On Oseen Resolvent Estimates:

A Negative Result

Paul Deuring? Werner Varnhorn?

1Université Lille 2Universitiat Kassel

Laboratoire de Mathématiques Fachbereich Mathematik

BP 699, 62228 Calais cédex D-34132 Kassel
France Deutschland

paul.deuring@lmpa.univ-littoral.fr ~varnhorn@mathematik.uni-kassel.de

We consider the resolvent problem for the scalar Oseen equation
in the whole space R3. We show that for small values of the resol-
vent parameter it is impossible to obtain an L?-estimate analogous to
the one which is valid for the Stokes resolvent, even if the resolvent
parameter has positive real part.
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1 Introduction

Let Q C R? be a domain, either bounded or exterior (i. e. a domain with compact
complement) or a half-space or the whole space R®. Set p > 1 and 0 < ¥ < 7.

Then the velocity part u of the solution (u, q) of the Stokes resolvent problem
—Au+Iu+Vg=f, divu=0 in €, (1)
with Dirichlet boundary condition
u =0 on OS2 (Q #R?) (2)
satisfies the estimate
lul, < Slfl €D 0£AEC with fugA| <9 (3

with a constant C' depending only on €2, p and ©J. This so-called resolvent estimate
is a crucial auxiliary result when a semigroup approach is applied to the non-
stationary Navier-Stokes system. The estimate (3) was proved by Giga [9] in the
case that €2 is a bounded or an exterior domain and |A| is large, by McCracken
[11] if 2 = R? or if  is a half-space in R?, by Borchers, Sohr [1] if 2 C R3(n > 3)
is an exterior domain and |\| is small, and by Borchers, Varnhorn [2] if Q C R?
is an exterior domain and || is small. Deuring [3], [4], [5] gave another proof
of (3) if Q is an exterior domain, as did Solonnikov [13] under the additional

assumption that |A| is large.

With inequality (3) in mind, we want to consider a different situation here. In

fact, the constant motion of a rigid body in an incompressible viscous fluid is



usually modeled by the Navier-Stokes system with an Oseen term. Thus, in
order to apply a semigroup approach to that system, equation (1) has to be

replaced by the Oseen resolvent problem, which reads as follows:

—Au+T10u+Au+Vg=f, divu=0 in Q. (4)

Here 7 > 0 is the Reynolds number. Again boundary condition (2) has to be
imposed if  # R3. According to [10, Theorem 4.4], an estimate as in (3) holds
for the velocity part u of a solution to the Oseen system (4), (2) if ReA > 0, |A|
is large and € C R? is an exterior domain, with C' depending on €, p, 7 and a
lower bound for |A|. In [7, Theorem 4.4] this result is generalized to the case of
an exterior domain in R”™ with n > 3. It is further shown in [7] that for a given
v € (5, m), asufficiently large value Ry > 0 may be chosen such that (3) holds for
A € C with [A\| > Ry and |arg A| <9 ([7, Lemma 4.5]). The results from [10] and
[7] are exploited in [12] and [8], respectively, in order to solve the time-dependent
Navier-Stokes system with Oseen term, and to prove decay results for solutions

of this system.

The preceding observations give rise to the question whether in the Oseen case
an estimate as in (3) holds for small values of |A|. Of course, it must be taken
into account that the spectrum of the Oseen operator touches the imaginary axis
from the left, see [10, p. 7] for more details. Therefore it cannot be expected
that in the Oseen case inequality (3) is valid for A € C with |A| small, Im A < 0
and |argA\| < ¢, for some ¢ € (5, 7). However, one might hope that (3) holds
for 0 #£ A € C with Re A > 0 and |\| small. We are aware of only one result in

this direction: According to [6, Theorem 10, (3.15)], the solution u of the scalar



Oseen equation with resolvent term
—Au+Tou+ A u=f in R® (5)

satisfies the estimate

il

s < 1y

Ifllp, f € LP(R?), 1 <p<2,0£A€C, [N < (3)”, Red > 0.

(6)

In view of (3), it may be asked whether it is possible to improve inequality (6) by
replacing the factor |A\|72 by |A|7! (note that small values of || are considered in
(6)). It is the purpose of the present paper to show that such a improved version
of (6) does not hold. More precisely, we show that, given any 0 < a < %, there

is no constant C' > 0 with

2

lulla < CIA¥24|fll, for fe L2(R%), A=12+ir with re (0,1)N (o, %).

Here v € H?(IR3) is the solution of (5) for given f and A, see Theorem 2 below,
where a slightly more general result is presented. This leaves open the question
for the exponents v € [2, 2) such that the inequality [|ul|, < %Hpr is satisfied,
at least in the case p = 2, if |A| is small and Re A > 0. Nevertheless, and this
is the point we want to make with the present paper, our result is sufficient to
indicate that even for A\ in the right complex half-plane, the Stokes resolvent

estimate (3) does not carry over to the Oseen case if |A| is small.



2 Notations and known results

For R > 0, let Bgr denote the open ball in R?® with radius R and center in
the origin. If A C R3, by x4 we denote the characteristic function of A. For

g € L'(R3) let g denote the Fourier transform of g, defined by:

g(&) := —1 e v g R3.
9(§) \/WR[g(y) y, (€

The inverse Fourier transform of ¢ is given by

1 .
5O = s [y, ¢e®
3
Ve
The Fourier transform § of a function g € L?(R3) is to be defined in the usual way
and in accordance with the preceding choice of the Fourier transform of functions

in L'(R?). If g, h are measurable functions with [gs [g(z —y)| |h(y)| dy < oo for

x € R3, we denote by g * h the convolution of g and h, defined by,

@*mwwz/mx—wmw@,xeR?

RS

Let 7 > 0. Then we define the fundamental solution E™ of the scalar Oseen

resolvent equation (5) by

]_ 7'2 Tz
E()\)(Z) = W e A+T|ZH_T1, 0 7é A Rg, A e C.

Using this fundamental solution, we may solve (5) in the following sense:



Theorem 1. Let 0 # A € C with |A| < (3)% ReX > 0. Then EN € LY(R?) N

L2(R3) such that, in particular,
JIEYG@ =15 dy < o0 for f € (), w e B
R3
Moreover, for f € L*(R?), we have EW x f € H?*(R?), and u :== EW x f solves

(5). In addition,

. 1

N ey — 3
O T o SO "

Of course, equation (5) admits a unique solution for any 0 # A € C with Re A > 0
if f e L?(R?). But we restrict our existence result to the case |[A| < ()? since
this is sufficient for our purposes, and because an existence result under this
assumption may easily be deduced from the results in [6]. This latter point

becomes clear by the

Proof of Theorem 1: By [6, Theorem 9| there are constants C;(\), Co > 0

such that

N xon(z]) Xy (2]) 5
B >(z)\§cl(A)( ot o ) 0+#2€R>

This implies E® € L2(R%) N LY(R3). According to [6, (3.15)] there is some

constant C'(\) > 0 with

IEXY « flla < CV)Ifll2,  f € L*(R). (8)



Moreover, using [6, Theorem 13] we find EW  f € H?(R?) and
1000 (EY % f)ll2 < CONIfll2s f € LAR®), 1<1,m < 3. (9)

The constant C'(A\) > 0 is independent of f. In addition, the relations [6, (3.21)]
and [6, (3.17)] yield

o(EX % N)lls < CONS 2, (10)

again with a constant C'(\) > 0 independent of f. According to [6, Corollary 1]
the function u := E™W x f belongs to C=(R?) and satisfies (5) if f € C5°(R3).
Now it follows from (8) — (10) that equation (5) is valid also for f € L*(R?).
The uniqueness result stated in the above theorem holds according to [6, Theo-

rem 9].

Equation (7) is stated in [10, p. 19]. For the convenience of the reader, we indicate
a proof here. To this end, let 0 # ¢ € R3. The integral over R® appearing in the
definition of the Fourier transform may be written as an integral with respect
to (r,n) € (0,00) x dB;. This transformation gives rise to a factor r?, which is

removed by a partial integration. Then, integrating with respect to r we obtain

1

E(’\)f — 1 /
© VIR | (VAR - (i~ ner))

5 doy, (11)

with ey := (1,0,0) and « := . Next we choose an orthonormal matrix A € R**?
such that (A(—re1) ), = (A§)2 and (AE); = — (A(—+keq) ), . In other words, the
vectors —ke; and ¢ are simultaneously rotated in such a way that their projection

onto the x; - x5 - plane verifies the preceding relations. Set a := A(—re;) and



b := A& such that a; = by and —as = b;. Then

/ 1 : 2d0n:/ 1 3 doy
(VA+K2+n- (i€ — ker)) (VA+KZ+in-b+n-a)

0By 0B
/2 2m
1
= /00319/ - 5 do dd.
(VA + K2+ (sind)as + i(sin¥)bs + (cos ¥)ei (b + iby) )
—7/2 0

By applying Cauchy’s formula to the integral with respect to ¢, we may con-

clude

/ ! 5 doy, (12)
(VA+ K2+ (i€ — key))

dB,
w/2
cos v
=27 ddo.
/ (VA + k2 + (sind)az + i(sin 9)bs)?
—7/2

Finally, integrating with respect to ¢ we obtain from (11) and (12)

. 1 1 1
EV(¢) = ( — + >
<£) V 2573 ((13 —|—Zb3) \/)\"i‘ K2 + as +Zb3 \/)\+/<62 — az — Zbg
1

V2r)® (A4 K2 — (a3 + ib3)?)

Since agby = ab = —k&; and —a3 + b2 = —|a|* + |b]? = —k? + [€]?, equation (7)

follows. O



3 Main theorem

In this section, we prove the main result of this article, stated in the ensuing

theorem.

Theorem 2. Let 0 < a < 1. FornENletogrngni2 and set \, ::rn—i-%.

Then there is no constant C' > 0 such that
lulla < CAIT2H 1 2

for f € L*(R?) and v € H*(R3) with —Au+7u+ \u=f in R

Proof of Theorem 2: For n € N we set

2
I, = (—i —L) X (0, %) , (&) = V2rm3 g, (&) for £ € R

™m  2n

Obviously g, € L*(R3) N L'(R3), so we may define f, := §,, and we obtain

fn € L2(R3), || fall2 = llgnll2 (n € N). The latter relation and the definition of g,

imply

[fulla = V27 0? [I,| =1 (n €N). (13)

Now choose n € N with L < = such that |\,| < ()2 We define u,, := E®) x f,,.

Then we know by Theorem 1 that u, € H?*(R3) with

— Au, + 170U, + AUy = fn, (14)



and that u, is the only function in H?*(R3) satisfying (14). Actually, it is the

only function in the larger class mentioned in Theorem 1. On the other hand,

luall3 = a3 = @m)*|EC ful3 = (27T)3/|E“”)(£)!22m3 dg
In

1
= 27‘7’L3/ ‘ 5 d§
L+ g2 + il

In

1
_ 3
=2 /(|§|2+Tn)2+(%+7_51)2 d€

I,
1/(mn)

1
e d(&2, &3) déy.
" / / ( |(§27€3)|2 + f% + 7, )2 + (% _ 7_51>2 (52 53) §1

1/(2mn) (0,1/n)*

But r,, < # and [(&,&3)] < \/75 for (&,,&3) € (0, 2)2, so we may conclude

n

1/(mn)
1
2 3
Up|ly > 270 d(&2, &3) A&
1/(2mn)(0,1/n)?
1/(n)
2 / ! dé
=27n
(Z+&P+ (G —rap
1/(27n)
1/(mn)
> 9 L de
T™Nn 3
- T poet 4 (L 72 !
1/(2mn)
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where we used the relation (a+0)? < 2(a?+b?) for a,b > 0 in the last inequality.

Next we perform the change of variable {; = - to obtain

1

1
lnll3 > 2/ dr
T R ARG

1/2
1
1
= 2n? dr
/%—’_72‘[:2 +(1—7‘)2
1/2
1
1
> 2n2/ T dr
4 + (1 _ T)Q
12 ™

1/2

where the last inequality holds because a? + b* < (a + b)? for a,b > 0. By

integrating with respect to r we now obtain

n 1
Jun |3 > 2n° -
18+ 2 18+ 41
T n 2
Sop2 | _ 9
184+ 2%

T

Thus for n € N with n > max{%, 44/18 + 7_%} we get

2 hence ||u,||3 >

n > n
18+ 2 S 2 /184 % 18+ %

11



It follows with (13) that |Ju,|2 >

annﬂg forner1thn>max{ , 4 184_%4}.

Since |A,| > % we obtain

lunllz > 1A =22 e ||fn||2
/18 + 2

for n as above. Therefore there can be no constant C' > 0 such that

lunllz < ClAGI =252 £l

for n € N. This implies the theorem. U
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