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 Springer-Verlag Berlin{Heidelberg 19961 IntroductionThe management system TOSCANA ([7], [11]) for conceptual data systems ([10],[8]) provides a 
exible tool for conceptually structuring large data tables and fordynamicly browsing through the data. Among the applications are a retrievalsystem for documents in a library ([6]), an evaluation tool for questionaries, anda navigation tool for laws and regulations in civil engineering ([7]).Conceptual data systems are based on the theory of formal concept analysis([13], [4]) which has been developed mainly at the Technische Hochschule Darm-stadt during the last 15 years. The basic idea of conceptual data systems is toprovide so-called conceptual scales which re
ect each a di�erent aspect of thedata. In TOSCANA, these scales are displayed on the screen as a line diagram.For focussing on more than one aspect at the same time, the program combinesthese scales online and shows them as a nested line diagram. Therefore it \blowsup" the points of the line diagram of the �rst scale and inserts the line diagramof the second scale into every point. This nesting process can be repeated. Onecan also examine only one concept of the �rst scale by zooming in the pointof the scale and displaying a di�erentiation of that concept by a (nested) linediagram.The conception of TOSCANA allows a dynamic navigation through the data.There are no restrictions to the user which scale to choose next or where to zoomin. In the implemented version, the scaling process is global: Once the next scaleis chosen, it is inserted into every point of the �rst scale { even if the secondscale is irrelevant to the corresponding facet of the �rst scale.In this paper we present the technique of local scaling, where only conceptsof the outer scale, which are di�erentiated further by the inner scale, are re�ned.This is also called dynamic scaling, since only at run-time the result of the requestto the underlying database determines where to scale and where not.2 Conceptual Data SystemsConceptual data systems are developed within the theory of formal concept anal-ysis, which is based on a mathematical model of the philosophical understandingof a concept as a unit of thoughts consisting of two parts: The extension whichis containing all objects belonging to the concept, and the intension which iscontaining all attributes common to all those objects (cf. [12]).
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Fax="x" and Phone="x" and AnsweringMachine="x"Fig. 1. The concrete scale \Functionality"In formal concept analysis, the data are given by a (one-valued) (formal)context (G;M; I) which consists of a set G of elements called objects, a set Mof elements called attributes, and a relation I � G �M where (g;m) 2 I isread as \the object g has the attribute m". Now, the (formal) concepts of thecontext (G;M; I) are all pairs (A;B) with A � G and B �M such that (A;B) ismaximalwith the property A�B � I. The set A is called the extent and the set Bis called the intent of the concept (A;B). The set B(G;M; I) of all concepts of acontext with the order (A1; B1) � (A2; B2) :() A1 � A2 is always a completelattice (cf. [13]) which is called the concept lattice of the context (G;M; I). Theorder relation re
ects the natural subconcept-superconcept-relation.In many applications, objects may not just have attributes or not, but di�er-ent values for the attributes. This is modeled by amany-valued context (G;M;W;I) where G,M , andW are sets whose elements are called objects, attributes, andvalues, respectively, and I � G�M �W is a relation such that (g;m;w1) 2 Iand (g;m;w2) 2 I implies w1 = w2. Hence one can understand the attributesm as partial functions from G to W . There is a priori no concept lattice of amany-valued context. It has �rst to be \translated" into a \one-valued" context.This translation process is called conceptual scaling.A conceptual scale for a set Y �M is a one-valued context S:= (GS;MS; IS)with�m2Ym(G) � GS. The derived relation JS� G � MSis de�ned by(g; n) 2 JS: () ((wm)m2Y ; n) 2 ISwith (g;m;wm) 2 I for all m 2 Y . Aconceptual data system (cf. [10], [8]) consists of a (relational) database in whichthe many-valued context is stored and of a conceptual scheme which contains thescales. In TOSCANA ([7], [11]) one can choose a list (St)t2T of scales, and theline diagram of the concept lattice of the context (G; _St2TMSt; _St2TJSt) willbe displayed on the screen. Since there is up to now no satisfying algorithm foran automatic drawing of lattices (cf. [9], [14]), it is important that the conceptlattice can be embedded in the direct product of the concept lattices of thescales. The diagrams of the scales are provided in the conceptual scheme as well,as so-called abstract scales. Concrete scales combine the abstract scales with the
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AF 341Fig. 2. The realized scale \Functionality"correct names of the attributes and the database queries. Hence the same linediagram can be used for di�erent concrete scales having the same structure. Theresult of the scaling process is then shown in a nested line diagram of the conceptlattices of the scales.Let us illuminate this by an example: The conceptual data system \Fax' n'Phone" contains information about all telephones, fax and answering machinessold by the Deutsche Telekom ([2]). The concrete scale \Functionality" in Fig. 1,for example, is used for focussing on the functional aspect of the telephones, faxand answering machines in the database. It is labeled with the three attributes\Fax", \Telephone", and \Answering Machine", and contains furthermore sevenSQL statements as objects. The relation ISdescribes which objects have whichattributes. If an object has an attribute then, in the line diagram, there is anascending path from the object to the attribute .When the user has loaded the conceptual data system \Fax' n' Phone"in TOSCANA, then he can choose among all scales provided in the concep-tual scheme. When he chooses for instance the scale \Functionality", then thedatabase is queried with the seven SQL statements. This produces the realizedscale \Functionality" and displays it on the screen (see Fig. 2). The seven pointsrepresent the concepts, and the lines represent the subconcept-superconcept-relation. A concept has all the objects in its extent which are listed below theconcept in the line diagram, and it has all the attributes in its intent which arelisted above the concept. The lower left concept for example has the objectsAF 301T, AF 321, AF 301TA,: : : , AF 341 in its extent, and the attributes \Fax"and \Telephone" in its intent. There are two fax-telephone combinations without
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33Fig. 3. A nested diagram of the scales \Functionality" and \Registration"answering machine, namely AF301T and AF321, the other six include addition-ally an answering machine. The number \29" under \Telephone" indicates thatthere are 29 telephones without fax and answering machine. With a mouse clickone can change between the display of this number and the display of the namesof the objects.Scales can be combined on the screen. Figure 3 shows the combination ofthe scale \Functionality" with the scale \Registration" which has the attributes\Tape" and \Digital" and shows if an answering machine registers on a tapeor digitally. The resulting concept lattice is embedded in the direct product ofthe scales as a join-semilattice. In the diagram, it is marked by �lled circles.Every thick line of the outer scale has to be interpreted as four lines each linkingthe corresponding concepts of the inner scales. For example, the two stand-alone answering machines have tape registration, and there are seven telephone-answering machines without fax registering digitally and one registering on tape.On principle, the number of scales nested one into another is unlimited. Fig-ure 4 shows the nested line diagram of the three scales \Functionality", \Regis-tration", and \Paper" (which shows if a fax machine needs ordinary or thermopaper). Since these nested diagrams get soon very large, and one is often notinterested in the whole diagram, TOSCANA provides zooming into the scales.E. g., one could zoom in the lower right concept in Fig. 3 and obtain the scale
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3Fig. 4. A nested diagram of the scales \Functionality", \Registration", and \Paper"\Registration", but restricted to the telephones with answering machines. Thenone can continue the navigation with a new scale, for example one about thenumber of short dial memories.However, sometimes it is interesting to see the whole outer scale on thescreen { but it would be enough to \blow up" certain circles of the outer scale.For instance, it makes sense to insert the scale \Registration" only into thethree concepts of the outer scale having \Answering Machine" in their intent.In the next section, the conception of local scaling as an approach to this ideais described.3 Local ScalingIn the example, one can see that the scale \Registration" is only meaningful foranswering machines, hence it would be su�cient to insert it into the bottomand the two right elements of the outer scale. For the scale \Paper" it wouldbe su�cient to insert it into the bottom and the two left elements of the outerscale. We investigate now, for which concepts of an outer scale it is relevant toinsert the second scale, and how this �ts into the theory. First we look at thebottom elements of the scales.



Scaling a many-valued context (G;M; I) with two scales S1 := (G1;M1; I1)and S2 := (G2;M2; I2) is equivalent to scaling it with the semi-product S1 ./S2 :=(G1 � G2;M1 _[M2;r) with (g1; g2)rm : () (gi;m) 2 Ii for m 2 Mi. Theconcept lattice of the semi-product is basically the direct product of the conceptlattices of the two scales, but with the following modi�cation: From B(S1) andB(S2) we delete the bottom elements, if their extents are empty. Then we buildthe direct product of the remaining ordered sets, and add a new bottom element,if in the �rst step at least one bottom element was deleted (cf. [4]). If there isa new bottom element, then we draw it together with a horizontal bracket toindicate that there are lines from all elements not having a lower neighbor tothe new bottom element. Figure 5 shows, how the nested diagram of the scales\Functionality", \Registration", and \Paper" in Fig. 4 can be simpli�ed in thisway. If there were no models combining telephone, fax and answering machinein the data base, then the lowest circle of the outer scale would be omitted, too.With the semi-product we have already reduced the complexity of the dia-gram, since some unrealized concepts are no longer displayed. Figure 6 showsthat we can still do better by using local semi-products.For their de�nition we need the two derivations A0 := fm 2 M j (g;m) 2 Ifor all g 2 Ag for A � G, and B0 := fg 2 G j (g;m) 2 I for all m 2 Bg forB �M . The fact that (A;B) with A � G and B �M is a concept is equivalentto A0 = B and A = B0. The smallest concept having an object g in its extent is
g := (fgg00; fgg0).De�nition. Let S1 := (G1;M1; I1) be a scale and let C be a convex subsetof B(S1) (i. e., b1; b3 2 C and b1 � b2 � b3 imply b2 2 C) with min(C) �
(G1). Let S2 := (G2;M2; I2) be a scale such that there is an object g 2 G2with 
2g = 1B(S2). We de�ne the local semi-product of S1 and S2 in C byS1 ./CS2 := (G;M; �) with G := f(g1; g2) 2 G1 � G2 j 
g1 2 C or g2 = gg,M :=M1 _[(Imax �M2) with Imax := fB j (A;B) maximal in Cg, and (g1; g2) �m1 : () g1I1m1 for m1 2 M1 and (g1; g2) � (B;m2) : () (g1 2 B0 andg2I2m2) for (B;m2) 2 Imax �M2.1The following theorem describes how the concept lattice of the local semi-product of two scales looks like. We use the notation 01 := 0B(S1), 02 := 0B(S2),11 := 1B(S1), 12 := 1B(S2).Theorem1. For i = 1; 2, let Vi := B(Si) if the extent of 0i is nonempty, andVi :=B(Si) n f01g otherwise. Then the concept lattice B(S1 ./CS2) is isomorphicto V := (V1 n C) [ (C � V2), if V2 = B(S2) and 01 2 C, with the order � givenby b1 � d1 :() b1 �1 d1;b1 � (c1; c2) :() b1 �1 c1 and c2 = 1B(S2); (�)(c1; c2) � b1 :() c1 �1 b1;(c1; c2) � (e1; e2) :() c1 �1 e1 and c2 �2 e21 The conditions min(C)�
(G1) and 
g=1B(S2) can be avoided when we add addi-tional objects to G, but for our purpose this is not necessary (see Theorem 2).
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Fig. 5. The semi-product of the scales \Functionality", \Registration", and \Paper"for b1; d1 2B(S1) nC, (c1; c2); (e1; e2) 2 C �B(S2).Otherwise B(S1 ./CS2) is isomorphic to V _[f0V g with 0V < x for all x 2 V .Proof. Since 012C ) 012
(G1) ) V1=B(S1), V or V _[f0V g, resp., is isomor-phic to (V1 � f12g) [ (C � V2) [ f(01; 02)g with the component-wise order. For(A;B) 2 B(S1 ./CS2) we write (A;B1 _[B2) with B1 := B \ M1 and B2 :=B \ (Imax �M2). We de�ne �:B(S1 ./CS2)! (V1 � f12g)[ (C � V2)[ f(01; 02)gby �(A;B1 _[B2) := ((B01; B1); ((�2B2)0; �2B2)) where �2 is the projection on thesecond component of a tuple.The mapping � is well de�ned: B1 is a concept intent ofS1 because of (�1A)0 =B1, and �2B2 is a concept intent of S2 because of (�2A)0 = �2B2. If g 2 (�2B2)0then �(A;B1 _[B2) = ((B01; B1); 12). If g 62 (�2B2)0 then A � fg1 2 G1 j 
g1 2Cg�(G2nfgg). Because of (B01; B1) = Wg12�1A 
g1 there is A = ; or there exists
g1 2 C with 
g1 � (B01; B1). In the �rst case we have �(;;M ) = (01; 02). In thesecond case it remains to show that (B01; B1) is laying below a maximal element
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3Fig. 6. The local semi-product of the scales \Functionality", \Registration", and \Pa-per"of C. We have B2 6= ;, since otherwise �2B2 = ; and g 2 ;0 = (�2B2)0, whichis a contradiction to g 62 (�2B2)0. Hence there is (B;m2) 2 B2, which implies(B01; B1) � (B0; B) 2 C. Hence (B01; B1) 2 C.The mapping � is injective: Let �(A;B1 _[B2) = �( ~A; ~B1 _[ ~B2). Then B1 = ~B1which implies �1B2 = �1 ~B2. With �2B2 = �2 ~B2, it follows B1 _[B2 = ~B1 _[ ~B2.The mapping � is surjective: For ((A;B); ( ~A; ~B)) 2 (V1 � f12g) [ (C �V2) [ f(01; 02)g, we have �((A � ~A) \ G;B [ (fI 2 Imax j I � Bg � ~B)) =((A;B); ( ~A; ~B)).Suprema are preserved by �, because in concept lattices the supremum is givenby Wt2T (At; Bt) = ((Tt2T Bt)0;Tt2T Bt). Hence in�ma are preserved, too. utIn [5], W. Geyer examines similar constructions, namely local direct products, asgeneralizations of A. Day's interval doubling construction ([1]). But we cannotuse his results, since in local direct products the condition (�) in Theorem 1 isreplaced by b1 �1 c1.The next theorem describes how the concept lattice of the scaled many-valuedcontext is embedded in the nested diagram produced with Theorem 1.
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For applying this theorem, we let the set H be the set of all data base queriesyielding a positive result. The theorem states that it is su�cient to displayS1 ./CS2 instead of S1 ./S2, and that the concept lattice can still be embedded inthat scale. Figure 6 shows how Fig. 5 can be reduced in this way by applyingthe local semi-product twice. Instead of 112 potential concepts as in Fig. 4 weonly need 24 concepts to show the same information.More important than the fact that the embedding preserves suprema is that,in general, in�ma are not preserved. It can easily be seen in the line diagram,where an in�mum is not preserved. This always indicates an implication betweenthe attributes of the inner and the outer scale. In Fig. 6, for example, one cansee that the in�mum of the concepts labeled with \Telephone" and \OrdinaryPaper" is not realized. The �rst realized concept below is the bottom element;and this indicates that the combination \Telephone" and \Ordinary Paper"implies all other attributes. In this case the implication is true, because thereare no objects in the database ful�lling the premise.In Fig. 7 we see an example, where the convex set is not including the bottomelement of the outer scale. The inner scale is only relevant for wireless telephones,and in fact the 4 + 2 + 1 + 1 = 8 telephones in the inner scale not noted at itstop element are exactly the wireless telephones in the data base. Observe that,according to (�) in Theorem 1, the two concepts at the lower left and right,labeled with \2" and \8", resp., are lower neighbors only of the top element ofthe inner scale. The only lower neighbor of the bottom concept of the inner scaleis the bottom element of the local semi-product!In Fig. 8, the scale \Functionality" is combined with a scale about the numberof short dial memories. There is a copy of the set M2 of attributes of the innerscale for every maximal element of the outer scale. This is the (desired) e�ectof M := M1 _[(Imax �M2) in the de�nition of the local semi-product. Here onecan also see that there is not always an additional bottom element to be added,since in this combination the lowest concepts of both scales are realized.4 ConclusionWe conclude, that there should be four options in the management system forconceptual data systems: The �rst is the one that is actually implemented,namely to display the complete direct product of the scales, as in Fig. 3 and 4.The second is using the semi-direct product (as in Fig. 5), and the third is usingthe local semi-direct product as described in the last section.The fourth option provides more interactivity to the user: It allows him toblow up or to collapse concepts of the outer scale by mouse click. The conceptscontained in the convex set C (which are the interesting ones to blow up) aremarked by a double circle. Figure 9 shows how this option can be used as a\magnifying glass". It gives the same information as zooming in the lower rightconcept, but it states additionally the location of the magnifying glass in theouter scale. Hence it combines both the local and the global aspect of the concept.Here one should mention that it is possible not only to display the number (or
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