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We investigate for very general cases the multiplet and fine structure splitting of muon­
electron atoms arising from the coupling of the eleetron and muon angular momenta,
including the effect of the Breit operator plus the electron state-dependent screening.
Although many conditions have to be fulfilled simultaneously to observe these effeets, it
should be possible to measure them in the 6h - 5g muonic transition in the Sn region.

1. Introduction

With the development of the atomic Dirac-Fock
(DF) method [lJ it has now become possible to
investigate the multiplet and fine structure features of
atoms theoretically. Based on this method, which is
briefly discussed in Chap.2, we investigate here in a
very general way the inclusion of the Breit operator
in muon-eleetron atoms.
The DF calculations are performed taking into ac­
count the direct and exchange integrals of the r: 1

Coulomb interaetion between the atomie partieles in
the self-consistent-field (SCF) procedure. The mo­
mentum of the muon j 11 and the momenta of the
electrons je couple to good angular momentum J. Of
course, in the muon-electron interaction all exchange
terms have to be omitted since electron and muon
are distinguishable partieles. This exelusion of the
exchange integrals already gives rise to a substantial
change from the usually known multiplet structure
for given angular momenta. In addition to the r: 1

interaction, the Breit operator [2J is the next impor­
tant eontribution in the Hamiltonian of an atomic
system. It consists of the magnetic and retardation
part. Because retardation is non zero only in its
exchange integrals, only the direct magnetic integrals
appear in the muon-electron interaction. Because the
Breit operator itself is only known within seeond
order perturbation theory, we include its effect by
perturbation ealculation. The only case for which the
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Breit operator has been discussed in muonic atoms
up to now is the system f.1- e - He where its effect on
the singlet and triplet state of the groundstate has
been calculated [3J. In Chap. 3 we discuss the effect
of the Breit operator in any possible state whieh may
exist for a many-electron-muon system.
As a study case we have chosen lead because this
nucleus is spherical and of spin zero. This allows us
to avoid the angular momentum coupling between
muon and nueleus and eleetrons and nueleus. The
second reason is that most effects in muonic atoms
are studied most thoroughly for this atom. In the
discussion we restriet ourselves for clarity only to
systems with one electron in an open shell.
Usually the inclusion of the effeet of the Breit opera­
tor is called hyperfine structure, which we believe is
not the most appropriate terminology for this case.
We look upon this question from a general point of
view and therefore treat all particles outside the
nucleus equivalent as atomic cloud particles. So we
have to eome back to the more suitable name of the
effect which is just multiplet and fine structure split­
ting ineluding the magnetic interaction.
In Chap. 4 we discuss the effect of the electron state­
dependent screening plus the magnetic interaction. In
addition, the possibility of observing these effects is
investigated in detail.

2. Method

The general method used in these calculations is the
relativistic self-consistent Dirae-Foek method. The
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details of the standard program which calculates
averaged energies for electronic systems are described
in [1, 4 and 5J.
The total energy EI' in a one-configuration DF calcu­
lation can be written as

EI' =Eav +L C~(i,j; 1, m)R~(i,j; 1, m)

where Eav is the average energy of the configuration
in j - j coupling, which depends on the configuration
and not on the particular term. i, j, I, mare the
indices of the one-electron wave functions with P the
large and Q the small component. n counts the total
number of extra Coulomb integrals necessary to spec­
ify a given term. The Coulomb two-particle matrix
elements are expressed here in terms of angular coef­
ficients Ck and radial integrals R k

• The radial in­
tegrals Rk are defined as

with r< =min(r,s) and r> =max(r,s).
The direct integrals F k and exchange integrals Gk are
defined by

Fk(i,j) = s-«. i ;j,j) and Gk(i,j) = Rk(i,j; i,j).

The dependence of the terms on the quantum number
J of the total angular momentum J is contained in
the angular coefficients c-. For non-closed shells
these coefficients are rather complicated. They are
computed by aseparate program and given as input
da ta into the Dirac-Fock program. For the f.1- e-

. interaction only the direct integrals F k contribute to
the total energy E T. Of course, the energy splitting of
the states belonging to the possible values of total
angular momentum J with Ijtl-jel~J~ljtl+jel will
only appear for j tl and je greater than 1/2, because an
extra Coulomb integral Fk only exists if k, which is
only allowed to have the values 2, 4, ... min(2jtl-1,
2je -1), is at least equal to 2. The Coulomb FO
integrals cause only a common displacement. It fol­
lows that in case of s or P1/2 muon or electron the
two possible values of the total angular momentum
J = j ± 1/2 are degenerate in energy. This degeneracy is,
however, removed by the magnetic interaction in the
Breit term. The Breit operator is given by the sum of
the magnetic interaction H:! and the retardation H~

with (X the Dirac matrices.
In the Dirac-Fock program the contribution of the
Breit term is calculated by first order perturbation
theory. The first order correction to the total energy
is given by

E~=E~v+L CB~(i,j; 1, m)RB~(i,j; 1, m)

where E~v is the average contribution of the Breit
operator. CB k are the angular coefficients and the
radial integrals RBk in the most general form are
defined by

r rk
RBk(i,j; I, m) = S~(r) Qj(r) Srk: 1 r;(s) Qm(S) dr ds.

o >

In the f.1- einteraction only the direct matrix ele­
ments of the magnetic part of the Breit operator
contribute to the total energy. The direct matrix
elements of the retardation part of the Breit in­
teraction are zero anyway, even for the electron­
electron case. The matrix elements of the Breit opera­
tor have been investigated by Grant et al. [6J and
recently by Desclaux et al. [7J. Here the angular
coefficients CB k of the direct matrix elements are
computed for the specific term and fed as input data
for the calculation after the Dirac-Fock SCF pro­
cedure.
The effect of the extended nucleus is introduced by
assuming a Fermi change distribution

p(r) - Po

(
r - c )1+ exp -t- 4 In 3

with the half density radius c and skin thickness
parameter t given by [8J, c = 6.63 fm, t = 2.13 fm for
Pb.
Vacuum polarization has also been included, but its
effect on the term splitting is negligible, although the
absolute effect is not small.

3. Results for the Exact Breit Operator

Energy levels and total energies are calculated for the
muon-electron Pb atom for all configurations arising
from the muon occupying the levels from 1s to 4/5/2
and the electron occupying the levels from 1s to
2 P3/2, respectively (see Table 1). This restriction in
the discussion to one electron systems is made only
for clarity. (Of course, if more complicated configu­
rations should become interesting, they also can be
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Fig. 1. The term splitting of an atomic system with one muon in
the 4/s/2 state and an electron in the 2P3/2 state in Pb. The level
splitting due to the inc1usion of the additional F k integrals is
drastically changed after the inc1usion of the direct magnetic
interaction
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at least the 2P3/2 level or a higher one. As one can
see in Table 1, the total splitting of the different terms
for such cases is in the order of 10 eV and less. On the
other hand, the results in Table 1 show that the
magnetic splitting of the terms where one 1s electron
is coupled to a muon in the 3d3 / 2 state is up to 27 eV.
Again the effect is an order of magnitude smaller if a
2P1/2 electron is involved instead of a I.s electron. On
the other hand, the effect increases for higher muonic
states.
In Fig. 1 we discuss the magnitude of the various
influences on the term splitting in case of an electron
in the 2P3/2 state and the muon in the 4/5/2 state,
because here pk as well as RBk integrals contribute to
the level splitting. Although the total effect in this
case is very small we have chosen this case as the
simplest, most general example. We find that the
energy intervals between J == 1 and J == 2 due to Cou­
lomb interaction is 0.15 eV. The level J == 4 is pushed
up midway between the levels J == 1 and J == 2. The
additional magnetic splitting has a systematic trend.
The J == 1 level gets a large positive contribution
which is already smaller for the J == 2 level and nearly
zero for J == 3. The J == 4 level has a strong negative
magnetic contribution.

Table 1. Energy splitting in eV for all combinations of one muon in
the levels 1s to 4/s/2 and one electron in the levels 1s to 2P3/2
coupled to good angular momenta for Pb

J.1 e

Is 2Pl/2 2P3/2

Is J=O J=O J=1
16.8 eV 0.94 eV 0.18 eV
J=1 J=1 J=2

2Pl/2 J=O J=O J=1
5.7 eV 0.15 eV 0.056 eV
J=1 J=1 J=2

2P3/2 J=1 J=1 J=O
21.5eV 1.24eV 0.059 eV
J=2 J=2 J=1

0.13 eV
J=2
0.18 eV
J=3

3d3/2 J=1 J=1 J=O
12.8 eV 0.74eV 0.083 eV
J=2 J=2 J=1

0.012 eV
J=2
0.060 eV
J=3

u., J=2 J=2 J=1
27.1 eV 1.66 eV 0.166 eV
J=3 J=3 J=2

O.195eV
J=3
0.160eV
J=4

4/s/2 J=2 J=2 J=1
18.8 eV 1.18 eV 0.24eV
J=3 J=3 J=2

0.207eV
J=3,4

calculated with this pro gram, including the full Breit
interaction between the electrons.)
As long as at least one of the particles electron or
muon has an angular momentum of j == 1/2, which are
the s1/2 and P1/2 levels, the energy splitting within the
same multiplett in these cases is entirely due to
magnetic interaction between the muon and the elec­
tron (see Table 1).
The radial extension of the muon wavefunction is
very much inside the electronic wavefunction. The
overlap of both wavefunctions therefore increases for
larger principal quantum numbers of the muon and
decreases for larger principal quantum numbers of
the electron. Therefore the radial integrals pk or RBk

are largest for the electron in the 1s state and the
muon in a very high state. This already shows that
the Coulomb splitting due to additional pk integrals
will not be large because the electron has to occupy

-0.2

+direct
Coulo mb
interaction

+ magnetic
interaction
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Fig.2. Line position for muonic 5g 9 / 2 -417/2 and
6h 9 / 2 - 5g7/2 transitions in Pb and Sn,
respectively, relative to the unscreened value. The
lowest energetic groups in both cases are the
transitions in the presence of the 1S2 and more
electrons. The splitting of the 1s 1 group of lines
is due to the magnetic interaction. In Sn this
group is expected to carry about 7 % of the
intensity

This results in closeness of the levels J = 3 and J = 4
for the total energy of this state. This trend is also
found for the other configurations considered here.
These calculations show that here in Pb the splitting
due to Coulomb interaction and magnetic interaction
is of the same order of magnitude.

4. Inclusion of the Electron State-Dependent
Screening and Discussion of a Possible Observation

The fact that the electron screening contribution is
large and becomes even larger for the higher tran­
sitions has drawn a lot of attention. Therefore, in a
number of papers [9-13J this effect was calculated
and the dependence on the number of electrons and
sublevels was studied. Due to the radial distribution
of the electrons about 85 % of the screening orig­
inates from the two ls electrons as compared with the
total screening of all 81 electrons in Pb. An analysis
has shown that in reality nearly always full inner
shells [11, 14-16] have to be assumed when the
muon transition occurs. This is well understood since
the mean lifetime of an 1s vacancy in Pb is of the
order of 10- 1 7 s, due to the refilling of np electrons
[17J, whereas the radiative muon transition time for
the 5-4 and 6-5 transition is at least slower by a
factor of 5 and 10, respectively [18J. For higher
transitions these factors are even larger. In addition,
the muonic Auger transition, the process, whereby an
inner electron will be ejected, has only a probability
of about 2 %and 8 % for the transitions 6-5 and 7-6,
respectively, as compared with radiative transition
probabilities [18J. These small probabilities to gener­
ate an 1s hole and its short lifetime reduce the num­
ber of 5 - 4 muonic transitions in the presence of an
l s hole to less than 1 %. This number would increase
to greater values if the number of L electrons is

smaller than 8 because of the Auger effect, so that the
filling of the 1s hole is not as rapid as is given in the
tables [17J. On the other hand the electronic K-X­
rays in the presence of a muon with an effective
charge (Z -1) have been well observed [14J. We may
therefore ask the question whether this effect is 0 b­
servable in heavier Z systems. Before an answer to
this question can be obtained, many conditions have
to be fulfilled at the same time, namely

( a) the absolute effect of the magnetic splitting has
to be large enough to be measurable. Because of its
strong Z dependence Z should be as large as pos­
sible;

(b ) the small magnitude of the effect needs a
measurement with a crystal spectrometer which
means that the transition energy should be less than
100keV;

( c) the transition which is being observed should at
most be radiative, whereas
( d) the preceding transition should mainly be domi­
nated by muonic Auger transitions which will gener­
ate the 1s hole, and

( e) this Auger transition has to have a transition
energy which allows the creation of an 1s hole en­
ergetically;

( f) the total K -decay rate of the 1s hole has to be
smaller or within the same order of magnitude as
compared to the muon transition rate.

The six conditions have to be fulfilled at the same
time, and this is difficult to satisfy. Nevertheless, we
have found that in the Z = 50 region this effect might
be observable. For example for Tin (Z = 50)
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( a) the absolute effect of magnetic splitting of a 6h
- 5g transition in the presence of an 15 electron hole
is in the order of 6 eV;

(b) this splitting may be measurable because this
transition has an energy of about 85 keV;

( c) this transition is 80 % radiative [18J, whereas

( d) about 50 % of the transitions which fill the 6 h
level are Auger transitions [18J.
Thus one can expect that in nearly all of these Auger
transitions an 15 hole is being produced because

( e) the preceding 7 i - 6h transition has an energy of
about 51 keV, so that the 15 electron with a binding
energy of about 30 keV can be ejected;

(f) because the total K-decay rate for the 15 hole
[17J is about 1.2 . 10+ 16 S - 1 and the muon transition
rate in the 6h-5g transition [12J is 2.5 ·10los-i,
one can expect that in about 7 % of all cases the
transition occurs in the presence of an 15 hole.

We have calculated the energies for the muonic tran­
sitions 6 h - 5g in Sn as well as 5g - 4f in Pb for
comparison in the presence of various electronic con­
figurations (Fig.2). Because the relative positions of
the lines are not affected by vacuum polarization,
self-energy or recoil effects, only the effect of screen­
ing and magnetic splitting will manifest themselves in
such a measurement. In Fig. 2 three groups of lines
can be seen.
The lowest energetic group are transitions in the
presence of at least two 15 electrons or more. Because
of the small additional screening of all outer electrons
there is not much difference to the 152 screening. The
middle group are the transitions discussed above
which are effected by the 15 screening plus the mag­
netic splitting. Additional outer electrons may give
some additional structure only a few eVapart. The
highest energetic line is the very unreasonable case
when both 15 electrons are ionized. The discussion
above has shown that the middle group of lines in Sn
should be emitted with about 7 %intensity compared
to the low energetic group, whereas in Pb only the
lowest energetic group will be measured.
The observation of these lines in Sn would give three
important informations:

(1) Knowledge of the electronic structure during the
muon cascade.

(2) The relative intensities of the various groups are
an experimental check of the muon Auger and ra­
diation rates, as weIl as the K-X-ray emission rate.

(3) The energetic analysis of the observed lines will
give information on the magnetic interaction of the
two non-identical particles muon and electron, which
is of general interest.
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