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Abstract

In this work, we have mainly achieved the following;:

1. we provide a review of the main methods used for the computation of the connection
and linearization coefficients between orthogonal polynomials of a continuous vari-
able, moreover using a new approach, the duplication problem of these polynomial
families is solved;

2. we review the main methods used for the computation of the connection and lin-
earization coefficients of orthogonal polynomials of a discrete variable, we solve the
duplication and linearization problem of all orthogonal polynomials of a discrete
variable;

3. we propose a method to generate the connection, linearization and duplication co-
efficients for g-orthogonal polynomials;

4. we propose a unified method to obtain these coefficients in a generic way for orthog-
onal polynomials on the quadratic and g-quadratic lattices.

Our algorithmic approach to compute linearization, connection and duplication coeffi-
cients is based on the one used by Koepl and Schmersau [1998] and on the NaViMa
algorithm (see e.g. [Ronveaux et al.; 1995], [Godoy et al., 1997]). Our main technique
is to use explicit formulas for structural identities of classical orthogonal polynomial sys-
tems. We find our results by an application of computer algebra. The major algorithmic
tools for our development are Zeilberger’s algorithm ([Petkoviek et al., 1996], [Koepf,
1998]), g-Zeilberger’s algorithm ([Koornwinder, 1993], [Koepf, 1998], [Riese, 2003]), the
Petkovsek-van-Hoeij algorithm ([Petkovsek, 1992], [van Hoeij, 1999]), the ¢-Petkovsek-
van-Hoeij algorithm, Algorithm 2.2, p. 20 of Koepf [1998] and it g-analogue.
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Chapter 0

(zeneral Introduction

The addition formula for cosine given by
1 1
cos mb cosnf = 5 cos(m +n)f + 3 cos(m —n)f

pertains to Chebyshev polynomials of the first kind 7, (z) = cosnf, where z = cosb,
0 < 0@ < 7. It is called a linearization formula since it represents a product of two
polynomials as a linear combination of other polynomials of the same kind

T (2)Tn(z) = %Tern(:r) + %Tm_n(m).

The linearization problem is the problem of finding the coefficients Ly (m,n) in the ex-
pansion of the product p,,(x)g,,(x) of two polynomial systems {p, () } nen, and {gm () }men,
in terms of a third sequence of polynomials {yx () }ren,

n+m

Pa(@)am(z) = Y Li(m, n)yu(z). (1)

k=0

These coefficients exist and are unique since degp, = n, degq,, = m, degy, = k and
the polynomials {yx(z), k =0,1,...,n+ m} are linearly independent. Note that, in this
setting, the polynomials p,(x), ¢,(z) and yx(z) may belong to three different polyno-
mial families. When the polynomials p,, ¢, and y, are solutions of the same differential
equation, this is usually called the (standard) linearization [Askey, 1975] or Clebsch-
Gordan-type problem for hypergeometric polynomials (the name Clebsch-Gordan is at-
tached because the structure is similar to the Clebsch-Gordan series for spherical functions
[Edmonds, 1957]). On the other hand, if g,,,(x) := 1 in (1), we are faced with the so-called
connection problem,

pa(z) =Y Ciln)ye(e), (2)
k=0

which for p,(xz) = 2™ is known as the inversion problem

=3 L)), 3)



2 General Introduction

for the family y,(z). If we substitute x by ax in the left hand side of (2) and y by py,
we get the duplication problem

r) =Y Di(n, a)py(x). (4)

Linearization, connection and duplication problems are not only important from a fun-
damental point of view, but also because they are used in the computation of physical
and chemical properties of quantum-mechanical systems. As example, in the evaluation
of the logarithmic potentials of orthogonal polynomials V,,(t) = — [[p,(z)]?log |z — t|dz,
which appears in the calculation of the position and momentum mformatlon entropies
of quantum systems (|[Dehesa et al., 1997a], [Sanchez-Ruiz, 1997]), the linearization for-

mula (p,(z))? = Z L;(m,n)p;(z) is used to reduce the above integral into the form

Va(t) = — Z Li(m,n) [ pj(z)log|z — t|dx which can be easily computed.

In many apphcatlons of orthogonal polynomials, it is often important to know whether
the linearization, connection or duplication coefficients are positive or non-negative (see
e.g. [Askey, 1968], [Askey, 1975], [Gasper, 1975], [Ismail, 2005, Chapter 9]). This property
has many important consequences. It gives rise to a convolution structure associated
with the polynomial set {p, (z)} (|Gasper, 1970], [Askey and Gasper, 1971b], [Askey and
Gasper, 1977], [Szwarc, 1992]). During the last decades, several sufficient conditions for
these sign properties to hold have been derived (see e.g. [Askey, 1965], [Askey and Gasper,
1971a], [Gasper, 1975], [Askey, 1975], [Trench, l‘)?()’] [K()olnwmder, 1978], [Szwarc, 1996],
[Sanchez-Ruiz et al., 1999], [Szwarc, 2003, [Ismm , 2005]).

The literature on the standard linearization and connection problems is extremely
vast, and a variety of methods and approaches for computing the coefficients have been
developed for classical continuous, discrete, g-discrete orthogonal polynomials and also
for orthogonal polynomials on a nonuniform lattice.

Classical orthogonal polynomials of a continuous, a discrete and a g-discrete variable,
and on a nonuniform lattice z = z(s) are known to satisfy, respectively, the following
second-order holonomic differential, difference, ¢-difference and divided-difference equa-
tions (see e.g. [Nikiforov and Uvarov, 1988|, [Foupouagnigni, 2008], [Koekoek et al., 2010]):

() L y(x) + 7(z) £ y(z) + A y(z) =0,
o(x) AVy(z) + 7(z) Ay(z) + A y(x) =0,
o(z) D, D%y(a:) +7(x) Dyy(x) + Mg y(z) =0,
o (x(5))D2yn(x(s)) + 7(2(5))SeDayn(2(5)) + Anyn(2(s)) = 0,

where A, V, and D, are, respectively, the forward, the backward and the Hahn operators

defined by

Af(e) = fla1)=f(a), TF(0) = fa)=Fa=1), Dyf(a) = LI, g 21, 0 20,

with D, f(0) = li_r}(l) D, f(x) = f'(0), provided that f'(0) exists, D, and S, are the operators

defined by [Foupouagnigni, 2008|

fa(s +3) = flz(s = 3))
z(s+3)—x(s—1)

C Suf(ale) = LN LI 22D

D f(x(s)) =




o(z) = ax’*+br+c, 7(x) = dr+e, are polynomials of maximum degree 2 and 1 respectively,
and A, A\, are constants.

For the classical continuous or discrete polynomials families, representations of lin-
earization, connection and duplication coefficients have been obtained, usually in terms
of generalized hypergeometric series or as a hypergeometric term (to be defined be-
low), exploiting for this purpose several of their characterizing properties: Rodrigues’
formula, generating functions, orthogonality weights, structure relations etc. (see for in-
stance [Szego, 1939], [Gasper, 1974], [Askey, 1975], [Rahman, 1981a], [Niukkanen, 1985],
[Markett, 1994], [Area et al., 1998], [Koepf and Schmersau, 1998], [Lewanowicz, 2003a],
[Sanchez-Ruiz et al., 1999]).

Definition 0.1. The generalized hypergeometric series is defined by

o0

al;-.-,ap 0 (al)m...(ap)mx
k 17 = Aml'm - NE 5
' bl,...,bq mz:(] (b1>m(bq)m m! ( )

p
m=0

where (a),, denotes the Pochhammer symbol (or shifted factorial) defined by

@ 1 ifm=0
)y =
a(a+1)(a+2)---(a+m—1):F(ﬁ;;’;l) if m e N.

. . . p Am
We say that a term A, is a hypergeometric term with respect to m if A—;l € Q(m),
1.€. 18 a rational function in the variable m.

The summand «,, = A,,x™ of a generalized hypergeometric series is a hypergeometric

term since
Umy1  (m+ay)---(m+ay) =z

Qe (m+by) - (m+by) m+1
If any numerator parameter a; is zero or a negative integer, the series terminates.
An application of the elementary ratio test to the power series on the right in (5)
shows at once that:

a) If p < g, the series converges for all z € C;
b) If p = ¢+ 1, the series converges for |z| < 1 and diverges for |z| > 1;

c) If p > g+ 1, the series diverges for x # 0.

If the series terminates, there is no question of convergence, and the conclusions (b) and
(c) do not apply. If p = g+ 1, the series in (5) is absolutely convergent on the circle

|z| =1 if
q p
Re(ij — Zal> > 0.
j=1 1

Ferrers [1877] and Adams [1878] found the linearization formula of the Legendre poly-
nomials P, (z) = P"(z)!

min(m,n)

Po(z)Py(z) = Z

m+n—2k+ % Ap A1 An_i
m"‘n_k"‘% Aernfk:

Pm+n72k('%’)7 Am =

!The general notation for specific orthogonal systems are given in Chapter 1



4 General Introduction

by finding the coefficients for small values of m (Adams derived these coefficients for
m = 1,2,3,4 in his paper, guessing what the result would be for arbitrary m and n, and
proving it by induction). Bailey [1933] gave the first proof of this formula by means of
Whipple’s transformation of a Saalschiitzian 4F3 to a well-poised 7Fg and Dougall [1953]
gave a second proof. But a more systematic method should be found. Hylleraas [1962]
computed a fourth order differential equation satisfied by the product C{s” (x)C’Tsa)(x) of
ultraspherical polynomials and used it to set up a recurrence relation for the linearization
coefficients. Then he solved this recurrence relation and obtained Dougall’s linearization

formula [Dougall, 1919]

min(m,n)
o) (@) (n+m—2k+ a)(n+m —2k)(a)
()G ; El(n+m—k+a)(n—k)l(m—k)!
(Oé)n k() m—k (20)n4m—k Cf;i)m,gk(x)

(a>n+m—k (2a)n+m—2k

For Jacobi polynomials the situation was far from satisfaction.

Rainville [1960] combined the hypergeometric representation and inversion formulas
to get connection coefficients of continuous orthogonal polynomials. The technique he
used was based on generating functions of the polynomials involved.

Recently, it has been shown by Lewanowicz [2003a] that the connection problem be-
tween two families of orthogonal polynomials can sometimes be solved by taking advantage
of known theorems from the theory of generalized hypergeometric functions.

Koepf and Schmersau [1998] gave a general algorithmic method to solve connection
problems for classical orthogonal polynomials of a continuous and a discrete variable.
Their main technique was to use explicit formulas for structural identities of the given
polynomial systems. Sanchez-Ruiz et al. [1999], by an integral evaluation, obtained gen-
eral representations for the linearization coeflicients, and the particular cases of the stan-
dard linearization and connection problems were singled out. Their method was based on
the Rodrigues’ formula and the orthogonality of the polynomial families. Alvarez-Nodarse
et al. [1997] used the same approach to solve linearization and connection problems for
discrete hypergeometric polynomials.

Another, rather general, approach allows the computation of the standard linearization
and connection coefficients recursively (see e.g. [Markett, 1994], [Ronveaux et al., 1995],
[Lewanowicz, 1996b], [Godoy et al., 1997]). For this purpose, an algorithm called NaVlMa
has been developed by Ronveaux et al. [1995], Godoy et al. [1997].

In contrast, the general linearization, connection and duplication problem has not
yet been solved, to the best of our knowledge, for g-orthogonal polynomials and orthog-
onal polynomials on a quadratic and g-quadratic lattice, although some partial results
are known for the linearization of the following families: little g-Jacobi [Andrews and
Askey, 1977], Continuous g-Jacobi [Rahman, 1981b], ¢-Ultraspherical |Gasper and Rah-
man, 1990], g-Hermite [Markett, 1994]. Moreover for classical continuous othogonal poly-
nomials the duplication problem is not completely solved whereas for classical discrete
orthogonal polynomials, it is solved only for « = —1 and also the linearization problem is
not completely solved.

In this work:

1. we provide a review of the main methods used for the computation of the connec-
tion, linearization and duplication coefficients between orthogonal polynomials of a



continuous variable, we solve the duplication problem of these polynomial families
using a new approach. We recover known duplication formulas and moreover, we
get new results for Jacobi and Gegenbauer polynomials (see Theorem 1.13).

2. we review the main methods used for the computation of the connection and lin-
earization coefficients of orthogonal polynomials of a discrete variable. The dupli-
cation problem of the polynomials belonging to this family is solved for any value
of a, therefore generalizing known results for a = —1 (see Theorem 2.13). Further-
more the linearization problem of all orthogonal polynomials of a discrete variable
is solved and we get a hypergeometric series representation of their linearization
coefficients (see Theorem 2.8); these results are new as far as we know.

3. we propose a method to generate the connection, linearization and duplication coef-
ficients for g-orthogonal polynomials. To the best of our knowledge these results are
new and we have already published some of them in [Foupouagnigni et al., 2012].

4. we propose a unified method to obtain the connection, linearization and duplication
coefficients in a generic way for the Askey-Wilson polynomials. In [Foupouagnigni
et al., 2013b|, we have already published part of these results.

5. we use limiting and/or special cases to recover from the results obtained for the
Askey-Wilson polynomials, the representation of connection, linearization and du-
plication coefficients for all the classical orthogonal polynomials on a quadratic and
g-quadratic lattice. However, due to space limitation, we have provided these coef-
ficients only for the ¢-Racah, Wilson and Racah orthogonal polynomials which are
the most representative for the different types of quadratic and g-quadratic lattices.

Our algorithmic approach to compute linearization, connection and duplication coeffi-
cients is based on the one used by Koepf and Schmersau [1998] and on the NaViMa
algorithm [Ronveaux et al., 1995], [Godoy et al., 1997]. We find our results by an applica-
tion of the Maple and Mathematica computer algebra systems. Our main technique is to
use explicit formulas for structural identities of classical orthogonal polynomial systems.
The major algorithmic tools for our development are Zeilberger’s algorithm, g-Zeilberger’s
algorithm, the Petkovsek-van-Hoeij algorithm, the g-Petkovsek-van-Hoeij algorithm, Al-
gorithm 2.2, p. 20 of Koepf [1998] and it g-analogue.

Marko Petkovsek [Petkovsek, 1992] developed an algorithm to find all hypergeometric
term solutions of a holonomic recurrence equation, i.e., homogeneous linear recurrence
equation with polynomial coefficients. In some cases this algorithm is not very efficient.
However Mark van Hoeij [van Hoeij, 1999] gave a very efficient version of such an algo-
rithm. Cluzeau and van Hoeij [2006] described the complete algorithm to compute the
hypergeometric term solutions of linear recurrence relations with rational function coeffi-
cients. An efficient version of this algorithm was implemented in Maple by van Hoeij. In
the sequel, the Petkovsek-van-Hoeij algorithm refers to this efficient version of van Hoeij.

Zeilberger’s algorithm (see e.g. [Petkoviek et al., 1996], [Koepf, 1998]) deals with sums
of the form

Sp = i A(n,m).

Zeilberger’s algorithm applies if A(n, m) is a hypergeometric term with respect to both n
and m. It generates a holonomic recurrence equation for S,,. If the recurrence equation
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is of first order, then S, (with n assumed to be an integer) can be converted to a hyper-
geometric term. Zeilberger’s algorithm may not give a recurrence equation of first order,
even if the sum is a hypergeometric term. In such a case, the combination of Zeilberger’s
with the Petkovsek-van-Hoeij algorithm guarantees to find out whether the given sum can
be written as a hypergeometric term. If the recurrence equation doesn’t have a hyperge-
ometric term solution, it may be helpful to give a hypergeometric series representation of
the sum S,,. This is done by Algorithm 2.2, p. 20 of Koepf [1998]. This algorithm con-
verts hypergeometric sums into hypergeometric notation and is implemented in Maple in
the package hsum.mpl by the procedure sumtohyper. Throughout this work, sumtohyper
refers to this algorithm.
Concerning the other algorithms, we need the following definitions.

Definition 0.2. 1. The basic hypergeometric series ¢, is defined by

o

ai,...,0q (a‘17 ey A Q)k ( k (k) I4s—r Zk
rPs 2 = -1 2 — Y,
¢ bl;--wbs ! kZ:O (bla"'abs;CDk ( ) 1 > (q7Q)k

where the q-Pochhammer symbol (aq,as, .. ., ax; q)y is defined by

k—1

[T —aq) if k=1,2,3,...

(ar, ... 0@k = (a; Q) -+ (ar; Ok, with (a5 q@)x = § =0
1 if k=0.

If one of the numerator parameters a; equals ¢—", where n is a nonnegative integer,
the series terminates. Otherwise the radius of convergence of the hypergeometric
series is given by

oo if r<s+1,
1 if r=s+1,
0 iof r>s+1.

2. A term Ay is a q-hypergeometric term if Aj—:l € Q(¢"), i.e., is a rational function
in the variable ¢*.

3. A linear homogeneous recurrence equation
n
Z ak(q;¢")Cmsx = 0
k=0

is called q-holonomic if the coefficients ax(q; ¢™) are rational w.r.t. ¢ and polynomial
functions w.r.t. the variable ™.

The g-Petkovsek-van-Hoeij algorithm finds the g¢-hypergeometric term solutions of
g-holonomic recurrence equations. A g-version of Petkovsek’s algorithm was given by
Abramov et al. [1998] and by Boing and Koepf [1999]. However, this algorithm is rather
inefficient in some cases and therefore not at all suitable for many of our recurrence
equations. Fortunately, Cluzeau and van Hoeij [2006] published a refined version which is
much more efficient (see also Horn [2008], [Horn et al., 2012]). Sprenger [2009] presented



a Maple implementation of this refined version qHypergeomSolveRE in his package qFPS
(see also [Sprenger and Koepf, 2012]). It is worth noting that in the sequel, g-Petkovsek-
van-Hoeij algorithm refers to this implementation.

The g-version of Zeilberger’s algorithm (see e.g. [Koepf, 1998]) also deals with definite
sums of the form

Sp = Z A(n,m)

and applies if A(n,m) is a g-hypergeometric term with respect to both n and m. It
generates a g-holonomic recurrence equation for S,,. If the recurrence equation is of first
order, then S, (with n assumed to be an integer) can be converted to a g-hypergeometric
term. If the recurrence if of order greater than one, g-Petkovsek-van-Hoeij algorithm
is used. If the recurrence equation doesn’t have a ¢-hypergeometric term solution, it
may be helpful to give a g-hypergeometric representation of the sum S,,. This is done
by the g-analogue of Algorithm 2.2, p. 20 of Koepf [1998]. This algorithm converts ¢-
hypergeometric sums into g-hypergeometric notation and is implemented in Maple in the
package qsum.mpl by the procedure sum2ghyper. Throughout this work, sum2qghyper
refers to this algorithm.
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Chapter 1

Connection, Linearization and
Duplication Coefficients of Classical
Orthogonal Polynomials of a
Continuous Variable

In this chapter, we recall known results on connection and linearization coefficients of
classical orthogonal polynomials on the real line. We are interested in reviewing here some
different general methods used to obtain these results. Furthermore we use a new approach
to compute duplication coefficients of classical continuous orthogonal polynomials. We
recover known results and get some new ones.

1.1 Introduction

Here, we recall some definitions and results which will be useful in the sequel.
Let P denotes the linear space of polynomials with coefficients in C, the set of complex
numbers.

Definition 1.1. 1. A polynomial sequence {y,(x)}n>o in P is called a polynomial fam-
ily (system or set) if y,(x) is of degree preciselyn in x, n =0, 1, 2,....

2. A positive function p(x) defined on (A, B) (with —oo < A < B < +00) is a weight
function if p(x) is continuous on (A, B) and ff p(z)z"dx € R, for all n € Ny.

3. We say that a polynomial family {y,(z)}n>0 of a continuous variable is orthogonal
with respect to the weight function p(x) defined on (A, B) if

B
[ m@m(@p()ds = 15 (1)
A
0ifm=#n
where h? is a nonnegative real and 6,,, = fm# designates the Kronecker
1if m=n,

symbol.
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4. An orthogonal polynomial family of a continuous variable {y,(z)}n>o is classical if
the weight p(x) is solution of the so-called Pearson equation

(o(x)p(z))" = 7(x)p(x), (1.2)

where o(x) = ax® + bz + ¢ > 0 on (A, B) and 7(x) = dx + e are, respectively, poly-
nomials of at most second order and first order and satisfy the boundary conditions

lim  o(x)p(x)z" = lim o(z)p(x)2* =0, k> 0. (1.3)

z— A, x>A z—B,x<B

Let us mention that the classical orthogonal polynomials of a continuous variable
(yn(x)) satisfies a second-order differential equation of the form

(@)Y (@) + 7(2)yn () + Anyn(2) = 0, (1.4)

with A, = —n [(n —1a+ d] . We shall refer to (1.4) as an equation of hypergeometric type,
and its solutions as polynomials of hypergeometric type (see e.g. |Nikiforov and Uvarov,
1988]).

In [Nikiforov and Uvarov, 1988] (for example), it is shown that:

Theorem 1.2. The polynomial solutions of (1.4) are defined up to a normalizing factor
by the so-called Rodrigues formula

B, da:

yn(z) = ) ey [a(az)”p(x)} , n=0,1,..., (1.5)

with

n—1

-1
B, = ko, Bn:an(d+(n+j—1)a> n=12.. .
=0

where k, is the leading coefficient of the polynomial y,(x) = k,z™ + . . ..

The norm A2 is given in terms of B,, by

B
h? = (=1)"n'k, By, with [Ln:/ o(z)"p(x)dz, (1.6)
A

where (fi,)n>0 defined above denotes the sequence of generalized moments of p(z).

Theorem 1.3. The k' derivatives y,(Lk)(:U) of the classical orthogonal polynomials y,(x),
orthogonal with weight p(x) on (A, B), are also classical polynomials, orthogonal with
weight py(x) = o(x)*p(x) on (A, B):

B
/A y 9 (@)y® (2)pi(2)dz = B4, (1.7)

with

k—1
B2y = b2, 2 = W= [Jn = ) (d+(n+j - Da), k=1,2,....n,

j=0
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These derivatives are solutions of the second-order differential equation
o(@)y"(z) + Te(2)y () + Aapyna(z) = 0, (1.8)

with
Te(x) = 7(x) + ko' (x) and Ny j = —n((n —1la+d+ 2ak>.

In this case, the Pearson equation is given by
[o(x)pr(2)] = T0(x) pr ().

Since the derivatives of all orders of polynomials y,(z) of hypergeometric type are also

polynomials of hypergeometric type, the Rodrigues formula for yff) (x) has the form (see
e.g. [Nikiforov and Uvarov, 1988])

o) = oo ot (19
with -
Amzl,Amzzg;%yIIQH{n+j—U@,1§k§n. (1.10)

For much additional material on general orthogonal polynomials the reader should consult:
[Szego, 1939], [Jackson, 1941], [Nikiforov and Uvarov, 1988], [Ismail, 2005], [Koekoek et al.,
2010].

Note that by P9 (z), CW(z), L (z), H,(z), B/ (z), we denote, respectively,

the Jacobi, Gegenbauer /Ultraspherical, Laguerre, Hermite and Bessel polynomials. Their
hypergeometric representations are given in [Koekoek et al., 2010]

1), —n.,n+a++1]1—
P @) =12 D, e K e
n! a1
L (B41), —n,n+a+f+11+2
_(_1) %25 5 ’
' B+1
20" —n/2,—n/2+1/2| 1 1
Cfla)(x):m)—xgﬂ / / / — |, a>—-and a#0,
n! x? 2
—n—a+1
1), —n
Lgla)(.%):(a—i_' ) 1F1 i ,Oé>—1,
n! a1
—n/2,-n/2+1/2| 1
Hn(x):2n$n2F0 _? )

—n,n+04+1 T
B9 (z) =, F, ~5 ] m=01.. N a<-2N-1
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The data corresponding to each family are given in the following table [Kockoek et al.,
2010):

system P () o\ (x) LY () H,(z) BY ()
o(x) 1—a? 1—a? x 1 x?

(r) | B-a—-(a+B+2r | —2a+l)z  atl—x —2x 2+ (a+2)x
p(x) (1 —2)*(1 +x)° (1—a%)"2 | a%® e 1oe s

(A, B) (-1,1) (—1,1) (0,00) | (—00,00) (0, 0)
o | Sgmm | @F [ eF | p | e

1.2 Connection and Linearization Coefficient Using Struc-
tural Relations

The main idea of the following methods is to determine recurrence equations for the
linearization coefficients Ly (m,n)

Pa(@)gm(@) = Y Li(m, n)yx(x),

and the connection coefficients C,,(n)

pu(r) = Z Crn (1) gm (),

for the polynomial sequences p,, ¢, and y,. These recurrence equations follow mainly
from the structural formulas of the polynomials involved in the connection or linearization
relations. The most interesting recurrence equations are those based only in one parameter
which leave the other parameters fixed. The success of these methods will heavily depend
on whether or not these recurrence equations are of the lowest order, i.e., whether or not
no recurrence equations of lower orders for Ly(m,n) or C,,(n) are valid. In cases when the
order of the resulting recurrence equation is one, it defines a hypergeometric term which
can be given explicitly in terms of shifted factorials using the initial values L, ,,(m,n)

or Cy(n).

1.2.1 Structural Formulas for Classical Orthogonal Polynomials
of a Continuous Variable

Let (pn(z) = knx™ + .. )nen, be a family of classical continuous orthogonal polynomials
(in short CCOP). This family is solution of a differential equation of type (1.4). For
every py(z), n € Ny, with p_; = 0, the following structural relations are valid (see e.g.
[Koepf and Schmersau, 1998]):

TP (%) = anPpi1 () + bupn () + cppp—1(2), ( )
) () + Bipn(x) + Vph 1 (2) (1.13)
P() = nply 41 () + buply () + Enply 4 (2), (1.14)

Y
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0 (2)p, (1) = ay P41 () + 0,0, (2) + 1 (). (1.15)

Koepf and Schmersau [1998], using computer algebra, obtained explicitly in terms of a,
b, c, d, e, ky_1, k,, and k, 11, the coefficients involved in the above structural identities.

Theorem 1.4. For orthogonal polynomial solutions of (1.4), the relations (1.11)—(1.15)
are valid. The coefficients an, by, cn, 0ny By Yoy @, B, vk, al, b, ¢, and a,, by, ¢,
are given by

ap, = il
n kn+1,
b _ 2bn(an+d—a) —e(2a —d)

(d+ 2an)(d — 2a + 2an) '’
cn=—(n(an +d — 2a)(4ac — b*) + 4a*c — ab® + ae* — dacd + db* — bed + d°c)

" (an+d — 2a)n ky
(d—2a+2an)?(2an — 3a+d)(2an —a+d) kn_1’
— kn
a, =an -

~ n(an+d — a)(2ea — db)
b= (d+ 2an)(d — 2a + 2an)’
Yo =((n —1)(an +d — a)(4ca — b*) + ae* + d*c — bed)

" (an +d —a)(an +d — 2a)n k.,
(d—2a+ 2an)?(2an — 3a+d)(2an —a+d) ky_1’
N n kn

NI Eay
. —2m(an+d—a)+db—e)
b= (d+ 2an)(d — 2a + 2an)
. n((n —1)(an +d — a)(4ac — b?) + ae® + d*c — bed)(an +d — a)  k,
= (d —2a + 2an)?(2an — 3a + d)(2an — a + d) kot
, an(n—1) k,
I = n+l kni1
y __(n—=1)(an + d)(2ea — db)
" (d+ 2an)(d — 2a + 2an) ’

s n((n—1)(an +d — a)(4ca — b*) + ae* + d*c — bed)(an + d)(an +d — a)  k,

Y

" (d — 2a + 2an)?(2an — 3a + d)(2an — a + d) ki
1k,
n = n + 1 kn+1 ’
~ 2ea — db

n

(d+ 2an)(d — 2a + 2an)’
. na((n—1)(an +d — a)(4ac — b*) + ae® + d*c — bed)  k,

n - .

(d — 2a + 2an)?(2an — 3a + d)(2an — a + d) kn1

Equation (1.14) is rather a special connection problem: it expresses the connection
between the polynomial systems {p,(x)} and {p),,,(z)}. In this case the connection
coefficients turn out to be rather simple: almost all of them (namely all with m < n — 2)
are zero.
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Using the above structure relations, different authors derived the linearization and con-
nection coefficients of classical continuous orthogonal polynomials using different methods.

1.2.2 First Method

Connection Formula

Here, we review the method presented by Koepf and Schmersau [1998]. We assume that
pn() is a polynomial system given by (1.4) with o(z) = az? +bx + ¢, and 7(x) = dz + e,
and that g,,(z) is a polynomial system given by (1.4) with o(x) := &(x) = az? + bx + ¢,
and 7(z) := 7(r) = dv +e. Note that we will denote all coefficients connected with g,,(z)
by dashes. Hence we have

xpn(x) = anpn—l—l(x) + bﬁpn(l‘) + Cnpn_l(l’)
TG (2) = mGm+1(T) + b () + Cntim—1(),

with a,, b,, ¢,, Gm, bm, Cpn given explicitly.
In three steps, we will now derive three linearly independent recurrence equations for

Cin(n). First, substituting p,(x) = > Cy(n)gm(x) in the three-term recurrence equation
0

TPn(T) = apPrs1(x) + bppp(x) + cnpnil(x), we get (since Cp145(n) =0, s=1,2,...)

Con()a (@) = > (@ Cn(n + 1) + BuCon (M) () + 3 Con (0 = i) ).

Then we substitute xg,,(z) in the above equation using the three-term recurrence equation
for g, (z). This yields

3 o) (it (8) + Bin2) + it 1(2)) =
n+1

3 <anC'm(n 1)+ bpCon(n) + cnCon(nn — 1)>qm(x).

m=0

By appropriate index shifts, we can equate the coefficient of ¢, () to get the “cross rule”
anCrn(n+1)+ 5,0 () + ¢ Cry(n—1) = @y 1Cpu1(n) + b Cr(n) + iy 1Cri1(n). (1.16)

To deduce a second cross rule in terms of the same variables Cy,,(n+1), Cy,(n), Cyp(n—1),
Crm-1(n) and Cy,41(n), we examine the term xp/,(x). Using both three-term recurrence
equations for the derivatives

P (1) = P (2) + Bip,(2) + 7751 (2)
T (T) = il 11 (T) + B0 @ () + 7 1 (2),
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we get
ap, (%) = ofpl 1 (2) + B (@) + 1aph 1 (2)
0
n n+1
3 Cn(m)rgin(r) = 32 (03Con(n+1) + B0n(m) +7:C0n(n — 1)) ()

0
z”;o Cyn(n) (d*mq;n+1(x) + % (%) + v‘*mq;n_l(x)) =
n+1

S (arCunln+1) + B;Cn(n) + 73Crnl(n = 1) ) i (2).

m=0

Again, by appropriate index shifts, we can equate the coefficient of ¢/, (z) to get the cross
rule

@t Cron(n+1)+B5Cn(n) +75Crn(n—1) = &k, Crpe1 (n) + 85, Con(n) +75 41 Cra (n). (1.17)
In a similar way the cross rule
nCon(n+1) 4 by Co (1) + EnCrn (R = 1) = Gm—1Cim—1(n) + b Con (1) + i1 Crnp1 (n) (1.18)

can be obtained from (1.14). Tt turns out, however, that this relation is linearly dependent
from (1.16) and (1.17), and hence does not yield new information. To obtain reasonably
simple results, we now assume furthermore that o(z) = o(z).

Connection Formula with &(z) = o(x)

Using both derivatives rules

S(0) = i (@) + B () + Yoo (2).
5(:[3)(];71(:6) = OmQm+1 (l‘) + BQO(x) + ﬁQOfl(iU)a

we get
U(%)p%(l‘) = anpn+1<x> + ﬁnpn(w) + ’ann71<1')
T
mi:O Cr(n)o(z)q,,(z) = ,:i:t] (anC’m(n +1) 4 BuCin(n) + 70 Cn(n — 1)>qm(x)

T
mi:o Cin(n) (@mqm+1(x) + Bt (z) + ﬁmqm_l(a;)) -

n+1

) (anCm(n +1) + BuCin (1) + 3uCin (1 — 1)>qm(x).

m=0

Again, by appropriate index shifts, this results in the cross rule

nCn (n+1)+B,Crn(n) +90Crn(n—1) = @p1Cro1(n) + B Crn (1) +Y—1Cr_1(n). (1.19)
To obtain a pure recurrence equation with respect to m, from the three cross rules (1.16),
(1.17), and (1.19) by linear algebra we eliminate the variables C,,(n + 1) and C,,(n — 1),
and to obtain a pure recurrence equation with respect to n, we eliminate the variables
Cim—1(n) and Cy,41(n). This yields a second-order recurrence equation satisfied by the
connection coefficients C,,(n).

In different cases where 7(z) # o(x), we need the power representation.
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Power Representation or Inversion Formula

In many applications, one wants to develop a given polynomial in terms of a given or-
thogonal polynomial system. In this case handy formulas for the power x" like

0" =3 L))

are very welcome. We remark that this formula is the connection formula for the specific
case p,(x) = 2", and is called inversion formula.
For ¢,,(z), we have the differential equation

() () + 7(2)4), () + Amm(z) = 0
with &(z) = az? + bz + ¢, and the derivative rule
6(x)q;n(x) = d’QOJrl (1’) + qum(l') + ’_YQOfl(:U)'

Our current p,(x) = 2" satisfies

1

(az® + bz + e)na"
—=anz™ + bna" + ena™

=anpn1(x) + l_mpn(x) + enpp_1(x),

o (x)p(z)

2Ba(2) = pua(®), 98,(2) = —pl (0, pale) = — b (o).
Hence in our situation, we get the cross rule (1.16) with a, =1, b, = ¢, =0
Ln(n+1) = Gm-1lm-1(n) + bynLin(n) + Cms1 L1 (n), (1.20)
the cross rule (1.17) with o, = 25, B =, =0
Tyt D) = @t L (n) + I (0) + 7 I (), (1.21)

~

. ~ 1 ~
the cross rule (1.18) with G, = =5, b, = ¢, =0

n _|_ 1Im(n + ]-) - C:Lm—llm—l(n) + zmjm(n) + Em+1]m+1(n)a

and the cross rule
anly,(n+1) 4+ bnl,(n) + enlp(n — 1) = am1Ln-1(n) + Bonln(n) + Y1 Lm_1(n).

We substitute the cross rule (1.20) in (1.21), and then we obtain a pure recurrence equation
with respect to m.

Remark 1.5. In many instances the recurrence equations reduce to two terms. Then
their hypergeometric term solutions are identified. If the recurrence equation is of order
greater than 1, we use the Petkovsek-van-Hoeij algorithm to get its hypergeometric term
solutions.

Using the hypergeometric representation of the polynomial p,(x) and the inversion
formula of ¢,,(z), we get the general connection formula.
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Connection Formula: General Case

In general, to find the coefficients C,,(n) in the relation

= 3" Culn)gn(a)

we combine

and then, interchanging the order of summation gives

Z Ajrm(n) (5 +m).
7=0

For orthogonal polynomials with even weight such as Hermite and Gegenbauer polyno-

mials, we have the relations

5]
pu(z) = Aj(n)z" % and 27 = Z L (5)qj—2m (),

J=0

w3

from which we deduce

,_
[NIE]

1=
= (= 25)n—2j-2m()-
=0

3

Finally, we combine the above two expressions and substitute m by m — j to get

with

=
3
=
|
b
Q
3
\_/
)
3
N
3
&
~

m=

0
Since the summand F(j,m,n) = A;(n)l,(j) of C,(n) turns out to be a hypergeo-
metric term with respect to (j,m,n), ie., the term ratios F(j + 1,m,n)/F(j,m,n),
F(j,m+1,n)/F(j,m,n), and F(j,m,n+1)/F(j, m,n) are rational functions, Zeilberger’s
(combined with the Petkovsek-van-Hoeij) algorithm applies. If a hypergeometric term so-

lution exists, the representation of C,(n) follows then from the initial values C,,(n)

En/kn, Cris(n) =0, s =1, 2, ..., where k,, k, are, respectively, the leading coefficients

of p,(z) and g, (x).
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Linearization Formula

The linearization formula

n+m

Pa(@)am(x) = Y Li(m,n)yu(z)

k=0

follows from the hypergeometric representation of the polynomials p,(x), ¢,(z) and the
inversion formula of the polynomials yx(z).
In fact, if

pn(z) = Z Ai(n)x" and g, (2) = Z Bj(m)a?,

j=0

then by the Cauchy product

with

Gi(m,n) =Y _ Ai(n)Bi_i(m).

=0

Combining the preceding result with the inversion formula

we get

n+m—~k
Lk(m7 Tl) = Z GlJrk(m? n>Ik(l + k)
=0
n+m—~k l+k

— Z ka(l%—k)Ai(n)BHk—i(m)-

We note that we can apply Zeilberger’s and the Petkovsek-van-Hoeij algorithm to reduce
(if possible) G;(m,n) into a hypergeometric term and/or Li(m,n) into a single sum or a
hypergeometric term.

1.2.3 Second Method: The NaViMa Algorithm

In this section, we describe a recurrent algorithm (called NaViMa) to compute recursively
the connection and linearization coefficients of CCOP [Ronveaux et al., 1995], [Godoy
et al, 1997]. We note that the name NaViMa comes from their authors’ institutions
which are Namur (in Belgium), Vigo and Madrid (in Spain). This method also uses the
structural relations (1.11)-(1.15) of CCOP.
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Connection Formula

The first step to obtain a recurrence relation for the connection coefficients consists in
applying the differential operator £,, : P — P, defined by

Lo nlpn(@)] = o (2)p(z) + 7(2)p), (2) + Anpa(2) =0 (1.22)

to both sides of the connection identity p,(z) = >  C),(n)gn(x). This gives

> Cum)|0(@)dl (@) + 7(@)) (@) + Angn(2)| = 0. (1.23)

Then, a recurrence relation for the connection coefficients C,,(n) of maximum order 4 or
2 results if we expand the expression

0(2)q () + 7(2) ¢ (%) + Angm (). (1.24)
in the basis {¢// ()} (if o(x) # &(x)) or in the basis {¢/, (x)} (if o(z) = 7(x)), respectively.
Note that we will denote all coefficients connected with ¢,,(x) using dashes.

Using the {¢/,(x)} basis

To consider {q/ (z)} as expanding basis one proceeds as follows. First, Equation (1.14)
and its derivative allow to write

m—+2
"
qm(x) = E am,;j4; (:E)7 (125)
j=m-—2
with
= = = /7 = =~ = 9 = =
Amm+2 = OmOm+1, Gmm+1 = am(bm + berl)a Amm = GmCm41 + bm + Clm—1,

~

Am,m—1 = Cm<bm + bmfl)a Amm—2 = CmCm—1-

Second, from (1.13) and the derivative of (1.14) one has

m+2
T(@) g (z) = > alql(@), (1.26)
j=m—2
with
a,frll?mﬁ = da, A1, ag?mﬂ = d<dfn5m+1 + B;ém> + €, afjl’)m_Q = d¥} e

dD —d (B,*ném + ﬁgim,1> + b, al) =d (a;émﬂ 4 B b + f‘y;ém,l) + ebp.
And third, from the derivative of (1.13) and the derivative of (1.14) we get

m+2

o(@)gn(x) = Y al2.q)(x), (1.27)

j=m—2
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with

5By, = )+ € by = o = T (@b + bt = By = Biuy) = b))
02 i1 = G — 63 (0o + b = By = i) = b))
C -

_ =< _ = 2 _ S _ =<
O e = (¥ = Em) (T = Cmt)y Ay = (@) — ) (s — Gmi1).

Now, inserting (1.25)-(1.27) in Equation (1.23) we obtain

n m—+2
3 C’m(n){ Y Qg (n)q;/(x)} =0, Quj(n) =a +al) + M.
m=0 j=m—2

Finally, after an appropriate shift of indices, this latter expression provides a recurrence
relation of maximum order four which can be written as

4
ZQers,mH(n)CmH(n) =0,0<m<n-1,
s=0

with the initial conditions given by C,,s(n) =0 (s = 1,2,3) and C,,(n) = k,/kn.

Using the {¢/,(x)} Basis

If the differential equations satisfied by the polynomials p,(z) and ¢,,(z) are such that
o(x) = a(x), then the maximal order of the recurrence relation for the connection coeffi-
cients decreases from 4 to 2 when {¢,(x)} is the expanding basis for expression (1.24). For
this reason, this basis should be used when dealing with the Jacobi-Jacobi, Gegenbauer-
Gegenbauer, Laguerre-Laguerre, and Bessel-Bessel connection problems.

The algorithm in this case is as follows. First, Equation (1.14) for ¢,,(x) can be written

again as
m+1

1) = 3 bust(@). (1.28)

with by me1 = Ams bm = I;m, brnm—1 = ém. Second, from the three-term recurrence
relation (1.13) for the family ¢/ (x), we write

m+1

(@) g (x) = Y b di(x), (1.29)

j=m—1

with b))\ = dak, b = dBf +e, b)) = d35. And third, since o(z) = (),
Equation (1.15) satisfied by ¢,,(z) can be written again

m+1
o(@)g () = Y b)), (1.30)
j=m—1

with 5@

_ g 32 g 12 _ 7
m,m+1 Ay bm,m - bm’ bm,m—l = Cpy-
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Insertion of (1.28)-(1.30) into (1.23) gives

n m+1
3 cm(n){ 3 Am,j(n)q;(;c)} — 0, Apy(n) = 02+ 50 4 XDy .
m=0 j=m—1

Finally, after an appropriate shift of indices, this latter expression provides a recurrence
relation of maximum order two which can be written as

1
Z Am-{—s,m(n)cm-i-s(n) =0, 1 <m<n,

s=—1

with initial conditions given by C,,1(n) = 0 and C,(n) = k,/k,.

Generalized linearization problem

Stanley [1980], Ronveaux [1988] (see also [Ronveaux, 1991], [Salvy and Zimmermann,
1994]) showed that if the polynomials p,(z) and g,(x) are solutions of second order
differential equations of type (1.4), then the product p,(x)g,(x) is solution of a fourth
order differential equation of the form

Lu(z) := 7’4(x)u(4) (x) + Tg(x)u(3) () + ro(x)u" () + ri(2)u' (2) + ro(x)u(x) = 0,

where r;(z) are polynomials of degree at most i, i = 0, 1,2, 3,4. Salvy and Zimmermann
[1994] developed an algorithm to compute the differential equation satisfied by the product
Pn(2)gm(x) if the ones of p,(z) and ¢, (x) are known. Here, we restrict ourselves to the
special case when p,(x), ¢ () and yi(x) belong to the same polynomial family.

Using the differential equation of the product p,(z)g.(z), we proceed as follows to
get the recurrence relation of the linearization coefficients (see e.g. |Godoy et al.; 1997]).
First of all, we apply the operator L to both sides of the linearization formula

n+m

Pa(@)am(x) = Y Li(m,n)yi(z),

k=0
and multiply the obtained equation by o(x) to get

n+m

>° Lulm, o (@) (ra@)yl” (@) + ra(2)y® (@) + o)y’ (@) + @)y (2) + ro(@)y(x) ) = 0.

k=0

Since y(z) is solution of a differential equation of type (1.4), we can write a(x)y,(f) (x),
a(m)y,(:’)(x), o(z)y"(z) as linear combinations of y () and yx(x) with polynomial coeffi-
cients, and therefore the previous equation can be written in the form

n+m

>~ Le(m,n) (f(@)ia) + g(a)n(a) ) =0,

k=0

where f(x) and g(z) are polynomials. We use the structure relations (1.13) and (1.14)
(for yi(x)) to expand f(x)y;(x) + g(z)yk(x) in the basis y,(z). By a shift of indices, we
get a recurrence equation w.r.t. the variable k satisfied by the coefficients Lg(m,n).
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Remark 1.6. Hylleraas [1962] computed the differential equation satisfied by the product
of Jacobi polynomials and used it to set up a recurrence relation for the linearization
coefficients of Gegenbauer polynomials. For Jacobi polynomials, the situation was far
from satisfactory.

Lewanowicz [1996b] obtained by a method which is alternative to NaViMa a second-
order recurrence relation for the linearization coefficients.

1.3 Integral Evaluation of the Connection and Lineariza-
tion Coefficients of CCOP

In this section, we review the work of Sanchez-Ruiz et al. [1999] who used integral evalua-
tions to obtain the connection and linearization coefficients of continuous hypergeometric-
type polynomials. We also notice that Ismail [2005, Chapter 9| used the same method to
evaluate the connection relation for Jacobi polynomials.

Let (yn)n>0 be a polynomial family, orthogonal with respect to the weight p(x) defined
on (A, B). Let us denote by (p(x))n>0 and (g, (x))n>0 two (possibly different) polynomial
sequences, not necessarily orthogonal or hypergeometric. Then we have:

Theorem 1.7 ([Sanchez-Ruiz et al.; 1999]). The linearization coefficients Li(m,n) of

n+m

Pn(@)gm(x) = D Li(m, n)yy(x) (1.31)

k=0

are given by

1 Ok [ dpn(z) d*Iq,, () L
Lu(m, 1) = 1o ]; (j) /A ] [a(z) p(x)}da;, (1.32)
where j— = max(0,k —m), j, = min(k,n).

Proof. 1f we multiply (1.31) by y;(x)p(x) (for a fixed [) and integrate from A to B, we
get

A

| p@@u@p@ds =3 Limn) [ p@n@pd.

It follows therefore from the orthogonality relation (1.1) of the family (y,(z)),>0 that the
linearization coefficients Lj(m,n) are given by

Ly(m,n) = hi / Do) o () () () . (1.33)

Thus the integral evaluation of the product of three orthogonal polynomials of the same
kind is equivalent to the linearization problem. One way of obtaining linearization coef-
ficients would therefore be to look how the previous integral can be computed. Taking
advantage of Equations (1.5) and (1.6), we rewrite (1.33) as

L) = S [ @i (0) 2 o)t (130

- k!ak/}k A %
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We show by induction on j € N that for every P € P, there exists ) € P such that

d?

— |o@)p(@)P(a)| = o(2) T p()Q(@), j < k. (1.35)

Indeed, for j = 1, using Pearson’s equation (1.2), we have
= |o(@)*p(x) P(@)]| = o (@) pla) (7(2) P(2) + (k = 1)o (@) P(2) + o(2)P'())
o(2)* " p(2)Q1 k()

with Q1 x(x) = 7(x)P(z) + (k — 1)o’(x) P(z) + o(z) P'(x). We suppose that (1.35) is true
for 7 > 2, and then it follows that

dit1

O [r @ o P@)] = L (o) p() ()
= 02 () Qo ).

Thus, integrating by parts and taking into account, respectively, (1.35) and the boundary
conditions (1.3), we rewrite (1.34) in the form

_/B %(pn(lf)Qm(x))%[U(m)kp(x)]dm>
(=1)F /B%@)n(x)qm(x))%[J(x)’fp(x)}dx.

Klagfu, Ja

We repeat the integration by parts £ — 1 times and use again (1.35) and (1.3) to obtain

Ly = L[4 (pu()an (@) [ ) ol) ] (1.36)
k ) - k'ak/lk ) drk Pn dm P : .
: a’ o : k=i
If j >n, @pn(m‘) =0andif j <k—m, k—j >m and then de_qu(x) = 0 such that

from Leibniz’s rule

k k j k—j
@) = 3 () 1500 anto)

s 7 ) dxi

the result follows. 0
In particular, taking p,(x) = 2™ and ¢,,(x) = 1, we obtain the solution of the inversion
problem in terms of the moments of the weights py(x):
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Proposition 1.8 ([Sanchez-Ruiz et al., 1999]). The coefficients I(n) of the inversion
problem

2" = L(n)y(x)
k=0

n 1 B
Ii(n) = ok :
k(n) (k) gl /A v pk(:c)dx

doign@ )0t £k
TdzF-i .
1if j = k.

are given by

Proof. Since ¢, (z) = 1, Thus for P,(x) = 2", we get

1 b dran
Ii(n) = F
k(n) k'akﬂk /av dl‘k O'(Q:) p(‘r)d‘r

n 1 b i &
= . " "o(x z)dzx.
<k’) ak,uk/a ( ) p( )
O

We note that Sanchez-Ruiz and Dehesa [1997], Ismail [2005] used the above proposition
to solve the inversion problem for CCOP.

Let us assume now that both p,(z) and ¢,,(x) are also polynomials of hypergeometric
type. Equation (1.32) is practical for the computation of the generalized linearization
coefficients whenever the explicit expressions of the polynomials dj%](@) and % are
known, as is the case, e.g., for the classical hypergeometric families. For general families
of polynomials, when only the coefficients of the corresponding differential operators are
available, we can make one more step and find an equivalent expression for Ly(m,n) that
does not require the knowledge of the explicit expressions of the polynomials. We restrict

our attention to the particular case when the three families of hypergeometric polynomials

coincide <pn($) =qu(z) = yn($)>, for which we have the following

Theorem 1.9 ([Sanchez-Ruiz et al., 1999]). If po(z) = ¢.(z) = yn(x), the linearization
coefficients Ly(m,n) in (1.31) are given by

Ly(m,n) = (?n)f ji Apj(=1)m (];) i(—l)%m(mk—i—%) <nZ_J) X

=j_ i=i_

/B gtk (0($)2j—k+i dio(z)k ) (1.37)

N pm(:B) dxm—ntit2j—k drt

Proof. Since p,(x) = gn(x) = yn(z), then

1 Nk
Li.(m,n) = ~ )
#l ) Klagfuy, Z (])

Jj=Jj-

/ YD ()" () pe(2) d,
A

Using Equation (1.9) for y,(lj ) (x), the above expression can be written as

B = 2 3, (1) [ e

_k!akﬂkj:k J) Ja  dxnd 7T
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Observe that by (1.9) and (1.35), there exist two polynomials Q;(z) and Q2(z) such that
for 0 <1 <n-—yjy,

dn—j—l—l

i1 (Pa(2))
d ;1 dnr+ip, |
m@<p(x) dmm_ﬂx))0<x>”““p<x>@z<x>
dl

" dat

d . .
term::@@gf Nz)o(x)* J>

k—j) B

= Ank—5 B
N
= Zaia(x)p(a:)xi, a; € R, N eN.

=0

(0@ 7@ (@) o (@) o) Qs ()

Thus, integrating by parts n — 7 times and taking into account the boundary conditions
(1.3),

j dzn—i

Lutmon) = g 32 (0 () [ one) s 0l o)

Using the Leibniz rule,

Li(m,n) = k!inﬂk i A1) (I;) i (nzﬂ>

j=j_ i=i_

B 7 k—j
d'o(@)" 7 ki
n — Y Yd )
/A Pul(@) =Y x

where i_ = max{0,n—m+k—2j}, i, = min{n—j, (k—j)deg[o(z)]}. In fact, dz”gl?ikﬂ #0
if and only if i < (k — j) deglo(z)] and & ™% £ 0 if and only if n+k—2j —i < m <
i >n—m+ k— 2j. We substitute the expression of yﬁ,ﬁkﬁj*i) given by the Rodrigues
formula (1.9), integrate by parts again, use Equation (1.35) and the boundary conditions
(1.3) to get the result. O
In spite of its apparent complexity, this formula has the advantage that no derivatives
of the weight functions are involved; it does not make use of the expressions of the
polynomials either. In fact, if we know o(x) we can express the integrals appearing in
(1.37) as a linear combination of the moments of the weight function p,,(x), which makes
this equation suitable for symbolic manipulation.
Let us consider now the connection problem

pa(r) =Y Cr(n)ys() (1.38)

where {p,(x)} is the sequence of polynomial of degree n, solution of the differential equa-
tion

G (2)ph () + 7(2)p, (%) + Aupa(@) = 0.
Taking ¢, (z) := 1 in (1.31), we readily see that Cy(n) = Li(0,n), so that the connection
coefficients Cy(n) can be obtained as the particular case m = 0 of both (1.33) and (1.32).
Again, it turns out to be much more convenient to use (1.32), which leads to

1 B
Culn) = g [ B @n(a)ie (1.39)
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which does not require the use of the representation for yi(z). We note that the previous
formula was already proved by [Rainville, 1960, Theorem 56, p. 151].
By Equation (1.9), the previous formula for Ci(n) can be written as

Ankén b Pk (Z‘) dn_kﬁn(x)
C = d
(m klag fu, /A pr(x)  dan* !

or, equivalently, integrating by parts n — k times (using (1.35), (1.3)),

crtn = e [75 ) (2

klag i dx"=k \ py(x)

A common situation in connecting polynomials of the same family, but with different
parameters, is when 7(z) = o(z). In this case, if we put p(z) = f(x)p(x), the previous
equation takes the form

which may be useful if the derivatives of f( ) have simple representations.

It is a remarkable fact that, in the case when all the involved polynomials are of
hypergeometric type, Equation (1.32) enables us to express the linearization coefficients
in terms of two connectlon coefﬁments namely those corresponding to the expansions of
the polynomials p} (ac) and g “)(z) in series of {yk )( )}

n—j m+j—k
pP () =) COP PP (z), (@)= > kTP (q)yP.
r=0 s=0

Substituting these expressions into (1.32) and using the orthogonality relation (1.7), we
obtain

1 J+ L n—j m+j—k B
Li,(m,n) = > (]) CP(p) O ]’k)(Q)/ yM (2)yP pi () d

|
k! ak’uk j=j— r=0 s=0 A

1 J+ k T+
=Y () Cit ()OI ()7,

!
Klafu, = \7/) =

where 7, = min(n —j, m+j—k). In particular, for the standard linearization coefficients,
the previous formula does apply with p = ¢ = y, and we can omit the arguments of the
connection coefficients to simplify the notation.

1.4 Other Methods

Besides the methods cited above, there exist some other methods regularly used in the
literature to compute connection and inversion coefficients of CCOP. In this section, we
recall two of them.
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1.4.1 Using the Fields and Wimp Expansion Formula

n
One approach to evaluate the connection coefficients is to think of p,(z) = > C,(n)gm ()
m=0

as a polynomial expansion problem. One of the most important general gxpansion for-
mulas for hypergeometric series is the Fields and Wimp [1961] expansion given by

[e.e]

ai, ... Ap, C1y -y Cp n n\l— "
p+rFq+S P 2w — Z (Zl? ) ZP) (Oé) ( Z)' (140)
biy ooy by dus ey d = (b1, oy bg)uly Hn)an!
n+aoa, nt+ay, ..., n+a -n, n+7vy, €, ..., C
Xpp1F g1 2 | rp2Fsq1 w
2n+y+1, n+by, ..., n+b, a, dy, ..., dg

The letters p, ¢, r and s stand for nonnegative integers.
Proceeding as in [Njionou Sadjang, 2013], we choose p = ¢ = 0, w = z and v = 0. We
expand both sides of (1.40) in the basis (2™), and then equate the coefficients of 2™ to

obtain
T

H(Cj>n - ]{?,617 y Cr

et = Y () :
[1(d))n k=0 dy, ..., ds
j=1
Using this relation, Njionou Sadjang [2013] derived inversion formulas of some CCOP.
Sanchez-Ruiz [2001], by making the substitutions r = s = 0, z = 1, w = 1 — 2% and by
a suitable identification of the remaining parameters, derived from (1.40) connection and
linearization formulas involving squares of Gegenbauer polynomials. Lewanowicz [2003a]
used the formula (1.40) to obtain hypergeometric term representations and recurrence
relations for the connection coefficients of CCOP.

1.4.2 Using Generating Functions

Andrews et al. [1999, p. 318| used a method based on generating functions to find the
linearization coefficients of the Hermite polynomials. Rainville [1960] also used generating
functions to get inversion and connection formulas of classical continuous orthogonal poly-
nomials. Chaggara and Koepf [2010] starting from the generating function of the Jacobi
polynomials and using symbolic computation, in particular Zeilberger’s and Petkovsek-
van-Hoeij algorithms, computed the linearization coefficients of Jacobi and Gegenbauer
polynomials.

1.5 Connection and Linearization Coefficients of CCOP
As an immediate consequence of the above methods, we get the following connection,
linearization and inversion coefficient of classical continuous orthogonal polynomials.

Theorem 1.10. The following representations for the powers in terms of the classical
continuous orthogonal polynomials are valid:

(a+pB+2m+ 1D (a+B+m+1)
FNa+m+1DI'(a+B8+n+m+2)

(1—95)”:2”F(a+n—|—1)2n:

m=0

(1) P a)
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(see e.g. [Koepf and Schmersau, 1998], [Ismail, 2005]),

& (a+p+2m+ 1Dl (a+8+m+1)
1+2)"=2"T'(+n+1 1" (—n),, P (g
( ) (8 )mz:()( )" (=) rg+m+HNa+B8+n+m+2) ™ (z)

(see e.g. [Askey, 1975], [Koepf and Schmersau, 1998], [Ismail, 2005]),

L3
! — 2 =S+ 1D)u(-n—a
"= on = iﬂ _)Z( ! )m(_”mCS—Qm(@

(@)n2" = (=3 = $)mm!

5]
n! n+aoa—2m

- 2_n m'(a 07(1—)2m(x)
m—0 . n+l—m

(see e.g. [Rainville, 1960], [Koepf and Schmersau, 1998]),

n

(=) m " /n+a
" — (1 n —L(O‘) =n! -1 mL(a)
= (e 3w =3 (0 )
(see e.g. [Sanchez-Ruiz and Dehesa, 1997], [Koepf and Schmersau, 1998, [Ismail, 2005]),
15 1 l5]
o B D3+ D ! !
" T T P T M
m=0 m=0
(see e.g. [Koepf and Schmersau, 1998], [Ismail, 2005]),
g 2§ o D 4 D
(@+2)p 2= (n+2+a)u(§ + 5)mm! "
- (=n)ml(a +m+1)
=(=2)") (2 1 B\
(=2) mzo(m+a+ )m!F(n+m~|—a+2) m (@)

(see e.g. [Sdnchez-Ruiz and Dehesa, 1997], [Koepf and Schmersau, 1998]).

Theorem 1.11. The following connection relations between classical orthogonal polyno-
maeals are valid:

n

) P+ f+Ylntm+at+f+1)
P! ,5)(x):n;)(2m+’y+5+1> Fm+6+)l(n+a+p+1)
F(m+y+ B8+ D(@=V)n-m pe0 (x)

Plntm+y+p+2)(n—mb ™

(see e.g. [Askey, 1975, p. 63], [Koepf and Schmersau, 1998]),

_ F'n+a+1)I'(n+m+a+5+1)
(a,8) — _1\n—m
b 2;<w m ot o ) T Tt ot A+ 1)
Lim+a+d+1)(B=08)nm (0n,5)
X ()
'n+m+a+0+2)(n—m)!
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(see e.g. [Askey, 1975, p. 63], [Koepf and Schmersau, 1998], [Ismail, 2005, p. 258]),

P(""ﬁ)(x):i (m+a+1)pmn+a+B+1)n,
" —  (n-m)lim+y+d5+1)n
m—-nn+m+a+f+1lm+y+1
X3F2 1 Pr(rzyjé)(x)
m+a+1,2m+y+95+2

(see e.g. [Gasper, 197]], [Lewanowicz, 2003af, [Ismail, 2005, p. 257, compare [Sdnchez-Ruiz
et al., 1999]),

L3
Cf(a) = g@ W—%n+Q§m+a—BW?—m+a%ﬁ%x)
(@)l(a —B) = m!I'(n —m+ 5 +1)
(see e.g. [Koepf and Schmersau, 1998, [Sanchez-Ruiz et al., 1999], [Ismail, 2005, p. 257]),
1@ () = 5 Q&= Bnm )

(see e.g. [Koepf and Schmersau, 1998], [Sinchez-Ruiz et al., 1999]),

B ) = S ) e a1 % )

(see e.g. [Godoy et al., 1997], [Koepf and Schmersau, 1998], [Sanchez-Ruiz et al., 1999]).

Theorem 1.12. The following linearization formulas between classical orthogonal poly-
nomaials are valid:

n+m

(a+p+1 n+m,k(a+1)n+m(2(n+m—k)+a+5+1)
=0 Oé + 1)n+mfk<a + 6 + 1)2(n+m)—k+1

( DF(n+m)! A+ 30+ Dan(p +7 + 1)am

MK+ 64+ 1) (p+ v+ 1)

—B-1-9 =)\ — . — —
y Z —k,—a—0 (n4+m) +k)pys(—n, —A —n),.(—m, —p m)sp(i’ﬂ),k(iv),
(—mn—m,—a—n—m)1s(—2n — A = 9).(=2m — p — y)sr!ls! nrm

P (z) P

M

r,5=0

see [Chaggara and Koepf, 2010,

n+m
PO () P () = Z (H+AX4+04+v+ Dpsmsn+m—k)+p+A+d+v+1)
—o (W + A+ Dpmn(p+A+0+9+ Dotnim)—k41
(M A+ Dprmm4+m) A+ 04+ Don(pe+ v+ Dom(—2n — X — 0)g
KA+ 64+ 1)n(p+ v+ 1)p(=2m — pp— )k
—k,~A—p—0—7—1=2(n+m)+k —n
<P, 1 ol ( ) .

—2n—A—0,—nmn—m

kA= by —1—2n+m)+k-A—n
X3F2 ® ( ) 1 P(>\+#75+7)(x)7

n+m—k
—2n—A—0,—-A—pu—n—m
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compare [Park and Kim, 2006], see [Chaggara and Koepf, 2010,

min(m,n)
(

n+m—2k+a)(n+m —2k)(a)
E(n+m—k+a)(n—k)l(m—k)!

C9(2)C\ (z
k=0

(O[ n— k‘( )m—k(?O{)n_;'_m_k (a)

() ntm—k(20) ntm—2k Cim—oi(2)

(see e.g. [Askey, 1975, p. 89|, [Sanchez-Ruiz et al., 1999]),

min(n,m)

n\ (m
Hp(2)Hp () = Z (k:) <k)2kk’!Hn+m—2k($)
k=0
(see e.g. [Watson, 1938], [Askey, 1975, p. 42], [Sanchez-Ruiz et al., 1999]),
iy (—2)mtmk
(n+m —k)l(k—n)l(k —m)!

k=|n—m)|

k—rg—n7 k—m2—n+1’ k Lo+ 1 ()
X3F2 1 Lk (.I)

(see e.g. [Watson, 1938]).

We note that in the above theorems, we gave only connection and linearization formu-
lae between CCOP of the same family. In general we can obtain all the other connection
and linearization coefficients using for example the first method of Section 1.2.2. In the
case they aren’t hypergeometric terms, we can use the sumtohyper algorithm if the coef-
ficient is a single sum. If the coefficient is a double sum, Zeilberger’s algorithm combined
with Petkovsek-van-Hoeij algorithm may be used to simplify this double sum to a single
sum or to a hypergeometric term (if possible).

1.6 Duplication Coefficients of CCOP

Given a polynomial system {p, }»>0, we use a new approach to solve the so-called duplica-
tion problem associated to this system which consists in finding the coefficients D,,(n, a)
in the expansion

= 3" Douln, a)pm(a),

where a designates a nonzero complex number. In the following theorem, using the hyper-
geometric representations given in page 11 and the inversion formulas given in Theorem
1.10, we provide known duplication formulas and moreover, we get new results for Jacobi
and Gegenbauer polynomials.
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Theorem 1.13. The following duplication formulas of orthogonal polynomials of a con-
tinuous variable are valid:

Pl (az) :Xn:nzy:n "1 = a) (=n)mj(@+ Da(n+ o+ B+ Dy
m=0 j=0 2inlj! (&+1)m+](a+ﬁ+m+1)
a+m+1,—j 2a
a+B+2m+2 ¢
[n/2] B o
n—+a—2m m,m-—n a.l e @
251 ag n—2m )

CY(ax) =T(n + a)a" Z
—mll(a+n-—m+1)

-n—a-+1
o “(a+1),am(1 —a)"™ o
(o) = D e

(see e.g. [Rainville, 1960, p. 209], [Chaggara and Koepf, 2007], [Ismail, 2005], compare
[Lewanowicz, 2003af),

2
npl(] — m
Hn(a[L‘) _ Z an ( a )

o An-2m ()
= (n—2m)!m!

(see e.g. [Rainville, 1960, p. 209], [Chaggara and Koepf, 2007], [Ismail, 2005], compare
[Godoy et al., 1997]),

" (—a)™(—n)m(a+ 1+ 1) m—n,a+m+n+1
B,(f‘)(ax) - Z ml(a+m+1) 2b “ Bﬁ)@)
m=0 ’ m o+ 2m—+ 2

(see e.g. [Lewanowicz, 2003a], [Doha and Ahmed, 2004]).

Remark 1.14. The duplication coefficients given above for the Laguerre and Hermite
polynomials were already given by Chaggara and Koepf [2007], Rainville [1960] and Ismail
[2005] using generating functions. Those of Jacobi are new, as far as we know.

Proof. In the proof, we consider three cases. In every case, the coefficients A;(n) and
I,,(n) are, respectively, those of the hypergeometric representations given in p. 11 and
the inversion formulas given in Theorem 1.10.

1. Jacobi family P (z).
We first prove the following variant of the binomial theorem

(1—ax) = Z By(j,a)(1 — x)k with  By(j,a) = a® <i) (1-— a)j’k.

Indeed, let f be a polynomial of degree j in the variable x. The Taylor formula for
fat x =1 gives

ZBk )(1—xz)f,  with By(j) = (_kll)k(pkf)u).
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Applying this Taylor formula to f(z) = (1 — az)’, we get
J! k i—k
D¥f(z) = — —a)"(1 —ax)’™";
(@) = L) (- o)
therefore
_ (_1)k k (_1)k J! k I\ & j—k
Combining
n J
P ax) =" Aj(n)(1 —ax), (1—ax) = Bi(j,a)(1 —2)*
j=0 k=0
and
(1—2x) Z I, (x)
and interchanging the order of summation yields the representation
PP Z Dy (n, a) Pl (z)
with '
n—m J
Z AJ+m ) Bk (§ +m,a) (K +m).
7=0 k=0

We then use the sumtohyper algorithm to complete the proof.

. Gegenbauer family C\* (z) and Hermite family H,(z).

In the Gegenbauer and Hermite cases, we combine
P.(ar) =) Aj(n,a)z" ¥ and 2/ = Z L, () Pj—am(z)

which yield
l3)—J

-2 — Z I (n —2§)Py_9j—om(x)
m=0

and substitute m by m — j to obtain

5]
P,(ax) = Dy(n,a)Py_op ()

m=0

[NIE]

with .
Dy(n,a) =Y Aj(n, a)l_j(n — 2j).
=0
In the Hermite case, Zeilberger’s algorithm finds a recurrence equation of first order
with respect to m from which the result follows. But in the Gegenbauer case, we

get a recurrence equation of order 2 which according to the Petkovsek-van-Hoeij
algorithm doesn’t have a hypergeometric term solution.
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3. Laguerre family L\ (z) and Bessel family BY (x)
In both cases, we combine

J

P,(az) = ZAj(n, a)r’ and 12/ = Z Iy (7) P ()

m=0
and interchange the order of sommation to get
D,y (n,a) = Z Aiim(n,a)ly, (5 +m).
j=0

For the Laguerre family, Zeilberger’s algorithm finds a recurrence equation of first
order with respect to m from which the result follows. But in the Bessel case, we get
a recurrence equation of order 2 which according to Petkovsek-van-Hoeij algorithm
doesn’t have a hypergeometric term solution.

O

Proposition 1.15. The duplication coefficients Dy, (n, a) of the Jacobi polynomials pie? (x)
are solutions of the fourth-order recurrence relation

—da’(m+1+B)a(m+1+a)(a+B+2m—3)(m—n+2)(m+n+a+ B+ 3)Dpia(n,a)
+2a(a—B)m+ L+ 1) (m+a+1)(a+B+2m—3)s(a+F+m+2)(a+ [+ 2m+5) x
(a+pB+2m+4)(a+B+2m)—4an(B+a+n+1)+a(dm —ao® —2a8 — 2 +8))Dyi1(n, a)

+2a(a—5)(@+B—|—m)3(a+ﬁ+2m+3)3(a+ﬂ+2m—3)(a(az+62+20¢B+4a+45—4)

+4a(m+n2+na+nﬂ+n)—(a+5+2m+2)(a+,3+2m—2))Dm_1(n7a)
—dd*(a+B+m—1g(a+B+2m+24(m—n—2)(m+n+a+8—1)Dy_o(n,a)
—(a+6+2m—3)2(a+6+m+1)2(a+ﬁ+2m+4)2(—(a+ﬁ+2m—1)2(a+ﬂ+2m+2)z

+2a(a — B)}(a+ B +2m — 1)(a+ B+ 2m+ 3) +8m* + 16m3(a+ 5+ 1)
+(8n?% 4 8na + 8nf + 8n + 32a8 + 1262 — 4 + 28a + 2883 + 120°)m? + 4(a + S + 1) x

(m(a2+3a+2na+4aﬁ+ﬁ2+2n2+2n/6’+3ﬁ+2n—3) —n(a2—4aﬂ—a+ﬁ2—6))
+4n?(a+ B+ 4af — a? = §%) = (a+ B — D)(a+ B +3)(a? — 608 — 20— 28+ §%) ) Du(n, ),
with initial values Dy (n,a) = a™, Dyis(n,a) =0, s =1,2,3.

Proof. We apply the operator ¢, defined by ¢, f(z) = f(ax) which fulfills the relations
ea(f(2)9(7)) = €af(2)eag(®); €alaf (x)+Bg(x)) = acaf(x)+Peag(x); caf'(x) = é(faf(iv))'
to the differential equation

o(x)p,(x) + 7(2)p, (x) + Anpn(x) = 0.

This yields (using the above properties of €,) the differential equation

d? d
a(ax)@pn(ax) + aT(ax)%pn(ax) + aQAnpn(aa:) =0
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satisfied by p,(az). We substitute p,(ax) = >  D,,(n,a)pm(z) in the latter differential
m=0
equation. This gives

>" Duln,a) (olaz)ply (@) + ar(az)p,,(z) + aAupn(x) ) = 0.

We proceed as in Section 1.2.3 using the {p! (z)} basis to get the result. O

1.7 Applications of Connection and Linearization For-
mulae of CCOP

Linearization, connection and duplication problems are not only important from a fun-
damental point of view, but also because they are used in the computation of physical
and chemical properties of quantum-mechanical systems. An example of an application
of the linearization formula is the evaluation of the logarithmic potentials of orthogonal

polynomials V,,(t) = — /[pn(m)]2 log |z — t|dz, which appear in the calculation of the po-

sition and momentum information entropies of quantum systems [Dehesa et al., 1997a],
[Sanchez-Ruiz, 1997].

In many applications of orthogonal polynomials, it is often important to know whether
the linearization, connection or duplication coefficients are positive or non-negative (see
e.g. [Askey, 1968], [Askey, 1975], [Gasper, 1975], [Ismail, 2005]). This property has many
important consequences. It gives rise to a convolution structure associated with the
polynomial set {p,(x)} (|Gasper, 1970], [Askey and Gasper, 1971b], [Askey and Gasper,
1977], |Szwarc, 1992]). During the last decades, several sufficient conditions for these
sign properties to hold have been derived (see e.g. [Askey, 1965], [Askey and Gasper,
1971a], [Askey, 1975], [Gasper, 1975], [Trench, 1976], [Koornwinder, 1978], [Szwarc, 1996],
[Sanchez-Ruiz et al., 1999], [Szwarc, 2003], [Ismail, 2005]). In many cases these sign
properties become obvious if the coefficients can be written as a sum of terms which are
shown to have the same sign. Another application is given in the next section.

1.7.1 Parameter Derivatives

For some applications, it is important to know the rate of change in the direction of
the parameters of the orthogonal systems, given in terms of the system itself. Frohlich

[1994] gives the following argument: for any family p'® (z) = Zak(a)xk of orthogonal
k=0

polynomials there is a representation of the form
0 () (o), (@)
) = 3 e n @) (1.41)
k=0
for the a-derivative of p (x), since by termwise differentiation the expression

0 "0
BP9 - — k
a0 = 3 gran(a)s
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is seen to be a polynomial of degree n with respect to z, and since any polynomial of
degree n has a representation of the form (1.41). We call the derivative with respect to the
parameter « a parameter derivative of pff“) (x). These parameter derivative representations
can be obtained from the connection formulas as shown by Koepf and Schmersau [1998].

Corollary 1.16. The following representations for the parameter derivatives of the clas-
sical continuous orthogonal polynomials are valid:

0 — 1
— plap) —
Ja " (z) mzzoa—kﬂ—i—m—i—nqu

a+B+1+2m (B+m+1),m P<aﬁ)(x))
n—m (a+B8+m=+1)p ™

X (Péa’ﬁ) (x) +

(see [Frohlich, 199/, Theorem 3f, [Koepf and Schmersau, 1998]),

n—1

1
— pleB) () =
o " (z) mzz()a+6+m+n+1

me+B+1+2m (a+m+ 1)y m P(a,m(x))
n—m (a+B+m+1)pm ™

x (PO (@) + (~1)"

(see [Frohlich, 199/, Theorem 3/, [Koepf and Schmersau, 1998]),

n—1

o) (m+1) 2 ) (@)
C
<2a+m 2a+1+2m)+2a+m+n ()

—2(1+ (=1)"™) (o + m)

(@) (
“ (2a+m+n)(n—m) o’ ()

+

m=

(see [Koepf, 1997, Theorem 10], [Koepf and Schmersau, 1998]),

(see [Koepf, 1997, Theorem 10], [Koepf and Schmersau, 1998]),

) ! 1
— B%(z) =
Oa X:OOH—TH—m—I—l
2m+a+1 n!
n—m (a+m+1),_,m!

x (B;;(x) + (=) B%(ﬂf))

(see [Koepf and Schmersau, 1998]).

Proof (See [Koepf and Schmersau, 1998]). Given the connection relation

= Z Cn(n; @, ﬂ)pi($)7
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we build the difference quotient

pg(l’) —pﬁ(m) _ i Cm(na O./,B) 8 (ZE) o pQ(I)

Oé_ﬂ m=0 06—6 pm Oé_ﬁ
- Cn(n;oz, ) -1 B — Cm(nv()‘?B) (5}
so that with f — «
0 a T Cn(n,a,ﬁ)—l 8 — . Cm(nvaaﬁ) B
9o Pn(®) = lim ==, (z) T2 lim — 5 Pn(®)

since the systems p%(z) are continuous with respect to «. This gives the results. U

Remark 1.17. Lewanowicz [2002] also gave a general procedure to produce iteratively
explicit parameter derivative representations for almost all the classical orthogonal poly-
nomaial families.

1.7.2 Logarithmic Potential of Hermite Polynomials and Infor-
mation Entropies of the Harmonic Oscillator Eigenstates
(see [Sanchez-Ruiz, 1997] and References Therein)

For the n'" eigenstate of the one-dimensional harmonic oscillator Hamiltonian

2

p 2 2
H=-"—+—-
2m—|—2mwx,

the probability densities p for position and momentum ~ are expressed in terms of the
Hermite polynomials H,(x),

a
2nnly/T

where a := (mw)?. The corresponding entropies of position and momentum can be written
as

2.2 1 2 p

pla) = g7 (Hulom) 2™ 3(p) = g ()

S,=—Ina+S5,, Sy =ha+S5,,

where

S, =In(2"nl\/T) +n + % + (H)

1
—F
2nply/m "
is given in terms of E,(H), the so-called entropy of the Hermite polynomials, whose
representation is

E,(H)=— / h (H,(2))? In(H, ()% dx.

—00

Dehesa et al. [1997b] showed that E,,(H) can be written in the form

E,(H) = —=2"nly/mIn(2™) + 2 Vi(2n,),
=1



1.7 Applications of Connection and Linearization Formulae of CCOP 37

where z,,; (i = 1,...,n) is the i" root of H,(z), and V,,(¢) is the logarithmic potential of
the Hermite polynomial H,(z), defined as

Vo(t) = — /M(Hn(x))an |z — tle da. (1.42)

To calculate V,,(t), Sanchez-Ruiz [1997] make use of the linearization formula for the
Hermite polynomials

i

Hne e} = 2 G ity e )

Jj=0

which in the particular case m = n gives, writing j =n — k,
Hoy(
!
oy =2y (1) e
Substituting this equation in the expression (1.42) of the logarithmic potential V,,(¢) he

gets
= 2"yl WQk i ° —ac
=2'n Z Qkkq , Wa(t) = — Hop(z) In|x — tle ™ dx

After some calculations, he obtains a representation for V,(¢) which in turn yields a
representation for the entropies when the exact location of the zeros of H,(z) are known.
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Chapter 2

Connection, Linearization and
Duplication Coeflicients of Orthogonal
Polynomials of a Discrete Variable

The first purpose of this chapter is to review some general methods used to compute
linearization and connection coefficients of classical discrete orthogonal polynomials (in
short CDOP). On the other hand, by an algorithmic approach, we solve the duplication
problem for CDOP. Hypergeometric series representations of linearization coefficients of
CDOP are also given.

2.1 Introduction

Let us consider the second-order difference equation of hypergeometric type, i.e. the equa-
tion [Nikiforov and Uvarov, 1988],

o(2)AVy(z) + 7(x)Ay(z) + Ay(x) = 0, (2.1)

where Ay(z) =y(x +1) —y(x) and Vy(x) =y(z) —y(x — 1) denote the forward and
backward difference operators, respectively, o(x) = ax?® + bz + ¢ and 7(x) = dx + e are
polynomials of degree not greater than 2 and 1, respectively, and X is a constant. This
equation can be written in the form

Alo(@)p(e)Vy(@)] + Ao(@)y(z) =0,
where the function p(x) satisfies the Pearson-type difference equation
Alo@)p(e)| = 7(2)p(a)
The solutions of Equation (2.1) with
A=\, = —n((n - 1)a+d>

are polynomials of degree n, usually called hypergeometric type “discrete” polynomials
y = yn(x). These polynomials are orthogonal with respect to the weight function p(x),
r=A, A+1, ..., B—1 [Nikiforov et al., 1991], i.e.,

S () (2)p() = B2 (2.2)
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provided that p(z) > 0 for A <2 < B —1 and

=0, Vk > 0. (2.3)

The square of the norm of the polynomial y,(x) is given by (see e.g. [Nikiforov et al.,
1991])
B—n—1

he = (=1)"knBy > pal2), (2.4)

where k,, is the leading coefficient of the polynomial y,(z) = k2" + ..., and B, is the
normalization constant of the Rodrigues-type formula

B. _. B
hla) = 25V [pu@)], n=0,1,2,... . (2.5)
with .
pn(z) = p(z +n) H olx+m),n=1,2,..., po(x)=p(x).

The use of Equation (2.5) together with the formula

) = Y0 () )1t b (26)

k=0

allows one to obtain an explicit expression for the polynomials [Nikiforov et al., 1991].
The constants k,, and B,, are related by

n—1

knanH[d+(n+k—1)a], k=1,2,.... ko = Bo.

k=0

The k'" difference derivative of the polynomials y,(z) also fulfills a Rodrigues-type
formula |[Nikiforov et al.; 1991]
Anan n—k

Aty (z) = MV [pn(2)], (2.7)

where
[ n! ko

A"m:m——w,g[d““k_”&]zmﬁm’ Ao = 1.

The four referred families of discrete hypergeometric polynomials are the so-called
CDOP. We denote by Q,(z;a, 5,N), M,(z;7v,1), Kn(z;p, N) and C,(x;pn), the Hahn,
Meixner, Krawtchouk and Charlier polynomials, respectively. The hypergeometric repre-
sentations of the above polynomials are given by Koekoek et al. [2010]

—n,—xr,n+14+a+p
Qn(x;a7B>N):3F2 1 )
a+1,—-N
n,x=0,1,...,.N, a>—1and > —1, ora< —N and 8 < —N,
—-n,—x 1
M, (x;v, 1) =2F1 1——1],v>0,0<pu<l1, z=0,1,...,
1
g
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—-n,—x|1
K,(z;p, N)=9F, -1,0<p<1, nx=0,1,..., N,
_N |P

—n, —x

1
Cy (5 ) =2 Fy — |, u>0, 2=0,1,....
1

The data corresponding to each family are given in the following table [Koeckoek et al.,
2010]:

system Qn(z;, 8, N) My, (57, 1) Ko(z;p, N) | Co(z; )
o(z) (N +a—x) x T "
(@) | B+DHIV-1) = (a+f+2)z | (p—1z+py NlpT’px w—x
p(l‘) (aill)z (5(‘;[17)1;)795 (’Z:)':c Mm (Jl)px(l _ p)N—:c e*:!/ﬂ
k (a+f+nt1)n a-nr 1 (— 1y
" (=N)n(a+1)n (Vn (=N)np" I

In the continuous case, the polynomials were represented in terms of the powers x™. The
corresponding choice in the discrete case is a representation in terms of the falling facto-
rials

t=z(x—1)---(x —n+1) = (=1)"(—2),.
The falling factorials satisfy the equations

n! n!
Amxﬂ::@l—7nﬁxmﬂm Vizt =

I (x —m)™=" m < n. (2.8)

(n —m)!
The expansion of any arbitrary discrete polynomial p,(x) as a series w.r.t. a general
set of discrete hypergeometric polynomials g,(x) is a matter of great interest. This is
particulary true for the problem of linearization of a product of any two discrete poly-
nomials. General and widely applicable strategies begin to appear about 20 years ago
[Lewanowicz, 1996a], [Alvarez-Nodarse et al., 1997], [Koepf and Schmersau, 1998].

To solve the connection problem, Ronveaux et al. [1996] proposed a method which
requires the knowledge of the three-term recurrence relation, the second-order difference
equation, satisfied by the polynomials of the orthogonal set of the expansion problem in
consideration, see [Lewanowicz and Ronveaux, 1996, [Zarzo et al., 1997], [Belmehdi et al.,
1997], |Area et al., 1998], for further description and application of this method.

Koepf and Schmersau [1998] proposed a computer-algebra-based method which, start-
ing from the second-order hypergeometric difference equation, produces by symbolic
means and in a recurrent way the expansion coefficients of the CDOP in terms of the
falling factorial polynomials as well as the expansion coefficients of the corresponding in-
verse problem. The combination of these two expansion problems allows these authors to
solve the connection problems within each specific CDOP set.

All the previous methods provide the expansion coefficients via recursion relation-
ships, which is very useful for the symbolic and/or numerical computation of their values.
Starting from the second-order hypergeometric difference equation satisfied by the set
of discrete orthogonal polynomials {y,(z)}, Alvarez-Nodarse et al. [1997] found the rep-
resentations of the expansion coefficients of any polynomial p,(z) and of the product
Pn(2)gm(x) as a series w.r.t. the set y,(z).
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In this chapter, we review some of the above general methods used to find the con-
nection and linearization coefficients of CDOP. In addition as new results, we solve the
general duplication problem for CDOP and we propose a method to generate hypergeo-
metric series representations of the linearization coefficients of CDOP.

2.2 Evaluation of Connection and Linearization Coeffi-
cients

In this section, we review the method used by Alvarez-Nodarse et al. [1997] to find repre-
sentations for connection and linearization coefficients of discrete orthogonal polynomials.
We want to find the expansion coefficients Ly (m,n) of the relation

n+m

Pu(@)gn(@) = 3 Li(m, n)ye(a), (2.9)

k=0

where {yi(z)} is a discrete orthogonal set of hypergeometric polynomials which satisfy
the difference equation (2.1), and p,(x) and ¢,,(x) are arbitrary polynomial families.

Theorem 2.1 ([Alvarez-Nodarse et al., 1997]). The coefficients Ly(m, n) in the expansion
(2.9) are given by

) = S S e = 9 [ )i 0] (2.10)

Proof. Multiplying both sides of Eq. (2.9) by p(z)y(z), and summing between A and
B — 1, the orthogonality relation (2.2) gives

Lu(m.m) = 5 3 (e (£ )l

Using the Rodrigues formula (2.5) for yx(z) gives

Li(m,n) = 25 > pu()qm(2) VF]pi ().

From the following summation by parts formula

S F@)Va(e) = (fe@)| |~ 3 ale - V().
we get
Lutmn) = T {ml@anl@) V)], = 3 Vina@lan @7t - 11}
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For any integer j with 0 < j < k, we have from Equation (2.6)

Vpi(a)] =i<—1>i (‘7)/)< —)

1=0

_Z () x—z—i—klljax—z—i—l)

We remark from the definition of the weight function of CDOP that for k > 1, p(z+ k) =
p(x 4+ 1) x f(z) where f(x) is a rational function with finite limits at A — 1 and B — 1.
It follows that for j < k, V7 [pi(x)] is proportional to o(x + 1)p(z + 1). Thus taking into
account the boundary condition (2.3) we get

Lk ZVpn m ]Vk 1[ (.1‘—1)].

Repeating this process k — 1 times, we obtain the desired expression (2.10). U
In the special case p,(x) = 22 and ¢,(x) = 1, we derive the following inversion
formula from (2.10) and (2.8).

Corollary 2.2 ([Alvarez-Nodarse et al.; 1997]).

n 1Nk B-1
™ = Z]k(n)yk(x), with Iy(n) = Enl—)—kk)l'ig Z@ — k)R — k). (2.11)

In the special case when p,(z) is a hypergeometric polynomial satisfying the following
second-order difference equation

7 (2)AVp,(x) + 7(2) App () + Appn(z) = 0,
we get

Theorem 2.3 ([Alvarez-Nodarse et al., 1997]). The coefficients Ly(m, n) in the expansion
(2.9) are given by

= B 5 (0 54y (1),

J=j- J
pr(z — k) : k—j :
: —n[v*ig, - )], 2.12
. ) [V g — )] (2.12)
where j_ = max(0,k —n) and j, = min(k,n).

Proof. Applying Leibniz’s rule for the nth difference derivative of a product

V' f@)g(@)] = Z (?) V@) [V gt = )]

t0 pn(x)gm(x), it follows from Equation (2.10) that

J+

i) = PS03 () [P [t )]
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From the Rodrigues-type formula (2.7), we deduce
Vipn(z) = Alp,(x — j) =

where A,,; and B, are defined in terms of the coefficients of &(z) and 7(x). It follows that

1
J=i- z=A

> 2D o )] [T (e =)

Using (2.6), we substitute the expression for V"7 [ﬁn(x — j)] in the previous equation

and (2.12) follows. O
A very important particular case of the expansion (2.9) is the case m = 0, i.e. the

connection problem
= Z Cr(n)yw(z)
k=0

It can be deduced that the connection coefficients are given by

ck(n):Lk(o,n)z( BkB A”’“ZZ ( )L_Z;ﬁn(x—k—l). (2.13)

a=A 1=0 Pi(

If 6(x) = o(x), the above expansion coefficients reduce to

Ci(n) _ = B’“B Ak ZZ ( )ﬂpn(;c—k—z). (2.14)

z=A =0 ﬁ(l‘)

Using relations (2.13) and (2.14), Alvarez-Nodarse et al. [1997] provided formulas con-
necting the different monic families of CDOP.

2.3 Connection and Linearization Coefficients of CDOP
Using Structural Relations

For any classical discrete orthogonal polynomial system {p,(z)}nen, With p_; = 0, the
following structure relations are valid (see e.g. [Nikiforov et al., 1991], [Garcia et al., 1995],
[Koepf and Schmersau, 1998]):

TP () = anpni1 () + bopn(x) + cppn—1 (), (
0(2)Vpu(@) = npps1(x) + Brpn(2) + Ynpn-1(z) or (
(0(2) + 7(2))Vpu(2) = Sppat1(2) + Tupn(2) + Rupa-1(2), (
TApn () = ap Apni1(2) + B AP (%) + 17 Apn-1(2), (218
Pn(T) = @nAppia () + l;nApn<x) + CApp-1(), (
o(2)AVp,(z) = a5, Apnii(2) + 0, Ap () + ¢, App—1 (). (

Koepf and Schmersau [1998] obtained explicitly the coefficients appearing in the previous
equations.
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Theorem 2.4 ([Koepf and Schmersau, 1998]). For the polynomial solutions of (2.1), the
relations (2.15)-(2.20) are valid. The coefficients a,, by, Cn, Qn, Bny Yo, 8, BY, %, Gn,
[ a,, b, c., S, T, R, are given in terms of the coefficients a, b, ¢, d, e of the
difference equation (2.1) by

an = il
n k'nJrl’
b _ n(d+2b)(d+an—a)+e(d—2a)

(2an — 2a + d)(d + 2an) ’
Cn=— ((and —db — ad + a*n® — 2a*n + dac + a® + 2ea — b?)

x(n —1)(d+ an — a) — dbe + d*c + a62>

(an +d — 2a)n ky,
(d —a+ 2an)(d+ 2an — 3a)(2an — 2a + d)?  k,_’
Ky
a, =an :
kn—H
8, = _n(an +d—a)(2and — ad — db + 2ea — 2a*n + 2a’n?)

(d + 2an)(d — 2a + 2an) ’
Y = ((n —1)(an +d — a)(and — db — ad + a*n* — 2a®n + 4ac + a* + 2ea — b*)

+d—a)(an+d—2a)n ky,
—db d2 2 (an .
crdctac ) . (d—2a+ 2an)?(2an —3a+d)(2an —a+d) kn_1’

oo " kn
nin+1kn+1,
ﬁ*__n(d+2a+2b)(d+an—a)—|—d(e—a—b)

(2an — 2a + d)(d + 2an)
Y= —((n —1)(d+ an — a)(and — db — ad + a*n* — 2a®n + 4ac + a* + 2ea — b*)

(d+an —a)n ky,
(2an — 2a + d)?*(2an — 3a+ d)(d — a+ 2an) ky_1’

—dbe + d*c + aeQ) X

S anin—1) k,
no n+1 kfn_|_1 ’
(n —1)(an + d)(2and — ad — db + 2ea — 2a*n + 2a*n?)

(2an — 2a + d)(d + 2an)
c, = ((n —1)(d + an — a)(and — db — ad + a*n* — 2a®n + 4ac + a* + 2ea — b?)

b=

d+an —a)(an + d)n k.,
—db d2 2) ( .
crderac)x (2an — 2a + d)?(2an — 3a + d)(2an —a+d) kn_1’
. 1 Ky,
ap = : )
n+1 kn+1

- —2an(d+an —a) —db+ ad — d* + 2ea
(2an — 2a + d)(d + 2an) ’

Cp = ((n —1)(d + an — a)(and — db — ad + a*n* — 2a°n + dac + a® + 2ea — b*)

k
—dbe + d*c + ae2) X a o
(2an — 2a + d)?*(2an — 3a + d)(2an —a+d)  k,—y




46 Connection, Linearization and Duplication Coefficients of CDOP

Sn:ana Tn = 571 - )\n7 Rn = Tn-

2.3.1 First Method

We assume that p,(z) is a polynomial system given by (2.1) with o(z) = az?® + bx + ¢,
and 7(z) = dx + e, and that ¢, (z) is a polynomial system given by (2.1) with a(z) =
az® + bz + ¢, and 7(x) = dx + é.

If 6(x) = o(z) or o(z) + 7(x) = &(x) + 7(x) we proceed similarly as in the Section
1.2.1 by replacing, respectively, the structural formulas

*

wpy, (7)) = o P (@) + 8w (@) + Viph— ()
0<:U)piz($) = O‘npn-i-l(x) + 6npn(x) + ’Vnpn—l(aj)

T AP, () = Appy1 () + B Apn(x) + 75 Apn—1(z),
J(:[)Vpn(m) = OnPn+1 (1‘) + 5npn<x> + P)/npnfl(m)‘

If 6(x) # o(z) and o(x) + 7(x) # o(z) + 7(x), similarly as in Section 1.2.1, we solve the
falling factorial representation

" =" Lu(n)gn (@),

using the following structure relations for p,(z) = 2™

1
n+1

Apusr (), 2Ap(x) = —— Appy () +(n—1)Ap, (x).

a:pn(w) = pn+l<x)+npn($)a pn(iL') - n4+1

From the identity 2% = (—1)"(—xz), and the definition of the generalized hypergeo-
metric function, we have for all CDOP

pal@) = 3 At

By the combination of the above formula with the inversion formula
' J
=3 I ()an(a)

m=0

we get the connection formula as in Section 1.2.1.

2.3.2 Second Method: The NaViMa Algorithm

It is also possible to use the NaViMa algorithm to compute recursively the connection
coefficients between two families of CDOP [Ronveaux et al.; 1996], [Area et al., 1998].
In the first step, we apply the difference operator £y, : P — P, defined by

Lopn[pn(2)] := 0(2)AVp,(z) + 7(2) App(x) + Appp(z) =0
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n

to both sides of the connection identity p,(z) = >  C),(n)gn(x). This gives

Y Cl(n) (J(m)Aqu(x) 4 7(2)Ag() + )\nqm(m)> — 0. (2.21)

To obtain a recurrence relation for the coefficients C,,(n) of maximum order 4 or 2, we
expand the expression

0(2) AV (z) + 7(2) Agm () + A\pgm () (2.22)
in the basis AV ¢, (z) if o(z) # &(x), or in the basis Ag,,(x) if o(x) = d(z), respectively.
Note that we denote all coefficients connected with ¢,,(x) by dashes.

Using the {AVq,,(z)} basis (o(x) # 7(z))
We proceed as follows. In the first step, we apply V to (2.19) and use the properties
AV =VA, A=V + AV
to get -
AGun (%) = amAV i1 (2) + (b + 1) AV G () + EmAV g1 (7). (2.23)
Then, this expression together with (2.19) yields

m+2

Gn(2) = Y am;AVY(2), (2.24)

j=m-—2

= = = /7 = = = 29 B = =
Amm+2 = GmAm+1, Amm+1 = am(bm + bm+1 + 1)7 Amm = dmCm+1 + bm + bm + CnOm—1,
C

m(zm + Z;mfl + 1)7 Am,m—2 = émémfl
Second, from (2.18) we have
7(2) Ag(2) = &, dAGmy1(x) + (€ 4+ dB%) Agm(z) + 72, dAGm—1(2),

and using (2.23) this yields

m-+42
T(2)Agn() = D ay,; AV (@), (2.25)
j=m-—2
with

ag?m—ﬂ = d@;zém+17 aga,)m—i-l = d(o_‘:n(l;erl + 1) + B;%am> + egzm,

(1) —

A2 = Pl 1y At = A( B + T (bt +1)) + €,

U = d<@%5m+1 + B (b + 1) + 7&5%1) + e(bp + 1).
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And third, we apply V to both sides of (2.18) and use the properties
V(p(z)q(x)) = Vp(x) - q(x) + p(z — 1)Vq(z), AV =VA
and (2.23) to get
TAV G (1) = 03, AV g1 () + (B8], + DAV () +35,AV 1 () — Agn ()
= (@ = ) AV (@) + (Bl = b) AV (@) + (T = &) AV (2).

It follows that
m—+2

o(2)AVgn(z) = Y alr AVg;(x), (2.26)

j=m-—2
with the coeflicients a( ) ; given as in (1.27).
Now, we substitute (2 24)-(2.26) in Equation (2.21) and proceed as in Section 1.2.3.
Using the {Ag,(z)} basis (o(x) = a(x))

The procedure is the same as in Section 1.2.3 with Equations (1.28), (1.29) and (1.30)
replaced, respectively, by

m—+1
= D bwAg;(2)
j=m—1
m—+1
7(7) Agm(x Z b AQJ
j=m—1
and
m+1
0(2) AV () = 6(2) AV (z) = Y b2 Ag;(x)
j=m—1

with the same coefficients.

2.3.3 Linearization Problem for CDOP: the NaViMa Algorithm

Every CDOP family satisfies a difference equation of type (2.1) which can be easily rewrit-
ten as
A(x)y(x + 1)+ B(z)y(z) + C(z)y(z — 1) =0, (2.27)

where A(z) = o(z) + 7(x), B(z) =\, —20(x) — 7(z) and C(z) = o(x) are polynomials
of maximum degree 2. Salvy and Zimmermann [1994] (see also [Stanley, 1980]) developed
an algorithm to compute the difference equation of the product of two CDOP p,,(z)gm(x).
This algorithm is implemented in Maple in the package gfun by the procedure recxrec.
If p,(z) and g, (z) are solutions of a difference equation of type (2.27), then using this
algorithm, we obtain a fourth order difference equation

ro(z)y(r +4) + r3(x)y(x + 3) + ro(z)y(xr + 2) + m(z)y(x + 1) + ro(z)y(x) =0, (2.28)

satisfies by the product y(x) = p,(x)pm(x). To solve recursively the linearization problem

n+m

Pu(@)pm(@) = S Li(m,n)pi(a),

k=0
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we substitute the above expression in (2.28), and then from (2.27), px(z + 4), pp(z +
3), pe(z + 2) are given as linear combinations of px(x + 1) and pg(x). This yields a
difference equation of the form

n+m

Z f(@)pr(x +1) + g(x)pi(z) = 0,

k=0

where f(x) and g(x) are polynomials. Substituting pi(z + 1) by Apk(x) + pr(z) and then
using structural formulae (2.18) and (2.19), we obtain after an appropriate shift of indices
a recurrence relation in the variable k satisfied by the linearization coefficients Ly(m,n).

Remark 2.5. 1. Ronveauz et al. [1996], Lewanowicz [1996a] also proposed an algorith-
mic method of obtaining recurrence relations satisfied by the connection coefficients
between two families of the CDOP, and wusing the same approach,
Belmehdi et al. [1997] gave a recurrence relation for the linearization coefficients
of CDOP. Their method uses again structure formulas of CDOP.

2. Zarzo et al. [1997] used the NaViMa algorithm to solve the inversion problem of
monic CDOP.

3. Using theorems from the theory of generalized hypergeometric functions of Section

1.4, Chapter 1, Lewanowicz [2005a] obtained a representation of the connection
coefficients of some CDOP.

2.4 Connection and Linearization Coefficients of CDOP

Gasper [1974], Ronveaux et al. [1996], Koepf and Schmersau [1998] (compare
[Zarzo et al., 1997], [Alvarez-Nodarse et al., 1997]) proved that

Theorem 2.6. The following representations for the falling factorials in terms of the
classical discrete orthogonal polynomials are valid:

B 1+ a)pn(=N)n(=1)" (e + S+ 142m) (—n)pm(a+ S+ 1) '
: Z a+ﬁ+2) (a+8+1) (n+2+a+6)mm!Qm(x’a’5’N>’
" (=1 () (E) (~ 1)
x”zz( )"(7) iz!_ )"(=n) M (20,
R Z (_1)n(_]2!npn(_n)mk—m(x;p’ N),

Z” Con(; 1)

In [Gasper, 1974], [Koepf and Schmersau, 1998|, [Lewanowicz, 2003a] (compare
[Lewanowicz, 1996a], [Area et al,, 1998]), the connection coefficients within the same
family of CDOP were given.



50 Connection, Linearization and Duplication Coefficients of CDOP

Theorem 2.7. The following connection relations between the classical discrete orthogo-
nal polynomials are valid:

. - (B=0)a(=1)" (@4 +1+2m)
Qn(x,a,B,N)_n;) 2+a+d), (a+d+1)

(=)l +a+8)mn+1+a+ B)m(=1)"
(a+2+n+0)n(l—5+5—n),m!

Qm('r; a? 67 N)7

N (a—)uB+1)n (B+y+142m)

Oz 8. N)= ) oy @ Bt e (Bra D)
(—)m(1+ B+ Vm(y+ Dmn+1+a+ B)n .
G Dt tnt Dot —a—nt Dmon@ 78N,
Onla: a0, B, N) = - nl(y+ Dpm(n+a+8+1),

m!(n —m)l(a+ Dp(m+~y+6+ 1),

m=0

m-nm+~vy+1ln+m+a+p+1
X3F2 1 Qm(‘r77757N)7

m+a+1,2m+~vy+ 6+ 2
ifn=0,1,...,M and x = 0,1,...,min(M, N), then

min(n,N)

Ml Daln ot D
ml(n —m)I(=M)p(a+1)p(m+v+0+ 1),

Qn(z; 0, B, M) =

m=0

m—-nm—Nm+vy+1ln+m+a+F+1
><4FB 1 Qm<x37757 N)a
m—-—Mm+a+1,2m+~y+95+2

—~ (7= 0)a(=n)m(
—n—+1=9)n(y).m!
)
|

= ( - VE/M__:))mMm(x; "),

Mm(l', 57 p“)v

K (2;p, N) = (_M)m(](\{;,;r)n_m(:)Km(x;zxM),

ifn=0,1,...,M andxz=0,1,...,min(M, N), then

min(n,N) n
—N)pp™ m—n,m—N
Kn(z;9, M) = Wﬂ‘q ( S) K (z;p, N),
n m— M

m=0
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n

Culws ) =3 (~1)"

v (=n)
ILLn

n—m

= Ol V).

(v—p)
|
0 m!

Belmehdi et al. [1997] gave a procedure to get a recurrence relation for the linearization
coefficients of CDOP. Here, using a systematic approach, we provide hypergeometric series
representation of these coefficients. These results, as far as we know, are new.

Theorem 2.8. The following linearization formulae hold
1. for the Hahn polynomaial family

n+m

Qn(w; @, B, N)Qm(w; 0, B, N) = > Lo(m,n)Qr(x; 0, 8, N), m~+n <N,

r=0
with

n+m—r  min(n,l+r) (

Z 3 —n)j(n+a+pB+1);(—m)i—j(m+a+ B+ 1),
= jemarioqer—my (& T Di(EN)j(@t Doy (= Ny (U417 = 5)ljlr!

(a + i (=N)igr(a+ B+ 14 2r) (=l — 1) (a+ S+ 1),
(a+B+2i(a+B+1)(a+B+2+1+1),

—Jl+r—j4+m+a+B+1LI+r—7-—m
X3F3 1],
l+r—j—Nl+r—j+a+l

2. for the Meixner polynomial famaily

M (579, ) My (59, 1) = Y Ly (m,n) M, (37, ),

with

n+m—r mm n l+’f‘) (-n)

2y

=0 j=max(0,l+r—m)

i(=m) 1 (Vi (=1 = 7)),
(7); (V) igr—i (L + 17— g)lglr!

—j,l+T—j—m —1
X2F1 ’u— ’
l+r—j+~ H

3. for the Krawtchouk polynomial family
K250, N) Ko (250, N) = > Ly(m,n) K, (;p, N),

with

n+m—r min(n,l+7)
Z Z (_n)j(_m)l—l—r—j(_N)l—H"(_l — ’I“)r
— i — ; — N\qlel
=0 j=max(0,l+r—m) ( N)]( N)l'i"’—](l—'—r j)]T’
l+r—7—m,—j| 1
XQFI -1,
l+r—j—-N |
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4. for the Charlier polynomaial family

Cr(z; 1) O (5 1) = Z L(m,n)C,(x; p),

with

n+m—r min(n,l+r
+Z (ZH (=n); (=m)ir i (1 — 1),
(47— )]

=0 j=max(0,l+r—m)

l+fr_j_m7_j 1
X o Fp —p

The proof of Theorem 2.8 uses the following lemma.

Lemma 2.9. If m <n,

m

mln! Tk
ngm — nth 2.2
v Z;wm—mm—m+mx (2:29)

Proof. From the definition of 22 22 =0 < z=0,1,...,n—1land (n+ )2 #0, s =
0,1,.... We suppose that

n+m n+m
Z (m,n)z® = Ho(m,n) + Z Hy(m, n)ak.
k= k=1

For # = 0, 2% = 0, k = 1,2,... and then the previous equation yields Hy(m,n) = 0,
m > 1. Therefore

n+m
zx™ = Hy(m,n)x + Z Hy(m,n)k,
k=2
and for z = 1 and m > 2, it follows that Hy(m,n) = 0. Progressively, in a similar way,
we obtain

Ho(m,n) = Hi(m,n)=...= H,_1(m,n) =0.
Consequently,
n—+m m
= 5% et = 37 B, gt
k=n k=0
Since 2™k = 2(z — n), it follows that
k=0

We apply A, 1 =0,1,...,m to both sides of the previous equation and use (2.8) to get

m! - k! _
mxm—l: ,gj Hy,ix(m,n) = (x —n)r=t

k=l+1 ’
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For x = n, we obtain
m!n!

Nm—D(n—m+1)

Hn+l<m7 n) =

Remark 2.10. If we substitute k by m — k in (2.29), we get

min(m,n)
o™ = Z k! (Z) (TZ) prtm=k

k=0

Having derived the linearization relation for x, we now prove Theorem 2.8.
Proof (of Theorem 2.8). We have

x) = Z Aj(n)xl and p,(z) = Z Ap(m)zk,
§=0 k=0
so that
pu(@)pm(x) = Y Y Aj(n)Ax(m)zlat
7=0 k=0
(2.29) i
NN A Aum) (Y Hysalh, )t
j=0 k=0 1=0
n+
= > Bi(m,n)a,
1=0
with
min(n,l)  min(m,l)

Bi(m,n) = Z Z Aj( m)H,(k, j),

j=max(0,l—m) k=l—j

where H(k,j) =0 if | < max(k,j) or k+j <.

Since z
o =3 L p(a),
r=0
we get
n+m
Po(2)pm () = Z L.(m,n)p,(x)
r=0
with
n+m—r
Z B (m,n)L.(1 4 r)
n+m—r  min(n,l+r) min(m,l+r)
_ ST S A Aym)Ho Ok )L+ 1)
= j=max

(0,l+r—m) k=l+r—j
n+m—r min(n,l+7) min(m—Il—r+3,5)
- S A Ay lm) o (47— 4 )L+ 7).

j=max(0,l+r—m) k=0
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To get our final results, we use the sumtohyper algorithm. 0]
Some simpler results were obtained by Askey and Gasper [1977|, using generating
functions, and are given by

Theorem 2.11 ([Askey and Gasper, 1977]). For Meizner and Krawtchouk orthogonal

polynomials, the following results hold, respectively:

n+m i ;
n|m[(1 _{_N)n+m+z(_1)n+m+z
My (3, 1) Mo (057, 1) =

— # (Y )n(V)m
(7)1 (1 + )=
X Mz T3, )
;j—n m)!(j — i)l (n+m+i—2j)! (57, 1)
n+m N‘

Ko (25 p, N) Ko (23, N) = Z prm(1 —p)i(N) (N)

(1— p)i(2p — 1)itmtn=2j o
X;o (G—)G—mNG —n)li+m+n—2)(N — j)!Kz( ;p, N).

To conclude this section, we deduce the linearization of the product of two falling
factorials in terms of CDOP.

Proposition 2.12. The following linearization formulae are valid:

n+m

nom minl(a+B+2j+ 1) (a+ B+ 1);
o= (a+ B+ )(atB+k+2)!

Tl DN,
2 Gk m Rl + 52

Qj(z;a, 5, N),

k=max(m,n,j)

ntm  ntm min!(=1)*(y)r(=k); 1" (x;
NP DU DI [ ERT A

J=0 k=max(m,n,j)

ntm  ntm m!n!(=1)*(=N)p*(—Fk); :
= X (= ik — )i+ m— kgt 2P )

j=0 k=max(m,n,j)

n+m n+m m'n'u ( k’)]

=2 X k— )k —m)!(n +m — k)] il ).

J=0 k=max(m,n,j)

Proof. In fact, the combination of

n+m k
™ = Z Hi(m,n)z* and a2* = Z]j(k)pj(x)
k=max(m,n) 7=0

yields the linearization formula

n+m n+m
=Y Lj(m,n)p;(x), with Lij(m,n)= Y Hg(m,n)[;(k).
Jj=0 k=max(m,n,j)
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2.5 Duplication Problem for CDOP

Using generating functions, Chaggara and Koepf [2007] solved the duplication problem

= Z Dy (1, a)pm(z)

for the Charlier, Meixner and Krawtchouk polynomials for the specific case a = —1.
Recurrence relations satisfied by the duplication coefficients were also given. Area et al.
[2003] presented an algorithmic approach to obtain these recurrence relations. Their
approach was based on the NaViMa algorithm. In this section the general duplication
problem for CDOP is solved.

Theorem 2.13. For the classical discrete orthogonal polynomials, the following duplica-

tion relations are valid.

(a+p+14+2m)(a+ B+ 1)m
(a+ B+ 1)m!

Qulaz;a, B,N) = >

(a+1,=N)p_j(=n+ j)m
(a+B+2)_jla+L+n—j+2)m(n—j)!

J n—j
—al n—jlm\T; &, 7N7
><Z(oz+1, —N)gtn— ](k—I—n—j X; ( al)kn—j@m(x; o, B, N)

S R ) MR e S Gup e (Lo1y

M ; =
n(aw;y, 1) ml(n — )| — (n+k— )N Vntw—j \ R

m=0 5=0

<3y (") it

The proof of this theorem uses the following result.
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Lemma 2.14. If f is a polynomial w.r.t. x of degree n, then
= furt, (2:30)
k=0

where
P
=g () o
Proof . If we apply the operator A7 to Equation (2.30), we get for any positive integer j

k=0

Since AJzk = (kf!j)!:c@, it follows that

Z fk AR figh.
k=0,k+£j
For x = 0, this yields
AJf( )
fi =

The result follows from the relation

— Ek:(—n’f—l C’)f(m +1).

=0

O
Replacing f(z) by (az)™ in (2.30), we are led to
Corollary 2.15. The following duplication formula holds:
n k
k=0 ’ =0
n k
Proof (of Theorem 2.13). Combining p,(az) = ZAk(n)(aa:)E (ax)k = ZEi(k,a):ci
k=0 =0
with E;(k, a) Z F(i k,a) Z I, ), interchanging the order of summation

n

and substituting ¢ by n—m—j yields the duplication relation p,(az) = >  D,,(n,a)pm(x)
with
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2.6 Application of Connection Formulae of CDOP: Pa-
rameter Derivatives

The following results obtained by Koepf and Schmersau [1998] are deduced from Theorem
2.7, following the method used in the proof of Corollary 1.16.

Corollary 2.16. The following representations for the parameter derivatives of the clas-
sical discrete orthogonal polynomials are valid:

9 — 1 1
8_(1@"(&:;@’6’]\[):2}(<a+ﬂ+m+n+l B oz—l—m—l—l)Q"(x;a’B’N)

(a+B+1+2m)(B+1+m),_,n! |
T a T B nt Do+ 15 e+ BT F O )
8 n—1 1
%Qn(-ﬁ;aaﬂw]\[) = Za+ﬁ+m—|—n+1 . (Qn(-f;OK,B,N)

m=0
(=) ™(a+ B+ 1+ 2m)n!
(n—m)(a+B+1+m),_mm!

Qu (w50, 8,N)),

0 n

_Mn x7, Y EE——— Mn x5, _Mnf x;7, )

on (257, 1) u(u—1)< (257, 1) (737, 1))

0 2 1 n!

oy Ml ) = 7;) ( S MalE )+ ey M, u)>,
0 n

8—pKn(x,p, N) = 5(Knl(:c,p, N) — K, (z;p, N)),

0 iy 1 n!

6_NKn(x;pa N) - — (m _ NKn(x;pa N) - m'(n . m)(m _ N)n_me(‘r;pa N)),

%Cn(:r; ) = g(Cn_l(:r; ) — Cul(a; u))-

We note that %Mn(:c; v, 1), %Mn(w; Y, 1), (%Kn(x; p, N) are different from the results
of Koepf [1998] because the polynomial families are different by a normalizing constant.
We also note that in [Koepf, 1998], the parameter derivative %Qn(x; a, 3, N) has a mis-
print.
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Chapter 3

Connection, Linearization and
Duplication Coefficients of
g-Orthogonal Polynomials of the

g-Hahn Class

Area et al. [1999], Foupouagnigni et al. [2012] solved the inversion problem of ¢-classical
orthogonal polynomials. An algorithmic approach was given by Lewanowicz [2003b] to
construct recurrence relations for the coefficients of the series expansion of a solution of
a linear g-difference equation in g¢-classical orthogonal polnomials (of the g-Hahn class).
Area et al. [2001] proposed a method to solve the connection and linearization prob-
lem of g-classical orthogonal polynomials from which they deduced the connection coeffi-
cients between the little ¢g-Jacobi and shifted Jacobi polynomials. In this chapter, using
this method and another algorithmic approach we solve the connection and lineariza-
tion problems of all the g-classical orthogonal polynomial families of the ¢-Hahn class.
Furthermore, using two algorithmic approaches, the duplication problem for g-classical
orthogonal polynomials is also solved.

3.1 Introduction
A family
y(2) = pp(x) = k2™ + K 2"+ K" 4 (n € Ny, k,, #0) (3.1)

of polynomials of degree exactly n is a family of g-classical orthogonal polynomials (in
short ¢-COP) of the ¢g-Hahn class if it is solution of a g-differential equation of the type
(see e.g. [Koepf and Schmersau, 2001], [Medem et al., 2001])

a(m)DqD%pn(x) + 7(2) Dypn(x) + Ny gpn(x) = 0, (3.2)
which is equivalent to
5($)D%qun(a:) + T(.T)D%pn(x) + ApgPn(x) =0,

where o(z) = ax® + bz + ¢, 6(x) = o(z) + (¢ — 1)x7(z) are polynomials of at most second
order and 7(z) = dx + e is a polynomial of first order and the g¢-differential operator D,
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is defined by

Dyfo) =TI a0, 21

and D, f(0) := f'(0) by continuity, provided f’(0) exists. In the sequel, we shall always
assume that 0 < ¢ < 1.

As we can read in the preface of Koekoek et al. [2010], Hahn [1949] found orthogonal
polynomial solutions of second order g-difference equations. This class of orthogonal
polynomials is known as the ¢-Hahn class. Many other families of orthogonal polynomials
such as the discrete classical orthogonal polynomials have been very well known for a long
time, but a classification of all these families did not exist. A first attempt to combine
both the continuous and discrete classical orthogonal polynomials was made by Askey and
Wilson [1985] by introducing the so-called Askey scheme of hypergeometric orthogonal
polynomials. All known g-analogues of the families of orthogonal polynomials belonging to
the Askey scheme were arranged into a g-analogue of this Askey-scheme. The polynomial
systems which are solution of (3.2) form the ¢g-Hahn tableau. The following systems are
members of the g-Hahn tableau [Kockock et al., 2010]:

1. the big g-Jacobi polynomials

¢ " afg
Pn(‘rva7ﬁ7’YJQ):3¢2 q;49 |,

aq,7q
which for a = § = 1 are the big ¢-Legendre polynomials

qQ ;¢ T
Po(x:7:q) = 309 a9 |
q,7q
2. the g-Hahn polynomials
) ¢ " afg T I
Qn(x;a7ﬁ)N|Q):3¢2 q;q ,Wlth.T:q andn:0717 "'7N7
ag,q
3. the big ¢-Laguerre polynomials
q "0
Pu(7; 0, 8;q) = 302 a4q |,
oq, fq
4. the little g-Jacobi polynomials
q " aBg™!
pu(@;a, Blg) = 201 ¢ qx |,
aq

which for a = 8 = 1 are the little ¢-Legendre polynomials

—n

n+1
a"q
Pu(z]q) = 201 ¢ qx |,

q
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5. the g-Meixner polynomials

B qina x an . _ —x
Mn(xvﬁaf%Q):Q(ﬁl q; — ) with r=q -,
Bq K
6. the quantum ¢-Krawtchouk polynomials
tm (4 "z n+1 : = —x
K™ (Z5p, Niq) = 201 ¢pg"" |, withZ=¢ " andn=0,1, ...
g
7. the g-Krawtchouk polynomials
_ "z, —pg" L
K,(Z;p,N;q) = 3¢ ¢;q | with z=¢ *andn=0,1, ...
g .0
8. the affine ¢-Krawtchouk polynomials
Aff ¢ " z,0 : _
KN (750, N5 q) = 362 ¢;q | withz=¢ “andn=0,1, ...
pg, g~
9. the little g-Laguerre / Wall polynomials
q "0
Pu(@; alq) = 261 q;qz |,
aq
10. the g-Laguerre polynomials
a+1. q*n
L;a)(x; q) = u@l q; _qn+a+1x :
(Q; Q)n qa+1
11. the alternative g-Charlier or g-Bessel polynomials
" —aq”
Yn(;059) = 201 ¢ qz |,
0
12. the ¢-Charlier polynomials
q_n7 T n+1
Co(@; o) = 201 s
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13. the Al-Salam-Carlitz I polynomials
(@) wg@ o [T |0
U (25q) = (—a)"q\?) 2 ¢ |
e
0
14. the Al-Salam-Carlitz II polynomials
_(n A
Vi (x:9) = (—)"g~ )y L.
15. the Stieltjes-Wigert polynomials
1 "
Sn(z;q) = ; 191 q; —C]nHl" )
(¢ Dn 0
16. the discrete g-Hermite I polynomials
—-n -1
n q T
hn(:9) = q3) gy ¢ —qz |,
0

17.

the discrete g-Hermite I (polynormals are the Al-Salam-Carlitz I polynomials with
—1ie. hy(z;q) =Un (SL’ q),

the discrete g-Hermite II polynomials

7 —n —(> q n
hn(z;9) =1 "q (3) 86 ¢ —q" |,

the discrete g-Hermite II polynomials are related to the Al-Salam-Carlitz II poly-
nomials with o = —1 by hy, (z; q) = iV (m q).

The representation of the polynomials p,(x) belonging to the g-Hahn tableau as basic
hypergeometric series (see Definition 0.2) suggests four natural bases {V,,} to obtain
expansions of the form

= Z An(n)V

These expansion bases are the g-shifted factorials (i.e. V,,,(x) = (2;¢)m), the powers of
z (ie. Vin(z) = 2™), V() = (iz;q)m and Vp(z) = (2 = 1)(z —¢q) --- (x —¢"") =
(71 @)ma™. These four bases can be generalized to the basis [Sprenger, 2009

(b—a)(b—aq) -+ (b—aq" '),n €N,

(boa); =
1, n =0,
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where a, b € C. Indeed, we have
(:q)n = 1O 2)y, 2" = (xO0)y, (iz;q), = (1 Oiz)y and (27} ¢)ua" = (x O 1);.

It is easy to see that (3.2) is equivalent to
Ba)pa(ar) — (B(r) + D@)pa(e) + D@pa () = ~(a = 125 Auapale)  (33)

with B(z) = o(z) + (¢ — 1)a7(x) and D(z) = gqo(z). From the above equivalent form
of Equation (3.2) given in [Koekoek and Swarttouw, 1998], [Koekoek et al., 2010], we get
o(x) = @ and 7(z) = %. The coefficients a, b, ¢, d, e of the polynomials o(z)
and 7(z), the leading coefficients of the ¢-COP and their bases are given in Table 3.1
appearing on the next page.

To compute the connection, linearization, inversion and duplication coefficients of
q¢-COP, we proceed algorithmically using the structure formulae satisfied by these poly-

nomials.

3.2 Structural Formulas for ¢-Orthogonal Polynomials
of the ¢-Hahn Class

Using computer algebra, the following method gives the coefficients a,, b, and ¢, of the
desired structure relation in terms of a, b, ¢, d, e, n, q, q", k,_1, ky, and k,,1 and using
the following algorithm (see [Koepf and Schmersau, 2002]).

1. Substitute
pn(x) = kpa™ + k:;m”_l + k;;:x"_g + ...

in the g-differential equation (3.2).

2. Equate the coefficients of 2" to determine \,, 4.

3. Equate the coefficients of ™"~ and 2" 2. This gives k/, and k”, respectively, in terms
of k,,.

4. Substitute p,(x) in the proposed structure relation, and equate again the three
highest coefficients. This computes the three unknowns a,,, b, and ¢, successively.

1. First step: We substitute p,(x) in the g-differential equation (3.2), use the relations

and by equating the coefficients of ™, one gets

Ang = =[n]1n = 1ga — [n)yd, (3.4)

1
q

where the abbreviation




sorrure; speroui[od [eu0S0Y110-h [ROISSRD JO ®IR(] 1°¢ O[qR],

g-orthogonal polynomials family a b c d e kn basis
Bn(x; q) discrete g-Hermite 11 0 0 g—1 1 0 1 (15 q)n
Vn(a)(:z:, q) Al-Salam-Carlitz II 0 0 (¢— 1o 1 —a—1 1 (z59)n
Cula;05q) ¢-Charlicr 0 (1o 0 q —a g )" (@i
L (a3q) g-Laguerre 0 q—1 0 qq® qq® — 1 ( 1)""?;;5: ) z"
Spn(z;q) Stieltjes-Wigert 0 qg—1 0 q -1 (—=1)" (5;2; "
My (3 8,75 9) g-Meixner 0 (g—1)v q(1 —q)By q Byg—q—v (— )”vn(%n:,q)n (;9)n
K™ (2 p, N ) Quantum-g-Krawtchouk 0 (g —1)g" 1—gq —pag" 1 —(1—pa)g" i (3 0)n
Ko (230, N q) g-Krawtchouk (1 — q)¢" g—1 0 (1+pg)q™ —(1+paq™) e (23 ¢)n
pn(x; alq) little g-Laguerre 1—gq qg—1 0 1 ag—1 (=1 (‘i;]f)l "
yn(x; alq) alternative g-Charlier | 1 —gq qg—1 0 14+ aq -1 (—1)”q_(g) (—aq";q)n| 2"
pn(z; 0, Blq) little g-Jacobi 1—g¢q g—1 0 1 — afq? ag—1 (—1)”(1(322‘;‘%3”;‘1)” "
b (5 q) discrete g-Hermite I 1—gq 0 g—1 1 0 1 (rol)y
() (x;q) Al-Salam-Carlitz I 1—¢q ¢—-1)(1+a) | 1-9qa 1 —a—1 1 (zol)y
Pu(7; 0,85 q) big g-Laguerre 1—q | ql¢g—1D(a+ ) (1 -q)as 1 q(afq —a—p) CTORCT (z;9)n
K3 (a;p, N;q) | affine g-Krawtchouk (1 - q)¢™|(¢ = 1)(1+paq™) (1 - q)pg " —(1+pa(g™ — 1)) e Y. | @ n
Qn(z;, B; Nq) ¢-Hahn (1= q)g"(a = 1)(1 +aqa™) q(1 =)o [(1 —aBe®)Vaq(1+qV (Bg— 1) =1 Foliige— | (a;q),
Po(x; 0, 8,7:4) big g-Jacobi l—q | ql@—1)(a+7) |1 -gar| 1-aBe® | qlag(B+7)—a—9) e (@3 )n

79
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denotes the so-called g-brackets. Note that lirr% [n], = n.
q—

2. Second step: Equating the coefficients of 2"~! and x"~2 gives k/,, and k| respectively,
as rational multiples w.r.t. N = ¢" of k,,:

. (N —1)(=Ne+bN + Neq — bq) q
" (¢—1)(—aq®+ N2dg+ aN? — N2d)

K" = ke ( (N —1)(N —q) <b2N2 — 2 N2e2q + 2bN%ge — caN? + cN2d
+eqaN? + N?e2¢? + N2%e? + ¢¢®?N?d — 2 cqN?d (3.6)
—2bN?%e — Nb*q — ¥®’N¢* + Nbge — Neg®b — cqa + b2¢> + caq2)>/

ki (3.5)

((q—i— 1) (q— 1)2 (—aq3 + N?dg + aN? —N2d) (—aq2 + N%dg + aN? — N2d) )

Here and throughout this chapter!, we will use the notations N = ¢" and M = ¢™.

Now we determine the coefficients of the structure relations. Koepf and Schmersau
[2001], Koepf and Schmersau [2002], Medem et al. [2001], Area et al. [2006], Koekoek
et al. [2010] showed that any solution of (3.2) satisfies a recurrence equation

pn-l-l(x) = (An'r + Bn)pn<x) - Cnpn—l(x) (n € N07 Py = O)

or equivalently

TP () = @nPry1 + bupn(2) + copp—1(x) (3.7)
with
_1 o, B _ G
an_An n — An’ Cn_An-

Theorem 3.1 (See e.g. [Koepl and Schmersau, 2001], [Koepf and Schmersau, 2002],
[Medem et al., 2001], [Area et al., 2006], [Koekoek et al., 2010], [Foupouagnigni et al.,
2012]). For any q-classical orthogonal polynomial family, the relation (3.7) is valid. The
coefficients a,, b, and c, are given by

kn,
kn—l—l ’

Gy =
bn, = —N( — Neg®a — bNag? + N?eq®d — bg®> Nd + eaq® + bag® + bg> N2d + N?eqa — 2 N?edq
+Nega — 2bNqa — eqa + bgaN? + bga — N?ea — bN?d + bNd — bNa—l—N2ed—|—baN2)/

( (—ag® + N2dq + aN? — N%d) (—a + N2dg + aN* — N2d) )

kn

n—1
+2caN*dg — ¥’ Nag® + b*N3dg — 2 N?e%aqg® — B’ N3¢?d + N?e%¢*a — 2caN*d — 2 eN*d%q
+e® N4d? — b2 N2d — N3b%qa + 2b°N?¢%a + N?e?¢*a — 2 cq*a®*N? + bV’ > N?d + eN*d?
+ca®?N* 4 2 cq?aN?d — N3eg®bd — N3eq?ba + 2 N3eq?*bd + bN3eaq — 20N?*¢*ea — Neg'ab
+Nebaq3))/< (—aq® + N?dgq + aN? — N2d)2 (—ag® + N?dq + aN? — N?d)

Cp — —

(Nq(N— 1) (qu—l—Na — Nd — aq2) (— N3ebdg + cq*a® — 2¢eN?dag® + 2bN?eaq®

x (—aq + N*dq + aN* — N*d) )

!The use of N = ¢" should not be confused with the parameter IV of the ¢-Hahn polynomials
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Proof. Substitute p,(z) in the proposed equation (3.7) and equate the three highest
coefficients. This yields a,, b,, and ¢, in terms of a, b, ¢, d, e, q, q", kn_1, kn, kni1,

k1 K, ki, ki, Ky, ko, by linear algebra.
Substituting the values of k},_,, k},, kI, ki_,, kI, and k], given by (3.5) and (3.6)
yields the above formulas. O

Theorem 3.2 (See [Koepf and Schmersau, 2001], [Medem et al., 2001], [Foupouagnigni
et al.,, 2012]). Orthogonal polynomials of the g-Hahn class satisfy the structure formula

0(2) D1pn(x) = anpni1(2) + Brpn(T) + Ynpn1 (%), (3.8)

where the coefficients o, B, and v, are given by the explicit formulas

ko
Qp = a[n]l/qﬁa

B8, = (q(N —1)(aN + dNq — aq — Nd)(eNag® — bdNq + Ngbq
—bga + bdN? — baN? + bNa — eNa))/
((—dNQq +dN? + ag® — aN?)(q — 1)(dN?q — a + aN? — dN2)>,

Yo = (Nq(N —1)(aN + dNq — dN — aq)(aq® — dNq + dN — aN)(2b*N2aq?
+qtca® + V?¢dN? — b2¢2dN? + 2 N%ag® + > N* + eN*a? — 2¢¢®ad N?
+eNbag® — 2eN%bag? — eq* Nba — eq? N3ba + 2eq> N3bd + 2b¢g> N?ea — eq® N3bd
+eN3bag + 2cqaN*d + e2¢*N%a — 2¢2¢* N%a + ¢b* N3d — ¢*b*Na — ¢b*>N3a
_02¢>N3d — 2cqd®N* — 22 N%ca® — 2dN*ca + cq?d®N* + 242dcaN? — eN3bdq)> /
((—aq + dN%q + aN? — AN?)(—dN2g + dN? + ag® — aN?)

K,
kn—l .

x(—dN?*q+dN? + aq* — aN?)*(q — 1))

Proposition 3.3 (See e.g. [Hahn, 1949], [Medem et al.; 2001], [Foupouagnigni et al.,
2012]). If a function y(z) is solution of (3.2), then Y (x) = Dyy(x) satisfies

o (m)DqD%Y(I) + 71 (2) DY () + ApgaY(x) =0 (3.9)
with o1(z) = o(x), 71 (x) = Dyo(z) + q7(qz) and A, 41 = ¢(Dg7(x) + A yg)-
Proof. We recall the following identities
D;Dq:quDl, (310)
Dy(f(x)g(x)) = f(qz)Deg(x) + g() Dy f (). (3.11)

Applying identity (3.11) with g(z) = o(z) and f(z) = D,D1y(x), we obtain

Dy (o(2)DyD1y(x)) = o(@) D, (DyD1y(x)) + Dyo(x) (DyD1y) (g2).

Using
1
(DaD1y) (a2) = , DaDay(@),
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we obtain
D, (o), D33(x)) = o() D, (DuD19(a)) + Do (@)D, (Dyu(@).

Now, using identity (3.10) for the first term of the right hand side of the previous relation,
we get

D, (¢()D,D33(x)) = ~o()D,D; (Dyy(@)) + - Do (), (Dyy(a)).
Identity (3.11) with g(z) = Dyy(z) and f(z) = 7(z) yields

D, (1(x)Dyy(z)) = 7(qx) Dy (Dyy(x)) + Dyr(x)Dyy(x).

Finally,
(3.2)= D, (0(2)D,D1y(z) + T<w>qu<x> + Angy(@)) =0
= éa(x)D D1 (Dyy(x)) + D 00 (2)Dy (Dyy(x))
+7(qz) Dy (Dgy(x)) + D T( )Dgy(x) + AngDgy(z) = 0
=o(x)D, D1 (Dyy(x)) + (Dyo(z) + qr(qx)) Dy (Dyy(x))
+q(D ( ) + Ang) Dgy(z) = 0,
which proves the assertion. O

A computation shows that
or(r) =dz® +bz+, mx)=dr+cd, Mg =q0ng+d) (3.12)

where
d=a b=0bcd=c d=alqg+1)+d¢* € =0b+eq. (3.13)

From this, we deduce that the equation
2 Dypn(x) = af Dyppi1(x) + By Dgpn () + 73 Dypn-1(z) (3.14)

which is the recurrence equation for the family D,p, (), is valid, and from (3.13) it follows
that

ar = ap(a,b,c,alqg+ 1) + dg*,b + eq), By = by(a,b,c,a(q+ 1) + dg*, b+ eq),

and
T = cnla,b,c,a(g + 1) + dg?, b+ eq)

where a,(a,b,c,d,e), b,(a,b,c,d,e) and ¢,(a,b, c,d,e), are given in Theorem 3.1.

Theorem 3.4 (See e.g. [Area et al., 1999], [Koepf and Schmersau, 2001], [Medem et al.,
2001]). Assume py,(z) is a solution family of (3.2). Then a structure formula of the type

P() = i Dypri1 () + by Dypn () + énDyp_1 () (3.15)

is valid for pp(x).
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~

In order to obtain those coefficients a,,, b, and ¢,,, we use the same algorithm described
for the determination of a,, b, and ¢, where (3.7) is substituted now by (3.15). This gives
the following

Theorem 3.5 (See e.g. [Medem et al., 2001], [Area et al., 2006], [Foupouagnigni et al.,
2012]). Assume p,(z) is a solution family of (3.2), then the coefficients ay,, b,, and ¢, of
(5.15) are given by:
. 1 kn,
n =7 = 7 >

[n+ 1] kpta
by, = (N(q — 1)(=bdNg? 4 eaq® + edN?¢* + eN?qa + bdN?q — 2 edN?q

—bNga + bga — eaq — eaN? — bdN? + baN? + bNd + edN? — bNa)) /

( (—a +dN?q — dN? + aNQ) (—aq2 +dN%q — dN? + aN2) ),
R kn,
Cn = .

+2bedN3¢? — bedN3¢® — bedN3q — 2ebN?¢*a — 2dN?¢ac + 2ebN?¢a

+cqta® + Na%c + Nied® — 2dN?¢? + 2dN?¢® + d®N¢?c — 2d> Nqc

—b?’N3ga — 2 N*acd — b?dN3@% + b?dN3q — 2a®N%¢*c — 2’ N2@a + 20°N%¢%a

+e%¢*N%a + e N?¢*a — ¥’ N¢®a) (a + dg — d) N?q (N — 1) )/

( (¢ — 1) (2dN?*¢*ac + ebNga — ebNg*a + 2dN*qac + ebN3qa — ebN3¢%a

( (aN2 +dN?q — dN? — aq?’) (—aq2 +dN?q — dN? + aN2)2 (aN2 +dN?q — dN? — aq) )
Note that, applying the operator D, to the equation (3.7), we obtain the following

Dy(zpy () = anDypny1(x) + by Dypn(x) + cnDypn—1(). (3.16)

Using (3.11) for the left hand side of (3.16), we get

qzDypn(x) = anDypn+1(x) + by Depn(2) + cnDgpp—1() — pu(®).
Now, we use the structure relation (3.15) to get the following

Proposition 3.6 (See e.g. [Medem et al., 2001], [Foupouagnigni et al., 2012]). The co-
efficients oy, By and 7, of the relation (5.14) are linked to the coefficients a,, b, and c,

of the three-term recurrence relation (3.7) and the coefficients a,, b,, and ¢, of (3.15) by
the following formulas:

and are given explicitly by:

. 1-N k&,

Op = ’
" 1—gN kpa
B = —N( —eNg?a+2bdN%q — 2edN%q — 2bNga — eaN? + eNa + 2baN? — 2bNa

+edN? — eaq + 2bga + eaq® — 2bdN? — bdN¢* + edN?¢* + eN?qa + bNd)/
(—a+dN?q— dN? + aN?) (—ag® + dN?q — dN* + aN?),
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k
To=— k‘ n (2 dN?¢?ac + ebNg®a — ebNg*a + 2 dN*qac + ebN3qa — ebN3¢*a + 2 bed N3¢?

n—1
—bedN3¢3 — 2dN?@3ac + 2ebN?¢Pa + cq*a® + Nia’c + Nied? — ¥2dN?¢? + b2dN? ¢
—bedN3q + d>N*¢%c — 2d°N*ge — > N3ga — 2 Ntaed — *dN3¢? + b*dN3q — 2a*N%¢?c
—2¢’N2@3a + 202 N%¢%a + ¢ N?a + 2 N?¢*a — b’ Ngda — 2 ebN2q2a>
xNq (N — 1) (—dN — ag + aN + dNg) /
(aN2 +dN?q— dN? — aq3) (—aq2 +dN?q— dN? + aN2)2 (aN2 +dN?q— dN? — aq).

Proposition 3.7 (See [Foupouagnigni et al., 2012]). Assume a family p,(z) is a solution
of (3.2). Then a structure formula of the type

(0(z) + (¢ = 1)27(2)) Dgpu(z) = Supnt1(z) + Topa(x) + Rapa-1(2), (3.17)
is valid for p,(x) where
Sn = ap + (1 - Q)an/\n7 T, = Bn + (1 - Q)bn/\n7 R, = Tn + (1 - Q>Cn)\n7

and are given explicitly by

(a+dg—d)(¢" =1) kn
q—1 Fong1’
T,= ( — (eq2N2d— ¢>Nbd + eaq® — 2eN?qd — agNb + N?gbd + eaN?q — eqa

S =

+bga — bdN? — bNa — eN%a + eN2d + bdN + baN?) (N — 1) (aN + gNd — dN — aq) )/
((a=1) (~a+ N%qd+aN? — dN?) (~ag® + N*qd + aN? — aN?) ),

R, = ((—2 caN*d — 2 N*qd?c — 2e2aN?¢® + 2a¢® N?b? + €2ag®?N? + N2¢®v?d — 2a%¢*N?c
—aN3gb? + N3gb?d + > N*d?c — N3¢*b*d + e?aN?¢* — > N?b*d — aN@3b? + ca®N*
+ed®N* + cq*a® + eaNg®b — eN3gbd + 2 e N3¢*bd + 2 aN*qde — 2 eag? N
—2aN?@3de + 2eaN?¢®b + 2 ag? N?de — eN3¢®bd — eaN3¢%b + eaN3gb — eaNq4b)

(N = 1) (aN — ag® — dN + gNd) (aN + ¢Nd — dN — aq) q>/
<(q —1) (—aq+ N?qd + aN? — dN?) (faqg’ + N%qd + aN? — dN2)

kn
kn—l'

(—a,q2 + N2¢d + aN? — dN2)2> X

Proof. The g¢-differential operator obeys the identity

Dy f(x) — Dy/qf(x)
(¢— 1= ’

so that the g-differential equation (3.2) can be rewritten in the form

DD o f(z) =

(o(z) 4+ (¢ — Va7 (2)) Dy Po(z)(z) — 0(2) D1y Po(z) + (¢ — 1)AyzPy(z) = 0.

Next, we use the three-term recurrence relation (3.7) to get rid of the zp,(z) term and

the structure formula (3.8) to get rid of the o(x)D1/¢p,(z) term. The structure formula

(3.17) is obtained by simplification. O
We will also need the following structural formula.
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Proposition 3.8. If a family p,(x) is a solution of (3.2), then a structure formula of the
type [Koepf and Schmersau, 2001]

0(2)DyD1pp(x) = ), Dypnsa () + by Depn () + ¢, Dopp—1(), (3.18)
holds for p,(x) where
al, = —daj, — My, U, = —dB; — € — byn, €}, =~ — énns

and are given explicitly by

o — YN 1N — gk,
" N1 -q)(1—qN)kitn’

v, = ((N—q)(qu—l—Na—Nd— a(baN? + bgN?d — bN*d — bNa — ¢* Nae + Nea

—bNga + bqa))/((—a + N?dg +aN? — N%d)(—aq® + N?dg + aN? — N2d)(q — 1)),

k

c = z n <Nq(N —1)(Ndq+ Na— Nd —a)(Na — aq+ Ndq — Nd)< — N3ebdq + cq*a?

n—1
+2bN?%eaq® + 2caN*dg — b’ Nag® + b N3dg — 2 N%e?aq® — P N3¢%d + N%e®¢*a — 2 caN*d
—2eNAd% g+ c®? N*d? — b2 ¢° N?d — N3b%ga + 202 N2¢%a + N?e%¢?a — 2 cq?a®N? + b3 N?%d
+eNAd? + ca®? N* + 2 cg®?aN?d — N3eg®bd — N3eq?*ba + 2 N3eq?bd + bN3eaq — 2bN?¢%ea
—Neg*ab + Nebag® — 2 cNQdCLQB))/((—aq2 + N%dq + aN? — N?d)?

(—aq + N%dg + aN? — N2d)(—aq® + N2dg + aN? — N2d)(q — 1)).
Proof. From (3.2), we have
0(2)DyD1pn(w) = —(dz + €) Dopn () — Anpn(x) = —dwDopn () — €Dgpn(w) — Aupn ().
Using structure relations (3.14) and (3.15), the previous equation gives (3.18) with

/ * ~ / * 7 / * A
a, = —do — NGy, b, = —dB, —e —by\,, ¢, = =7, — Cp .

The result follows from the representations of the coefficients given in Theorem 3.5 and
Proposition 3.6. [l

3.3 Inversion Problem of ¢-COP

Every g¢-classical orthogonal polynomial family (p,(x))nen, is represented as series in one
of the four bases V,,(z) = (2;¢)m, Vim(x) = 2™, Viu(z) = (iz;q)m and Vy,(z) = (v —
D@—q) - (x—¢" ") =@ Qna™ ie

pn(x) = Z Ap(n) V().

In this section, we solve the inverse problem, i.e., the problem of determining the coeffi-
cients I,,(n) of the expansion

Vo() =Y In(n)pm(). (3.19)
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3.3.1 The case V,(x) = 2"

Since Dya" = %x”, the polynomial V,(z) = z™ is solution of the g-differential equation
zDyx" — [n]z" = 0.
Using this ¢-differential equation, we prove that

Theorem 3.9. The coefficients I,,(n) of the inversion problem

= Z Ln(n)p
m=0
are solution of the recurrence equation

(@pumy = [Pgiim—1) Lnm1(n) + (B3, = [Plgb) Ln () + (Y = [1lgma) Lns1 () = O,

with initial values I, (n) = i and I,+1(n) = 0, where the coefficients are given in Theorem

3.5 and Proposition 3.0.

Proof . Substituting 2" = 3 I,,,(n)py, () in the ¢-differential equation xD,z"—[n],z™ = 0
m=0
gives

Z L () Dypy(z) = > [nlgIn(n)pm(x) = 0.

m=0
Then we use the structure formulas (3.14) and (3.15) to substitute D p,,(x) and p,,(z).
The result follows after a shift of indices. O
We note that here and in some theorems below, we didn’t write out the recurrence
relations containing a, b, ¢, d and e because they are too large.

3.3.2 The cases V,(x) = (x;q), and V,(x) = (iz;q),
Theorem 3.10. The coefficients I,,(n) of the inversion problem

=Y In(n)pa(z)

are solution of the recurrence equation
(a1 — [n]g@m—1)Lm-1(n) + (B, — [n]qém = D Iu(n) + (Vms1 — [P)gCmi) Lnga(n) = 0

(*1)”11(3)
kn

with initial values I,(n) = and I,+1(n) = 0; and the coefficients I,(n) of the

wmwversion problem

(125 q)n ZI

are solution of the recurrence equation

~

(o1 = [lgm—1)Im—1(n) + (iBy, — i[n]gbm — 1) Im(n) + i(Vmya — [P)gCmsr) Imia(n) =0
_iyng(3)
(=1)"q

with initial values I,(n) = “—"— and I,+1(n) = 0, where the coefficients are given in

Theorem 3.5 and Proposition 5.0.
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M=

Proof. We substitute (z;q), = > In(n)pn(x) and (iz;q), = I,(n)pn(z), respec-
m=0

m=0

tively, in the ¢-differential equations (z — 1)D,(z;q), — [n]4(2;¢)sn = 0 (since D,(z; q), =
12 (25 9),) and (ix — 1) Dy(i; g)n — i)y (w5 ) = O (since Dy(i; q) = L% (i; g),.). This
gives, respectively,

n

Z In(n)(2Dgpp(x) — Dopm(2)) — Z[n]qjm<n)pm($) =0,

m=0

and
n

> " Lu(n)(izDypm(z) = Dgpm(x)) = > i[n]qLm(n)pm(z) = 0.

m=0
Then we use the structure formulas (3.14) and (3.15) to substitute xD,p,,(x) and p,,(z).
After an index shift, we obtain the results. The initial values follow from the expansions

(;q)n = (—1)"q(;>$" +..., (i;q), = (—z)”q(g)x” +... (3.20)

by equating the coefficients of ™ on both sides of the inversion formula. O

3.3.3 The case V,(z) = (z O 1))

Theorem 3.11. The coefficients I,,(n) of the inversion problem

(201 =3 Lu(n)pala)

are solution of the recurrence equation

(ag,—1 = [Plg@m—1)Im—1(n) + (B, — [n]qi)m - qn_l)[m(n) + (7;—&-1 — []glmi1) Lmy1(n) = 0,

with initial values I,(n) = = and I,11(n) = 0, with the coefficients given in Theorem 3.5

kn
and Proposition 3.6.

Proof. We substitute (z © 1)7 = > Ln(n)pa(z) in the g-differential equation (r —
m=0

¢" ") Dy(x © 1)F = [n]y(x © 1)1 = 0 (since Dg(x © 1)7 = e (z0 1)7). This yields

1’—(]”71

n n

S 1)@ Dgpn(@) = 0" Dypin(@)) = S Wy Lon(n)pin() = 0.

Then we use the structure formulas (3.14) and (3.15) to substitute xD,p,,(x) and p,,(z).
After an index shift, we obtain the result. The initial value derives from (zO1); = 2" +. ..
by equating the coefficients of ™ in the inversion formula. O

The above computations show that in the generic case, the inversion coefficients are
solutions of a g-holonomic recurrence equation of order 2.

In order to find solutions which are g-hypergeometric terms—hence satisfying a first-
order g-holonomic recurrence—in some specific situations, we can use a g-version of the
Petkovsek-van-Hoeij algorithm, referred in the sequel as the g-Petkovsek-van-Hoeij algo-
rithm. All our results are derived using this algorithm.
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In particular, we solve the recurrence equations of Theorems 3.9-3.11 for all particular
systems and therefore obtain up to a multiplicative constant K, the g¢-hypergeometric
term representations of the inversion coefficients of ¢-COP. The constant K, follows from
the initial value I,,(n). This method yields

Corollary 3.12 (Compare [Area et al.,; 1999], [Foupouagnigni et al., 2012|). The inversion
coefficients of the polynomial systems of the q-Hahn class are given in Table 3.2 of the

n
next page, where [ denotes the q-binomial coefficient, defined by

b

nyo_ (4D
[mL o (q;Q):,(g; Dn-m

, m=20,1,2,...,n, n € Nj.

Remark 3.13. 1. The inversion coefficients of Table 3.2 can be obtained from [Area
et al., 1999, Table 3/, [Foupouagnigni et al., 2012, Table 2] by multiplying their
inwersion coefficients by ﬁ since their works dealt with monic polynomial families.

2. The inversion coefficients given in Table 5.2 are already known, except for the q-
Krawtchouk, Affine q-Krawtchouk, quantum q-Krawtchouk and Al-Salam-Carlitz 1
polynomials, which are new, as far as we know.

3.4 Connection Problem of ¢-COP

Here, we assume that (p,(z) = k,z" + . ..),>0 denotes a family of ¢-COP of degree exactly
n and (gn(z) = kna™ + .. .)m>o denotes a family of ¢-COP of degree exactly m. We
want to determine the connection coefficients C,(n),(n € N;m = 0,...,n), between the
systems p,(x) and ¢, (x),

pu() =D Con(n)gm (). (3.21)

We assume that C,(n) = 0 outside the above n x m region. We will denote all coefficients
connected with ¢,,(z) by dashes. If o(z) # d(z), we use in general the inversion formula
to solve the connection problem and if o(z) = () structural formulae of Section 3.2 are
used.

3.4.1 Connection Coefficients for o(z) = 7(x)

Whereas in [Foupouagnigni et al., 2012] we proceeded as in [Koepf and Schmersau, 1998] to
solve the connection problem of ¢-COP, here we show the same results using the NaViMa
algorithm.

We substitute (3.21) in (3.2) to get

3" C(n) (a(m)DqD%qm(a:) + 7(2) Dygon () + A (@) = o). (3.22)
m=0
First, Equation (3.15) for ¢,,(z) can be rewritten as
m+1
gm(T) = Z A Dym () (3.23)

j=m—1
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Family Basis I(n)
. . m n M aq, in 1—a 2m—+1
big g-Jacobi T R R D I s
m n m(m—1) aq, —N; n(l—c 2m+1
¢-Haln T A R G D i e
. m m(m—1) [ T
big ¢-Laguerre {(z;9)n}n (—=)mq™ = [ ] (g, Bg; q)n
mdq
. n—m n 1 m m—zan n
g-Meixner {(@;q)n}n (=1) [quZ)( T2 (Ba; )
n
¢-Charlier {($7Q)n}n (_1)n—man[ ] q%(m+1)(m72n)
mdq
. n n(n—1)
Al-Salam-Carlitz 11 {(z;9)n}n (—1)”04”_7”[ }qm(mfn)Jr 2
mda
. . . B n n(n—1)
discrete g-Hermite 1T {(iz;q)n}n (—z)m[ } g
mda
m(m—1) [ T _
affine g-Krawtchouk {(z;9)n} (=1)™q = [ L(q N Q)n(pg; On
m
m m(m—=1) [ T —N; n
g-Krawtchouk {(z;9)n} (=1)mq =2 [m]q(pqm;q)iq(pqqg)mﬁ;q)n_m
n
quantum g¢-Krawtchouk| {(z;¢),} (—l)mq%(mﬂ)(m_%)p_n[ ] (@5 q)n
mAq
; ; n m[ ™ m(m-1) ag;q)n(1—afg®mt!
lttle g-Jacobi Whe | 0[] 0 ey
Iternative g-Charli n m[ "] "5 (tagm)
alternative ¢g-Charlier {z"}, (—1) |:m:|q(_aqm+l;q)n(1+aqm)
. n m m(m—1) [ T
little g-Laguerre Wall {z"}, (—1)™mq™ 2 [ ] (q; @)n
mdq
n l(mfn)('m«H’L«b»l)
n
Stieltjes-Wigert {z"}n (-1)™ [qué(mn)(m+n+1)mn(q; Om
. . n
discrete g-Hermite I~ {(z ©1)7'} (—1)”_7”[ }
mAq
n
Al-Salam-Carlitz I {(zo1)7} a”_m[ }
mda

Table 3.2: Inversion coefficients for ¢-COP
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with ap, mi1 = s Am, = l;m and @, -1 = Con
Second, the three-term recurrence equation (3.14) for the family D,q,,(z) yields

m—+1
T(2) Dy () = Z agb?quqm(a:) (3.24)
j=m—1
with ag?mﬂ = daf,, ag?m =dBr +e, aﬁi?m,l = dv},.

Third, since o(z) = 7(z), from (3.18) we have

m+1
O’(I)DqD%qm<l’) = 6(x)DqD%qm(x) = Z ag?quqm(x) (3.25)
j=m—1
with afs’)mﬂ = azn, a%?m = b:n and ag?m_l = czn.
Insertion of (3.23)-(3.25) into (3.22) gives

n m+1
3 C’m(n){ 3 Ay (n)quj(x)} =0, Apy(n) = a2 + a4+ Nyap,;.
m=0 j=m—1

Finally, after an appropriate shift of indices, this latter expression provides a recurrence
relation of maximum order two which can be written as

1
Z Agsm(n)Chys(n) =0, 1 <m <n.

s=—1

Theorem 3.14. Let p,(x) be a polynomial system given by the q-differential equation
(3.2) with o(x) = azx®+bx+c, and 7(x) = drv+e and q,,(z) be a polynomial system given
by (3.2) with 6(z) = o(x), and 7(x) = dx + &. Then the relation (3.21) is valid, C,(n)
satisfying the second order recurrence equation with respect to m

(@t + dG%_; + A1) Conr (1) + (T + dBE, + € + Anbm)Con (1)
+(C_/m+1 + d'j/;m—i-l + )‘ném-i—l)om—&-l (n) =0,

with initial conditions given by Cpi1(n) = 0 and C,(n) = k,/k,, where the coefficients
are given in Theorem 3.5, Propositions 3.6 and 3.8.

To solve this recurrence equation, we use the g-Petkovsek-van-Hoeij algorithm. With
the aid of this algorithm, we obtain the following connection formulae.

Corollary 3.15. The following connection relations between the orthogonal polynomial
systems of the q-Hahn class are valid:
1. big q-Jacobi

_ m—+41
" |: n ] (aqunJrl)n m(aﬂqn+1; Q)m(ﬁlgqn ; Q)n—m
m-4q

Po(z; 0, 8,7:9) = P (5 v, B1,7: 9);
i did =0 (aB1g®> ) @) (B1g™ S @ (=5 Pr,7%39)
2. q-Hahn
m—+1
" g (@B (aBg Y @) (P @)nm
Qn(7; 0, B, Nlgq) = [ } . Qum(T; v, B1, Nlq);
( 9 mla (B q)nom(aBrg™ Y @ ( 1 Nla)

m=0
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3. little g-Jacobi

m—+41
n n— m+1 (qu, a/Bqn+1 )m(ﬁqurl’ %7 q)n—m
(5o, Blq) = - Pm(x; 1, Blq);
| mz:o[ ] 4 (@182 q)p—m (a1 Bg™ 5 @)m(ag: @) (#1, 8l0)
m—+1
" rn (B¢ @) (P
pa(z; 0, Blg) = [ ] afg™ 4 P v, B1]q);
( ‘ ) mz::() m q( ) (aﬁlq2(m+1);q)n_m(aﬁlqm+1;q)m ( | )

4. alternative q-Charlier

aigmt!

’I’L:| ( O'/q Q) ( q" 7Q)n—m ( )
Ym\T;5 Q15 4);
( a1q2m+17 Q)n—m( alqm; q)m

n

Yn(7; 05 ) = Z(—aqn)"_m[

m=0

m-4

5. little q-Laguerre

m—+1
- wemir 1 (G QO (P Onem
palaialg) = Y- (—ag™F | = et Pm(2: 11]g),

m=0
6. q-Krawtchouk

pigmt!

n] (=pg")" "™ (=pq"; QD ("L Qn-m
¢ (=P1q™; P (=P1*™" 5 O

n

Kn(f;p,N;q)ZZ[

m=0

K (%5 p1, N3 q),
m
7. quantum q-Krawtchouk

n

_ o L PN L ) o ny (prg™t! _
K™ (z;p,N;q) =y (=1)" m(—) gz(m—mm ”“)[ ] ( ;q> K™ (z;p1, N q),
( ) Z( ) D1 mda\  pg” n—m (@p )

m=0

8. q-Laguerre

n <M. ) gEmm+DFgn(n—1)
n—m n—m

B qn+a 7q
L(z;q) = Y (-1)

L(ﬁ)(x- q).
. n(m+B—a m )
— (45 @)n-mq"¢ )

3.4.2 Connection Coefficients Using Inversion Formulas

This method is generally used when o(x) # a(z). If

n J

pa(x) =Y Aj(n)Vy(x) and Vy(2) = D Ln(f)am()

j=0 m=0

where V;(z) = 27, V;(x) = (2;q);, V;(x) = (iz; q); or V;(z) = (x © 1)] then

and by rearranging the order of summation gives

n—m

Zc G (), With Cpy( ZA Ajym(n) (G +m).

Jj=0

g-Zeilberger’s algorithm combined with the q-Petkovsek—van—Hoeij algorithm yields in the
following cases the g-hypergeometric term representation of C,,(n).
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Theorem 3.16. The following connection formulae of classical g-orthogonal polynomials
are valid:
1. big q-Jacobi

n

Pu(ria fvi0) = Y (ona) ™[] (1= )
m=0
arq, g™t q)m(ﬁq; Dn (a%; q)

X

n—um xr,0,0,7,4),
(Bt D@ Pe™ Da(ag gy 7500 150)

2. q-Hahn

n

Qu(@ 0, B, Niq)= (g™ | "

| (=i
m-q

m=0

n+1.

,q>m(5q;Q)n(a%;q)n_m . v
(B4 @)m (01 Bq™ 5 @)nsa1(0q; )n Orn{3 01,5, N3 ),

a1q, afq

3. affine qg-Krawtchouk

n (PG Q)m (ﬂ;q)
n p1
KM(zp,N;q) =) (pig "‘m[ } = K2 1, N q),
( ) m;)( e R (
- M (@ q)

- min—1\ M7 T (q ne—m - AfF, -
K (z;p,N;q) = (—q E 1) [ } K 3(5p, M; q),
( ) mZ:o mJa (q—N7 q)n(qM-l—l—n’ Q)n—m ( )

4. big q-Laguerre

n

Po(zya, By q) = Z(alq)"_m[

m=0

n (QIQ;Q>m(a£; Q)n—m
} ; P(x;01, 85 9),
q

m (aq; q)n

n

B @55 D
Py(z;0, B5q) = 2(51Q)n_m[;]q< 4 q()ﬂq(.f;) el Pp(z;, Brsq),

m=0

5. Al-Salam-Carlitz 1

- —m [T Q a1
U (z59) = ) of [ ] (—: QU (25 q),
m=0 m-q

aq

6. q-Meizner

My (23 8,7:q) = (ﬁ)m[n}q(l;q)nmMm(:L‘;/i’,%;Q),

7. q-Charlier
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8. Al-Salam-Carlitz 11

n

o n—m L (m—n)(m+n— n o o
Vi (aiq) = Y (—a) gt | U] (Bhg) y) (o)
=0 mig \ & n—m

In those cases in which the connection coefficients are no ¢-hypergeometric terms, we
use the sum2qghyper algorithm. This yields

Theorem 3.17. For classical q-orthogonal polynomials, the following connection formulae
hold:

1. big q-Jacobi

Pu(z: 0, By q) = - (< 1)mghmlm+D) (B¢ QNG D (@ @)
— (aBg™ Y Q)i (VE Q)i (G D

¢ g aBgm

X ; Pm 7 ) ) 7 9
302 g g 4 q (z; 0, 8,713 9)
. N m i) (@B QDm0 @ O (NG D (@ Om
Pn(xaaaﬂva?CI)_ <_1) q2 m+1. B A A
— (181¢™ 5 Q) aq; D (Ve Qi@ Dm

m—n m+1 m-+1 m+n+1
q¢" " ong™ T, g™, afq

X 4¢3 ¢;q | Pn(z; a1, Br, 75 9),
ag™ g on gt
2. q-Hahn
Ou(: o, B NJg) = S (= 1)mgmtm) (B 5 Dl 0" Do
—~ (aBg™ Y Q™5 Qin (G Om
m—n_,—M+m m+n+1
q" " q ,afq
X302 ¢ q | Qm(x; o, B, M|q),
quer’ aﬁq2m+2
On(w: 0, B, N|q) = 3 (—1ymgEmlmsD) (@B4" " @)m(14; Dm(a™™; Q™" D
— (1819 Qm(aq; D (@5 Qi@ D
e [T arg™ M afgmn
4¢3

q;q Qm(x7 aq, Bl) M|q)7
g™t N B gt

3. affine q-Krawtchouk

n

Kz p, N g) = S (—1)mgimimren+1-2an) (P16 Dmd" D@ ™™ DN (G D
e (PG D (@3 QD (; )N (™5 @) ar
m—M . m—n m—+1
q , q , P14 _
X 302 ¢ q | KAF(Z;p1, M q),
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4. big q-Laguerre

n

e NN ym b 1) (08 D (516 (4 O
Fulwi o i) (1" (aq; Q) (BG i@ @)m

m=0

¢" " aa g™ Brg !
X 302 ¢ q | Pu(z; 04, B15q),
Oéqm+1, ﬁqm—i-l

5. little q-Jacobi

n

(—1)mghmontD (01¢; Q) (B O (07" O

pu(7; 0, Blg) = (aq; Q) (@ O (@1 51" @) m

m=0
m—n m+1 m+n+1
q" " a1g™ " abg

X302 ¢ q | pm (@5 a1, Brlq),
aqurl’ a161q2m+2

6. q-Krawtchouk

n

Ko (5 p N g) = S (—1)mgimmren-anren (CPL5 D@ Dur (675 @) (a5
Y e (¢ Dm (@™ O (G DN (=PG™; @)
m—M  m—n n+m
q » q , —Pq _
X303 oy @4 | En(Tp M),
g, —pg"
Ko (%:p, N q) = 3 (_qu%m(mwmmm(—pqn;Q)m(q;q)M(q”m;q)N(q*”;q)m
” — (¢ D (@™ ) ar (G DN (=P1a™; D
qm—M’ qm—n’ _pqn—l-m B
X303 . oy |G| K@, M5 q),
", —pg™
7. quantum q-Krawtchouk
_ . 1 _ON—2n— ¢ Om(q " )N
thm(l,;p, N,Q): (_1>mq ;m(m+2M 2N—2n—1) (
—~ (4 (@ DN (@™ 0)m
m—M ,m—n
N n _
X1 ¢ L | Kotz p, M; q),
qm—N q
- - p _1 IM—2N—2n—1 ()@ ™ q)n
Kztm(I;p,N; q) _ (_1)m<_)mq sm(m+ n—1)
— p1 (@ O)m G O)N (@™ @)m
m—M ,m—n
N n _
Xo01 ¢ 2L Ko 1, M ),

quN p1g™
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8. g-Meixner
_ - Lnnemt1) BrG Om(@™™ Qm
M (%;8,7:0) = Y _(=1)"gzm @Y
o (BG Q)@ Q)m

" Bt g )

X2¢1 3 qm Mm(l‘aﬁh’ya Q)v
qu+1 q
. . _ - my V1\m lm(2n—m-‘,—1) (B1Q7 Q)m(qina Q)m
M (xa/877aQ)_ (_1) <_) q2
! 0 gl (BG Q) (@ Q)m
qm ", Prg™ ! n )
X901 771(1 Mm(x§ﬂl771§Q)'

If p,(x) and g, () are not represented in the same basis, we need the following con-
nection formulas between the four aforementioned bases of ¢-COP.

Lemma 3.18. The following connection formulas between the bases V;(x) = a7, V;(z) =
(z;9), V;(z) = (iz;q); and V;(z) = (x © 1)J are valid:

q
n m(m+1)
ny (=D)™"g >
" = [ ] 5 q)m
N
see e.g. [Area el al., 2001],
= [ ] (zo1)y
= tmda
see [Kac, 2002, p. 12],
" (m=1) TN
(w0) = 3 (1" 5[] o
— mAa

(Zm; Q)n = i [;L(Z)m(la Q)n*m(% Q)ma
(15 q)n = y [mq(—i)mq(?)(iqm; Dn-m(z © 1),
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n .
(zol)y = [ L(—@)" 2m g mH=2n) (G oy (55 @)

m=0 m

Proof. The proof uses the following properties which are valid for j =1,2,...,n

D "=[nlyn—1,---[n—7+ 1z n (3.26)
Duan=<1w¢9[]m—1u~wn—j+uﬂmﬁq»ﬁ7 (3.27)
D3 (i q)n = (=i g nyfn — 1], [n = j + 1y (i0¢; g)uy, (3.28)

[ (3.29)

Dj(z o 1)

We suppose that V;(x) and 0;(x) are any of the polynomials @7, (z;q);, (iz;q);, (x ©1)]

and that .
=Y Cn(n)
m=0

We apply the operator Dg (7 =1,...,n) to both sides of the above equation, use properties
(3.26)—(3.29) and substitute z by 0, ¢/, —ig™ or 1 ( since for k # 0, 2¥ =0 & z = 0,
(¢ =0 2 =q7, (iz¢;Qr =0 & = —ig/, (O 1) =04 z = 1) to get the
result. O

Now we suppose that p,(z) and g,,,(z) are represented in two different bases V;(x) and

0;(x), ie.
pal@) =D A()V(@), gu(w) =Y di(m)bi(a

n]yn—1], - [n—Jj+1,(z 0 1)2’3'.

r) =Y Bi(j)0k(z), and O(x Z[

From these expansions, we obtain the connection coefficient representation as a double
sum

n—-m j

Z Cin( ) with C),( Z Z A (n)Biym (7 + m) L, (K +m).

j=0 k=0

For example the connection formula between the big g-Jacobi polynomials P, (z; a, 8,7; q)
represented in the basis ((z;¢),), and the little g-Jacobi polynomials p,(z; «, 5|q) repre-
sented in the basis (z"), is given by

Po(w; 0, 8,7:9) ZC n)Pm(z; . Blq)
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with

. [ } " (g, aq; Q) (1 — afg®™ )
J m + klaq

n—m m +] —n &Bqn-i-l q>m+j

“ (4,90, 9G Qmeti (G D (G Dk 222 (= 1)k ) (Bgm™1; @) (1 — afg2m+ht1)

]:

3.4.3 Parameter Derivatives

By a limiting process, the parameter derivatives of ¢-COP can be obtained from the
results of Corollary 3.15 and Theorem 3.16.

Corollary 3.19. The following representations for the parameter derivatives of the clas-
sical q-orthogonal polynomials are valid:
1. big q-Jacobi

) n—1 m+1 Bgmtnl
apn(x;aaﬁvf% mzzo« ~ g - 1_a6qm+n+1>Pn(x;a,ﬁ,fy;q)

(aq)"™(¢; @) n—m—1 [ZLL(l — aBg* ) (g, aBq™ Y @)m (B On

- a(Bg; Q)m(aBg™ ;@) i1 (ag; q)n Pr(@; 0, 8,7 q)>’

3
|

) L —agtmtl
%Pn(fb‘; @, B,7;q) = . <1—o¢6qn+m+1pn($; @, 3,7;9)

3
]

_|_

[”] (B ™)™ (aBq" ™ Q)i (@™ " Ot
m-4

5(065q2(m+1)7 On-m (B Q)m P (x50, 8,75 Q)> )

2. qg-Hahn

n

o 1 ¢t Bgmtntl
a n y O 7N; = (( - ) n\T; &, 7N;
5a (a8 Nia) = 3 (=5 — T aggre) Qules A N5

3
I

(aq)"™™(¢; @) n—m—1 [;]q(l — B ) (aq, aBq" Y Q)m(BG On

) a0 @B Q1 (00 D Onti 0 5:50)),
o n-1 _aqn+m+1
%Qn(x;aaﬁaN; q) = Z <1—aﬁq"+m+1Q"(x;a’ﬂ’N;q)

m=0

+[”] (aBg" )" (aBg" T P (@ " Dnma
m-4q 6(a6q2(m+1)7Q)n—m(aﬁqm—i_l;(l)m

Qm(z;a, B, N; Q)> ,

3. little g-Jacobi

- m—+1 ﬂ n+m-41 _
q . n n—m+1 n—m
pn X3 Oé,,B‘q Z << aqm+1 - 1— aﬁqn+m+1>p7L(x7a7ﬂ’q) + |:m:|q(_aq 2 )

% (O‘q’ a/@qn—i—l )m(ﬁqm—’_l; Q)nfm (qm_n+1; Q)nfmfl
a(aBg?m ) q)pm (aBg™ L @) (ag; @)n

pm<x;a,/3\q>> ,
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n-+m-+1

9 n—1 —aq
8ﬁpn zya, Blg) = Z (an(%avm(ﬁ

m=0

(B¢ ™ Q)m (¢ @)1
BB+ q) i (aBg™ L q)m

n

7] (gt

m

4. alternative q-Charlier

1+ agnt™

o n-1 anrm
ezl = 3 (1 ol

m—n+1.

nyn—m [] (—2q";@)m(q
H(=ad") [m]qa( aq® L ) (—q™; @)m

5. little g-Laguerre

n—1 m-1
pn zialg) = Z < 1= agnriPn(wiale)
=0

Hoag Ty [::LL = q)m(o(f(aq; Dn

m—n+1.

6. q-Krawtchouk

n—1 m+n

9 q
K (@9 N ) = 3 (7 K@, N
op P N3 4) 2 \1 4 pgmin (@2 Nig)

n—m m—n-+1.

+[7’LL(—pq”) (—=pq"; Q)m(q

m P(=2q™; Qi (=™ @)

7. quantum q-Krawtchouk

gKﬁtm(f;p, Niq) = ~K&™ (% p,N; q)
p

Ip
n—1 S m—n+1
i Z(—q 2-0—1 )m_n[n:| (q 7q)n m— qutm(SU p,N q)
0 m-9q p
8. q-Laguerre
e () LI
9o Ln” (@0) =nngLy(z59) — > mLm (z;9),
m=0
9. affine q-Krawtchouk
o n—1
87[(@]30 x; p7 3q) = Z ( pqm+1 (37 va Q)
=0

[ 0)"TME D1 (P8 Do peng
[mL PG @)n Ko (@5, N q>>’

pm(l’;a,ﬁIQ)> ,

yq)n—m—1
Jn—m ym(w;OéI(J)>7

D Ypim (fv;a\q)>,

Qn-m-1 K (%5 p, N; q)) 7
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0 i, qm Nlnq
9 Kz p,N;q) = ( KA0(%:p, N
o @ e Nig) =3 T (#;p, N3 q)

m=0

metn=1 n1 (¢ ODn-—m—1 ~
+(=¢ 2 )" "In [ ] K(z;p, N; )
(—a ) a7 )0 m (&P, N3g)

10. big q-Laguerre

o n—1 qm+1
ga (B =32 (7= g Palas 0 550)
n7 (aq)" ™ (aq; @)m(g On—m-1 o
(9 n—1 m+1
8—5 (x; 00, B3 9) mz::o( ~ B P, (z;0a,8;q)

—

n1 (Bg)"" (B¢ Om (¢ On-m—1 o
m]q BB )n Fn(; ”B’Q)>’

11. Al-Salam-Carlitz 1

n—1
eV w30 == 3 @ g e[ ] U0,
12. q-Meizner
ﬁMn(aﬁ;ﬂ,% 0) == My (3 8,7;9) + . nzl(q; Dn—m—1 [ n} M (3 8,7:9),
2l gl g B’ mia

13. q-Charlier

Z Jn—m-1 [:LLCm(w; a; q),

m=0

QM—‘

0 n
%Cn(xvavq)_ a CL‘ a; q

14. Al-Salam-CArlitz 11

Vi (a:q) = jyg(—a)“—mq“”"”(w @ ] Vi (aza)
Proof . If i
pa(x) = Culn,a, B)pj (),
m=0
then B
5 pite) = i SOOIy 4 3 i ol
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We know that

9 n+1
%(qu S Qn = mz W(Ofﬂ]

Using I'Hospital’s rule, we obtain

ntl. o\ _ n+tl. ol grtmitl
o (g ;Q)ln (BYg" 5 ) 3 7‘1—1,
B (Byq™; q)n (o — B) — 1 — arygrtmt

We also have

m—+1
A Quem 1
li aq _ m—n—+1, S
51_% o — ﬁ Oé(q Q) 1
and
(% Dn-m 1
L — (¢ Dn-m—1
From all the preceding, the result follows. [l

Remark 3.20. Lewanowicz [2003b] gave an algorithmic approach to construct recurrence
n—1

relations for the coefficients C, of the expansion of the form %Pn(x; a;q) = Y. CypPy(x; ;q),
k=0

where P,(x;;q) is a g-COP. He solved this recurrence relation for the big ;—Jacobi poly-
nomials Py(x; o, B,7;q) and gave explicitly the coefficients Cy,.

3.5 Linearization Problem of ¢-COP

The linearization problem of the ¢-COP family (p,(x)), depends on the basis {z"},
{(z;@)n}, {(iz;¢)n} or {(x ©1)7} in which p, () is represented.

3.5.1 Representation Basis {z"}

Theorem 3.21. The following linearization relations between the orthogonal polynomial
systems of the q-Hahn class represented in the basis {x™} are valid:
1. little g-Jacobi

n+m n+m—I (_1)l k+l(l+1) 2l+1)

¢ (¢, 025 Q)i (1 — o fag
Pn(x; o, Blq)pm(x; 0, Bilq) =
( D5, Fala) ; ,;0 (q'Q)z(q;Q)k(azﬁqu“;qmz(l—azﬁzq’“”l“)

Z Oéﬂan )r(@" 1514 Qv
= (¢: @q: q)r (g, 1 Q)k+l—r

bi (l’, aQaﬁQlQ)a
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2. alternative g-Charlier

n+m n+m—l1 [RIG.25) 1(1+1) 9l
(=)' 2 (45 Qrga (1 + a2g™)
Yn\T5 0\ Q)Y \T; 01 |q) =
(& 2lg)um(@: e1la) ZX(; ,; (@3 D@ Di(—a2g" 1 @)1 + azgh)
k l —n n —m m
><i(q ,—aq";q), (7", —anq ;Q)kﬂfryl(x_%lq)
— (@3 O)r (@ Dresi—r s
3. little g-Laguerre/Wall
n+m n+m-—I l(l+1)
1)l S (QaQ)kH(aQQQQ)kH
PnT; |q pm T;a1|q)=
(5 afq) 1) Z Z (¢:9)w(a; @)
k+l ™ q)
r s Y )k+l—r
X pi(; a2lq),
Z (¢, 2q; )~ Qaa1Q§Q)k+l—r
4. q-Laguerre
n+m n+m— l ma-B—
L (5 )LD (w5 q) = 3 Z D)0 (0 ) (07 O (@ D (5 @)
1 _
i 2" (g3 )n (@3 O (4 O
k+1 qr(n+a+r)

(D) (@™ Drpi—r M.
- Zo ¢S (q, 05 ) (¢, P Oepi L)

5. Stieltjes-Wigert

ntmn+m—1 k4l I m(k+1)+r(n+r) —n. —m.
(—1)'q (@ Drr1a™™5 @) (@™ Qbpi—r ,
Sn(@;0)S Z Z Z (12— 1) r(mtk+l) . ] i Si(@; 9)-
=0 k=0 r=04? (4 Dn(@s D (@ (@ Or (@ Dbti—r
Proof. We suppose
n m k
pu(z) = Ai(n)x’, gm(z) = ZBj(m)xj, and zF = le(k)yl(x)
i=0 5=0 1=0

where p,,(x), g (), y(x) are three families of classical g-orthogonal polynomials.
We then obtain the Cauchy product

n+m k
x) = Z Cr(m,n)z®, where Cj(m,n) = ZAr(n)Bk_r(m).
k=0 r=0

Using the inversion formula, this can be rewritten as

n+m

¥) =Y Li(m,n)y(x)

with
n+m—l1 n+m—I k41

Li(m,n) = ZCk+lmnIlk+l ZZA 1) Brpi—p (m) I (k +1).

We consider here the standard linearization problem of Clebsch-Gordan-type where p,(z),
qm(x), yi(z) belong to the same g-orthogonal family. d
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3.5.2 Representation Basis {(z;¢),} or {(iz;q),}

In these cases, we need the following linearization coefficients of the basis {(z;q),} or
{(iz; @)}

Proposition 3.22. The basis {(z;q),} fulfils the linearization relation

ntm . . n+m—k (n+m k) nm
mantmn = Y, e (030

k=max(m,n)

Proof. Without loss of generality, we suppose n > m.
(;9), =0 x=¢q7, j=0,1,...,n— 1. For x = 1, the equation

n+m
(% Q)n Z Hi(m,n)(z;q) (3.31)
yields Hyo(m,n) =0, m > 1 so that
n+m
(€3 Q) (@ Qm = Y Hi(m, n)(x; ).
k=1

17Q)1 = 0, m > 2. Since

Next for # = ¢!, the above equation gives Hi(m,n)(q~
(g™ q)n # 0 therefore Hy(m,n) = 0.

Progressively, it follows in a similar way that

Ho(m,n) = Hi(m,n)=...= H,_1(m,n) =0.
Consequently
n+m m
(.Qiq ZHkmn qu :ZHnJrkmn xQ>n+k-
k=0

Since (2; @)k = (2; @)n(2q™; q)k it follows that
=37 Hypn(m, ) (24" ). (3.32)
k=0

For x = ¢, (3.32) gives H,(m,n) = (¢""; ¢)m, m > 1. From the property
Dy(xq"; q)r = —[Kloq" (2¢" ™ )k
it follows that for any 7 =1,2,...,m
Di(ag"; ) = (=17 kglk — Uy [k — 5+ Ugq* 8 (g™ )1y

We apply Dg to both sides of (3.32) to get
[m]g[m —1]g---[m —j+ 1]q($qj§ Qm—j = Z[k]q[k =g [k=j+ 1]qqnj($qn+j§ @k—j
k

=0
= S0 [Klglk = Uy [k — 5+ 1gq™ (2a"; @)pj
k=0,k#j

+4™ [j]g! Hnej (m,n)
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where

[j] | — []]Q[] - 1]q"'[1]q>j eN
T, j=0.

For x = ¢~™ 7 the latter equation gives

[m]q[m - 1](1 e m— g+ 1]qq(g)(q_n§ q)m—j _ [m]q!(q_n§ q)m—j

Hyyj(m,n) = q”j+(§)[j]q! = o = jllq 7=0,1,...m.
Using the relations
L C )
[mlg!ln —mlg! (@ @m(@ Dn-m
and
(77 @) = LD (pyrglE)n (3.39)

(@ @nn
the representation of H,;(m,n) can be rewritten as

(@ (@ Q(—1)m=3g("7)=mm
(50); (@5 Qm—j (@ QDn—m+j
For j = k — n, the result follows. O

Using the basic hypergeometric series representation of p,(x), the inversion problem
and the linearization formula (3.30), we prove

Hn+j -

Theorem 3.23. The following linearization formulae of the q-COP represented in the
basis {(x;q),} are valid:
1. discrete g-Hermite 11

P (5 @) o (2 q) = Z L(m,n)h.(z;q)

with

n+m—r min(n,l+7)

Z 3 (—i)mtntr gnatm ) (g q), (67 0) 5 (07™; @)1

g)+(?)+mj+rl(q; Q)i (0 O (€ 0)i(@5 Q)igr—j

j=max(0,l+r—m) q(

q 7, gt

X200 g —q™ ],
2. Al-Salam-Carlitz 11
n+m
Vi (25 ) Vi (w3q) = > Le(m, )V, (w3 )
r=0

with
ntm—r  min(n,l+7) (_1)m+nam+n—rqnj+m(l+r)(q.q)H_r(q—

Z ) Q)i (@™ Qg

—max(Odr—m) gGIFE)AmI+ (4 ) (5 @i (@3 ) (@5 )

—J gtr—j—m +j—l—r
qa7q gt
X200 ( ’ G0 )
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3. q-Charlier
n+m
Cn(w; ;) Crn(w; 0 9) = Y Ly(m, n)Cp(w; ;)
r=0
with
n+m—r min(n,l+r) r m(l+r)+j(n+j -n —-m
Z 3 (=D)rgm ) (g q); (0™ Qier—i (@ Qi
= im0l (AT Gy (g:9);(059) (g 0
Xak1 ¢~ )
0 «
4. q-Meizner
n+m
My (; 8,7 ¢) Mo (3 8,7:9) = Y Lu(m, n) M, (x; 8,7: q)
r=0
with
n+m—r min(n,l+r) r j(n+i)+m(l+r —n —m
Z Z (1) g/ )(q ;)i (@™ Qier—i(G Diger
Ry O L s (T MO T MO N O T
(B Q)isr ¢ gt i
2%1 y )
(B4 4); (B @)ir—; Bgltr—itt v
5. quantum q-Krawtchouk
n+m
K™ (&5p, N5 ) K™ p, Niq) = > Lo(m,n) K™ (&:p, Niq), m+n < N
r=0
with
n-+m—r min(n,l+7) r iln m(l4r n —-m
*Z y G ¢ T (7 )5 (0™ @5 (45 D
j=max(01+r—m) g HImHED L (g 0y (g @) (03 )1 (G Drer
—N; . q—j7 ql+r—m—j
x —N.(q _q])v” 201 lgpd™t ],
(¢ 0)i (@5 Qigr—j gt
6. q-Krawtchouk
n+m
Ko(%5p, N; ) Ko (%5, Niq) = > Lo(m, n)K,(Z;p, N5q), m+n <N
r=0
with
n+m—r  min(n,l+r) r 7“(""+1) 2 m. —-m. —n.
Ly (m.n) = (=1 > e @ier (=Pg™ Dier— (075 D=3 (07" 0);

=0 j=max(0,l+r—m)

(q ) Q)1+r( pq q)] gb q_j7 ql-i-r—m—j7 _pqm+l+r—j

(@™ 0)i(a™N; @)igr—; gt N=i 0

9 )

@ (q; 0)(4 0 (@5 D1(G Dier—i (=Pg*+5 @)i(=pg"; @)



90 Connection, Linearization and Duplication Coefficients of ¢-COP

7. big q-Laguerre
n+m
P(w;a, 3;q) Pu(wia, B59) = > Lo(m,n)Po(x; 0, B;q)
r=0
with

n+m—r  min(n,l+r)

rlrtl) 4 —-m -n
S 3 (=g Vg (@™ Qi (0™ 0);
¢l

D(q:0);(0 (@ 0)i(@ Qigr—i (2q;0);(Ba; ) 5

=0 j=max(0,l+r—m)

-7 l+r—m—j
(¢ Q)i (BG Q)14 | 1,470 s
(G; @)rr—; (BG: Qisr—; gL far—itl

8. affine qg-Krawtchouk
n—+m
Kz p, N; ) K(2p,Niq) = Y Li(m,n) KM (z:p, Niq), m+n<N
r=0
with

n+m—r min(n,l+7) r(r+1)

—1)" P +r y 4 )l+r —m; I+r—j3 —n; J
Z )y ( )q)( o (@ Qiar (P8 D1ar (™5 Dir—5 (™5 9)

G (6 Di(G Dir—5(PG5 1) (PG Q-

j=max(0,l+r—m)

" (@ @)ier 5 ¢, ¢TI0 0
3¥2 ) )
(@@ irr—i (N5 q); gHTN=I | pgltr—itl

9. q-Hahn

n+m

Qu(w; @, B, N|q)Qm(w; 2, B, N|g) = > Le(m,n)Q,(;cr, B, N|g), m+n <N

r=0
with

nd+m—r  min(n,l+r) r(rJrl) 9 B
(=1)"q 2 G Qi (@™ Qe (@75 0); (aq Q)isr
Z Z @ (q; Q)54 Qir—5 (@ @) (@ )ila™;q);

=0 j=max(0,l+r—m) ) (Oéq q

—-j SlHr—-m—j m-—+l+r—j+1

(@ Qe (Bg™ 5 @) 14— (Bg

X ) a9
(g; Q)ier—5(a~; Qigr—s(@Bg Y Q)r(aﬁq%”, Qi aghr=itl glr-N=j

10. big q-Jacobi

n+m

Po(w;0, 8,7 ¢) P(@; 0, 8,7:9) = D Le(m,n) Po(w; a, 8,7:.q)
r=0

with

n+ r mmnl—i-?") r 'r'(r+1) . m.

i 3 (—1)7¢ 2 g Qi (™ Qe (075 0); (s @)1

—i j= max(O I+r— m) qj(T—H)(q q) (q’ )H‘"“ J(q q>7“< )(O(q, )](/}/qa )]
@D (@Bg™ (BT g), o g, ¢t afgmtra s
(G Qir—5 (VG Dir—i (@B @) (PG 25 q)s gL gttt ’
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Proof. The proof follows the same procedure as the one of Theorem 2.8 with 2™ replaced
by (z;q), and the final results are deduced using the sum2qghyper algorithm. O

Theorem 3.24. For the classical g-orthogonal polynomials represented in the basis {(x; q), },
the following linearization formulae are valid:
1. big q-Jacobi

n+m s j(G=1) .
(=)t gt (g5 @)n (43 @)m (1 — aBg?TH)
(T3 On (T, @) = X
J;O (4:9);

n+m

3 (1% ) (g ) (ag; w(vg; i P (; 0, B, 7: )
NG Dk Die=mn (@ D=5 (@ Dnm—i(@BEP Y @) (1 — afghtitt)’

k=max(m,n,j)

2. q-Hahn
n+m . iG=1) .
, e (L) g (g @) (4 @) m (1 — aBgP )
(3O ) = ;] (4:9); g
’f (—1)%""2 ) (¢ )ulag; Q)ula™; )uQy (z3 0, 5, N]g)

(6 Ok-n(G Dr—m(@ D (G ODnrm—r(@BF T @)p(1 — afghtitt)’

k=max(m,n,j)

3. affine g-Krawtchouk

n+m—=k

( 2 )+] y4)n\4q549)m\4; 5 7N; K(-lﬁw; , N;
@ Dn(@, Jm =D Y a (@ D@ Dm(6 Dk (g k(a5 kI (230, N3 q)

J )
520 kemax(mn,g) (C DRI (g5 q) k(65 @) k- (6 O)r—5(45 D) (€ Dnpm—k

4. big q-Laguerre

+ + n+m—k ﬁ
n+m n+m q( )+

(2 -y Y 2 > (¢ Q) (4 Q) (4 )i (0; Qr(Ba: )k Py (x5, Bi q)

. 7 ;
320 kemax(mon,g) (CDPTERRIGER (45 q) 0 (65 @) k- (6 O34 D)5 (€ Dnpm—k

5. q-Krawtchouk

| ) _n+m (—1)mtmtigaiG=D=nm (g ) (q: q)m "
(¥ Q)@ O = Z (45 0);(—pa: 0);
Rl (=1 ) (g )ela ™ @) F (310, N3 )

>

k=max(m,n,j)

(4 D1 (@5 Dr-m G D3 (G Dt (=PG5 q)1—
6. quantum q-Krawtchouk

n+m—=k 1(s . — m
ndm o G (TETRSGE00 (g3 ), (g3 @) (g3 a5 @)k (@3 p, N )

Tiq)n\Tyq)m = j
(@ @)a(z, 0) ;k:max(mm) (—L)rtmtktignm(g; q)k—n (43 Qk—m (4 Dr—;i (¢ 0); (q, Dntm—kP*

7. q-Meizner

n+m n+m

(”*’2"“)+%(3’+1)(a‘—2k>(  Dn(@: Om (73 O r(Ba: q) kM(a:B :q)
T T — q ‘ q;9)n\4q;9)m\4q; q)k\Pq; q) k7Y F\T5 0,754
@@ am =23, 3 (=)t g (45 @) k—n (@ O k—m (G Dr— (6 O (G Dntm—r

J=0 k=max(m,n,j)
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8. q-Charlier
= X g BT FRGNG) (40 (1 ) (g3 k" Cj (w0 )

Tq)n\Ts q)m = - )
(@)l ) jzo,cmwz(;mj) (=) g™ (5 @)k (@5 Ok (G D k-5 (4 )3 (@ Dntm—k

9. Al-Salam-Carlitz 11

n+m—=k 1 _ S _ o
g (TEERREAGR (g0 ), (g5 9)m (05 )k IV (23.0)
(3 Q) (%, @) =

T hemmengy UG Dk Dk (6 D= (6 D3 (G Dnemre

10. discrete q-Hermate I1

n+m n+m q("+72”7k)+%k(k71)+]'(]'*k) (q; Q)n(q; q)m(q; q)k(—i)jﬁj (CL’; q)

@ 0n(m =2, 3 (=) tm=kgnm(q; @)k—n (43 D k—m (@ Dr—5 (@ 0); (@ Dnrm—t

Jj=0 k=max(m,n,j)

Proof. The combination of

@ On(;m = Y Hilm,n)(w;q)x and (w;9)x = Y L;(k)p;(x)
k=max(m,n) j=0

yields the linearization formula

n+m n+m
(@ u(wn = 3 Lilm.n)py(x), with Limn)= 3 Hy(mm)I(k).
7=0 k=max(m,n,j)

3.5.3 Representation Basis {(z ©1)]}

To solve the linearization problem of g-COP represented in the basis {(z © 1)}, the
following linearization formula for this basis is necessary.

Proposition 3.25. For the basis {(z © a)} }, the linearization formula

n+7;17k)

Ti”f (6 @) (@; @) (—a)" 4

(@ D (@ Do (@ Do (z©a) (3.34)

q

(x© a)f;(:c ©) a)f]” =

k=max(m,n)
holds.

Proof. Without loss of generality, we suppose n > m. For every positive integer n

n—1
(x@a)":H(x—aqj):O@x:aqj, j=0,1,...,n—1. (3.35)

q
Jj=0

For x = a and m > 1, the linearization formula

(x © a)g(q: e a)Z” = Z Hiy(m,n)(z © a)’;
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gives thanks to (3.35) Ho(m,n) = 0, so that
n+m
(zOa)(rOa) = Z Hi(m,n)(z © a)l;.
k=1
For & = aq and m > 2 the above equation yields (using (3.35)) Hi(m,n)(aq © a); = 0.
Since by definition (ag" © a)y # 0, it follows that H;(m,n) = 0. In a similar way, we can
show that

Ho(m,n) = Hiy(m,n) =---= H,_1(m,n) = 0.
Therefore
n+m m
(zOa)(zoa)) = Z Hi(m,n)(x © a)’; = Z H, (m,n)(z o a)g+k.
k=n k=0
Since

(x©a)y =Y Hyx(m,n)(z© ag");. (3.36)

For x = ag™ and using (3.35), (3.36) gives H,(m,n) = (aq" O a);".
We have
Dy(x © )y = [mly(x © a)™

from which for any integer j = 1,2,...,m,
Di(z ©a)g = [m]g[m —1]g---[m = j + 1y(z © @)y~

Applying DJ to both sides of (3.36), we get
[m]q[m - 1]:1 e lm—g+ 1]q(33 © G)Zn_j = Z Hy 1 (m,n) [k]q[k - 1]q ok =g+ 1](1(37 © aqn)];_j
k=0

= Em: Hn+k(m7n) k]q!

— 411

(z ©aq™)¥™7 + Hyyj(m,m)[j]g).

For x = aq™, the previous equation yields thanks to (3.35)
[m]q[m - 1]q e m— g+ 1]q(aqn © G)Z"fj
Gl
(¢ Q)m(ag" © a)]™
(5 0)i (G @)m—;

Hyj (mv n) =

We show that
n m—j n\m—j/ —n (3.33) (—a m_jq(m;j> q;49)n
(aq" © )™ = (ag")" (g gy 0 LT (G0)
(QaQ)nferj

Y

therefore ,

(¢: ) (~0)" ¢\ ) (g: q).

(4:0);(¢ Dm—i (¢ Dn-mrj

Substituting j by & — n, the result follows. O
Proceeding as in the proof of Theorem 3.23, we get

Hn+j (m7 n) =
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Theorem 3.26. For the q-COP represented in the basis (x © 1)7, the following lineariza-
tion formulae are valid:
1. Al-Salam-Carlitz 1

n+tmntm—r  min(n,l+r) (_1)n+m m_;,_n_rq(g)—i—(’;)—i-l-i-r(q—n; Q)j

U (z;q)UY (2; q) = Z Z Z <

r=0 I=0 j=max(0,/+r—m)

(:9); (¢ ) (g5 9)
Qi (@ Qe [T gt
(q Q)z+ ](q Q)l+ 21 a: q Uﬁa) (I;q%

X
(Q; Q)l-i-r—j 0 Q

2. discrete q-Hermite I polynomials

n+m n+m-—r min(n,l+r) (_1)rq(3)+(?)+l+’”(q_”; q)j

ha(z; 0)h Z Z 2 (¢:9);(q39)r (43 9):

j=max(0,l4+r—m)

— —j y—m—j+l4r
0" Dier—i (@ Qe (4707 «
( S (G Qs ¢ —¢"" | ho(239).

X
(q; Q)lJrrfj 0

Theorem 3.27. For the classical q-orthogonal polynomials represented in the basis

{(x © 1)}, the following linearization formulae are valid:
1. Al-Salam-Carlitz 1

n+m n+m ntm— ) n+m—=k
(o 1) -y ¥ (=1 *ak =gl ) (g, )0, 9 (g L) (g1 ),
= ity @ D=0 D@ Dr— (4, Dnem—r(g: 05
2. discrete qg-Hermate 1
n+m n+m i "+m—k>
(=1 q""5 ) (g, 0)u (g, ), @)
(zol)g(zol)y = hi(x;q)
! ! ; k:maxz(;mj) (@, (@, Dr—m (@, Di—5(@ D12, 9);
Proof. The combination of
n+m k
(zol)yrol)] = Z Hy(m,n)(z © 1)]; and (z O 1)]; = Z I;(k)p;(x)
k=max(m,n) j=0
yields the linearization formula
n+m n+m
(xo 1), Z L;(m,n)p;(z), with L;(m,n) = Z Hy(m,n)1;(k).
k=max(m,n,j)
O

3.6 Duplication Problem of ¢-COP

For ¢-COP, we propose two different methods to solve the duplication problem

= Z Dy(n,a)pm(z). (3.37)
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3.6.1 First Method

First we determine a g-differential equation satisfied by p,(az). For this purpose, we need
the operator ¢, acting on a function f defined by

eaf(2) = flax).

Sprenger [2009] showed that the operator €, has the following properties for any constant
b, c:

ea(bf (%) + cg(x)) =beaf(x) + ceag (), (3.38)
ea(f(2) - 9(7)) =caf(2) - €ag (), (3.39)
caDy= éana. (3.40)

Using the operator ¢,, we prove

Proposition 3.28. If a ¢-COP family p,(z) is a solution of the g-differential equation
(3.2), then p,(ax) = e,pn(x) is a solution of the q-differential equation

o(ax)D,D1ip,(az) + at(ax) Dyp,(azx) + a*\, gpn(az) = 0. (3.41)

Proof. We apply the operator ¢, to Equation (3.2) and use the properties (3.38)—(3.40)
to get the result. O
Using this ¢-differential equation, we show

Theorem 3.29. Let p,(z) be a g-COP solution of Equation (3.2) with deg(o) < 1. The
duplication coefficients D,,(n, A) of the duplication problem (3.37) fulfill the recurrence
relations

(al, | + A% (dak, | + Mgiim—1))Dm_1(n, A) + (b, + A(AdBS, + e + Al gbm)) Din(n, A)
+(C;n+1 + AQ(d%*n-i-l + )‘n,qém+1))Dm+1 (n7 A) =0
if 0 1s a constant and
(dhyy + A(da,_y + Miim—1)) D (1, A) + (U + AdB, + € + ANyb) Dy, A)
+(C;n+1 + A(d’Y:nH + Anlmt1)) Dimgr(n, A) =0

if o is linear, with initial conditions given by D,y1(n, A) = 0 and D, (n, A) = A", where
the coefficients are given in Theorem 3.5 and Propositions 3.6 and 3.8.

Proof. We substitute (3.37) with a = A in (3.41) to get
3" Du(n, A) (a(Ax)DqD%pm(x) + Ar(Az) D po(z) + A2/\npm(m)> 0 (3.42)
m=0

and proceed as in Subsection 3.4.1.
First, for p,,(z) Equation (3.15) can be rewritten as

m+1

P(x) = Y i Dgpm() (3.43)

j=m—1
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With apm i1 = G, G = lA)m and G, ;-1 = Cp-
Second, the three-term recurrence equation for the family D p,,(z) yields

m—+1
T(Ax)Dyp(@) = Y by Dypun(2) (3.44)
j=m—1
with aﬁi’)mﬂ = Ada,, a%?m = AdSr, + e, afjjm,l = Ad~r,.

At this stage, only two cases arise for which we can use the structure relation (3.18).

1. Case o is a constant

In this case, since o(Az) = o(z), from (3.18) we have

m+1
0(Az)DyD1pn(z) = o(x)DyDipm(x) = Y a2 D g () (3.45)
j=m—1
with afb?mﬂ =al, ag?m =t/ and affb?m_l =d. .

2. Case o is linear

In this case, since o(Az) = Ao(z), from (3.18) we have

m+1
0(Az)DyD1ipy(x) = Ao(x)DyDip,,(z) = Z ag?quqm(x) (3.46)
j=m—1
with ag?m 1 = Aay,, a\Pn = Al and afi?m_l = Ac),.

Substitution of (3.43), (3.44) and (3.45) or (3.46) into (3.42) gives

n m—+1
Z Dyn(n, A){ Z Ay j(n)Dygj (a:)} =0, Ay j(n) = ag?j + Aag?j + A2\ -
m=0 j=m—1
Finally, after an appropriate shift of indices, the results follow. 0J

The g-Petkovsek-van-Hoeij algorithm yields for some of these recurrence equations the
following results.

Corollary 3.30. The duplication formulae of the q-Charlier, q-Laguerre, Stieltjes- Wigert
and discrete qg-Hermite II polynomials are given, respectively, by

n . i1\ MR T qm+1 qm+1
Culazsa;q) = D a" (= g™ ) [mu o 0)  (—T—=i1)  Culziasg),
m=0
n (g™t ) (q’"+1 . q)
o " L”"’l m—n bl n—m aqn b n—m o
m—=0 y 4 )n—m
n n _ m+1
a m—n+1\ MmN q
Splazx;q) = W( —q 2 ) ( g ;Q>n_m5m(x§ q),
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~ n (_1)n—ka2nq(k—n)(2k+2n+1)(q;q)2n(q—2n;q2)k<%;q2> ~
hon(azx; q) = S *ho (73 ),
k=0 (4 Q)zk(q*2n§q2)n<afw;q2)k
. n (—1)nha?n g R (2 g)o (672 g2 (az 2n7q> .
hony1(azx; q) = ®haorv1(75 Q).
5—0 (4% q)an(qg™2; ¢? (az i g )

For the Al-Salam-Carlitz II polynomials for which o(z) = (¢ — 1)a, we proved that
the duplication coefficient D,,(n, a) satisfies the recurrence equation

(¢™ — ¢")a* "3 Dy (n, a) + ag™ (o + 1) (g™ — 1)(—=¢™ " + ag™) Dy (n, a)
—a(®t™ = 1) (g™t = 1)(—=¢™"? + a*q") Dyy2(n, a) = 0, (3.47)

with the initial values D, (n,a) = a", D,s(n,a) = 0, s = 1,2, which according to the
g-Petkovsek-van-Hoeij algorithm doesn’t have a g-hypergeometric term solution.

3.6.2 Second Method

Due to the four bases in which the ¢-COP are represented, we consider here three cases.

Duplication Coefficients of ¢-Orthogonal Polynomials Expanded in the Basis
{z"}

We suppose that the ¢-COP p,(x) are expanded in the basis z™, i.e.

£) = 3" Ay

so that

n

= Z Aj(n)a’ 2.
=0

We combine the latter expression with the inversion formula

m=0
to get
pnlax) = Z Dy (n,a)p,(z)  with D, a]+mA]+m V(7 +m).
m=0 7=0

By interchanging the order of summation, this relation becomes

ar) = ZDk(n,a)pn,k(x) with  Dg(n,a) Za”" "Ajin k(n)Bn_1(j +n —k).

7=0

It follows that
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Theorem 3.31. The duplication formulae of the little g-Jacobi, alternative q-Charlier
and little q-Laguerre polynomials represented in the basis {x"} are given, respectively, by:

n m(m+1)

. _ (—a)™q 2z (aB¢"™ ) m (a7 O)m qgm ", afgm
pn(aw,a,ﬁ\q)— Z (aﬁqm“,q)m(q, Q)m 201 ( aqu2m+2

q; aq) Pm (25 0, Blq),

m=0

n m(m+1)

(—a)"q¢ 2 (¢ )m(—aq™; @m ¢, —agm
) o 201
(Qa Q)m(_aq ,Q)m _aq2m+1

yn(ax; o;q) =

a; aq) Ym(2; a3 q),

3
]
o

n

n.
pn(a$7 O[|q) = Z anqn—m (q 9 q)n—m(a
(4 @n—m

-1

SQ)n—m

Pm(x; alq).

m=0

Duplication Coefficients of ¢-Orthogonal Polynomials Expanded in the Bases
{(z; @)n} or {(iz;q)n}

To solve the duplication problem in these cases, we need the following result given in
[Gasper and Rahman, 1990, p. 20] as exercice.

Lemma 3.32. The duplication formula of the basis {(x;q),} is given by

n

(i) =3 | " | " @ )i ) (3.48)

m

Proof. Since
Dq<a$; Q>n = _a[n]q(aqx; Q)nfb
it follows by iteration that

Df(aiﬁ; Q)n = (_a)kq(’;)%(aqu; @k

In order to obtain (3.48) we apply the operator D(’; to both sides of the relation
(ax;q)n = . Dm(n,a)(x;q)m. This yields
m=0

a* ("M @r(ag ; q)nn = ZD (n, a) (™" k(¢ 75 @)

m=k

For x = ¢~%, since (1;¢)r = 0, k # 0, the latter equation gives the result. O
Using the representation of p,(z) in the basis (x; ¢),,, Equation (3.48) and the inversion
formulae of these polynomial systems, we prove

Theorem 3.33. For the classical g-orthogonal polynomials represented in the basis {(x; q), },
the following duplication formulae are valid:
1. Al-Salam-Carlitz 11

n n—m

Z n jaman—m—jqnj+nm—jm(q—n; Q)m+j (CL; q)j ¢ q—j
n 191 1—i
0 =0 ¢)G) (g;9);(g: O)m e

V) (az; q)

a; aq) Vi) (z; ),

a
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2. qg-Mewxner
n n—m ; L
—1)™ a1 (a5.9) (¢ @)m(d" " 9);
=0 j—0 q\2/v (Bq" 1 q) (a3 9); (4 @)m
q_jaﬁqm+1 Y
X901 . o My (3 8,7: ),

3. quantum q-Krawtchouk

KO (0 p. N ) = R (=) g (g ) jm(05.0)(6N s @)m
n L ] ’ - m
=0 j=0 q(2)(q*N;q)j+m(q; 2); (¢ Om
Y B .
X201 |G [ KR (@5p, Nsq),
‘i pq
4. q-Krawtchouk
_ . m(m+1) _ .
Ky (az;p, N ig( A" (7" D (—Pe" Dt (@300 D
e == (@5 Q)m+i (6 0 (4 Dm(=pg™ O
q—j qm—N 0
xsda | . @ | Km(asp, Ns ),
q - 2m+1
a—Pg
5. big q-Laguerre
m(m+1) _ .
Polaziafig) =S "i” )" (4:9),(a7" O)m(g"0);
manenU= L, pard aqm“ 0);(Be™50);(40); (¢ Om

q —J aqurl”quJrl
X3¢2 4 q | Pn(w; 0, 85 q),

aal ?

6. affine q-Krawtchouk

mm41) — —
n o (—a) g NI (G ) v (a5.9) (67" @) (47 )5

KM (azx;p, N q)
= ]Z:; (pg™ 5 @)5(a: @) (@ Dm(a™; @) (a5 @) N
g7, q" N, pgm !
4 q | KW (x;p, Nsq),

X302 .

aql’

7. q-Hahn

n n—m( ) q]_i_w

(@™ ™ 0)i(a" Om(a; )5 (@BG" Qg

Qn(az;a, 5, N|q) (q; q) (¢; @) m (g™ ,q) (aqm—H )j(Oé/qu—f—l;Q)m

,aq
¢:q | Qm(z;a, B, Nlq),
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8. big g-Jacobi

m(m+1)
2

= (—a)"¢" (@™ 0);(a7" @)m(a; @) (@B @)t

Pplaz;a, B,7:q) =
(s, 5.7:4) (4:9)j(@; @)m (g™ )5 (vg™ 5 4) 5 (@Bg™ 5 @)

m=0 j=0
m—+1 m+1
xsin | J’qaq +;vq ' @ q | Po(zs 0, 8,7 9).
W»a/@q m+2
Proof. Combining
j !
ZA (az;q);, (az;q); =Y Be() (@i @)k and (2;q)s = Y In(k)pm(x)
k=0 m=0

and interchanging the order of summation gives

=" Duln, a)pu(a)

with

n—m J

- Z ZAJ-i-m m-l-k’(] + m)Im(k + m)
=0 k=0

O

Riese [2003] developed an algorithm which finds recurrences for ¢-hypergeometric mul-

tiple sums and implemented it in Mathematica in his package qMultisum. Using this

algorithm, we recover recurrence relation (3.47) satisfied by the duplication coefficients of
the Al-Salam-Carlitz IT polynomials. Moreover we get

Proposition 3.34. The following recurrence relations are satisfied by the duplication
coefficients of:
1. q-Mewxner polynomaials

—va*¢® (" — ¢™) (1= ¢""B) (1 — ¢*T™B) Dm(n,a) —ag® (1 — ¢"*™) (1 = @) (q2m+4

—aq™ "+ ayq" (1 + ) + 70" — arg" (1 + g+ ¢B) = Bva* T+ aBya"™ ) Dy (n, )

+q(1—¢"") (1—¢*) ((aq5+2m — a?¢*T £ ang™ " — aBrg? T + a?Byg™ ) (1 4 )

—*" B+ a2 B + a? Py — a1+ g + q2))Dm+2(n, a)

—a(=14+¢") (=1+ @) (=1 + &) (=T + ag”) (¢*T + ) D3m(n,a) =0,

2. quantum q-Krawtchouk polynomaials

a2 (@™ — ") (q1+m _ qN) (qN _ qm) Dun(n,a) + ag® (q1+m _ 1) (q1+m _ qN) (apq3+m+n+N

HFag? T — PR AN gt N 0" TN (1 + g+ ¢7) + ag TN (14 Q))Dm+l(n7 a)

gtV (_1 i q1+m) (_1 i q2+m) (_pq7+3m FaZpgPtaman _ g2g2maN 4 20n kN (] gy o2

aghtPm — 2gEEmAn BN g SHImEN 2 Skmen Ny q))Dm+2(n, a)
N(=14¢") (=14 @) (=14 ¢*™) (=1 +pg*™™) (=¢*"™ + ag™) Dims3(n,a) =0,

with the initial conditions D, (n,a) = a™, Dyis(n,a) =0, s =1,2,3.
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Duplication Coefficients of ¢-Orthogonal Polynomials Represented in the Basis
{(zo1)g}

Theorem 3.35. For the classical g-orthogonal polynomial represented in the basis (zO1)y,
the following duplication formulae hold:
1. Al-Salam-Carlitz 1

n n—m ngm+j o n—m—j ( )+m+J( ) (1 ) _j ,0
0 (e o) — (—1) e q\2 4 5 )m4i(539);
CTEDY (4:9)i (6 D)m 201 aq'~i

a aaq) U (3.9),

m=0 j=0
2. q-Hermite I

"~ a?* k) (g: q)an (472 )i (0?2 2), o (1 9)
= (@ 9)2u(a72qH)n(a?q A g2y, o

h2n(ax; Q) =

n a2k+1 2(k—n) 2; " 72n; 2 a2 —2(n—1). 2 .
hani1(ax; Q)ZZ 4 (25 9)2n(g ¢")r(a’q 1q°)

hori1(x; q).
— (4% @2k (72 ¢*)n(a2q=2(n=1); g2y, 2%+1(734)

For the Al-Salam-Carlitz I polynomials U,(La)(x; q) the duplication coefficients are solutions
of the recurrence equation

a’¢*(¢" — ¢™)Di(n, a) + ag(a + 1)(1 — ¢"*)(¢" — ag™ ') Dips1(n, a)
+a(l = g™ (1 = ¢™*?)(¢" = a’¢™*?) Dypya(n, a) =0, (3.49)
with the initial conditions D, (n,a) = a", Dpys(n,a) =0, s =1,2.
The proof of this theorem needs the following

Lemma 3.36. The duplication formula

n

(az© 1)) = Z a"(é;q)n_m[n}q(x oy

m=0

for the basis {(x © 1)7} is valid.

Proof. We have
Dy(az © 1)} = aln],(az ©1))7"
so that
Diaz ©1)2 = d*[nly[n — 1] [n— k+ 1] (az © 1)27%, k < n.

We apply the operator Df to both sides of the relation

(az © 1)7 Z Dy (n,a)(x © 1)
and use the previous relation to get

ak[”]q[” - 1]«1 e n—k+ 1](1(@51” © 1)Zﬁk = Z D (n, a)[m]q[m - 1]q s lm—k+ 1]q($ © 1)21716

= Y Dm(n,a)W( © 1) + Dy(n, a)[k],!.
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For x =1, since (1© 1)F =0, k # 0, it follows that

Di(n,a) =d*(ao01))7" [:] :

q

The result follows from (¢ © 1)07% = a™*(%; ¢)p—s. O
Proof (of Theorem 3.35). Combining

ZA )(azO1)), (ax©1)) = Bp(j)(@01)F and (x01)f = Lu(k)pm(z)

and interchanging the order of summation gives

= 3" Duln, a)pu()

with
Dy (n,a) = Ajimn(n)Brgk (5 +m) Ly, (k+ m).

Using once more Riese’s algorithm [Riese, 2003], we get the recurrence relations (3.49)
and

a*¢*(q" — ¢")Din(n,a) + (1 — ¢ (1 — ¢"*)(a’¢™* = ¢") Dipsa(n,a) = 0

satisfied, respectively, by the Al-Salam-Carlitz I and the discrete g-Hermite I polynomials.
We solve the latter recurrence relation for m odd and even to get the duplication coef-
ficients of the discrete g-Hermite I polynomials. According to the ¢-Petkovsek-van-Hoeij
algorithm, the recurrence relation (3.49) doesn’t have a ¢-hypergeometric term solution.
O



Chapter 4

Connection, Linearization and
Duplication Coefficients of Orthogonal
Polynomials on Quadratic and
g-Quadratic Lattices

Area et al. [2001] used the formula
q; q$> )

a,...,a, > (=1 jq(%) 2y 0 . g 7,a1,...,a,
r®s Gyr | = Zu 101 Gy | re1ds
bi,...,bs 0 bi,...,bs
(4.1)

= (@9
obtained from Verma’s g-extension [Verma, 1966] of the Fields and Wimp [Fields and
Wimp, 1961] expansion of

A1y.e..yQpr,Cly...,Ct
rtPstu q; yw
by, b dy.. ... d,

in powers of yw as given in [Gasper and Rahman, 1990, Eq. (3.7.9)], to derive the inver-
sion formula of the Askey-Wilson polynomials from which the Askey-Wilson connection
formula with the same first parameter follows. Using an integral evaluation, Ismail and
Rahman [2011] solved the Askey-Wilson connection problem in a more general setting
(with no need for the first parameters to be identical). Using the Fields and Wimp [1961]
expansion formula (1.40), Sanchez-Ruiz and Dehesa [2001] derived the connection formu-
lae of the Wilson and Racah polynomials. In this chapter, we use an algorithmic approach
to derive the inversion, the connection, the linearization and the duplication coefficients
of the classical orthogonal polynomials on quadratic and g-quadratic lattices. We recover
known connection formulae and moreover we get new connection and linearization rela-
tions. From these connection formulae, we get the parameter derivatives of the above
mentioned polynomial families. The duplication formulae, the parameter derivatives are
also completely new, as far as we know.
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4.1 Introduction

Classical orthogonal polynomials on a quadratic and g-quadratic lattice [Nikiforov and
Uvarov, 1988], [Magnus, 1995], [Koekoek et al.; 2010] are known to satisfy a divided-
difference equation of the type [Nikiforov and Uvarov, 1988], [Suslov, 1989], [Atakishiyev
et al., 1995], [Foupouagnigni, 2008,

{oee) e + P | o o

An ¢ Pn =0, n>0, (42
Vzi(s) Va(s) i 2 Ax(s) i Vx(s)} * }p (x(s)) " (4.2)
where ¢(z(s)) = ¢a1?(s) + ¢12(s) + ¢ and ¥ (z(s)) = Y12(s) + 1y are polynomials of
maximal degree two and one respectively, )\, is a constant depending on the integer n
and the leading coefficients ¢ and 1)1 of ¢ and v respectively, and z(s) is a quadratic or
g-quadratic lattice defined by [Magnus, 1995]

c14° + c2q”° + c3if g # 1,
2(s) =4 |
s +ess+cg if =1,

with

xu(s):x<s—l—g>, i, ¢1, ..., cg € C.

Foupouagnigni [2008] showed by means of the companion operators D, and S,, given by

fla(s +3)) — fla(s — 3)) fla(s +3) + fla(s — 3))

(s+3)—a(s—3) Saf(x(s)) = |

D f(o(s)) = y

that Equation (4.2), which characterizes the classical orthogonal polynomials on a quadratic
or g-quadratic lattice [Foupouagnigni et al.; 2011], can be rewritten as

$(2(5))Dzpn(2(s)) + ¥ (2(5))SeDupn(2(s)) + Aapn(2(s)) = 0. (4.3)

We note that the divided-difference operator I, is equal to the Askey-Wilson operator
D, (see e.g. [Askey and Wilson, 1985] )

B - f(ql/Zeie) _ f(q—1/26i0)

sz('r(S» - qu(.I‘) T é(ql/Qeie) . é(q—l/%w) )

q +4q s

with = z(s) = cosf = , ¢° = € where for a function f defined on (—1,1) we

have f(e) := f(z), that is
f2) = f(z+1/2)/2), z=¢",

and é(x) = z. Throughout this chapter, we assume that 0 < ¢ < 1. It is not difficult to
see that if f is differentiable at x, then

lim(D, f)(x) = f'(z).

q—1

The hypergeometric and the basic hypergeometric representations of classical orthogonal
polynomials on a quadratic or g-quadratic lattice are given below (see [Kockock et al.,
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2010)):
1. Askey-Wilson
b d: " abedg™ ', ae®, ae™"
pu(x;a,b,¢,dlq) = (G’GC;+Q)”4 | Z ; 4:q |, ©=cosb,
ab, ac, a
2. g-Racah
¢ " aBqtt g g
R, (u(x); o, B,7,0]q) = a3 ¢q|, n=0,1,...,N,
g, 50q,vq
where
@) = q " +ydg""
and

ag=q " or Bog=q N oryg=q",
with a nonnegative integer NV,
3. Continuous dual ¢-Hahn
(ab, ac; q)y, q ", ae? ae=?

302 ¢;q |, v=cosb,
ab, ac

pu(z;a,b,clg) = ——

4. Continuous ¢-Hahn

~

q; q) , = cos(0+6),

ool a,b, ¢, d: ) (abezié,ac, ad; q)p, p (qn,abcdq”1,aei(9+29),aei9
n\Z;a, 0, C, a; = 3

(aeié)n

abe?? ac, ad

5. Dual ¢-Hahn

q " q ", yog"
Rn(ﬂ(x);’y757]\]|q}:3¢2 —N Q;q ) n:O’ ]‘7"'7N’
74,4
where u(z) := ¢~ + vyoq* 1,
6. Al-Salam-Chihara
—-n i6 0
ab; q), q ", ae" ae
Qn(x;a,blq) = —( nq) 302 q;q |, x =cosb,
a ab, 0
7. g-Meixner-Pollaczek
(a2 ) q7n7aei(9+2é)’a€49 R
P(wialg) = a~vei L0 g 00|, @ = cos(o +0),
(Q7 Q>n a2’ 0
8. Continuous ¢-Jacobi
—n ntatpB+1 2+L 0 241 _ip
N ("% q)n q ", gt gatae gatie
PP (x]q) = 193 wiptr arses ¢;q |, x=cosb,

(¢ 0)n “t—q g



106 Connection, Linearization and Duplication Coefficients of OP on QQL

9. Continuous ¢-Ultraspherical / Rogers

2 —n Q2,n Pt 0 oL _—io
:Qn , n q ", B%q", B2e”, B2e
(fq_qq)) e N ]
’ n qga_ s q§

10. Dual ¢-Krawtchouk

Cr(z; Blg) =

q " q " g
Kn(Ax); ¢, Nlg) = 3¢2 ¢q|, n=0,1,...,N,
g N,0
where \(z) := ¢7% + cq®
11. Continuous big ¢-Hermite
. q—n’ aew’ ae 0
H,(z;alq) = a™"3¢2 ¢;q |, ©=cosb,
0,0
12. Continuous g-Laguerre
a+1. —n 2+1 0 S+l —if
o q y4q)n q ,q2 17,42 1€
RE )(x‘CI):(,—):a@ q¢;q |, ©x=cosb,
(4 9)n .0
13. Wilson

) —-n,n+a+b+c+d—1a+ixr,a— 1w
Wa(z%a,b, ¢, d) = (a+b)n(atc)n(atd)naFs 1
a+ba+ca+d

14. Racah

—n,n+a+p+1,—z,x+y+0+1
R,(Mz);a, 8,7,0) = 4F3 11, n=0,1,..., N,
a+1,+0+1,v+1

where
Mz)=z(x+~y+0+1)
and

a+1l=—-Norf+d+1=—-Nory+1=-—-N

with a nonnegative integer NV,
15. Continuous dual Hahn

) —n,a+1r,0 — T
Sn(x*a,b,¢) = (a+b)p(a+ c)nsFy 1],
a+b,a+c

16. Continuous Hahn

(a+c)p(a+d), —n,n+a+b+c+d—1,a+ix
, 3F3 1],
n a+ca+d

pul(z;a,b,c,d) ="



4.1 Introduction 107

17. Dual Hahn

—n,—x,r+y+d+1
Rn<)\(l'),")/,(5,N):3F2 1 ,TI,:O,L...,N,
v+1,-N

where A\(z) =z(x +~v+ 0+ 1),
18. Meixner-Pollaczek

2 . —n, A +1ix
P (x;0) = N o, 1 — 2
n' 2)\
Let us set
n—1
Bn(avx) = (aqs; Q)n(aq_s; q)n - H(l - 2a$qk + a'2q2k)> n Z 17 BD(aa l’) = 17 (44)
k=0
where x = z(s) = cosf = %, ¢ = e
Un(a,z) = (a+ix),(a — ix)y; (4.5)
n—1
En(7,0,11(2)) = (% (V0" @) = kH (14 y0g* ! — pu(x)g*), n > 1, (46)
-0 .
50(77 5a ,U($)) = 17
with pu(x) = =% 4 y0¢™+;
n—1
k=0 (4.7)

XO(’}/’ 57 )‘(l')) =1,

for A(x) = z(x +~v+ d + 1). The hypergeometric and the basic hypergeometric represen-
tations of classical orthogonal polynomials on a quadratic or g-quadratic lattice suggest
to use the natural bases { B, (a, )}, {(a+ix),}, {&(7, 0, u(x))} or {xn(7, 0, A(x))} which
are polynomials of degree n in the variables z, z, u(x) or A\(x), respectively, and the bases
{9.(a, z)} which are polynomials of degree n in the variable x?. The operator D, is appro-
priate for B,(a,x), &,(7, 0, u(x)) and x,(7,d, A(x)) whereas the corresponding operator
for the basis {¥,(a, x)} is the Wilson operator [Cooper, 2012], [Ismail and Stanton, 2012]

defined by
Df(x):f<m+%>_f<x_%>. (4.8)

21x

This operator satisfies Dz? = 1.
The bases {V,,(a, x)}, {&.(7, 0, u(x)) } and {xn(7,d, \(x))} are related to the Askey-Wilson
basis { B,(a,x)} in the following way.

Remark 4.1. 1. If we substitute a — ¢, ¢® = € — ¢ in g"_(g)’x,z and take the limit

when q — 1, we get Y, (a,x).



108 Connection, Linearization and Duplication Coefficients of OP on QQL

2. If we substitute a — (v6q)2 and ¢ = ¢® — (v9¢)2¢® in Byp(a,x) we obtain

(7,0, ().

3. If we substitute v — ¢7, 6 — ¢° in % and take the limit as ¢ — 1, we get
Xn(%&)\(x))'
4. Ifwe seta = 3(y+0+1) and iz — x+ 3(v+0+1) in9,(a,z) we get x,(7, 5, \()).

5. We also have
. Upla—it,x + 1)
lim

= (a+1ix),.

In this chapter we find the inversion, connection, duplication and linearization formu-
lae for the Askey-Wilson polynomials. The results can be extended to other families of
classical orthogonal polynomials on a quadratic or ¢-quadratic lattice by means of spe-
cialization and/or by limiting processes following the Askey scheme and it g-analogue. To
illustrate this, we solve the inversion, connection, duplication and linearization problem
for the ¢-Racah, Wilson and Racah polynomials.

The Askey-Wilson orthogonal polynomial family p,(x; a, b, ¢, d|q) satisfies the divided-
difference equation of type (4.3) with [Foupouagnigni, 2008]

#(x(s)) =2(abed + 1)2%(s) — (a + b+ ¢ + d + abc + abd + acd + bed)z(s)

~+ab + ac + ad + be + bd + cd — abed — 1,

4(abed — 1)qzz(s) N 2(a—+b+c+d— abe — abd — acd — bed)qz
qg—1 qg—1 '

The Askey-Wilson basis {B,,(a,x)} has the following properties.

(x(s)) =

Q

Proposition 4.2 ([Foupouagnigni et al.,, 2013a|, [Foupouagnigni et al.; 2013b]). The
q-quadratic lattice x(s) = % and the correspondmg polynomial basis

By(a,z) = (aq”; ¢)n(aqg™*;q)n, n>1, By(a,z) =1,

fulfil the relations

By(a, x) =n(a,n)B,-1(a\/q, x); (4.9)
By(a,x) = Bi(a,n) Bua(av/g, 2) + Pa(n) Bu(av/q; );
By(a, x)DQB (@, 2) =n(a,n)n(ay/q,n = 1) By (a, x); (4.10)
By (4, 2)SuD, Ba(a, 2) =1(a, ) (81 (ay/@ n — 1) Bu_1(a,2) + fo(n — 1)Bala,)); (411)
Bu(a,x) = pa(a, n) Bu(a, x) + pa(a, n) By (a, ); (4.12)
B (a, ) w(a,x) =v1(a,n)By(a, ) + va(n)Byi1(a, x); (4.13)
By(a,2) Bu(ag, 7) = Busa (0, 2),
where

n(a,n) = 2950 Bi(a,n) = 51— a?" (1= g7, Ban) = 3+ 5,

a2 2n _ —-n n
,LL1(CL,TL) = l—zaqz ) [LQ((I,TL) = ﬁ’ Vl(avn) = (1 -9 )(1 - a2q )7 VQ(n

Using these properties of the basis {B,(a, )}, we will derive the inversion formulae
of Askey-Wilson polynomials.
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4.2 Inversion Formula of Askey-Wilson Polynomials

To solve the inversion problem of the Askey-Wilson polynomials we need the coefficients
of the three-term recurrence relation of the Askey-Wilson polynomials p,(z;a,b,c,d|q),
and the coefficients of the three-term recurrence relation of the second divided-derivative
of the Askey-Wilson polynomials D?p,(z; a, b, ¢, d|q).

4.2.1 Three-Term Recurrence Equation of the Family (p,(z;a,b, ¢, d|q)),

Proposition 4.3 (See e.g. [Kockoek et al.; 2010]). The Askey-Wilson polynomial family
satisfies a three-term recurrence equation of the form

xpn(:v; a,b,c, d’q) = QpPn+1 (x5 a,b,c, d‘q) + 5npn(x§ a,b,c, d‘Q) + Vnpnfl(xS a,b,c, d’Q)a

(4.14)
with
1k,

T 4.1

T T 2ag ket (4.15)
1 qn 2 2n+1

== bedg® ™ + abedg™ — abedq”

=y (—¢* + dcbag®) (—1 + dcbag™) <(q +abedg™ " A+ abedq abedg™) x

(a+b+c+d)—(¢" + ¢ — q— abedg®™)(abe + abd + acd + bcd)), (4.16)
b kn  (g"dc — q) (dbq" — q) (g"bc — q) (dcbag" — ¢°) g"a (bag" — q) (cag" — q)
" 2kn 1 q (—q% + dcbag?)® (— g3 + dcbag?)

(ag"d —q) (—=1+¢q")
(—q + dcbag®)

)

where k, is the leading coefficient of the polynomial p,(x;a,b,c,d|q) represented in the
basis (Bp(a,z))n

pn(z;a,b,¢,d|q) = k,Bn(a,x) + k!, B,_1(a,z) + k. B, _s(a,x) + . .. (4.17)

n—1.
and 1s given explicitly by k, = M.
(—ayrql)
Proof. We will first need to compute, in terms of the leading coefficient k,,, the coefficients
k! and k! of the expansion (4.17) of p,(z;a,b,c,d|q) in the appropriate basis (B, (a, z)),.
In order to compute these coefficients, first we substitute (4.17) in the divided-difference
equation (4.3). Next we multiply this equation by B (a, x) and use Relations (4.10), (4.11)
and (4.13). To eliminate the terms zBy(a, z) and 22 By(a, z), we use Relations (4.12) and

xQBn(aﬂ :L‘) = M%(@a n)Bn(aa 1‘) + N2(a7 n) (:ul <a7 n) + (aa n+ 1)>Bn+1(a7 l‘)
+ps(a,n)us(a,n + 1)Byia(a, ). (4.18)

Equating the coefficients of B,.i(a,z) gives (compare [Foupouagnigni, 2008, p. 158,

(104)])
(=1 +4q")/q(abedq™ — q)

A, = —4 -
(¢q—1)"¢"

. (4.19)
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Equating the coefficients of B, (a, z), we deduce using (4.19) that

(=1+q") (=q + aq"d) (ag"c — q) (aq"b — q)
q(q—1)(—¢*>+ abcdg®)

k= — . (4.20)

By equating the coefficients of B, _1(a,z) and using (4.19)-(4.20), one gets

—1+¢") (—q+aq"d) (ag"c — q) (aqg"b— ¢) (=g + ¢") (ag"d — ¢°)
(14 q) (¢ — 1)* (=3 + abedg®) (—q2 + abedg®)
(aq™c — ¢*) (aq™b — ¢*)
X
7

k//:(

. (4.21)

To get the coefficients a,,, £, and =, of Equation (4.14), we substitute the expression
of p, given by (4.17) in the recurrence equation (4.14) and use Equations (4.12), (4.19)-
(4.21). By equating the coefficients of B, 11(a,z), one gets «,. Equating the coefficients
of B,(a,x) and using (4.15) yields (,. Similarly, equating the coefficients of B,,_1(a,x)
and using (4.15)-(4.16) gives 7. O

Remark 4.4. The recurrence equation (4.14) was also given in [Kockoek et al., 2010, p.
417] in the form

20, () = Appry1(z) + [a+a ' — (A, + C)pn() + Copn_i(z), (4.22)
where ( be.dlg)
. _a"pa(;a,b, ¢, dlg
Pu(®) := (ab,ac,ad : q)y,
and
4 (1 — abg")(1 — acq™)(1 — adq™)(1 — abedg"™)
" a(l — abedg®>—1)(1 — abedg®)
o - a(l—¢")(1 —beg™1)(1 — bdg" 1) (1 — edg™™)

(1 — abedg®—2)(1 — abedg® 1)

It can be proved by direct computation that Equation (4.22) is equivalent to Equation
(4.14) with

la+at— (A, +C,)] (ab, ac, ad; q),

n = P n == Cn .
p 2 L 2a(ab, ac,ad; q)p_1

a’(abv ac, ad; Q)n

an = Ap )
2(ab, ac, ad; )11

4.2.2 Three-Term Recurrence Equation of the Family (D2p,(z;a,b, ¢, d|q)).

Foupouagnigni et al. [2011] proved that if (p,), is an orthogonal polynomial family satis-
fying (4.3), then the families (D2'p,,), are also orthogonal, for all m € N. Consequently,
they also satisfy a three-term recurrence equation.

Proposition 4.5. The second-order divided-difference D2p,, of the Askey-Wilson orthog-
onal polynomials defined by (4.17) satisfies the following recurrence equation

D2p,(z;a,b, ¢, d|q) = D2p,y1(x;a,b, c,d|q) + BD2p,(x;a,b, ¢, d|q)

x

+v:D2p,_1(w;a,b, c,d|q), (4.23)
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with
1 —q+q" K,
x_ - 4.24
G 2 aq" (=1 + ¢"*) kpyy ( )
1 q"
o b d)(q — abedg™" — abedg™? + abedg®™
B 2 (—¢? + abedg®) (—1 + abedg?®) ((a +b+c+d)(q — abedg abedq™ "= + abedg™)
(abe + abd + acd + bed) (¢ — ¢° — g™+ + abcdq2"+1)) , (4.25)
N kn (=g +q"dc) (¢"bd — q) (¢"bc — q) (abedg™ — 1) ¢"a (=1 + ¢") (bag" — q)
" 2k (—¢? + abedg®) (—q3 + abedg?)

" (acq™ — q) (—q + aq"d)
(—q + abedg®)

Proof. We substitute the expression of p,, given by (4.17) in the recurrence equation (4.23),
and then multiply the equation obtained by Bj(a,z). Next we use (4.10) and (4.12),
respectively, to eliminate B;(a,z)D2B,(a,z) and 2B, (a,r). By equating the coefficients
of B,(a,x), one gets a’. Equating the coefficients of B,,_1(a, z) and using (4.24) yields 5*.
Similarly, equating the coefficients of B,,_s(a,x) and using (4.24) and (4.25), we obtain
Vo O

4.2.3 Inversion Formula of Askey-Wilson Polynomials

Since the family (px(z;a,b,c,d|q))k=o.. n is a basis of polynomials of degree less than or
equal to n, and since B, (a, ) is a polynomial of degree n w.r.t. z, it follows that

Z[ n)pm(z;a, b, c,d|q), (4.26)

which is called the inversion formula for the family (p,(x;a,b, ¢, d|q)), represented in the
basis (By(a,x)),. We prove that

Proposition 4.6 (See e.g. [Area et al., 2001], [Foupouagnigni et al., 2013b|). The inver-
sion formula of the Askey-Wilson orthogonal polynomial family is given by

n mom-y (—a)™(abq™, acq™, adq™; q)n—m
By(a,z) =) : m(za, b dlq). (4.27
(a,) [ ]qq (abcdqul;q)m(abcdqzm;q)n_mp (z;a,b,¢,dlq) ( )

m=0
The proof of this proposition uses the following

Lemma 4.7. The second D,-derivative of the basis (By(a,x)), satisfies the recurrence
relation

D2 B, (a,z) = p1(a,n — 1)D2B,(a,z) + pa(a,n — 1)nga n)+(il)\/; N i 2Bnii(a, ),
(4.28)

with the coefficients given in Proposition 4.2.

Proof (of the lemma). From (4.10) we obtain B,(a,z) in terms of D?B,,i(a,z). If we
substitute this in the recurrence equation (4.12), the result follows. O
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Proof (of Proposition 4.6). We substitute B, (a,z) given by (4.26) in the recurrence
equation (4.12) and replace zp,,(x;a,b,c,d|q) by the expression given by (4.14). This
yields the equation

n n+1

ﬂl(avn) Z ]m(n)pm(ﬁ;aa b’ Cvd|Q) +:u2(a’n) Z IM<n+ 1)pm(x;a, bv Cvd|Q)
m=0 m=0

n

= Z Im(n) (ampm—l-l(xv a, b7 ¢, d|Q) + ﬁmpm(xu a, b7 c, d|Q) + ’ympm—l(xy a, ba ¢, d‘Q)) .

m=0
By an appropriate shift of indices, and equating the coefficients of p,,(z;a,b, ¢, d|q), we
get
(1) () 0, 1) (1) = s Ty 1) BT (0) + s (). (4:29)

Similarly, we substitute By, (a, z) given by (4.26) in (4.28) and replace zD2p,,(z; a, b, ¢, d|q)
by the expression given in (4.23). By an appropriate shift of indices, and equating the
coefficients of p,,(z;a,b, c,d|q), we get

R AR CLL Y A

= i r () + B L () + 751 L (7). (4.30)

We substitute 7,,(n + 1) obtained from (4.29) in (4.30) and get a second-order recurrence
equation w.r.t. the variable m:

a(q" — ¢™)(1 — abedg®+?)(abedg®™; q)alm(n) + ¢™ (1 — ¢™ ) (abedg®™+; q)s

X (q + a*q" + VAP 4 VP AP 4+ T2 a?bed (b + ¢+ d)
+a?@®™H(db + de + be) (1 + q) + (a*bedg® " — ag™ ™ — a®bedq®™ ) (d + a + b+ ¢)
—abedd®™ (¢* — ¢ + aq™) — (ag™ ™ + a®bdeg®™ ) (abe + abd + acd + bcd)) Ini1(n)

+¢*" 1 a? (¢ )2 (¢ gde — 1) (¢™qdb — 1) (¢"gbe — 1) (¢"qad — 1) (¢"qac — 1)
X (aquJrl — 1) (abcdqu — 1) (—1 + abcdqur"H) Inia(n) =0.

I,(n+1)

To solve this recurrence equation, we use the ¢-Petkovsek-van-Hoeij algorithm. With this
algorithm, we get up to a multiplicative constant the solution of this recurrence equation.
Equating the coefficients of B,,(a,z) in (4.26) gives the constant and (4.27) follows. [

Remark 4.8. The inversion formula (4.27) was already obtained in [Area et al., 2001],
but using (4.1).

4.3 Connection, Duplication, Linearization Formulae of
Askey-Wilson Polynomials

4.3.1 Connection Coefficients Between (p,(z;a,b,c,d|q)),
and (pn(7;a, 8,7,0|q))m

From the basic hypergeometric representation and the inversion problem of the Askey-
Wilson polynomials, we determine the coefficients C,,(n) of the expansion

palz;0,b,c,d|q) = ZC n)pm(T;a, 8,7, 0lq). (4.31)
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These connection coefficients are given by

Proposition 4.9 (See [Askey and Wilson, 1985], [Area et al., 2001], Foupouagnigni et al.
[2013b]). The Askey-Wilson orthogonal polynomial family satisfies the following connec-
tion formula

pn(z;a,b,c,dlg) =

m=0

am g™ (g, ab, ac, ad; q),, (abedq" Y5 q)m
(¢; On—m (q,ab,ac,ad; q)m(aByoq™ ;@) m

q" ", afq™, ayg™, adg™, abedg™ !
504 ¢ q | pm(z;a, B,7,96|q). (4.32)
abg™, acq™, adq™, aByoq*™

Proof. From the basic hypergeometric representation of the Askey-Wilson polynomials,
we have

pa(z;a,b,c,dlg) = Aj(n)Bj(a, x

(ab, ac, ad; q)n(q™", abedq" ", q);¢’

a"(q,ab, ac, ad; q);
lows from the inversion formula (4.27) that

with A;(n) = and Bj(a,z) = (ae? ae™?;q);. It fol-

ZI 3)pm(; 0, 8,7, 6]q).

Combining the last two relations, one gets (4.31) with

Z Ajim(n)In(j +m).
7=0

To get the result we apply the sum2qghyper algorithm. O
g-Zeilberger’s algorithm combined with the ¢-Petkovsek-van-Hoeij algorithm yields the
specialized cases given in

Proposition 4.10. The following connection formulae for the Askey-Wilson polynomials
are valid:

n m(m—2n+1) b
—1)"b} 2 ,ac,ad, cd, Z; abedq™
pulasa b, dlg) = 32 (‘-’ o a0l )
m—0 b™(¢; Q)n-m (q,ac, ad, cd, abycdg™ ", abycdg™, b_q Dm
abycd; q)am
((aglcd‘ (]))2 P(w;a,b1, ¢, dlg), (4.33)

n

(—1)meng™ ™5™ (g, ab, ad, bd, £;q)n(abedq"; @)
= (g Qnm (g, ab, ad, bd, abeydg™ Y aberdq”, S q),m

% (@bcld; Q)2m
(abcld; q)n

(250, b,c,d|q) =

Pm(x50,0,¢1,d|q), (4.34)
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n m(m—2n+1)

( b d| ) Z (—1)md7fq 2 (q7 (lb, ac, bC, dil’ q)n(adeqn_l; Q)m
n x; a’ ) C? =
b q — d™(q; @)n-m  (q,ab,ac,be, abed,g™, abed, g, ;%Z; m

abedy; @)am
ﬁpm@; a, b, c,di|q). (4.35)

From these connection formulae, we proceed as in the proof of Corollary 3.19 to derive
the parameter derivatives of the Askey-Wilson polynomials.

Corollary 4.11. The following parameter derivatives of the Askey-Wilson polynomials
are valid:

n— m+n—1

acdq
Z <1 — abcdqm+n—1pn($; a,b,c,d|q)

m=0

0
%pn($7 a, ba C, d|Q) -

[ n } b (ac, ad, cd; q)n(q; Q)n—m—1(abedq™ " q)m(abed; q)am
q

m\ L] ,b, ,d )7
b (ac, ad, ed, abedg™ T abedq™; q)(abed; )y (w50, ¢,dlg)

m

0 = abdgmtnt
&]%L(ma a, b7 ¢, d|Q) = - Z (1 _ abcdqm+n,1pn(x; a, ba G, d|Q)

N [ n ] c(ab, ad, bd; q)n(q; Q)n—m—1(abedq™ " q)m(abed; q)am,
q

m\L; ,b, 7d )7
¢ (ab, ad. bd, abedg™ T, abedq™; q) (abed; ) (w50, ¢,dlg)

m

n— m+n—1

abeq
Z <1 — abcdqm+n71pn(x§ a,b,c, d|q)

m=0

[ n ] dn(aba ac, bC; Q)n(Q; Q)n—m_l(adeqnil; q)m(abcd; Q)2m (x Wb e d‘q>)
g d™tl(ab,ac, be, abedg™ 1, abedq™; ) (abed; )y m\Z;a,0,C, .

0
@pn(‘r7 a, ba c, de) -

m

4.3.2 Connection Coefficients Between (p,(z;a,b,c,d|q)),
and (py (75, 8,7,6|q))m

We remark that in the connection formula (4.32), the parameter a is kept identical on
both sides of the formula. We would now like to get a similar formula for different a. For
this purpose, we need the following connection formula of B, (a,x).

We expand B,,(a, z) in terms of B,,(a, )

Bu(a,z) =Y Fuu(n)Bu(o, o), (4.36)

and obtain

Theorem 4.12 (See e.g. |[smail, 1995]). The connection between the basis (By(a,x)),
and (By(a, x)), is given by

B(a,x)= Z [n L (g)m (aq™; @) n—m <g; q) nmem<O[, ). (4.37)
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To get the coefficients F,,(n) of the expansion (4.36), we need the following interme-
diate result which gives a second-order divided-difference equation for B, (a, z).

Proposition 4.13. The polynomial family (B,(a,x)), satisfies the second order divided-
difference equation

(a2q2n_2 — 1) (g — 1)2 By(a,z) DB, (a,z) — 4 a\/q¢" " (¢ — 1)Bi(a, ) S,D, B, (a, z)
+4a® /g (1+¢"") (1 —¢") B, (a,z) = 0. (4.38)

Proof. We substitute the expression of B,,_(a, z) obtained from (4.10) in Equation (4.11)
and the result follows. O
Proof (of Theorem 4.12). We substitute B, (a,x) by the sum in (4.36) in the divided-
difference equation (4.38) and multiply the obtained equation by Bi(«, z) for the purpose
to use Equations (4.10), (4.11) and (4.13) (with a replaced by «). Next, we substitute
Bi(a, ) by its representation in terms of z, that is Bj(a,z) = 1+ a® — 2ax, and use
Equation (4.12) with a = «. Finally we collect the coefficients of B,,(«,x), B,_1(a,x),
Bpi1(a, z) and by an appropriate shift of indices, we rewrite all the summands in terms
of By, (a, ). Since the family (B,,(a, x)), is linearly independent, it follows after simpli-
fication that F,,(n) satisfies the following second-order recurrence equation

—a (g™ 1) (a " —a @M —a "l + a?" P aP P + ag™
2402 _ qg™ 2" + a3 q"a? — agdq” — ag" 2P — ag?q”

—ad" Q2P £ a " + a '@+ a "¢ + a qnq2m+3a2) Fiii(n)

+a%q (=™ + ¢"q) ("™ + @) Fu(n) + (" — 1) (—a + aq™)
x (g™ a—1) (¢"g—1) (ag” — aq™q) (a g™ ag" + q) Fnia(n) = 0.

Using again the ¢-Petkovsek-van-Hoeij algorithm, we solve this recurrence equation and
the result follows using the formulas

(ag ™™ q)n = (a"'q; @)u(—a)"qg "), a £0,

s (@ @)n
aq”; Q) p_r = , k=0,1,2,...,n,
(aq”; @)n—r (@ 9)s
(0= B gl k=01, (4.39
(¢ D
given, respectively, by Equations (1.8.12), (1.8.14), (1.8.18) of [Kockoek et al., 2010, p.
12-13). O

We can now use the connection formula (4.37) between B, (a,x) and B, («a, x) to derive
the representation of the Askey-Wilson polynomials in the basis (B,(«, x)),. From

n J
pu(z;a,b,c,dlg) =Y Aj(n)Bj(a,z) and Bj(a,z) = Fu(j)Bm(a, ),
j=0 m=0

we get
n

pn(z;a,b,¢,d|q) = Z G (n) B (o, x),

m=0
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with
Z Ajim(n)Fn(j +m).
7=0

Using the sum2ghyper algorithm, one gets the following representation.

Proposition 4.14. The element p,(x;a,b,c,d|q) of the Askey-Wilson orthogonal polyno-
mial family has the following representation in the basis (Bp(«, ))n

n m(m—2n+1)
ax™ ¢ 2  (q,ab,ac,ad;q),(abcdq™; q)m
n(7;a,b, ¢,d|q) = <——> -
pu(z;a,b,c,d|q) mX:% o a™(q; Q) nem (q,ab, ac,ad; q)m,
qm—n’ ClOéqm, abcdqm-H‘b—l a

403 " 1qiq | Bu(a, 2).
abq™, acq™, adq™

Remark 4.15. For a« = b, a = ¢, o = d the latter representation of p,(x;a,b,c,d|q) of
Proposition j.1/ 1s, respectively, reduced using q-Zeilberger’s algorithm to

i q™(ab, be, bd; q), (¢, abedq™ ™t

Dm
Bm b’ = Pn ) b7 I) d )
b"(q, ab, be, bd; q)p, (b, ) = pp(x;b,a,c, d|q)

pn(x;a,b,c,dlq) =

b d -1 abed n—1.
0" (ac,bes edi @)nla " abedq™ T (g b dlg),

pa(z;0,b,c,dlg) = Z

c(q,ac,be, cd; q)m

q"(ad,bd, cd; q)n(q™", abedq"™"; q)m
pn(w50,0,c,d|q) = § (g, ad bd.od: ) B (d,z) = pn(z;d,b,c,alq).
m=0 ’

These relations show what happens when we interchange the first parameter of p,(x; a, b, ¢, d|q)
with any of the other three and were given in Rahman [1981b] for the family
a"py(z;a,b, c,dlq)
w(x;a,b,c,d) = )
il )= "ab.acsad:g),
Since p,(;a,b,c,d|q) is represented, respectively, in the bases B, (b, z),

B,(d,z) as shown in the preceding remark, we can represent B, (b, ),
By, (d, x) in the basis p,(z;a,b, c,d|q). This is given by

B, (c,z) and
B, (c,z) and

Proposition 4.16. For the Askey-Wilson polynomials, the following inversion formulae
hold:

n

K ( ) (baqm beq™, bdq™; Q)nfm
Bn b - ( ) " ’ 7 b’ ’ d ’
( 79:) mz:o —m—q (adeqm L Q) (&dequ;q)n_mp (‘T a,9,¢ |Q)
noo_ n ( C>m<6aqm qu’m7 qurn7 Q)nfm
Bn(c,x) = (3) b
(C, 33) T;) _m-qq (abcdqm 17q) (abcdqzm;q)n,mp (lﬁa, ,C, |q)7

n

[T ] (—=d)™(daq™, dbq™, dcq™; @) n—m
Bn d - ( ) ) ) (i b 7d '
(42) Z m-qq (abedq™ 15 q)m, (@deq%”;q)n,mp (z3a,b,c,d|q)

m=0

Proof. The proof follows from Proposition 4.6 and Remark 4.15. 0

The combination of the basic g-hypergeometric representations of p,(z;a,b,c,d|q) of
Remark 4.15 and the inversion formulae of Proposition 4.16 gives using the g-Zeilberger
or sum2ghyper algorithm the following connection formulae.
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Proposition 4.17. The following connection formulae are valid for the Askey-Wilson
polynomials:

n

pa(zia,b,c,dlg) =)

m=0

(—D)mang™ ™5 (g,be,bd, ed, 2 q)u(abedg™™; q)um
a™(q; Qn-m (g, be,bd, cd, arbedq™, 73t @)m(aibed; q)y,

(a1bed; q)om
(arbedg™ 5 q)m

pm(l’, ai, b7 c, d|q)7 (440>

bmfn

pu(sa,b,c,dlg) = (

m=0

q™ ™™ (q,ba, be, bd; q),(abedg™ ™ q)m
G Qnem (g, ba,be, bd; ) (by0g™ 1 q)m

g™ ", bag™, byg™, béq™, abedg™ ™!
504 ¢ q | pm(z;0,b,7,0]q),  (4.41)
baq™, beq™, bdg™, abyéqgm

m—n _ m(m—n)

(¢, ca, cb, cd; q)n(abedg™™; q)m

n ; 7b7 7d =
a0, b, €, ) mzzo (¢ Dn-m (g, ca, cb, cd; q)m(aBcdq™ s q)m

qm ", caq™, cBq™, cdq™, abedg™
504 ¢ q | pm(x;a, B,c,0lq),  (4.42)
caq™, cbq™, cdq™, aBcdg*™

i dm—rgmm=n) (g, da, db, dc; q), (abedg™ ™ q)m
— (G Qn-m (¢ da,db,dc; q)m(afydg™ " Q)m
¢" ", dag™, dBq™, dyq™, abedg™ !

504 ¢ q | pm(z; 0, B,7,dlq). (4.43)
dag™, dbg™, deq™, o Brydg®™

pu(z;0,0,c,d|q) =

A consequence of connection formula (4.40) is the parameter derivative

n—1

0 bcdqm—l-n—l
%pn(l'; a7 b) C; d|q) - 7;) (1 _ abcdqm+n71pn(x7 a7 b7 Ca d|(:Z)

"(be, bd, cd; q)n(q; q)n—m—1(abed nil; m(abed; q)om
+[:1La (be, bd, cd: @)n(@; n-m-1(abedq” " @) m(abed; Dom, (- bc.dlg)).

a™t1(be, bd, cd, abedg™=1, abedq™; q)m(abed; q)s,

We note that the above parameter derivative follows easily from Corollary 4.11 and Re-
mark 4.15.

From the representation of p,(x;a,b, ¢, d|q) of Proposition 4.14 and the inversion formula
(4.27), we have

J
pa(z;a,b,c,dlg) = ZG ) and Bj(a,x) = Y In(j)pm (@, B,7,6]q),

m=0

from which we get

n

pa(zia,b,c,dlg) = Co(n)pm(x; e, B,7,0]q),

m=0



118 Connection, Linearization and Duplication Coefficients of OP on QQL

with
Z Gim(n) I (j +m).

Using once more the sum2qhyper algorlthm, one gets the following

Theorem 4.18 (See e.g. [Ismail and Rahman, 2011], [Foupouagnigni et al., 2013b]). The
following connection formula is satisfied by the Askey-Wilson polynomial family

with
"231 ( a ) (g™ kg (@B, avg™, adq™; @)k (abedq" s @) kim
—~\a (¢ @)k (ab, ac, ad; q)i+m(aBY6G*™; )i
(aqm)m "(q; q)n(ab, ac, ad; q), 5 ql”m*",aaq’“*m,abcdqm*"*k*l,%
4 q
(q,q)m & Qe (@BYOG™ 5 ) abg"™, acg*t™ adght™

4.3.3 Duplication Formula of Askey-Wilson Polynomials
In order to get the duplication coefficients D,,(n, ) of the relation

palaw;ab,c,dlq) = Dy(n, a)pn(x;a,b, ¢, d|q)

m=0
we need the duplication coefficients of the basis family (B, (a,x)), given by the following

Proposition 4.19. For the Askey-Wilson polynomial basis (By(a,x)),, the duplication
formula

(a, ax) ZE’“ )Bi(a, x) (4.45)
holds with ,
X q—j2a—2j H( Ozaquﬂ oqu_j 4 a2q21)

k =0
n)=q Z 2 1+2;.

k-i(q, a2q' % q);
The proof of this proposition uses the following

Theorem 4.20 (Expansion theorem, see e.g. [[smail, 1995], [Ismail and Stanton, 2003]).
Let f be a polynomial of degree n, then

r) = fiB(a,x),
k=0

where

I ) T
fo= et DN (1.4
with

1 .
Ty = E(aqkﬂ +a 1q k/2)'
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Proof. Let m =0, 1,...,k, we apply D" to both sides of f(z) = > fiBi(a,z) to get

k=0
D f(x Z fiDYBy(a,x) = fu DBl Z fiDI'By(a, ). (4.47)
k=0 k=m+1
By iteration of Equation (4.9), we have
2a m b m+1, . m(ﬂz—l) .
D" By(a,z) = (2a)"(q — 1q> a Bi_m(aq®, ). (4.48)
(g —1)m
For all k # 0, By(ag?,2) = 0 < © = 2, = 1(ag™? + a~'q~™/?). We substitute = by x,,
in (4.47) and use (4.48) to get the result. O

We also need the following g-derivative rule due to Cooper [2012] which is a general-
ization of Relation (4.48).

Theorem 4.21 ([Cooper, 2012]). The action of D} on a function f is given by

n(l n) n n— nF (n—2k)
2nq n qk( k) ,2k— f( 72) (4‘49)

(¢"/2 —q=172)" kz:; [kL(q”” 222 (@272 )

Dy f(x) =

where & = cosf = (2 + z7') and f(z) = f((z + 1/z)/2> with z = .

Proof (of Proposition 4.19). We have ), = %(aq% talgT) = $(z+27!) with z = aq.
The combination of Equations (4.46) and (4.49) with = ), and z = aq? yields

k(1—k) §(2k—5) 2(j”“)f( Q’“")

If we substitute j by k — j, f(x) by B,(a, ax), the result follows. O
We can now state and prove the duplication formula of the Askey-Wilson polynomials.

Theorem 4.22. The following duplication formula is valid for the Askey-Wilson polyno-
maals:

pn(ax;a,b, e, d|q) = Z Dy (n, @)pm (25 a, b, ¢, d|q), (4.50)
m=0
with
D (n a) _ (71)mam—nq(m)+2n(ab ac, ad,; q n nzr:n |:n — 3] 28(Cbqu,acqm,adqm;q)n,m,s
e (abedg™ "5 q)m (abedq®™; q)n—m—s

X
5=

n—s a2

D L

i=0 q CL2 21+1 )TL S— Z(q7 a2 2zaQ)

n+j—s—1 )
s qj( " abedq™ Y ) ' 1 a- aa?qgtt — agtt + a2q21)
ntims  1=0

(qv a’b7 ac, ada q)nJrjfs

[e=]

<.
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Proof. From the basic hypergeometric representation of the Askey-Wilson polynomials

given on p. 105, since p,(z;a,b,c,d|q) = ZA (a,z) with Bj(a, x) defined by (4.4),

we have

pn(ax;a, b, c,d|q) = ZA (a, ax).

From (4.45) and from the inversion formula (4.27), we have

k
Bj(a,ax) = ZEk )Bi(a,z) and Bg(a,x) Zlm Ypm(z;5a,b, ¢, d|q),
k=0 m=0

respectively. The combination of the above representations yields

pn(amv a, ba ¢, d|Q) - Z Dm(n7 a)pm(mv a, ba ¢, d|Q)

m=0
with
n—mn—m-—k
Dp(n,a) = Z Lk +m)Ajihym(n) Egym(J + k +m).
k=0 j3=0
Since
n—1
; ¢ a1 (1~ ad’q™ — aq ™ + a’¢™)
Ei(n) =Y Fy(k,n) with Fj(k,n)=q" =0 : ,
; (¢, a2q"* 5 @)r—i(q, a2q" 23 q);
it follows that
n—mn—m—k k+m
Dy(n, o) = L(k + m)Ajprem(n) > Fi(k +m, j + k+m).
k=0 j=0 i=0
From the substitution n — m — k = s, we get
I,(n—s) ZZAJMS Fi(n—s,74+n—2s)
s=0 7=0 i=0
= I,(n—s) ZZAJMS Fi(n—s,74+n—s).
s=0 i=0 7=0

4.3.4 Linearization Formula of Askey-Wilson Polynomials

We want to determine the linearization coefficients Ly(m,n) of the formula

n+m

pn(xv a, b7 ¢, d’Q)pm(-:Ev a, ba C, d|Q) = Z Lk’<m> n)Pk(% a, bv C, d‘Q)

k=0

For this purpose we need to derive the linearization relation for the basis (B,(a, x)),.
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Proposition 4.23 (See [[smail and Stanton, 2003]). The basis (By(a, x)), of the Askey-
Wilson orthogonal polynomial family satisfies the following linearization formula

B(a,x)Bpy(a1,x z:HnJr;C (m,n)Bpnix(a,z), m,n € N, (4.51)
k=0
with

mi ai\* ar
Hyo(m, :[ ] ”k<—> : ntk, k=0,1,....m.
+r(m,n) i qq a g 4 o (aarq q)m—k m

Proof. We recall that

n—1
B(a,x) = H(l —2aq’x + a*q¥).
=0
For 5 o
_ _14atg? 1o 1
x = ¢j(a) Zqu—§(&q +a q7),
we get
B,(a,e;(a))=0,n>1 j=0,1,...,n—1 (4.52)
and for j = n,
By (a,e,(a)) # 0. (4.53)
In the first step, we expand B,,(a, x)B,,(a1,x), n > 1 in the basis (By(a, r))x
n+m
B,(a,x)By(ar,x) = Y Hy(m,n)Bi(a, x), (4.54)
k=0

and use Relation (4.52) to get Ho(m,n) = B,(a,&0(a)) By (a1, e0(a)) =0, n > 1.
Considering (4.54) for x = £1(a) and observing that Hy(m,n) = 0, we get using again
(4.52) that

Hi(m,n)B(a,e1(a)) = By(a,e1(a))Bp(ar,e1(a)) =0, n > 2.

Therefore, Hy(m,n) = 0 thanks to (4.53). Progressively, we obtain in a similar way for a
fixed integer j using (4.52), (4.53) and (4.54) that

Ho(m,n) = Hi(m,n) =---=H;(m,n) =0, j <n-—1
In the second step, we rewrite Relation (4.54) accordingly with the previous result

B, (a,z)By(a1,7) =Y Hyix(m,n)Byyk(a, ). (4.55)

Using the relation
Bn+k(a7 $> = Bn(aa l‘)Bk(aqn7 x)a

derived from the definition

Bu(a,z) = [ [(1 - ag’d’)(1 — ag™*¢’),
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we get from (4.55) that

@ Byik(a,x = n
Bp(ay,x) ;H,Hk(m n)#ﬁx) %HnM(m,n)Bk(aq ,T). (4.56)

For x = eo(aq™), Equation (4.56) gives H,(m,n) = By,(a1,£0(aq™)).
Iterating Relation (4.9), we have for fixed [

-1 _
D! B,(a,z) = Hn(aq%,n — j)Bn_l(aq%,x), 1<i<n.

=0
Applying the operator D! to Relation (4.56), we get

-1 -1

[Tn(aa? m—35)Bui(ara?, 2) = Hopw(m,n) [[ nlaq™ 3, k—j)Bi-i(ag™2,2), 1 < 1 < m.
k=l

Jj=0 Jj=0

For x = eg(aq™t ) the preceding relation gives, taking into account (4.52)

~
|
-

n(arq?, m — j)
l l
Br_i(a1q?,eo(aq"2)), 1=1,2,...,m.

Hn-l—l(ma n)

~| <
Hg

n(ag™ 2,1 — j)

I
=)

J

We replace n(a1q™2,1 — ), n(ayq?,m — j) and Bn_i(a1q2,c0(ag™2)) by their values
obtained from Proposition 4.2 and from the definition B, (a,x) = nnl(l — 2aq’x + a*q*).
This yields =
Hypyi(m,n) = (ﬂ)kq(m—n—k)kw < ay ’q) (awig™*;q) .
a (@*: @)k \ag®" "/, mok
The result follows by using the transformation (4.39). O

Remark 4.24. 1. Substituting a; = a in Relation (4.51) yields

m

B,(a,z)B Z [ } TG Qe (@0 @)k Bran(a, ) (4.57)
k=0
n+m m
= [ ] q_n(k_n)(q_n;Q)m-‘rn—k(a?qk;Q)m+n—kBk(aax)~
=k —mnda

For negative subscripts we define [Kockoek et al., 2010, Eq. (1.8.5)]

1 2
3 4)—n = n s s a---7na :17273a"'7
(a;q) 0= ag ) a#4q,q ", n

so that
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It follows from this remark that we can write again

LQ”(’“") (@ Dmin-r(0°¢"; Qmin—kBila, ).
—nNn

(4.58)

2. If we take m = 1 in (4.57), we recover Relation (4.13). We also remark that for
n=20, (4.51) is the connection formula (4.37) with a = a; and a = a.

Having derived the linearization relation for B, (a, z), we now state and prove:

Theorem 4.25. The Askey-Wilson orthogonal polynomial family satisfies the lineariza-
tion formula

n+m
pn(z;a,b,¢,d|q)pm(x;a,b, ¢, d|q) = Z L.(m,n)p.(z;a,b,c,d|q), (4.59)
r=0
with
20+ (ab, ac, ad; q)n (ab d ST L+ g (abg” d
qz ab, ac, ad; q)n(ab, ac, ad; q)m, r1 ¢'(abq", acq", adq"; q
Lr(m,n) — ( ) ( Z |: } ) %

(=1)ramtn="(abedq—1; (abedq?;q);

min(n,l+r)

2.

i g _ _ mln(],WL7l7T+j) _ _ s
¢V (g™ abedg" 1 ), 3 ¢"(¢~™, abedg™ " Qrsirr—i (a7, a*d 5 @)

e (@O abacedig);, (ab, ac,ads )16 O

Proof. We proceed as in the proof of Theorem 2.8 with z replaced by B, (a, x). [l

Remark 4.26. By an integral evaluation, Rahman [19510] solved the linearization prob-
lem of the polynomial family

q ", abedg™ ', ae, ae

(0,0, ¢, d) = 4¢3 ¢q
ab, ac, ad

and got the linearization coefficients as a triple sum, see [Rahman, 1981b, Eq. (1.27)].
From these coefficients, he solved the linearization problem

2n—2s

PP (g q)Pn Z b, st_]ﬁ

for the continuous q-Jacobi polynomials defined by

L )n(—q

(& Dn(—a; D

B+1.

P asq) = U S NENY G N

and gave the linearization coefficients as a 19¢g Series.
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4.4 Inversion, Connection, Linearization and Duplica-
tion Formulae for the ¢-Racah, Wilson and Racah
Polynomials

The inversion, connection, duplication and linearization formulae for the Askey-Wilson
polynomials can be extended to other families of classical orthogonal polynomials on a
quadratic or g-quadratic lattice by means of specialization and/or by limiting processes
following the Askey scheme and it g-analogue. In this section we consider as example the
cases of the g-Racah, Wilson and Racah polynomials. The results are derived from Equa-
tions (4.27), (4.32)-(4.35), (4.40)—(4.44), (4.50) and (4.59). For the inversion formulae,
we can also use the limiting relations given in Remark 4.1. The parameter derivatives are
derived from the connection formulae.

4.4.1 Inversion, Connection, Duplication and Linearization Coef-
ficients for the ¢-Racah Orthogonal Polynomials

The ¢-Racah polynomials R, (u(z); «, 5,7,0|q) are related to the Askey-Wilson polyno-
mials in the following way. If we substitute [[Kockoek et al.; 2010, p. 421|

a2 = ~6q, B = a?y 1 57q, & = B2 16q, &® = 46 'q and €2 — 6%
in the definition of the Askey-Wilson polynomials, we find

‘ B (75q)%n ' 1 11 1 1 11
Ry (u(x); o, 8,7, 0]q) = p(v(2); (70q)2, a(v6) " 2q2, By 2(0q)2, (vq)26™ 2|q),

(aq, B0g,7q; q)n

where

1 1

For the ¢g-Racah polynomial family, the following relations are valid:
Inversion:

n

n ~1)7¢()(a 1 q)n
6o dopla)) = Y[ 1] S SO e, B,7.010)

m
2

m=0

Connection:

n

Rn(p(z); 0, B,7,6lq) =

m=0

(1g)™ (g™, g™t ang, o Bg; ¢)m(1 — Oélﬁqmﬂ)
a™(q, B¢, ot 18" q)m (1 — a1 8q)

(5=, Bg @)n

(aq, 1662 q)n

Rm(:u(x)a a, ﬁv s (S‘Q),

“~ (B169)"(B8)"™(¢7™, aBg", Bi6q, aBiq; @)m (1 — aBig®™ )
— (0, %, 55, aBrg"2; q)m(1 — afBrq)
y (5% 55 0n
(Boq, af1G?; q)n

Ru(pu(z); e, B,7,0]q) =

Rm(u(x)J Q, 617 v, 6|q)7
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n m(m—n)( . n+1.
. _ q (Q7 q)n(a1Q7ﬁ15Q7aﬁq 7Q)m
Bnlul)s 7, 0la) = 230 (¢ @) (@ Dn-m (g, Boq, a1 B1g™ 5 q)m

" " aq g™ afgm T Brogm !

Oéqurl’ 6(5qm+17 a1ﬁ1q2m+2

><4¢3 q,q Rn(u(x);alaﬁla’y75|Q)a

or more generally if v0 = 161, then
n m(m—mn)( . n+1.
3 q (¢; @)n(01g, 11, B1619, B¢ @)
Rn(ﬂ(x)aa76>775|Q> = . . (5 m-+1.
=4 D@5 Dn-m (g, vq, BOq, c1 frg™ ™ @)

q" " ar g™ g™t aBgm Y B8y g

g™t g™t Bog T, an BrgP T

X 504 ¢, q | Ru(pe(z); 0a, Br, 1, 01lq),

Parameter derivative:

o n—1 qm+1 5qm+n+1
R COLERLUEDY (T agmt — T aggmrers) Falu(e)io. 8,5 010)

(@)™ (g™, aBq™™, aq, aBq; Q)m(1 — aBF*™ ) (Be; @)nl(q; @)n-1
- Rm ; ) b 75 M
a™ (g, Bg, ', @B Jm(1 — afq)(aq, B¢ ¢)n ((z); e 6, |q)>

B n—1 5qm+1 aqm+n+1

5 u(x):0,8,7,01a) :mzzo(( e~ T g ) B (b(a); 0, 8.7,10)

(Boq)™ (™™, aBq" ™, Boq, afq; @)m(1 — @B ) (5 On (@5 @In
- m ; ) ) 75 )
05T, o B (1~ g Bonsadia, 007 00)

Duplication:

n

Ro(A - p(@); a, 8,7,6q) = Y Dn(n, A)Ron(pa(); @, 8,7, 6]g)

m=0

with

—1)mg(5)+2n aq,ﬁéq A Dm T = 57 (ag™ Y, BEG, G s
Dy, A) = =) ( > ] )
s=0

(aBgmtliq > (aBG*™ 2 q) s 8
— (7561)’1' -
i—0 ( 75612”2 Q)n s— Z(CI7 ;5 ,Q)
Jj+n—s—1

s (@™ aBg" ™ Qnrjes 1 (1= Aydgtt — Agl=t + 45¢% 1)

=0
)

= (4, aq, BOG, VG Qn-tj—s

Linearization:

Ru(u(x); @, 8,7, 0q) R (1(); v, 8,7, 8lg) = Y Ly(m,n) Ro(p(); v, 8,7, 6]g)
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with

1 _
(—1)"q2""*Y(agq, B3q,vq; 9)- "3": ’ {l + T} ¢ (ag™, Bog+ vg" s q),
(@Bq™*5q), —~ L (Bg**2;q);

e g . min(j,m—Il—r+j) _ o
P (g aBg s q); T (g™, aBg™ Y @)k sir—j (@77, 70

(4,09, 800,74 0)j(@ Divr - 12 (g, B6G; VG5 @) ketrir—; (65 D

L,.(m,n) = X

min(n,l+7)

2

j=max(0,l+r—m)

I+r+1.
b)

Q)k.

4.4.2 Inversion, Connection, Duplication and Linearization Coef-
ficients for the Wilson Orthogonal Polynomials

To construct the Wilson polynomials from the Askey-Wilson polynomials, we set [[Koekoek
et al, 2010, p. 421l a = ¢% b — ¢®, ¢ — ¢, d — ¢%, and € = ¢ and take the limit
q— 1:
1/ iz —ix a b c d
n\9y + ) ) ) )
W (e a.b,c.d) = lim (3@ +a)¢". ¢, 4% ¢"a)
g1 (1—q)*

From the above substitutions and the relations

i = o m 1], = ()

we get the following results:

Inversion:
"0\ (=D)™m+a+tbmtatemtatdnm 2
’l9n , — Wm ; ) b7 Y d Y
o n;)<m)(a+b+c+d+m—1)m(a+b+c+d+2m)n—m (habed
Connection:

S ()" ()b ebtdetda—a)a(a+btetdon

(b+e,b+dc+dyag+b+c+d+na+1—n—a),
(a+b+c+d+n—1),

(a1 +b+c+d)p(am+b+c+d+m—1),

W, (2% a,b,c,d) =

m=0

Wm(x27 ay, ba C, d)a

n

—1)m(" d d)p—m(b—b1)p
Wn(xz;a,b,c,d)zz COm)mtatemtardmetdnn®=b) X
mzo(m+a—|—b1+c—|—d—1,n—|—a+b1+c+d,b1—|—1—n—b)m
(m+a+b+c+d—1),(a+b+c+daom
(a+bi+c+d),

Wm(x27 a, b17 c, d>7

n

-1)m(" b d b+ d)p—m(c—c1)n
Wn(xZ;a,b,ad):Z CUmp)m+atbmtardm+dtdnnlca) X
mzo(m+a+b—|—01+d—1,n—|—a—|—b+cl—|—d,cl—|—1—n—c)m
m+a+b+c+d—1)pla+b+ci+d)om
(a+b+ci+d),

Wm(x27 a, b7 €1, d)7
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n —1)ym ("™ b, , b S 7 7
Waatia,bed) =3 D ) nratbimtatem bt dnn(d—d)
mmtatbtetrdi—lntatbtetd,di+1l-—n—dpy
(n+a+b+ctd—1)ua+b+c+d)om
(a+b+c+di)n

Wm(l'Qv a, ba ¢, dl)

compare [S{Ln(th(\,z—Ruiz and Dehesa, 2001, p. 583],

i n+a—|—b+c+d—1 a+ba+c,a+d
Wi (2% a,b,¢,d) = Z Jm( In
— m+a+ﬁ+’y+5—1) (a+b,a+c,a+d)p,
m—-nm+nt+a+btc+d—1,m+a+Bm+a+y,m+a-+o )
5F4 1 Wm(x ;a757776>
2m+a+B8+y+om+a+bm+a+c,m+a+d

see [Sanchez-Ruiz and Dehesa, 2001],

" ("Yn+a+b4+ct+d—1)mb+ab+ec,b+d),
: 2. b d _ (m)(n 9 ’
W($)a7 , Gy ) Z (m+a—|—b+7+5_1)m(b+a’b+c’b+d)m

m=0

m—nm+n+a+b+c+d—1,m+b+am+b+y,m+b+4§ 9
5F4 1 Wm(l‘ ;Oé,b,’}/,(S),

2m+a+b+vy+dm+b+am+b+e,m+b+d

n

3 (M(n+a+b+c+d—1)plct+a,ct+be+dny
(m+a+B+c+d—1Dnlc+a,c+bec+dn

Wn(:cz; a,b,c,d) =

m=0

m—-nm+n+a+b+c+d—1,m+c+am+c+p,m+c+4 5
5F)y 1| Wi (2%; o, beta, ¢, 0),

2m+a+B+c+o,m+c+am+c+bm+c+d

2. = (mtatbtet+d—1)p(d+a,d+bd+c)y,
Wh(z%;a,b,¢,d) = Z:O (m+a+B8+v+d—1)m(d+a,d+b,d+ c)m

m=

m—-nm+n+a+b+c+d—1,m+d+am+d+5,m+d+y 9
5F4 1 Wm(x ﬂ%ﬁa%d)a
2m+a+B+y+dm+d+a,m+d+bm+d+c

Wi (22 a,b, ¢, d) = Zn: <n>(n+a+b+c+d1)m(m+a+b,m+a+c,m+a+d)nm
mn (m+a+tB+y+0—1n

m=0
k(m+a+Bm+a+ym+a+d)yim+n+a+b+c+d—1)
Em+a+bm+a+c,m+a+d)y2m+a++y+0)k

3

—m

(4.60)

k=0

k+m—-—-nk+m+a+am+n+k+a+db+c+d—1a—« )
4F3 1 Wm(x ;avﬂa’%a)a
m+k+a+bm+k+at+em+k+a+d

Parameter derivative:

n—1
5, 1 (a+b+c+d)s
”n 2, b d) = E ”n 2; abv 7d =
pa" (@ 0:berd) mo<n+n%+a+b+c+d—1 Wb et et d,

(—1)m(:1)(n— DIb+c,b+dict+dp(n+a+bt+c+d—1),

2
m ; 7b) ,d),
(b+0,b+d,0+d,m+a+b+c+d—1,n+a—|—b+c+d’1_n)mW (z%a,b,c,d)
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i
L

(a+b+c+d)om

) 1
7Wn 2; ba 7d = Wn 2; 7b7 ad
g5V n@a b e d) (n+m+a+b+c+d—1 (@ ab e d) + e ).

m=0
(D)™ (2)(n = Da+c,a+dc+dn(n+a+btct+d—1),

Win(a%;a,b,¢,d) ),
(a+ca+dic+dm+a+bt+c+d—1,n+a+b+c+d,1—n)y, (@%a,b¢,d)

— 1 (a+b+c+d)am

(a+b+c+d)n,

an(ﬁ;a, b,c,d) = Wn(x2;a, b,c,d) +

Oc (n+m+a+b+c+d71

1

(=D)™()n—Dla+ba+db+d)p(n+a+bt+c+d—1)n

Win(a%;a,b,,d)).
(a+ba+db+dm+a+b+c+d—1,n+a+b+c+d,1—n)y (2% 0,0, ,d)

i
L

(a+b+c+dom

9 1
ga" (@5 a,b ) <n+nr+a+b+c+d—1 e b e dt by e v )

m=0
(—l)m(r’;)(n—1)!(a+b,a+c,b+c)n(n—|—a—|—b+c—|—d—l)m W (2% a.b c,d)),
(a+ba+c,b+e,m+a+b+e+d—1,n+a+b+c+d,1—n)y,

Linearization:
n—+m
W (2% a,b, ¢, )Wy, (2% a,b, ¢, d) = Z L.(m,n)W,(z% a,b,c,d)
r=0
with

(—D)"(a+ba+c,a+d)(a+ba+c,a+d)y,

LT‘ Y =

(m,n) (@a+bt+ct+d+r—1),

" (Y a+b+ratet+ra+d+r) mg%ﬂ (—n,a+b+c+d+n—1);
(a+b+c+d+2r) Jl+r—gla+ba+ca+d),

=0 j:max((),l—o—r—m)

mmgfrﬂN—m@+b+c+d+m—ihﬂwj@ﬂﬂ“+’+”k

(a+b,a+c,a+ d)gpipr—i(k)!

k=0

To get the duplication formula for the Wilson polynomials, it is possible to proceed by
a limiting process. However, we use here the Wilson operator defined by Equation (4.8).
Furthermore we need the following duplication formula of the Wilson basis (9, (a, )).

Proposition 4.27. The following duplication formula is valid for the Wilson basis (9,,(a, x)),:

n k

)i (2a + 21)(
I (a, o) Z k'l'

k=0 1=0

a—aa—al),(a+aa+al),
(2@ + l>k+1

Ie(a, ). (4.61)

The proof of this proposition needs the following theorems which are the analogues of
Theorems 4.20 and 4.21.

Theorem 4.28 (See e.g. [[smail and Stanton, 2012|). Let

wei(or ).
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and assume that f(x) is a polynomial of degree n in z*. Then

v) = fidgla,o), with fi= (D4 1) ) (4.62)

Proof. Let j = 0,1,...,k. We apply D’ to both sides of f(z) = > fir(a,z) and use
k=0

the relation

, k! j
j _ . J ;
D’y (a,z) = (k’—j)!ﬁk_] (a+ 2,95) ,0< i<k
to get
j
k=j+1
For x =1 (a + %), since Y (a, ai) =0, Yk > 1, we obtain
D’ f (z (a+z)> = f;7!
5 gl
This proves the theorem. [l

Theorem 4.29 (See |[Cooper, 2012]). Let k be a nonnegative integer. Then

k

(2ix — k + 2I) k—2l.
Dk k) ) 4.63
J ZZ il 2z:c—k—|—l)k+1f <x+ 2 Z) (4.63)

Proof (of Proposition 4.27). We combine (4.62) and (4.63) with z = i(a + £) to get

53 ) (—2a — 2k + 21)

TE (—20— 2k 1D et k=D).

=0

If we substitute [ by k—l and f(z) by ¥, (a, az), using (—1)**(—2a—k—1)ry1 = (2a+1) k41,
the result follows. O

Combining the representation of the Wilson polynomial w.r.t. the basis (J,(a,x))n,
the duplication formula (4.61) and the inversion formula of the Wilson polynomials and
proceeding as in the proof of Theorem 4.22, we get

Theorem 4.30. The following duplication formula is valid for the Wilson polynomials:

W, ((ax)? a,b,c,d) = ZD n, )Wy (2% a,b, ¢, d) with

Dy, 0) (—l)m(a+b,a+c,a+d)n7§1(” Nm+a+bm+a+ce,m+atd)pm—s
s=0

(a+b+c+d+m—1), (n=s)!2m+a+b+c+dnm—s

n—s

Z —n+s); 2a—|—2l)z(—n,n+a+b+c+d Dptj—s(a—aa—al,a+ aa+ al)jin—s
2a+1)p—s+1 (G+n—s)(a+ba+c,a+d)jins

= §=0
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4.4.3 Inversion, Connection and Linearization Coefficients for the
Racah Orthogonal Polynomials

If we set [Koekoek et al.; 2010, p. 190]

1 1 1 1
a:§(7+5+1), b:§(2a—’y—(5+1), c:§(2ﬁ—’y+5+1), d:§(’y—5+1)

and replace
1
im%x+§w+5+n
in
Wo(2?;a,b, ¢, d)
(a+b)u(a+c)la+d),’

Wn(xZ; a,b,c,d) =
and take
a+1l=—-N o f+0+1=—-N or y+1=-N

with a nonegative integer N, we obtain the Racah polynomials R,,(A(x); «, 3,7, 0). There-
fore, for the Racah polynomials, the following relations are valid:
Inversion:

B - (—1)’”"(;2)(04—1—1,7+1,ﬁ—1—5+1)n
ijﬂ@»_E;Mruwwﬂﬂmem+a+ﬁ+m%m

see e.g. [Area et al., 2001, Eq. (3.7)],
Connection:

Ro(A(@); 0, 8,7,0) =)

Ry (A(); v, 8,7, 0)

(—n,a+p4+n+1l,a0+ 1,0+ B+ 1)l + 8+2m+1)
ml(B+1lan+1—n—a,a0+6+n+2)(l+a+p5)

(ﬂ—i_laa_al)n .
X (a+ 1,0{1 +5+2>an(/\<ZC>,Oél,ﬁ,’}/,6>7

n

R,(Mx); o, B,7,0) =

m=0

(—na+B+n+latfi+1,8+0+ Dm(a+fi+2m+1)
ml(a—0+1,8i+1—-n—06,8i+a+n+2),(1+a+ b))

(Oé—i_l_éaﬂ_ﬁl)n

B+o+1,a+ b +2),

When we perform the above substitutions in (4.60), the 4F3 term is reduced to 1 if
v+ 6 = ¢+ d and therefore we get (see e.g. [Sanchez-Ruiz and Dehesa, 2001, Eq. (13)])

= (n\(n+a+B+1)(a+1,b+d+1,c+1),
R“M@*”@Vﬁy_E:( )(a+L5+6+L7+&Jn+a+b+Um

m=0

><< R,(A(z); o, B1,7, 6).

m

m—-nn+m+a+pf+lm+a+l,m+b+d+1,m+c+1
5F4 1 |Rn(A(z),a,b,c,d)

m+a+lm+p+0+1.2m+a+b+2,m+~vy+1

under the condition v+ 6 = ¢ + d.
Parameter derivatives:

) = 1 1
an@(x);a,ma)=%((m+n+a+ﬁ+l e ) RuM@):0,8,7.0)

(—n,a+pB+n+latlat B+ mlatB+2m+1)(B+1)n(n—1)!
ml(B+1L,1-na+B+n+2)n(l+a+pB)a+l,atf+2),

Rr(Ma)sa. 5,7,6) ).
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9 “ 1 1
500800 = 30 (e grt ~ mr g rar ) B O@iasind

(—n,a+B+n+la++1,08+0+ Dnla+B+2m+1)(a+1—10),(n—1)!
ml(a—0+1,1—-nf+a+n+2),(1+a+8)(f+d+1L,a+8+2),

Rr(Ma)s e 5,7,6) ).

Linearization:
n+m
Ry(A(x); a, 8,7, 0) Rin(A(x); 0, B,7,0) = > _ Ly(m,n) R, (Mx); v, B,7,6)
r=0
with
L n)—nimJ (1) (a+1,8+6+1Ly+1), (N a+r+1,8+0+r+1v+r+1)
r ) (Oé‘i‘ﬁ"‘?"‘i‘l)r (a+ﬁ+2r+2)l

=0

min(n,l+r)

(—m,n+a+pF+1);

> ‘
e T = e LT Ly 1);

mln(],m—‘r‘]—l—’!‘)

Z (—m,m~+a+ B4+ Digpr—y(=g,y + 0+ 147+ 1),
(@+ 1,8+ 0+ 1,9+ Dgsrgrih! '

k=0
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Chapter 5

Conclusion and Perspectives

We have provided in this thesis representations for the inversion, connection, linearization
and duplication coefficients of all classical orthogonal polynomials of a continuous, dis-
crete and ¢-discrete variable listed in [Kockock et al., 2010]. We also solved the inversion,
connection, linearization and duplication problem for the Askey-Wilson polynomials and
showed how the results can be extended to other families of classical orthogonal polynomi-
als on quadratic or g-quadratic lattice. From the various connection formulae parameter
derivatives have been derived.

Using our algorithmic approach, we recovered known results and obtained many new
ones.

As perspectives, it would be interesting:

1. to find conditions on the parameters to simplify the coefficients appearing in double
and triple summation,

2. to compute by means of limit and/or specialization the inversion, connection, lin-
earization and duplication coefficients for other families of classical orthogonal poly-
nomials on a quadratic or g-quadratic lattice,

3. to extend our method to other classes of orthogonal polynomials that are obtained
by a modification of the three-term recurrence relations of the classical orthogonal
polynomials, for example [Foupouagnigni, 2006]: the associated orthogonal polyno-
mials, the co-recursive orthogonal polynomials,

4. to implement in Maple for example an algorithm which solves the inversion, connec-
tion, linearization or duplication problem for the classical orthogonal polynomials.
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