C), and frequency-count histograms P 7 (k) (for a time interval T = 2.5 s) (B) and
P 7 (κ) (for a rescaled time interval τ = 4.0 (D)) before and after time-rescaling. The histograms
f 7 (δt ) and f 7 (δτ) are fitted with gamma (solid lines) and exponential distributions (dashed
lines). The frequency-count histograms P 7 (k) and P 7 (κ) are fitted with the gamma-count (see
text, solid lines) and Poisson distributions (dashed lines). Inset plots in (A) and (C) show the
spike rates of the original and time rescaled spike series, respectively. The number of events
used was 4252.

8.4 Langevin Simulations
Based on the statistical analysis of the experimental results we propose a model for exocytosis
of catecholamines in chromaffin cells using Langevin simulations.

8.4.1 Stochastic model of vesicle transport
We propose the following biophysical picture, which relies on our analysis in the previous
sections: catecholamines release events in the sustained regime can be viewed as successive
arrivals of vesicles at the membrane, which then undergo fusion and lead to exocytosis. Then
we can assign a spike to each arrival and in this way mimic the amperometric peaks. Assuming
similar processes for all release events, the times of successful arrivals of the vesicles at
membrane result in a spike sequence which corresponds to the time rescaled spike sequences
derived from the experimental signals. Corrections due to prime/fusion reaction times will be
included later.
In order to simulate the arrival of vesicles at the membrane, one can describe vesicle motion
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Figure 8.3 – (A) Simulated cell with diameter 10 µm. The diameter of vesicles is 300 nm. (B)
Model for active zone, chosen as a thin layer close to cell membrane. (C) Map of the active
zone onto a cuboid. (D) Cell volume in the simulations. Scale bar: 2 µm. Vesicles elastically
bounce from all walls except from the membrane, where fusion is assumed to occur.

in the liquid cellular medium by Langevin equations of the form

mi

d
∂
vi (t ) = −
W (ri ) − γvi (t ) + σξ(t ),
dt
∂ri

(8.3)

where vi is the velocity of i t h vesicle and γ is the friction coefficient. W (r) is a potential acting
on the vesicles. ξ(t ) is a stochastic microscopic force produced by the environment, with a
coupling coefficient given by[89]
σ=

q

2k B T γ

(8.4)

for Gaussian white noise, where k B is the Boltzmann constant and T the absolute temperature.
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The friction coefficient can be related to the diffusion coefficient by
D=

2k B T
.
γ

(8.5)

Thus, we model vesicles as diffusive particles in a bounded domain. Whenever a vesicle
reaches the membrane, a release event is assumed. Fig. 8.3 (A) sketches our model for a
chromaffin cell. In Fig. 8.3 (B) we represent the portion of the cell which can be accessed by
the electrode in an experimental setup. Only exocytosis events in this region can be captured
in an amperometric recording. For simplicity, we assume that this region has a cuboidal
shape [Fig. 8.3 (C)], which is topologically equivalent to the curved layer of Fig. 8.3 (B). The
membrane is thus represented by a square [Fig. 8.3 (D)].
Since the cytosol is highly viscous, we can assume an overdamped regime m i ddt vi (t ) = 0, and
Eq (A.1) becomes

vi (t ) =

F (ri ) σ
+ ξ(t ),
γ
γ

(8.6)

where F (r) = −∂W (r)/∂ri .
We performed two kinds of simulations. First, we assumed no external potential, i.e., pure
diffusive (Brownian) motion in order to prove that purely random motion of vesicles does
result in Poisson processes. In a second step, we included an attractive potential in the
direction of the membrane as a deterministic component.
Table 8.1 – Parameters used in our Langevin simulations
Parameter
Diffusion coefficient
Temperature
Vesicle radius
Density
Volume

D
T
r
ρ
L

Value
3.22 × 10−14 m2 s−1 [80, 82]
296 K
150 nm [87]
2.09 vesicles/µm3 [53, 82]
L x = L z = 4.4 µm, L y = 1 µm

8.4.2 Vesicles as free Brownian particles
We considered the case of free Brownian particles with no external potential, i.e., W (r) = 0. For
the diffusion coefficient of vesicles in the cytoplasm we used D = 3.22 × 10−14 m2 s−1 [80, 82].
We determined the number of vesicles within our simulation volume as follows.
Considering the cell as a sphere of radius R = 5 µm [Fig. 8.3(A)], taking into account that
electron microscopy and reflection fluorescence microscopy measurements yielded a vesicle
density beneath the membrane’s surface of ∼ .45 − 1.7 vesicles µm2 , and that the active zone
has a depth of 120−300 nm, we estimated a vesicle density of 2.09 vesicles/µm3 [12, 53, 82, 87].
Vesicles were considered as hard spheres of radius equal to 150 nm. Other cell elements were
not physically present in our simulation volume, but they were effectively included through the
noise term of the Langevin equations. According to Refs. [116, 124, 133], the main processes
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involved in exocytosis occur at the cell’s boundary. We assumed this region to coincide with
our simulation volume [Fig. 8.3 (C)]. The faces of the cuboid are treated as hard walls except
the one describing the membrane. The simulations were conducted as follows. First, we
distributed the vesicles randomly inside the cuboid. Then we let them evolve by integrating
Eqs. (12). All collisions were treated as elastic with the exception of collisions of vesicles with
the membrane. The hits of the vesicles with the membrane were recorded as exocytosis events.
The number of vesicles in the volume was kept constant during the simulations. After a hit with
the membrane, the vesicle involved was taken out and replaced by another vesicle entering the
cuboid at a randomly chosen position. Notice that Langevin simulations describe stationary
processes and therefore the histograms t (δt ) and P (k) obtained from them can be directly
compared to the time-rescaled spike sequences obtained from experiment. However, for the
sake of comparison and in order to normalize the (constant) rate to 1, we also performed
time-rescaling on the sequences obtained from our simulations.
In table 8.1 we give an overview of the parameters used in our simulations. Since the amperometric experiments were conducted by I. Bonifas at room temperature, we set T = 296 K in all
simulations.
The results of the simulations in the purely Brownian regime are shown in Fig. 8.4. The inset
figures in 8.4 (A) and (C) show the exocytosis rate in the original and time rescaled spike
sequences obtained from the simulations. Clearly, the only effect of time rescaling is the
normalization of the rate to 1. There is no influence of the time-rescaling transformation on
the histograms. The fact that f (δt ) and P (k) can be perfectly described by an exponential and
by a Poisson distribution, respectively, confirms our idea that pure Brownian motion of vesicles
coming from the reserve pool results in release-event statistics governed by Poisson processes.
The histogram of Fig. 8.4 (A) is characterized by µ = 0.68 s, σ = 0.67 s, The parameters used for
the fits are: (i) λ = 1.44 s−1 , p = 1.08 and θ = 0.61 s. Fig. 8.4 (C) are characterized by µ0 = 1.00
and σ0 = 0.96 . The parameters used for the fits are λ0 = 0.96, p 0 = 1.10 and θ 0 = 0.90.

8.4.3 Diffusive vesicles under an attractive potential towards the membrane
The simulation setup was similar to the free Brownian case, except that an additional attractive
potential toward the membrane was assumed. We used an harmonic potential leading to the
following forces:
Fx

= Fz = 0

Fy

= α(y − y 0 ),

(8.7)

where y is the direction perpendicular to the membrane, which is placed at y 0 .
The value of the parameter α which best reproduces experiment was 1.275 × 10−13 N/m.
Results of the simulations are shown in Fig. 8.6. For the sake of comparison and in order to
normalize the rate, we also performed here time-rescaling.
The histogram of Fig. 8.6 (A) is characterized by µ = 0.59 s and σ = 0.48 s, The parameters
used for the fits are λ = 1.31 s−1 , p = 1.63 and θ = 0.30 s. The histogram of Fig. 8.6 (C) is
characterized by µ0 = 1.00 and σ0 = 0.78. In Fig. 8.6 (C) the parameters for the fits are λ0 = 0.76,
p 0 = 1.59 and θ 0 = 0.52.
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Figure 8.4 – Inter-event time and frequency-count histograms of a simulation of free Brownian
vesicles. (A), (C) Inter-event time histograms f (δt ) and f (δτ) before and after time rescaling,
respectively. (B), (D) frequency-count histograms P (k) (for a time interval of T = 2.7 s width)
and P (κ) (for a rescaled time interval of τ = 4.0 width) before and after time rescaling, respectively. The histograms f (δt ) and f (δτ) are fitted with gamma (solid lines) and exponential
distributions (dashed lines). The frequency-count histograms P (k) and P (κ) are fitted with
the gamma-count- (see text, solid lines) and Poisson distributions (dashed lines). The number
of events was 15504. Inset plots in (A) and (C) show the spike rates of the original and time
rescaled spike series, respectively.
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Figure 8.5 – An illustration of the model of diffusive vesicles under an attractive potential
towards the membrane: a vesicle motion is govern by a Langevin equation with an attractive potential term, causing a constant drift velocity in direction perpendicular to the cell
membrane. The color bar indicate the time progressive. The light yellow cone indicate the
boundary of the vesicle trajectory
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Figure 8.6 – Inter-event time and frequency-count histograms of a simulation of diffusive
vesicles under an attractive harmonic potential, before and after time-rescaling. (A), (C)
Inter-event times histograms f (δt ) and f (δτ) before and after time rescaling, respectively.
(B),(D) frequency-count histograms P (k) (for a time interval of T = 2.3 s width) and P (κ) (for
a rescaled time interval of τ = 4.0 width) before and after time rescaling, respectively. The
histograms f (δt ) and f (δτ) are fitted with gamma-(solid lines) and exponential distributions
(dashed lines). The frequency-count histograms P (k) and P (κ) are fitted with the gammacount (see text, solid lines) and Poisson distributions (dashed lines). The number of events
was 4237. Inset plots in (A) and (C) show the spike rates of the original and time rescaled spike
series, respectively.
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Remarkably, the inter-event time and frequency-count histograms obtained from our simulations with an attractive force derived from an harmonic potential can be better fitted by
gamma than by Poisson processes. By comparing this fact with our statistical analysis of the
experimental results we conclude that our simulations with an attractive harmonic potential
can qualitatively reproduce the experimental trend. From our simulations and experiments
one can clearly see a direct connection between vesicle transport and the amperometric spike
series. Below, we investigate the influence of priming/fusion reaction times.

8.4.4 Simulations including an attractive potential and priming/fusion statistics

Figure 8.7 – (A) Projection of the trajectory of the vesicle responsible for the n t h event on the
axis perpendicular to the membrane. At the time t n−1 , which refers to the (n − 1)t h event , the
vesicle is at a distance x 0 from the membrane. The vesicle arrives at the membrane at time t n
and releases at time t n + ∆t f us . A difference in the time scale of the priming/fusion reaction
and the transport process is shown in the color bars. (B) Normalized frequency histogram
f (∆t f us ) (number of fusion events vs ∆t f us ) taken from Ref. [26] (blue) and the normalized
frequency histogram of our generated ∆t f us (pink), for comparison. The time scale for fusion
∆t f usi on (see x-axis) is at least one order of magnitude smaller than t n − t n−1 (see previous
figures). The difference in the time scales is schematically represented by the color bars in A.
In order to include the priming/fusion time statistics in our numerical model we proceed as
follows. We define a ‘fusion time’ defined as a lag time ∆t f us between docking and fusion. The
vesicles arriving at the membrane have to wait a time ∆t f us before generating an event which
counts for the spike series. To the best of our knowledge, no direct measurement of fusion
times in chromaffin cells was performed so far. For SNARE-mediated vesicle fusion, however,
Domanska et al. observed the lag times between docking and fusion (∆t f us ) and characterized
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it by a probability histogram f (∆t f us ), obtained as the number of fusion events as a function
of the lag times[26]. To include this lag times in Langevin simulations one needs a variable
∆t f us (Fig. 8.4.4(A)) fulfilling the statistics found by Domanska et al. in Ref. [26]. Therefore,
we first constructed a continuous probability density function out of the histogram of Ref.
[26] by convolving it with a Gaussian window and obtained the cumulative distribution. The
standard deviation for the Gaussian kernel was 0.2 of the bin-width of the histogram. Then,
we applied the inverse-transform method for generating random variables [64] to get ∆t f us .
The distribution of our obtained random-generated fusion times is shown in Fig 8.4.4 (B). It
reproduces the histogram from Ref. [26]. In this way we were able to introduce the additional
variable ∆t f us and study its influence.
We simulated the motion of vesicles towards the membrane using equation 8.6 with the same
parameters as in Fig. 8.6 (A). Once at the membrane, each vesicle "waited" a time ∆t f us ,
obtained from the generated distribution of Fig. (B), before producing a release event (spike).
In Fig. 8.8, we show the result of the simulations. As it can be seen by comparing Fig. 8.8
with Fig.8.6, the lag between docking and fusion does not significantly affect the probability
distribution of simulated exocytosis events, which can still be very well fitted by gamma
processes. The histogram of Fig. 8.8 (A) is characterized by µ = 0.59 s and σ = 0.48 s. The
parameters used for the fitting the histograms of 8.8 (A) are λ = 1.34 s−1 , p = 1.62 and θ = 0.33 s.
The histogram of Fig. 8.8 (C) is characterized by µ0 = 1.00 and σ0 = 0.8. The fitting parameters
for the histograms 8.8 (C) are λ0 = 0.78, p 0 = 1.66 and θ 0 = 0.56.
Notice that the mean of the inter-event times histogram (µ = 0.59) does not change at all
upon extension of the model to consider the fusion times. The standard deviation (σ) could
show a tiny change ranging from 0.47 to 0.48 s in 15 simulations. This indicates that the
priming/fusion process does not affect the inter-event time distributions. This fact is due to
the difference in the time scales for priming/fusion and vesicle transport. According to the
histogram of the lag times shown in Fig. 8.4.4 (B), the fusion times ranges between 10 and 250
milliseconds, and exhibits a main peak at 18 ms, which is 1-2 orders of magnitude smaller
than the inter-event times obtained from the experimental signals and our simulations of
vesicle transport, which lie in the range of seconds. Taking this into account, the results of Fig.
8.8 are not surprising.
Moreover, due to the difference in time scales between transport and fusion, the particular
shape of f (∆t f us ) is actually not relevant. To demonstrate this we performed simulations
assuming different shapes for f (∆t f us ). Results are shown in Fig. 8.9. (A) shows the inter-event
time histogram neglecting the influence of the lag times between docking and fusion, whereas
Figs. 8.9 (B), (C) and (D) represent inter-event time histograms assigning the fusion times
from Ref. [26], gamma shaped and an arbitrary function f (∆t f us ), respectively. In all cases,
the inter-event time histograms can be well fitted by gamma processes. Similar results were
obtained assuming exponential-, Lévy-, generalized gamma- and Wald distributions of fusion
times (not shown). For all the mathematically defined distributions f (∆t f us ), we generated
∆t f us by using random generators from the scipy library [54].
From these results we conclude that the amperometric signals are governed by vesicle transport. This also means that the contribution of vesicles coming from the reserve pool is
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dominant in the amperometric signals, since our simulations only describe the transport of
those vesicles.

8.5 Discussion
We proposed that it is possible to study vesicle transport in chromaffin cells by combining
a numerical model based on Langevin simulations of vesicle motion and amperometric
measurements of exocytosis in the sustained regime. We analyzed amperometric experiments
from I. Bonifas et al., performed ex-vivo on bovine chromaffin cells under Ba2+ stimulation
to capture sustained exocytosis. The amperometric signals are, in principle, a superposition
of releases from initially docked vesicles (docked pool) and from vesicles coming from the
reserve pool. We performed a statistical analysis of the amperometric traces and modeled the
spike sequences using point-processes. We were able to standardize the exocytosis activities
of cells with different different activity rates by using the time-rescaling theorem. The statistics
of the time sequences from all performed measurements considerably deviates from that of a
Poisson process and is reasonably well described by a two-parameter gamma distribution.
In order to explain this behavior we developed a model which relies on Langevin simulations
of vesicle motion in 3 dimensions on the way to the membrane, described as a surface, at
which release processes occur. We first simulated a purely diffusive ensemble of vesicles
(Brownian motion) and showed that such a motion of vesicles leads to Poisson statistics
of the corresponding spike series. Then, we considered an additional attractive harmonic
potential, which should be viewed as an effective potential, towards the membrane in the
Langevin equations of motion. We found that the corresponding simulated release statistics
can be well fitted by a gamma distribution in very good agreement with the amperometric
signals. This indicates that there is a link between vesicle motion and catecholamine releases
detected by amperometry. In order to study the influence of the priming/fusion processes
on our numerical results we extended the model to include a lag time between docking
and fusion of each vesicle using experimental results from the literature. We found that the
priming/fusion reaction does not affect the inter-event time histograms. We propose that
the gamma distribution is a signature of vesicle transport from the reserve pool to the active
sites of the membrane. Therefore, the sequence of current peaks. This result suggests that the
gamma distribution is a signature of vesicle transport from the reserve pool to the active sites
of the membrane. Therefore, the sequence of current peaks from the amperometric signal
(spike sequence) can contain essential information on vesicle motion.
From the comparison between the experimental recordings and our simulations we then
conclude that vesicles undergo lateral Brownian motion and at the same time direct motion
towards the membrane prior catecholamines release. This result confirms and complements
previous TIRFM evidences for active transport. The main point of this work is to extend this
concept, gained from imaging studies on individual vesicles, to the whole ensemble of vesicles
participating in exocytosis.
We note here that, apart from transport and priming/fusion mechanisms, other complex
processes might also contribute to the amperometric signals. However; we assume that they
do not significantly affect the characteristic of inter-event time series. For example, the ‘kiss
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and run’ type of releases should not affect our conclusions. As reported in Ref.[5], ’kiss and run’
fusion processes are less frequent during prolonged stimulation, particularly when using Ba2+
as secretagogue . It is important to point out, that the attractive force towards the membrane
that we assume in our simulations cannot exactly reproduce the amperometric spike statistics,
but it makes the spike statistics deviate from a Poisson process in the same manner as the
experimental signals. Although we could demonstrate that a correct description of vesicle
motion requires an attractive force, we cannot give a conclusive statement regarding its shape.
Other expressions for this force might also yield good agreement with experiments. Work in
this direction is in progress. We expect our model to serve as a basis for further studies. In
particular, it might be useful to confirm whether the model can also describe amperometric
signals upon Ca2+ stimulation with the same degree of accuracy.
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Figure 8.8 – Inter-event time and frequency-count histograms computed from a simulation
of diffusive vesicles under an attractive harmonic potential and including a lag time ∆t f us
at the membrane (see text) according to Ref. [26], before and after time-rescaling. (A), (C)
Inter-event time histograms f (δt ) and f (δτ) before and after time rescaling, respectively.
(B),(D) frequency-count histograms P (k) (for a time interval of T = 2.3 s width) and P (κ) (for
a rescaled time interval of τ = 4.0 width) before and after time rescaling, respectively. The
histograms f (δt ) and f (δτ) are fitted with gamma-(solid lines) and exponential distributions
(dashed lines). The frequency-count histograms P (k) and P (κ) are fitted with the gammacount (see text, solid lines) and Poisson distributions (dashed lines). The total number of
events was 4257. Inset plots in (A) and (C) show the spike rates of the original and time rescaled
spike series, respectively.
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Figure 8.9 – Comparison of inter-event time histograms computed from simulations of diffusive vesicles under an attractive harmonic potential and considering different fusion-time
distributions. (A) Inter-event time histogram of a simulation without the fusion times, i.e.,
setting ∆t f us = 0. (B),(C),(D) show the histograms assuming f (∆t f us ) from Ref. [26], a gamma
distribution, and an arbitrary distribution, respectively. Inset plots in (B),(C),(D) show the
assumed lag-time distributions.
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9 Data analysis of mEPSCs and mEJPs
In the previous part of the work, I have showed the statistical analysis and the probabilistic
models applied to postsynaptic current time series obtained from experiments on chromaffin
cells. We could draw conclusions regarding vesicle transport in neuroendocrine cells. We
found that the release mechanism and the vesicle motion is partly-deterministic.
Here, we extend the study to neuronal systems. We are now interested to investigate the neurotransmitter release from synaptic vesicles. It would be desirable to also obtain information on
the transport of synaptic vesicles from electrophysiological experiments. For that we need a
condition similar to the sustained release regime in chromaffin cells, where the experimental
postsynaptic current is generated by the arrival of vesicles one by one. In neurons and neuromuscular junctions there is a similar regime, in which there are spontaneous releases even in
absence of stimuli. Together with experimental biologists from the University of Heidelberg
we investigated this phenomenon in detail.

9.1 Objective
The mechanism of how synaptic terminals release neurotransmitters by spontaneous vesicle
fusion is still unclear. Since the early work of Fatt and Katz [32], the spontaneous release of
neurotransmitters is assumed to be a purely stochastic process that occurs randomly and
can be described by Poisson processes [57, 60, 107]. In this part, we investigate the statistical
behavior of the miniature excitatory postsynaptic currents (mEPSCs) in mice Hippocampal
neurons, and of the miniature excitatory junctional potentials (mEJPs) in the neuromuscular
junctions (NMJ) of Drosophila larvae. We find that, in contrast to the previous assumptions,
neither mEPSCs nor mEJPs occur randomly.

9.2 introduction to spontaneous release in neuronal systems
Neurons communicate by transmitting their signals across synapses. This occurs through
release the neurotransmitters to target cells. There are three main types the releases of neurotransmitters: synchronous release, asynchronous release and spontaneous release [49]. These
processes occur at the presynaptic bouton (ramification of the axon). Like in neuroendocrine
cells (e.g. chomaffin cells), the presynaptic bouton will release the neurotransmitters triggered
by C a 2+ influx. Therefore, neurotransmitter release happens primarily when the presynaptic
terminal receives an action potential which will induce the C a 2+ entry to the bouton.
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• Action potential induced release: Due to the neuronal communication, the timing of
the response to the action potential is very important. The action potential-dependent
releases are classified into two types, the fast mode of release (synchronous release) and
slower mode of release (asynchronous release).
– Synchronous release: As its name states, the synchronous release is the fast type
of release which occurs within 1 milliseconds right after the action potential signal.
It onsists in a burst release (which results from the superposition of multiple
vesicular-releases) and lasts for a couple of milliseconds. Due to its coupling to
the action potential, synchronous releases are subject of many studies, since most
neuronal information-transfer relies on it.
– Asynchronous release: The asynchronous release follows the action potential with
several millisecond delay and lasts longer, up to several seconds to minutes[57].
The amplitudes of the postsynaptic current events are smaller than in the synchronous release, since each events corresponds to the release of a single neurotransmitterfilled vesicle.
• Action potential independent release: Even in the absence of the action potential, the
influx of C a 2+ to the presynaptic neurons still exists. This allows another mode of the
neurotransmitter release, which depend on intracellular C a 2+ .
– Spontaneous release: The last type of neurotransmitter release is the spontaneous
release. It happens spontaneously in the absence of a presynaptic action potential.
It consists of low-frequency and low amplitude signals, which represent a release
of individual single vesicles. [14]. Due to its low frequency and small amplitude, it
was not noticed until the experiments of Fatt and Katz [32] in 1950s.
The role and function of spontaneous neurotransmitter release in neuronal communication
are still unknown. It is assumed that the spontaneous release of neurotransmitter from the
presynaptic neuron occurs randomly [57, 60, 107].. The time separations between spontaneous release events are often assumed to be exponentially distributed with a constant mean
rate of spontaneous release. Spontaneous release events can be measured and characterized
from intracellular voltage clamp experiments in the presence of tetrodotoxin (TTX), which
blocks presynaptic action potentials. It has been assumed that spontaneous and asynchronous
release arise from the same vesicle pools as evoked exocytosis [112]. The spontaneous releases
are measured as miniature excitatory postsynaptic currents (mEPSCs) or miniature excitatory
postsynaptic potential (mEPSPs) by patch-clamp experiments, placing electrodes on the postsynaptic system (neuron or muscle cell). Apart from the C a 2+ concentration, the spontaneous
release also depends on the cell temperature [105]. We speculate that this may be related to
the Langevin transport as the drift velocity depends on temperature.

9.3 Description of Experiments to measure mEPSCs and mEJPs
This description was provided by our collaborator, Dr. Peter Bengtson from the Univeristy of
Heidelberg.
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Figure 9.1 – Different types of synaptic transmission illustrated with simulated data. (a)
Stimulation (arrowhead ) evokes synchronous and asynchronous release. (b) Spontaneous
neurotransmitter release is shown on a different timescale. The inset shows a miniature
postsynaptic current on an expanded timescale. Abbreviations: mPSC, miniature PSC; PSC,
postsynaptic current. Figure taken from ref. [57]
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Hippocampal Cell Culture.
Hippocampal neurons from newborn C57BL/6 mice were cultured. as described [10, 134]
except that growth media was supplemented with B27 (Gibco/BRL or Invitrogen, San Diego,
CA) and 1% rat serum. Neurons were plated onto 12 mm glass coverslips at a density between
400 and 600 cells per mm2. Electrophysiological recordings were done on DIV10 and 11. Patch
clamp recordings Whole-cell patch clamp recordings were made at 32 C from cultured hippocampal neurons plated on coverslips secured with a platinum ring in a recording chamber
(Open access chamber-1, Science Products GmbH, Hofheim, Germany) with heated in-line
perfusion (TC324B, Warner Instruments Corporation) running constantly at 2 to 3 ml per
minute. Neurons were viewed with differential interference contrast optics, infrared illumination through a 40x (LUMPLFL40xW, N.A. 0.8, Olympus, Hamburg, Germany) objective on an
wide field upright microscope (BX51WI, Olympus) equipped with a digital camera (sCMOS,
Andor, BFi OPTiLAS, Groebenzell, Germany) connected to a computer monitor through a PC
interface using Andor IQ2 software. Patch electrodes (3-4 MΩ) were made from borosilicate
glass (1.5 mm, WPI, Sarasota, FL, USA) and filled with intracellular solution (containing in mM:
KGluconate, 122; KCl, 12; NaCl, 8; HEPES, 10; EGTA, 5; CaCl2 , 0.25; Na3-GTP, 0.5; Mg2 -ATP, 4;
K2 -phosphocreatine, 10 (Calbiochem); pH 7.35 with KOH). The extracellular solution was a
artificial cerebrospinal fluid (ACSF, in mM: NaCl, 125; KCl, 3.5; MgCl2 , 1.3; NaH2 PO4 , 1.2; CaCl2 ,
2.4; glucose, 25; NaHCO3 , 26; gassed with 95 % O2 and 5% CO2 ). Recordings were made with a
Multiclamp 700A amplifier, digitised through a Digidata 1322A A/D converter and acquired
using pClamp software (Molecular Devices, CA, USA). mEPSCs were recorded in voltage clamp
at a holding potential of -70 mV in the presence of the GABAA receptor antagonist gabazine
(SR95531 hydrobromide, 2 µM, Biotrend) and tetrodotoxin (TTX, 0.5 µM, Biotrend). TTX was
applied before gabazine to prevent the induction of action potential bursting. mEPSC events
were detected using the software MiniAnalysis (Synaptosoft, Decatur, GA, USA) with a 6 pA
amplitude threshold and all mEPSCs were verified visually. Events occurring less than 10 ms
after the previous event were included in frequency but not amplitude analyses. Access (range:
6-15 MΩ) and membrane resistance (range: 90-450 MΩ) were monitored regularly during
recordings and data was rejected if changes greater than 20% occurred. Cumulative probability histograms, generated from at least 200 mEPSCs, were examined for each recording.
Statistical comparisons were made using non-parametric ANOVA and a post-hoc Tukey test.
Non-parametric tests are necessary due to the non-normal distribution of mEPSC datasets.

9.3.1 Identification of mEPSC and mEJPs events
The identification of the mEPSCs was performed by the group of Dr. Peter Bengston and
Christoph Schuster by using a commercial package.

9.4 Statistical method
We use the density function method to calculate the mEPSCs and mEJPs rates λ(t ) for all
recordings.
We apply the time-rescaling transformation to all the postsynaptic current sequences from
miniature excitatory postsynaptic currents (mEPSCs) in mice Hippocampal neurons, and
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miniature excitatory junctional potentials (mEJPs) in the neuromuscular junctions (NMJ) of
Drosophila larvae.
As in the case of chromaffin cells, we chose stationary processes to model the mEPSCs and
mEJPs releases.

9.5 Statistical properties of superimposed point processes
Base on [25, 35, 65] A post-synaptic neuron receives input from more than 10000 synapses. To
model the recorded postsynaptic current requires to study the superposition of signals from
individual sources.
We use a generalization of a Poisson process to describe the mEPSCs signals. We assume
a superposition of independent renewal processes. This solves the problem of individual
synaptic input identification. The number input records must be given in the calculation.

9.6 Inter-event intervals of superposition process
The superposition of independent renewal processes is generally not a renewal process, but it
can be described within a larger class of processes called Markov-renewal processes.
The complementary cumulative distribution function of the inter-event times of the point
process resulting from the superposition of K independent renewal processes, is given by [35]
R̄(t ) =

K
X
k=1

αk
PK

k=1

αk

R̄ k (t )

K
Y
j =1, j 6=k

αj

∞

Z
t

R̄ j (u)d u,

(9.1)

where R̄ k (t ) the cumulative density distribution of the inter-event times and αK the arrival
rate of the K process respectively.

9.6.1 Sums of Independent Random Variables
Consider the sum of two independent discrete random variables X and Y, whose values are
restricted to non-negative integers. Let f X () denote the probability distribution of X and f Y ()
denotes the probability distribution of Y . The distribution of their sum Z = X + Y is given by
the discrete convolution formula.

Discrete Convolution Formula
The random variable Z = X + Y has a probability distribution f Z () given by
f Z (z) = f X +Y (z)

(9.2)

for z = 0, 1, ... .
Proof: For each z, the event [Z = z] is the union of the disjoint events [X = x and Y = z − x] for
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x = 0, 1, ..., z. Consequently,
P (Z = z) =

f Z (z) =

z
X

P (X = x and Y = z − x)

x=0
z
X

=

f X (x) f Y (z − x)

(9.3)

x=0

where the last step follows by independence.

9.6.2 Sum of Poisson Random Variables
. Let X 1 and X 2 be independent Poisson random variables where X i has a Poisson (λi ) distribution for i = 1, 2. Then
X 1 + X 2 has a Poisson distribution with λ1 + λ2 . Let X 1 , X 2 , ...X k be independent Poisson
random variables where X i has a Poisson (λi ) distribution for i = 1, 2, ...k. Then X 1 + X 2 + ...X k
has a Poisson (λ1 + λ2 + ... + λk ) distribution. Proof: by the discrete convolution formula,
Z = X 1 + X 2 has a probability distribution
P (X 1 + X 2 = z) =

f Z (z) =

z
X

f X 1 (x) f X 2 (z − x)

(9.4)
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Using the binomial formula
Ã !
z
X
m x m−x
(a + b) =
a b
x=0 x
m

(9.6)

with m = z, a = λ1 and b = λ2 and after multiplying and dividing by z ! , we arrive at
z λx λz−x
X
1
2
x=0

x! (z − x)!

=

(λ1 + λ2 )2
,
z!

(9.7)

and the result is established.

9.6.3 Inter-event interval histograms of mEPSCs from mice Hippocampal neurons
The mEPSC was recorded and analyzed for events by the group of Dr. Peter Bengtson in
the university of Heidelberg. In order to characterize the release process on the basis of the
statistics of the postsynaptic current sequences it is first necessary to find the probabilistic
model which best reproduces the histograms of Fig. 9.2 and those corresponding to other
mEPSC measurements.
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Figure 9.2 – (A) Inter-event interval histograms of probability density and cumulative distribution (curve above shaded area) functions of an mEPSC event sequence. (B) Count-frequency
histograms of the same mEPSC sequence. The histograms are fitted with inverse Gaussian
-(solid lines) and exponential distributions (dashed lines). The count- frequency histograms
are fitted with the inverse Gaussian count- (solid lines) and Poisson distributions (dashed
lines). The number of events in the sequence was 799. SSE indicates the sum of squared errors.

Note that if, for instance, the sequence of neurotransmitter releases would be purely random,
the number of mEPSCs events per fixed time interval (frequency-count histogram) would
follow a Poisson distribution. Therefore, and in order to determine the degree of ’randomness’ in the analyzed series, we investigated first the histograms in the framework of Poisson
statistics. For this purpose, we fitted the inter-event time histograms with exponential distributions and the count histograms with Poisson distributions. We found that the statistics of
all measurements deviates considerably from that of Poisson processes.

9.6.4 Statistical analysis of single measurements
Here, we determined the probability distributions of the time-rescaled mEPSC sequences.
Fig. 9.2 (A) show the distribution f (δτ) obtained from the time-rescaled postsynaptic current
sequence. Its corresponding rate is shown in the inset plot. Figs. 9.2 (B) shows the frequencycount histograms for this series, (P (κ)), i.e., the probability distribution for the occurrence of
k(κ) events within a fixed time interval T (τ).
From Fig. 9.2 it is clear that the inter-event time distribution f (δτ) cannot be fitted with
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an exponential function. The discrepancies with the Poisson model are confirmed in the
frequency-count histograms of Figs. 9.2 (B). Similar discrepancies were found by analyzing the
histograms corresponding to the other 81 measurements. All fits yielded an index of dispersion
smaller than one (σ2 /µ < 1). The underdispersion reflects some regularity in the postsynaptic
current pattern, indicating that the release processes are not purely random. Thus, Poisson
process are not suitable to model the experimental data.
To take into account the partly deterministic behaviour of mEPSC sequences, we considered
gamma, inverse-Gaussian(IG) and log-normal processes as possible models to fit our data.
These are two-parameter point processes which allow underdispersion. We combined the
analysis of the inter-event time and the frequency-count variables by minimizing the sum of
the squared errors (SSE). We fitted both histograms with the same process model. We found
that the inter-event time histograms of the original and time-rescaled mEPSC sequences are
best described by an inverse-Gaussian distribution as illustrated in Figs. 9.2 (A) and (B). We
repeated the same fitting procedure for the other 81 data sets and confirmed that fact.

9.6.5 Postsynaptic current statistics of a group of cells
Fig. 9.3 shows the probability distributions f 45 (δτ) and P 45 (κ) for a combined dataset consisting of 45 consecutively placed independent series obtained from 45 different cells. Defining
TiM the measurement time for the i th cell, the total rate of the group of cells is constructed as
λ(t ) = λi (t ) for TiM
< t ≤ TiM , i = 1, . . . 45 (T0M = 0). Thus, the total time considered in Fig. 9.3
P45 M −1
M
is TT = 1 Ti . Note that before time rescaling the rate λ(t ) is fluctuating from measurement
to measurement. After rescaling, the rate is 1 so that we can merge all the data sets. As we
expect, the combined histograms of 45 cells f 45 (δτ) are also well fitted by an inverse-Gaussian
distribution, while P 45 (κ) are well described by an inverse-Gaussian count distribution, and
differ from exponential and Poisson distributions.
The fact that all studied cells and the group of cells show similar inter-event interval and count
statistics differing from exponential (Poisson) behavior definitively indicating regularity in the
mEPSC release patterns.

9.6.6 Inter-event interval histograms of mEJPs in the neuromuscular junctions
of Drosophila larvae
The mEJPs was recorded and analyzed for events by the group of Prof. Dr. Christoph Schuster
at the University of Heidelberg.

9.6.7 Statistical analysis of single measurements
Here, we analyze mEJPS data obtained from the neuromuscular junctions(NMJ) of Drosophila
larvae by Prof. Ch. Schuster and coworkers. We found that the statistics of all measurements
deviates considerably from that of Poisson processes. This evidences that the mEJPs in the
neuromuscular junctions of Drosophila larvae is not random, similar to the case of hippocampal mEPSCs. We again proceed to fit them with gamma, inverse-Gaussian and log-normal
processes models. The mEJPs releases fail to be modeled by a single inverse-Gaussian but
are better approximated by a gamma process distribution as illustrated in Figs. 9.4 (A) and
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Figure 9.3 – (A) Inter-event interval histograms of probability density and cumulative distribution (curve above shaded area) functions of the mEPSC event sequence. (B) Count-frequency
histograms the same mEPSC sequence. The histograms are fitted with inverse Gaussian -(solid
lines) and exponential distributions (dashed lines). The count- frequency histograms are
fitted with inverse Gaussian count- (solid lines) and Poisson distributions (dashed lines). The
number of events in the sequence was 30350 from 45 recordings. SSE indicates the sum of
squared errors.
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Figure 9.4 – NMJ: Inter-event interval histograms of probability density and cumulative distribution (curve above shaded area) functions of a mEPSC event sequence. (B) Count-frequency
histograms the same mEPSC sequence. The histograms are fitted with inverse Gaussian -(solid
lines) and exponential distributions (dashed lines). The count- frequency histograms are fitted
with the inverse Gaussian count- (solid lines) and Poisson distributions (dashed lines). The
number of events in the sequence was 815. SSE indicates the sum of squared errors.
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Figure 9.5 – NMJ:Inter-event interval histograms of probability density and cumulative distribution (curve above shaded area) functions of mEPSC event sequences. (B) Count-frequency
histograms the same mEPSC sequence. The histograms are fitted with inverse Gaussian -(solid
lines) and exponential distributions (dashed lines). The count- frequency histograms are fitted
with the inverse Gaussian count- (solid lines) and Poisson distributions (dashed lines). The
number of events in the sequence was 4006 from 10 recordings. SSE indicates the sum of
squared errors.

(B). Although the mEJPs, and mEPSCs could be described by different probabilistic models,
they both share a partly-deterministic pattern. This implies that the release of miniature
neurotransmitter is driven by certain mechanism, and does not occur randomly. We repeated
the same fitting procedure for the other 13 data sets. They are all well characterized by gamma
processes.

9.6.8 Postsynaptic current statistics of a group of cells
Fig. 9.5 shows the probability distributions f 10 (δτ) and P 10 (κ) for a combined dataset consisting of 10 consecutively placed independent series obtained from 10 different cells.The
combined histograms of 10 cells f 10 (δτ) are also well fitted by an a gamma distribution. P 10 (κ)
is well described by a gamma count distribution, and differ from exponential and Poisson
distributions. Although belonging to a different system, the mEJPs in the neuromuscular
junctions of Drosophila larvae also show deviation from Poisson process, and follow a partlydeterministic patterns.
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Figure 9.6 – NMJ:Inter-event interval histograms of probability density . The histogram is
fitted with the superposition of two inverse Gaussian process, IG(µ1 , λ1 ), and IG(µ2 , λ2 ). The
number of events in the sequence was 4006 from 10 recordings. SSE indicates the sum of
squared errors.

9.7 Model of mEJPs release using superposition of two independent
point processes
Although the single gamma process seems to adequately describe the miniature releases
in the NMJ of Drosophila larvae, it does not completely quite capture the exact shape of
the distributions. Inspired by the fact that the Drosophila NMJ receives post synaptic input
from two major sources (Ib and Is type of boutons), we here fitted the data in Fig 9.6 with a
superposition of two independent point processes.
Fig. 9.6 shows the histogram representing the distribution f (δτ) from the rescaled experimental postsynaptic current sequence. We fitted the histogram with a superposition of two
inverse-Gaussian distribution IG(µ1 , λ1 ), and IG(µ2 , λ2 ), where µ1 = .56, µ2 = 2.97, λ1 = 3.20,
and λ2 = 0.70. This superposed inverse-Gaussian fit could best describe the experiments.
Since µ is the rate of each IG process, we may interpret that the mEPJs interval is the result of
two independent processes with rates 0.56, 2.97.

9.8 Dicussion
The spontaneous release statistics in both systems considerably deviate from Poisson processes. The inter-event interval histograms of the mEPSCs from mice Hippocampal neurons
are well described by inverse-Gaussian distributions, while the inter-event interval histograms
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of mEJPs in the neuromuscular junctions of Drosophila larvae are well fitted by a superposition
of two inverse-Gaussian distributions. Further study and analysis is still needed to understand
the mechanism of the spontaneous release of neurotransmitter. However, it is clear from tour
analysis that the spontaneous release process is partly-deterministic and not random like as is
currently assumed.

9.9 Analysis of Inter-event interval histograms of mEPSCs

Figure 9.7 – Inter-event interval histogram of mEPSC event sequence. The histogram was fitted
with inverse Gaussian (magenta) and exponential (green) distributions. The fit parameters
of the inverse Gaussian distribution are µ = 1.33 and λ = 0.81. The fit parameter of the
exponential distribution is λ = 1.15. The inset plot indicates the mean firing rate of mEPSCs
of each cell considered. The number of events in the sequence was 14151 coming from 20
different recordings. SSE indicates the sum of squared errors. Note that the inverse Gaussian
curve fits much (5 times) better than the exponential curve.

9.10 Inter-event interval histograms of mEJPs in the neuromuscular junctions of Drosophila larvae
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Figure 9.8 – Count-frequency histogram of the same mEPSC sequence as in Fig. 9.2. The histogram is described with inverse Gaussian count (magenta) and Poisson (green) distributions
using the same parameters as in Fig. 9.2. SSE indicates the sum of squared errors. Note that
inverse Gaussian count yields a 4.5 times better agreement than Poisson

94

9.10. Inter-event interval histograms of mEJPs in the neuromuscular junctions of
Drosophila larvae

Figure 9.9 – NMJ:Inter-event interval histogram of mEPJPs . The histogram is fitted with the
superposition of inverse Gaussian processes, IG(µ1 , λ1 ), and IG(µ2 , λ2 ). The fit parameters
are µ1 = 0.56, µ2 = 2.93, λ1 = 3.26, and λ2 = 0.71. The inset plot indicate the mean firing rate
of mEPJPs of each cell recording. The number of events in the sequence was 4006 from 10
different recordings. SSE indicates the sum of squared errors. Notice that the superposition of
two inverse Gaussians describes the system 5 times better than the exponential function. This
superposition seems reasonable, since the signals come from two neurons. The ratio between
their means lies between 5 and 6, which reasonably reflects the ratio between the number of
synapses between Ib and Is.
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10 Summary and Conclusions
In this work we have treated two problems concerning intercellular communication. In particular, we were interested in developing models to theoretically describe electrophysiological
experiments aimed at measuring the release of neurotransmitter from Chromaffin cells and
from neurons. We obtained from our experimental collaboration partners in Mexico (I. Bonifas,
in the group of Prof. Femat) raw data of amperometric measurements on bovine Chromaffin
cells. On the other hand, we were also able to analyze patch-clamp data of measurements
of postsynaptic currents on mice neurons and on neuromuscular junctions in Drosophila
from the labs of our collaboration partners in Heidelberg, Dr. Bengtson and Prof. Schuster,
rsespectively. The main conclusion of our work on all three systems is that it is possible to
relate electrophysiological (amperometric and patch-clamp) measurements to the transport
of vesicles from the interior of the cell towards the cell membrane. Further considerations
regarding our studies are listed below.

10.1 Vesicle Motion During Sustained Exocytosis in Chromaffin Cells:
Numerical Model Based on Amperometric Measurements
In the first part of this work, we proposed that it is possible to study vesicle transport in chromaffin cells by combining a numerical model based on Langevin simulations of vesicle motion
and amperometric measurements of exocytosis in the sustained regime. The amperometric
experiments by I Bonifas et al. were performed ex-vivo on bovine chromaffin cells explicitly
under Ba2+ stimulation in order to capture exocytosis during the sustained release regime (a
sort of steady state for neurotransmitter release). The amperometric signals are, in principle,
a superposition of releases from initially docked vesicles (docked pool) and from vesicles
coming from the reserve pool. After cleaning and treating the raw experimental data, in order
to extract the relevant events, we performed a statistical analysis of the amperometric traces
and modeled the event sequences using point-processes. We were able to standardize the
exocytosis activities of cells with different different activity rates by using the time-rescaling
theorem. This allowed us to merge signals from different measurements at the same conditions and produce longer sequences in order to test our model. The statistics of the event
sequences from all performed measurements considerably deviates from that of a Poisson
process and is reasonably well described by a two-parameter gamma distribution. In order to
97

Chapter 10. Summary and Conclusions
explain this behavior we developed a model which relies on Langevin simulations of vesicle
motion in 3 dimensions on the way to the membrane, described as a surface, at which release
processes occur. We first simulated a purely diffusive ensemble of vesicles (Brownian motion)
and showed that such a motion of vesicles leads to Poisson statistics of the corresponding
time series. Then, we considered an additional attractive harmonic potential towards the
membrane in the Langevin equations of motion. We found that the corresponding simulated
release statistics can be well fitted by a gamma distribution in very good agreement with our
amperometric experiments. This indicates that there is a link between vesicle motion to the
membrane and catecholamines’ releases detected by amperometry. In order to study the
influence of the priming/fusion processes on our numerical results we extended the model
to include a lag time between docking and fusion of each vesicle using experimental results
from the literature. We found that the priming/fusion reaction does not affect the inter-event
time histograms and has no influence on our main conclusion: the sequence of current peaks
from the amperometric signal (event sequence) can contain essential information on vesicle
motion.
From the comparison between experiment and simulations we then conclude that vesicles
undergo lateral Brownian motion and at the same time actively move towards the membrane
prior catecholamines release. This result confirms and complements previous TIRFM evidences for active transport. The main point of this work is to extend this concept, gained
from imaging studies on individual vesicles, to the whole ensemble of vesicles participating in
exocytosis.
We note here that, apart from transport and priming/fusion mechanisms, other complex
processes might also contribute to the amperometric signals. However; we assume that they
do not significantly affect the characteristics of inter-event time series. For example, the ‘kiss
and run’ type of releases should not affect our conclusions. As reported in Ref.[5], ’kiss and
run’ fusion processes are less frequent during prolonged stimulation, particularly when using
Ba2+ as secretagogue. We expect our model to serve as a basis for further studies. In particular,
it might be useful to confirm whether the model can also describe amperometric signals upon
Ca2+ stimulation with the same degree of accuracy.
It is important to point out, that the attractive force towards the membrane that we assume in
our simulations cannot exactly reproduce the amperometric event statistics, but it makes the
event statistics deviate from a Poisson process in the same manner as the experimental signals.
Although we could demonstrate that a correct description of vesicle motion requires an
attractive force, we cannot give a conclusive statement regarding its shape. Other expressions
for this force might also yield good agreement with experiments. Work in this direction is in
progress. Note, that the, apparently unphysical, attractive harmonic potential leading the
vesicles to the membrane, which was necessary to include in our simulations in order to
reproduce the Gamma distribution obtained from experiments. In principle, the directed
motion of the vesicles to the membrane occurs with the help of molecular motors. The
potential is just an effective way to describe the action of such motors, averaged over shorttimes and over the ensemble of vesicles. The fact that the effective force used in the simulations
depends on the distance to the membrane might reflect the fact that the concentration of
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mice and in neuromuscular junctions of Drosophila larvae
molecular motors is not homogeneous.

10.2 Analysis of spontaneous release of neurotransmitters in Hippocampal neurons of mice and in neuromuscular junctions of
Drosophila larvae
In the second part of this PhD work we also focused on the behavior of vesicular release of
neurotransmitters, but in this case in neuronal systems.
In synaptic connections between neurons or between a neuron and a muscular cell there is a
regime of neurotransmitter release which is also present in the absence of action potentials
and which is analogous to the sustained-release phase in Chromaffin cells. In neuronal systems, the signals of such spontaneous releases measured at the postsynaptic unit are called
miniature excitatory postsynaptic currents (mEPSCs) in neuron-neuron synapses and miniature excitatory junctional potentials (mEJPs) in neuromuscular junctions (NMJ), respectively.
Biologists at the University of Heidelberg have provided us with data on mEPSCs in mice
Hippocampal neurons and on mEJPs in Drosophila larvae. Bothe mEPSCs and mEJPs are
believed to be stochastic processes.
By performing statistical analysis of the mEPSCs signals provided by Dr. Bengtson we found
that the inter-event time distributions are best fitted with inverse Gaussian distributions.
Based on this result, we elaborated an analytical theory by proposing that the inter-event
time distributions can be directly obtained from the first passage time, this means, from the
distribution of times that vesicles need from going from a particular point inside the cell up to
the membrane. By noting that the first passage time calculated by solving a Fokker-Planck
equation with constant drift is exactly an inverse Gaussian, we proposed the following a
general model. According to our theory, the motion of the ensemble of vesicles is described by
a Fokker-Planck equation with constant drift. From the fitted data it is possible to obtain the
magnitude of the drift and also the mean inter-vesicle distance. We also applied the theory to
the mEJP-data obtained by Ch. Schuster. In neuro-muscular junctions there are two motor
axons going from the neurons to the muscle cell, which are characterized by having boutons
(active sites) of different areas: the motor axon 6/7b supplies small boutons (Is), whereas the
motor axon RP3 supplies type Ib (big) boutons [8]. The Ib boutons have about 5 times more
synapses than the Is boutons. Since the postsynaptic currents contain inputs from both motor
axons, then we proposed a linear combination of two inverse Gaussian distributions to fit
the experimental measurements. And in fact, we got very good agreement with experiment.
Remarkably, the ratio of the parameter µ in both inverse Gaussians is close to 5, like the
difference in the number of synapses in both motor axons. However, more investigations in
this direction are needed before concluding universality of the inverse Gaussian behavior.
Summarizing, the spontaneous release statistics in both systems considerably deviates from
Poisson processes. It is clear from our analysis that the spontaneous release process is partlydeterministic and not random like as is currently assumed. We conclude that neither mEPSCs
nor mEJPs occur randomly. The stochastic explanation seems to fail.
As a final remark we would like to point out that one of the main achievements of this work is
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to have found, for the first time, an equation of motion for the ensemble of vesicles that is able
to reproduce electrophysiological experiments on different systems and different organisms.
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A Model with Brownian Motion: General description
In this part I describe the primary study of the models of vesicles motion in a cell using the
analogy of particles moving a diffusive medium. Due to the nature of vesicles immersed in
the cytoplasm, we model them as brownian particles diffusing in a bounded domain with
appropriate boundary conditions. An exocytosis event occurs when a model brownian particle
reaches the membrane wall and satisfies the release conditions. Here we discuss our trial
models for fitting the experimental histograms.

A.1 Generic picture of the model
A view of the experiment on the real cell is shown in Figs. A.1 (a) and A.1 (b).

(a) Sample of a bovine chromaffin cell used for the (b) Experimental setup. Figure provided by Dr.
amperometric experiments (scale bar 5 µm). Figure Imelda Bonifas
provided by Dr. Imelda Bonifas

Figure A.1
Our model for the chromaffin cells is shown in Fig. A.2.
We treat the cell as an inhomogeneous mixture of hard-spheres and a fluid.

A.1.1 Cell model
Geometry:
sphere with radius, R = 5 µm
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(a) Our model cell with diameter 10 µm, vesicle
diameter 100 nm.

(b) Close up image

Figure A.2

Components:
nucleus 1 solid hard sphere , radius, R 0 = 2 µm, placed in the middle of the cell
membrane hard shell
vesicles indistinguishable solid hard spheres(∼ O(3)), radius, a ∼ 50 nm
plasma homogeneous fluid
other elements not physically present, however they effect through noise term of
Langevin eq

A.1.2 Vesicles model
Geometry:
solid hard spheres (O(3)), radius, a = 50 nm
Properties:
distribution uniformly distribute in the cell
velocity root mean square speed, v r ms = 189 × 10−9 m, [82]
mass 3.4 × 10−07 calculated from equipartition theorem at room temperature T =
296 K

A.2 Simulation of vesicle dynamics
A.2.1 Langevin dynamics
We describe the evolution of vesicles with the help of the Langevin equation under a potential
W (~
r ),
d~
v (t )
∂
γ
σ
= − W (~
r)− ~
v (t ) + ξ(t ),
dt
∂~
r
m
m
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(A.1)

A.2. Simulation of vesicle dynamics

d~
r (t )
=~
v (t )
dt

(A.2)

The above coupled equations are solved numerically by discretized the time interval.
Parameters:
mass

m = 3.4 × 10−07

kg

Boltzmann constant k B = 1.38 × 10−23

m 2 kg s −2 K −1

temperature T = 296 K
D ∈ [1, 10] × 3.22 × 10−14 m 2 s −1 [80, 82]

diffusion coefficient
friction coefficient
potential

γ = k B T /D

kg s −1

W (~
r ) varies with simulation models

A.2.2 Simulation volume

(a) Model volume, chosen as a thin layer close to the
cell membrane. It covers the active zone (docking (b) A 3 dimensional box is chosen as the volume for
pools and release region)
simulations.

Figure A.3
According to Ref. [116, 124, 133], vesicles that contribute to the release events are in the area
close to the membrane, know as docking pool. Since the release related activities occur at
the vicinity of cell membrane, we model the dynamics of the vesicles in the volume element
as shown in Fig.A.3 (a). The simulated volume is chosen as a 3 dimensional box, due to
its topological equivalence to the cell volume and because it is computationally cheaper to
handle. We have tested the simple model described below that gives same characteristic
histograms of simulated vesicular-release events.
Simulate volume properties:
geometry, box with L x = L z = scope diameter(7µm)andL y = 1µm
box surface treat as hard wall except at release events
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Conserved quantities:
number of vesicles: for every vesicle that undergoes fusion, there is new vesicle entering
the container at random direction
energy and momentum, all collisions are elastic
Release conditions:
depends on the simulation model
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B Model for Brownian Vesicle Motion:
Simulations
B.1 Model1: Simple Scope Region
B.1.1 Model Description

Figure B.1 – Simulated volume: the release zone is indicated in yellow, Scale bar: 2 µm. Vesicles
elastically bounce from all other walls, and from the release zone if no fusion occur.

The set up and parameters used are described in the previous chapter. The release conditions
are as following

B.1.2 Release conditions
Release zone:
wall surface in positive y direction
wall area A = L x × L z = 49 × 1012 m 2 , corresponds to the scope region
Event count:
105

Appendix B. Model for Brownian Vesicle Motion: Simulations

Figure B.2 – Parameters: number of particles N = 573, diffusion coefficient close to membrane
D 0 = 4.28 × 10−14 m 2 /s, diffusion coefficient inside the cell D 1 = 2.57 × 10−13 m 2 /s, average vesicle
velocity, v r ms = 189nm/s. The time interval histogram is fitted with a gamma distribution (red line) in
comparison with an exponential distribution (green dashed line). The frequency histogram is fitted
with a gamma distribution (red line) in comparison with with a Poisson distribution (green dashed
line): The data file used for the plots contained ∼ 3000 events

when a vesicle reaches the release zone with L y − y < a, being a the vesicle radius
release occurs with probability p

B.1.3 Method
• Model an active zone as a 3 dimensional box
• Distribute Brownian particles (vesicles ) randomly in the box
• Time evolution follows an over-damped Langevin equation with no external force, and
no inter-particle interactions
• Record the hits of particles according to signal conditions

B.1.4

Result: Simple Brownian Motion

The results of our simulations are shown in Fig. B.2, Fig.B.3, Fig.B.4 and Fig.B.5 . The parameters used for the simulation were obtained by running an optimization program using
Genetic Algorithms to fit to experiment. The gamma distribution fits are plotted together to
the amperometric trace histograms. The simulations indicate that sets of different parameters
yield similar statistics. The plots cannot accurately reproduce experimental results due to the
following reasons:

B.1.5 Problems
• There are too many hits for small intervals.
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Figure B.3 – Parameters: number of particles N = 490, diffusion coefficient close to membrane, D 0 =
2.13×10−13 m 2 /s, diffusion coefficient inside cell D 1 = 2.57×10−13 m 2 /s, average vesicle velocity v r ms =
189nm/s. The time interval histogram is fitted with a gamma distribution (red line) in comparison
with an exponential distribution (green dashed line). The frequency histogram is fitted with a gamma
distribution (red line) in comparison with a Poisson distribution (green dashed line). The data file used
for the plots contained ∼ 3000 events

Figure B.4 – Parameters: number of particles N = 540, diffusion coefficient close to membrane
D 0 = 1.03 × 10−13 m 2 /s, diffusion coefficient inside the cell D 1 = 2.57 × 10−13 m 2 /s, average vesicle
velocity v r ms = 189nm/s. The time interval histogram is fitted with a gamma distribution (red line) in
comparison with an exponential distribution (green dashed line). The frequency histogram is fitted
with a gamma distributions (red line) in comparison with a Poisson distribution (green dashed line).
The data file used for the plots contained ∼ 3000 events
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Figure B.5 – Parameters: number of particles N = 512, diffusion coefficient close to membrane D 0 =
1.82×10−13 m 2 /s, diffusion coefficient inside cellc D 1 = 2.57×10−13 m 2 /s, average vesicle velocity v r ms =
189nm/s . The time interval histogram is fitted with a gamma distribution (red line) in comparison
with an exponential distribution (green dashed line). The frequency histogram is fitted with a gamma
distributions (red line) in comparison with a Poisson distribution (green dashed line). The data file
used for the plots contained ∼ 3000 events
• The distribution functions for frequencies looks like a Poisson process with an extra
peak of events for high frequency
• Larger number of particles are needed (500 ∼ 600) to obtain the proper rate.

B.1.6 Suggested solutions
To reduce number of hits at very small intervals would involve to account for factors like
interactions with cytoskeletal structures and SNAREs proteins at the cell membrane. Many
studies also suggest refractory period of cell membrane, that limits the number of releases in
each time interval. We will keep this for later.
Let’s start by the problem of number of particles. In order to get high rate of events (in our case
rate is 1.61 hits/sec) we need either fast moving vesicles or a high vesicle density. Since the
average velocity of vesicles is limited by the plasma viscosity, naturally we get a big number
of particles in our simulations. However, this is true for systems in equilibrium and not in
cells. Many studies suggest that cells need input energy (ATP) to function. Some suggest
active transport mechanism (eg. ref. [7, 90]) to bring vesicles close to cell membrane. We
can interpret the active transport as an effective potential which drives vesicles to membrane
vicinity. With this idea, we can get the right range of number of particles contributing to
release consistent with experiments.

B.1.7

Result: Brownian Motion with Attractive Potential in Scope Direction

These simulations include attractive potentials to the membrane. We simple use a constant
~ = ∂V (r ) , F~x = F~z = 0. The results for the simforce in the scope direction (+y direction), F
~
∂r =F y
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Figure B.6 – Parameters: number of particles N = 58, diffusion coefficient close to membrane D 0 =
2.88 × 10−13 m 2 /s, diffusion coefficient inside the cell D 1 = 2.57 × 10−13 m 2 /s, average vesicle velocity
v r ms = 189nm/s, probability of release p = 0.93, force F = 1.73 × 10−9 N . The time interval histogram
is fitted with a gamma distribution (red line) in comparison with an exponential distribution (green
dashed line). The frequency histogram is fitted with a gamma distributions (red line) in comparison
with a Poisson distribution (green dashed line). The data file used for the plots contained ∼ 3000 events

Figure B.7 – Parameters: number of particles N = 103, diffusion coefficient close to membrane
D 0 = 1.8 × 10−13 m 2 /s, diffusion coefficient inside cell D 1 = 2.57 × 10−13 m 2 /s, average vesicle velocity
v r ms = 189nm/s, probability of release p = 0.79, force F = 1.14 × 10−9 N . The time interval histogram
is fitted with a gamma distribution (red line) in comparison with an exponential distribution (green
dashed line). The frequency histogram is fitted with a gamma distributions (red line) in comparison
with a Poisson distribution (green dashed line). The data file used for the plots contained ∼ 3000 events
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Figure B.8 – Parameters: number of particles N = 81, diffusion coefficient close to membrane D 0 =
2.79 × 10−13 m 2 /s, diffusion coefficient inside the cell D 1 = 2.57 × 10−13 m 2 /s, average vesicle velocity
v r ms = 189nm/s, probability of release p = 0.83, force F = 1.73 × 10−9 N . The time interval histogram
is fitted with a gamma distribution (red line) in comparison with an exponential distribution (green
dashed line). The frequency histogram is fitted with a gamma distributions (red line) in comparison
with a Poisson distribution (green dashed line). The data file used for the plots contained ∼ 3000 events

Figure B.9 – Parameters: number of particles N = 128, diffusion coefficient close to membrane
D 0 = 4.44 × 10−14 m 2 /s, diffusion coefficient inside cell D 1 = 2.57 × 10−13 m 2 /s, average vesicle velocity
v r ms = 189nm/s, probability of release p = 0.42, force F = 2.16 × 10−9 N . The time interval histogram
is fitted with a gamma distribution (red line) in comparison with an exponential distribution (green
dashed line). The frequency histogram is fitted with a gamma distributions (red line) in comparison
with a Poisson distribution (green dashed line). The data file used for the plots contained ∼ 3000 events
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B.1. Model1: Simple Scope Region
ulations are shown in Fig. B.6, Fig. B.7, Fig. B.8 and Fig. B.9. The parameters used for the
simulation are obtained by running an optimization program using Genetic Algorithms to
fit to the experiment. The vesicle densities lie in a satisfactory range. A work in ref. [108]
suggests that in the exemplary mouse chromaffin cell a reserve pool of ∼ 2000 vesicles is
present, as well as a docked pool of ∼ 787 vesicles. The numbers of vesicles in the releasable
pools, are dependent on the resting calcium concentration. The numbers range from ∼ 38
to ∼ 45 vesicles, respectively, at low [Ca2+], and approach 200 vesicles in each pool at high
basal [Ca2+]. The bovine Chromaffin cells investigated by Imelda Bonifas et al. are bigger and
have more vesicles. However, the simulation volume covers approximately 1/3 of the release
surface. The time interval histograms get closer to gamma fit, but still deviate by too many
hits (better than in the previous model). The frequency histograms deviate from a gamma
distribution slightly to the right.

B.1.8 Comments
Poisson Process
By running a program using Genetic Algorithms, the Poisson process can be obtained from
this model as well (both with and without force)

B.1.9 Inverse Gaussian Distribution fit

Figure B.10 – (a) Inter-event interval and (b) frequency histograms of a control data file,
scaled time with pdf approximation method with a cosine window of width w = 9.7(µ + 6σ).
Extraction of events with a cutoff threshold of I c = 2.0p A after base line subtraction. The
time interval histogram is fitted with a gamma distribution (red line) in comparison with an
exponential distribution (green dashed line) and an inverse Gaussian distribution (magenta
line). The frequency histogram is fitted with a gamma distribution (red line) in comparison
with a Poisson distribution (green dashed line). The number of events used is 896.
The time interval histogram can also be fitted with an inverse Gaussian distribution, and
actually the inverse Gaussian distribution fits even better than gamma distribution. Examples
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Figure B.11 – Parameters: number of particles N = 58, diffusion coefficient close to membrane D 0 =
2.88 × 10−13 m 2 /s, diffusion coefficient inside the cell D 1 = 2.57 × 10−13 m 2 /s, average vesicle velocity
v r ms = 189nm/s, probability of release p = 0.93, force F = 1.73 × 10−9 N . The time interval histogram
is fitted with a gamma distribution (red line) in comparison with an exponential distribution (green
dashed line). The frequency histogram is fitted with a gamma distribution (red line) in comparison
with a Poisson distribution (green dashed line) and an inverse Gaussian distribution (magenta line).
The data file used for the plots contained ∼ 3000 events

Figure B.12 – Parameters: number of particles N = 103, diffusion coefficient close to membrane
D 0 = 1.8 × 10−13 m 2 /s, diffusion coefficient inside cell D 1 = 2.57 × 10−13 m 2 /s, average vesicle velocity
v r ms = 189nm/s, probability of release p = 0.79, force F = 1.14 × 10−9 N . The time interval histogram
is fitted with a gamma distribution (red line) in comparison with an exponential distribution (green
dashed line). The frequency histogram is fitted with a gamma distributions (red line) in comparison
with a Poisson distribution (green dashed line) and an inverse Gaussian distribution (magenta line).
The data file used for the plots contained ∼ 3000 events
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for experimental. Simulation fits are shown in Fig. B.11 (same simulations in Fig. B.8.) for
both experiments and simulations.

B.2 Model2: Active Zone Model
B.2.1 Boundary Conditions from Other Studies
In this model we still let vesicles evolve according to Langevin equation. However, we change
the release condition taking into account the three following phenomena

B.2.2

Cytoskeletal structure barrier-limiting vesicle access to the membrane

There are several studies [27, 117, 118, 126] indicating that vesicles movement becomes restricted as they approach the cell membrane, where there is cytoskeleton structure (F-actin
meshwork) acting as a barrier. This constraint (cytoskeleton) partially dissolves upon cell
stimulations, see Fig B.13 and Fig. B.14. This allow vesicles to access the membrane and
continue to process fusion.

B.2.3

SNAREs proteins required in vesicles-membrane fusion

Exocytosis requires formation of SNARE (soluble N-ethylmaleimideâ sensitive factor attachment protein (SNAP) receptor) complexes between vesicle and target membranes.SNARE
motifs of vesicle (v-) and target (t-) SNARE proteins align in parallel orientation and form a
coiled-coil structure that bridges opposing membranes and brings them in close proximity,
allowing for their fusion. The formation process relies on three SNARE proteins, namely
syntaxin and SNAP-25 on the membrane and synaptobrevin on the vesicular membrane, see
fig. B.15
The availability of SNARE protein on membrane is limited. For example, Rickman et al.ref.[93],
show that in bovine Chromaffin cells, proteins syntaxin and SNAP-25 colocalize in defined
clusters that average 700 nm in diameter and cover 10 % of the plasma membrane. This distribution of SNARE fusion protein is show in fig. B.16. These SNEARE clusters likely represent
docking and fusion sites for secretory vesicles.

B.2.4

Characteristic time for fusion process

When vesicles translocate to and dock at the membrane, they undergo one or more preparatory
reactions referred to as ’priming’ (eg. interact with SNARE complex) and are finally fuse with
the membrane[124]. Fig B.17 show time scale of vesicles spend in the vicinity of membrane
until release. Fig. B.17 indicate time in priming process then fusion. B.17 indicate another
type of release where vesicles fusion without priming process.

B.2.5

Our Interpretation of Vesicles Mobility

Inside the cell:
Brownian motion
Vesicles follow Langevin dynamics with high mobility
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Figure B.13 – Effects of nicotine, K + , and phorbol esters on cortical F-actin in chromaffin cells.
Fluorescence microscope (A), image processing (B). A. Cells incubated with Lockeâ solution alone (a)
or containing 40-PMA (b) show, incubation with nicotine (c), high K + (d), and PMA (e). Values shown
are mean ± SEM. Bar, 10 µm, image from ref. [118]
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Figure B.14 – Distribution and density of cytoskeletal structures in chromaffin cells. Cells were stained
with rhodaminephalloidin, a probe for filamentous actin (red fluorescence), and FITC coupled to
anti-tubulin (green fluorescence) was employed to visualize microtubules. Confocal images depict
equatorial (a, c) and polar confocal sections (b, d). Bar : 10 µm. image from ref.[117]

Figure B.15 – The process of exocytosis relies on at least three SNARE proteins, namely syntaxin and
SNAP-25 on the target plasma membrane and synaptobrevin on the vesicular membrane. They form
SNARE-complex which binds vesicles to the membrane leading to fusion. Image from [4]
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Figure B.16 – Distribution of SNARE proteins in the membrane of a chromaffin cell. Syntaxin and
SNAP-25 are coincident on the membrane as seen by colocalized intensitie plot (red, high intensity). In
planar confocal sections of the plasma membrane (bottom) both SNAP-25 (green) and syntaxin (red)
exist in defined clusters exhibiting almost perfect overlap in the merged image. Image from ref.[93]

Diffusion coefficient, D = 2.57 × 10−13 ( Stroke’s law, viscosity η = 16 × 10−3 P a.s,
a = 35nm )
Membrane vicinity
Docking
Vesicles follow Langevin dynamics with limited mobility (low diffusion co., and
restricted movement, introduced in model 2B)
Diffusion coefficient

D ∈ [1, 10] × 3.22 × 10−14 m 2 s −1 [80, 82]

Priming and Fusion
The membrane is assumed to be composed by many small sites,
Each site allows a vesicle to interact and undergo fusion one at a time, if next
vesicle comes in, it bounces off.
Choose the sites’ size as rectangles of length,l = 3d , where d is the vesicle radius.
The time vesicles spend on the site for priming and fusion process is defined as
’occupied time’, τ
Estimate occupied time as a constant, τ ' 4s, ref. [124]
Each site can allow fusion to occur due to availability of proteins, filaments density
(active or inactive site)
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Figure B.17 – Examples of the fusion of a pre-docked vesicles and crash fusion of a vesicle not
previously visible in the TIRF field. A) Embryonic Chromaffin cell infected with Semliki Forest virus
expressing neuropeptide Y fused to Venus. Bar: 5 µm. B) Fusion of a stably docked vesicle upon
membrane depolarization. C) Vesicle fusion occurring from a vesicle that was not predocked at the
plasma membrane (i.e. was not present in the evanescent field up to 33 milliseconds before fusion).
Image from ref. [124]

B.3

Model2A: Active Zone by Probability

To take into account the above limitations for release events, we define the region in the
membrane wall where fusion can occur as the active zone. This active zone represent the sites
where there are no filaments blocking vesicles from reaching the membrane, and where there
exist enough SNARE proteins for fusion. We define the active zone as follows,

B.3.1

Active zone generation and it’s properties

Divide release zone surface (membrane at y = Ly) in N rectangular sites of length l = 3d ,
where d is the vesicle radius.
Generate active sites from N sites randomly with probability p, see fig. B.18
Active sites continue to be localized throughout the simulation
The model can be summarized as the follows,
Inside the cell:
Mobility
motion in the range, y ∈ [0, L y − 1.5a), a is the vesicle radius
Vesicles follow Langevin dynamics with parameters given in the previous chapter.
Diffusion coefficient, D = 2.57 × 10−13 ( Stroke’s law, viscosity η = 16 × 10−3 P a.s,
a = 35nm )
Boundary Condition
Elastic collisions between vesicles and walls
Conservation of energies, momenta and number of vesicles
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Figure B.18 – Simulated volume, an active zone with probability, p = 0.5, is indicated in yellow, and
the inactive zone is indicated in green color. Vesicles elastically bounce from all other walls. Scale bar:
2 µm.

Membrane vicinity:
Mobility:
motion in the range, y > [L y − 1.5a, a is vesicle radius
Vesicles follow Langevin dynamics with parameters given in the previous chapter.
Diffusion coefficient

D ∈ [1, 10] × 3.22 × 10−14 m 2 s −1 [80, 82]

Boundary Condition:
Vesicles collide elastically with themselves and with the wall
Generate active sites with probability p
Event counts when vesicles hit the active sites, vesicles regenerate randomly
inside the simulated volume (conservation of number of vesicles)
Occupied time , τ ' 4s, ref. [124]
The results for the simulations are shown in Fig. B.19, Fig. B.20, Fig. B.21 and Fig. B.22.
The parameters used fo the simulation are obtained by running an optimization code using
Genetic Algorithms to fit the results of experiment. The gamma distributions fits are plotted
according to the amperometric trace histograms. The simulations indicate that sets of different
parameters yield similar statistics. In nature, cells generate events differently depending on
environment, stimulation etc. However, as long as the release statistics follows a gamma
distribution, this model can reproduce the release histograms.
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Figure B.19 – Parameters, number of particle, N = 58, diffusion coefficient close to membrane, D 0 =
2.87 × 10−13 m 2 /s, diffusion coefficient inside the cell, D 1 = 2.57 × 10−13 m 2 /s, average vesicle velocity,
v r ms = 189nm/s , probability of active sites, p = 0.94, occupied time, τ = 2.4s, force, F = 1.73 × 10−9 N
The time interval histogram is fitted with gamma distribution(red line) in comparison with exponential
distribution(green dash line). The frequency histogram is fitted with gamma distributions(red line) in
comparison with with Poisson distribution(green dash line), data use for the plots ∼ 3000 events

Figure B.20 – Parameters: number of particles N = 101, diffusion coefficient close to membrane
D 0 = 1.31 × 10−13 m 2 /s, diffusion coefficient inside cell D 1 = 2.57 × 10−13 m 2 /s, average vesicle velocity
v r ms = 189nm/s , probability of active sites p = 0.48, occupied time τ = 6.0s, force F = 2.82×10−9 N . The
time interval histogram is fitted with a gamma distribution (red line) in comparison with an exponential
distribution (green dashed line). The frequency histogram is fitted with a gamma distributions (red
line) in comparison with a Poisson distribution (green dashed line). The data file used for the plots
contained ∼ 3000 events
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Figure B.21 – Parameters: number of particles N = 96, diffusion coefficient close to membrane
D 0 = 2.51 × 10−13 m 2 /s, diffusion coefficient inside cell D 1 = 2.57 × 10−13 m 2 /s, average vesicle velocity
v r ms = 189nm/s , probability of active sites p = 0.47, occupied time τ = 9.3s, force F = 3.12×10−9 N . The
time interval histogram is fitted with a gamma distribution (red line) in comparison with an exponential
distribution (green dashed line). The frequency histogram is fitted with a gamma distributions (red
line) in comparison with a Poisson distribution (green dashed line). The data file used for the plots
contained ∼ 3000 events

Figure B.22 – Parameters: number of particles N = 84, diffusion coefficient close to membrane
D 0 = 2.72 × 10−13 m 2 /s, diffusion coefficient inside cell D 1 = 2.57 × 10−13 m 2 /s, average vesicle velocity
v r ms = 189nm/s, probability of active sites p = 0.73, occupied time τ = 2.4s, force F = 1.71×10−9 N . The
time interval histogram is fitted with a gamma distribution (red line) in comparison with an exponential
distribution (green dashed line). The frequency histogram is fitted with a gamma distributions (red
line) in comparison with a Poisson distribution (green dashed line). The data file used for the plots
contained∼ 3000 events
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B.4. Model2B: Active Zone: Filaments as Physical Wall

Figure B.23 – Simulated volume: an active zone with probability, p = 0.5, is indicated in yellow. A
thin layer of physical wall is introduced to represent the blocking filaments (inactive zone indicated by
green). Vesicles elastically bounce from all walls, and from the inactive zone. Scale bar: 2 µm.

B.4

Model2B: Active Zone: Filaments as Physical Wall

This model is basically the same as the previous one, except that we use physical solid wall to
represent the cytoskeletal structure. The wall is situated in front of the inactive site at 1.5a,
where a is vesicle radius.

121

Appendix B. Model for Brownian Vesicle Motion: Simulations

Figure B.24 – Parameters: number of particles, N = 105, diffusion coefficient close to membrane,
D 0 = 1.30 × 10−13 m 2 /s, diffusion coefficient inside cell, D 1 = 2.57 × 10−13 m 2 /s, average vesicle velocity,
v r ms = 189nm/s , probability of active sites, p = 0.54, occupied time, τ = 4.0s, force, F = 2.05 ×
10−9 N The time interval histogram is fitted with a gamma distribution (red line) in comparison with
an exponential distribution (green dashed line). The frequency histogram is fitted with a gamma
distribution (red line) in comparison with a Poisson distribution (green dashed line). The data file used
for the plots contained ∼ 3000 events
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B.4. Model2B: Active Zone: Filaments as Physical Wall

Figure B.25 – Parameters: number of particles, N = 78, diffusion coefficient close to membrane,
D 0 = 2.03 × 10−13 m 2 /s, diffusion coefficient inside cell, D 1 = 2.57 × 10−13 m 2 /s, average vesicle velocity,
v r ms = 189nm/s , probability of active sites, p = 0.61, occupied time, τ = 4.0s, force, F = 2.88 ×
10−9 N . The time interval histogram is fitted with a gamma distribution (red line) in comparison
with an exponential distribution (green dashed line). The frequency histogram is fitted with a gamma
distribution (red line) in comparison with a Poisson distribution (green dashed line). The data file used
for the plots contained ∼ 3000 events

123

Appendix B. Model for Brownian Vesicle Motion: Simulations

Figure B.26 – Parameters: number of particles, N = 128, diffusion coefficient close to membrane,
D 0 = 4.44 × 10−14 m 2 /s, diffusion coefficient inside cell, D 1 = 2.57 × 10−13 m 2 /s, average vesicle velocity,
v r ms = 189nm/s , probability of active sites, p = 0.42, occupied time, τ = 7.8s, force, F = 2.16 ×
10−9 N . The time interval histogram is fitted with a gamma distribution (red line) in comparison with
an exponential distribution (green dashed line). The frequency histogram is fitted with a gamma
distribution (red line) in comparison with a Poisson distribution (green dashed line). The data file used
for the plots contained ∼ 3000 events
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B.4. Model2B: Active Zone: Filaments as Physical Wall

Figure B.27 – Parameters, number of particle, N = 84, diffusion coefficient close to membrane, D 0 =
2.95×10−13 m 2 /s, diffusion coefficient inside cell, D 1 = 2.57×10−13 m 2 /s, average vesicle velocity, v r ms =
189nm/s , probability of active sites, p = 0.57, occupied time, τ = 4.0s, force, F = 2.64×10−9 N . The time
interval histogram is fitted with a gamma distribution (red line) in comparison with an exponential
distribution (green dashed line). The frequency histogram is fitted with a gamma distribution (red
line) in comparison with a Poisson distribution (green dashed line). The data file used for the plots
contained ∼ 3000 events
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C Estimate of the velocity drift of vesicles in Chromaffin cells
Estimation of the force parameters.
Langevin equation for the velocity q̇
µj

∂q j
d2
∂
q
=
−
W
(q
,
...,
q
)
−
γ
+ σ j ξ j (t ),
1
M
j
j
dt2
∂q j
∂t

(C.1)

C.1 Strong friction
For the limit of strong friction with external forces, we have,
γv = F (r ) + σξ(t )

(C.2)

We take for expectation values as
γ〈v〉 = F (r ) + σ〈ξ(t )〉.

(C.3)

In our case, we choose a constant force, or a potential W = c y, where c is a constant, and y is
the direction perpendicular to the membrane
F (r ) = c

(C.4)

The fluctuating force term obeys a Gaussian statistics. The first moment of the stochastic force
can be assumed to be zero,
〈ξ(t )〉 = 0.

(C.5)

This means that
γ〈v〉 = c,

(C.6)

being c is the force. Now we can see that c/γ is equal to the expectation value of the vesicle
velocity. γ can be calculated in two ways:
γ0 = kB ∗ T /D0

(C.7)
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γ1 = kB ∗ T /D1,

(C.8)

where kB = 1.38e −23 (Boltzmann constant ) and T = 296K
For example in Model1 of Fig. B.7 , we have
D 0 = 1.8 × 10−13 m 2 /s„
D 1 = 2.57 × 10−13 m 2 /s,
F = 1.14 × 10−9 N
. Thus
c/γ0 = 1.72e − 08

(C.9)

c/γ0 1 = 2.46e − 08

(C.10)

and

These numbers correspond to the y-component of the drift velocity of the vesicles to the
membrane.
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