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1. Introduction

THE UNIVERSITIES of Exeter (Centre for Innovation
in Mathematics Teaching) and Kassel (Mathe-
matics Department) have been working closely
together over the past few ycars as they have a
common interest in encouraging the teaching of
mathematics through its applications. This early
work highlighted the fact that there were significant
differences between German and British methods
of teaching mathematics, let alone its applications.
A full account of this preliminary study* is given by
Blum et al.! The German style is characterised by

(1) the teacher clearly dictating the interaction
and path of the lesson;

(2) class discussion being a very important part of
the lesson;

(3) the teacher having very strict control over
homework;

(4) emphasis being placed on correct, precise
mathematical language at all times.

In contrast, the English style is characterised by

(1) less formal teacher-led discussion, with the
emphasis on individual pupil-led work;

(2) class discussion between teachers and indivi-
dual pupils as the main teaching form, in which
difficulties were sorted out individually;

(3) greater emphasis on self-paced work schemes;

(4) less emphasis on correct mathematical expres-
sions.

Whilst there is much variation in the classroom
styles within the two countries, it is clear from our
preliminary study that there are, on the whole,
significant differences in the general approaches.

* Funded by the British Council

2. Methodology

Comparisons between countries have been given
some prominence recently, including the work of
Prais and Wagner,? which related to Germany and
the United Kingdom. Many of these studies,
however, have used inaccurate methods of compari-
son. In order to be sure that we are comparing
groups of similar mathematical ability, we have now
developed a mathematical potential test from which
we will be able to select students of similar
mathematical ability. We plan to follow their
mathematical progress over a number of years in
order to determine what factors are instrumental
in enhancing progress in mathematics.

The mathematical potential test has now been
piloted, revised, and tested several times and this
preliminary testing has in itself led to some
interesting results. The revised version of this test
is given in the Appendix.

This test, and its German equivalent, has been
used in a number of contrasting schools in both
countries. In Germany, the sample size was 302,
roughly divided in proportion to the numbers of
pupils in the three main types of schools in
Germany, namely,

Gymnasium 45%
Realschule 309
Hauptschule 259,

In Britain, the sample size was 540, all of whom
were in comprehensive schools, but in areas where
a significant proportion of high-ability children
would have been attending private schools. The test
was time-limited and given to pupils aged 12-14,
although the average age of the British sample was
a little less than the German average.
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The test was designed to be relatively “content”
free, since it was designed as a test of potential,
rather than mathematical knowledge. The broad
areas covered by the test are:

Simple calculations with 2,5)
numbers

Recognising structure of (1, 17,19, 22)
number sequences

Applied algebraic calculations (8, 10, 13, 24)

Handling proportions (11, 15, 20, 26)
Puzzles on number symbols (28)

Plane figures (3, 12, 16)
Spatial ability (7, 21)
Interpreting graphs in context (6, 23)

Concept of probability 9

Combinatorial reasoning (14, 27)
Recognising structures (4, 18)
Logical reasoning (25

There was a time limit of 40 minutes for the test,
and calculators were not allowed. A summary of the
full results is given in Table I, and the y? test has
been used to test for significant differences.

Note that Question 9 was inadvertently changed
in translation, being made considerably easier in
the German version, so the results for this question
have not been included in the analysis.

3. Interpretation of results

The most surprising result, given that the samples
were not chosen deliberately to be comparable, was
that in almost half the questions (13 out of 27),
there was no significant difference between the
performances of British and German pupils. For
those questions in which there were significant
differences in performance, 12 were in favour of
German pupils and 2 in favour of British pupils.
Particular difference can be partially explained by
the different emphasis put on the teaching of topics
in the two countries, whilst overall differences can
also be attributed to the creaming off of many
high-ability pupils in the United Kingdom into the
private sector of education.

Detailed differences and interpretations are given
below.

(1) Arithmetic/algebraic topics

German pupils performed better in all questions
on calculations with number and proportion.

For the questions on applied algebraic calcula-
tions, a somewhat different picture emerges. The
German pupils obtained significantly better results
in two questions, whereas the British pupils
obtained better results (not significant) in two other
questions that required more advanced algebraic

or (more appropriate) trial-and-error approaches.
One possible explanation for the better results of
the British pupils in these two questions might be
that they were more used to trial-and-error
methods, such methods being common in the
investigational work so often seen in British
schools.

In the questions relating to the structure of
number sequences, the German pupils obtained
better results in three out of four questions
(significant in two questions).

The question in which the British pupils obtained
better results used square numbers, which were not
known to the pupils of one of the participating
German schools.

In the only question on puzzles on number
symbols, the German pupils also obtained signifi-
cantly better results.

These results can be readily explained by the high
importance that is given to these topics in German
mathematics lessons and the teaching time that is
devoted to them. German mathematics teaching
may be characterised in part by its orientation
towards an accurate performance of computational
algorithms, especially those of simple calculations
without calculators, of proportions, percentages
and fractions. This is in contrast to most British
mathematics teaching, which gives relatively little
importance to the practice of computational
algorithms and very often emphasises investigative
work, the effects of which are much more difficult
to test.

(2) Geometrical topics (including graphs)

Here the British pupils obtained significantly
better results.

In the questions on two-dimensional shapes, the
British pupils obtained significantly better results
in two out of three questions (one at the 2.59; level,
one at the 5% level). In one of these questions—
asking for shapes in a grid—the biggest difference
in favour of the British pupils emerged. A plausible
explanation for this difference is that shapes in a
grid are usually not treated in German mathematics
lessons and were therefore totally unfamiliar to the
German pupils.

With three-dimensional shapes, in one question
the German pupils obtained better results, whilst
in the other questions the British pupils were better
(but not significantly).

In the two tasks on contextual graphs, the British
pupils obtained better results, neither significant at
the 5% level. This again can be explained by the
lower emphasis given to studying and interpreting
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Table 1

Results of the Mathematical Potential Test

5

Questions with differences in favour of the German pupils:
15, 16, 19, 20, 22(2.5% level), 25, 26 (5% level), 27, 28

1,2, 4,5, 7 8 10, 11, 14,

Questions with differences in favour of the English pupils:
3(2.5% level), 6, 12, 13,17, 18, 21, 23, 24

N.B. (Bold : significant differences at the 1% level)

Question Britain (n = 540) Germany (n=302) X Significance
Number No. correct % No. correct % G>B B>G Level
1 531 98 300 99 1.515
2 426 79 275 91 20.578 p < .01
3 427 79 217 72 5.613 p<.025
4 367 68 214 71 0.760
5 486 90 299 99 24.890 p<0.1
6 226 42 106 35 3.698
7 349 65 210 70 2.090
8 178 33 128 42 7.431 p<0.1
9 347 64 271 90 Not applicable
" 10 340 63 227 75 13.113 p<0.1
11 178 33 152 50 24 515 p<0.1
12 209 39 68 23 22.989 p<0.1
13 353 65 179 59 3.100
14 335 66 212 70 1.750
15 140 26 131 43 27.026 p<0.1
16 388 72 235 78 3422
17 121 22 56 19 1.186
18 224 42 110 36 2.070
19 240 44 193 64 20.371 p<0.1
20 93 17 79 26 9516 p<0.1
21 214 40 116 38 0.121
22 422 78 256 85 5412 p < 0.025
23 181 34 98 32 0.100
24 72 13 27 9 3.602
25 158 29 151 50 35.685 n<O.1
26 117 22 85 28 4459 p < 0.05
27 24 4 21 7 2411
28 87 16 95 31 26.920 p<0.1
Mean (excluding Q. 9) 12,73 14.05
Standard deviation 496 4.82

15
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graphs in German mathematics lessons compared
to British lessons.

(3) Combinations/probability/logic topics

Here the German pupils obtained better results
in four out of five questions, but only one difference
was significant (at the 1% level).

In one ambitious question (27) testing general
combinatorial skills, nearly all British and German
students failed.

In the two questions on symbolic structures, the
results were not uniform: in one question the
German pupils obtained better results and in the
other the British pupils did better. (However,
neither was significant.)

In the logic question the German pupils obtained
significantly better results; in fact this gave the most
significant difference (measured with y?) in favour
of the German pupils in the whole test. Although
logical topics are not usually explicitly included in
German syllabuses, mathematics teaching, at least
for the Gymnasium, places great emphasis on
logical reasoning and reflection.

4. Summary

Our detailed analysis suggests that the test results
are highly dependent on the mathematical instruc-
tion given to the pupils in the samples, despite the
fact that we were concerned to find the potential
ability of pupils in mathematics, rather than their
actual level of performance. Generalisation con-
cerning the differences between German and British
pupils in mathematics must be treated carefully—

there is often an obvious reason why differences
show up. In particular, our results seem to show
that (as we had hoped) the differences in mathe-
matical potential between the pupils in the two
countries are not particularly significant, and that
differences that do exist can be readily explained
by the emphasis put on these topics in mathematics
teaching in each country.

We hope that our potential test will provide a
valid yardstick from which to base comparisons.
For the reasons elaborated above, we have decided
to eliminate Questions 11 and 15 and replace
Question 25 from the agreed version to be used in
the next phase of our project. In this phase, we will
be following the progress of a number of cohorts
of children (aged about 11 and 14 years) for three
years, regularly testing for attainment on particular
mathematical topics, as well as assessing their
mathematical potential. In this way, we will be able
to make comparisons concerning the progress of
children who start with similar potential. We will
seek to correlate this progress with some possible
influencing factors, such as schemes of work, size
of class, style of teaching and type of school with
a view to making recommendations about how to
improve mathematics teaching in order to enable
pupils to realise their mathematical potential.
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Appendix
The Mathematical Potential Test

Answer all questions in the spaces provided.

A calculator may not be used, but pen and paper calculations are allowed.

1 What is the next number in this sequence?
25 20

2 What number is the arrow pointing to?

10

]
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3 Give the number(s) of any of the shapes shown below which can be made from the two pieces given

(each piece should only be used once) |
Pieces a
given
Combined
shapes . ‘
1 2 3 L)
4 Give the number of the shape from those below which completes the pattern. 0
J A ®
(-
©.80.0.A.8.0
5 A woman has £100. She earns £40 more and spends £70. How much has she got now? O
6 The diagram shows the highest temperature each day during the month of July at a holiday resort. On
how many days was the highest temperature at least 20°C? |
N
26 X%
4
24 * Xt % e3¢
o RS f
Tq_; 22 » X% ¥ oY, ol
3 3 x X
g =20 % * *
1S
@
18 o X ¥
X
16 i‘x L %
1 4 7 10 13 16 19 22 25 28 31 >
Day number
Ll

7 How many flat surfaces has this solid?
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A gardener is planting trays of seeds. She has 20 trays to do, and it takes her 10 minutes to plant each
tray. She begins her work at half-past-seven in the morning. At what time will she have completed
three-quarters of the trays? O

There are four bags containing black and white counters. |

Bag A: 12 black and 4 white
BagB: 20 black and 20 white
BagC: 20 black and 10 white
BagD: 12 black and 6 white

You have to take out one counter from a bag (with your eyes closed). Which bag gives you the best
change of getting a black counter?

I think of a number. I then double it and take away 17. The answer is 45. What was the number? [

Twenty oranges cost £4.20. How much should twelve oranges cost? 0
Draw as many crosses as possible on the grid so that:
@ they are the same size as the one shown
@ they do not overlap (they may touch).
\\
N
Each sack weighs the same, and the scales balance. What does one sack weigh? O

The five letters A, B, C, D, E are to be put into a 5 x 5 grid. Each row and each column must contain

each letter. The first three rows are given. Complete the grid with two more rows.

@™ O >
O > m
moO
> mOo
o @ m

There are 1200 fish in a pond. This number increases by 15 fish each year for every 100 fish present
at the beginning of the year. How many fish will be in the pond in a year’s time? O

Which is the odd one out? J
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18 Give the number of the shape from those below which completes the pattern? O

19 What are the next two numbers in the sequence?

6 9 18 21 42 45

20 The diagram shows three cogs working together. The number of teeth is shown at the centre of each
cog. If cog A makes six revolutions, how many will cog C make? O

21 Here are three views of the same cube. On the faces of the cube are the letters A, B, C, D, E, and F.
Which letter is on the face opposite to the one with the letter E? O

w w O

A m F

22 What is the missing number? U

18 24



20

TEACHING MATHEMATICS AND ITS APPLICATIONS Volume 12, No. 1, 1993

23 This swimming-pool is filled with water at a constant rate. Which graph below best shows the increase

24

25

26

27

28

in the depth of the water with the passing of time? O
- A
: A B
N\ \\
R < £
= £
8 g
0 Time 0 Time
C D E F
= £ - £
8 s 3 =4
3 8 3 3
0 Time - 0 Time 0 Time 0 Time

Tom, Dick and Harry have a sum of £575 to be shared between them. They agree to divide it so that
Tom gets £19 more than Dick, and Dick gets £17 more than Harry. How much does Tom get? [J

Three children, whose first names are Ann, Brian and Carol live in the same road. Their
ages are 7, 9 and 10, and their family names are Smith, Jones and Patel. If the girl with
family name Smith is three years older than Carol, and the child with family name Patel
is 9 years old, what is the family name and age of Brian?

A submarine has food to last its crew of 25 men for 6 months. How long would the food last a crew
of 60 men? O

There are 5 different kinds of sweets in a bag. What is the least number you must take from the bag
to make sure that you get at least 3 of the same kind? O

Each symbol in the multiplication stands for a different whole number. Find the value
of each symbol.

He xO0=-AHNHO

>en
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