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Introduction

In the present thesis, we consider the nonstationary nonlinear NAVIER-STOKES equa-
tions in (0,7") x €, where Q C R? is a bounded domain and 0 < T' € R:

ov—vAv+Vp+v-Vo=f in (0,7) x €,
Vov=0 in (0,7) x €, (No)
Vjpo =0 in [0,7),
Vj,_y = Vo in Q.

This system describes the motion of an incompressible, nonstationary, and viscous fluid
like water or oil [20, p. 1].

The external force density f, the initial velocity vg, and the kinematic viscosity constant
v > 0 are given data, while the vector v denotes the unknown velocity and p some
unknown pressure function.

The system results from the balance of forces, including the conservation of momen-
tum, of mass, and of energy (compare SHINBROT [19, pp. 10-25, 102-111]). Here the
nonlinear convective term v - Vv := (v - V) v results from the material derivative of the
velocity field v.

In the case Q@ C R? there exists a uniquely determined global (in time) solution of
the NAVIER-STOKES equations. In the present case © C R? such result exists only
under smallness assumptions on the data. Without such smallness assumptions only
the existence of local (in time) strong solutions could be proved up to now. These
results were first proved by LADYZHENSKAYA [12]. In addition, there always exist so
called weak solutions global in time, see HOPF [11]. Their regularity, however, does not
suffice to prove uniqueness.

In the present thesis, we combine the NAVIER-STOKES equations — which correspond to
the so-called EULERIAN representation of fluid flow — with the LAGRANGIAN description
of fluid flow.

The LAGRANGIAN representation of fluid flow describes the motion of the particles of
the fluid. For a single particle in a given velocity field v starting at time ¢t = s in x5 € (2,
we can describe its trajectory by the mapping

t— x(t) =: X(t,s,x5).
This mapping is a solution of the initial value problem
(t) = v(t, z(t)),

x(s) = xs.

For a stationary fluid flow the trajectories of the particles do not depend on the starting
time and coincide with the streamlines of the velocity field. Hence, for a particle starting
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at time ¢t = 0 in z¢ € (2, the trajectory is described by
t— x(t) =: X(t,x0),

where x(t) is the solution of the autonomous initial value problem

In the present thesis, we use a time discretisation with stepsize € > 0 to transfer the
NAVIER-STOKES equations into a finite number of steady boundary value problems, the
solutions of which approximate v(t) at the grid points of the time grid. In these systems
we approximate the nonlinear term by using the LAGRANGIAN representation.

A similar ansatz by combining these two representations was used by VARNHORN [22,
pp. 121-155] and by ASANALIEVA, HEUTLING & VARNHORN [5, pp. 213-229]. In
both papers, the LAGRANGIAN representation is applied to the non-steady NAVIER-
STOKES equations. In contrast to previous works, using a particle method based on
unsteady velocity fields (compare e. g. VARNHORN [22,23]), here particle methods based
on steady velocity fields are used, which improves the convergence results and simplifies
the methods.

Parts of this thesis are based on the investigations of SHINBROT [19, pp. 159-179], who
considered a discretized NAVIER-STOKES system with vanishing external forces.

The thesis is organized as follows: In Chapter 1 we define our notation and the function
spaces used. We state the most important imbedding results and some elementary
inequalities. Finally, we consider weak convergence of functions and describe some
important properties of the STOKES operator.

In the second chapter we consider the LAGRANGIAN representation of stationary fluid
flow. In particular, for a trajectory t — x(t) =: X(t,x¢) of a particle starting at
time £ = 0 in zg in a given velocity field v, we prove existence, uniqueness, and the
conservation of measure, which implies the important properties

1F o X (& )lop = 11/l
(foX(t,),g0 X)) =(f9),

valid for functions f € LP(Q) or f,g € L*(Q), respectively. Here [[lp,,, denotes the
LP-norm and (-,-) the L%-scalar product.

In Chapter 3, we introduce a time discretisation for the NAVIER-STOKES equations
defining an equidistant time grid in [0, 7"] with stepsize 0 < ¢ := % for some 2 < N € N.
For k =0,..., N we denote the grid points by t; := ke.



INTRODUCTION 4

Now, restricting the NAVIER-STOKES equations (Np) to the time ¢t = ¢ fork =1,... N,
we modify the resulting steady system by approximating the terms in the following way:

We approximate the time derivative d;v(tr11) by a backwards difference quotient

O(tg+1) — v(tk)

6t?](tk+1) ~ -

and replace f(tx+1) by the average

(%]
f) =2 [ ) ar =

ty

Using a time delay, we approximate the nonlinear term v(fx+1) - Vo(tk41) by the lin-
earization

O(tgt1) - Vo(lesr) = o(tg) - Vo(tegr).

Then we use the LAGRANGIAN description of fluid flow to further simplify this term.
In particular, we use the central total (LAGRANGIAN) difference quotient

1
ngv(tk-‘rla :E) = ?S{U(tk‘-i-lv Xk(ga $)) - U(tk-‘rla Xk(_‘s’ l’))},
where the mapping X}, results from the solution of the initial value problem

i(t) = v(ty, z(t)),
z(0) = xo.

Hence, we obtain the following approximation for the nonlinear term in ¢ = txyq,
k=0,...,N—1:

U(tpt1) - Vo(tesr) = o(ty) - Vo(ter)
o {0tk Xale,2)) — (b, Xa(—2,2))}

= L’;’U(tk+1, x)

For k =0,...,N — 1 this leads to the steady boundary value problem

VP — v ARt e LRRTL p eUph T = g fRTL 4 ok in Q,
Vbt =0 in Q, (NF)
)
loa

where we set

LEoH () o= o (0 (Ko, ) — o (Xe(—, ),
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with mapping X}, resulting from the initial value problem

Assuming v* to be an approximation of the solution t — v(t) of (Np) at time ¢ = t;,
this system suggests v**! and p**! to be approximations of v(t;41) and p(tz41). Thus,
starting with v := vy we obtain, successively for k = 0,..., N — 1, approximative
solutions v*1 of v(tx4;) (compare Figure 1).

o(t) A

—& to =0 tl tz tg t4 t5 t6 T t

Figure 1: Approximative solutions v**1 of v(t4 1) for k=0,...,5

In Chapter 4 we prove existence and uniqueness of a weak solution of (N¥) for fixed
ke{0,...,N—1}. Asin HEYwooD [10, pp. 650-653], we use a GALERKIN ansatz based
on the eigenfunctions of the STOKES operator. We can prove that the whole sequence
of GALERKIN approximations converges to a uniquely determined weak solution v**! of
(NE) if vF € CY(Q) is divergence-free with vanishing values on the boundary. Finally,
we derive some a-priori estimates and some regularity statements of v**1,

In the fifth Chapter, we use the steady weak solutions from Chapter 4 to define a

non-steady velocity field v° : [—¢,T] — R? piecewise constant in time by
Vo ,t € [—E, 0]
ve(t) = o~
Pt 7t€(tk7tk+1]7 k=0,...,N—1

(compare Figure 2).
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o(t) A

—€ top= 0 tq to t3 ty4 ts te T t

Figure 2: The non-steady velocity field v¢ on [—e¢, tg]

We first prove, that for vy € C*(Q) being divergence-free with vanishing values on the
boundary, v¢ is well defined. Then we derive some regularity properties and prove that
v® satisfies the energy equality at the gridpoints tg, k = 0,..., N. In addition, we
establish some a-priori estimates for v°.

In the last Chapter 6 we consider the function v® and proceed to the limit as ¢ — 0.
Here we construct a subsequence {v*V } y satisfying

N—o00 . 0
VN (L) — w(t) in H°(Q) for all t € [0,T7,
vy 280y in L?(0, T; H(Q)),
c N—o00 X 9 1
VN — in L*(0,T; H (2))

for some function
ve L™ (0,T;HY(Q) N L (0, T; HY ().

These convergence properties suffice to prove that v is a weak solution of the NAVIER-
STOKES equations (Np), satisfying the energy inequality. Here the limit procedure in
the nonlinear term is the most crucial point.
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1 Preliminaries

At first we outline our notation. All definitions and results are contained in common
books about functional analysis, differential equations and NAVIER-STOKES equations.
In particular, we mostly use ALT [2], WERNER [25], EVANS [9], SCHWEIZER [18], ADAMS
& FOURNIER [1], SOHR [20] and TEMAM [21].

By N we denote the natural numbers, where we set No := NU{0}. By Q we denote the
rational and by R the real numbers.

For some real numbers a,b with a < b we define the intervals

[a,b] . ={xr €eR|a <z <b},
[a,b) :={x € R|a <z <D},
(a,b] :={z € R|a<x <b},

We consider the EUCLIDIAN space
R3 = {(%1,1‘2,1‘3) |$1 ER, i:1,2,3}.

For x = (71, 72,23),y = (y1,¥2,y3) € R3, a scalar product is defined by

3
-y = Z TiYiy
=1
and

|z| = Vo= /23 + 23+ 23

denotes the EUCLIDIAN norm.

Throughout this chapter, let Q C R? denote a bounded domain with smooth boundary
0Q at least of class C!. We set 2 := QU 9.

We use the same symbols for scalar-valued and vector-valued real functions.

For some function v defined in €2, by

ov
8,;1) = 83:1

ai:172737

we denote the partial derivative with respect to the it! coordinate. Here 0;v means the
partial derivative with respect to the time t. We also write

at'U = V.

a:
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For any multi-index o = (a1, a2, a3) € N} with length

3
la| == Z a;,
i=1
we define
0% = 01" 052053
as partial derivative of order |a|.

Using the gradient V := (01,02, 03), for a scalar function p : Q@ — R we can define the
vector

Vp := (01, 02, 03)p = (01p, 2p, O3p),
and for vector functions v = (v, v, v3), v: Q@ — R3, we define the 3 x 3-matrix
VU = (81, 32, 83)7) = (aﬂ)]’)ji, i,j = 1, 2, 3.

Here, for 3 x 3-matrices A = (ai;)i j=1,23 and B = (b;j); j—1,2,3, the FROBENIUS scalar
product is defined by

3
A - B = Z aijbij.
i,7=1

The divergence of a vector function v is defined by

3
V.v:= Z@ivi.
i=1

If V-v=0in Q we call v divergence-free or solenoidal.

Finally, we define the LAPLACE operator by
Av:=V - Vo= (V- V)= (0+03+d3)v.

If v: (t,x) — v(t,x) is a function defined in [0, 7] x Q, for t € [0, T] fixed we denote by
v(t) := v(t,-) the function defined by x — (v(t))(x) := v(t, x) in Q. Similarly, for z €
fixed, by v(z) := v(-,z) we denote the function defined by t — (v(z))(t) := v(t,x) in
[0,7].

By v),, we denote the restriction of v on 92 and by v),_, for a € [0,7] we mean v(a).

For two functions f,g: [0,7] — R and some value a € [0,T] we write

10/,

€0 ast —a if lim
f€olg) )

t—a

fe0O(g) ast—a if limsup’ﬁég’ < 0.

t—a

For any sequence aq, oo, as, ... we write {«;};.
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1.1 Function spaces
1.1.1 Spaces of continuous functions

Let m € Nyg. We define the function space C"™(2) of functions v continuous in €2,

for which all partial derivatives 0%v of order |a| < m are continuous as well. We set
C(Q) :=C%Q) and

C®(Q) = [ C™(Q).
m=0
For 0 < m < o0, by
CE(Q) :={ve C™(Q) | vis bounded}

we denote the subspace of bounded functions in C™(€2).

Defining the support of some function v by

suppv := {x € Q| v(z) # 0},

we set
Cy'(Q) :=={v e C™(Q) | suppv is compact,suppv C Q}

as function space of m-times continuously differentiable functions with compact support
in Q.

By C™(Q) we denote the space of m-times continuously differentiable functions, for
which all partial derivatives of order |a| < m can be extended continuously onto 90f.

For both spaces C"™(€2) and C}(€2), a norm is given by

|v]|¢m = max sup [0%v(x)|.
la|<m zeq

Additionally, for 1 < m < co we define the space of m-times continuously differentiable
and divergence-free vector functions with compact support in 2 by

Cy'n(Q) :={v e Cy"(Q) | V-v =0},

and we set

Coo () := () Co ().
m=0

1.1.2 Lebesgue spaces

For 1 < p < oo, by LP(Q2) we denote the BANACH space of LEBESGUE-measurable
functions in €2, i. e. functions with finite norm

D=

lelly, = / w(@)P de
Q
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By L*(€2) we denote the BANACH space of all essentially bounded functions with finite
norm

[v]lg,0 := esssup [v(z)].
FISY)

For 1 < p < oo we call LP(Q2) a LEBESGUE space. For a proof that all LEBESGUE spaces
are BANACH spaces, see [1, pp. 29f.].

The elements of LP(2) are equivalence classes of functions which coincide a. e. in 2. We
make no difference between equivalent functions and write v € LP(Q) if [jv[,, < oo,
and v =0 if v(z) = 0 a.e. in Q.

The space C5°(€2) is dense in LP(2) for 1 < p < oo (see [7, p. 77]).

The space L?(Q) is a HILBERT space (compare [1, p. 31]) with scalar product

and with norm

[NIES

N|=

[l = [lv

o= | [P@P ] =@k

Q

1.1.3 Sobolev spaces

Let o C N3 be a multi-index and let v € L'(€). If there exists a function w € L*(Q)
satisfying

v(2)0%(z) da = (—1)le w(x)o(x) dz
/Q<>a¢<>d (1)/9()90()01

for all ¢ € C§°(2), we call w the weak or distributional partial derivative of order |«|
of v and set 0%v := w.

For m € Ny and 1 < p < co by W™P(Q) we denote the SOBOLEV space of all functions
v € LP(Q) for which all weak derivatives of order |a| < m satisfy 0%v € LP(Q2). For
1<p<o

RS

[llp = D N0%0lE,,

la|<m
denotes the corresponding norm and for p = oo we set

P (6%
= max 10%v]]g,00 -

vl =
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By
W) = @)
we denote the closure of C§°(Q2) in W™P(Q), and by

H™(Q) := Om(5) Imo
we denote the closure of C"™ () in W™P(Q).
An important result of MEYERS and SERRIN [15, pp. 1055f.] states the equality
W™P(Q) = H™P(Q)

for m € Ny, 1 < p < 0.

All above defined spaces are called SOBOLEV spaces equipped with the norm |||, , and

H'Hm,oo, respectively.

For m = 0 we have W?(Q) = LP(2) by definition, and, since C§°(f2) is dense in LP(Q),
it holds WP (€2) = LP(Q). For all m € Ny, 1 < p < 0o we find

WP (Q) C W™P(Q) C LP(S).

All SOBOLEV spaces are BANACH spaces. A proof for W™P(Q) can be found in [1, pp.
60f.]. The result holds true for W,""(2), since this is a closed subspace of W™?.

For m € Ny, p = 2 the spaces W™2(£2) and W0m’2(Q) are HILBERT spaces as closed
subspaces of L%(Q) (compare [1, p. 61]) with scalar product

(U V) g 1= Z (0%u, 0“v)

laj<m

1
and norm Hva2 = (v,0), 9. For m =0 we use (-,-) = <-,->072 and ||| := ”'Ho,2~ We
also write

H™(Q) == H™(Q).

Since € is bounded, in VVO1 P(Q) we also use the norms

3 5
IVollg, o= | > lIoiwlh,
=1

for 1 <p < oo and

HVUHO,OO = 112111323’(3 Haﬂ)Ho,oo

for p = co. These norms are equivalent to [|v[|; ,, and it holds

11T = 1116, + V116, (1.1)

for 1 < p < 0.
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1.1.4 Divergence-free Sobolev spaces

We define the important spaces H°(Q2) and H'(Q) as closures of (5% (Q) with respect
to the norms ||-|| and the DIRICHLET norm [|V-|| := [|[V+[|q 5, respectively.

All elements of H°(Q) and H!(Q) are divergence-free. In particular it holds
HY(Q) :={vel*Q)|V-v=0 Av-v,, =0},
HLQ) = {v e WH(Q) |V -v= o} ,

where v - v|,, denotes the trace of the normal component of v (compare [21, pp. 11,
13]).

As closed subspace of L2(Q), the space H°(12) is a HILBERT space with scalar product
(-,-) and norm |-||.

H1() is a HILBERT space as closed subspace of Wg’z(ﬂ) with scalar product

3
(Vu, Vo) := / Vu- Vo der = Z (Ojuq, Ojv;)
Q

1,j=1

N|=

and DIRICHLET norm ||Vv|| = (Vov, Vo)

1.1.5 Bochner spaces

Now let B denote any BANACH space with norm ||-|| 5, and let I denote any interval in
R. We consider the function v : I — B, t — v(t). If

lo(t) = v(to) | 3 =2 0

holds true for all ¢ty € I, we call v continuous. By C(I; B) we denote the space of all
such continuous functions. If, in addition, these functions have compact support in [
we write Cy(I; B).

Co(I; B) is a BANACH space [18, p. 200] with norm
HUHCO(];B) = max o) 5 -

A function v € C(I; B) is called the derivative of v, if it satisfies

v(t+ h) — v(t)

; - 1')(75) h—0

— 0
B

for all ¢ € I, and by C'(I; B) we denote the subspace of C(I; B) consisting of functions
for which there exists a derivative © € C(I; B). For the subspace of functions in C'(I; B)
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with compact support in I we write C}(I; B).

For 1 < p < oo, we define LP(I; B) as closure of Cy(/; B) with respect to the norm

1
ol o= [ oo ac)”

L>(I; B) is the space of all functions with essentially bounded norm |[jv(t)|| 5 and we
write

loll o (1) 2= ess sup [o(t)ll,
tel

For 1 < p < oo the BOCHNER space LP(I; B) is a BANACH space [18, p. 192]. If the
interval I has borders a,b € R, a < b, we also write L?(a,b; B).

1.2 Imbeddings

At first we define the notion of an imbedding as in ADAMS [1, p. 9]: For two BANACH
spaces X C Y with norms ||-||y and |||y, let i : X — Y be the identity operator
satisfying iz = z for all x € X. We say X is (continuously) imbedded in Y, and write
X — Y, if i is continuous.

If, additionally, ¢ is compact (for each bounded sequence {x,}, in X there exists a
subsequence {x,, }1 such that {ix,, }; converges in Y) we say X is compactly imbedded
in' Y and write X — Y.

Since the identity operator ¢ is linear, its continuity is equivalent to the existence of
some constant M such that

lizlly < M |zflx

holds true for all x € X [1, p. 9].

We often use the following well-known imbedding results:

Lemma 1.1 Let Q C R"™ be a bounded domain with smooth boundary 0Q of class C*.
Then

1. for 1 < q<p<oo we have
LP(Q) — LY(Q),

2. if 00 is of class C™, m € N, and if k € Ng with m > k + 2, it holds

Wm(Q) = CH(Q),
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3. for j,m € Ny with j < m we have the compact imbedding

W™2(Q) < Wo2(Q).

Proof: A proof of the fist and second imbedding can be found in ADAMS & FOURNIER
[1, pp. 28, 85f.]. The compact imbedding is proved in WLOKA [26, p. 118]. O

Now we quote the fundamental SOBOLEV Imbedding Theorem [1, pp. 85f.]:

Theorem 1.2 (Sobolev Imbedding Theorem) Let Q C R3 be a bounded domain
with smooth boundary OQ of class C' and let j € Ng, m € N, 1 < p < 0.

1. If either mp >3 orm =3, p=1, then
WITmP(Q) — C5().
Moreover, it holds
WIEmP(Q) — WH(Q)  forp < g < o,
and, in particular,
Wwrmr(Q) — LI(Q)  forp < g < oo
2. If mp = 3, then
WIHmR(Q) - WIUQ)  forp < q < oo,
and, in particular,

WmP(Q) — LY(Q) forp < q < oo.

3. For mp < 3 and p := 3_3p it holds

mp
WITmP(Q) — WH(Q) forp < q <p,
and, in particular,

W™P(Q) — L1(Q) forp < q<p.
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1.3 Elementary inequalities

At first, we state the POINCARE inequality. A proof can be found in EVANS [9, pp.
279f.].

Proposition 1.3 (Poincaré inequality) Let Q C R? be a bounded domain and let
1 <p<oo. Then each v € Wol’p(Q) satisfies

[0llo,p < cplIVollg, - (1.2)
Moreover, for 1 < p <3 and q € [1,p] with p := ;’fpp, it holds

HUHO,q S cp va”o,p . (13)
Here the constant ¢, is the POINCARE constant, depending only on p, ¢ and Q.

Proofs for the following elementary inequalities can be found in EVANS [9, pp. 706-709].
For p = co we set % =0.

Proposition 1.4 (Hélder inequality) Let Q C R3 be a bounded domain. Let 1 <
p<oo,1<qg<o0 and % —i—% = 1. Then for all scalar functions u € LP(Q2), v € LI(),
it holds uv € LY(Q) with

[uvllo < llullg, vllo, - (1.4)

The same also holds true for vector functions, and in this case we have

[~ vllgy < lulloy [0l (1.5)

0,9 "
The following corollary states a general version of the HOLDER inequality (compare
ZANGER [27, pp. Tf]).

Corollary 1.5 (General Hélder inequality) Let Q C R? be a bounded domain. Let
m
1 1
meN, 1<r<ooandl<pp,<oo fork=1,...,m ’LU?:th27:*.
— Pk T
m
Then for all functions ux, € LP(Q), k =1,...,m, it holds H up € L"(Q) with
k=1

m
[[w
k=1

m
< c [T lurllo, - (1.6)
0,r k=1

Here the constant ¢ only depends on p,q.

The HOLDER inequality even holds true for matrices (see ZANGER [27, pp. Tf]):
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Proposition 1.6 (Hélder inequality for gradients) Let Q C R? be a bounded do-

main. Let1§r<oo,1§p§oo,1§q§oocmdl%+%:l Then for all vector

functions u € LP(), v € WH4(Q), it holds "
lu- Vollg, < cllullo, Vllo,- (1.7)
If, additionally, u € W1P(Q), it holds
[(Vu)(Vo)llg, < clVullg, [IVollg,g- (1.8)
Here the constants ¢ only depend on p,q.

Proposition 1.7 (Cauchy-Schwarz inequality) Let X denote a normed space with
1

inner product (u,v)y and associated norm ||v|| y := (v,v)%. Then it holds

[, 0) x| < () (0, 0) x = [lullke Jloll - (1.9)

Proposition 1.8 (Young inequality) Let 1 < p < oo, 1 < g < oo, and let %—I—% =1.
Then for a,b > 0 it holds

ab < — 4 —. (1.10)
p

In the following we state a simplified version of GRONWALL’s inequality. A proof can
be found in EVANS [9, pp. 708f.].

Proposition 1.9 (Gronwall inequality) Let I = [t1,t2] C R denote an interval and
let a € R, b€ [0,00). Then for any function u : I — R satisfying

u(t) < a—i—b/tu(T) dr,

t1
it holds
t
u(t) S a —'— ab/ eb(t_T) d'T — aeb(t—tl)
t1

for eacht € I.

Now we consider the FRIEDRICH inequality to estimate a solenoidal function by its
gradient, where the weight of the gradient can be made as small as desired.

Lemma 1.10 (Friedrich inequality) Let Q C R3 be a bounded domain. There exists
a sequence {w;}; of vector functions w; € C5%, () depending only on Q and satisfying
the following property: For each § > 0, there exists an Ms € N such that the estimate
M
2 2 2
lol> < 8 Vol* + > (v, wj)|

J=1

holds true for all v € H1(£2).
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For a proof of the case v € WOLZ(Q) and w; € C*(9), j € N see [19, pp. 147L].

Finally, we state the GREEN formulas for the LAPLACE operator [9, p. 712], which are
a direct consequence of the GAUsS Theorem (see [9, pp. 711f]).

Proposition 1.11 (Green formulas) Let Q C R? be a bounded domain with smooth
boundary 0Q of class C1, let v : 0Q — R3 denote the exterior unit normal vector and
let dS denote the surface element. Then for u € C1(Q) and v € C?*(2) it holds

/ Av dx = oyv dS,
Q o0

/ uAv + Vu-Vou dr = / ud,v dS.
Q Bly)

If, additionally, uw € C*(Q) we find

/ wAv — vAu dx = / u0,v — vd,u dS.
Q oN

Let us remark that on the left hand side of the second equation, by Vu - Vv we have a
FROBENIUS scalar product of two matrices, if we assume u, v to be vector functions.

Due to density arguments, the GREEN formulas hold true for SOBOLEV functions.

For functions u satisfying u,, = 0, thus for functions u,v € WOI’Q(Q) with v € H%(Q),
we obtain the often used equality

(Vu, Vo) = — (u, Av) . (1.11)

1.4 Weak convergence
Before we define the weak convergence, we need to define a dual space.

Definition 1.12 (Dual space) As dual space X' of a normed space X, we denote the
space of all bounded linear functionals ' : X — R. A norm on X' is defined by

|12/, = sup_|2'(z)].
<1

The dual space X’ of a normed space X is a BANACH space [25, p. 47].

Definition 1.13 (Weak convergence) Let X denote a normed space with dual space
X' and let x € X. A sequence {xy}, in X converges weakly to x in X if

o (z,) =3 2/ (x)  forall2' € X'
In this case we write

n—oo i
T, — x  in X.
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1.4.1 Weak convergence in reflexive spaces

Definition 1.14 (Reflexive Banach space) A BANACH space X with dual space X'
and with X" := (X") is called reflexive, if the mapping

i X — X",
(i(z))(2") = 2'(x)
18 surjective.

Each closed subspace of a reflexive space is reflexive again, and each BANACH space is
reflexive if and only if its dual space is reflexive [25, p. 105].

In any BANACH space — it does not necessarily have to be reflexive — each weakly
convergent sequence is bounded [18, pp. 72f.]. For reflexive BANACH spaces, we can
state the following central result about the weak convergence of bounded sequences [25,
pp. 107f.]:

Proposition 1.15 Let X denote a reflexive BANACH space, let {x,}n be a bounded
sequence in X. Then there exists a subsequence {xy,}r of {xn}n and some element
x € X such that

k—o0

Tp, — x inX. (1.12)

1.4.2 'Weak convergence in Hilbert spaces

At first we quote the R1ESZ Representation Theorem [7, pp. 30f.] to redefine the weak
convergence for HILBERT spaces.

Theorem 1.16 (Riesz Representation Theorem) Let H denote a HILBERT space
with scalar product (-, -) ; and dual space H'. Then H' can be canonically identified with
H. This means that for each u' € H' there exists an unique 4 € H satisfying

u'(u) = (u, 0y  forallu € H.
Now we can rewrite the definition of weak convergence for HILBERT spaces as follows:

Definition 1.17 (Weak convergence in Hilbert spaces) Let H denote a HILBERT
space with scalar product (-,-) . Let w € H. A sequence {uy}, in H converges weakly
tow in H if

(U, W) gy =3 (u, @)y for all i € H.

The RIESZ Representation Theorem immediately implies that each HILBERT space H is
reflexive [2, p.220], hence all results of the last section hold true for HILBERT spaces. In
addition, we prove the following statements about weakly convergent sequences, which
partly hold true even for BANACH spaces (see [9, p. 723], [7, p. 56]).
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Proposition 1.18 Let H denote a HILBERT space with scalar product (-,-); and as-
1

sociated norm |||y = (,-)f;. Let {un}n be a sequence in H and let u,u € H. Then

the following statements hold true:

n—oo n—oo _ -
U, — uwin H AN up, — win H=u=u, (1.13a)
N
Uy "= win H = uy, i H, (1.13b)
n—oo ) . .
U, — uin H=|lully < 1171H_1>£f||un”}[a (1.13c¢)
up, — win H A |ully > limsup ||un||y = v — u in H. (1.13d)
n—oo
. . . . n%w
Proof: To prove the uniqueness of the weak limit function (1.13a), assume u, —
n—oo

win H and u, — win H with u # u. Then for each 4 € H it holds

<u —u, lAL)H = <u7 a)H - <a7 ZAL>H = 71131010 <un7 IAL>H - 7LIL>H;O <um ﬂ>H =0.
In particular, this holds true for @ := u—w. It follows (u — 4, u — )y = ||u — ﬂ||12q =0,
hence u = u, which contradicts our assumption.

To prove the second statement (1.13b), assume u,, —3 win H and let & € H. The

assertion follows immediately from

~ ~ ~ ~ —
| (un, @) gy — @)y | = | (un = u, @) gy | < Jlun = ull g Jall ™= 0.
n—oo . . . . n—o00 2
For u, — win H we obtain the third assertion (1.13c), using (up,w)y; — |Jull%-

Consider a subsequence {up, }i of {uy}, satisfying ||un, || 4 "2 lim inf |unll ;7. Then
n—oo

we obtain

(1.9)
2 . . ..
el = Y () < T [l g [l = Yt el 1l

which implies (1.13c).

To prove (1.13d) let uy, " win H and |lul|;; > limsup ||uy || ;. It follows
n—oo

(113c) .
lully < hnﬂ_l>£f||un||H = h,rln_,solipHU"HH < ullgr s

hence ||un|| g "= ||ul| 7, which implies the assertion. O

1.4.3 'Weak convergence in Lebesgue, Sobolev and Bochner spaces

To apply the above results, we firstly consider the reflexivity of the function spaces
used in this thesis: For 1 < p < oo and m € Ny the LEBESGUE spaces LP(f2) and the



1 PRELIMINARIES 20

SOBOLEV spaces WP (Q) are reflexive [1, pp. 45, 61]. In addition, if B is reflexive, the
BOCHNER space LP(I; B) is reflexive [18, p. 195].

For completeness, we remind that the spaces L2(Q2), W™2(2), W*(Q), H°(€2) and
H!(Q) are HILBERT spaces.

For all spaces which are no HILBERT spaces, we need the dual space to consider weak
convergence.

For 1 <p<ooandp := 1% if p>1,p :=oc0if p=1, the dual space of the LEBESGUE
space LP(Q) is L' (Q) [2, pp. 159-161].

Now let 1 < p < oo with p’ defined as above. For any interval I and some reflexive
BANACH space B with dual space B’, the dual space of the BOCHNER space LP(I; B)
is LY (I; B') [18, p. 195].

If B is a HILBERT space, we can rewrite the definition of weak convergence in the
BOCHNER space LP(I; B) [18, p. 198]:

Definition 1.19 (Weak convergence in Bochner spaces) Let 1 < p < oo with
p = p%l, let I be an interval and let H denote a HILBERT space with scalar product
(,-) - Then a sequence of functions {up}n with u, € LP(I; H) converges weakly in

LP(I; H) to some function w € LP(I; H), if
(un, ) = /(un(t)’ﬂ(t)m dt =% / (u(t),a())y dt = (u, @)
I I
holds true for all functions 0 € L¥ (I; H).

Now let 1 < p < 0o and j,m € Ny with j < m. Let {u,}, be a sequence satisfying u,, €
—

WmP(Q) for all n € N and let u, —~ w in W™P(Q) for some function u € W™P(Q).

Since {uy}n is bounded in W™P(Q) it is bounded in W7P(Q). Thus, using Proposition

1.15, there exists a subsequence {uy, } satisfying

k—o0

Up, — u  in WIP(Q).

Due to the compactness of the imbeddings

W2(Q) = W3(Q)
for p = 2 and j,m € Ny, j < m (compare Lemma 1.1), the following much stronger
result holds true [2, p. 244]:
Proposition 1.20 Let Q C R? be a bounded domain with smooth boundary O of class
Cl, and let j,m € Nog with j < m. Let {u,}n be a sequence with u, € H™(S) for all
n €N and let ue H™(Q). If uy, T in H™(Q), it follows

up =3 u in HI(RQ).

— )
Obviously, for this sequence it even holds u, X in B ().
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1.5 Navier-Stokes equations and Stokes operator

Let Q C R? denote a bounded domain with sufficiently smooth boundary 9. For
0 < T € R we consider the nonlinear and nonstationary NAVIER-STOKES equations,
which describe the motion of a viscous and incompressible fluid in (0,77) x :

ov—vAv+Vp+v-Vo=f in (0,7) x €,
V-v=0 in (0,7) x €, (No)
Uiy =0 in [0,7),
Vj,_o = V0 in Q.

In this system, the external force density f : (0,7) x Q — R3, the initial velocity
vy : 8 — R3, and the kinematic viscosity constant 0 < v € R are given data. The
velocity vector v = (vq,v2,v3) : (0,T) x Q — R? as well as the pressure function
p:(0,T) x Q — R are unknown functions.

The first equation of (Ny) describes the balance of forces. Here v - Vv is the non-
linear convective term resulting from the total time derivative of the velocity field v.
The second equation is the incompressibility condition and states that the velocity is
solenoidal. The third equation is the no-slip boundary condition which ensures that no
particle reaches the boundary of the domain. The last equation is the initial condition:
At time ¢t = 0 the velocity should coincide with a given initial velocity vg. [5, pp. 213f]

The nonlinear convective term v - Vo is defined as follows [20, p. 5]:

v-Vo = (v-V)v

= (0101 + v202 + v303)v

= (0101v; + v2020; + v3030;),_ 5 5 -
For divergence-free functions v it can be written as

v-Vu = (0101 + v202 + v303)v

(O1(v1v) + O2(v2v) + O3(v3v)) — (Orv1 + D2v2 + O3v3) v
= (O1(n1v) + 02(vav) + 93(v3v)) — (V- v)v
(O1(v1v) 4 B2 (v2v) + 93(v3v))
=: V- (vv).

In this thesis, the mathematical approach for the NAVIER-STOKES equations is based
on the use of the STOKES operator —PA in H%(Q).

To define —PA, we first consider the space

G(Q) == {w e L*(Q) | w = Vq for some g € H'(Q)},
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which satisfies the so-called HELMHOLTZ decomposition (compare SOHR [20, pp. 81-83])
L*(Q) = H'(Q) @ G(), (1.14)

where & denotes the direct sum of vector spaces.

The resulting orthogonal projection operator
P:L*(Q) — H'(Q) (1.15)

is called the HELMHOLTZ projection. It is a linear operator, projecting divergence-free
functions to itself and eliminating the gradients, i.e. it holds

Pv=uv, vecH(Q),
PVp=0, peHYQ).

Now, let 9Q € C2. The linear operator
—PA: H*(Q)NHY Q) — HY(Q) (1.16)

is called the STOKES operator. Its domain H?(Q) N H!(Q) is dense in H°(Q) [20, pp.
128-131]. For u,v € H%(Q) NH'(Q) it satisfies

(—PAv,v) = (—Av, Pv) = (—Awv,v) (111) (Vu,Vv) = ||Vv||2 >0

and

(—PAu,v) (LY (Vu, Vv) (1LY (u, —PAwv),

hence it is positive and self-adjoint.

Now we state a fundamental result of CATTABRIGA [6, p. 311] concerning the STOKES
operator.

Proposition 1.21 (Cattabriga Inequality) Let m € Ny, let Q C R3 be a bounded
domain with smooth boundary 0 of class C™*2, and let f € H™(Q). Then there
ezist a unique solution v € H™2(Q) N HL(Q) with corresponding uniquely determined
pressure gradient Vp € H™(Q) satisfying the STOKES system

—Av+Vp=f in €,
V-uv=0 in §,
v=20 on 0L2,

and the estimate

[Vl y2,2 < cellfllmz2

where the constant c. only depends on m and €.
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Now we consider the inverse of the STOKES operator
(=PA)1HO(Q) — HOQ),

which, again, is linear, positive and self-adjoint, and, additionally, bounded (see [20, pp.
128-131]). Its image space is H2(Q) N HY(Q) € H°(Q), hence, due to the compactness
of the imbedding H?(Q2) — L?(Q), the operator (—PA)~! is even compact.

Since H°(12) is a HILBERT space, we can use the following theorem about the eigenvalues
of linear, compact and self-adjoint operators [17, pp. 268f.] on (—PA)~L.

Theorem 1.22 (Hilbert-Schmidt Theorem) Let H be a HILBERT space and let
K : H — H denote a linear, compact and self-adjoint operator. Then there is a
sequence of real eigenvalues {\;}i, such that

Al > [Agf =+ >0
with

i—00

Furthermore, the sequence {;}; of corresponding eigenfunctions is an orthonormal basis
for the image space of K, satisfying

Kp; = XNyp; forieN.

This theorem together with the positivity of (—PA)~! implies the existence of a de-
creasing sequence of positive, nonzero eigenvalues {y;}; of (—PA)~!, tending to 0 as
1 — 00.

The corresponding sequence of eigenfunctions {e;}; is an orthonormal basis of H?(2) N
HY(Q), thus — since H?(Q) NH(Q) is dense in HO(Q) — in H(Q). It holds

(=PA) te; = pje;  fori €N,

v E ’HO(Q) == Z (v, €;) ei,

=1
<€i,6j> = (51']' for i,j < N,
1 i=3j
0 i#j '

Bootstrapping the result of CATTABRIGA and using the imbedding H™2(Q) — C™(Q),
we obtain e; € C*(Q) for i € N. In fact, since e; € H°(Q), it even holds

where ;5 := {

e; € Cgo(2)  forieN.
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Finally, for —PA, by A; := i, i € N we have a sequence {\;}; of positive, real eigen-
values, satisfying

O< A< < - 50
and
—PAe; = —PA)\l,ulel = )\i(—PA)(—PA)_leZ- = M\e; forieN.

Thus, the orthonormal basis {e;}; of H°(Q) from above consists of the corresponding
eigenfunctions of —PA, and we shall use ist later for a GALERKIN procedure.
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2 Trajectories of steady flow

Throughout this section, let  C R3 be a bounded domain with sufficiently smooth
boundary 92, and let u : Q — R3 be a given velocity field.

For some fixed z( € 2, consider the following autonomous initial value problem:

(t) = u(xz(t)),

o(0) — (2.1)

If u is continuous in €, then by the PEANO Existence Theorem (see [24, p. 99]) there
exists at least one local solution z : (—¢,+¢) — 2 for some € > 0 sufficiently small.

If, in addition, v = 0 on 052, then the solutions ¢ — x(t) exist globally for all t € R
(see [16, p. 190]).

If, moreover, u € C'(Q), then certainly u satisfies a LIPSCHITZ condition (see [24, p.
97]), which implies uniqueness of the solution of (2.1) for all zy € Q (see the PICARD-
LINDELOF Theorem in [24, p. 97]), and it holds z € C1(R) in this case.

Now, let v € C'(Q) with u = 0 on 9. Then, using the above results and denoting the
unique solution t — xz(t) also by t — X (¢, z) to express the dependence on the initial
value zq, for every t € R the mapping

X(t)-{Q o (2.2)
7 ' g X(t,xo) .

is well defined.

Due to the uniqueness, the composition rule
X(t,-)oX(—t,x) =X(t,X(~t,z)) =X(t—t,z) =X(0,2) =z (2.3)
holds true for all £ € R and x € Q. It follows that
X7t ) = X(—t,-) (2.4)

is the inverse function of X (¢,-), hence X (¢,-) is a diffeomorphism in Q. Using u(z) =0
for x € 0N, we obtain

X(t,Q) =0 (2.5)

for all t € R.

Now consider LIOUVILLE’s differential equation (see e.g. [4, p. 31-33] for a complete
proof)

Oy det VX (t,z) = det VX (t,2) (Vx - u(X (¢, z)))

concerning the JACOBIAN determinant det VX (¢,x). Here Vx - u(X) denotes the di-
vergence of X — u(X) with respect to its argument X.
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If, in addition, V-u = 0 in 2, then the above differential equation yields that det VX (¢, x)
does not depend on time, hence

det VX (t,z) = det VX(0,2) = det Vo = 1 (2.6)

holds true for all ¢t € R and z € Q.

This important property of the mappings X : Q@ — Q is called the conservation of
measure.

Using that X (t,-) : Q@ — Q is a diffeomorphism, this implies the identitiy

LFEXCE Doy = 1F oy (2.7)

for all t € Rand f € LP(Q), 1 < p < oo.
For 1 < p < oo this follows by substitution (compare [3, p. 211]) from

(X -))

P — z))|P w(2£5) )P dz
P= /Q FX ()P d /X NI
- /Q FX(E X ()P - | det VX (~t,2)] dz

(2.3),(2.6)
L | p@) do = 1515,
Q
For p = 0o, we obtain the property immediately by X (¢,Q) = Q.
This implies, in particular,

(foX(t,),g0 X)) =(f9),
<f,gOX(t, )> = <fOX_1(t, ')7g>

for f,g € L?(2), where (,-) denotes the scalar product in L?((2).

(2.8)
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3 Time discretisation of the Navier-Stokes equations

In this section, we consider the nonstationary nonlinear NAVIER-STOKES equations

v —vAv+Vp+v-Vo=f in (0,7) x €,
V-v=0 in (0,7) x €, (No)
U\BQ =0 in [O,T),
’U|t:O =19 in Q,

where 0 < T < oo and © C R3 is a bounded domain with sufficiently smooth boundary
0Q2. This system describes the motion of a viscous, incompressible, nonstationary fluid:
The vector v = v(t,xz) = (v1(t, x),v2(t, ), v3(t,z)) denotes the velocity and p = p(t,x)
some pressure function, while f, vy and the kinematic viscosity constant v > 0 are given
data.

Using a time discretisation with stepsize € > 0, we transfer the NAVIER-STOKES equa-
tions (Np) into a finite number N of steady boundary value problems (NF) (k =
0,...,N — 1), the solution of which approximates the velocity v and the pressure p at
the grid point tx4+1 = (k+ 1)e. Here in addition, the convective term v(tg+1) - Vo(tgt1)
will be linearized and treated with the method described in Chapter 2.

To explain our approach, let 0 < T < 0o, 2 < N € N, and define a stepsize ¢ := % > 0.
Setting ty := ke (k= 0,..., N), this establishes a time grid with equidistant grid points
in [0, 7).

Restricting the NAVIER-STOKES equations (V) to the time t = tx11, we find
Ov(tpsr) — vAU(tpt1) + Vp(trtr) + v(trt1) - Vo) = f(tes1),
and these equations will be modified as follows:

We approximate the time derivative d;v(tx11) by a backwards difference quotient:

t —v(t
Bpv(tpst) ~ w

Using a time delay, we approximate the nonlinear term v(tx1)-Vv(tg41) by a lineariza-
tion:

U(trt1) - Vo(tir) = v(te) - Vo(teg).

Finally, we replace f(tx4+1) by the average

th+1
f(tr1) = i/ : f(r) dr =: fF+L

tk

Inserting these modifications into (Ny), for every k = 0,..., N — 1 we obtain a steady
boundary value problem of the following type:
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k+1 k
v —
v VA’Uk—l—l + vpk+1 + ’Uk . vvk-l-l — fk+1 in Q,
€
V-oFt =0 in Q, (NE)
ot = .
loa
Here v* is a given function satisfying V - v* = 0 in Q and vllfm =0.

To further simplify the linearized convective term v* - Vo**!, we take into account
its physical deduction: The term results from the total derivative of the velocity field
v(t,z), hence so-called total or LAGRANGIAN difference quotients could be used for
approximation. In the following, these quotients are introduced.

Definition 3.1 Let Q C R? be a bounded domain with sufficiently smooth boundary 0.
Let u € CY(Q) be divergence-free in Q with vanishing values on 0K, and, for ¢ € R,
let X(g,-) : Q — Q denote the mapping (2.2) constructed from the initial value problem

(1) = u(x(t)),
z(0) = zy € Q.

Then for every function v : 8 — R? the quotients

LEv(@) i= {o(X(6,2) — (@)},

1

Liv(z) = —{v(2) - v(X(~¢,2))}

are well defined in © € Q and called a forward and a backward total (LAGRANGIAN)
difference quotient, respectively. Averaging both quotients leads to the central total
(LAGRANGIAN) difference quotient

Loo(z) = %{U(X(e,x)) (X (=&, 7))}

Remark 3.2 If, in addition, v € C*(Q), then all the above defined difference quotients
converge to u- Vv as € — 0. For example, for the forward quotient, using a mean value
theorem and the fundamental theorem of calculus, we find

L) = ~{o(X(e2) — o))

= /aTX(T,$)'VXU(X(Ta$)) dr
0

€

i/u(X(T,a:)) -Vxv(X(r,x)) dr
0
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1 &€
= 8()/(u-Vv)oX(T,x) dr

= (u-Vv)o X (r,z) for some 19 with 0 < |7p| < e
e—0

— (u-Vv) o X(0,2) = u(z) - Vo(z).

It is well known (see [21, p. 109]) that for functions u € H*(Q) and v,w € H}(2) the
relations

(u-Vo,w) =—(u-Vw,v),
(u-Vv,v) =0

hold true. HOPF (see [11]) used these important relations to prove the global in time
existence of weak solutions of the NAVIER-STOKES equations (Np). The following ana-
logue of these relations can be proved for the central total (LAGRANGIAN) difference
quotient:

Lemma 3.3 Let the assumptions of Definition 3.1 be satisfied, and let v,w € L?*(1).
Then for the central total (LAGRANGIAN) difference quotient the following relations
hold true:

(Lev,w) = — (v, Low) , (3.1a)
(Lev,v) = 0. (3.1b)
Proof: Using the conservation of measure (2.8), for the mapping X := X(e,:) we

obtain

(Lev,w) = % ((voX,w) — (voX 1 w))

2% 2%5 (<UoXoX_1,on_1>—<UOX_10X7U)OX>)
= —<U,21€(wOX—w0X_1)>
= —<’l)7L5w>,

which is equivalent to the first relation (3.1a). The second relation (3.1b) follows im-
mediately setting w = v. O

Remark 3.4 From Lemma 3.3 it follows that sufficiently regular solutions of a system
regularized by central total differences satisfy the energy equality (see Proposition 5.4).
As seen from the proof above, this important equation does not hold true if a one-sided
total difference quotient is used. Thus, the central total (LAGRANGIAN) difference
quotient should be preferred for approximation of the convective term.
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In the following, we shall use the above results to approximate the linearized convective
term v - Vo**+! in (NF) as follows:

1
2e
= LEFt(2).

@) Vo (@)~ o {0 (ke w) — o (X (e 2)) |

Here the mappings X, Xk_1 have to be constructed from the solution ¢t — z(t) =:
Xk (t, zp) of the initial value problem

For k:=0,..., N — 1 this leads to the following boundary value problem:

VP — v AR e LRRTL p cUpht = g fRTL 4ok in Q,
Vot =0 in 0, (NF)
ot = .

lac

Assuming v* to be an approximation of the solution t — v(t) of (Ng) at time ¢ = t;,
this system suggests v**1 and p**! to be approximations of v(tgy1) and p(tpy1).

In the next chapter we will show under which assumptions on the data v* and f, the
solutions v¥*1, pF+1 of (N¥) can be constructed.
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4 A boundary value problem of Navier-Stokes-type

In this chapter, we consider the boundary value problem (Nf), which was derived in
Chapter 3, for fixed ¢ > 0 and fixed & € {0,...,N — 1}. We prove existence and
uniqueness of a weak solution and derive some regularity statements.

For simplicity, we replace the solutions v**1 by v and p**! by p, and denote the given

functions by u := v* and ¢ := f*¥t!. Thus, for a bounded domain Q C R3 with
sufficiently smooth boundary 0f2, we obtain the system

v—evAv+elilv+eVp=cg+u in Q,
V-v=0 in Q, (NY)
Uy = 0,

where € > 0 and LYv is defined by
u 1 —
Liv(x) :== % {v(X(e,2) —v(X 1(5,:U))}

with mappings X, X ! constructed from the solution t + x(t) =: X (t, o) of the initial
value problem

i(t) = u(z(t)), (4.1)
z(0) = 0.

Here u € C1(€) is a given function, which is divergence-free in {2 with vanishing values
on the boundary 9f2.

In order to show the existence of a weak solution v of (N¥), we assume 9 € C? and
use a GALERKIN approximation based on the eigenfunctions e;, i € N, of the STOKES
operator —PA (compare (1.16)).

Applying the HELMHOLTZ projection
P:L*(Q) — HY(Q)

(compare (1.15)) on the first equation of (IN}), since u, v are divergence-free functions,
we obtain the projected system

v —evPAv+ePL{v=¢cPg+ u. (4.2)

Let us remind on the properties of the STOKES operator (compare pages 22-24): It is
a positive and self-adjoint operator with eigenvalues

D<A < < - =00
The corresponding sequence {e;}; of eigenfunctions e; € CF5, () of —PA defines a

complete orthonormal system in H(Q) satisfying

veHI(Q) = v = i (v, €;) e;, (4.3a)
i=1
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— PAe; = \ie; in Q (Z c N), (43b)
<€i7 €j> = 5%] (17] € N)? (43C)
_ )1 =y
where ;5 := { 0 itj
Now, for n € N let V, := span{ey,...,e,} C C5, ()" and define a GALERKIN ansatz
function v € V,, (compare [8, pp. 110f.]) in the form
Q—R3
Un n 44
x = v"(z) = ) cjnej(x), cjn €R. (4.4)
j=1
To determine the unknown coefficients c;, (j = 1,...,n) in (4.4), we replace v by v™ in
(4.2), multiply the resulting equation by e; (i = 1,...,n), and integrate over 2. Thus,
from (4.2) for i = 1,...,n we obtain the equation
(v",e;) —ev (PAV" e;) + e (PL", e;) = (ePg + u,e;) =: F}", (4.5)

where LZv™ is defined by
1
Liv"(x) == % {v"(X(e,2)) — V(X (e, )}
with € > 0 and mappings X, X ! constructed from the initial value problem (4.1).

Using the above mentioned properties (4.3a)—(4.3c) of the eigenfunctions e; € Cg%,(€2),
i € N, and setting X := X (&) we find

n n
(4.3¢)
Whe) = Y cmleje) = Y cudij = ciny
j=1 j=1

—ev (PAv" e;) = ev(v",—PAe;) (4.30) ev; (V" e;) = evAicin,

e(PL{v" e;) = e(Liv", Pe;j) =e(Liv",e;) =" —e(v", Lle;)

1
= (v",—eLle;) = v",—§ {eioX—eioX_1}>

n

1 1
- chn <eja <2€ioX_1 - 2€z‘OX)>

j=1

n

(2.8) 1 1
= Z <2 (ejoX,e;) — B (ejo X, ej>> Cin-

Jj=1

So for i =1,...,n, from (4.5) it follows

/1 1
(1 + EV)\Z‘)Cm + Z (2 <6j o X, 6i> - B <€i o X, €j>> Cjn = Fz'n'
j=1
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This is a linear algebraic system of the type
(D + A)e, = F™, (4.6)

where D = (d;;) is an nxn diagonal matrix with diagonal elements d;; = 1 +ev); > 1
(¢ =1,...,n), where A = (a;;) is an nxn skew-symmetric (aj; = —a;;) matrix with
elements a;; = 1 (ej 0 X, e;)— 5 (e; 0 X, ¢;), and where F™ := (F7,..., F™)T is the given
right hand side. Due to the special structure of the matrices D and A, there is a unique
solution ¢, = (Cin, ..., Cun)’ of the system (4.6). This follows by contradiction: Let us
assume that there exists a second solution ¢, # ¢, € R" of (4.6). Then z := ¢,,—¢, € R"

satisfies © # 0 and (D + A)x = 0. Since A is skew-symmetric we find

n

n
2l Ax = g LT = E —xjajixi:—xTA:L‘,

ij=1 ij=1
hence T Az = 0. Tt follows
n
0=(D+Az=2T(D+A)x=a"Dx+2TAx = 2" Dz = Z diiz?,
i=1

and since d;; > 0 for ¢ = 1,...,n we obtain z = 0, which contradicts our assumption.
Thus (4.6) is uniquely solvable.

Definition 4.1 (Galerkin approximation) Let 2 C R? be a bounded domain with
boundary 02 € C?. For n € N, the function

Q — R3
" n
z =" (z) == ) cjnej(x)
j=1
is called o GALERKIN approximation of order n. Here the coefficients cjn, (j =1,...,n)
represent the unique solution of the linear algebraic system (4.6), and the functions
ej € C5%(), 5 =1,...,n are the eigenfunctions of the STOKES operator —PA.

In the following we shall establish some a-priori estimates for the GALERKIN approxi-
mations.

Lemma 4.2 Let Q C R3 be a bounded domain with boundary 0Q € C?, let ¢ > 0,
g € L3(Q), and let u € CY(Q) be divergence-free in  with u = 0 on ON.

Then the GALERKIN approximation v" from Definition 4.1 exists for each n € N, and
the sequence {v™},, is bounded in H*(Q). In particular, the following a-priori estimates

ec?

0" + " = ull® + ev [|Vo" 1 < [lull* + —* |lg]*, (4.72)
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[99" 2 + V0" — VulP + ev|PAC [ < [Vl + 2 \MH +- Hvﬂﬁ

2 22 2
< [|Vul® + < +—l/f> lgll” +— HUH

(4.7b)

2 2
Vo™ [[* + [[Vo™ VM!+*4W —M\<HVM!+ \M\+ > ol

2 2c? 2
< ||Vl + < +—l;f> lglI? +- HuH
(4.7c)

hold true, where ¢, is the POINCARE constant and the right hand sides do not depend
on m.

Proof: The difference quotients
1

Liv"(x) == % {v" o X(e,x) — "o X1, z)},
€

with mappings X, X! resulting from the solutions of (4.1) are well defined, and X,
X1 are measure conserving mappings, since u € C1(Q), V-u = 01in 2, and v = 0 on 9.
Thus, the algebraic system (4.6) is uniquely solvable and the GALERKIN approximation
v" is well defined for each n € N.

Now let n € N be fixed. To prove (4.7a), we multiply the equation (4.5) by ¢, and
afterwards sum up for i = 1,...,n. Setting X := X (), this gives us

(V" 0" — (u,v") —ev (PAV", 0" ——7<P{v oX —v"o X" 1} o™
=a1 =:az -
=:a3
+e(Pg,v"). (4.8)
———

=:a4
For a1 we have

ap = @"0") — (u,v")

((v" —u,v"™ —u) + (W™, V") — (u,u))

2 2 2
(o™ =l + flo™ 2 = ull?)



4 A BOUNDARY VALUE PROBLEM OF NAVIER-STOKES-TYPE 35

Since v € Cg5, () and 9Q € C1, for as we find
ag = —ev(PAV",0") = —ev (AV", Pv")
= —ev(Av",0") = Vev (Vo", Vo') = ev | Vo™ ||* .
For a3 we use (3.1b) from Lemma 3.3 and obtain

ay = —e(PLI",0") = == (Li", Pu") = —& (Ltv",0") =7 0.

For ay4, using HOLDER, YOUNG and the POINCARE inequality, we find

ay = a(g,Pv">:€<g,v”>:5/g~u”dx
Q

IN

BN G EE) .
€/Q|9'U | dz < ellgll "] < ellgllep [V

2
€ o 120 e 0 eV n2
= £ < P = )
TNl VE IVt < S Nl + I

Now we can apply these estimates on (4.8) and obtain

2
2ﬂ2gvn2
lul + 52 gl + 22 902,

N | —

1 1
S I+ 5 o™ — wl? + ev | Vor? <

Eliminating & ||[Vo™|| on the right hand side and multiplying by 2, this leads to

2
2 2 2 9 , €€ 2
[0"™[|7 + [[v" = ul|” + ev [[Vo" | < lu]| +7pHgH :

To prove (4.7b), we multiply the equation (4.5) by Aicin, where ); denotes the i'h
eigenvalue of the STOKES operator. Thus, using the relation —PAe; = A;e; from (4.3b),
summing up for i = 1,...,n, and setting X := X (), we obtain

(W™, —PAV") — (u, —PAv") —ev (PAv", —PAV")

:;bl :ZbQ

et ex) pav) i par
——

=:by

=:b3
Here, similar to the estimates of a; above, we have

by = (" —Av") — (u,—Av") (LY (Vo", Vo™) — (Vu, Vo)
1
5 (IV0 1> + 90" = VulP = V),

by = ev|PAv"|?,
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1 1 (15)1 1
by = *<UnOX—'UnOX ,PAU”> < *Hv oX —v"o X~ H |[PAV"™|

< (Hv o X + |[v" o X71)) | PAv"| D

2 eV (1.10
= \/gllvnlly/jllpﬁvnll S || [ IIPA "2,

EV eV
by = e(g,—PA") \/ 2 gl HPAU”H Hg||2+Z||PAv”||2-

[[o" [ [P Av™|

These estimates lead to

IIV "IF S IIW — Vu? +ev | PAV"|?
=< HWH + - HgH +2 HPA "2 +— H "2y HPA "2

Eliminating HPAU”H2 of the right hand side and multiplying by 2, we obtain

2 2
IV 2+ V0" = Vaul® + ev [PA P < (|Vull® + = [lg) + = o
v Ev

2 2c2
HVUH +< +V2p> lgll? +— HUH -

Finally, to prove (4.7¢), again setting X := X (), we consider

(" v" —u) — (u,v" —u) —ev (PAV", 0" — u)

=:Cc1 =c2

—%<P{U"OX—U”OX_l},v"—u>+5(Pg,v"—u>.
—_————

=:c4
=:c3
Here we have
1 = <Un —u, V" — ’LL> = ||Un - u||2 )
(1.11

ca = —ev (A" V" —u) =  ev (Vo", Vo™ — Vu)

= v (Vo — Vu, Vor) = % (Hw"\\? + [V — V| — Hqu?) :

1 1 (1.5) 1 4
c3 = —§<v”oX—v”oX ot —u) < §anoX—Un°X | o™ = ull

et

IN

([[o" o X|| + Hv” o X_1H) |v™ —u

[[o™ [ o™ = wll

N |
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(110 o .
[0 = ull [o™[1" + 7 ™ = ul”,

= V2" — \[

(g,v" >(1<5) V2| II*1 [v" II(li e |lgll* + = || [
cy = elg,v"—u) < ¢ ot —ull < )
4 g g \/5 g
These estimates lead to
2 2
—HV "2 + HVU — Vaul|” + [[v" — u|

1 1
2 2 2 2 2
< EHVUII +e gll® + 3 o™ = ull® + "I + 5 0" —ul®.

Eliminating 3 |[v" — ul|* of the right hand side and multiplying by %, we obtain

1 2
2 2
[Vor|l* + V0" = Vul® + — " —ul® < [Vull” T ||g|| + I

(4.7a) ) % 202 92
< [[Vull +( +7 lglI? +— HUH

These estimates immediately imply the boundedness of {v"},, in H?(). O

Now we define a weak solution for the discretized NAVIER-STOKES-equations (N*)
(compare e.g. SHINBROT [19, p. 160]).

Definition 4.3 Let Q C R3? be a bounded domain with boundary 0Q € C?, let € > 0,
g € L*(Q), and let u € CY(Q) be divergence-free in Q with u = 0 on 0. A function
v € HY(Q) is called a weak solution of (NY), if

(v,0) +ev (Vu, Vo) +e(Liv, ) = (g, %) + (u, ) (4.9)

holds true for all test functions ¢ € Cg5(€2).

Using the estimates of the GALERKIN approximations v™ derived in Lemma 4.2, we are
able to prove existence and uniqueness of a weak solution of (NY).

Theorem 4.4 Let Q C R3? be a bounded domain with boundary 02 € C?, let € > 0
and g € L*(2), and let u € C1(Q) be divergence-free in Q with u =0 on 9.

Then there exists a uniquely determined weak solution v € H(2) N H?(Q) of (NY).

Proof: By Lemma 4.2, the GALERKIN approximation v™ exists for every n € N. More-
over, using the estimate (4.7b), we find

[PAV" <,

where ¢ is independent of n € N.
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With help of CATTABRIGA’s estimate
[ullzp < ce[lPAu]|

for the solution of the steady STOKES system (compare Proposition 1.21), this implies
that the sequence {v"},, of the GALERKIN approximations v" € C§5 () is bounded in
H?(Q). Thus there exists a subsequence which converges weakly in H2(Q2) and — due to
the compactness of the imbedding H2() < H(Q) for bounded  — strongly in H!(£2)
(compare Propositions 1.15 and 1.20). We denote this subsequence again by {v"},,
and its limit function by v, where v € H(2) N H?(Q) since v™ € H(Q) N H%(Q), and
H(Q) is a closed subspace of H((Q).

Thus, for every i € N, in (4.5) we can pass to the limit n — oo, obtaining
(v,ei) —ev (PAv,e;) + e (PL{v,e;) = (Pg,e;) + (u,e;), (4.10)
where, in particular, setting X := X (¢) we use

S (PLY(0" — ), ) = <; (" —v)oX — (" —v)o X1} e>

(1.5) 1 n " 1
< §(Il(v —v) o X[+ [|(0" —v) o XH|) [lei

7
S T )

The corresponding sequence {e; }; of eigenfunctions of the STOKES operator represents
a complete orthonormal system in H°(Q2). Thus, for each test function ¢ € C6o(82) C
HO(£2) there exists a sequence {u;}; with p; € R for i € N and

(o]
Y= Z Hi€i.
i=1

Using GREEN’s formula (1.11) on (4.10), multiplying by u; and summing up over i, this
implies
(v, 0) +ev(Vo, V) +e(PL;v, o) = £ (Pg, ¢) + (u, 9)

for all ¢ € C§%,(Q) € H'(Q), i.e. v € HI(Q) N H?(Q) is a weak solution of (N¥) in the
sense of Definition 4.3.

To prove the uniqueness, let v € H1() N H?(2) be a second weak solution of (NY),
and denote by w := v — v the difference of these two solutions. It follows

w—evPAw +ePLiw =0  in HO(Q),
and scalar multiplication in L?(Q) with w implies
(w,w) —ev (PAw,w) + ¢ (PL{w, w) (110 |wl|* + ev | Vw|?* = 0,
(3.1b)

since (PLYw,w) =" 0. Thus it follows ||w| = 0, hence w(z) = 0 in = € 2, which
implies the asserted uniqueness. O
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Remark 4.5 Consider any other accumulation point v obtained by extracting some
different subsequence in the proof of Theorem 4.4. Then v is a weak solution of (N}),
and — due to the uniquenes of the weak solution v derived in Theorem 4.4 — we obtain
v = v. Thus, there exists only one accumulation point v, and the whole sequence of
GALERKIN approximations {v"},, converges to v in the corresponding norms.

To derive some a-priori estimates for the weak solution v € H? N H(Q) of (N%), we
consider the decompositions

v=v—0"+0",
Vv = Vv —Vu" + Vo™
— .
Here — due to the strong convergence v "= v in H'(2) — we can use
n—o

|lv =" — 0,

n—oo

(L.1)
Vo= Vo' || = [[V(v—=o")[| < [[v=20"]l;5 — 0.

Thus we can extend the a-priori estimates (4.7a) and (4.7c) of v" from Lemma 4.2 to
v. This leads to

Corollary 4.6 Let the assumptions of Theorem 4.4 be satisfied. Then the weak solution
v of (NY) satisfies

2
2
loll® + llo = wll® +ev [ Vol* < [lull® + pllgll (4.11a)

2 2¢ 2
IVo)|? + Vo = Vul? t- Hv—UII < ||Vl +< +§> lgl® + )l

where ¢, is the POINCARE constant.
In the following, we will prove the equivalent of estimate (4.7b) in Lemma 4.2:

Proposition 4.7 Let the assumptions of Theorem 4.4 be satisfied. Then the weak
solution v of (NY) satisfies

2 2c2
Vo + |V = Vul]® + ev | PAv|* < [|[Vul® + (V + Vf) lglI? +- HUH (4.11c)

where ¢, is the POINCARE constant.

Proof: The weak solution v of (N¥), which we derived in Theorem 4.4, satisfies

v—u—evPAv+ePL!v =¢€Pyg in H°(Q),
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and scalar multiplication in L?(2) with —PAv € H°(Q) implies

(v, —PAv) — (u, —PAv) —ev (PAv, —PAv) = —¢ (PL{v, —PAv) + ¢ (Pg, —PAv) .
=:a1 :ng ZES

Now we can proceed as in the proof of estimate (4.7b) in Lemma 4.2. We obtain

11y 1
ar "2V 2 (Il + 90 = Vul? = [Vul?)

ay = ev|PAv|?,

and using the conservation of measure (2.7), HOLDER (1.5) and the POINCARE inequal-

ity (1.2), we have
ag < *ll I+ HPAUH
ag < — HgH + HPAUH

These estimates lead to

Vo) + Vo = Vul® + v | PAw|* < HVuH2+ lol*+ = HUH

(4. 11 % 202 y 2 )
'[vul? +< +— | gl + — llull®
v EV

g

In the next chapter, we define a non-steady velocity field v° : [—¢,T] — R3 piecewise
constant in time, using the steady solution of the boundary value problem (N!). For
this purpose we need the following regularity of the weak solution. Here parts of the
proof are motivated by ASANALIEVA, HEUTLING & VARNHORN [5, pp. 345-346)):

Proposition 4.8 Let the assumptions of Theorem /4.4 be satisfied. In addition, let

00 € C3 and g € H(Q). Then, the weak solution v of (N*) satisfies

ve H3}(Q) NHYQ).

Proof: We consider the system (4.2) in the form

1 1
—PAv = —((u—v)—fP{voX—voX_1}+€Pg),
EV \ e —r_ 2 ~—~
=a1 :;gz =a3

where X := X (e, z).

Using CATTABRIGA’s estimate

HUH3,2 < Ce HPAU”Lz

(4.12)
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(compare Proposition 1.21), we obtain v € H3(f2) if the right hand side in (4.12) is in
HY(Q).

By Theorem 4.4 we know v € H?()). Thus, together with the assumptions of this
proposition, we obtain immediately that a; = (u—v) € HY(Q) and a3 = ePg € H'(Q).

To prove az € H'(Q) we use the conservation of measure. For X := X(e,z), and,
analogously, for X1 := X~!(¢, ), we have
(2.7)
[P(vo X)[| = flve X|[ "=" o],

hence vo X € L?(Q).
For the gradient |V (v o X)| we obtain

(18)
V(e X)[| = [[(Vxv) o X)(VX)] < cl[(Vxv) o X[ [VXg o

(2.7)
< Vol [VX]lg oo -

To estimate ||VX||, ., we observe

HO,oo

d
G VXt D)oo = IVOX(E, 2)llg,00 = V(w0 X(¢E,2))

(1.8)
= [(Vxuw) o X)(VX)[lgoe < cl(Vxu)oX|lp o IVXIlp oo

(2.7) ()
= C”V“Ho,oo HVXHO,OO <a HVXHo,om

where in (x) we use u € C'(Q), which implies Vu € C(Q2), thus Vu is bounded by its

maximum max |Vu(z)|.
TS
Setting ¢(t) := || VX (¢, x) this yields the differential inequality

||0,oo7

d
—op(t) < t
dt""( ) < cre(t),
hence
t
o) < p0) +ar [ olr)
0
where

©(0) = [IVX(0,2)[lg 00 = VEllg oo = 1.

HO,oo

Using the Lemma of GRONWALL (see Proposition 1.9) we obtain op(t) < e'“l, i.e.

VX (e, 2)]lg 0o < €5 < 00,

Thus, by [[vo X[2, =) vo X|2 4 [V(vo X)|>, we have ay € HL(R), which proves
the assertion. O
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Corollary 4.9 Let Q C R? be a bounded domain with boundary 0 € C3, let € > 0
and g € HY(Q). Then for any function

u € H3(Q) NHY(Q),

the weak solution v of (NY) ewists, is uniquely determined and satisfies

ve H3}(Q)NHYQ).

In particular, all results of this chapter for the weak solution v hold true.

Proof: Using Lemma 1.1, the regularity v € H3(Q) implies
u e CHQ),

and V- u = 0 in Q with u = 0 on 99 follows from u € H!(f).

Hence all assumptions of Theorem 4.4 and all additional assumptions of Proposition
4.8 are satisfied, which proves the assertion. O
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5 An approximate Navier-Stokes solution

In this chapter we use the weak solution of the boundary value problem (N*) from
Chapter 4 to define a uniquely determined weak solution v*+! of the discretized NAVIER-
STOKES equations (N¥), k = 0,..., N — 1, formulated at the end of Chapter 3.

Let © C R3 be a bounded domain with boundary 9Q € C3, and let 0 < T' < oo. For
2 < N € N, as in Section 3 we define a time grid in [0,7] with N + 1 equidistant grid
points tj, := ke (k=0,..., N) of stepsize ¢ := L > 0.

If now v¥ := u is given for some k € {0,..., N — 1}, then v**! := v can be constructed
according to Corollary 4.9. More precisely, defining L’fgvkJrl by
1
Liv (@) = o {vk+1(Xk(6, z)) — P (X e, :r))}
€

with mappings Xy, X,;l constructed from the solution t — z(t) =: Xy (t,z0) of the
initial value problem

(5.1)

we have

Proposition 5.1 Let Q C R3 be a bounded domain with boundary 02 € C3, and let
0<T <oo0. For2< N eNlete:=%>0andsetty,:=ke (k=0,...,N). Let
f € L*0,T; H(Q)) with

k1 1 [te+1
fr=— f(r) dr, k=0,...,N—1, (5.2)
t

and let v° := vy € C1(Q) be divergence-free in Q with vg = 0 on OS.
Then the system

S N e ngef,Uk-i-l 4 eVpitl — gkl g ok in Q,
V.ot =0 in 9, (NF)
)
loc
is, successively fork =0, ..., N—1, uniquely solvable and the weak solutions v*,v2,... vV
with the corresponding uniquely determined pressure gradients Vp*,Vp?, ..., VpY sat-

sfy
ve H3 Q) NHY(Q), VY eHY(Q), j=1,...,N.

Proof: Let k € {0,...,N—1}. Using f € L*(0,T; H'(2)) we have f € L1(0,T; H(Q2))
and it follows f*+1 € H' () since

k1 1 [te+1 tkt+1
| =l2 [ e <2 [, dr < oo
k

Etk

1,2 1.2
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Now let k = 0. By Theorem 4.4 and Proposition 4.8, there exists a uniquely determined
weak solution v! of (N?) satisfying
vl e H3(Q) nHY(Q).

+1

Then, successively for k =1, ..., N — 1, using Corollary 4.9, we obtain v**! as uniquely

determined weak solution of (N¥) with
" e H3(Q) nHY(Q).

The statement concerning the pressure gradients follows from the HELMHOLTZ decom-

position (1.14) by using the Projection Theorem (compare [7, pp. 31f.]). O
Corollary 5.2 Let the assumptions of Proposition 5.1 be satisfied and let v**! denote
the weak solution of the system (NF), k=0,...,N — 1. Then it holds
o2 st = o[ e o
K2 L S || et ||2
< [o*]+ =2l (5.3a)
v
R I L IR e |
ev
2 ) 202 2 9 2
S R R s T I
v v ev
k1) k1 k|| k1))
HVU + H + HVQ} R v H —i—euHPAv + H
2 ) 202 2 9 2
R e e T
v v ev

where ¢, is the POINCARE constant.

Proof: These estimates follow immediately from Corollary 4.6 and Proposition 4.7 for
vi= vy =oF and g := fFHL O

Using the steady solutions v+ (k = 0,..., N — 1) constructed above we define a
corresponding step function in [0, T:

Definition 5.3 Let the assumptions of Proposition 5.1 be satisfied and let v¥t1 denote

the solution of the system (Nf), k=0,...,N —1. Then we define a non-steady step
function v¢ : [—e,T] — R3 by
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We shall see that the step function v, € > 0, in a certain sense represents an ap-
proximate solution of the NAVIER-STOKES equations. In the following, we prove some
important properties of this function.

Proposition 5.4 Let the assumptions of Proposition 5.1 be satisfied. Then the function
v® from Definition 5.8 satisfies

v* € L™ (0,T; H3(Q) N H'(Q)).
The energy equality
o 1 [% 2 b 2
@l + 2 [ ) = o5 =) a2 [ 9@ dr
0

0 (5.4)

=HWW+2Akwv»fw»df

holds true for all grid points tp = ke (k=0,...,N).

Proof: The energy equality is trivial at time {9 = 0. Now consider the grid points
tg+q for K =0,...,N — 1. Then — by construction of v® (compare Proposition 5.1 and
Definition 5.3) — we know v°(tg41) = v**! is a weak solution of the boundary value
problem (NF), satisfying

VR — ey Akt e LRpR L = g fRHL Lk in H°(Q).
Scalar multiplication with v**! in L2(Q) implies

<vkz+1’vk+1> _ <,Uk’Uk+1> ey <Avk+1’vk+1> Le <Llac,uk+1’vk+1> —c <fk:+1’vk+1> .

~
=:a1 =:a2 =:a3 =:a4

For the left hand side of this equation — similar to the proof of the first equation (4.7a)
in Lemma 4.2 — we obtain

= g ([ = e =),
2
as (1.11) EV vak+1H ,
.1b
as (3:1 ) 0.

Using (5.2) and FuBINI, for ay we have

trt1
ay = 5<fk+1,vk+1>:// f(r) dr - de
aJi,

= /t:kH /Qf(T) coFt Az dr = /thr1 <f(T),U”“+1> dr.

173
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This leads to

g (o = ) 3 ot o o

= /ttk+1 <f(7'),vk+1> dr

k

for k=0,...,N — 1. Setting j = k and summing up for j =0, ..., k, we obtain
k
> (Il = 117 )+ZHW“ o) +2€VZHW“H
§=0
t]+1

22 /t ), 00Ty dr.

Hence, using Definition 5.3 regarding the step function v%, it holds

tkt1

1 [te+1
e A R G [ e A NG T

0

=HWW+2A””uwva»df

for all k =0,..., N — 1. This implies the asserted energy equality.

To prove the regularity v € L™ (O,T; H3(Q)N HI(Q)), let t € (0,7, be fixed. Then

we have v¢(t) = v**! for some k € {0,..., N — 1} as weak solution of (NF), satisfying
b e H3(Q L@ p ition 5.1). ing ¢ := i
v e H°(Q) N H (Q) (compare Proposition 5.1). Setting ¢ oginga]if{quv H3’2 we
obtain
esssup [[v°(t)[l30 = nax [v*(@)l52 < ¢,
te[0,7) t€(0,7]
which proves the assertion. ]

Proposition 5.5 Let the assumptions of Proposition 5.1 be satisfied. Then the function
v from Definition 5.3 satisfies the estimate

¢ 21tU€T—U€T— 2Tyt o5 ()2
@1 + 2 [ @) = =)l ar+ Anv<>

5.5
2 (55)
<l + 2 [ ol
0
for allt € [0,T]. Here tyy1 is the smallest grid point with t < tjy.
Proof: Before we prove the assertion, we consider HfjJrl H for some j € {0,...,N —1}.

We find
2

é /t _tj“ £(r) dr

J

; 2
L7
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1 tjr1 2
= 2/ / f(r)dr| dzx
€ Q tj
2
1 ti+1
< ST vrerer)
e Ja \Jy
3 3\
(1.4) 1 tit1 tit1
< S Ear) ([Tserar) )
€ Q t; t;
1 tjt1 9
= 2/5/ |f(T)|” dr dz
e Ja Ji
1 [ti+: 5
= [ [ 1o dear
€ t; Q
1 [ti+t
= [T e o (5.6
tj
For t = 0, the assertion is trivial. For ¢t € (0,7] we have v°(t) = v**! for some
k € {0,...,N — 1} as weak solution of (NF) satisfying (5.3a). Setting j = k and
summing up for j =0,...,k we obtain
(o 1P = 0 117) + 27 = 0| ev 3 [0+
j=0 j=0 =0
(5.3a) gc2 k . 9
< P j+1
< P
7=0
(5.6) C}% k tit1 9
< e [T an

which leads to

5t2_ 9 1 lk41 . e 2d lflc+1v6 2d
[N = llvoll™ ) + ; [0°(7) =v* (T —&)||” dT + v ; Vo () || dr

1
€

C2 lkt1
sp/ 172 dr
v Jo

Since t < tx41 and all integrands on the left hand side are non-negative, this implies

the inequality (5.5).

0

In Chapter 6, we will derive some limit function v of v as € — 0. In order to show that
v is a weak solution of (Np), we proceed as in SHINBROT [19, pp. 164-173] and firstly
prove that v satisfies equation (5.7) of Lemma 5.7. For this, we need to estimate the
difference between the time derivative and its difference quotient:
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Lemma 5.6 Let Q C R? be a bounded domain. Let0 < T < oo, ¢ € C([0, T); C55 (),
and let € > 0. Then for each t € [0,T') it holds

t —(t
HSb(t)—gp( +€2 il )H =o(l) ase—0.
Proof: Let ¢t € [0,T). Setting

(ep(t) —p(t +¢)) +¢(t)

re(e) ==
and applying the rule of de L’HOSPITAL we find

H(t) — o(t
lim 7(e) = lim —90( ) — ¢t te)
e—0 e—0 1

=0.

To precisely formulate the next lemma, for t € (tg,tg+1], K =0,...,N — 1, we set

~ tr41
ity = ot =1 /t f(r) dr

€
and define
Le(t)p(t, x) := LEp(t, )

= % {o(t) o Xp(e, ) — o(t) o Xk_l(e,x)} .

Here the mappings Xy, X,;l are constructed from the solution 7 — z(7) =: Xy (7, x0)
of the initial value problem (5.1):

Lemma 5.7 Let the assumptions of Proposition 5.1 be satisfied. Then the function v®
from Definition 5.8 satisfies

T T T
- / (WF (1), $(1)) dt+v / (VoF (1), Viplt)) dlt — / (0F (1), Le(D)p(t)) dt
0 0 0 (5.7)

T ~
= (.0 + [ (F0.6(0) dt+o)
for all ¢ € C4([0,T); C5% ().

Proof: For fixed t € (0,T] we have v®(t) = v**! for some k € {0,..., N — 1} as weak
solution of (N¥). Hence it holds

(V5(2), (1)) +ev (Voo (£), V(t)) + € (Le(8)0° (1), (1)) = € <f(t)7 @(t)> + (U7t =€), (1))
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for each ¢ € C§([0,T); C§%,(€2)). Integrating over ¢, we find

T T T
/ (0 (), (1)) dt + e / (Ve (), Vip(t)) dt + e / (Lo (E0F (), (8)) dt
0 0 0

0 . (5.8)
—c [ {Fanew) a+ [0 -2.00) ar
Since, for t € (tg, tys]
S, 01) = & (LE (1), 0(1))
= % (v°(t) o Xp(e,-) — v°(¢) oXk_l(s ), (b))
= 5 (1) 0 Xule, ), p(1)) — 5 (07 (0) 0 X e, ), o(1)
20 (0, 00) 0 X (e,)) — 5 (D) (1) 0 Xi(e, )
= 5 (P09 (0) 0 Xile ) — 0lt) 0 X (e, )
= —e (v (1), LEe(®))
= e (1), L)1) (59)

we obtain from (5.8)

T /() — ot <) T T
/0 < ,so<t>> dt + v /0 (VS(t), Viplt)) di — /0 (0" (1), L (£)o(8)) dt

3

Thus everything is proved if only

T € — 5 (t —¢ T
/0 <U(t) g ),so<t>> == /0 (08 (£), (1)) dt — (v, 9(0)) — o(1). (5.10)

9

To prove (5.10), in a first step we pass the difference quotient of v° on the test function
. We find

[ (FOE D) an
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_ /OT <v€<t>,¢“)‘w“>> dt+1/0T (¥ (1), ot +€) di

3

T—e

L[ e a
T o) — 0

- —/ <v€(t),w> dt—i/ W), ot +2)) dt,  (5.11)
0 —e

where in (%) we use ¢(t) =0 for ¢t > T, since ¢ has compact support in [0,T).

In a second step we add a zero to the term (5.11) and obtain

[ (D) w

e G R

0 9 3

Thus it remains to prove ai(e) = o(1) and az(¢) = o(1) as € — 0. Concerning a;(c) we

find
/OT (WS (1), (1)) dt—/OT <vf<t),“’(t+€)_“’(t)> dt‘

13
= [ (oo - S0(“)‘*”“)> a

9

t—i—s
R e

lax(e)] =
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3

@)ATW%MI&HMQ‘¢G+@_¢GW
T
% o(1) [l @t ase =0,

where in (xx) we use ¢ € C§([0,T); C3%(€2)) and choose ¢ € [0,T) such that

¢@+5»_¢QWL:HMX

€ te[0,T] €

Hﬂﬂ—

(- 29 =elt)]

Since

N

g € (55) 2 61123 r 2
| rEwn a2 [T ar) <o,

we have aj(g) = o(1) as € — 0. Using v*(t) = vg in [—¢, 0], for as(e) we obtain

0
las(e)] = @m¢m»—1/‘@%m¢a+@>&'

€ —€

= |2 st vt o

—€

_ i/_oa <UO,/OHE¢(T) dT> dt'
_ i/_o /OHE (v, $(7)) dr dt'

(1.5) 1 0 t+e )
< 5/ / ool l6(r)] dr dt
—eJO

1 0 t+e
< L jop]) max n¢<rnr/f J/ dr dt
€ T€([0,e] _<Jo

€
< —||lvg|| ma ’ ,
< 5 loll maxc (6()

which even implies ag(e) = O(e) as e — 0. Thus everything is proved. O
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6 A weak solution of the Navier-Stokes equations

Throughout this chapter, let Q C R? be a bounded domain with boundary 9Q € C3,
and let 0 < T < co. For 2 < N € N we consider an equidistant time grid in [0, 7] with
stepsize ¢ := % > 0 and grid points t; := ke, k =0,..., N.

Now let f € L?(0,T; HY(Q)), and let v° := vy € C}(Q) be divergence-free in Q with
vp = 00on 9Q. By v**1 k=0,..., N—1, we denote the weak solution of (N¥) (compare
Proposition 5.1). In this chapter, we consider the step function

Ue(t) _ { (o) ,t e [—6,0]

Pt e (try trgal], k=0,...,.N—1

from Definition 5.3 and investigate the limit as € — 0.

To do so, we first prove that for ¢ := ey = % — 0, i.e. N — oo, there exists an

accumulation point v of {v°N } that satisfies an energy inequality. In Section 6.2 we
shall prove that v is a weak solution of (Np).

6.1 Convergence properties of {v°V}y

Before we investigate the limit behaviour of the sequence {v°N}xy as N — oo, in the
next lemma we prove the weak equicontinuity of this sequence. This important property
is needed to prove the weak convergence of a subsequence of {v*N ()} in H°(Q) for
all t € [0,T.

Lemma 6.1 Let Q C R? be a bounded domain with boundary 0Q € C3, and let 0 <
T < . For fixed 2 < N € N we set ¢ := % >0 and tp := ke (k=0,....,N). In
addition, let f € L*(0,T; HY(Q)) and let v° := vy € C1(Q) be divergence-free in Q with
vg = 0 on ON.

Then, for each ¢ € Cgf’a(Q), the step function v¢ from Definition 5.3 satisfies

[ 1ol ar

for all s,t € [0,T], where ¢ does not depend on s, t, €, and where o(1) does not depend
on s, t.

(1) — 5 (s), )| < (\t st

) +o(l) ase—0 (6.1)

Proof: Let ¢ € C§5,(Q2) and let v+ denote the weak solution of (NF) for k =
0,...,N — 1. Using (4.9) for v := o**! vy :=oF g:= fFl .= %ff:“ f(r) dr and

ev <Vvk+1, Vg0> (1 —ev <vk+1, A<,0> ,

5<L1;v1c+1’90> (5.9) _€<Uk+17Ll€cSO>’
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we find
<vk+1 — ok, cp> =cv <vk+1, A<p> +e <vk+1, Lfg0> +e <fk+1, go> (6.2)

fork=0,...,N —1.

Now let s,t € (0,T]. Then there are numbers kg, k; € {0,..., N — 1} such that v°(s) =
vFstand v (t) = v+ For s =t = 0 as well as for ks = k; the left side of (6.1) is 0,
thus the assertion is trivial. Now let s,¢ € [0, 7] with ks < k¢ (where for the case s =0
we set ks := —1). Then we have

(50 =5 (s) ) = (vF—ohHp)

k¢

_ Z <vk+1_vk7¢>

k=ks+1
k¢
BN (M) e (k) we (1)),
k=ks+1

(05 (1) — v5(s), )| < E(V(kt — ko) | Ag| e oL

=:a

e ke
it+1 Lk H H k“H).
* ie{kﬁ??.(..,kt} o k%:—l-l ‘ e k%:ﬂ !

Vv Ve
=:a2 =:as

Due to ty, <t and s —e <, hence —t;, < —s+ ¢, we have

5(kt_ks):tkt_tks <t—s+¢, (63)
and to estimate max Hvi'H H independently of kg, k¢, £, we use
’ie{ks+1,...,kt}
max ) < e [
i€{ks+1,....kt} 1€{0,...,N—1}

1

(5.5) ) 2 (T ) 2

< @mu+p/nﬂM|w

vJo
=: M.

Hence, for ea; we find

(6.3)
eay < vM||Ap| (t—s+¢)
= vM|A¢| [t —s|+O() ase—0.
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To estimate cao, we first consider

1 _
Ligp(a) = 5 {wo Xul(e.2) = po X; (=.2)},

with mappings Xp, Xk_1 constructed from the solution ¢ — x(t) =: Xy(t,z0) of the

initial value problem (5.1):

i(t) = v* (x(1)),
z(0) = xo.

For ¢ o Xj(e,2) — ¢(x) we can use the fundamental theorem of calculus and obtain
poXy(e,z) —p(x) = poXi(e, ) — @ o Xi(0, )
3
— [ oelXura)) dr
0
3
— [ 0.Xu(r.0) VxplXi(r0)) dr
0
€
— [ FoXira) VxelXi(ra) dr
0
= / [0 - Vx] o Xi(r, x) dr. (6.4)
0

Analogously, we have
€
o)~ 9o X e,) = [ 10" Vgl o X (r0)
0

Thus, we can use the conservation of measure to estimate HnggoH and obtain

|

1
|| = o lleeXule) —po X7

= (e xie—0) + (s - o xi'e0)|

1 1 .
< oo lleo Xile ) =0l + 5 () — o X (e, )|
o 1/ 1| /[
= 2 /[Uk'VXSO]OXk(Tv) drii+ 52 /[vk'VX‘P]OXk_l(Ta') dr
€ 0 2e 0

1

k N
Tl o il )| ar)

INZE
N
B
VR
or\m

i » 2 3
0" - Vxp]o X, (T,)H dT)

1

2 (

1.7)
< ||t 1Vl < M [ V0lly . (6:5)

@1/5
= =

2
o VgDH d7>
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where (x) is proved similar to (5.6). This yields an estimate of HL <pH independent of
k and e, hence we obtain

cay < cM? ||Vl ek — ks)

(6.3) )
<M ([ Vipllg o (t— 5+ 2)

= cM? IVello oo [t —s[+0(e) ase—0.

For eas we use 2ab < a? 4+ b? for a,b € R, which implies

cay = ellyl ka“(] = lell Z 21| 1|

k=ks+

k¢
e 2
< Cllell Y- <1+Hf’”1H>

k=ks+1
€ € kt k1|2
= Sllell G = ko) + Sliel >0 |74
k=ks+1
(%)
< Cllellt—s+e)+ 3 lel Z/ @I dr,

k=ks+1

where in (%) we use (5.6) and (6.3). Hence, setting f(7) = 0 for 7 > T and using
§ < tg,+1 and tg,+1 <t + €, we obtain

1 t+e 9
cor < glell (1-ses [ IO ar)

1 t o+te
< Lol (ts+e+ [ arvesssuwp [7 52 dT)
s c€l0,T] Jo

= Slell (it=sl+ [ IO ar) +0) +o1) a0,

N

For ks > k; everything works analogously, thus the assertion is proved. O

The following theorem states an important result about the convergence behaviour of
{v"N}n as N — oo. Some parts of the proof are motivated by SHINBROT [19, pp.
169-173].

Theorem 6.2 Let Q C R3 be a bounded domain with boundary 0Q € C3, and let
0<T <oo. Forfited2 < N € Nwe sete :=ey =% >0 andty :=ke (k=0,...,N).
In addition, let f € L*(0,T; H*(R)), let vg € C1 () be divergence-free in Q with vy = 0
on 002, and let v° be the step function from Definition 5.3.

Then, there eists a subsequence {v"Nv } of {v°*N}n and a function v € L? (0,T; H(2))
with the following properties:
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k—o00
V(1) X (t) in HO(Q) for all t € [0,T], (6.6a)
I in L2(0,T; H°(Q)), (6.6Db)
k—o00 . 9 1
v — v in L7(0, T, H (). (6.6¢)

Proof: To prove (6.6a), let ¢t € [0,7] be fixed. By Propositions 5.4 and 5.5 we have
ve(t) € H3(Q) NHY(Q) for all t € (0,T] with

2

c T
[l ()1 < ||vo|!2+f/0 LF(r)II* dr

for all ¢ = ey > 0. Hence {v°¥ (¢)}y is bounded in H°(Q). This implies the existence
of a subsequence {v*Nk (¢)}x and of a function v(t) € H°(2) satisfying

k—o0

VN () — o(t) in #°(Q)

(compare Proposition 1.15). Of course, the subsequence { Ny} of { N}y depends on t,
i.e. we have Ny = Ni(t).

Next we construct a subsequence {Ny}r of {N}y independent of ¢, i.e. satisfying
k—

vV (1) ik v(t) in HO(Q) for all t € [0,7]. This construction is carried out in two

steps.

In a first step we consider ¢t € [0,7]NQ =: {t1,t2,...}, i.e. t is contained in a countable
set of rational numbers. In this case, the above procedure for ¢ = 7 yields a subsequence

k—o00
{Ng(t1)}r of {N}x satisfying v®Ne(1) (¢7) — v(t1) in HO(Q).
Since {vNk(1)(t5)}y is bounded in HY(Q), there exists a subsequence {Ng(t2)}x of

k—o0 k—o0

4>
{Ni(t1) }x satisfying v°Ve(2) (t1) — v(t1) in HO(Q) as well as v*Ve(2) (t9) — v(t2) in
HO(Q).
Repeating this procedure for all rational points t1,t2,ts,..., the usual diagonal argu-
ment leads to a subsequence { N }x of {N}y such that

k—o0

VN () — o(t) in H°(Q)
for all t € [0,7] N Q, where v(t) € H ().

For simplicity, throughout this proof we denote this subsequence { Ny} again by {N}x.

Now, in the second step, let ¢ € [0, 7] be non-rational and let € [0, 7] N Q. To prove
the weak continuity of v~ (¢) in H%(Q2), we use the decomposition
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~
=:a3

Here it suffices to consider ¢ € g5, (£2) since this set is dense in HO(Q).

Using Lemma 6.1, for a; we find

t
mﬁc@—ﬂ+MMﬂﬂ2

where the constant ¢ does not depend on t,¢, N, hence the term a; can be made as
small as desired by choosing N large enough and |t — ¢| small enough. Analogously we
can make ag as small as desired by choosing M large enough and |t — £| small enough.

T>+0(1) as N — oo,

The remaining term as is getting small for sufficiently large N and M since t € Q.

It follows that {(v®N (), ) }n is a CHAUCHY sequence also for ¢ € [0, T]\Q, hence we
obtain

N—oo

VN () — o(t)  in HOQ) for all ¢ € [0, T]

for some function v : [0, 7] — H(Q).

To prove (6.6¢) we use the subsequence {ex }n from above, providing weak convergence

N—o0
VEN () = v(t) in H(Q) for all t € [0,T]. By Proposition 5.5, setting ¢t = T in (5.5),

we have
T (55) 1 2 (T
/memww SOMW+p/HﬂMV&>, (6.7)
0 4 vV Jo

where the right hand side does not depend on ¢, hence the sequence {v°N } v is bounded
in L2(0,T;H'(Q)). Thus there exists a subsequence — here denoted by {v°N}y again —
satisfying
N—o00 . 9 1
v — v in L*(0,T; H'(Q)).
Of course, here v € L?(0,T;H!(£2)) is the same limit function as for the weak conver-
gence pointwise in H(€2).

To prove (6.6b), again we start with the subsequence {ex}y constructed above and
satisfying (6.6a) and (6.6¢). Using Proposition 1.18 and Proposition 5.5, for the limit
function v € L2(0,T;H(£2)) we obtain

3c)
Jv(t)|? +V/ |Vo(r dT < hmlnf||U€N()|| +1/hm1nf/ I[VoEN (7)||? dr



6 A WEAK SOLUTION OF THE NAVIER-STOKES EQUATIONS 58

t
— liminf (HUEN(t)yQJru/ Vo~ (7)]? dT)
N—oo 0

(5.5) 2 [t
< liminf (Hvo\\2+p/ 1£ ()1 dT)
N—o0 vV Jo

2 G [ 2
= Nl + 2 [l a, (63)
0
where, for all N € N, ;) denotes the smallest grid point with ¢ < ¢y, hence
N—o0
tj(N) — .

In addition, using the POINCARE inequality from Proposition 1.3 on (6.7), the weak
convergence of {v°N}y in L2(0,T; H(2)) immediately implies the weak convergence in
L2(0,T;H°(9)) for some subsequence, again denoted by {v°N} .

To prove the strong convergence in L2(0,T;H°(2)), we need to show

T
/ 0= (1) — v(@) | dt Y250,
0

Let {w;}; with w; € C§%(2) be the sequence of functions from Lemma 1.10. Since
vEN (1) — v(t) € HI(Q) for almost all ¢ € [0, T], the lemma states that for all § > 0 we
find an M = My € N with

lo= (8) = w()[I* < 811V (0 (2) — v (1)) +Z\ ()~ v(t),wy)l?

for almost all ¢ € [0,7].

Integrating over [0,7], we obtain

T
/ 0" (£) — o(®)]]? d
0

T Ms .
< /0 IV (1) — To(t)|? de+Y /0 W (1) — (), wy)|? dt.
j=1

=:b1

—=:bo

Using 2ab < a? + b%, we can estimate the term b; by

T T
b < 5/ V05N (t) dt+6/ IVo(t)] dt+6/ 2 |VoEN ()| || Vo(t)]| dt
0 0

< 2(5/ |VoEN (t) dt+25/ Vo) dt

* 2
< ‘f(u I+ [ )
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where in (%) we use (5.5) and (6.8). Here we can choose § as small as desired.

N—oo
Once 9 is fixed, also M = My € N is fixed, and, due to the weak convergence v°¥N — v

in L2(0,T;H°(2)), we can make by as small as desired by choosing N sufficiently large.
This leads to

v N2 in L2(0, T HO(Q),
and the proof is finished. O

Corollary 6.3 Let the assumptions of Theorem 6.2 be satisfied. Then the limit function
v of {v°N}n from Theorem 6.2 satisfies

2
o)1+ IV dr < ol + 2 / I ar (6.9)

for all t € [0,T].

Proof: The above estimate was shown in (6.8) in the proof of Theorem 6.2. g

In the following Proposition we transfer the energy equality of v® to v and obtain the
energy inequality for v.

Proposition 6.4 Let the assumptions of Theorem 6.2 be satisfied. Then the limit
function v of {v°N}n from Theorem 6.2 satisfies

veL®(0,T;HY(Q) NL* (0, T; H'(Q)) .
In addition, the energy inequality
¢ t
lo(#)|? +2V/0 IVo(m)? dr < Jluol? +2/0 (f(r),v(r)) dr (6.10)

holds true for all t € [0,T].
Proof: From Theorem 6.2 we have v € L?(0,T;H'(£2)) and by

1
(6.9) 02 T 2
ess sup (1) | < esssup(|vo||2+,j’ | s dT>
0

te[0,T) te[0,T]

2 T
- <||vou2+cj | s df> < o0

we find v € L°°(0, T; H°(Q)) N L2(0, T; H1(Q)).

[
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To prove the energy inequality, for N € N, t € [ } let t;(n) denote the smallest grid
point satisfying ¢ < ;). Then — using v*V () = v°N (t;(n)) and the energy equality of
vEN from Proposition 5.4 — we obtain

RO +20 [ 9e? o' S hmmf(uvffv I +20 [ 190l ar)
< it (o )|+ 20 [ el ar)
< ot (nvou v2 [ @) ar)
_ hmmf(
v2 [ ()0 ar 2 / ) ar)
= ol +2 [ )0t ar

—i—2liminf/0 (f(r),vN (1) —v(1)) dr

N—oo

=:a1

L)
+ QIiminf/t (f(1),v*N(7)) dr.

N—oo

=:a2
Thus the assertion is proved, if only a1 = as = 0.

Using the convergence vV N2y in L2(0,T;H°()) from Theorem 6.2, we obtain the
estimate

la1] = liminf
N—o0

/ (7)™ (7) — o)) dr
0

S hmmf/ [F@O o™ () — o)l dr

< lminf /0 LF O o™ (7) = w(7)|| dr

(1'4) . . T 2 % T EN _ 2 %
= 1}5%(/0 ) dT) (/0 [~ () — o(e)] df)

(685) .

Using Proposition 5.5, for as we find

ti(N (1.5)  [tiw
[ o (@) dr| < / NN o () dr
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(1.4) i) 9 > 3 < (1035) E ) > 3
d N d
= (/ 12 dr / [0 ()] dr

(5.5) Li(N) 2
< eyt ([ ar)
t

where c is independent of ¢ and e. Hence, by ;) N=go t, we have

a3 = lim inf /ttm (F(r), 0N (7)) dr = 0

N—oo

and the energy inequality is proved. [l

6.2 Existence of a weak solution of (N)

In this section, we prove that the function v from Theorem 6.2 is a weak solution of the
NAVIER-STOKES equations

ov—vAv+Vp+v-Vo=f in (0,7) x €,
V-v=0 in (0,7) x €, (No)
U\BQ =0 in [O,T),
’U|t:O =19 in Q.

Let us first define the notion of a weak solution in the sense of LERAY-HOPF (compare
Hopr [11, p. 220] and LERAY [13], [14])

Definition 6.5 Let Q C R3 be a bounded domain, let f € L*(0,T;L*(Q)) and let
vo € H(Q). A function

v e L®0,T;1°(Q) N L0, T; HY(Q)) (6.11a)

is called a weak solution of (Ny), if it satisfies

T T
[ (=) +v(90.90) ~ 0 Vo) ) dt = (w0} + [ (F0) at (6.110)
0 0

for all test functions ¢ € CA([0,T); C65(82)), and if the energy inequality

¢ t
\U(t)!2+2’// IVo(r)|* dr < HUO\\2+2/ (f(r),v(r)) dr (6.11c)
0 0
holds true for all t € [0,T].

Now our main result is stated as follows:
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Theorem 6.6 Every accumulation point v of the sequence {v:N}x constructed as in
Theorem 6.2 is a weak solution of the NAVIER-STOKES equations (Ny), i. e. it satisfies
(6.11a), (6.11b) and (6.11c).

Proof: Let the assumptions of Theorem 6.2 be satisfied and let {v°N}x denote any
subsequence satisfying

N—oo

VN (1) — o(t) in #°(Q) for all t € [0, T], (6.12a)

vy 280 in L2(0,T; HO(R)), (6.12b)
N—oo

VN — in L*(0,T; H'(Q)). (6.12¢)

By Proposition 6.4, we know that v satisfies
veL®(0,T;HY(Q) N L (0, T;H'(Q))
and the energy inequality
2 ! 2 2 !
[o@)]l +2V/O IVo(r)[|* dr < vl +2/0 (f(r),v(r)) dr

for all ¢ € [0,T]. Thus (6.11a) and (6.11c) are proved.
To prove (6.11b), we consider (5.7) from Lemma 5.7:

T T
- / (07 (), $(8)) dt — (o0, p(0)) + v / (Vo (), V(1)) dt
0 0

—.aN
=:a;

= /0T<f(t),cp(t)> dt+ o(1) as N — oo,

=iay

where for ¢ € (tx, tx+1] we have

tht1
)= forr= L / f(r) dr

EN tr

and
Ley (t)p(t, x) := LE o(t, z)

= % {o(t) o Xp(en,x) — o(t) o X; M (en, )},
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with mappings X, Xk_1 constructed from the solution 7 +— z(7) =: Xg(7,x0) of the
initial value problem (5.1):

Now let ¢ € C§([0,T); C§%,(€2)). To prove that v is a weak solution of (Np) we shall
show that v satisfies

T T T
- / (0(t), §(1) dt — (v, (0)) + v / (Vo(t), Vip(t)) di - / (u(t) - Volt), u(t)) dt
0 0 0

N~

=:b =:bg =:b3
T
- [ e a
—by
by proving
a¥ "2, =1, 4

Due to the weak convergence of {v°N}y in L2(0,T;H°(Q)) and in L2(0,T; H' () we
obtain

T

T
fim [ @ p0) a2 [, e) at
N—oo 0 0
T (6.12¢) T
i [ (90 (0, V() dt B [ w0, ve0) a
N—oo 0 0
i.e. alY N29° by and ay N22° by are proved.
To show aév Nz bs means to prove
T T
lim [ (Loy (D)™ (1) dt = / (0(t) - Vo (t), o(t)) dt.

This is the most crucial point, and therefore it will be shown separately in the next
Theorem 6.7.

The last statement

lim aiv =y
N—oo

can be proved as follows: Let M := M(N) := % be the number of positive grid points
in [0, 7] for the stepsize en. Then we find

/T (F, ) dt = Mz_:l/t’““ (1 0(0) di
0 k=0 7tk
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We can estimate ¢ by

&
[

A

-

NG
o

A
IN*

NNgk

IN

_ le /tk“ <EN /tk“f(f) dr, cp(t)> d

=0

M-1 oy tk+1
= / / (t)) dr dt
N =0 e
M-1 tk+1  fle+1
- [ et - o) ar di
k=0 'tk b

—.-N
=:ic]

M-1

1 lkt1 tk+1
Z / / 7)) dr dt.

_,2

=

[ e [P0
/t: / 1f (DI le(ow)|| dr di

te+1
/t / 1£(7)]) max ||p(o)] dr dt

NNgk

S

i

o€[0,7)

e
Il
o

tet1

ceNZ / 1F@I dr

cen / 1F@) dr

2 T ( / BTG oh)é

N—oo

— 0,

where for the estimate () we use a mean value theorem.

Concerning ¢y we find



6 A WEAK SOLUTION OF THE NAVIER-STOKES EQUATIONS 65

hence
T, . T
Jdim [ (F0.00) at= [ (r0).00) d,
— Jo 0
i.e. lim a} = by is proved. g
N—o0

We still need to show the statement al’ Nogo bs. This is the most challenging part.
It means that the weak limit procedure to the nonlinear term is possible if only the
sequence of approximate solutions is strongly convergent in L2(0,T; H°(£2)) and weakly
convergent in L2(0,T;H!(2)). To precisely formulate this statement, let us recall: For
t € (tg,tiy1), E =0,...,M — 1, where M : T denotes the number of positive grid
points, we have

Ley (t)p(t, x) == LkNSO(t x)

(6.13)
— 5o Lo e Xilensn) — o0 0 X om0}
Here the mappings Xy, kal are constructed from the solution 7 — z(7) =: Xy (7, x0)
of the initial value problem (5.1):

Some parts of the following proof correspond to the investigation of ASANALIEVA,
HEUTLING & VARNHORN [5, pp. 349-353].

Theorem 6.7 For every accumulation point v of a sequence {vN}n constructed as
in Theorem 6.2 it holds

T T
fim_ [ Ly (0000 (0) @t = [ (00)-Te0)00) @t (614)

N—oo 0

for all ¢ € C§([0,T); C5%(92)).

Proof: Let the assumptions of Theorem 6.2 be satisfied and let {v°N}x denote any
subsequence satisfying (6.12a)—(6.12c). To prove (6.14), we show

T

lim [ ((Ley ()p(8), 0 (8) = (0(t) - Vi(t), v(8)) ) dt =0,

N—oo 0

=IN(t)

For t € (tp,tps1], K = 0,...,N — 1, setting X := Xy(en), the Integrand I'V(t) is
decomposed as follows:
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v

% <;V(g0(t) o Xy — @(ﬂ) —v(t) - Ve(t) U(t)>
=l (t)

;<;V<gp(t) (H) o X;) —v(t) W(t),v(t>>
=:alY (t)

. . N— .
To estimate the integral over aJlV (t) we use the strong convergence v=N —° v in

L?(0,T;H°(9)), see (6.12b), and the boundedness of HL]gN (t)cp(t)H, which can be de-
rived from (6.5) with ¢ € C([0,T); C5%(2)), which implies

V(t < v < 6.15
[Vl < mase [Vo(r) o0 < (6.15)

for some constant ¢ independent of t. We obtain

/OTa{V(t) dt’ =

e / ILex (] 110 (£) — v(®)] dt

(14 1 1
/ Loy (e dt)* ( / o7 (1) ~ v )

T
[ 06060~ wto) dt\
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o[ 1o -l @)’

N—oo
—

0.

The integrals over al’ (t) and al’ (t) can be treated in exactly the same way. Therefore

we restrict our investigations to the integral over al’(¢), only.

We use the construction of the mappings X}, to replace the term () o Xp(en) — o(t)
(compare (6.4) in the proof of Lemma 6.1) and obtain

1) = {2 (o) 0 Xiew) = 9(0)) — ) Vi0,000))

EN

s <;v /OEN 0N (1) - Vxp(t)] 0 Xi(r) dr — oft) - W<t>’”“’>

= % 0 ) - Vp(t)] 0 Xa(r) — 0(t) - Vip(t), v(t)) dr
N Jo
2 2;N /O () V() vl 0 X ()

— (VN (1) - Vep(t), v(t) 0 X, (7)) + (0N (1) - Vep(t), u(t) 0 X, (7))

=0
— (u(t) - Vip(t), v(t) 0 X7 (7)) + (u(t) - Vea(t), v(t) 0 X7 (7))
=0

— (v(t) - V1), v(t)) ) dr

1 N

2en Jo
= (t)
251N :N (0 (8) = v(t) - Voo (), 0(t) 0 X' (7)) dr
=:bl (t)
= 0 T (00) Vplt),vlt) — oft) o X 1(7)) dr

To estimate bl (t) we use (6.15) on [Ve(t)llo oo and the energy inequality from Propo-
sition 6.4 on ||v(t)||, hence

1

N — -
ol = o

/0 T () — 0 () - Veplt),o(t) 0 X (1)) dr
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(1.7) c EN
<

oeo [ () ="M @I Ve(?)
EN Jo

(2.7) c [N

0.00 Hv(t) ) Xk_l(T)H dr

[0=¥ (t) = o™ @) [Ve(t)

%n Jo 0.00 V@D dT

= gHUEN(tk) — o@D 1Ve®)llo,00 0@

(6.9),(6.15)

IN

c1 o™ () — v N (@)
To estimate ||[v=N (tx) — v=N ()] we use
u—w|]?* = (u—w,u+w—2w)
=(u—w,u+w)—2{(u—w,w)
= [lull? = [lw])* =2 (u = w,w),
which implies the decomposition

[0 (t) — o= ()12 = o™ ()12 = [l (1))
—9 <@5N (tr) — v (£), 05N () —v(t) + v(t)>

= o™ () I” — ||o* (&)

el ()

— 20N (t) — v (), 07V (1) — w(8)) — 2 (0 (t) — v (1), 0(1))

=Y (¢)

Concerning ¢l (t) we can use Corollary 5.2, since vV (t) = v®N (t;41) for t € (tg, thr1].
Setting f(7) =0 for 7 > T we find

2 2
O = 1o )12 = 1o (k)|
2
"
- v
(5.6) 0127 et .
<2 e o
v t

2
P

c o+en 9
% ogs sup / 17 ()2 dr,
o

V 5elo,T)

IN
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hence
T C2 T o+eN
lim / N (t) dt’ < £ lim esssup/ £ dr dt
N—oo 0 V N—oo 0 O'G[O,T} o

CZT ) oteN 2
= —— lim esssup [f(m)|I* dr
vV N=% seo,1] Jo

= 0

To estimate ¢ (t) we use Proposition 5.5 and find

(1.5)
)] < 2 (o™ @)l + o™ @) [0 () = v(@)]

Due to the strong convergence (6.12b) of v~ in L2(0,T;H"(2)) we have

T T
lim / e (t) dt‘ < ¢ lim 10N (t) —o(t)] dt
(1.4) T ) 3
< g ([ 1@ - v @)
N—oo 0
(6.120)

To estimate ¢} (t) we approximate the function v € L2(0,T;H°(£2)) by a sequence {v"},,
of smooth functions

v (t,x) = Zcm(t)ai(x) ,neN.
i=1
Here ¢;, € C§°((0,7)) and {a;}; with a; € C§%(€2) denotes a complete orthonormal

system in H°(9).

Now we decompose
() =2 <sz (t) — VN (), v(t) — 0™ (t) + v”(t)>

=2V (1) = vV (tg), 0(t) — 0" (1)) + 2 (0" (1) — 0™ (t), 0" (1)) .

=l () =l (t)
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The term dY (t) can be estimated analogously to ¢ (t), hence we find

/OT &) at| 'L e (/OT o) =" @) d’f)% ’

and the integral on the right hand side can be made as small as desired by choosing
n € N large enough.

lim
N—oo

Since v"(t) € CF%(2) we can use Lemma 6.1 for dY (t). Setting f(7) = 0 for 7 > T we
find

a3 (6)] = 2 (o™ (1) — v (ty,), 0" (1)

(6.1) t
< c ((t —tr) + Hf(T)H2 d7'> +o0(l) as N — o0
tg

o+eN
< ¢ <5N+esssup/ £ ()] dT> +o(l) as N —
c€el0,T] Jo

= cey+o(l) as N — oo,

where o(1) does not depend on ¢, hence

lim
N—o0

/T & (1) dt’ < T lim (ey +o(1)) = 0.

0 N—oo

Collecting the above estimates we find

lim
N—o0

T T
/ b (1) dt' < dim [ e [N (8) — 0N ()] dt
0

N—o0 0

(1.4

1

) T 2

9 ﬁ( | e - dt)
N—o00 0

1
2

— Nh_rﬁoclﬁ (/OTC{V(t) + () + (1) dt)

= 0.

For b)Y (t) we use the conservation of measure to eliminate X, '(7), which implies

Ol = g [ (00 = o) Tole)ofe) 0 X (7))

(1.7) Is EN - .
S 5oy o O v ONIVe®) o0 [o(t) o X7t (r)|| dr
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@n c [N
a QEN

= gllvw(t)llo,oo [o(I] [v™ () = v(®)]]

[ (@) = o ()] IVe®) o o0 0@ d7

Now, as before, using the boundedness of [V (t)||, o, from (6.15) together with Propo-
sition 6.4, the convergence property (6.12b) implies

T
li N
Nl_rgo/o b, (t)dt‘
c T .
< Z N
< g dm [ (19Ol 001 1o (0 = wlo)] de

T

s i ([0 @R @) ([ 1o v a)’

(6.9),(6.15) T 1
. EN . 2 2
er lim /0 o= (&) = o(®)]” dt)

620,

IN

Finally, we estimate b} (¢). Similar to (6.4) in the proof of Lemma 6.1 we find

u(t) = v(t) o X7 (1) = v(t) 0 X (0) — v(t) 0 Xi(~7)
0

_ / [N (1) - V xo(t)] 0 Xp(0) do (6.16)

—T

for each 7 € [0,ex]. Thus, for b} (¢) we obtain

Ol = go] [ ) Tttt —ole) 0 X7
(6.16) 1 EN 0 VN
— 25]\//0 < T[ (tr) - Vxov(t)] o Xi (o) da> dT‘
1 EN 0 .

- E / / 0,107 (1) - Vxo(t)] 0 Xi(0)) do dr|

EN 0
D 1l 1960l 107 () 0 Xiodlo 1950060 Xio)| dor dr

EN 0

o / Ollog IV Ol 10 1)l V(O] do dr

= aen o(t) (Ol e 107 @)l V0(0)]

(6.15)

< caen [o@®)lgg 107N (Er)llo s (VOB
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Using the SOBOLEV Imbedding Theorem 1.2 for m =1, p = 2, we find
Wh2(Q) — LYQ) for 1 <q <6, (6.17)
and, together with the POINCARE inequality 1.3, this implies
6.
ullo, < cllullyy
1
1.1 3
= e () + vul?)?
< c(llull + 1Vul)
(1.2)
< ¢ |[|[Vul| (6.18)

for u = v(t) and for u = v°N({;) and we obtain

(6.18)
B ()] < cen VOV ()] [V (2)]1%
For k£ = 0 we have

IV () = [[Vwol® < e

since vg € CY(Q). For k=1,...,M — 1 with M := L we can use Proposition 5.5 and

EN
obtain

2 b 2
en IVos™ ()2 = / Vo~ ()2 dr

tk—1

IA

ty
/ Voo~ ()2 dr
0

‘o
IN &
&

)

hence for all grid points it holds

_1
[VosN ()] < erepy®.

Thus it follows
1
b5 (1) < ek IV (B,

and, integrating over ¢, we find

T T
. N . 3 2
A}gréo /0 b3 (t) dt’ < ]\}gréocsfv/o IVo(t)||” dt
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Thus we have

lim
N—o0

T
/ ad’ (t) dt‘ =0,
0

which proves the theorem. Il

Finally, we prove some important properties of the weak solution v.

Proposition 6.8 Let v be a weak solution of (Ny) constructed as in Theorem 6.2.
Then v satisfies

v: [0,T] = H°(Q) is weakly continuous,

(t) — wo| = 0.

lim |lv
0<t—0

Proof: Let the assumptions of Theorem 6.2 be satisfied, and let {v*N}y denote any
subsequence satisfying (6.12a)—(6.12c).

Let ¢ € C§%(€2). Since, for t € (tg, tg41], the function v~ (t) = v*+1 is a weak solution
of (NF,), we have

<vk+1780> - <,Uk7§0> = ENV <Uk+17A(p> — &N <L’;va+17 ()0> +EN <fk+17 ()0>

(3.1a)
= ENV <Uk+1, A‘P> +EN <vk+la LIECNQO> +en <fk+1a ()0> .

Setting j = k and summing up for j =0, ..., k, we obtain

2 (T e) = (v, 0)

J=0

Ed

k

k
= aNI/Z <vj+1, Ap) +en Z <vj+1, LgNg0> +en Z <fj+1, ©),

J=0 J=0 J=0

and this implies for ¢ € (tg, tg1+1] the identity

(0™ (1), ) = (vo, )

. /0 T (), Ag) drt /O N (1), Ly (7)) dr 4 /0 Y
- y/ot (v°¥ (), Ag) d7+/0t (VN (7), Loy (7)) dT—I—/Ot<f(T),<p> ar
<

tht1 th+1 tht1
—i—V/ (VN (1), Agp) dT+/ <U‘5N(7),L’;N<p> dT—I—/
t t t

=:alV () =l (t) =wafl (t)
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Here for 7 € (tj,tj41], j =0,...,k, we set L (7) := L., (compare (6.13) on page 65)
~ A ts

and f(r) .= f7H = - [0 f(t) dt.

Next we prove that the remainders a (¢) for i = 1,2,3 vanish as N — oo. Since

t € (tg,tr+1] we find, due to Proposition 5.5 and the boundedness of HL’;NQOH,

N—
—5°0.

For a} (t) we use the estimate (5.6) and find

O T [P
k

= enliel ||/

1
(5.6) 1 let1 2
< ey ( [ e dT)

EN tr
< e, ( [ s dr)
0
N=82,
n—oo

Using the weak convergence v°¥ (t) — w(t) in H°(Q) for all t € [0,T], we have

N—oo

(VN (E), ) — (v(t), )
for all p € Cgfﬁ,(Q), and, analogously to the proof of Theorem 6.6, we obtain
t (1.11) t
I// (VN(T), Ap) dT "= 1// (Vo N (1), V) dr
0 0

t
Nogo / (Vo(r), V) dr,
0
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[ (i) =5 [ ar

From (6.19) this implies
(6.20)

for all p € CF% ().

To prove the weak continuity in H%(Q2), we need so show that

lim  (v(t) —v(t), ) =0
[0,T])>t—t

holds true for each t € [0, T] and each ¢ € H°(Q).

For ¢ € C§%,(£2) the assertion is trivial, since the right hand side of (6.20) is continuous
with respect to t.

Now let » € H(2). Since C65(82) is dense in HO(2), for each h > 0 we find some
¢ € CF% () such that [[¢ — ¢|| < h. Now we consider the decomposition

(v(t) = v(D), @) = (v(t) —v(D), 0 — &) + (v(t) —v(?), ),

—iby (t) —ba (1)

where we can estimate b; by

()] = [{v(t) —v(D).0 = &)|

(1.5) ~ N
< (@) —o@)]| lle — 2l
<

(@1 + [lo@]]) e -2l

(6.9)

IN

ch.

Thus we can make bi(t) as small as desired by choosing h small enough. Once h
is chosen, ¢ € CF%(2) can be determined. Since we already know that (v(t), ) is
continuous, we can make by(t) as small as desired by reducing the distance between ¢
and t.

Finally we prove the strong continuity in ¢ = 0. From (6.20) we immediately obtain

(0(0), 9) = (v0, )

for ¢ € CF5,(£2), and with a usual density argument we obtain

v(0) = vp.
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Using (1.13d) from Proposition 1.18, it suffices to prove

lvoll* > lim sup [|o(2)]|?
0<t—0

to obtain the continuity in ¢ = 0. Thus assume |vo||* < limsup [|[u(t)[|*>. Then there
0<t—0
exists a sequence {tp}n — 0 satisfying
2 2
[voll™ + h < {lo(tn)]

for some h > 0 fixed and all n € N. Using
(6.9) 2 [t
o)l < ool + 2 [T @I ar
from Corollary 6.3, this implies

02 tn 9
ho< / I () dr
vV Jo

n—oo

— 0,

which contradicts the assumption, thus the assertion is proved. O
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