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In this study, the effect of distributed practice on the mathematical performance of 7th graders was investigated
(N = = 81). After a stochastics lesson, one group of students worked three sets of exercises massed on one day,
while the other group of students worked the same exercises distributed over three days. Bayesian analyses of the
performance two weeks after the last practice revealed no evidence for an effect of practice condition. However,
in a test after six weeks, strong evidence for a positive effect of distributed practice was revealed. Exploratory

analyses indicated that especially students in the medium performance range benefitted from distributed
practice. The results are discussed regarding the question under which circumstances distributed practice proves
a useful strategy for mathematical learning.

1. Introduction

One important aim of learning in school and other real-world
learning contexts is to acquire knowledge and skills that can be re-
trieved not only after a short delay but also in the long run. However,
many strategies usually applied by learners, such as repeatedly reading
the learning content, promote rather short-term retention [7]. Thus, the
knowledge might be retrieved in the next exam but then quickly starts
to decay. Several mechanisms have been proposed that aim at pro-
moting long-term retention in particular, by aggravating the learning
process for the learner. These mechanisms are labelled desirable diffi-
culties [6] and are related to a range of successful learning strategies,
such as, for instance, spacing or distributed practice — the strategy which
is central for the present study. Distributed practice means that the total
time for learning is distributed across at least two temporarily separated
learning sessions — instead of massed in only one learning session [12].
That is, the only difference between distributed and massed practice is
that with distributed practice, the total learning duration is not spent
learning in one session straight but with one or more lags in between
the sessions. However, the learning material and the total learning
duration (or the number of repetitions) is the same for both distributed
and massed practice. Several meta-analyses demonstrated a significant
advantage for distributed compared to massed practice, with medium to

large effect sizes [12, 21, 32]. Moreover, it could be shown that given a
fixed retention interval, the size of the effect of distributed practice
varies with the lag between the practice sessions. This phenomenon is
called lag effect and empirical results led to the conclusion that longer
retention intervals profit from longer temporal distances between the
distributed practice sessions, although this relationship is not con-
sidered to be linear [12, 13, 39].

Several theoretical accounts try to explain the positive effect of
distributed practice (for overviews see [38, 62]). One account assumes
deficient processing. Here, it is supposed that when a person learns an
item by successive repetitions (as in massed practice), the person (in-
tentionally or not) processes the item more poorly than when the re-
petitions are separated by time lags (as in distributed practice). Thus,
deficient processing takes place in massed practice, while distributed
practice enhances processing and thereby improves retention perfor-
mance [15, 17, 27]. Another potential explanation for the superior
performance after distributed practice compared to massed practice is
study phase retrieval. The central assumption here is that the retrieval of
a learned item or chunk of information supports long-term retention,
especially when the retrieval process itself is hard, yet successful. When
the lag between learning situations increases, as in distributed practice,
retrieval is harder than with massed practice, but it maximally
strengthens the memory trace if retrieval is successful. In massed
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practice, on the other hand, retrieval throughout the learning period
should be fairly easy, because little time passed since the last retrieval
attempt. Unfortunately, thereby the memory trace is hardly strength-
ened, resulting in poorer long-term performance [5, 38, 61]. Finally,
encoding variability theories are based on the assumption that a learned
item is stored together with retrieval cues. These retrieval cues can be
of various kinds and consist, for example, of the emotional state during
learning, physical information of the learning environment, or asso-
ciations between the item and prior knowledge. It is assumed that in
massed practice, where repetitions follow immediately one after an-
other, the item is encoded repeatedly in roughly the same way, re-
sulting in little growth of relevant retrieval cues. With distributed
practice, in contrast, more time passes between the repetitions and
chance is thus higher that the item is encoded in a different way, ac-
companied by different retrieval cues. The greater variability of re-
trieval cues after distributed practice should then boost performance
compared to massed practice [17, 24, 62]. By now, the different ap-
proaches proposed to explain the positive effect of distributed versus
massed practice are assumed to be not exclusive. Instead, several me-
chanisms might work simultaneously. Most attempts to formulate such
hybrid theories combine different variations of study phase retrieval
and encoding variability approaches [19, 64, 65, 69].

1.1. Distributed practice of mathematical procedures

The large majority of studies on desirable difficulties in general, and
on the distributed practice effect in particular, included adults as par-
ticipants who were tested in the laboratory, involving rather incoherent
learning contents that referred to rote memory of declarative knowl-
edge, such as word lists or pictures [11, 12, 20, 34]. Although the in-
terest in examining the effect of distributed practice in applied learning
settings is increasing (e.g., [35]), it is still a fairly open question of
whether distributed practice yields positive effects if curriculum-based
learning contents are involved, aiming at promoting the acquisition of
procedural knowledge, such as in mathematics. The present study ad-
dresses this question by examining whether distributed practice of
mathematical procedures in the classroom leads to better performance
than massed practice in secondary school students. Our main interest
lies in the effect of distributed practice with repetitions. Therefore, the
following short review concentrates mostly on studies that investigated
the effect of distributed practice with repetitions of previously learned
material. Another approach would be to distribute lessons or other
forms of input sessions. This could be labeled distributed learning and
constitutes a slightly different research area (e.g. [9]).

Concerning distributed practice in mathematics, there are two stu-
dies with college students who practiced permutation problems either
in a distributed fashion with a 7-days-delay or in a massed fashion on
one day. The distributed practice group clearly outperformed the
massed practice group after one week [51] as well as after four weeks
[50]. Yazdani and Zebrowski [68] used a combination of distributed
and interleaved practice for the geometry homework of high school
students over the course of six weeks and showed that working on ex-
ercises of previous and current topics (distributed + interleaved prac-
tice) improved performance compared to working on exercises only of
current topics (massed practice), up until six weeks after the learning
period. A similar approach was already pursued by Hirsch, Kapoor and
Laing [28] and Saxon [53] who used a combination of distributed and
interleaved practice over several months for mathematics assignments
in college [28] and courses of the 9th grade in school [53] and found
that this “mixed review homework strategy” led to better performance
of students in particular in the lower and medium performance ranges
(for a review on mixed review in mathematics see also [49]).

To our knowledge, there are only three studies investigating the
isolated effect of distributed practice in mathematics in the school
context. In a study by Schutte, Duhon, Solomon, Poncy, Moore and
Story [54], 3rd graders practiced basic addition problems daily in four
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1-min practice sessions (a) consecutively (i.e., massed), (b) distributed
with two back-to-back sessions in the morning and two back-to-back
sessions in the afternoon, and (c) all four sessions separated and dis-
tributed across one day. The three practice procedures were repeated
across 19 days in total. Practice was explicitly timed and the number of
correct digits per minute at the test, reflecting basic math fact fluency,
served as dependent variable. Third graders in both distributed practice
conditions gained more basic math fact fluency across the 19 days than
3rd graders in the massed practice condition. However, one might
argue that all three groups practiced in a distributed manner as they
practiced addition across multiple days.

Chen, Castro-Alonso, Paas and Sweller [14] compared the perfor-
mance of 4th and 5th graders who practiced fraction addition (Grade
4), calculation with negative numbers, and solving fractional equations
(both Grade 5) either massed on one day or distributed across three
days. The authors found that distributing practice over three days sig-
nificantly improved performance compared to massed practice in both
grades. However, these results have to be interpreted with caution
because the students of the massed practice condition were tested im-
mediately after finishing their practice exercises while the students of
the distributed practice condition were tested one day after they had
finished their practice exercises. Thus, the retention interval was not
held constant across both conditions, which might have caused an ad-
verse effect on the attention and motivation of the massed practicing
students.

Another direct comparison between the effects of massed and dis-
tributed practice of mathematical procedures in school was conducted
by Barzagar Nazari and Ebersbach [3]. They taught 3rd- and 7th gra-
ders a mathematical procedure previously unknown to the students
(i.e., semi-formal multiplication and probability calculation, respec-
tively) that was then practiced in the classroom either massed for
45min on one day or distributed across three consecutive days for
15min each. The performance in similar but not identical tasks was
assessed in two tests taking place one week and six weeks after the last
practice session. Bayesian analyses suggested very strong evidence for a
positive effect of distributed practice compared to massed practice one
week after the last practice session in Grade 3, but the effect diminished
in the second test, conducted six weeks after the last practice session. It
was assumed that, while the 3rd graders did not practice semi-formal
multiplication in class until the last test was conducted, they still most
likely practiced related skills within other topics that were covered
(e.g., they could have practiced mental multiplication, which is needed
for semi-formal multiplication), which could then have led to a de-
creasing performance difference between the two practice conditions in
the second test. In Grade 7, in contrast, there was strong evidence for a
positive effect of distributed practice compared to massed practice on
both the intermediate and long-term test performance. However, con-
trary to the hypothesis that the positive effect of distributed practice
would become more pronounced in the long run [38], it diminished (as
in Grade 3) or remained stable (as in Grade 7). One special feature of
the described study was that the students of both grades did not receive
feedback on their practice performance nor were they provided with
the correct solutions. Though it is encouraging that there was evidence
for a positive effect of distributed practice even without feedback or
correct solutions, the question remains of whether the effect also
emerges when feedback is provided during the practice sessions. Thus,
students in the current study received feedback on their practice per-
formance by being presented with the correct solution once they had
completed a practice task.

1.2. The influence of individual characteristics on the effectivity of desirable
difficulties

Another relevant — but so far rather neglected — aspect concerning
the applicability of desirable difficulties in real learning contexts is
whether the effects emerge for all learners in a similar manner or
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whether they depend on learners’ motivational and cognitive character-
istics (see also [22]). This question is particularly important if one
strives to give recommendations to teachers concerning the use of de-
sirable difficulties in school. Such aptitude-treatment-interactions [16,
56] have been established in many instructional areas and are sup-
ported by empirical findings (e.g., [26]). However, with regard to de-
sirable difficulties, such interactions were theoretically assumed, too
(e.g., [19, 431), but rarely tested. With regard to distributed practice,
indications of moderating variables are sparse. While the effect of dis-
tributed practice has also been demonstrated for a broad age range in-
cluding children (e.g., [55]), the role of individual differences with
regard to motivational or cognitive variables is less clear. A few studies
examined the effect of prior knowledge — some yielding a larger benefit
by distributed and interleaved practice for students with low prior
knowledge [28, 53], while others found no such interaction [47]. Stu-
dies on the effect of working memory capacity seem to indicate that
there is no interaction with the effect of distributed practice [18, 55].

Barzagar Nazari and Ebersbach [3] addressed the aspect of in-
dividual differences concerning the effect of distributed practice more
broadly by additionally assessing various cognitive variables (i.e., in-
itial practice performance, working memory capacity, sustained atten-
tion, metacognitive monitoring) and motivational variables (i.e.,
mathematical self-efficacy, effort motivation, performance-avoidance
goals, work avoidance) of 3rd and 7th graders in their sample. How-
ever, none of these variables yielded a moderating effect. Given the
sparse empirical basis concerning moderating variables on the effect of
distributed practice, we addressed this aspect in an exploratory manner
in the present study, too: One of the challenges of distributed practice
compared to massed practice is that learners have to repeatedly engage
in a topic that they may already have forgotten about, because the last
learning or practice session was several hours or days ago. In the cur-
rent study, academic self-efficacy, that is, the belief of a student in his
or her capability to master a task or topic in the frame of formal edu-
cation [71], could be challenged. For students lacking (mathematical)
self-efficacy, this may result in a complete surrender to the topic be-
cause they cannot keep up while repeatedly being confronted with their
own failings. A similar reasoning can be applied to individual effort
motivation, which can be defined as the willingness to invest internal
ressources to solve a task (c.f., [67]), with students displaying high
effort motivation being more likely to keep working even when they
face difficulties in distributed practice sessions. On the other hand,
students displaying low effort motivation might be tempted to stop to
engage with the topic in distributed practice, because they repeatedly
have to retrieve information that has been forgotten again, eventually
reducing the positive effect of this learning strategy. Concerning con-
centration ability, which in the current context is defined as the ability
to focus attention on a given task (c.f., [67]), however, it might be
especially those with poor concentration who benefit most from dis-
tributed practice, because it requires to concentrate for a shorter time
compared to massed practice. Hence, mathematical self-efficacy, effort
motivation and self-rated concentration difficulty were considered to be
potential moderators for the effect of distributed practice in this study.
Due to a programming error, however, only self-efficacy and con-
centration difficulty could be evaluated (see Design).

1.3. Research questions and hypotheses

With this study, we aimed at extending the empirical grounds re-
garding the usability of distributed practice for mathematical learning
and regarding the question of whether all learners benefit from this
learning strategy to a similar extend or not. Therefore, we examined the
effect of distributed mathematical practice with feedback among sec-
ondary school students and investigated three potential moderating
motivational variables. Students practicing mathematical procedures in
a distributed fashion were expected to outperform students practicing
the same procedures in a massed fashion in an intermediate test,
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conducted two weeks after the practice. In a long-term test, conducted
six weeks after practice, the positive effect of distributed practice was
expected to be even larger, because the effect of distributed practice is
known to be especially pronounced in the long run [38]. In addition, we
analyzed moderating effects of motivational variables of the learners
that theoretically have the potential to explain individual differences
regarding the effect of distributed practice in an exploratory manner.
Additionally, mainly based on the results of Hirsch et al. [28] and Saxon
[53], we decided to investigate the relationship between the initial
practice performance (which can be conceived as baseline performance
or content specific ability) and the effect of distributed practice. This
question was pursued in an exploratory analysis as well.

2. Method
2.1. Participants

The initial sample included 142 7th graders of four schools, located
in and around a middle sized German city in neighborhoods with a
medium socio-economic status.' All students attended higher level
courses aiming at the German higher education entrance qualification
“Abitur”. They participated voluntarily and could terminate their par-
ticipation at all times. Prior to the experimental manipulation, the
parents signed a consent form allowing their children to participate in
the study. Only data of students who attended at least one of two lec-
ture sessions and worked all three of the practice sheets as well as both
tests were analyzed. This criterion and an irregularity of the testing
time (see Practice and test sessions and Appendix B) led to the reduc-
tion of the initial sample so that the final sample included 81 7th gra-
ders (46 female, 35 male, M,z = 13 years 3 months, age range: 12-14
years).

2.2. Design

Practice condition served as independent variable and was ma-
nipulated between subjects: Within each class, one group of students
practiced massed on one day and the other group practiced distributed
on three different days. For the distributed practicing students, an ex-
panding interval schedule was applied (see Material and Procedure;
[40]). Before the students were assigned to one of the two practice
conditions, they were ranked by their mathematics grade of their last
school certificate, and then, within each grade group, they were ran-
domly assigned to one of the two conditions, ensuring that the overall
math performance was roughly equal in both conditions before ma-
nipulation. Their final performance in the practiced content (i.e.,
probability calculation) served as dependent variable and was tested
two and six weeks after the last practice set was finished. To examine if
individual learner characteristics moderated the effect of distributed
practice, we additionally included a questionnaire assessing three mo-
tivational traits. However, for the items on effort motivation acciden-
tally the wrong answer scale was programmed and because of this, the
items could not be evaluated. In Table 1, the variable scales of the two
remaining measures are displayed along with translated sample items
and information on their reliability based on our data (Cronbach's
alpha). Cronbach's alpha measures the internal consistency of a ques-
tionnaire scale and is used to assess how related the different questions
of the scale are. High Cronbach's alpha values (>0.7) are taken as an
indicator that the respective questionnaire items are closely related and
measure a common construct. Finally, after finishing an exercise the
students were asked how hard they considered the previous exercise.

! This study was carried out in accordance with the recommendation of the
ethics committee of the Faculty of Human Sciences of the University of Kassel
with written informed consent from all legal guardians of the subjects in ac-
cordance with the Declaration of Helsinki.
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Table 1
Instruments used to assess potential moderators.
Motivational traits Employed instrument Reliability
Mathematical self-efficacy 7 items of a German Academic Self-Efficacy Scale for School Children [33], adapted to mathematics (Sample item: “In math, I can solve a = 0.87
even the difficult problems if I try hard.”)
Concentration difficulty 6 items of the German Learning Strategies in College — LIST [8, 67] (Sample item: “When I'm learning, I'm easily distracted.”) a=0.91

This question can be used to examine whether students of the dis-
tributed practice condition in fact perceived the exercises as more dif-
ficult than students of the massed practice condition.

2.3. Material and procedure

To investigate the effect of distributed practice in an applied setting,
we chose a topic from the regular curriculum of Grade 7 (i.e., basic
probability calculation) that had not been introduced before, and pre-
pared the lessons and exercises in close collaboration with didactic
experts and teachers. The students learned how to calculate simple
probabilities and to draw one- and two-stage tree diagrams. Only
classes who had not already covered probability calculation in the
current school year participated in the study. The lesson scripts, all
practice and test sets as well as the corresponding scoring schemes are
provided in German language online (https://osf.io/d542q/?view_
only =7896f90d809140d08b777fba6d564454).

Prior testing and introductory lessons. In the first session (about
45 min), all students individually answered a questionnaire on tablets
concerning two motivational traits (see Table 1). The questionnaire was
programmed with the survey tool LimeSurvey [45]. Thereafter, stu-
dents’ prior knowledge on probability calculation was assessed via pen-
and-paper to ensure that the students had in fact no significant ex-
periences concerning this topic before the study started. The session
was directly followed by the first introductory lesson on probability
calculation (45min). A second, longer introductory lesson on prob-
ability calculation (90 min) was held one or two days after the first
introductory lesson, depending on the class schedule. Both introductory
lessons were held by student assistants experienced in teaching children
and adolescents, who were supervised by the authors. The introductory
lessons were designed as normal school lessons and included examples
and short experiments (e.g., coin tossing). They were very similar to the
lessons used for the abovementioned study by Barzagar Nazari and
Ebersbach [3].

Practice and test sessions. Five to six days after the second in-
troductory lesson, the practice period started. The exercises for the
practice sheets and for the final performance tests were based on the
topics covered in the introductory lessons and worked on the same
tablets that were used for the questionnaire. This had the advantage
that after each exercise the correct solution could be shown on screen
individually and independently from the pace of the other students.
One practice set consisted of three exercises each that involved the
calculation of simple probabilities and the labeling as well as inter-
pretation of a tree diagram. The exercises of one practice set could
easily be worked in less than 15 min. An example of a practice set can
be found in Appendix A. The total practice duration of 45min re-
sembles the optimal daily homework duration in secondary school (e.g.,
[23]). Students of the massed condition worked all three sets con-
secutively on the first day of practice. Students of the distributed con-
dition started practicing the same day, but worked only the first prac-
tice set, after two days the second practice set, and another five days
later the third practice set (i.e., expanding interval; s. Fig. 1) .” The
practice sets consisted of conceptually similar but not identical ex-
ercises, that is, students could not memorize the exact solutions but

2 In one school, eight students of the distributed practice condition had lags of
two and three days instead of two and five days, due to a national holiday.

only the solution process. The students were not allowed to use their
material from the introductory lessons while working the exercises, but
after finishing an exercise, they were shown the correct solution before
going on to the next exercise (i.e., feedback). Right before the correct
solution was shown, the students were asked how hard they considered
the exercise on the previous page.® It was not possible to click back to
previous pages.

Two and six weeks after the last practice set has been executed, the
students were tested with tasks similar to the ones of the practice sets.
Different from the practice sessions, no correct solution was provided
after test tasks. In addition, the students were not explicitly told in
advance that they would be tested to prevent them from preparing for
the tests. Instead, both tests were announced as further exercises.

There were several deviations concerning the timing of the second
test assessing long-term performance, originally scheduled six weeks
after the last practice set, which led to the exclusion of one course. More
information on the rationale behind this decision can be found in
Appendix B.

The students did not receive any individual feedback on their per-
formance in practice sets, but the same sample solution was provided
regardless of the answer given by the student. No feedback at all was
provided on the performance in test sessions. The student assistants
supervising the practice and test sessions were instructed to respond
only with strategic feedback to substantial questions concerning prob-
ability calculation (e.g., “Can you remember how we solved this kind of
problem during the lesson?” or “Maybe you remember that there was a
trick to solve this kind of problem?”). In addition, we asked the regular
math teachers not to elaborate the topic before the last test had been
realized. At the last test session, all teachers confirmed that they did not
work on probability calculation during the study period.

All practice exercises and test tasks were programmed using the
research tool “formr” [1] and worked in class on tablets in a self-paced
manner. Students who finished first were asked to wait quietly until the
rest of the class had finished too. On times when the students did not
have to work any exercises, they were provided brain-teasers as filler
tasks.

Coding. Correct solutions included only unequivocal numerical
values or single words. In total, three raters (i.e., two per class) rated
the answers in the practice and test sets using a predefined scoring
scheme. Afterwards, the ratings were compared and potential differ-
ences were resolved among the raters. In all cases, the differences were
due either to mistyped values or scores that were unintentionally not
rated by one of the raters.

3. Results

The data sets and R scripts for data preparation and analyses are
provided online [files will be added after acceptance of the manu-
script].

The prior knowledge test, conducted before the lessons, confirmed
that the participating sample had a rudimentary knowledge of prob-
ability calculation, at most, with only seven of 81 students gaining
scores of 50% or more. It should be noted that no student was removed

3 Question: “What would you say, how hard was the exercise you just
worked?” The answers were given on a five-point scale: 1 “Very easy”, 2 “Easy”,
3 “Medium”, 4 “Hard”, 5 “Very hard”.
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Practice day 1 2days > Practice day 2 5 days \ Practice day 3
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Practice set 2
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Practice set 3

Fig. 1. Illustration of the two practice schedules. Each practice set and filler task took no more than 15 min.

Table 2
Mean performance scores of the students in practice and test sets.
Practice sets Test sets
Practice condition 1 2 3 2 Weeks 6 Weeks
Massed (n = = 36) 5.53 (2.71) 7.19 (2.69) 6.89 (2.75) 6.22 (3.03) 5.90 (3.03)
Distributed (n = = 45) 5.58 (2.58) 7.22 (2.12) 6.99 (2.37) 6.56 (2.74) 6.87 (2.81)

Note. Mean scores, standard deviation in parentheses. Maximum score of each set: 9.5. The tasks per set were of the same type but not identical.

based on the performance in the pre-test. However, we used the per-
formance in the first practice set to control for performance differences
that were independent from the experimental manipulation (see model
specification). The performance of students in the massed and dis-
tributed condition in the practice and test sets are displayed in Table 2.

Bayesian regression models were used to test the hypotheses.
Among others, a reason to choose Bayesian statistics over the fre-
quentist approach was the relatively small sample size. While the
binary results (significant or not significant) of the frequentist approach
can make reliable conclusions complicated or even impossible when
small sample sizes are involved, Bayesian statistics allows to assign each
parameter a range of values together with the respective probability for
the effect, even with small sample sizes [37]. Each of the models in-
cluded the practice condition (distributed vs. massed practice) to test
the respective hypothesis and the score in the very first practice set as
control variable. The control variable was included to ensure that the
effect of distributed practice was not due to performance differences
that existed prior to the experimental manipulation. It was decided to
use the initial practice performance as control variable instead of the
prior knowledge score, because it is the closest approximation for
performance differences that existed after the introductory lessons were
given but before the practice manipulation was introduced. Because the
main question is how practice following an input session should be
scheduled optimally, this is the critical moment to control for perfor-
mance differences. The models were estimated in R (R [46]) using the
brms package4 [10] and checked for autocorrelation and proper chain
conversion. These checks indicated that the sampling process resulted
in samples that showed no autocorrelation and were evenly distributed
around the mean of the posterior values. Because there are only few
existing results on the effect of distributed practice on mathematical
performance in school, no priors were specified. That is, for the two
independent variables an improper flat distribution over the reals

4 Further R-packages we used for data preparation and analysis were (in al-
phabetical order): BayesFactor [44], gridExtra [2], partykit [31], psych [48],
rstan [57] and tidyverse [66].

served as prior distribution [10].

To test the first hypothesis that distributing mathematical practice
improves performance two weeks after the last exercises more than
massing the same amount of practice, a Bayesian linear regression
model with the performance in the first test as dependent variable was
computed. Practice condition and initial practice performance served as
independent variables. In contrast to the hypothesis, there was only
little evidence for a positive effect of distributed practice: The mean of
the posterior distribution for the effect of distributed practice was 0.31
(95% credible interval = —0.79 to 1.40). That is, the expected per-
formance difference between students of the distributed practice con-
dition and those of the massed practice condition is expected to be
between —0.79 and 1.40, with the most likely value being around 0.31
points (with regard to a test score ranging from O to 9.5 points). The
evidence ratio of 2.41 confirms that it is only about twice as likely that
distributed practice has a positive effect than that it has no effect or a
negative effect on the performance two weeks after the last practice set,
compared to massed practice. In other words, based on the presented
data it is only twice as likely that any of the values above 0 is true —
compared to any value below zero (mathematically, the probability
area for values above 0 are set in relation to the probability area for
values below zero, resulting in a ratio of approximately 2.4). Referring
to Lee and Wagenmakers [41], this is only “anecdotal evidence” for a
positive effect of distributed practice. The mean for the effect of the
performance in the first practice set was 0.58 (95% credible in-
terval = 0.37 to 0.78), that is, a higher score in the first practice set was
related to a higher score in the first test.

The second hypothesis was that the positive effect of distributed
practice would be more pronounced in the long run, that is, the dif-
ference between distributed and massed practicing students should be
larger in the second test, conducted six weeks after the last practice
session, compared to the first test. To test this hypothesis, the perfor-
mance change between the second and first test was calculated.
According to the hypothesis, the change score should be higher (or less
negative, in terms of a performance decrease) in the distributed practice
group than in the massed practice group. Indeed, the mean of the
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posterior distribution for the effect of distributed practice was 0.63
(95% credible interval = —0.33 to 1.57) and the evidence ratio in favor
of a positive effect of distributed practice on the change score was 10,
which can be considered as strong evidence for a positive effect of
distributed compared to massed practice in the long run [41]. The
performance in the first practice set, however, did not seem to influence
the performance change between first and second test: The posterior
distribution for the initial practice performance was —0.01 (95%
credible interval = —0.19 to 0.16).

Because the first hypothesis, assuming a positive effect of dis-
tributed practice in a first test after two weeks, could not be supported
by the data, the performance difference between distributed and
massed practicing students in the second test was additionally com-
pared directly. For the second test, the mean of the posterior distribu-
tion of distributed practice was 0.93 (95% credible interval = —0.21 to
2.07) and the evidence ratio in favor of a positive effect of distributed
practice compared to massed practice on the long-term test perfor-
mance was 18, which is considered strong evidence [41]. In practical
terms, this means that the performance advantage for the 7th graders of
the distributed practice condition compared to the 7th graders of the
massed practice condition is most likely about one point (with a max-
imum test score of 9.5 points). Similar to the first test performance, the
posterior distribution for the effect of the initial practice performance
was 0.56 (95% credible interval = 0.35 to 0.78) confirming that stu-
dents in both practice conditions who scored higher in the first practice
set on average also achieved a higher long-term test performance.

We additionally checked exploratory whether the performance
benefit of distributed over massed practice in the second test was due to
the fact that students in the distributed condition had - if they had
performed correctly already in the first test — an additional learning
opportunity. Therefore, an additional Bayesian regression analysis was
conducted with practice condition, performance in the first test, and the
interaction of both variables as predictors of students’ performance in
the second test. However, there was no evidence for an interaction of
learning condition and first test performance on the second test per-
formance (most likely effect of —0.04, 95% credible interval = —0.35
to 0.27). This result suggests that the advantage of the distributed
practicing students in the second test cannot be explained by the fact
that they had an additional learning opportunity in the first test that
markedly improved their performance.

Finally, Bayesian t-tests were used to investigate the relationship
between the practice condition and the perceived difficulty regarding
the different practice and test sets. However, these tests did not indicate
that the practice and test sets were perceived as more or less difficult by
the students of one of the two conditions.

3.1. Exploratory analyses

Conditional inference tree models, as proposed by Hothorn, Hornik
and Zeileis [29, 30] were used to analyze the potentially moderating
effects of mathematical self-efficacy and concentration difficulty on the
effect of distributed practice in an exploratory manner. These models
are based on recursive binary partitioning and can be used to explore
linear and non-linear relationships between a dependent variable and
multiple independent variables, which can be measured on different
scales. Furthermore, they automatically detect interactions between
independent variables and allow for an easy interpretation of complex
regression problems by means of the visualization of the fitted decision
trees [70].

Basically, the model first checks globally whether the null hypoth-
esis (i.e., that the dependent variable is independent from all tested
independent variables) can be rejected or not. If this null hypothesis
cannot be rejected, the independent variable with the strongest asso-
ciation to the dependent variable is selected. Based on this selected
independent variable, the observations are split into two groups with
the criterion of minimizing the p-value referring to the difference
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between the two groups. The result of this process are two different
subsamples — distinguished based on the selected independent variable
— that show maximally different distributions of the dependent variable.
Thereafter, it is tested again within each subsample whether the in-
dependent variable is unaffected by the remaining independent vari-
ables. If this is not the case (i.e., if the null hypothesis can be rejected
again), the independent variable that shows the strongest association to
the dependent variable in the currently considered subsample is se-
lected, and the subsample is split based on this variable in a way that
minimizes the p-value referring to the difference between these two
groups. This process is repeated for each resulting level of subsample
until the null hypothesis of independence cannot be rejected any
longer. Note that each split of the sample does not result in equal-sized
subsamples but in subsamples that maximally differ with regard to the
dependent variable.

The conditional inference tree models were calculated for each test
time separately. Each of the models estimated for the presented study
included the practice condition and the potential moderators (i.e.,
mathematical self-efficacy and self-rated concentration difficulty) as
independent variables, and the respective test performance as depen-
dent variable. In none of the two models a significant interaction of the
learner characteristics and the effect of distributed practice on the test
performances was revealed.

Two additional conditional inference tree models were calculated
(again, one for each test time) to investigate whether the effect of
distributed practice depends on the initial performance level, as results
by Hirsch et al. [28] and Saxon [53] suggested. In these models,
practice condition and performance in the first practice set served as
independent variables and the respective test performance as depen-
dent variable. These analyses revealed that in the second test, con-
ducted six weeks after the last practice session, distributed practicing
students performed better than massed practicing students in particular
if their performance in the first practice set was in a medium score
range (i.e., between 3 and 7 points out of 9.5 points, s. Fig. 2). In the
low and high score ranges, the test performance was rather independent
from the practice condition (i.e., low performers / massed: M = = 3.5,
SD = 3.2; low performers / distributed: M = = 2.9, SD = 2.0; high
performers / massed: M = = 8, SD = 1.8; high performers / distributed:
M = = 8.3, SD = 1.5). This result indicates that the effect of distributed
practice, which was supported by the Bayesian regression model above,
may be mainly due to the students in a medium performance range.
This interaction did not appear for the first test.

4. Discussion

Despite the strong empirical indicators that suggest a positive effect
of distributed practice on the long-term memory of verbal content (e.g.,
[12]), little is known about the effect of distributed practice on the
learning of mathematics. Though few studies found positive effects of
distributed practice using mathematical content (e.g., [3, 50, 51, 541),
the question if and how distributed practice affects performance in
more complex domains like procedural mathematical learning still
lacks sufficient empirical support.

In the current study, the effect of distributed practice with feedback
on mathematical learning was examined in 7th grade. Contrary to the
central hypotheses and the results by Barzagar Nazari and Ebersbach
[3], there was no evidence for a positive effect of distributed practice
compared to massed practice on the intermediate performance of the
students, tested after two weeks. However, regarding the long-term
performance tested six weeks after the last practice session, strong
evidence for a positive effect of distributed practice was revealed. The
latter finding is similar to the one reported by Barzagar Nazari and
Ebersbach [3]. Though it is theoretically assumed that the effect of
distributed practice emerges especially in the long term, it is not clear
why there was no empirical evidence for a positive effect two weeks
after the last practice set in the present study at all. Most of the previous
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Fig. 2. Interaction between students’ performance in the first practice phase and learning condition concerning their long-term test performance (i.e., six weeks after
the last practice session). The sample sizes within the three performance range groups were as follows: low performers: n = = 7 for massed practice, n = = 7 for
distributed practice; medium performers: n = = 16 for massed practice, n = = 26 for distributed practice; high performers: n = = 13 for massed practice, n = = 12

for distributed practice.

studies only investigated the effect of distributed with similar retention
intervals of up to one or two weeks and still found positive effects of
distributed practice. Perhaps, feedback in the present study boosted the
performance in both conditions so that the performance was still similar
after two weeks, overshadowing the effect of practice condition that
became apparent only in the long term. No feedback was provided in an
earlier study by Barzagar Nazari and Ebersbach [3], where an effect of
distributed practice became apparent also in an intermediate test
among 7th graders. Future studies should try to implement distributed
practice of complex material with feedback with a greater variance of
retention intervals to further investigate its effect.

Initial exploratory analyses did not indicate any moderating effects
of mathematical self-efficacy or concentration difficulty on the effec-
tivity of distributed practice. However, further exploratory analyses
suggested that the positive effect of distributed practice in the second
test may be largely ascribed to an effect for students in the medium
performance range (i.e., between 3 and 7 points out of 9.5 points in the
first practice set). Among these students, those who practiced dis-
tributed performed significantly better in the long-term performance
test after six weeks than those who practiced in a massed fashion. For
students in the very low or very high performance range, no such
pattern was revealed.

These results, though exploratory, are interesting in that they sug-
gest that regarding mathematical learning there might be subgroups of
learners whose performance is rather unaffected by the distributed or
massed practice strategy, possibly because they are either not able to
grasp the underlying concept at all (i.e., the low performance group) or
because they grasp it that quickly that the practice strategy does not
matter, too (i.e., the high-performance group). In each case, the per-
formance is relatively stable and independent from practice, and hence
independent from the practice strategy. It is only the students in the
medium performance range who might benefit from distributed prac-
tice. Interestingly, the aforementioned studies examining the effect of
mixed review of mathematical homework by Hirsch et al. [28] and
Saxon [53] point into a similar direction since the authors found that
low to medium performing students profited more from distributed
(and interleaved) practice than high performing students. More studies
on distributed practice of mathematical content should be conducted to
further investigate the relationship between students’ initial ability or

baseline performance and the effect of the practice strategy.

Regarding mathematical self-efficacy and concentration difficulty,
there are different reasons that may explain the missing interactions
with the effect of distributed practice. First, it could be that there is a
relationship between the discussed characteristics and the effect of
distributed practice, but the effects are too small to detect them with
the given sample size. Second, it is possible that in the investigated
context there are actually no effects of mathematical self-efficacy and
concentration difficulty on the effectivity of distributed practice be-
cause this strategy works independent from these two traits. This would
not mean, however, that the interaction cannot be expected under any
other circumstances. On the contrary, it is quite possible that when
practice relies more on self-regulated learning, motivational and cog-
nitive traits become increasingly important. For example, they could
additionally influence the actual use of certain strategies [4, 60]. An-
other potential factor could be the general difficulty of the tasks. For
example, it was assumed that especially for those who struggle with the
practice exercises, mathematical self-efficacy and concentration diffi-
culty could affect the effect of distributed practice. The descriptive
practice performance indicated that the exercises in this study were not
particularly hard. It is possible that with more demanding exercises,
these relationships could be revealed.

Another issue raised in the current study is whether distributed
practice is in fact a difficulty for learners, as assumed for instance by
Bjork [6]. Descriptively, there seemed to be no differences concerning
the practice performance of massed and distributed practicing students
in the present study (see Table 2). Additionally, exploratory analyses
did not indicate that the perceived difficulty of the practice and test sets
differed between the conditions. However, indicators that distributed
practice is regarded as effortful strategy by learners is reflected by the
fact that the majority of students does not think that it is an effective
study strategy [42] and therefore tends to resort to massed practice and
devote their time for learning on the two days prior to the test [25, 59].
Thus, students show hardly any insights into the actual benefit of dis-
tributed practice and feel more confident with massed practice [7, 36].
Studies like the present one may serve to undeceive learners and tea-
chers about the effectivity of distributed practice for learning in school.

One potential limitation of the current study concerns the manip-
ulation of the test delays within subjects. Retrieval attempts might
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evoke a testing effect that is usually expressed by enhanced learning
and longer retention periods ([22]; for a meta-analysis, [52]). Thus, the
first test after two weeks might have affected the memory performance
in the second test after six weeks. Such an effect would be uncritical if it
would apply to both learning conditions in the same manner. Only if the
learning condition and testing would interact, results might be blurred.
A testing effect cannot fully be ruled out due to the within-subjects
design.

Another limitation refers to the exploratory finding that distributed
practice worked in particular for students in a medium performance
range. In fact, with regard to mathematical knowledge, there is usually
a broad variance within the same age group or class. It could be as-
sumed that the intervals between practice sessions were not optimal
very low and very high performing students to uncover an effect of
distributed practice also in these performance groups. Studies involving
verbal learning material that also implemented distributed practice
with an expanding interval suggest that an expanding interval yields
better effects than a uniform or contracting interval when forgetting is
highly probable due to the task or material [58] or due to learners’ prior
skills [63]: An expanding interval allows learners to consolidate their
knowledge by initially shorter intervals that promote successful re-
trieval. Accordingly, it could be inferred that low performing learners in
our study would have profited from shorter (expanding) intervals when
practicing mathematical skills, while high performing learners would
have profited from longer (expanding) intervals. It would be worth-
while to investigate this interaction further with mathematical mate-
rial. One might also think of implementing distributed practice in an
adaptive way, accounting for the prior knowledge of students. In doing
so, one could discriminate students’ prior knowledge from their more
general mathematical performance level and determine for which
particular group of students distributed practice works best. Another
account could be to test the effect of distributed practice on novel
mathematical contents students have absolutely no prior knowledge
about.

Furthermore, there were some deviations from the scheduled pro-
cedure for a subsample of students who were tested late. However, it
should be noted that these deviations mostly concerned the second test,
originally scheduled six weeks after the last practice. The fact that 16 of
the distributed practicing students were tested one week later should
not have influenced the results markedly.

Additionally, as in the previous study by Barzagar Nazari and
Ebersbach [3], only one specific topic was covered in the current study
and generalizations concerning other topics based on this study should
be drawn with caution. The topic stochastics was picked for different
reasons. First, the topic is part of the curriculum for Grade 7, but reg-
ularly covered at the end of the school year or not at all. That is, with
this topic the chance was high to find enough courses who had not
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already covered the topic at the beginning of the study period. Second,
stochastics as a mathematical topic is relatively independent from other
domains such as analysis or geometry. That is, the courses were roughly
comparable in this specific topic as their performance was hardly in-
fluenced by the topics covered in the regular mathematics class before
the start of the study. Third, the goal was to expand the results of the
previous study on the same topic, so roughly the same material was
used. Nevertheless, research on distributed practice with mathematical
content would benefit from more studies using a broader range of
material.

5. Conclusions

The current study contributes to answer the questions of why and
under which circumstances distributed practice proves a useful learning
strategy in realistic learning contexts, even beyond learning of rather
simple verbal content. We argue that while the effect of distributed
practice emerges for roughly all learners if simple verbal content or
mathematical routines are practiced [11, 50, 51], the effect of dis-
tributed practice on learning of more complex content, like the acqui-
sition and application of more advanced mathematical procedures as in
the present study, might especially be effective for students in the
medium performance range (see also [28, 53]). These assumptions,
however, are based on exploratory analyses and need further empirical
confirmation. In sum, distributed practice remains a promising learning
strategy and more studies on a broad range of content and learners
could help to deepen our understanding of when and why it works.
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Appendix A. Exercise examples

Note: The complete material is
7896f90d809140d08b777fba6d564454).

One practice set consisted of three exercises similar to the following:

Exercise 1

provided in

German

language online (https://osf.io/d542q/?view_only =

Class 8a draws by lot which student has to start with the poem presentation. The teacher writes all the names of the 27 students on little notes.

Afterwards he draws one blindly. What are the chances for Lisa to go first?

Answer:
Exercise 2

Drawing one card out of a deck with 52 cards, how high is the probability to...

a) ...draw one of the four jacks? Answer:
b) ...draw one of the two red queens? Answer:


https://doi.org/10.1016/j.tine.2019.100122
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¢) ...draw one of the 13 cards of hearts? Answer:

Exercise 3
There are 80 apples in one basket. 12 of them are unripe, 8 contain a worm. Label the missing pieces of the tree diagram and determine the
probability of grabbing an apple with flaws (containing a worm or unripe).

Field 2
apple unripe
Field 1 Field 3
Field 4
apple without flaws
= Field 5

in sum [:] possibilities

Field 1:
Field 2:
Field 3:
Field 4:
Field 5:

Probability of grabbing an apple with flaws (unripe or containing a worm):
Appendix B. Exclusion procedure

There were several deviations from the scheduled procedure that led to the exclusion of one course. In one school the teacher forgot the last
session of the distributed practicing students and a new appointment had to be arranged. This led to a one week longer second test interval for 16
students. That is, instead of six weeks, they were tested seven weeks after the last practice session. In addition, in another school there was a
complete course with 27 students whose long-term performance was tested seven and nine days too early (i.e., massed and distributed condition,
respectively) due to the summer holidays.

The first deviation of being tested one week too late concerned only students of the distributed practice condition. Keeping these students in the
sample poses the risk to underestimate the expected effect of distributed practice as they might have forgotten more of the practiced contents than the
regularly tested students. However, for the sake of a larger sample and more balanced group sizes we decided to leave the respective group in the
analyzed sample. In contrast, additionally including the students tested too early would have caused a broad range in long-term test lags (between 33
days after the last practice set for the early tested distributed group and 49 days for the late tested distributed group). Because we wanted to reduce
the variance in test lags and were especially interested in long-term performance, we decided to remove the early tested students and to maintain the
group of distributed practicing students who were tested one week late.

By removing the early tested students, the lag between the last practice and the long-term performance test was between the scheduled six weeks
and seven weeks for the 16 distributed practice condition students being tested especially late. Additionally, five students of the massed practice
condition were tested two days too late due to other school activities. They were included, too.
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