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Abstract

We give a category-free order theoretic variant of a key result in Auinger and Szen-
drei (J Pure Appl Algebra 204(3):493-506, 2006) and illustrate how it might be used
to compute whether a finite X-generated group H admits a canonical dual prehomo-
morphism into the Margolis—Meakin expansion M(G) of a finite X-generated group
G. We show that for G the Klein four-group a suitable H must be of exponent 6 at
least and recapture a result of Szakics.
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1 Introduction

The following note considers canonical, i.e. generator preserving dual prehomo-
morphisms from an X-generated group H into the Margolis—Meakin expansion
M(G) of an X-generated group G. It was shown by Auinger and Szendrei [1] that
such mappings play an important role in constructing (finite) F-inverse covers for
(finite) inverse monoids. We give a necessary and sufficient order theoretic condi-
tion for M(G) to admit a canonical dual prehomomorphism from an X-generated
group H. It can be seen as a variant of the key statement Lemma 3.1 in [1] and
might be applicable on a computer. The idea is to represent the elements of both
M(G) and H as congruence classes of words in the free monoid with involution
(X UX~1*. This enables us to handle the elements of H in relation to M(G) by
systematically going through the words in (X U X~!)*. We use the slightly differ-
ent view of M(G), introduced in [2], to show how already known positive exam-
ples fit into the picture. Further, for G the Klein four-group, we prove that a suit-
able group H must be of exponent 6 at least and recapture a result of Szakécs
[6]. It should be noted that in our construction the groups H, we consider as pos-
sible candidates for admitting a canonical dual prehomorphism into M(G), may
be arbitrarily X-generated extensions by G. This is in contrast to [1], where H is
assumed to be an X-generated subgroup of a semidirect product of a relatively
free group by G.

2 Preliminaries and notations

For all undefined notions and notations, the reader is referred to [3, 5]. Let X
be a nonempty set and let G be an X-generated group with respect to an injec-
tion e, : X - G\ {1,}. Note that the mapping £ can be uniquely extended to a
homomorphism ¢ : (X UX~")* - G, where (X UX~!)* is the free monoid with
involution on X. For w € (X U X~!)* we denote wgp; by w. By the Cayley graph
I'(G) with respect to €;, we mean the directed graph whose vertex set V(I'(G))
is G and whose edge set E(I'(G)) is G X X, where for each g € G,x € X, (g,x)
denotes an edge with initial vertex g and terminal vertex gx. Put

M(G) ={(T, g) : I'is a finite connected subgraph of I'(G) with at least one edge
and 15, g€ VIO U {(@,1,)}.

There is a natural action of G on the semilattice of all subgraphs of I'(G) with

operation the set theoretic union, defined as follows: Put gff = @, and for each

nonempty subgraph I' of I'(G) and g € G, let gI" be the subgraph of I'(G) with

Vgl ={gh : he V(I))}and E(g') = {(gh,x) : (h,x) € E(I)}. The graphs we con-

sider do not have isolated vertices, whence they are solely determined by their edge

sets, and we conveniently may regard them as (possibly empty) subsets of X X G.
The following theorem was essentially proved in [4].
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536 B. Billhardt et al.

Theorem 2.1 [4] M(G) is an E-unitary inverse monoid with respect to the multipli-
cation (T, g)(I', h) = (U U g, gh) with identity element (§, 1) and maximal group
homomorphic image G. Further, M(G) is X-generated as inverse monoid via the
injection €y * x = ({(15,0)},%).

We often represent the elements of M(G) by their corresponding images (w) in
(X UX~1*/ker ®umc) Where @y, denotes the unique extension of €, to a homo-
morphism from (X UX~H* onto M(G). Then obviously (@) corresponds to (4, 1).

Letﬂ;éw—Hx"' n; € {—1,1}, be a word in (X U X~")*. To w we associate a word

w = h1x1h2x2 - h,x,h,. in the free product X* * G, where X* is the free monoid
on X, by replacing each x?" in w by g,x;g;, where

1 if =1,

8i = {f;l if 7, =—1.
Then (w) corresponds to (I'({(w)), w) € M(G), in symbols (W)E(F((w)n),W), where
ET(w))) = {(hy,x)), (X hy, X,), .., (X hyXs -+ by, x,)} and w = [[X;". Con-
i=1
versely, for each (I, g) € M(G) there is a unique {(w) with (w)=(T, g) for some
w € (X UX~1)*. For details we refer to [2]. We illustrate the situation by the follow-
ing example.

Example 2.1 Let X = {x,y} and let G ={ls,g,h gh} be the X-generated
Klein four-group with x :=g and y :=h. Then I'(G) = {(14,x), (15, ¥), (g, %),
(g ), (h, x) (h,y), (gh,x), (gh,y)}. Now, let e.g. w=xy 'x"! € XUX )" We get

w =xy yy hal = = xhyghxg, whence (w) corresponds to
({(lGax)’ (gh’ y); (h5 x)}? h) € M(G)'

On the other hand eg. ({(15,%),(g x),(h,y)},g8) € M(G) corresponds to

(x*y~'ya"), being equal to e.g. (x*y~'yx).
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C((zy~'z™")) L((z®y~lyz™ ")) =T((z%y 'yz))

3 Canonical dual prehomomorphisms into M(G)

In M(G) the natural partial order is given by (v) < (w) if and only if v=w and
['((w)) C T'({v)). The following order theoretic statements are straightforward.

Proposition 3.1 The least upper bound Vo, {w;) with respect to < exists in M(G) if
and only if all w; are equal to a given w, say, and

(1) w+# 1, and w is a vertex of the 1 containing connected part of N;e,T'({w;)),
denoted by cp(N;e,T({w;))), in which case Ve, (w;) = (cp(Nie,T({(w;))), W) or

(2) w = lg in which case Ve {w;) = (cp(Nie, LW, 1), if the latter exists, and
Vier{w;) = (B, 15) = 1y, otherwise.

Note that the greatest lower bound A, {(w;) exists in M(G) for each
finite set / if and only if all w; are equal to a given w, say, in which case
Aier(W;) 2 (Ui, T(w;)), w). Note further that v, ,{w;) exists if and only if the set
{{w,),i € I'} has an upper bound in M(G).
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538 B. Billhardt et al.

Let H be an X- generated group via an injection €5, : X — H \ {1;}. Like with
M(G) we may represent the elements of H by their corresponding images [w]
in (X UX~1)*/ker @, where @, denotes the unique extension of £ to a homo-
morphism from (X UX~!)* onto H. A mapping v : H — M(G) is called a dual
prehomomorphism if (WI[why > (vDw(Iwhy and ([v]"Hy = ([vly)~! for all
[v],[w] € H, see [5]. According to [1], we call y canonical if ([x])y = (x) for
all x € X. Note that a canonical dual prehomomorphism y : H — M(G) always
induces a generator respecting homomorphism from H onto G, given by [w] —» w,
which follows from the fact that in M(G) we have that (I'({v)),v) < (T'({w)), w)
implies v = w and y respects generators. Thus H necessarily must be an extension
by G. Further (1,)y = 1, since

Iy = e Dy = (XD Dy = XDy ((xDy) ™" = (o)

which corresponds to (I'({x)), 1) = ({(15,%)}, 1) and on the other hand
Uy = (" xhy > (x‘l)(x) is corresponding to ({&™',x)},1,). Consequently
T((L)w) € {(Lg. 0} N {GE "0} = @ implying (1) = Ly

In what follows we give a necessary and sufficient condition for M(G) to admit
a canonical dual prehomomorphism y : H — M(G). Our condition is of an order
theoretic form.

Theorem 3.2 Let G and H be groups as defined above. Then H admits a canoni-
cal dual prehomomorphism v : H — M(G) if and only if the following sequence of
least upper bounds exists for each [w] € H :

Po(Iw]) := Ve (V)
P, (WD 1= Vi w1zt Pact (W DP,_ (Iw, D), n € N.

Proof Necessity: Let w : H — M(G) be a canonical dual prehomomorphism. Let
[w] € H, for some w € (XUX"")* Since y is canonical we obtain ([w]y > (v)
for all veXuXx"* with [v]=[w]. Consequently Py([w]) = Vpp(V)
exists and ([wDy > Py([w]). Let now [ul,[vl€H with [ullv]=[w].
Then (why = ([llvDy = ([uDy (IvDy = Po([uD)Py([vD). Consequently
Pi(IwD) = V= (Po(luDPy([v]) exists and ([w]y > P([w]). Continuing this
process we see that all P, ([w]),n € N exist.

Sufficiency: Let the condition in the assumption of Theorem 3.2 be satisfied. Note
that {Pn([w])}neNO is increasing and will be constant after a finite number of steps, for
each[w] € H, since all occurring graphs are finite. Let P([w]) := ,}H?o P,([wD),[w] € H.
We show that the mapping v : [w] — P([w]) defines a canonical dual prehomomor-
phism. Let[u], [v] € H.Itfollows P, ([uv]) > Py([ul)Py([v]), Po([uv]) > P,([uD)P;([v]),

o P,([wv]) > P,_;([ul)P,_;([v]), --- which after a finite number of steps gives
P([uv]) > P([u])P([v]). Further P([w]~") = (P(Iw]))~", since (u) Vv (v) exists if and
only if (u)~! v (v)~!exists in which case (u)~' Vv (v)~! = ((u) Vv (v))~\. This fact holds
in any inverse semigroup S and easily follows from s < ¢ < s~! < ¢! 5,1 € S. Finally
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y is canonical since from I'(P([x])) C I'({x)) we infer I'(P([x])) = I'({x)), whence
P([x]) = (x). O

Note that the above defined mapping P is the least possible canonical dual preho-
momorphism with respect to the pointwise order of mappings, since in the necessity
proof of Theorem 3.2 we have ([w])y > P([w]), [w] € H.

Corollary 3.3 In case Py([w]) = (N u). w) € M(G), for all [w] € H, it fol-
lows Py([w]) = P,(Iw), for all n € N, whence ([wl)y = Py([w]) defines a canonical
dual prehomomorphismy . H — M(G).

Proof Under the assumptions we obtain for arbitrary [w,],[w,] € H with
[willw,] = [w]
Po(twi DPo(Iwa1) = (O, =gy Ty ) U WY O gy TC2)), W)
< (n[u]=[w]r(<”>)9"_")
= Py([w)),
since Ny, j=pw, 1€ ) U W1 N, TC2)) 2 Nyl ((u)). Thus we have
P1([W]) = V[Wl][W2]=[W](Po([w1])Po([wz])) < Po([W]) < P1([W]),
whence P, ([w]) = Py([w]) follows. We conclude by induction
Py([w]) = Pi(Iw]) = Py([w]) = -+ = P([w)),
proving the assertion. O
Example 3.1 Let G be any X-generated group and let H be the free group on X. Then

for any [w] € H we have Py([w]) = (C({r(w))), w) € M(G) where r(w) is the reduced
word associated to [w].

Example 3.2 Let G be the {x}-generated cyclic group of order n and let H be the {x}
-generated cyclic group of order 2. Inspecting I'(G) which is an n-cycle, we directly
see

Npop=p T =T, 1<k <n
and
O D)) =T, n <1< 2n.

In particular we have Ny, T ({w)) = @, since [f] = [x?"] corresponds to 1,,. Hence
v : H—-M(G) may be defined by ([xDy = (x*),1 <k <n, ((XDy = (=),
n<1<2nand (X = (@) = @, 1) = 1y cf. ([2], Theorem 19).

To check whether a given extension H by a group G satisfies the condition of
Theorem 3.2 it is crucial to determine Ny, ;(I'({v))) for any [w] € H. In what fol-
lows we describe a way of doing that for finite H and G which might be implemented
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on a computer. We start to determine a finite subset 7 of (X U X~!)* satisfying the
following property: For each w € (X U X~!)* there is v € T such that [w] = [v] and
I'((v)) CT'((w)). To compute such a set T we describe a simple algorithm which
directly implements the defining property of 7.

(0) Put the identity element of (X U X~!)*into T.

(1) For T, constructed so far, construct a superset 7/ of T in the following way:
Put all elements of T into 7. List the elements of T x X x {—1, 1} and check
for each (w,x,e)in T X X X {—1, 1} if there is u € T such that [u] = [wx®] and
I'((u)) C T'({wx®)). If the answer for a given (w, x, €) is yes, go to the next triple
in the list. If the answer is no, put wx® into 7" and go to the next triple in the list.

(2) If Tis a proper subset of 77, as constructed in (1), take 77 as new T and start (1)
again. If T = T’ the algorithm stops.

Note that since H and M(G) are finite, the computation stops after a finite number
of steps. To see that in the end T has the required property, we note that if a word w’
is dropped in (1) of the above algorithm because [w'] = [u] with ['({u)) C T((w'})
for some u € T, then for each word w'v,v € (X U X~1)* we have [w'v] = [uv] with
T'((uv)) CT'(w'v)), where uv is in T or has been dropped earlier in (1), i.e. there
is some u’ € T such that [uv] = [«'] and T'({«')) C T'({uv)), whence [w'v] = ['] and
T'((u')) C T((w'v)). Consequently the final set T satisfies the property that for each
word w in (X U X~1)* there is a word u in T such that [w] = [u] and T'({u)) C T({w)).
Now for a given [w] € H we get

Np1=iw L) = Npgepn @),

wherev e (X UX 1*,u € T, and in case w # 1; we have to check whether the right
hand intersection contains a connected subgraph with vertices 1, and w, to see-
whether P,([w]) exists. Note that in case w = 1, Py([w]) always exists. If for some
[wl € H, Py([w]) does not exist, the algorithm stops. If all Py([w]), [w] € H exist, we
check whether for each [w] € H P ([w]) = V [y w, =] (Po([wDPy([w,])) exists, by
going through all |Hl factorisations of [w]. If P,([w]) does not exist for some [w] € H,
the algorithm stops. In the other case we continue, checking whether P,([w]) exists,
and so on. After a finite number of computations we end up with n, € N such that
either Pno( [w]) does not exist for some [w] € H, in which case H does not satisfy the
conditions of Theorem 3.2 , or Pno([w]) = Pno +1([w]) for all [w] € H. The latter must
be the case since for each [w] € H the sequence {Pn([w])}neNo is decreasing whence
eventually constant, since all occurring graphs are finite. Further H is finite. We then
have Pno([w]) = P,([w]) for all k > ny, [w] € H. Thus H satisfies the conditions of
Theorem 3.2.

Even for a small finite noncyclic X-generated group G, an X-generated group H

admitting a canonical dual prehomomorphism y : H — M(G) might be large. The
following theorem points into this direction.
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Theorem 3.4 Let G = {1, g, h, gh} be the {x,y}-generated Klein four-group with
respect to x = g,y = h. Then any X-generated group H which admits a canonical
dual prehomomorphism y . H — M(G) must be of exponent 6 at least.

Proof We show that the {x, y}-generated Burnside group of exponent 4, B(2; 4), does

not admit a suitable y : B(2;4) - M(G). Assume that y exists. Note first that in

B(2; 4) we have [xyx*yx~'] = [x 'y~ x>y~ 1x], since

Loyx?yx ™! = [oyn?yx’]
= [Coyx?yx?)a]
=[x~y Py yata]
= [y o))
=y Ty
=[xy Wy x] = [ul.

We get (xyx?yx~!) < (oxyx™ Dy = ([ 'y~ %y~ IxDy > (7 ly~!x%y~1x), whence
T([uly) € T((oyx?yx™ ) nTx !y~ Iy~ 1x)).

P((z~ly 2y~ ta))

Since the intersection of both graphs does not contain a connected subgraph
having at least one edge and vertex 1;, we conclude that ['([u]y) = @, whence
([uDy = 1yyG)- We infer

([x2y—1x])w — ([yxx_ly_lx2y_1.X])l[/
> (D ('Y ™oPy ™Dy = (xy > (),
ﬁ,—/
L)

and on the other hand ([x*y~'x])y > (x?y~'x) which means

([P~ 'xDw) € T((x)) NTEx?y " x))

with contradiction, since the intersection on the right hand side does not contain a
connected subgraph with vertices 1 and x2y~!x = gh.
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h h

/ ‘ :
1 gh lg Y gh
X
\\

g
I'({yz)) P({z*y~'x))

O

It is an open question whether the finite group B(2; 6) admits a canonical dual
prehomomorphism into M(G) with G the Klein four-group, or a contradiction can
be achieved following the pattern in the proof of Theorem 3.4. It is also an open
question whether the group GY, as defined in [1], with U the variety of all groups
of exponent n = 3, respectively n = 4, admits a suitable mapping y : GY — M(G)
in this case. In our setting GY may be represented by FG({x,y}),=, where = is the
congruence on the free group FG({x,y}) generated by the relators w?® = 1, respec-
tively w* = 1, where w = 15, w € FG({x,y}). Since, by construction in [1], GY
is a subgroup of a semidirect product of the finite groups B(8; 3), respectively
B(8; 4) by G, it is finite. Obviously B(2; 4) is a homomorphic image of GY in
case n = 4. However B(2; 4) itself is not of the form G" for some group variety V,
since the only possible choice of such V would be the variety of elementary Abe-
lian 2-groups. Only if V has exponent 2, the group G has exponent 2 - 2 = 4. But
in this case G" is a subgroup of a semidirect product of the free elementary Abe-
lian 2-group of rank 8 by G whence |GY| < 28 - 22 = 210 < 212 = | B(2;4)|. Note
in particular that G has exponent 6 in case n = 3, and exponent 8 in case n = 4.
Anyway it follows from [1], Proposition 4.4., referring to a remark of V. Guba,
that v : GY — M(G) exists if U is the variety of all groups of sufficiently large
odd exponent 7.

We continue our considerations with a theorem which also follows from a
result of Szakacs [6]. For sake of completeness we give an elementary direct
proof.

Theorem 3.5 Let G be an X-generated noncyclic group, and let H be a genera-
tor respecting X-generated extension by G such that the homomorphism H — G,
defined by [w] — w has a nontrivial Abelian kernel K. Then there is no canonical
dual prehomomorphismy . H - M(G).

Proof We show first that under the assumptions I'(G) contains a subgraph consisting
of two disjoint cycles connected by a path, of the form
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Uy 21

U2 22

where u,,u,,v,z,,z, are nonempty words in (XUX —lys, labeling the respective
paths.

Assume first that there is y € X such that y has finite order m > 2. Since G is
noncyclic there is x € X such that x # ", for all n € N. Consequently, by use of the
words u; = z; = y,u, = y'™",v = x,7, = y""~!, we may define a graph which consists
of two cycles with vertex sets A = {1.7,...,y" '} and B = (3%, %y, ....yxy"" '}
connected by the edge (y,x). Since A is a subgroup of G and B = yxA, with yx ¢ A
by assumption, we obtain A N B = @.

Assume now that there is x € X, such that x has infinite order. Since K
is nontrivial there is a nonempty reduced word w=y, ...y,, m>2, with
y, €EXUX!, 1<i<m, such that w=1g; and ['((w)) forms a cycle. Let
Uy =y, =24 =0y V)" 2=y, ¥, and Vv =x", where n is such that
y x'a# b for all a, b in the set A= {15,Y7,..-»¥; = Yr_1}- Such n exists, since
the equality y_l)_cka = b can only hold for at most one k € N by the assumption that x
has infinite order, and the set A, whence A X A, is finite. We may use u, u,,V', 7,2,
to define a graph which consists of the two disjoint cycles with vertex sets
A={1g¥ Y = Ymy} and B= {3, X",y X"V, ...,y X'V = Yn_1 }» connected
by the path with initial vertex y, labeled by v = x". Let p,q € {1, ...,n} such that
p is the least element with y_lip & A for all k, p < k < n, and such that g is the least
element with y; X? € B. Then the path with initial vertex 3, ¥ and label v = x4~7+!
connects the cycles with vertex sets A and B precisely as shown in the graph above.
We conclude

11 1, -1
(upvz v~ uy ) V(v v iy ) = Ly

On the other hand we obtain

[ulvzlzzv_lul_l] = [ulvzlzzv_lul luzugl]
= [ulul‘luzvzlzzv‘lugl], since [ul‘luz], vzizv ' 1€ K
= [uzvzlzzv_lugl].
Hence for any canonical dual prehomomorphism y : H — M(G) we get
-1, -1 -1, -1
([ulvzlzzv u; ])l[/= ([uzvzlzzv u; ])1//
-1, -1 -1, -1
> (uvzy v Uy ) Vv v iy ) = L)

whence ([u;vz; v w7 1w = 1y,
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544 B.Billhardt et al.

By the rule ([wyw,])y = Ly = (ww = (w' Dy = (w; ' Dy > (v, Dy,
since y respects inverses, we obtain with [w,] = [u;vz;] and [w,] = [zzv‘lul‘l] that
(luyvzy "Dy > ([uyvz Dy > (uyvzy), which together with ([uyvzy' Dy > (uyvz;')
leads to a contradiction. Note in particular that (u;vz;) V (u;vz; Y does not exist. [

Note that in case K is trivial in Theorem 3.5, i.e. K = {IH}, we have that H is
isomorphic to G via the homomorphism induced by the mapping [x] — X.

It is shown in [2], see also Example 3.2, that for any {x}-generated cyclic group
G of order n there is a canonical dual prehomomorphism y from the {x}-gener-
ated cyclic group H of order 2n into M(G). Clearly the homomorphism [w] - w
has Abelian kernel. If we regard, however, G as an e.g. {x,y}-generated group
where y = X, say, n > 3, then the assertion of Theorem 3.5 remains true, although
G is cyclic, as the following example shows for n = 3.

Example 3.3 Let G = {1, g,g*} be the three element cyclic group generated by
X = {x,y} with respect to X = g,y = g2. The Cayley graph I'(G) looks as follows:

I

la

(@)

Assume y exists for some {x, y}-generated generator preserving group extension
H by G, where [w] — w has Abelian kernel. It follows
by = eyl
= [x(y)(x~y ™y, since xy = x1yl =1
= [xzyx_l].
We obtain ([y™x?] )y 2 (y~'xy?), (Fyx")

:FEE ' )w) ST(G %)) nT(( )
=>T((b " )w) =0= ("o)y = Ly
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Y
lg @ T i¥e] T
T
T T
Y Y
Y Y
C((y~'zy?)) T((z?yaz~"))
We infer

Dy = (DO oy w

> (v ("o )y (21w
S—

1M(G)

=Dy (b )y = oy y™),

which means together with ([x])ys = (x) a contradiction.
Note that I'(G) contains a forbidden minor in the sense of Szakécs, namely

Y

5]

1g

8

In particular I'({x)) is a breaking path in her terminology.
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