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Delocalization of a hole in van der Waals clusters:
Ionization potential of rare-gas and small Hg., clusters
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The size dependence of the ionization potential Ip(n) of van der Waals (vdW) bound clusters has
been calculated by using a model Hamiltonian, which includes electron hopping, vdW interactions,
and charge-dipole interactions. The charge-density and dipole-density distributions for both neutral
and ionized n-atom clusters are determined self-consistently. The competition between the polar­
ization energy of the neutral atoms surrounding a partially localized hole and the tendency toward
hole delocalization in the ionized clusters is found to dominate the size dependence of Ip(n). To
test our theory, we calculate Ip(Xen ) and Ip(Krn ) for n ~ 300, Good quantitative agreement with
experiment is obtained. The theory is also applied to calculate Ip(Hgn ) . Comparison with experi­
ments suggests that in Hg., + clusters with n ~. 20 the positive charge is mainly distributed within
a trimer which is situated at the center of the cluster and which polarizes the n - 3 surrounding
neutral atoms.

I. INTRODUCTION

Van der Waals (vdW) clusters have been studied for
a long time, and in particular more intensively since the
discovery of "magic numbers" in the mass spectra of Xe.,
clusters.I As a consequence of the closed-shell atomic
configuration, neutral vdW clusters have a very small
binding energy. The atoms are held together by weak
London dispersion forces.f The valence electrons remain
localized around the atoms and no net local dipole mo­
ments are present. Upon ionization, dramatic changes
occur in the electronic structure. The positive charge
(hole) tends to delocalize due to. interatomic hopping,
with the consequent weakening of van der Waals bonds,
and at the same time induces polarization of the sur­
rounding neutral atoms. These two effects are competi­
tive, since the larger the hole delocalization, the smaller
the energy gain due to polarization. The interplay be­
tween the kinetic energy of the hole and the interatomic
Coulomb energy (in the form of charge-dipole and dipole­
dipole interactions) clearly plays a central role in the
charge distribution within the ionized clusters and in the
size dependence of the ionization potential I p (n) of van
der Waals clusters.

Haberland'' proposed that ionized n-atom rare-gas
clusters consist of a positively charged subcluster of m
atoms (m = 2,3,4) surrounded by n - m neutral atoms.
The physical picture underlying this model is that after
the hole reaches delocalization over m atoms (m < n),
it becomes energetically less favorable to delocalize the
hole also over one of the remaining n - m atoms than

to polarize a neutral atom around the ionized subclus­
ter of m atoms. This model was used as a basis for sev­
eral calculations4- 6 of ground-state properties of rare-gas
cations such as Arn +, Kr., +, and Xe., +, and for the in­
terpretation of the experimental ionization potentials of
Kr., and Xe., clusters.7,s However, from the previous ar­
guments, it is clear that, due to the interplay between
charge delocalization and polarization, the cohesive en­
ergy of ionized vdW clusters cannot be simply described
by a sum ·of pair potentials between the atoms as in Ref.
6. The size-dependent electronic structure, charge-dipole
energy, and dipole-dipole energy, which depend on the
specific cluster environment, should be taken explicitly
into account. It is one of the goals of this paper to present
an electronic theory allowing a self-consistent determi­
nation of the charge-density and dipole-density distribu­
tions and thus a proper treatment of the central interplay
between hole delocalization (kinetic energy) and charge­
dipole polarizations (Coulomb energy).

Divalent-metal atoms such as Hg also show a rare­
gas-like, closed-shell configuration (isoelectronic to He).
However, as is well known,9-l3 neutral Hg., cluster un­
dergo a transition from vdW to covalent to metallic bond­
ing for increasing cluster size. Hg., clusters with n ~ n c

(10 :5 n c :5 20 atoms) have been shown to be vdW
bound.P Thus, upon ionization of these clusters, a re­
arrangement in the electronic structure similar to that of
rare-gas cluster cations can also be expected. This seems
to be confirmed experimentally, since the size dependence
of the ionization potential of Hg., clusters with n :5 20
is remarkably similar to that of rare-gas clusters.lo,n
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II. THEORY

Our starting point is the theory of bonding for van der
Waals, weak covalent- and divalent-metal clusters which
we presented in a previous paper.12 This theory is based
on a many-body Hamiltonian for the dynamics of the
valence electrons, which can be written as 12 , 15

(2.6)

(2.5)

(2.4)

(2.3)

1~ [PI' P j . (rjz, Pj)(rjl' Pz)]
Hpp=~L...J 3 -3 5

2 I . T j l Tj l,3

- r/" 'Pj
HQP = LQz 3 3 '

I,j r l j

and

where Vi;l) = Vi;2) <X a!::i./rJI' are the coupling constants
for the induced dipole-dipole interactions.1 2, 15 Here, 0:

refers to the atomic polarizability, ~ to the atomic sp
gap, and rjl to the interatomic distance. According to
this model, the dynamics of the valence electrons in neu­
tral divalent-metal and rare-gas clusters is dominated by
the interplay between the interatomic hopping of H cov

and the intra-atomic excitations of Hvdw. The opera­
tors HQp and Hpp in Eq. (2.1) describe, respectively,
the charge-dipole and dipole-dipole interactions and are
given by

Qz = lei~ ntO' refers to the charge operator at atom
I, where n l BO' are the hole occupation operators. P z =
e L:,l3-rO'X,l3-r ci,l3O'cl-yO' stands for the dipole operator at
atom l, where the components of X,l3"y are the atomic
dipole matrix elements between orbitals f3 and "'(.

The ionization potential of a cluster of n atoms is given
by

where E;; and E~ are the total energies of the ionized and
neutral cluster, respectively. Note that E;; includes the
contributions to Ip(n) resulting from the charge redistri­
butions and relaxation effects occurring upon ionization.
In terms of binding energies, the Ip(n) can be expressed
as

(2.1)H = H cov + Hvdw + HQp + Hpp.

Tight-binding (TB) calculations of Ip(Hg n ) yield good
agreement with experiment for clusters sizes larger than
n = 50, i.e., for covalent clusters close to the transition
to metallic behavior and for metallic clusters (n ~ 80).13
For smaller sizes the TB model fails to account for the size
dependence of Ip(Hgn ) . Since the simple TB approach
yields delocalized states, these discrepancies indicate that
the hole is not completely delocalized, as it is in ionized
metallic clusters. Recently, a calculation of Ip(Hg n ) has
been performed by solving a Hubbard-like Hamiltonian
including intra-atomic and interatomic Coulomb interac­
tions in the unrestricted Hartree-Fock approximation.U
This theory is not valid for vdW clusters, since charge­
dipole and dipole-dipole interactions and, therefore, the
interplay between hole delocalization and polarizations
are not properly taken into account.

It is the purpose of this paper to present a theory
for the size dependence of the ionization energy of van
der Waals clusters by considering the different competi­
tive interactions discussed above on the same microscopic
level. In Sec. II we develop a self-consistent approach for
the calculation of the ground-state energies of the neu­
tral and ionized clusters, from which Ip(n) is derived. In
Sec. III results for Xe.,, Krn , and Hg., clusters are given.
The details of the charge and dipole distribution in the
cations are analyzed. From comparison with experiment,
information about the transition from vdW to covalent
bonding in Hg., clusters is inferred. Finally, Sec. IV sum­
marizes our conclusions.

H eov describes the covalent interactions by a generalized
sp-band Hubbard Hamiltonian of the form (2.7)

where e?{3 (f3 = S,P""Py,Pz) refers to the atomiclike en­

ergy levels, t~ to the different interatomic hopping inte­
grals, and U{3; to the on-site direct Coulomb-interaction

integrals. 4130" CI{3O" and nl{3O' are the corresponding cre­
ation, annihilation, and occupation-number operators.
In Eq. (2.1), the operator HvdW describes the van der
Waals interactions by the coupling between intra-atomic
sp excitations, and has the form12

H ~ 0 t + ~ t l j t
COy = L...J c{3cI{3O'cI{3O' L...J {3-rc I{3O'Cj-rO'

"Z{3cr Ij{3-rO'

+ L U{3-rnl{3O'nl-rO" j

I{3O';l;-rO"

(2.2)

where Ip(l) is the atomic ionization potential, D~ is the
cohesive energy of the neutral cluster (i.e., the energy of
dissociation into n neutral atoms), and D;t is the cohesive
energy of the ionized cluster (i.e., the energy of dissocia­
tion into an atomic cation and n - 1 neutral atoms).

While an exact solution of the many-body Hamiltonian
(2.1)-(2.5) is very difficult, one may simplify the problem
by assuming that the hole is localized within a subcluster
of m atoms. In our previous study of ground-state neu­
tral divalent-metal and rare-gas clusters.V we obtained
that the interplay between vdW and covalent bonding
[which was properly treated by using the slave-boson
technique on the Hamiltonian (2.1)] leads to a blocking of
the hopping elements in those clusters where vdW bond­
ing dominates. In the ionized clusters, the presence of
the hole introduces two important features, namely, de-
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for the dipole-dipole terms, and

QI PTee = QI (Plee) + Plee (QI) - (QI) (Flee) + 8QI 8PTee

(2.12)

(2.9)

(2.10)QI = (QI) + 8QI,

and the charge operators Q 1 as

e: Ple'TI = »; (Ple'TI) + Pk'TI (Plee) - (Plee) (Pk'TI)
+8PTee 8Pk'TI (2.11)

for the charge-dipole terms. Notice that the coupling be­
tween charge and dipole fluctuations 8PTe e8QI must be
omitted when replacing Eq. (2.12) in Eq. (2.8), since
it has already been taken into account in Eq. (2.8) in
second-order perturbation theory. The terms involving
mean values of the dipole moments contribute only in
the ionized clusters where permanent dipole moments
are present, while the terms involving dipole-dipole fluc­
tuations 8PTee8Ple ' TJ are also non-negligible in the neutral
clusters. These terms, together with HvdW, would cancel
out in the calculation of the Ip(n) under the assumption
that the vdW binding energy in the neutral and in the
ionized cluster are the same [see Eq. (2.7)]. Actually,
the total vdW energy of the ionized cluster is somewhat
smaller than that of the neutral cluster, even if the vdW
energy per bond remains the same, due to the loss of vdW
character of the bonding in the ionized subcluster of 171,

atoms. However, this difference is, in any case, much
smaller than the energy involved in the charge-dipole,
dipole-dipole, and hopping interactions and can thus be
neglected.

We can now rewrite H [Eq. (2.8)] taking into account
Eqs. (2.11) and (2.12), and thereby obtain the energy
difference D~ - D;i as the ground-state energy of the
effective Hamiltonian if given by

where the operators 8PTe and 8QI represent the quantum
fluctuations around the mean values (PTe) and (QI). In
this way the four-fermion operators in H [Eq. (2.8)] can
be written as . . .

energies €s at site l given by :Ej e2aj2rt with atom j

nearest-neighbor (NN) of atom l. €s = ~ + Llc, where €~

refers to the atomic level in the neutral atom and D..€ to
the shift of €~ caused by the absence of one electron. This
is a consequence of the relatively extended character of
the sand p atomiclike wave functions.!" In rare-gas clus­
ters b..€ also contains the shift produced by the spin-orbit
coupling. As already discussed in the Introduction, the
neutral subcluster is assumed to be purely vdW bound.
Consequently, we set the electronic hopping between the
neutral atoms and between the neutral and ionized sub­
clusters equal to zero. 12

In order to derive the self-consistent equations for the
charge- and dipole-density distributions it is convenient
to write the dipole operators PTe = (PTe"" PTeIl' PTez) as

where hisCT' h ISCT' and ntCT are the hole creation, annihi­
lation, and occupation operators, respectively. The ion­
ized and neutral subclusters are represented by {m} and
{n - m}, respectively. Within {m}, charge-dipole inter­
actions are taken into account up to second-order per­
turbation theory. This results in a shift of the on-site

localization and polarization energy. In contrast to the
neutral vdW clusters, we do not expect all hopping ele­
ments to be blocked in the charged clusters. Although a
completely localized hole causes maximally polarization
energy in the neutral environment and does not break
any vdW bonds, delocalization of the hole within a sub­
cluster of a few 171, atoms may overcome the loss of some
polarization andvdW energy. If so, then the hopping in­
tegrals would be approximately nonzero within the pos­
itively charged subcluster of 171, atoms and zero outside.
Even so, a more exact solution of the problem would be
desirable; due to the difficulties involved, we proceed by
assuming that the hole is localized within a subcluster of
171, atoms. Using this model, the cohesion forces in the
ionized clusters can be visualized as follows. The posi­
tive charge of the ionized subcluster induces net dipole
moments on the n-m neutral atoms, which remain vdW
bound. The orientation of these induced dipole moments
is determined by the dipole-dipole interactions among
them, and by the charge-dipole interactions between the
atoms and the hole in the ionized subcluster. At -the
same time, the potential of these dipole moments affects
the dynamics of the hole. In mean-field approximation,
this results in a shift of the energy levels for the hole.
Except for a few highly symmetric cluster structures, the
different atoms of the ionized subcluster have different
local coordination or environment and, thus, different
level shifts. This leads to a redistribution of the pos­
itive charge, which modifies the induced dipoles and so
on, until a balance between the kinetic energy of the hole,
the charge-dipole attraction and the dipole-dipole inter­
actions is reached.

In divalent-metal clusters the hole is of dominant s
character and its kinetic energy is determined mainly by
ss hopping. Interatomic hopping of a single hole does
not involve Coulomb repulsion. Thus, sp and pp hop­
ping within the ionized subcluster can be neglected. The
same holds'for the dipole-dipole interactions, whose effect
is much smaller than the kinetic energy of the hole. Tak­
ing into account the physical picture described above, we
can approximate the Hamiltonian of Eq. (2.1) for singly
ionized divalent-metal clusters, by16

o (_ e2a)
hH = (171, -1}(2cs + USS) - L C s + L 2r4, nlSCT

IE~rn} j 13

~ l" t- .L..J ts3shlsCThjsCT
l,iE {rn}

<T
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The terms fIt corresponding to each neutral atom kin
the neutral subcluster {n - m} are given by

fI = 2: ift + fIe -e«:
kE{n-m}

(2.13) From the self-consistent solution of Eqs. (2.13)-(2.19b)
the experimentally relevant Ip(n) is obtained. Moreover,
the site-specific quantities (Ql) and (P k) yield direct in­
formation on the redistribution of the positive charge
(hole) and dipole moments within the ionized cluster.

(2.14)
III. RESULTS AND DISCUSSION

where We have calculated the ionization potential Ip(n) of
vdW clusters with n ~ 300. We consider vertical ioniza­
tion, which is equivalent to assuming that the ionization
process is so fast that the cluster structure does not re­
lax. Therefore, we do not optimize the structure of the
ionized clusters. We consider compact cluster structures,
which maximize the total coordination number, and con­
sequently the binding energy of the neutral state. Some
of the structures used for n < 13 are schematically shown
in the inset of Fig. 2. For n 2: 13 we assumed, for sim­
plicity, fcc-like structures, although vdW clusters seem
to have the noncrystalline icosahedral structures. 18 How­
ever, such differences in the structure cause only small
quantitative (and certainly no qualitative) changes in the
values of Ip(n), as we have checked by calculating for
some icosahedral structures, for instance, for n = 13.

In Sec. IlfA, we analyze the Ip(n) ofvdW clusters for
different values of the parameters of our theory. In Sees.
III B and III C we show results for the I p (n) of rare-gas
clusters such as Xe., and Krn , and of Hg., clusters, re­
spectively. The results presented in these sections were
obtained by averaging, for each cluster size, the ioniza­
tion potential over different isomers having the same to­
tal number of bonds. For the calculations we used the
values of a, TO, and to as shown in Table 1. Theatomic
polarizabilities a are obtained from Ref. 19. The inter­
atomic distances TO are taken to be the average between
the dimer bond length20 and bulk NN distances.

A. Interplay between kinetic and polarization energy

(2.16)

(2.17)<Pl = lei :L:
kE{n-m}

fIe = - :L: <Pl ht,<ThlsO' + :L: toht,<ThjsO' ,
la ljO'

are the shifts of the hole energy levels due to the poten­
tial generated by the surrounding dipole moments. The
resulting double counting term Ede has the form

where

z: ((~kl) _3 r k k l((P:,) .rw »),
k''iH T kk, Tkk'

k'E{n-Yn} (2.15)

is the electric field ek at atom k E {n - m}. The sources
of Ck are the dipoles (Pk') at k' f: k and the charges
(Ql), which are nonzero only for 1 E {m}. The effective
single-band tight-binding Hamiltonian fIe for the hole in
the ionized subcluster {m} is given by 16

In Eq. (2.14) £k is expected to be small, so that, instead
of diagonalizing fIt, we can use the linear approximation
(Pk) ~O£k, where a stands for the atomic static polar­
izability. This is not a limitation of the theory, since the
Hamiltonians fIt are not difficult to diagonalize. Nev­
ertheless, the linear approximation simplifies the calcu­
lation, and the error in the determination of (P k ) can
be verified as negligible. The ground state of H is ob­
tained by diagonalizing separately fIt and it-. These
operators are, however, coupled by the charge and dipole
distributions (Ql) and (P k), which are determined self­
consistently by requiring

In order to check on the validity of the assumption of
partial hole delocalization within a subcluster, we have
compared the electronic energy of ionized vdW clusters
with a completely localized, partially localized, and corn­
pletely delocalized hole. For the parameters correspond­
ing to Xe, Kr, and Hg (see Table I) the partially localized
solution is always the most favorable. As an example, we
show in Fig. 1 typical results for the energy difference
between the case m = 3 (hole deloc';'lized within a trian-

TABLE I. Parameters used in the calculations of the ion­
ization potentials.

(P k) = (X e; ({ (Pk l )k#'}' {(Ql)}) (2.19a) Xe Kr Hg

and .0 4.04 A3
2.484 A3

5.7 A3

TO 4.36 A 4.03 A 3.33 A
(Ql) = lei 2:(n?.<T) . (2.19b) to 0.15 eV 0.1 eV 0.7 eV

<T
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FIG. 2. Ionization potentials of Xe-Iike clusters calculated
by using a hole hopping to = 0.2 eV and different values of
the size m of the ionized subcluster, which demonstrates the
dependence of Ip(n) on hole localization within a subclus­
ter of m atoms. Inset: schematic illustration of some of the
structures used for n < 13.

understood as follows. In order to maximize the polar­
ization energy, the hole occupies one of the atoms with
highest coordination. In the small clusters, and particu­
larly for n ~ 5, almost all n - 1 neutral atoms are near­
est neighbors of the positively charged atom. Thus, the
cohesive energy D+(n) of the ionized clusters increases
roughly as D+(n) ~ (n -l)(8"p), where (8"p) is the aver­
age polarization energy of the induced dipole moments
on the neutral atoms (8"p) ~ ae2j2T6 if dipole-dipole in­
teractions are neglected). Then, according to Eq. (2.7),
one can write Ip(n) - Ip(1) ex -n ex _(n-1/3)- 3, which
explains the decrease of [pen) for increasing n. Dipole­
dipole interactions are mostly repulsive and thus tend
to reduce the polarization energy (8"p). Their influence,
which depends on the local environment of the dipoles,
varies for the different cluster geometries. Therefore, the
size dependence of the calculated Ip(n) shows some struc­
ture. For n 2:: 9 the positive charge lies on the cen­
tral atom and, consequently, the polarization energy in­
creases. Between n = 9 and n = 13, a rapid decrease
in the ionization potential occurs, which is caused by
a sharp increase of D+ (n). Note that for n = 13 the
first shell of neutral atoms surrounding the central posi­
tive charge is completed, yielding a very symmetric and
compact geometry, with a high polarization energy. For
larger clusters n > 13, the additional neutral atoms are
situated in the second coordination shell, and the gain
of polarization energy becomes smaller, because the first
shell screens the central positive charge. For this reason
the slope of I p (n) is smaller for n > 13 than for n < 13.
In the following, we refer to this sharp decrease of Ip(n)

0.8

Xe+ n

0.4 n -1/8 0.60.2

0.6

!
.~..

0.4
~
"~
I

8 0.2

1
"0
Po.

0

0

gular trimer) and the tight-binding limit m= n for Xe.,
clusters, as a function ofthe cluster size. The value of the
subcluster-size m that gives the largest cohesive energy
depends on the parameters and will be analyzed later for
each element in particular by comparing to experimental
results of the ionization potential. While setting the hop­
ping elements equal to zero outside the ionized subcluster
causes, at first sight, an unphysical sharp boundary be­
tween the ionized subcluster and the neutral rest of the
cluster, we do not expect dramatic changes if we would
relax our approximation of zero hopping elements. In or­
der to keep the gain in polarization energy optimally, the
boundary should be relatively sharp. Our self-consistent
mean-field: calculations describe a snapshot of the hole
being in the configuration with the lowest energy. The
partially localized hole and its polarization cloud can be
seen as a quasiparticle, whose position in the cluster can
fluctuate through tunneling. However, the energy bar­
rier to overcome is very large (and increases with cluster
size), and therefore no substantial deviations from the
mean-field solutions can occur. In view of the results
presented before, we also exclude the posibility of uni­
form distribution of the positive charge across the sur­
face (or surface-ionization), since in this case the gain in
polarization energy is practically zero.

To determine the influence of the interplay between
hole delocalization and polarization energy on the size
dependence of [pen), we have calculated [pen) for dif­
ferent subcluster sizes (m = 1,2,3,4) and shapes of the
ionized subcluster {m}. Particularly for m = 3 both the
linear and the triangular structures were tested. Since
we assume vertical ionization, the shape of ionized sub­
clusters {m} must be compatible with the structure of
the neutral clusters. For instance, for very small (com­
pact) clusters (n ;S 6) only triangularlike structures are
possible for the ionized subcluster with m = 3.

In Fig. 2 we show results for the size dependence of the
ionization potentials of rare-gas clusters with n ::; 19 for
different values of m. Parameters appropriate for Xe were
used. For m = 1, the calculated Ip(n) 1==1 decreases
slowly with increasing n (or for decreasing n-1 / 3 ) show­
ing some structure. This behavior can be qualitatively

FIG. 1. 'Self-consistentcalculation of the electronic energy
gain - (Elo c - Edeloc) of Xe., + clusters having a partially local­
ized hole with rn = 3, Xes + Xe~_s, and energy Elo c. Energy
Edeloc refers to the delocalized hole (rn = n).
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B. Rare-gas clusters

FIG. 3. Results for the size dependence of the ionization
potential of (a) Xe., and (b) Kr., clusters. Hole hoppings
to(Xe) = 0.15 eV and to(Kr) = 0.1 eV, which are consistent
with bulk bandwidths, and ionized subcluster of size m = 4
were used. The corresponding experimental results of Ref. 7
are also given for the sake of comparison.

In this section we present results for Ip(n) of Xe., and
Kr.; clusters and compare them with experiment,7,8 par­
ticularly in order to interpret available experimental re­
sults within the framework of our theory.

Results for the size dependence of the ionization po­
tentials of Xe., and Kr., clusters are given in Fig. 3.

as a special case, unless the atomic hole level </>1 becomes
very high at one end of the trimer [see Eq. (2.16)J, which
is not likely to occur due to polarization energy and co­
ordination effects.

The examples analyzed before provide a quite complete
description of the physics dominating the size dependence
of Ip(n) in the framework of our model. Since the hole
localizes for increasing cluster size n, further assumptions
for the size of the ionized subcluster m with m > 4 do not
contain more information, and are therefore not shown.
Let us finally mention that for increasing hopping integral
to (and fixed m), the size dependence of Ip(n) becomes
smoother, due to the increase of the delocalization energy
of the hole with respect to the polarization energy. Par­
ticularly, the polarization decrease tends to disappear, as
the polarization energy becomes less important.

1

-

12

(a)

11
xe, •·,....., .-...

> flll'tIQ)
l.-J

.8' ... "10

• expt.. theory

9 I I

14

(b)

13
Krn

,. •'> .
~ /t. .•.
0.......

12 f-
.. ...

• expt... theory

11
0 0.2 0.4 _1/30.6 0.8

n

between n = 9 and n = 13 followed by a saturation of
the polarization energy for n > 13, as a "polarization
decrease" of Ip(n).

Assuming an ionized dimer core, i.e., an ionized sub­
cluster with m= 2, the kinetic energy of the hole appears
as an important contribution to the size dependence of
Ip(n). The curve Ip(n) 1==2 lies below Ip(n) 1==1 and,
for n < 9, the difference between both curves is almost
exclusively due to the delocalization energy of the hole.
The hole delocalizes to the detriment of the polariza­
tion energy. For small symmetric clusters both atoms
of the ionized subcluster have the same charge, while
for larger clusters (n ~ 9) most of the positive charge
concentrates on the atom with highest coordination, i.e.,
the hole tends to localize at the central atom. In this
case, charge-dipole and dipole-dipole interactions become
dominant and, therefore, a sharp decrease is obtained in
Ip(n) ]==2 between n = 9 and n = 13, as in Ip(n) 1==1'
For clusters with n > 13, the hole is almost completely
localized at the central atom (with (Q1) rv 0.95) and thus
the gain in kinetic energy with respect to the case m = 1
is small.

The kinetic energy of the hole is also important for
the behavior of Ip(n) Irn=4, at least for the cluster sizes
studied. Although the hole is mostly localized at the cen­
tral atom for n 2:: 9, approximately 10% of its charge is
distributed among the other three atoms. Some delocal­
ization of the hole is still present and therefore the curve
lies below that corresponding to m = 2. A polarization
decrease in Ip(n) !m=4 from n = 9 to n = 13 can be also
observed.

The ionization potential calculated assuming m =
3 with triangular structure, Ip(n) I:~~g, lies between
Ip(n) Im=2 and Ip(n) Im=4, showing essentially the same
features. In contrast, the ionization potential calculated
by assuming a linear ionized trimer core, I p (n) I~,;~r,

shows a smoother size dependence. For n < 9 Ip(n) I~,;~r

has lower values than Ip(n) I~i~~g and for some cluster
sizes the curve lies even below Ip(n) 1==4, because the
delocalization energy of a hole in a linear trimer is larger
than in the triangular structure. Moreover, the hole re­
mains delocalized within the whole linear trimer also for
n > 9. Since this charge distribution induces less polar­
ization of the surrounding neutral atoms than a localized
charge, no important changes occur in the size depen­
dence of Ip(n) 1~~3r upon completing the first coordina­
tion shell.

From Fig. 2 we conclude that the size m of the ionized
subcluster and the resulting kinetic energy of the hole
and polarization energy determine the main features of
the size dependence of the ionization potential of rare­
gas-like clusters. In general, the solution of Eqs. (2.19a)
and (2.19b) with m > 2 includes the cases m = 1 and
m = 2 as limits for certain values of the parameters, for
example, n > 13 -and large atomic polarizability. How­
ever, for m = 3 the situation is different depending on
whether the subcluster structure is linear or triangular.
The wave function of the hole in a linear trimer is delo­
calized over the three atoms, while in a triangular trimer
the hole delocalizes only over two of the three atoms.
Therefore, it is not possible to find the solution of m = 2
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These were obtained by setting the size of the ionized
subcluster m = 4, and by using to (Xe) = 0.15 eV and
to(Kr) = 0.1 eV, which are consistent with the respec­
tive bulk band widths. Since experimental values for the
adiabatic ionization potential" of Xe., and Kr., clusters
were determined by assuming a constant (size indepen­
dent) difference between the vertical and the adiabatic
IP's, we have to shift our calculated values for the ver­
tical I p (n) by a constant in order to be able to compare
with experiment. This constant can be included in de
[see Eq. (2.8)], which is determined by fitting to the ion­
ization potential of the tetramer. As shown in Fig. 3,
good agreement with experiment is obtained. In particu­
lar, note that the already discussed polarization decrease
of Ip(n) between n = 9 and n = 13, is also observed
in the experiment. The magnitude of this decrease due
to polarization effects is much smaller for Kr., than for
Xen , since a(Xe) > a(Kr). Our theory seems to describe
most of the essential features of Ip(n) in rare-gas clus­
ters. It is worth remarking that for Xe., and Kr., clusters
the model of an ionized tetramer core (m = 4) agrees
better with experiment than the case with m < 4. This
implies that Xe., + and Kr., +, produced upon vertical
ionization, can be viewed as consisting of a positive sub­
cluster of four atoms and n - 4 polarized neutral atoms
surrounding it. However, notice that for increasing clus­
ter size the hole tends to localize, and for n > 13 it is al­
most completely localized on one of the four atoms. This
is in contrast to previous calculatlons.S'' which suggest
that the ground state of these clusters consists of a lin­
ear ionized subcluster, whose size varies between m = 3
and m =-4 atoms, and a crown of n - m neutral atoms.
Recent photoabsorption experiments'[' have been also in­
terpreted with this model. The model used in these cal­
culations is based on the fact that the ground state of
small rare-gas cations (n = 3,4) have linear structure,
due to the balance between the attractive energy result­
ing from the unoccupied antibonding state and the re­
pulsive Born-Mayer energy.22 Nevertheless, the fact that
the ground-state structures of Xe3 + and Xe4 + are lin­
ear does not necessarily imply that larger ionized clusters
must build up from such linear cores. In fact, the polar­
ization of the surrounding atoms and its interplay with
the kinetic energy of the hole may change with cluster
size and can cause a compact ionized core to be energet­
ically more favorable.

c. Hgn clusters

In view of the results obtained in Ref. 12, a transition
from vdW to covalent bonded clusters occurs in Hg., clus­
ters at a critical cluster size n c ~ 10 - 20. Actually, due
to quantum fluctuations between the vdW and covalent
states, both types of bonding are present for n close to
n c •1 2 We have calculated the ionization potential of Hg.,
clusters for n ::; 79 with our model for pure vdW clus­
ters, in order to improve our understanding of the physics
of ionized divalent-metal clusters and, indirectly, also of
the size dependent change in bond character predicted to
occur in the neutral clusters.V Furthermore, comparison

between our results, which are obtained under the as­
sumption of vdW behavior, and experimentll,lO should
yield direct information on the vdW character and on
the degree of hole delocalization in Hg., + clusters. In
Fig. 4 results are given for the size dependence of Ip(n).
We use to = 0.7 eV, which is obtained by fitting to the
bulk density of states.13 The parameter to = 0.7 eV,
for which we obtain best agreement with experiment, is
consistent with the previous calculations of the binding
energy, and the transition from vdW to covalent bonding
in neutral Hg., clusters.V de was determined to repro­
duce for Ip(3) the average value between the ionization
potentials of Hg3 reported in Refs. 10 and 11. For the
sake of comparison we also show in Fig. 4 the ioniza­
tion potentials experimentally determined by electron­
impact ionization-! [Fig. 4(a)] and by photoionizationlO

n
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FIG. 4. Size dependence of the ionization potential [pen) of
Hg., clusters obtained by using an ionized trimer core (m = 3)
and a hole hopping to = 0.7 eV. The results are compared
with experimental results obtained by(a) electron-impact ion­
ization (Ref. 11) and (b) photoionization (Ref. 10). Crosses
indicate the results of simple tight-binding calculations (taken
from Ref. 13). Open triangles refer to the values one would
obtain for [pen) if Hg., clusters with n = 43,55, and 79 were
vdW bound. The dashed lines illustrate thus the breakdown
of vdW behavior, due to the transition to covalent bonding.
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[Fig. 4(b)]. We assumed a triangular ionized subcluster
(m = 3). The calculated Ip(n) for small clusters (n ~ 19)
are in good qualitative agreement with experiment. This
suggests that the weight of the covalent character in the
ground state of small Hg., clusters is too small to produce
significant changes, or that the ,transition to covalentlike
behavior occurs at a larger size in the ionized clusters.
From the comparison between theory and experiment one
concludes that the hole produced by the ionization re­
mains localized in mercury clusters. These results are
thus consistent with vdW behavior in small Hgn clus­
ters, as already pointed out in previous studies.9 - 13 For
Hg., clusters having more than 19 atoms the assumption
of an ionized vdW-like system breaks down, due to the
transition to covalent bonding, as can be seen in Fig. 4.

The present theory yields, for n ;S 20, considerably
better agreement with experiment than previous tight­
binding calculations.P In Ref. 13 the Ip(n) was calcu­
lated from Ip (n) = -EHOS (n) + e2 / 2R , where the en­
ergy of the highest occupied state EHOS (n) reflects only
the electronic structure of the neutral clusters, whereas
all relaxation and charge-redistribution effects occur­
ring upon ionization are approximated by the e2/ 2R
term. Comparison with these tight-binding calculations
clearly indicates that at least in vdW clusters the physics
of the cations must be taken more carefully into ac­
count. Charge-dipole and dipole-dipole interaction en­
ergies must be calculated explicitly since, as discussed in
Sec. IlIA, they dominate the size dependence of Ip(n)
for localized or partially localized hole. In Ref. 13 the
tight-binding results were improved for small clusters by
setting the hopping integrals of the tight-binding Hamil­
tonian equal to zero, in order to simulate vdW bond­
ing. Notice that although such an approximation ne­
glects both any remaining kinetic energy of the hole and
all the induced polarization effects, considerably better
agreement with experiment was obtained for n < 15.
From the point of view of this paper, it is easy to under­
stand qualitatively the origin of this better agreement.
The blocking of the hopping integrals leads, in the ion­
ized clusters, to a localization of the hole at one atom,
and the term e2 / 2R could be roughly interpreted as the
polarization energy (relaxation energy) of the surround­
ing n - 1 neutral atoms. However, as we have discussed
before, the polarization energy should be proportional
to _R3 rather than to R-1 • It is one of the goals of
this paper to quantify, within a microscopic theory, the
role of the charge redistribution effects on the electronic
structure of small Hg., + clusters and on the ionization
potential of small Hg., clusters. Our model yields a mi­
croscopic explanation of the so far not well understood
behavior of Ip(n) for Hg., clusters with n ;S 20 atoms.

Comparison between theory and experiment for n > 10
reveals interesting features. The ratio a/r'J in Hg is
large, so that the polarization energy is important even
for relatively large values of the kinetic energy of the
hole. Therefore, the calculated ionization potential of
Hg., clusters shows a polarization decrease of the order
of r-- 0.25 eV (see Fig. 4). The experimental observation
ofthis decrease would indicate that Hg., clusters are vdW
bound for n > 13. Comparison between our calculations

and experiment in Fig. 4(a) indicates that the experi­
mental curve indeed shows a polarization decrease which
is even sharper than in the calculated Ip(n). The experi­
mental Ip(n) exhibits a step between n = 13 and n = 15,
and then the polarization energy seems to saturate, since
the experimental behavior is very well reproduced by the
calculated Ip(n) up to n = 19. Thus, the size dependence
of the ionization potential of Hg., clusters with n ~ 19
determined by electron-impact ionization clearly corre­
sponds to vdW behavior. Furthermore, the large polar­
ization decrease reflects large induced dipole moments in
the neutral subcluster. For n > 19 the theoretical curve
deviates from experiments, which reflects the break down
of the assumption of vdW bonding in Hg., for n .2:: 20.
This is due to the transition to covalent bonding and,
consequently, to a more delocalized hole in the ionized
clusters. Let us recall that for rare-gas clusters good
agreement with experiment is obtained assuming vdW
bonding for all clusters sizes (n ~ 300). Notice that for
n ~ 15 one should expect for the neutral clusters a non­
negligible, although possibly not yet dominant, covalent
contribution to the ground-state wave function, since the
energy of the vdW and covalent electronic states are not
too, different. 12 However, the energy gain due to charge-

. dipole polarizations may still favor hole localization in
such Hg., + clusters. Thus, Ip(n) could reflect vdW be­
havior at sizes where the neutral-cluster properties (e.g.,
cohesive energy) already show some covalent character.

Comparison between our calculated Ip(n) for Hg., clus­
ters with n > 13 and experimental results obtained by
photoionizatlon-? is shown in Fig. 4(b). Unfortunately,
only one experimental value lies between n = 13 and 19,
and therefore the presence of the polarization decrease in
this curve cannot be proved. Nevertheless, the calculated
and experimental ionization energies are very similar for
n = 17. It would be of interest to determine whether this
decrease is observed by photoionization. As was the case
for Xe., and Kr., clusters, we obtain best agreement with
experiment for the Ip(n) of Hg., clusters by assuming that
the ionized subcluster {m} has a compact structure, in
this case m = 3 with triangular shape. In Table II, results
for the charge distribution within the triangular subclus­
ter Hg 3 + are shown. For increasing total cluster size n,
the polarization of the neutral atomic shells surrounding
Hg 3 + leads to a localization of the hole on the atom with
the largest coordination number.

TABLE II. Calculated hole distribution within the ionized
triangular subcluster for different total cluster sizes n in Hg., +
== Hg3 + Hg~_3'

Cluster size Atom 1 Atom 2 Atom 3

3 0.13 0.66 0.21
4 0.15 0.15 0.70
9 ' 0.84 0.08 0.08

13 0.89 0.055 0.055
79 0.90 0.05 0.05
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IV. SUMMARY

We have calculated the size dependence of the ioniza­
tion potentials of vdW clusters by using an extension of
the model developed in Ref. 12. In order to check the
accuracy of the theory we have first calculated Ip(n) of
rare-gas clusters with n ;S 300. Comparison with ex­
perimental results yields a quite satisfactory agreement,
which indicates that the model accounts for most of the
features in the size dependence of the Ip(n) of vdW clus­
ters. We obtain that upon ionization of Xe., and Kr.,
clusters the hole remains localized within a subcluster of
four atoms, which polarizes the n - 4 remaining neutral
atoms. With increasing cluster size the hole tends to
localize at the center of the cluster. Our self-consistent
calculations of the charge density and dipole density show
that the total energy of the cluster cannot be described in
term of pair potentials. Many-atom interactions appear
due to the dipole-dipole and charge-dipole interactions.

We have calculated the ionization potential of small
Hg., clusters, which are dominantly vdW bound. Exper­
iments performed by means of electron-impact ionization
show a characteristic vdW behavior for n ;S 20, whereas
from photoionization experiments a vdW-like Ip(n) is ob­
served for n ;S 13, and the extent to which the photoion­
ization results reflect vdW behavior for 13 ;S n ;S 20
remains unknown. For n ;:: 20, both experiments show
an increase of the slope of I p vs n-1 / 3 , which indicates
s-band broadening'P and covalent behavior, reflected in
the ionized clusters through bond polarization.Y We con­
clude that for n ;S 20 vdW-like behavior of the Ip(Hgn )

clusters is observed. We obtain that in Hg., + clusters the
hole is localized within a triangular subcluster (m = 3),
and that localization increases with cluster size, until the
transition to covalent bonding takes place. The fact that
the behavior of Ip(n) of small Hg., clusters is very simi-
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